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REMODELING OF CARDIOMYOCYTES IN VITRO
1

Robert McMeeking1,2a), Mattia Bacca1, Jeffrey Holmes3 & Vikram Deshpande4
Materials & Mechanical Engineering Departments, University of California, Santa Barbara CA, USA
2
School of Engineering, University of Aberdeen, United Kingdom
3
Biomedical Engineering & Medicine, University of Virginia, Charlottesville VA, USA
4
Cambridge University Engineering Department, Cambridge, United Kingdom

Summary A feature of hypertrophy in heart disease is remodeling of cardiomyocytes. In hypertension, the heart wall tends to thicken as
sarcomeres are added within cardiomyocytes in parallel, so that the heart can pump more effectively against high blood pressure. In
volume overload, where the heart is called on to pump more blood, the heart tends to enlarge by adding sarcomeres within
cardiomyocytes in series. This observation is duplicated in vitro in similar conditions imposed on excised animal myocardium. A
model is presented for this response. Chemical kinetics accounts for the addition and subtraction of sarcomeres, while a contractile force
is generated by an actomyosin simulator whose output also influences the chemical potentials driving remodeling. Results are presented
for cyclic straining of myocardium subject to displacement boundary conditions to simulate volume overload, and force boundary
conditions to simulate pressure overload. The results are consistent with the observation of remodeling in vitro.

INTRODUCTION
In conditions leading to congestive heart failure
the heart wall tends to thicken when the heart is
required to generate a higher pressure to pump blood
against the higher resistance of the circulatory system
associated with high blood pressure [1].
This
thickening is associated with the addition of
sarcomeres within cardiomyocytes where the new
ones augment those already there in parallel with
them, thereby enabling the heart to generate higher
contractile force. When the heart is required to
increase the volume of blood being pumped, such as
when a faulty valve allows regurgitation, the
myocytes tends to lengthen [1]. This remodeling
occurs because sarcomeres within cardiomyocytes are
added in series with those already there and the
circumference of the heart grows. An example of in
vitro remodeling in a rat papillary muscle is shown in
Figure 1, taken from Guterl et al. [2]. The pair of
images on the left shows the cross section of the
muscle in a control sample in the same condition as
extracted from the rate heart, whereas the pair of
images on the right shows the cross section after
remodeling in a stretched, electrically stimulated
Figure 1 A Cross section of rat papillary muscle as extracted.
isometric condition after 36 hours. We note that the
cardomyocytes have thickened in the isometric case,
B Cross section of rat papillary muscle after electrical stimulation in vitro in isometric conditions for 36 hours.
indicating the addition of sarcomeres in parallel to those
C is a magnified image of A and D is a magnification of B.
already there.
We present a bio-chemo-mechanical model that is
capable of predicting these phenomena as a result of changes to the thermodynamics and chemical kinetics of
cardiomyocytes and their sarcomeres. Rate equations from chemical kinetics are considered to control the remodeling, but
with the chemical potentials driving it being influenced by the contractile stress that the cardiomyocytes generate, thereby
providing a feedback between mechanical conditions and remodeling. The simplest model for pressure overload is a force
boundary condition applied to myocardium as it contracts and extends during the cardiac cycle, with the mean level of
contractile load set to be higher than normal. Similarly, an elementary way of invoking volume overload is to impose a
displacement boundary condition on the myocardium as it contracts and extends, with the mean extent of stretching
involved being greater than normal. Such simulations are carried out with the model, and it is found that the results are
consistent with the observations from experiments carried out in vitro. Since the results of in vitro experiments are
consistent with in vivo behavior, we are encouraged that our results may have relevance to the conditions of hypertrophy.
a)

Corresponding author. Email: rmcm@engineering.ucsb.edu.
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THE BIO-CHEMO-MECHANICAL MODEL
We summarize the model as given by Vigliotti et al. [3] where the rate at which sarcomeres are added in parallel is
given by
⎡ n ( µt − µu ) ⎤
⎡ n ( µt − µb ) ⎤
n
− ξω n exp ⎢ −
ξ! = u ω n exp ⎢ −
⎥
⎥
n
kbT
kbT
⎣
⎦
⎣
⎦

(1)

where ξ is the number of parallel stress fibers in a cardiomyocyte, the superposed dot indicates differentiation with respect
to time, nu is the number of unbound sarcomeres collectively in the cytosol of the cardiomyocyte, ω n is the frequency at
which sarcomeres/stress-fibers attempt to cross the transition energy barrier, µb is the standard free energy of a sarcomere

when bound in a stress-fiber, µu is the collective standard free energy of the proteins making up a sarcomere when they

are unbound in the cytosol, µt is the standard free energy of a functional unit at the transition barrier, kb is a
Boltzmann’s constant representative of a unit, and T is the absolute temperature. The standard free energy of a bound
sarcomere is given by
µb = µbo (1+ βε 2 ) − σ f (1+ ε ) Ω

(2)

where µbo , β and Ω are constants, ε is the strain of the myocardium and σ f is the sarcomere stress, given by a Hilllike behavior that depends on strain and strain rate [4].
added in series, given by solving
n! = −

These equations are augmented by the rate at which sarcomeres are

µbo nu2 (1+ βε 2 )

(3)

qΩξ 2 n

as long as n! > 0, and where q is a rate constant.
removed and n! < 0.

We note that a different result is used when sarcomeres are being

These 3 coupled equations, along with the expressions stating the Hill-like dependency of sarcomere stress on strain and
strain rate [4], are integrated numerically in time subject to

ε ( t ) = ε o + Δε ( t )

(4)

when displacement boundary conditions are imposed and subject to
σ f ( t ) = σ of + Δσ f ( t )

(5)

when traction boundary conditions are imposed. In each of these equations the superscript zero indicates a mean value and
the term containing Δ is cyclic in time, with the simplest case being simply a sawtooth. Initial conditions are chosen to
represent cardiomyocytes in normal, healthy condition. The outcome of the integration is then a prediction of how the
myocardium thickens by increase of ξ or lengthens by increase of n.
References
[1] Grossman W, Jones D, McLaurin LP, Wall stress and patterns of hypertrophy in the human left ventricle, J. Clin. Invest. 56, 56–64, 1975.
[2] Guterl AG, Haggart CR, Janssen PM, Holmes JW, Isometric contraction induces rapid myocyte remodeling in cultured rat right ventricular papillary
muscle, Am. J. Heart Circ. Physiol. 293, H3707-H3712, 2007.
[3] Vigliotti A, Ronan W, BaaijensFPT, Deshpande VS, A thermodynamically motivated model for stress-fiber reorganization, Biomech. Model.
Mechanobiol. DOI 10.1007/s10237-015-0722-9, 1-29, 2015.
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EXPERIMENTAL AND COMPUTATIONAL ANALYSIS OF AORTIC DISSECTION
Gerhard A. Holzapfel ∗1 , Osman Gültekin1 , Selda Sherifova1 , Gerhard Sommer1 , and Boyce E. Griffith2
1

Institute of Biomechanics, Graz University of Technology, Stremayrgasse 16/II, A-8010 Graz
2
Department of Mathematics, University of North Carolina, Chapel Hill, NC, USA

Summary We elaborate on the mechanical strength of human thoracic aortas, in particular of harvested tissues in which a dissection occurred. Results suggest that the media has a much lower resistance to rupture under in-plane than under out-of-plane shear loading, while
the tensile strength is lowest in the radial direction. A phase-field approach was used to computationally capture the obtained data, whereby
an energy-based anisotropic failure criterion was developed to drive the crack phase-field. Finite element results of a simple shear test are
shown and in favorable agreement with experimental data.

EXPERIMENTAL TESTS AND COMPUTATIONAL ANALYSIS OF HUMAN THORACIC AORTAS
Tissue dissection has been observed in several arterial branches including the thoracic aortas. Frequently, aortic dissection
initiates from an intimal defect, may continue to propagate in the radial direction, then through the media, and may cause
delamination of the aortic layers. One clinical consequence may be the creation of a false lumen (decrease of lumen and
oxygen supply, see insert in Fig. 1(a)) that influences the hemodynamics with the consequence that the mechanical properties
and the structural stability of the aortic wall might alter. Dissection is fatal when it propagates, in particular, by running to the
adventitial side to cause an acute rupture of the aortic wall. For a review of the knowledge up to 2011 and available evidence
surrounding some of the most important aspects of the disease see [1].
Mechanical strength of dissected human thoracic aortas
Among other diseased aortic tissues, in [2] we have investigated dissected human thoracic aortas using triaxial shear and
uniaxial tensile tests; ultimate stress values were determined. One key finding is that the aortic media has a much lower
resistance to rupture under in-plane than under out-of-plane shear loading, and under different shear loadings the aortic tissues
revealed anisotropic failure properties with higher ultimate shear stresses and amounts of shear in the longitudinal than in
the circumferential direction. In addition, the tensile strength is lowest in the radial direction. In-plane shear responses of
dissected specimens are given in Fig. 1.
media+intima
adventitia
thrombus

Figure 1: Cauchy shear stress vs amount of shear during ‘in-plane’ shear tests of dissected human thoracic aortic tissues:
(a),(b) ‘in-plane’ shear behavior of dissected tissues tested in the circumferential and longitudinal directions, respectively [2].
A modeling approach to capture aortic failure
We use the phase-field approach to model aortic dissection. A regularized crack surface is used to overcome the problems
inherent in a sharp crack discontinuity [3, 4]. In particular, to approximate the sharp crack topology we use an exponential
function of the crack-field variable d according to
d(x) = e−|x|/l ,
(1)
with the conditions d(0) = 1 and d(±∞) = 0, and the regularizing length-scale parameter l (sharp crack topology is restored
with vanishing l), where l ≥ 2h for the crack zone to be resolved properly (h is the minimum finite element size) [3].
∗ Corresponding

author. Email: holzapfel@tugraz.at
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Figure 2: Distributions of the finite element results of simple shear in the longitudinal direction at four different deformation
modes (A, B, C, D): (above) distribution of crack phase-field d; (below) corresponding Cauchy shear stress σθz [4].
We consider an invariant-based anisotropic constitutive model expressed by the free-energy function Ψ, i.e.
Ψ(F, A1 , A2 ; d) := g(d)Ψ0 (F, A1 , A2 ),

(2)

where Ψ0 is the effective free-energy function of the hypothetical intact tissue (for which we have taken the model in [5]),
and g(d) := (1 − d)2 is a monotonically decreasing function describing the degradation of the tissues with the evolving d
following the growth condition g ′ (d) ≤ 0 with g(0) = 1, g(1) = 0 and g ′ (1) = 0. In (2), F is the deformation gradient and
A1 , A2 are tensors characterizing the two families of fibers in an aortic layer. We consider an energy-based anisotropic failure
criterion which captures the evolution of d, and introduce a dimensionless crack driving function H̄ which depends on two
critical fracture energies relating to the ground matrix and the fiber contribution. Thus


H(t) = max h H̄(s) − 1 i ,
(3)
s∈[0,t]

where h ( • ) i is the Macaulay brackets. Hence, d does not evolve for H̄(s) < 1 and H(t) ensures the irreversibility of the
crack evolution. The coupled problem is solved using an operator-splitting algorithm composed of a mechanical predictor
step and a crack evolution step. A Galerkin procedure provides the weak forms, and spatial discretization the residual vectors
and element matrices, after linearization.
Figure 2 shows the finite element results of the crack phase-field and the Cauchy shear stress of a specimen undergoing
simple (out-of-plane) shear in the longitudinal direction at four different deformations states (A, B, C, D). The geometry of the
specimen has incisions at both ends. The crack patterns meet in the middle where the complete failure phenomenon occurs,
accompanied by a sudden loss of the load-bearing capacity. The numerical results agree with the experimental findings.
CONCLUSION
The rupture data of triaxial shear and uniaxial extension serve a basis for the development of more realistic models for
tissue failure, as happening in aortic dissections; the phase-field approach has potential to model the separation of aortic layers.
Acknowledgement. We gratefully acknowledge the financial support of NIH, research grant no. NIH 7R01HL117063-03.
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ANALYSING THE FRACTURE BEHAVIOUR OF SOFT BIOLOGICAL MEMBRANES
Alexander E. Ehret∗1,2 , Alberto Stracuzzi1 , Kevin Bircher1 , and Edoardo Mazza1,2
1
ETH Zurich, Institute for Mechanical Systems, 8092 Zürich, Switzerland
2
Empa, Swiss Federal Laboratories for Materials Science and Technology, 8600 Dübendorf, Switzerland
Summary In the present contribution, the fracture characteristics, particularly the property known as ‘fracture toughness’ of soft collageneous membranes are analysed by means of experimental methods and theoretical models at different length-scales. Methods are proposed
to overcome limitations that arise when adopting classical approaches for measuring tearing energy of non-linear materials to biological
membranes. These methods are applied to different soft tissue membranes and the results are rationalized by simulations based on continuum
as well as discrete network models with a focus on the localized behaviour in the near field of the crack.

FRACTURE CHARACTERISTICS OF SOFT TISSUES
The various soft collageneous membranes, including, for example, the capsules of visceral organs, the eardrum or the foetal
membrane, play important physiological, structural and protective roles so that the ability to tolerate lesions or tears without
catastrophic failure can literally become a ‘vital’ characteristic. It is widely known that soft biological tissues possess high
fracture resistance and, lately, this behaviour has gained large interest [1, 2]. This property is frequently quantified in terms of
the ‘characteristic energy of tearing’ defined in Rivlin and Thomas’ seminal work on rubber [3]. Although the corresponding
experimental procedures, based on testing specimens with long cuts, have been applied to soft tissues for several decades [4],
their adoption is complicated by several factors. These include (i) the large sample-to-sample variability typical for biological
material precluding a comparison of data between cut and uncut reference samples, (ii) the need for gentle clamping of the soft
material so that slippage may occur, compromising strain measurements, and (iii) high tissue resistance to crack propagation
rendering difficult the detection of the instant at which the crack grows. Moreover, (iv) for thin tissues acting in a membrane
state, the significance of ‘toughness’ expressed in terms of energy per newly formed crack surface is questionable and the use
of according (two-dimensional) membrane measures stands to reason. Finally, (v) the critical question must be posed whether
absolute values of tearing energy are adequate measures to quantify the fracture resistance of soft tissues at all, cf. [5].
In addition to these experimental aspects, theoretical explanations for the observed resistance of collageneous tissues to
fracture are needed and mechanisms based on the characteristics of both fibrils and networks have been identified, e.g., [1, 2].
In recent studies on the mechanical behaviour of the foetal membrane we have observed strong volume changes associated
with out- and inflow of water [6, 7] and it is known that volume reduction in collagenous materials is often accompanied
by strong reorientation and compaction of the collagen network, e.g., [8, 9]. Due to the small thickness, flow through the
membrane surfaces is expected to dominate the water loss except for the regions which are close to the membrane’s edges,
where the distance to the free boundary is in the order of the thickness. Such free boundaries exist at cuts and lesions so that
the reported bi-phasic behaviour is expected to be an important factor in the toughening mechanism of biological membranes.
In the present contribution, this behaviour will be studied experimentally and in finite element (FE) simulations in order to
better understand the fracture behaviour of biological membranes and to define appropriate measures for comparison among
different tissues.

Figure 1: (a) Example of mode I tear test on bovine liver capsule. (b) Strain distribution in a FE model of a pre-cut strip-biaxial
tension sample showing the rapid transition to a homogeneous state. (c) Illustration of the optical techniques used to quantify
strain and the initiation of crack growth.
∗ Corresponding
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EXPERIMENTAL AND THEORETICAL ANALYSES
To address the above mentioned problem of inter-sample variability a strategy is presented that allows quantifying the
energy of tearing from a single, notched strip-biaxial tension sample in a mode I tear test by use of optical methods (Fig. 1a).
FE simulations based on a recently proposed continuum model [10] indicated a very rapid transition to a state of plane strain
with increasing distance from the tip of the cut (Fig. 1b). Strain is therefore quantified by image analysis in an appropriate
region, and from the same pictures the initiation of crack growth close to the tip is detected by a custom algorithm (Fig. 1c).
An analytical correction to account for sample slippage is included and the methodology is applied to different membranes
including amnion and bovine liver capsule. These tissue-scale experiments are supplemented by in-situ investigations of
pre-cut membranes under the multiphoton microscope, imaged by means of the second harmonic generation signal provided
by collagen [9]. For the computational analysis a bi-phasic continuum model is used and combined with a discrete network
approach [11] allowing for higher resolution in the vicinity of the cut and thus for investigations of the localized behaviour in
this region. Eventually, based on the results provided by these experimental and theoretical tools, the fracture behaviour of
different membranes is compared.
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Abstract Investigation of the mechanical behavior of biological tissues requires efficient computational tools to provide a
reliable prediction of their response. Hence there is a pressing need for models that based on realistic representation of tissues
from their microstructure up to the macroscopic level. Presently, the number of models available in the literature which thoroughly
capture the structure of biological tissues is fairly small. Here, we propose a novel micromechanically-based model for biological
tissues that accounts for the properties of the constituting components, their spatial distribution and morphology. To this end, a
3D periodic representative volume element of the tissue is constructed and its average response is determined. The model reveals
that crimped collagen fibers are recruited such that the mechanical response admits stiffening under tension versus a much softer
response under compression. This model is useful to determine the mechanical response of tissues while reducing experimental
labor.
INTRODUCTION
Collagenous tissue is an abundant construction in various tissue types, e.g., blood vessels, skin, tendons, and ligaments
and thus play a crucial role in physiological and pathological conditions. It is well known that the functionality of tissues and
progress of diseases are affected by the mechanobiology at the ultrastructure tissue scale [1]. Moreover, many methods of
clinical interventions rely on mechanical stimulus such as balloon angioplasty which enlarge a narrowed coronary artery.
Taken together, there is a crucial need to investigate the mechanics of tissues and of a collagenous tissue in particular.
Recently it is commonly accepted that computational models of tissue microstructure are necessary to obtain a reliable
description of the mechanical response, specifically when dealing with soft tissues. Broadly speaking, models of tissues belong
to one of the classes: phenomenological or structural. In recent decades, most of the proposed models were phenomenological
with the incorporation of several structural elements [2]. In order to reliably describe the material behavior these models
require distinctive tuning and calibration against large sets of costly experimental measurements. To overcome this shortening,
we propose here a micromechanically-based model of soft collagenous tissues [3] which is based on structural information
from microscopic images of collagenous tissues (Fig.1). Image-based structural description of fibrous tissue microstructure
further leads to a better understanding of the mechanical behavior by enabling information regarding the heterogeneous
microstructure of the tissue.
Methods
In this study we examine the behavior of fibrous tissues by application of periodic homogenization using finite element
method (FEM). We define 3D representative volume element (RVE) of collagenous tissue (Fig.2). Our model is based on
geometrical and histological parameters of collagen fibers such as diameter, contour length, wave length, volume fracture,
waviness, spatial distribution, amplitude etc. Numerical simulations using FEM are performed to analyze the recruitment
process of crimped collagen fibers and to predict the overall mechanical behavior of fibrous biological tissues. Average energy
and stresses are computed for the RVE in accordance with the periodic boundary conditions.

Figure 1. Crimped collagen fibers embedded in adventitial layer obtained from a human abdominal aorta.
Courtesy: Institute of Biomechanics, TU Graz (JA Niestrawska).
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(b)

(a)

Figure 2. (a) 3D representative periodic RVE. (b) 3D periodic media of collagenous tissue;
isometric view (top) and front view (bottom).
Results
Stored energy and stress in the fiber direction are computed and average quantities over the RVE are extracted (Fig.3, 4).
We note that while simple neo-Hookean models were assigned to both the fibers and the matrix constituents, the overall
response admits stiffening of the tissue under tensile loads versus a much softer response under compressive loads. This
behavior stems from straightening of the fibers under tension.
Cauchy stress [MPa]

Cauchy stress [MPa]

Figure 3. Deformed configuration at 30% compression (left) and tension (right) along the fibers.

Figure 4. Stored energy (left) and Cauchy stress (right) versus stretch of a collagenous tissue RVE.
CONCLUSION
In summary, we propose a 3D micromechanically-based model which considers structural parameters of fibrous biological
tissues and thus can predict the mechanical response of collagenous tissues. As expected, the crimped collagen fibers are
recruited up to a pre-defined locking (recruitment) stretch. At this deformation state the collagen fibers start to exhibit linear
stress-stretch relationship indicating overall stiffening of the tissue at the macroscale.
References
[1] Humphrey J. D.: Continuum biomechanics of soft biological tissues. Proc. R. Soc. Lond. A, 459:3-46, 2003.
[2] Holzapfel G.A., Ogden R.W.: Constitutive modelling of arteries. Proc. R. Soc. A, 466:1551–1597, 2010.
[3] deBotton G., Oren T.: Analytical and numerical analyses of the micromechanics of soft fibrous connective tissues. Biomech Model Mechanobiol, 12:151-166,
2013.

1664

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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LIGAMENTS IN KNEE MODELS
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Summary The mechanical responses of soft tissues are complex, potentially incorporating components of nonlinearity, anisotropy, and viscoelasticity. The constitutive intricacies are augmented by challenges associated with the construction of accurate geometric representations
of soft tissues, particularly in computational models of whole knee biomechanics. This work investigates the role of ligament structure and
constitutive form in the evolution of strain within soft tissues during active joint motion including effects related to ligament prestrain.

ABSTRACT
The anterior cruciate ligmanet (ACL) is a critical lower limb stabilizing ligament. Its integrity is paramount in maintaining
joint health and performance. Yet, ACL tears and ruptures are among the most common injuries in sport, contributing to over
200, 000 ligament reconstruction procedures annually just in the United States. While the high incidence of ACL injury is
alone troubling, the frequency of rupture is markedly increasing [2]—the number of reconstructions is projected to increase
by 4 − 5% annually over the next 5 years—while the median age of those affected is decreasing [1]. This combination is
particularly problematic due to the potentially significant long-term complications linked to surgical interventions involving
ligament reconstruction. Osteoarthritis (OA) is a degenerative soft tissue disease that is characterized by declining articular
cartilage integrity. OA, a tremendously prevalent and debilitating disease affecting over 15% of the adult American population
[3], has been hypothesized to manifest from fundamental alternations in the biomechanics of the knee resulting from either
ACL deficiency or reconstruction. Therefore, by understanding the role of the ACL in preserving the natural operating conditions of the joint and by determining the corresponding contribution of reconstructive procedures it is possible to construct
individual-specific treatments optimized for positive patient outcomes, potentially reducing the risk of detrimental secondary
effects like OA or graft failure.
This work explores the complex anatomy and constitutive behavior of the native ACL. Structurally the ACL is an aggregate of two independent fiber bundles, the anteromedial (AM) and posterolateral (PL); each of these fiber bundles has
unique mechanical properties, which include elements of nonlinearity, viscoelasticity, and anisotropy, driven by the underlying macromolecular composition of the ACL—which is composed primarily of oriented collagen fibrils within a compliant
extracellular matrix. While both the AM and PL bundles emanate proximately on the lateral femoral condyle and terminate
distally on the anterior tibial plateau, the fiber bundles interact with each other and collateral tissues within the joint capsule to
yield a geometrically complex, prestrained double bundle structure. This prestrained complex is characterized at the femoral
enthesis by the AM bundle covering the PL bundle, attaching proximally on the femoral condyle, and along the ligament
bulk by the AM bundle wrapping around the perimeter of the PL bundle in a slightly compressed configuration. Due to the
substantial interaction between bundles and the spatial constraints imposed by the physics of normal joint motion there exists
no physiological configuration in which the AM and PL bundles are stress free. Limitations imposed by traditional imaging
and segmentation techniques further complicate modeling the interaction between fiber bundles, especially in the context of
whole joint computational models. In this work we extract approximate representations of each fiber bundle by computationally manipulating the joint in a nonphysical manner to orient the joint such that the effects of the structural interaction
between the bundles is minimized. Once the bundles are extracted, the deformations associated with the manipulations are
removed and, starting from that stress free configuration, the joint is restored to its natural configuration. This operation yields
unique, inhomogeneous strain distributions in each fiber bundle at every knee flexion angle. The effect of the a priori strain
distributions was quantified by examining the response of the joint to both normal, everyday activities (gait) and potentially
injury causes events (simulated landing).
References
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NONLINEAR ELASTICITY OF BIOPOLYMER GELS UNDER COMPRESSION
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Summary Biopolymer gels, comprised of cross-linked semiflexible filaments, show nonlinear elasticity at small tensile strains (above
some characteristic value) as well as softening for compressive strains. Here we predict an unusual elastic response to uniaxial
compression. We focus on two competing mechanisms that contribute to the elasticity of biopolymer gels upon compression: (i)
Stiffening, due to polymer densification by out-going water flow. (ii) Softening, due to polymer buckling under compression. We predict
three generic types of behavior in different regions of the stress-strain curve: (1) Densification region at small strains, before the onset of
polymer buckling, (2) Intermediate region where a fraction of the polymer segments are buckled which tends to counteract the
densification effect, and (3) Buckled region where all the polymers are buckled and the modulus tends to very small values.
Biopolymer hydrogels comprise crosslinked, semiflexible filaments (e.g., actin, collagen, and fibrin) [1]. They are
important constituents of both the cellular cytoskeleton and extracellular matrix of tissues [2]. Unlike most synthetic gels,
biopolymer gels often exhibit highly nonlinear elastic responses to applied tensile forces above some small strain or
compressive forces at small strain [1, 3-6], e.g., fibrin gels stiffen at small shear strains above 10% [1, 3] and soften at
compressive strain about 5% [5, 6]. The strain stiffening nonlinearity of biopolymer gels has been identified to be of great
biological importance [1, 3] since it impacts force transmission by cells in such gels and many studies have aimed to
understand its physical origin [1, 3]. However, relatively less attention has been paid to the elastic responses of biopolymer
gels under compression [6, 7]. This nonlinear elastic response is also critical for the physiological function of animal cells
and some tissues [1, 4, 7, 8]. For example, in recent work [4], we have shown that the nonlinear (asymmetric) responses of
biopolymer gels to both tension and compression can together significantly increase the range of force transmission and are
hence critical for the long-range cell-cell and cell-matrix communication. Moreover, recently it has been shown [7] that the
understanding of the elastic responses of biopolymer gels to compression is a key feature of the self-contraction dynamics
of cellular cytoskeleton at subcellular scale. In this paper, we investigate the elastic responses of biopolymer gels to uniaxial
compression. We propose that the balance of two competing mechanisms contribute to the nonlinear elasticity of
biopolymer gels upon compression (as schematic shown in Fig. 1): (i) Stiffening due to polymer densification by out-going
water flow: Compression applied to biopolymer gels induces water to flow out of the gels and hence increase the density of
polymer segments within the gel. This densification results in an increase in the elastic modulus of the gel which scales with
the energy per unit volume per crosslink. (ii) Softening due to polymer buckling: Compression can also induce the buckling
[1, 5, 6] of the polymer segments between cross-linkers. The buckled polymers lose resistance to the applied forces and this
tends to decrease the elastic modulus of the gel.

For simplicity, we first consider the case of affine deformations (strains), a uniform length distribution of the polymers,
and zero Poisson ratio (due to water flow). We later briefly discuss the effects of various length distributions and that of
non-affine deformation by considering the case where equal forces applied to each polymer segments. This is in contrast to
most previous studies [1, 6, 7] where the lengths of polymer segments were assumed to be identical and the length
polydispersity is neglected completely. Here we show how the polydispersity of the polymer length has an important effect
on the elastic modulus of biopolymer gels under uniaxial compression. We have identified three limiting regimes that are
functions of the concentration of semiflexible polymers and the degree of polydispersity (as schematic shown in Fig. 2a): (i)
Dilute regime, where polymer segments are independently compressed and buckle when the force exceeds a critical value.
(ii) Gas regime for large polydispersity, where the gels have high configurational entropy that is a function of the polymer
concentration, analogous to the translational entropy of gases. (iii) Semidilute regime, where excluded volume interactions
a)
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between the polymers becomes important. We predict that corresponding to each of the three regimes, there exist three
regions in the stress-strain curve (as schematic shown in Fig. 2b) whose derivative yields the elastic modulus of the system:
(1) Densification region where none of the polymers have yet buckled; here the elastic modulus increases with strain. (2)
Intermediate region where a fraction of the polymer segments are buckled and the densification effect is moderated by the
softening due to buckling and (3) Buckled region where all the polymers are buckled and the elastic modulus can be very
small. We will relate these theoretical predictions to recent experiments [5-7].
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FLUCTUATIONS IN EXPERIMENTS OF CELLS ON SUBSTRATES
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Summary We present a statistical mechanics framework to model the inherent variability observed in experiments of cells on a range of
engineered substrates. The framework comprises two components. First, the probability of observing the cell in a particular state is estimated in
terms of the free-energy of that state by invoking the concept of maximising Gibbs entropy. Second, a cytoskeletal protein model is presented
for this free-energy of a given state. Predictions using this framework are discussed for a range of experimentally observed phenomena.
These include: (i) the spreading of cells as a function of the stiffness and the substrate; (ii) durotaxis whereby cells tends to migrate
guided by rigidity gradients on substrates and (iii) differentiation of stem cells guided by the stiffness of substrates.

INTRODUCTION
Substrate stiffness, topology and patterning of ligands on substrates are important factors in the response of many cell
types. Observables in such experiments include cell shape, area, cytoskeletal protein arrangements etc. However, these
observables typically exhibit significant variability between nominally identical experiments though statistics such as mean
cell area, shape etc. over a large number of experiments is very consistent. This variability in inherent in terms of the biochemical processes occurring within cell but deterministic “cell mechanics” models neglect/ignore these critical
phenomena. In order to redress this deficiency we take an alternative approach present a statistical mechanics viewpoint to
analyse the response of cells in such in-vitro settings over a time-period of 1 week of so. Over this time-frame processes
such as protein production, cell division etc. are not significant and thus we mainly concerned with the evolution of cell
shape, cytoskeletal structure etc. In in-vitro experiments, the cell(s) is typically immersed in a medium (nutrient bath) that is
maintained at a constant thermodynamic temperature and pressure by contact with the external atmosphere. Moreover, over
the duration of the experiment further nutrients may be added to the medium in order to maintain the nutrient concentration.
The experimental setup (i.e. substrate + cell + medium) is in contact with an isobaric-isothermal reservoir but it is difficult
(and not desirable) to analyse this entire setup. We thus define the system as comprising the substrate + cell but absent any
nutrient packets (i.e. glucose etc.). These nutrients are part of the thermo-nutrient reservoir (along with any other nutrients
added to the medium). The equilibrium of this system is analysed by maximising Gibbs entropy.
Equilibrium of the system based on Gibbs entropy
To define equilibrium, we define two time-separated levels of micro-states: (i) molecular micro-states defined by the
type, position and velocities of the molecules in the system and (ii) spread micro-states defined by the mapping of material
points on the surface of the cell to substrate material points that the cell is in contact with. Then we define a Gibbs entropy
function as
𝑆! = −

𝑃
!

!,!

!,!

ln 𝑃

,

(1)

!

where 𝑃 (!,!) is the joint probability of molecular micro-state ‘𝑚’ and spread micro-state ‘𝑗’. The summations are over all
possible molecular micro-states 𝑀 and energy carrier micro-states 𝐽. The equilibrium probability distribution 𝑃 (!,!)
corresponds to the distribution that maximises 𝑆! subject to appropriate constraints. It is convenient to recast (1) in terms
of the conditional probability 𝑃 (!|!) of molecular micro-state ‘𝑚’ given a spread micro-state ‘𝑗’ so that
𝑆! = −
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where 𝑃 (!) = ! ! 𝑃 (!,!) is the probability of the spread-micro-state ‘𝑗’ and 𝑀(𝑗) the number of molecular micro-states
given spread micro-state ‘𝑗’. The fluctuation of the molecular micro-states is governed by the diffusion of molecules within
the cell and thus occurs on the order to a few milli-seconds with the molecular macro-state (i.e. 𝑃 ! ! ) changing on the
order of seconds. By contrast, the spread micro-state can change by processes such as actin treadmilling, dendritic
nucleation etc. with the spread-macro-state 𝑃 (!) changing on the order of minutes. We then use this separation of timescales first examine equilibrium for a given spread micro-state. This gives the entropy 𝑆! at equilibrium for a given spread
micro-state ‘𝑗’ as
𝑆! = −
a)

1
𝑘! 𝑇

𝑃
!

!

𝐺

!

+ 𝑘! 𝑇

𝑃
!

!

ln 𝑃

!

+

𝐻
,
𝑘! 𝑇

(3)

Corresponding author. Email: vsd@eng.cam.ac.uk

1668

where 𝑘! and 𝑇 are the Boltzmann’s constant and thermodynamic temperature, respectively while 𝐺 ! is the
equilibrium Gibbs free-energy of spread-micro-state ‘𝑗’. This expression is derived by maximising 𝑆! subject to the
enthalpy constraint 𝐻 ≡ ! 𝑃 ! ! ! 𝑃 ! ! 𝐻 !(!) with 𝐻 !(!) the enthalpy of molecular micro-state ‘𝑚’ given a spread
micro-state ‘𝑗’. The equilibrium distribution of the spread micro-states is determined by maximising 𝑆! subject to the
constraint that complex bio-chemical processes within the cell attempt to maintain constant time-averaged concentrations of
of proteins within the cell (i.e. cellular homeostatis). This then gives the probability 𝑃 ! in terms of a distribution constant
𝛽 as
𝑃

!

=

𝑒 !!!
!𝑒

!

!!! !

(4)

with 𝛽 determined from the known ensemble average free energy 𝐺 ≡ ! 𝑃 ! 𝐺 ! . This probability distribution is
calculated by employing the model of Vigliotti et al. [1] for the free-energy 𝐺 ! of a spread micro-state and then
!
calculating the partition function ! 𝑒 !!! by performing a large number of finite element calculations for 𝐺 ! over the
entire phase-space.
RESULTS
Here we present some selected results for the cell area 𝐴 as a function of the Young’s 𝐸! of the substrate. In all cases, the
cell area is normalised by the area 𝐴∞ of the cell on an infinitely rigid (𝐸! = ∞) substrate. The probability distribution
𝑝(𝐴), where 𝐴 ≡ 𝐴 /𝐴∞ , is plotted in figure 1A for selected values of substrate stiffness 𝐸! . With increasing 𝐸! , both the
spread of the probability distribution as well as the mode of the distribution increases. The corresponding predictions of the
mean cell area < 𝐴 > are included in figure 1B along with the measurements reported in [2]: the predictions are in
excellent agreement with measurements. Moreover, Engler et al. [2] report that the standard error of the cell area also
increases with increasing 𝐸! . This is consistent with the prediction in figure 1A that the spread of the probability
distribution increases with 𝐸! .

Figure 1: (a) Predictions of the probability distribution of normalised cell area 𝐴 ≡ 𝐴 /𝐴∞ for selected values of substrate
stiffness 𝐸! . (b) Comparison between predictions and measurements [2] of the mean cell area < 𝐴 > as function of the
substrate stiffness 𝐸! .
CONCLUSIONS
Comparisons between predictions of the mean cell area as a function of the substrate stiffness are shown here to be in
excellent agreement with measurements. The observed variability in measurements (i.e. the reported standard error) is a natural
outcome of the model suggesting that this variability is a result of the biochemical processes that results in cellular homeostatis.
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Summary Biomechanical properties of arteries are strongly related to vascular disease. Theoretical analysis or numerical
simulation based on simplified models can’t provide accurate information about the deformation of the blood vessel. In this paper,
high resolution intravascular optical coherence tomography (IVOCT) imaging is integrated with numerical simulation to study
the transmural stress distribution of arteries. 3D structure and flow profile was obtained through imaging of a porcine carotid
artery in vivo. 3D carotid model was created based on the images and the blood flow velocity was incorporated for simulation.
Preliminary results show that the Von Mises stress distribution across the vascular wall thickness is circumferentially uniform.
This is the first carotid wall stress analysis based on in vivo IVOCT imaging. It may pave the road for vascular mechanics
studies by integrating high resolution imaging and numerical simulation, which will provide important information for the
study, diagnosis and treatment of vascular diseases.
INTRODUCTION
Atherosclerosis-hardening and narrowing of the arteries is the main reason for vascular disease, for example, carotid
atherosclerosis can cause strokes and lead to brain damage [1]. Hemodynamic factors in the carotid are important
determinants of the development of the plaques [2]. Although great progress has been made in vascular mechanics by both
solid and fluid theoretical and numerical analysis, most of the studies are based on idealized models and unverified
assumptions. There is little work performed by employing real vascular anatomy and blood flow profile. Blood vessels stay
in a complicated loading environment in human body. Subtle changes in geometry of blood vessels can affect the flow field
significantly [3]. It is crucial to obtain realistic vascular models and blood flow profiles.
Intravascular optical coherence tomography (IVOCT)[4] has been playing an important role in coronary imaging since its
approval by the US FDA (food and drug Administration) three years ago. IVOCT provides histological resolution images of
the vascular wall, which is greatly facilitated atherosclerotic plaque imaging and stenting treatment. We have developed
method to obtain the blood flow profile simultaneously with the vascular wall structure [5]. In this manuscript, in vivo IVOCT
imaging of porcine carotid is integrated with biomechanical simulation to study the deformation and stress distribution within
the wall thickness. The results will provide new insights to arterial mechanics and the development of atherosclerotic plaques.
METHODS
A porcine carotid artery was imaged by an intravascular OCT system (C7-XR, St. Jude Medical Inc. St. Paul, Minnesota,
USA) in vivo[6]. As described in [5], an OCT imaging catheter was inserted through the femoral artery to the common
carotid, where a pull-back of the catheter was run to obtain a series of images along the length of the artery. The structural
images could be reconstructed to a 3D image of the carotid artery using image processing software. We developed
algorithms to obtain the blood flow pattern simultaneously with the arterial wall structure [5]. The carotid structure and
blood flow are then used for numerical simulation to study the carotid wall stress. Blood is modelled as an incompressible
Newtonian fluid. The carotid vascular model is modelled as Neo-Hookean hyperelastic material. A 3-layer model of the
blood vessel including the intima, media and adventitia is built in COMSOL (COMSOL 4.4, Stockholm, Sweden) based on
the 3D IVOCT image. Blood is modelled as a Newtonian fluid with density  = 1050 kg/m3 and dynamic viscosity
=2.68E-3 kg/ms. The blood flow waveform of a point shown as the * in Figure 1 c) and d) is plotted out with time and is
shown in Figure 2 b), which is used for simulation. One way fluid-structure coupling is applied where the change of the
shape of the vessel wall is assumed not to influence the blood flow to analyse the deformation and stress distribution of the
carotid wall.
RESULTS
3D structure of the porcine carotid shown in Fig. 1 a) was constructed in Osirix by inputting a hundred frames of pull
back OCT images. Fig. 1 b) is one frame of the OCT images of the cross-section of the porcine carotid, where the OCT
imaging catheter and guide wire can be seen as circles and a bright curve with shadow behind. From Fig. 1 a) and b) the
layers of intima, media and adventitia can be identified. Blood flow is imaged when the OCT catheter is parked at a
position. Fig. 1 c) and d) are images of the Doppler phase change induced by blood flow at two different times. The Doppler
phase change, which is in proportion to the blood flow velocity demonstrates the contour of the velocity. The carotid model
created in COMSOL based on Fig. 1 a) and b) is shown in Fig. 2 a). Blood velocity waveform extracted from the point A
shown on Fig. 1 c) and d) is plotted in Fig. 2 b). A quadratic curve fitting was applied to the velocity, which was then input
to COMSOL for the fluid simulation. Three cross-sections of the velocity distribution at 0.5 s are plotted in Fig. 2 c), which
show similar pattern as those in Fig. 1 c) and d). The vascular wall stress were then analysed. The Von Mises stress is
a)
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shown in Fig. 2 d) where the distribution is circumferentially uniform despite the eccentric annulus created by the IVOCT
catheter.
b)

a)

a)

c)
c)

d)

*A

b)

d)

*A

Fig. 1 OCT imaging of porcine carotid artery: a)
OCT 3D image of the artery; b) OCT structural
image of a cross-section of the artery; c) and d)
blood flow profiles at two different times during
flush. Scale bars represent 1 mm.

Fig. 2 Stress analysis by COMSOL simulation. a) geometrical
model built based on Fig. 1 a); b) velocity profile based on Fig.
1 c); c) velocity wave form of point A in Fig. 1 c); d) von mises
stress distribution of a cross-section

DISCUSSION AND CONCLUSIONS
Blood flow velocity and blood vessel structure with an eccentric catheter obtained through IVOCT are integrated with
COMSOL simulation for carotid stress analysis. From Fig. 1 and 2, it can be seen the current simulated flow pattern
matches well to the experimental results when the flow velocity is small as shown in Fig. 1 c). When the velocity becomes
greater such as Fig. 1 d), umbilicate contour lines appear, which don’t show in the simulation. Thus, the velocity profile
obtained from IVOCT imaging, instead of the velocity of a point will be integrated with numerical simulation in our
following studies. In addition, how the imaging catheter will influence the flow and the wall stress will be studied further. In
conclusion, this is the first carotid wall stress analysis based on in vivo IVOCT imaging. This study demonstrated the
possibility of integrating IVOCT images with numerical simulation to study vascular mechanics. Based on the high
resolution in vivo images, the most realistic model up to date was created. Integrated with numerical simulation, the basic
carotid wall stress was analysed. This study will pave the road for vascular mechanics studies by integrating high resolution
imaging and numerical simulation, which will provide important information for the study, diagnosis and treatment of
strokes and other vascular diseases.
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MODELING LIVER PARENCHYMA TEARING USING A COHESIVE ZONE MODELING
APPROACH
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Summary. The rapid advancement in computational power has made human finite element (FE) models one of the most efficient tools for

assessing the risk of abdominal injuries in a crash event. In this study, specimen-specific FE models were employed to quantify material and
failure properties of human liver parenchyma. First, the pre-tearing region of each coupon test was simulated and the parameters of a hyperelastic material model were identified by FE optimization. Then, the tissue tearing was numerically simulated using a cohesive zone modeling
(CZM) approach. The results show that the proposed approach is able to capture both the biomechanical and failure response, and accurately
model the overall force- deflection response of liver parenchyma over a large range of tensile loadings rates.

INTRODUCTION
Liver injuries frequently caused by both frontal and side impact motor vehicle collisions are associated with high
morbidity and mortality rates[1]. Human finite element (FE) models have the capability to simulate each time step during an
impact event and calculate the stress/strain field within human organs that could be correlated with injuries. However, the
FE predictions are highly dependent on the model geometries, the connections of its parts, and especially the assigned
material properties. Therefore, to numerically investigate liver injuries, biofidelic material properties are needed over a
large range of loading rates.
The primary goal of this study was to accurately model both the biomechanical and failure responses of human liver
parenchyma under high-rate tensile loading. To identify the parameters of a non-linear material model assigned to liver
parenchyma, specimen-specific FE models and a simulation-based optimization approach were employed as in other recent
studies[2-4] To model the tear of the liver parenchyma, the Cohesive Zone Modeling (CZM) approach, implemented
recently in most FE software packages, was utilized to model the pre- and post-failure behaviour of parenchyma coupon
specimens. The data reported in the current study could be easily implemented in current human liver models. Then, a better
understanding of injury mechanism of liver could be obtained using biofidelic human models in numerical impact
simulations.
METHODS
“Dog-bone shape” specimens of liver parenchyma were prepared using the custom blade assembly, slicing jig, and
stamp, described in previous studies[4, 5]. Then, over 20 uniaxial tensile tests were performed until complete failure at one
of the following two high strain rates: 1 s-1, or 10 s-1 (Fig. 1a). The time histories of displacement between grips and
tensile force were measured using potentiometers attached to the linear stages, and load cells, respectively. The surfaces of
the specimens were reconstructed from the point clouds recorded prior to testing with a FARO laser scanner. FE models
were developed for each specimen and a first order Ogden material model, implemented in the FE software (LS-Dyna vers.
6.0, LSTC, Livermore, CA), was assigned to specimen-specific. Each tension test was simulated by prescribing the
displacement-time histories, recorded during testing, to the specimen ends (Fig. 1b). The material parameters, μ1 and α1,
were identified using a metamodel-based optimization, called the sequential response surface method (SRSM), implemented
in LS-Opt software. Various traction-separation relationships have been proposed in the literature. A material model
implemented in LS-Dyna (MAT_185, *MAT_COHESIVE_TH) with a normalized trapezoidal traction-separation
relationship (Fig.1c) was used in the definition of the CZM part. In this material formulation, the peak traction (the force
over area − 𝜎𝑚𝑎𝑥 ) reached at a separation of 𝜆1 is kept constant (ductile behavior) until the separation reaches 𝜆2 . Then,
a linear reduction of the traction (elastic softening response) is simulated until a separation of 𝜆𝑓𝑎𝑖𝑙 is reached, which
corresponds to when the damage is complete. An additional optimization was setup to match the experimental and
numerical force time histories for both pre- and post-failure regimes. The CZM parameters, 𝜆1 , 𝜆2 , 𝜆𝑓𝑎𝑖𝑙 , 𝛿𝑛𝑐 , and 𝜎𝑛_𝑚𝑎𝑥 ,
were considered as input variables. Since the specimen is loaded primarily in tension, the tearing occurs as failure mode I.

a)

Corresponding author. Email: costin@vt.edu.

1672

a)

b)

CZM elements

𝜎(𝜆)
𝜎𝑚𝑎𝑥
c)
𝜆1
𝜆𝑓𝑎𝑖𝑙
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𝜆
𝜆𝑓𝑎𝑖𝑙

Figure 1. The specimen before and after/during tearing: physical test (a) FE simulation (b) Cohezive zone model:
effective traction-separation relationship (c)
RESULTS AND DISCUSSION
A reasonable match to the test data was shown by the parenchyma models with CZM added at the tear location. The
pre-failure region optimized previously was not affected by adding the CZM and it maintained a good fit with the test data
(Fig. 2 a,b). The failure of CZM region generates a drop in the grip forces at almost the same time as the test data. The
model force time histories reasonably followed the test data after the tear initiation. While there are some inherent variations
in the identified values of maximum traction (𝜎max ) and failure separation (𝜆𝑓𝑎𝑖𝑙 ), some similarities are observed in the
normalized traction-separation curves (Fig. 2c)
𝜎(𝜆)
a)

b)

𝜎𝑚𝑎𝑥
c)
𝜆
𝜆𝑓𝑎𝑖𝑙

Figure 2. Comparison between test data and FE data: specimen model with CZM: Representative specimens at 1 s-1 (a)
10 s-1 (b), The identified traction-separation laws (c).
This study has some limitations. In the current work, as in previous studies that used CZM to model failure
(Bhattacharjee et al., 2013), the path of the tear was assumed to be known. Therefore, the CZM elements were developed
perpendicular to the direction of loading at tear location. However, for a liver model included in a full human body model,
the tear location and propagation is not known a priori. Therefore, CZM elements should be developed in the whole liver
FE model between all liver parenchyma elements. Based on our knowledge, an automatic methodology for the generation of
these CZM elements is lacking in current software packages, and therefore should be developed in the future.
CONCLUSIONS
The cohesive zone modeling (CZM) approach, used to model tearing process, showed promising results in terms of modeling
the post-failure force time history response at higher loading rates. Mechanical and failure data reported in this study could be
easily implemented in human liver models to help identify the mechanisms of liver injuries during vehicle collisions, and
possibly aid in the development of protective systems.
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A MODEL FOR MECHANICALLY DRIVEN MORPHOGENESIS
Marcelo Epstein∗1
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Summary After drawing a clear distinction between various kinds of processes of material evolution encountered in biological tissues,
processes of morphogenesis are identified as those for which material symmetry breaking occurs. Assuming that long molecules embedded
in an extracellular matrix have a degree of freedom so that they can interlock in at least two different arrangements, a bi-modal energy
density can give rise to morphogenesis purely driven by histories of deformation.

MATERIAL EVOLUTION
Assume a solid material with a constitutive equation of the form
W = W (F; t).

(1)

In this equation, W can be interpreted as the free-energy density per unit spatial volume. The deformation gradient F is
measured with respect to a fixed reference configuration. For simplicity, we assign a zero energy to a natural state, assumed to
exist and to be defined within an arbitrary rigid body rotation. The appearance of the time variable t will permit us to describe
phenomena of material evolution. Naturally, although not explicitly shown by the notation, it is implicitly assumed that time
is measured from some defining event such as a chemical reaction or a fabrication procedure that took place at t = 0.
The time dependence of the constitutive law (1) can be either explicitly stated or, more commonly, mediated by the
presence of internal variables. In this case, the time evolution of these internal variables is governed by further evolution
equations (usually, first-order ODEs) that provide a coupling with constitutive variables such as deformation and stress.
Processes of material evolution can be classified into various distinct categories, as done in detail in [2]. This classification is particularly relevant in biological applications[1, 4], particularly to determine whether a process of evolution can be
canonically decomposed into remodeling, growth and aging components so as to attribute each component to a definite causal
law. We say that a material point with constitutive law (1) undergoes a process of remodeling within a time interval T if, and
only if, the time dependence is mediated by a non-singular time-dependent linear transformation P as follows
W = W (FP(t)).

(2)

An equivalent way to express the concept of pure remodeling is by saying that throughout a process of remodeling a material
point remains materially isomorphic, a term introduced by Noll [5]. Indeed, if (without loss of generality) we impose the
initial condition
P(0) = I,
(3)
where I is the identity tensor, we can write
W (F; t) = W (FP(t); 0),

(4)

which means that the constitutive equation at any fixed time t > 0 can be regarded as identical to the constitutive equation at
time t = 0, except for a change of local reference configuration, represented by P. We may say that a small neighborhood
of material at time t = 0 has been cut out, deformed by P and thereafter grafted back, as it were, at time t. We call this
operation a material transplant [3]. This kind of material evolution is essentially the one considered in the pioneering paper
by Rodriguez et al [6]. An intuitive way to visualize it is to imagine that the constitutive properties can be boiled down to a
linear spring with stiffness k and rest length L0 . In a process of pure remodeling, the stiffness coefficient k remains constant,
while the rest length L0 changes with time.
Any material evolution process of the form (1) that is not expressible in the form (2) is, by definition, an aging process.
This definition and the attendant terminology require some justification. Clearly, if the constitutive equation is not expressible
by Equation (2), the instantaneous material response does not remain at all times materially isomorphic to its initial response,
which means that some of its constitutive properties are changing in time. We refer to this fact by saying that the material has
aged, although the term ‘rejuvenation’ would be equally acceptable.
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MORPHOGENESIS
A material point may undergo a radical process of aging by moderate or drastic changes of its properties, such as the
modulus of elasticity in the case of a linear elastic isotropic material. A process of aging may result, for example, in the
weakening of the stiffness of mineralized bone due to hormonal deficiencies. If, however, the weakened bone mineral is still
isotropic, there has not been a qualitative change of material response. This observation leads us to identify an aging process
as a process of morphogenesis if it entails a sudden change in the material symmetry type, as when the material changes from
fully isotropic to orthotropic. The symmetry groups at different times in a morphogenetic process are no longer necessarily
conjugate. This symmetry breaking is indeed considered as essential for pattern formation in plants and animals, as already
envisioned in the epoch-making article by Turing [7]. Point-wise morphogenetic evolution can give rise to non-uniformity
resulting in pattern formation.
In biological contexts, a situation of this kind may arise at early stages of development whereby long molecules are
relatively free to move within a material matrix and to form branches and more or less stable cross-links before settling in
a less permissive environment. Assume, for example, a thin membrane of isotropic matrix material in which identical long
molecules or fibres are initially arranged in a regular orthogonal lattice, thus resulting in an initially transversely isotropic
composite material. The molecules are assumed to be all parallel to the plane of the membrane. The corresponding freeenergy density function will, accordingly, enjoy all the symmetries provided by the group of rotations about the axis normal to
the plane of the membrane. We may assume, moreover, that there is a single alternative local arrangement of the molecules in
which they are all mutually parallel, such as the case of two identical helices side by side. This arrangement will be assumed
to be permanent once it has taken place, on the basis that the bond is stronger than in the original orthogonal counterpart. The
free-energy density of the parallel arrangement will, naturally, enjoy less symmetries than the original. We obtain, in fact,
an orthotropic material. In going from the orthogonal to the parallel arrangement there is, therefore, a symmetry breaking
mechanism at play. Both alternative energy densities are functions of the local value of the deformation gradient (or strain).
For a given state of strain the material will choose to transform itself to the lower energy mode, provided it was in the
transversely isotropic mode. The reverse passage is forbidden, as already pointed out, due to the strength of the parallel bond.
Naturally, the mechanism just described is a point-wise affair governed by the local value of the strain. The reorientation of
the molecules in those parts where it has taken place will manifest itself macroscopically by a change in color or texture of the
membrane and a pattern will emerge. Several examples will serve to illustrate this kind of purely mechanically driven pattern
formation.
Acknowledgment: The financial support of the Natural Sciences and Engineering Research Council of Canada is gratefully acknowledged.
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[3] Epstein M and Elżanowski M (2007), Material Inhomogeneities and their Evolution, Springer-Verlag.
[4] Menzel A and Kuhl E (2012), Frontiers in Growth and Remodeling, Mechanics Rsearch Communications 42, 1-14.
[5] Noll W (1967) Materially Uniform Bodies with Inhomogeneities, Archive for Rational Mechanics and Analysis 27, 1-32.
[6] Rodriguez E K, Hoger A and McCulloch A D (1994), Stress-dependent Finite Growth in Soft elastic Tissues, J Biomechanics 27/4, 455-467.
[7] Turing A M (1952), The Chemical Basis of Morphogenesis, Phil Trans Royal Society London B237, 37-72.

1675

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ON DEFORMATION AND FRACTURE OF TOOTH ENAMEL
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Summary Tooth enamel, although having nominal material properties similar to glass, is able to sustain repeat contact loading
under harsh conditions from food processing, a critical function for survival. To understand how individual material phases
of enamel are combined to impart tooth resilience, a robust characterization of material properties under actual loading
conditions and valid failure and fracture analyses need be conducted. In this work, some basic macro scale deformation and
fracture characteristics of tooth enamel under occlusal loading are established. This information is then used in a fracture
mechanics analysis to produce critical loads for tooth failure. The results show that the most critical strength factors are enamel
thickness and enamel material nonlinearity.

Introduction
Tooth enamel, although having nominal material properties similar to glass, is able to sustain repeat contact loading under
harsh conditions from food processing, a critical function for survival. This remarkable performance is accomplished by a
unique, natural design of material microstructure and geometry [1]. Enamel is composed of rods made of crystallite platelets
which are held together by thin layers of organic matrix. Rods are grouped into bundles called Hunter-Schreger bands (HSB)
which orientations change in space. To understand how these individual characteristics combine to impart tooth resilience
necessitates a robust characterization of material properties under actual working conditions and valid failure/fracture
analyses. Most material characterization works on this subject are concerned with basic quantities such as elastic modulus,
hardness, fracture toughness and stress-strain response, typically generated using nano or micro indentation testing techniques.
It remains to be seen, however, how such properties are combined together to impart the unique fracture resistance of tooth
enamel. The main purpose of this work is to establish the basic deformation and fracture characteristics for tooth enamel under
occlusal loading in the macro scale and gain insight into how material architecture quantitatively affect the fracture resistance
under such loading.

Testing and Analysis
Indentation tests using W/C balls of various radii are performed on extracted human molar teeth. The balls are placed at
the tooth center or on the flat surfaces of polished prominent cusps and then they are pressed down to predetermined load
values. After unloading, samples are sectioned transversely or longitudinally, and the internal as well as external damage
observed and quantified with the aid of optical and scanning electron microscopy. Of special interest in these are the
quantification of the stress-strain response and failure stress of enamel, and the initiation and growth of damage or cracks in
the enamel. The stress-strain behaviour of enamel is established analytically with the aid of a FEA which makes use of
experimental plots of mean stress vs. indentation strain. A fracture mechanics analysis in conjunction with the Finite Element
(FEM) technique is employed to determine the load needed to initiate radial cracks at the dentin/enamel junction (DEJ) or to
propagate median radial cracks under the contact to the DEJ.

Results
The indentation tests revealed that enamel is a highly nonlinear material exhibiting a pronounced strain hardening. This
response is influenced by the damage induced by indentation, which is dependent on ball radius. It is found that the constitutive
behavior of enamel is well represented by a Ramberg-Osgood constitutive law, obtained by a best fit to the experimental data,
of the form
ε/εY = σ/σY + 0.12 (σ/σY)1.3, σY = 330 MPa,
where σY and εY are the true yield stress and true yield strain in a uniaxial tension test.
Figure 1 shows a representative longitudinal section of a tooth loaded by a W/C ball placed at the central fossa. The plane
of the cut intersects the tip of two diagonal tooth cusps. As shown, the enamel layer suffered considerable damage. The image
plane in Fig. 1a contains two (I and II) contact spots. A few cracks marked R extend from these spots, typically normally to
the occlusal surface, some of which reach the DEJ. This form of damage is consistent with a radial crack pattern on a surface
intersecting a contact circle. Several small cracks also emanate from the DEJ, typically from tufts [1]. A relatively large one
is seen in region III across from spot II. The magnified view of spot I shown at the right side reveals additional thin, surface
normal cracks marked C that are confined to an annulus ring bounded by the contact circle. These cylindrical cracks, the
analogue of shallow cone cracks in homogeneous materials, are constrained to grow in the weak interrod material between
enamel rods [2].
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Figure 1: A longitudinal section of a molar tooth after unloading. The specimen was loaded by a 1.57 mm radius W/C ball at
load P = 1004 N. The section intersects two contact spots I and II; the image on the right is a magnified view of spot I. Median
radial cracks (R) and cylindrical cracks (C) grow from the contact surface, radial crack (R) grow from the DEJ at site III.
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FORCE-INDUCED INTERNALIZATION OF MAGNETIC NANOPARTICLES
FOR DRUG DELIVERY AND CELL TRACKING
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Summary We have systematically studied the use of applied magnetic force to facilitate the cellular internalization of magnetic
nanoparticles. The magnetic nanoparticles have uniform core sizes and coated with phospholipid-PEG. We investigated the pathway of
nanoparticle internalization into different cell types under an applied magnetic field and determined the dependence of cellular uptake on
nanoparticle size and concentration, substrate stiffness, temperature, and changes of the cytoskeletal structure. Our results shed light on
force-induced endocytosis of nanoparticles and provide a means to remotely control vascular permeability, thus having the potential to
shift the paradigm of targeted drug delivery and open up new opportunities for the application of nanotherapeutics.

INTRODUCTION
Magnetic nanomaterials are being extensively exploited for magnetically guided delivery of therapeutic agents and cells,
focused hyperthermia and remote triggering of molecular and cellular events. A process fundamental to these therapeutic
paradigms is the cellular uptake of magnetic nanomaterials under an applied magnetic field. Here we dissect magnetically
guided internalization of magnetic nanoparticles by primary cells and cancer cells in a semi-homogeneous magnetic force
field. Our study indicates that the magnetic nanoparticle were internalized by cells through energy-dependent endocytic
pathways. The rate of endocytosis increases with the magnetic force in a cell type-independent manner, but is not sensitive
to the concentration of nanoparticles on cell surface.
RESULTS AND DISCUSSION
To obtain a mechanistic understanding, we quantified endocytosis of magnetic nanoparticles ranging from
superparamagnetic to ferromagnetic regimes by cells grown on substrates with different stiffness. The magnetic
nanoparticles have uniform core sizes of 10, 15, 25 and 40 nm respectively, coated with DSPE-PEG2000 copolymers, and
their cellular internalization was quantified using HeLa, HUVEC and HDF cells at both 37oC and 4oC. We also
determined the dose-dependence of nanoparticles and the effect of different drug concentrations in disrupting actin stress
fibers.
We found that magnetic nanoparticles are internalized through endocytic pathways. The applied magnetic force
increases the accumulation of magnetic nanoparticles on cell surface, and there is a clear dependence on nanoparticle core
size and magnetization. Our experimental and modeling results suggest a vesicle packing model for the endocytosis of
magnetic nanoparticles, whereas magnetic forces increase the packing density of nanoparticles in pre-formed endocytic
vesicles on the cell surface, which promote the invagination of vesicles by overcoming membrane tension. Our studies also
indicate that magnetic nanoparticles can be internalized into vascular endothelial cells under applied magnetic forces and
accumulate in perinuclear lysosomes. We found that magnetic force applied to intracellular magnetic nanoparticles can
induce the formation of actin stress fibers. Using a microfluidic device, we show that the intracellular magnetic force can
induce rearrangements of stress fibers, which in turn leads to a reversible disruption of the tight junctions among endothelial
cells.
CONCLUSIONS
Our studies shed light on the endocytosis of nanoparticles and provide a means to remotely control vascular
permeability, thus having the potential to shift the paradigm of targeted drug delivery and open up new opportunities for
nanotherapeutics
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UNIVERSAL CORRELATION BETWEEN STIFFNESS AND VOLUME FOR CELLS
D.A. Weitz
Dept. of Physics and SEAS, Harvard University, Cambridge MA, USA
Summary The stiffness of cells is commonly assumed to depend on the stiffness of their surrounding: bone cells are much
stiffer than neurons, and each exists in surrounding tissue that matches the cell stiffness. In this talk, I will discuss new
measurements of cell stiffness, and show that that cell stiffness is strongly correlated to cell volume. This affects both the
mechanics and the gene expression in the cell, and even impacts the differentiation of stem cells. To probe the effects of
gene expression, I will discuss lab-on-a-chip developments, using drop-based microfluidics, that provide a full gene
expression analysis at the level of individual cells.
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Summary An Eulerian formulation of soft tissue growth has been developed. In contrast with standard Lagrangian formulations of growth that
use multiplicative forms connecting total, elastic and growth deformation tensors, this Eulerian formulation uses evolution equations for elastic
deformation measures. These evolution equations model homeostasis as an inelastic process causing the elastic deformation measures to
approach their homeostatic values. An advantage of the Eulerian approach is that it is not influenced by unphysical arbitrariness of
specifications of reference and intermediate configurations.

EVOLUTION EQUATIONS
An Eulerian formulation of growth in soft tissues is proposed which is based on the work in [1]. The tissue is modelled
as a composite of a matrix and additional components that model the response to elastic stretching of the area of a material
surface, the elastic stretching of material fibers and elastic shearing in a material direction in a material surface. These
additional components introduce anisotropy in both the elastic and inelastic response of the tissue. The balance laws model
an open system with a rate of mass supply and the constitutive equations are thermodynamically consistent. In contrast with
other formulations, evolution equations are proposed directly for elastic deformation measures. This approach has the
advantage that the material response is not influenced by arbitrariness of the choice of reference and intermediate
configurations. Specifically, the elastic dilatation 𝐽" and a symmetric positive-definite unimodular second order tensor 𝑩$"
det 𝑩$" = 1 that characterizes elastic distortions of the tissue are determined by the evolution equations
𝐽"
𝐽"
= 𝑫 ⋅ 𝑰 − Γ0 ln
𝐽"
𝐽3
𝑩$" = 𝑳𝑩$" + 𝑩$" 𝑳7 −

,

2
3
𝑫 ⋅ 𝑰 𝑩$" − Γ 𝑩$" − $:;
𝑯$ .
3
𝑩" ⋅ 𝑯$

In these equations, 𝑳 is the velocity gradient, 𝑫 = 𝑳 + 𝑳7 /2 is the total deformation rate, 𝑰 is the unit tensor, 𝑨 ⋅ 𝑩 =
tr(𝑨𝑩7 ) denotes the inner product between the second order tensors 𝑨, 𝑩 and a superposed dot denotes material time
differentiation. Also, Γ0 , Γ are non-negative scalar-valued functions that characterize the rate of homeostasis, which is
the inelastic process causing 𝐽" , 𝑩$" to approach their homeostatic values 𝐽3 , 𝑯$ , with 𝑯$ being a symmetric positivedefinite unimodular tensor. The constitutive equations for the Cauchy stress tensor 𝑻 are defined so that 𝑻 vanishes when
the elastic dilatation 𝐽" equals 1 and the elastic distortional deformation tensor 𝑩$" equals 𝑰. Since 𝐽3 , 𝑯$ can be
different from 1, 𝑰 , the homeostatic state of the tissue can have non-zero residual stresses.
When the homeostasis rates Γ0 , Γ are positive, homeostasis occurs simultaneously with loading 𝑳 ≠ 0 and nonzero
stress. When Γ0 , Γ are positive and loading vanishes 𝑳 = 0 , the elastic deformation measures 𝐽" , 𝑩$" approach their
homeostatic values 𝐽3 , 𝑯$ with non-zero stress. To model growth at zero stress it is convenient to take 𝑯$ in the form
𝑯$ = det (𝑯):; F 𝑯 , 𝑯 = 𝑰 + 𝑯$$ , 𝑯$$ ⋅ 𝑰 = 0 ,
where 𝑯$$ is a symmetric deviatoric tensor which is restricted by the condition that 𝑯 is positive definite. It then follows
that homeostasis can cause growth at zero stress with
𝑳=𝑫=−

1
1
Γ0 ln 𝐽3 𝑰 − Γ 𝑯$$ , 𝑫 ⋅ 𝑰 = − Γ0 ln 𝐽3
3
2

, 𝑫$$ = −

1
Γ 𝑯$$ ,
2

for 𝑻 = 0 with 𝐽" = 1 and 𝑩$" = 𝑰 ,
where 𝑫$$ is the deviatoric part of 𝑫. Thus, for zero stress, the logarithmic rate of total volume growth is determined by
the product Γ0 ln 𝐽3 and the rate of total distortional deformation is determined by the product Γ 𝑯$$ , which
emphasizes the importance of the deviatoric tensor 𝑯$$ . Consequently, within the context of this theory, it is possible to
control the rate of growth due to homeostasis with the scalars Γ0 , Γ separately from the value of the stress in the
homeostatic state of the tissue with the homeostatic values 𝐽3 , 𝑯$ .
a)
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Most formulations of finite growth of tissues are based on a Lagrangian model [2], which is an adaptation of models for
finite deformation plasticity, with the total deformation gradient 𝑭 expressed in a multiplicative form using an elastic
deformation tensor 𝑭" and a growth tensor 𝑭N
𝑭 = 𝑭" 𝑭N .
A model using multiplicative forms of a number of deformation tensors from the reference configuration and a number of
intermediate configurations was proposed for residual stresses in biomaterials in [3]. Removal of unphysical arbitrariness of
multiplicative formulations of these kind has been discussed in [4]. In contrast with these formulations, the proposed
Eulerian formulation does not introduce a total deformation or a growth tensor and does not have unphysical arbitrariness.
EXAMPLES
Shi et al. [5] have studied the morphogenetic process of c-looping of the heart using a simplified model of an
inhomogeneous circular cylindrical tube as well as using realistic anatomically based geometry of the heart tube.
Specifically, they used a multiplicative model similar to that described in [2] and specified the growth deformation tensor by
a series of growth mechanisms which characterize the c-looping process.
A robust, strongly objective numerical integration algorithm for the evolution equations in the Eulerian formulation of
soft tissue growth has been developed and is being implemented into ABAQUS together with a consistent tangent stiffness.
Examples of the c-looping growth process of the heart are considered using the simplified circular cylindrical tube model.
Differences between the growth process in the Eulerian model [1] and that in the Lagrangian model [2] used in [5] will be
discussed.
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Summary A robust method for single cell access to deliver genes and molecules into adhered cells is needed to enable novel capabilities for
temporal biological studies and new approaches to in vitro cell analysis, cell cloning, and gene editing. To realize this goal, we developed a
microfluidic nanofountain probe (NFP) technology for localized electroporation of individual cells via automated positioning of the probe in
contact with the target cell. Our recent development has increased ease-of-use and throughput for single-cell transfection.

SIGNIFICANCE
Biological studies at the single-cell level are increasing exponentially to allow researchers to investigate and compensate
for significant cell heterogeneity within a population. Most of these studies involve single-cell analysis of a lysed or fixed cell
via quantitative polymerase chain reaction (PCR), microarrays, or fluorescent in situ hybridization (FISH). These techniques
limit the data collected to discrete points in the lifecycle of the cell and prevent dynamic cell analyses. Furthermore, a singlecell approach to the introduction of genes or other molecules into a cell is not common despite the advantages that it offers
for temporal and spatial precision, as well as the preservation of monoclonality and capability for non-destructive in vitro
analysis of live cells. Our nanofountain probe electroporation (NFP-E) technique is a convenient method for precise singlecell transfection that can provide these experimental advantages [1].
NANOFOUNTAIN PROBE ELECTROPORATION
The NFP-E system is comprised of a microfabricated
nanofountain probe chip packaged with a wire electrode and mounted
onto a micromanipulator, and a custom-built electronics unit and
software (Figure 1). The tip of the NFP is positioned in contact with
the cell membrane of a target cell, and an electric pulse is applied to
induce electroporation that is localized near the region of contact. The
localized electroporation creates temporary pores on the cell
membrane and facilitates entry of molecules into the cell cytosol. To
assist and/or automate positioning of the NFP tip, the onset of probecell contact is detected by continuous monitoring of the electric circuit
to detect a sudden increase in electrical resistance. Further details
about the working principle for NFP-E and automated positioning of
the probe have been published elsewhere.
During development, we have demonstrated using NFP-E to
transfect various cell types (HeLa, HT1080, HEK293, A431, murine
embryonic fibroblasts) with a wide range of molecules (small
molecules (70 kDa dextran and PI); proteins (BSA, Cas9); plasmids
(20 MDa GFP); nucleic acids (gRNA, DNA- and RNA-based
molecular beacons))[2]. Furthermore, we have shown that qualitative
dosage control of the transfected molecules is possible by modifying
the duration of the applied electric pulse. With these capabilities, the
NFP-E system has potential to enable novel biological studies
including: single cell analysis (gene expression studies, timedependent cell biology, protein interaction studies, and drug toxicity
and response), monoclonal cell line development, and temporal stem
cell reprogramming/differentiation. For example, recent advances
have allowed us to demonstrate applications such as temporal gene
expression analysis using molecular beacons and gene editing using
CRISPR/Cas9.

a)

Figure 1. The nanofountain probe electroporation
system. The microfabricated probe is packaged with a
wire electrode (inset) and mounted on an adjustable
extension arm connected to a micromanipulator (top).
The electric pulse needed to induce electroporation,
and resistance-based positioning control, is supplied by
custom-built electronics and software (bottom).
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RECENT APPLICATIONS
Temporal gene expression analysis using molecular beacons
We used NFP-E to transfect molecular beacons, oligonucleotides that emit fluorescence upon binding to an mRNA target,
as a demonstration for spatial and temporal studies of live cells enabled by single-cell transfection [3]. Specifically, we
transfected into HT1080 cells a DNA-based beacon that detects glyceraldehyde 3-phosphate dehydrogenase (GAPDH) and
an RNA-based beacon that detects a sequence cloned in the green fluorescence protein mRNA. Immediate imaging analysis
after transfection allows mRNA detection within seconds after transfection without suspending the adhered cell. In addition,
we showed potential for time-dependent detection of mRNA expression by transfecting the same cell at different time points
(different days in this case; Figure 2) by using different color fluorophores for subsequent transfection. This technique could
be particularly useful for studies of cell differentiation, where several measurements of mRNA expression are required over
time.
Figure 2. Example of temporal
transfection by NFP-E. HT1080
cells were transfected on day 0
with green fluorophore-tagged
(AF488) bovine serum albumin
(BSA) and incubated overnight.
The following day, Day 1, those
cells
showed
BSA-AF488
localized within an organelle of
the cell. Also on day 1, one
cell from this group (white
arrow) was transfected again
with a solution of the RNAbased
beacon
and
red
fluorophore-tagged
dextranAF594 (positive control).

Knock-down of green fluorescent protein expression with CRISPR
To demonstrate and explore the best approach to single-cell gene editing
using CRISPR/Cas9, we generated a HEK293 cell line expressing a single
copy of green fluorescent protein (GFP) by standard cell cloning practices.
We tested three approaches to GFP knock-down: (1) transfecting a
CRISPR/Cas9 plasmid, (2) transfecting Cas9 protein with guide RNA, and
(3) transfecting Cas9 expressing mRNA with the guide RNA. Each approach
produced knock-down of the GFP expression in transfected cells. An example
of successful knock-down is shown in Figure 3 using approach (2). A
comprehensive study of the efficiency of transfection relative to the
efficiency of knock-down is ongoing.
CONCLUSIONS

Figure 3. Demonstration of knock-down of
GFP expression in HEK293 GFP+ cells by
NFP-E transfection of a mixture of Cas9
protein with guide RNA. Each cell in the red
circle was transfected and the image was
taken 24 hours after transfection.

The NFP-E system has unprecedented capabilities for precise transfection
such as single-cell selectivity, qualitative dosage control, high efficiency, and
high cell viability. The demonstrations presented in this paper show examples of
new capabilities for single-cell experiments in gene analysis and editing. We are
currently optimizing the automated positioning algorithm to enable increased throughput of NFP-E and the ability to transfect cells
patterned in arrays or isolated in microwells. This automation will greatly increase the throughput and robustness of the NFP-E
system and make it an extremely useful new biotool.
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Summary Recent advancements in methods of deriving immature human cardiomyocytes from pluripotent stem cells now facilitates the
potential of these cells to develop into mature, fully-functional adult cardiomyocytes - the next step towards producing useful drug screening
models. Differentiation protocols are now able to achieve both high yield and purity of stem cell derived cardiomyocytes. However,
biochemical signaling alone is insufficient to produce well-aligned, mature cardiomyocytes that recapitulate adult cell functionality. Our
work using hESCs explores the use of micropatterned substrates and substrate stiffness to improve the cytoskeletal organization of the
immature cardiomyocytes to improve maturation. We show that pattern widths ranging from 30-80µm promote significant increases in
nuclear alignment and enhanced myofilament structure due to the feature geometries. Results for immature CMs cultured on patterned
PDMS substrates are presented, in comparison to our prior work on glass, showing the portability of this technique between substrates.

BACKGROUND
While methods for deriving contracting cardiomyocytes from pluripotent stem cells in large quantity has improved
significantly in recent years, a remaining challenge is the maturation of these immature cardiomyocytes toward a functional,
adult phenotype needed for applications in regenerative medicine or drug discovery. A range of methods using biochemical,
electrical and mechanical cues have been explored to induce maturity [1-2]. Measures of maturation include sarcomere
structure, multinucleation, gap junction distribution, electrophysiological properties, and contractile force [3]. Most studies
involving micropatterned cardiomyocytes have utilized rat and mouse neonatal ventricular cardiomyocytes as their model,
and show that these cells form improved cell-cell junctions, contractile strength, and sarcomere organization [4-6], as well as
trends between cell shape, sarcomere formation, and α-catenin expression [7-8]. The research presented here uses immature
cardiomyocytes differentiated from human embryonic stem cells (hESCs) and demonstrates micropattern techniques used
previously on glass [9] can be applied to PDMS substrates in order to control cytoskeletal organization within cardiomyocytes.
RESEARCH METHODS
Microcontact printing designs created in AutoCAD were sent to the Stanford Microfluidics Foundry for fabrication of a
high-resolution photomask Si wafer master stamp (Stanford University, Santa Clara County, CA). These master stamps were
then used to produce reusable polydimethylsiloxane (PDMS) (Sylgard, 184 Kit) stamps for the microcontact printing. In the
experiments reported here the pattern design incorporated long lanes with widths ranging from 40-240μm [10].
PDMS substrates with different mechanical properties were created by blending Sylgard 184 with Sylgard 527 (Dow
Corning) combined in different mass ratios to create specific elastic moduli across a physiological stiffness range. On stiffer
substrates the stamping to PDMS can be done directly, but on softer substrates a sacrificial polyvinyl alcohol (PVA) film was
used as an intermediate step. After lanes were created, the remaining substrate areas not coated with ECM proteins are
backfilled with Pluronics F127, followed by an additional PBS wash. Afterwards, the PDMS substrate now containing lanes
of Matrigel was seeded with hESC-CMs.
As described in detail elsewhere [9], cardiomyocytes were derived from an engineered H9 human embryonic stem cell
(hESC) line containing a cardiac troponin T GFP (cTnT-GFP) promoter with resistance to the antibiotic Zeocin along with
cardiac troponin T expression indicated by the presence of GFP which allows for the purification of cTnT-expressing cells.
Following the work of Lian et al. [11], a modified version of the small molecule Wnt-agonist method of differentiation was
used to produce immature cardiomyocytes and further purified with Zeocin [9]. The dissociated cells were seeded onto the
PDMS substrate containing lanes of Matrigel at a density of 30,000 cells/cm2.
RESULTS
Cell shape greatly influences cell behavior and cytoskeleton conformation as shown by our prior work. Forcing immature
hESCs-derived cardiomyocytes into an aligned, elongated cell shape leads to a more mature-like phenotype [9]. Experiments
using varying pattern shapes have shown that patterns with widths of less than 100µm induce an increase in nuclear alignment
for hESC-CMs. In contrast to standard two-dimensional cultures of cardiomyocytes where cells form cell-cell junctions in all
a)
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directions, these patterned cells repeatability form extremely polarized structures which produce synchronous contraction.
However, while sarcomere formation and cell alignment (Fig. 1) were dramatically improved within the thin feature widths,
there was no significant difference in gap junction plaque expression and calcium propagation rate among the micropattern
lane widths explored on glass substrates [9].
In addition to glass substrates, experiments were conducted with immature cardiomyocytes using PDMS substrates with
1.72MPa stiffness [10] and now 50 and 5 kPa stiffness. The lowest stiffness is in the physiological range of the heart [12].
When the width of the lane pattern is less than 100µm, the cardiomyocytes form highly aligned structures within the features
(Fig. 2), as opposed to the pleomorphic cell shape observed in cells on unpatterned substrates. Patterns with widths of 36µm
continued to be ideal for producing connected, highly structured, one-cell-wide lanes of hESC-CMs that exhibit synchronous
contraction on PDMS over a wide range of substrate stiffnesses. However, results to date continue to show signs of immaturity
in cell-cell junction organization.

Fig. 1: Percentage of aligned nuclei aligned with respect to feature
axis within +/-10°. Results on 5kPa PDMS are compared with 1.72
MPa PDMS [10] and those of Salick et al. [4] on glass substrates.
In a system in which the cells are randomly oriented, an alignment
of 22% would be expected (dotted horizontal line).

Fig. 2: Micropattern lanes of 36µm width on PDMS
substrates of 1.72 MPa, 50 kPa, and 5 kPa stiffness.
DAPI (blue) and -actinin (red) images of hESCCMs on day 5 after seeding.

CONCLUSION
A critical challenge facing cardioregenerative biology is the achievement of a more mature phenotype that will allow for
more accurate modeling of native myocardium for pharmacological studies. By providing a highly-organized substrate with
physiological stiffness, we aim to accelerate the processes of cardiomyocyte maturation which will ultimately display adult
physiological response.
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Summary In the present contribution we present a study on critical factors that should be considered to fully exploit the great potential
provided by non-linear traction force microscopy approaches. To this end, various influencing factors are studied numerically in benchmark
examples based on experimentally observed cellular traction fields using a custom, finite element based framework to analyze traction force
microscopy experiments on highly deformable substrates.

TRACTION FORCE MICROSCOPY
Mechanical stimuli play an important role for cell differentiation and the regulation of cellular processes [1, 2]. The
quantification of the mechanical interactions between cells and their environment is thus an important topic in the field of
mechanobiology. Traction Force Microscopy (TFM) refers to a set of methods that base on inferring the forces exerted by
cells from the observed motion of a deformable substrate with known material properties [3]. This includes, for example,
the use of very thin films allowing the reconstruction of cellular tractions by analysing the induced wrinkling pattern [4], or
structured substrates such as nano-pillar arrays. The latter bend upon cellular loads, so that the forces can be calculated from
measuring tip displacements and beam theory [5]. While the mechanical problem is straightforward, the method does not
allow quantifying out-of-plane forces and, moreover, the particular substrate topology is known to affect the cell behaviour
[6]. The latter can be circumvented by placing the cells on continuous and deformable substrates equipped with fluorescent
markers inside or on the surface of the material [7]. Tracking these markers in a laser microscope provides the displacements
in two or even three dimensions caused by the cells’ tractions on the surface, and with the material properties of the substrate
given, these tractions result from solving the inverse mechanical problem [8]. For the solution of this inverse problem, different
approaches have been developed in the past based on the Boussinesq-Green solution for the elastic half-space [9]. Since these
methods invoke the principle of superposition, their applicability is limited to materially and geometrically linear cell-substrate
systems, i.e. with small deformations and linear-elastic substrates. While the former requirement limits the sensitivity of the
method, the latter significantly restricts the choice of the substrate materials. To overcome these limitations TFM approaches
were proposed that use finite element analysis (FEA) to compute the inverse problem. Such non-linear approaches bear
great potential but they come along with a number of challenges relating to the discretisation of the substrate domain into a
finite element mesh, the according interpolation of the displacement field, the handling of experimental noise and a thorough
characterization of the substrate material. In the present contribution these essential aspects are studied by use of benchmark
examples along with relevant questions related to the interpretation of numerical TFM results.
NUMERICAL ANALYSES
Applying a newly developed FEA-based TFM approach for the three-dimensional analysis of cellular traction forces on
continuous, highly deformable substrates to benchmark test-cases, we discuss the influence of resolution and noise of the
displacement field, the quality of the finite element discretization, the type of interpolation scheme and the choice of the
substrate material law on the accuracy of the computational traction field reconstruction. The benchmark test-cases are based
on traction fields observed from the TFM analysis of different cells (HeLa cells and Fibroblasts) on very soft silicone substrates
with an equivalent elastic modulus of 10-15 kPa.
RESULTS
The regularisation strategies used to account for noise in the Green-Boussinesq approaches to TFM, see e.g. [10] are not
directly applicable to the non-linear framework. In addition, since the majority of elastomeric substrates are characterised by
incompressible behavior, already very small inaccuracies in the experimentally determined displacements can lead to spurious
behavior if these errors violate the volumetric constraint.
While a finite element discretization that is finer than the grid of measurement points improves the quality of the numerical
calculation and is in many cases mandatory to obtain convergent solutions, it brings about the necessity to interpolate between
these points, and it is shown that both the refinement of the mesh but also the method for interpolation strongly affect the result
if not appropriately interpreted. The influence of the interpolation on the traction field reconstruction of a simple benchmark
example is shown in figure 1.
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Figure 1: The figure on the left reports the traction field which was applied on the substrates surface as a benchmark. After
computing the traction induced substrate deformations, the displacements were extracted in discrete locations on the surface
(marked by white dots) and used for the reconstruction of the traction fields with the proposed nonlinear TFM framework
using two different displacement field interpolation approaches: a linear interpolation scheme (center) and an interpolation
based on Radial Basis Functions ( right). All figures show the deformed configuration.
Moreover, the benchmark examples are used to study the consequences of disregarding geometric and material nonlinearities, particularly the nonlinear stress-strain behavior typical for elastomeric materials at high strains, as well as the influence
of potential substrate inhomogeneity as a result of substrate preparation for TFM. To this end, monotonic and cyclic experiments in uniaxial and multiaxial stress states were performed on soft silicone-based materials, and the corresponding model
equations were used in the FEA algorithms.
CONCLUSIONS
In summary, the results suggest that the consideration of large displacements in TFM bears great potentials for the analysis
of cell traction forces. However, the additional complexity induced by the nonlinear characteristics require the use of an
accurate material model for the substrate, an appropriate interpolation scheme for the displacements and methods to quantify
measurement errors and their influence on cell traction forces determination.
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BIOMECHANICS OF HEPATIC CELLS AND ENGINEERED CONSTRUCTION OF LIVER
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Summary Based on the unique sinusoidal structure of liver microcirculation and its essential biological function, we evaluated systematically
the multi-scale biomechanics and mechanobiology of liver at molecular, cellular, or tissue level, which included the contribution of E2-integrinICAM-1 ligand interactions to the cell-cell adhesion, flow-induced crawling of mouse PMN on LSEC monolayer, the impact of substrate
stiffness and microtopography on hepatic differentiation of embryonic stem cells (ESCs) , as well as the impact of a in-house built 3D in vitro
sinusoidal model and engineered liver bioreactor in implementing hepatic functions. This work provides an insight for quantifying the intrinsic
binding kinetics and the blood flow-induced crawling features of hepatic cells, and also proposes a novel 3D supporting system for liver
function with well defined blood hemodynamics.
Liver microcirculation is unique due to its complexity of sinusoidal structure, in which multiple types of hepatic and/or hemapoietic cells
interact with each other under blood flow in a three-dimensional (3D) environment. Adhesion of flowing leukocytes to liver sinusoidal
endothelial cells (LSECs) or Kupffer cells (KCs) is crucial in liver immune responses. While it is known that two E2-integrins LFA-1 and Mac1 play distinct roles in the most of organ-specific microcirculations, Mac-1 seems to be predominant in neutrophil (PMN) adhesion and
crawling in localized inflammation while the role of LFA-1 is controversial in liver.
We combined the probabilistic model of small system kinetics with the mechano-chemical coupling theory to quantify the cell-cell adhesion
mediated by E2-integrin-ICAM-1 ligand interactions. Upon these models, we compared experimentally the binding kinetics of LFA-1 and Mac1 to ICAM-1s on mouse LSECs or KCs and found that the binding kinetics between these two integrin molecules is different when ICAM-1s
were expressed on distinct cells, supporting that Mac-1 predominantly mediates the adhesion between leukocytes and LSECs and KCs. Next,
we tested the flow-induced crawling of mouse PMNs on LSEC monolayer and indicated that PMNs tend to migrate along the direction of shear
flow and yield high crawling velocity and moving displacement than those under static case, mainly mediated by LFA-1. We also quantified the
impact of substrate stiffness and microtopography on hepatic differentiation of embryonic stem cells (ESCs) and demonstrated that substrate
microtopography (grooved, pillar, or hexagonal configuration) works cooperatively with its stiffness to manipulate ESC stemness and hepatic
differentiation. Finally, a 3D in vitro sinusoidal model and engineered liver bioreactor were in-house built, in which physiologically-mimicking
microenvironment is critical for implementing hepatic functions.
Multi-scale biomechanics and mechanobiology of liver at molecular, cellular, or tissue level were systematically evaluated, which provides
an insight for quantifying the intrinsic binding kinetics and the blood flow-induced crawling features of hepatic cells. This work also proposes a
novel 3D supporting system for liver function with well defined blood hemodynamics.
This work was supported by National Natural Science Foundation of China grants 31230027 and 31110103918 and Strategic Priority
Research Program of Chinese Academy of Sciences grant XDA01030102.
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MECHANICS OF STEM CELL MYOGENESIS
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Abstract Myogenesis of stem cells is the process of their conversion into skeletal muscle cells. The mechanical factors play a
key role in this process, and they can be used to maximize the stem cell myogenic output. Our goal here is a better understanding
and use of this effect. We interpret stem cell myogenesis as a progression through several key stages where each of them is
characterized by the expression of specific proteins (myogenic factors). The cell stage-to-stage progression is affected by the
magnitude and time course of the applied strain through the intracellular signalling. The model of this mechanism is described in
terms of nonlinear ODEs and applied to the analysis of stem cell myogenesis under the action of cyclic uniaxial strain. The
model parameters are adjusted based on a parallel experiment, and the results are used for the optimization of the amplitude,
frequency, and duration of the applied strain.
INTRODUCTION
Under physiological conditions, skeletal muscle regeneration is provided by specialized stem cells, called satellite cells
whose differentiation has typical stages of expression particular proteins and morphological transformations. This
mechanism fails under pathological conditions, such as muscular dystrophy, ageing, or severe muscle trauma. Other stem
cells are now used in muscle therapies, and these cells (if transplanted) should follow the time course of satellite stem cell
differentiation, it is, however, associated with a number of limitations. One medically promising approach is related to
adipose-derived stem cells that are easily accessible in the patient’s body and demonstrate potential of differentiation into
skeletal muscle cells. The output of this differentiation is low, but it has been recently shown in the experiment that the
results can be significantly improved by the application of mechanical strains [1]. The time course of application of such
strains (cyclic following periods of rest) is similar to that experienced by the muscle cells under physiological conditions.
The mechanism of the strain effect on cell differentiation has not been fully understood: such mechanism was actively
studied in other adherent (non-stem) cells but in stem cell myogenesis it has different features, such as cell fusion. The goal
of our study is to develop a model to better understand the mechanism of strain effect on stem cell myogenesis with a
further purpose to estimate the optimal parameters of the applied strain.
KINETIC MODEL
We follow four key factors of stem cell myogenesis and define five major stages of this process, starting from the
original stem cells where neither factor is expressed through the final (“mature”) stage of muscle-like cells where all (but
one) factors are expressed. The expression of this exceptional factor (PAX7) increases to push stem cells out of its initial
state and then decreases because the factor becomes an obstacle to the late stages of cell differentiation. After the definition
of the main stages, we specify the biological mechanisms of cell progression from stage to stage. One such mechanism is
asymmetric cell division where cells in a particular stage partially reproduce the parent cells (self-renew) and partially
express a new factor (move to the next stage). This concept has been supported by our experiment showing that stem cells
do divide in the early stages of their myogenesis [2]. Such a mechanism of differentiation changes in the late stages when
the late factors are expressed by transcription without cell division. Thus, in each stage, cells self-renew, differentiate (either
through division or directly) and dye with certain rates which are characteristics of our model. These rates are affected by
the applied strain resulting in the strain-dependent stem cell kinetics. How to determine the strain dependence of the model
rates? For the late stages of differentiation by the transcription mechanism, the strain dependence of the differentiation rate
can be derived by assuming that the strain effect occurs via a signalling molecule which binds the transcription factor as its
activator. This binding occurs much faster than the protein production which simplifies the kinetic equations and results in a
sigmoidal (saturating for large strains) multiplicative term [3] in the differentiation rate. Then, we use a similar sigmoidal
terms for the strain dependence of the rates in the early stages. In addition to the signalling associated with the strain effect
(which is due to the cell-extracellular matrix interaction), we also introduce a feedback signalling which is due to the cellcell interaction. It is characterized by a feedback factor dependent on the cell density and expressed in terms of the total cell
number. These and other features make the problem nonlinear. Computationally, the problem reduces to a system of
nonlinear ODE’s which is integrated assuming that initially all cells are the original stem cells, and cells in other stages are
absent.
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EXPERIMENT
In the experiment, adipose-derived stem cells are seeded on a flexible membrane substrate subjected to uniaxial strain
(the Flexcell system). The daily-applied strain consists of a cyclic (tensile) component following by a period of rest. Such
dynamic conditions are compared with control static (no-strain) condition of myogenesis. The myogenic markers are
analysed by using immunofluorescent staining, and the brightness of images is converted into the numbers of cells
expressing particular factors. We also estimate the number of proliferating (dividing) cells at different times.
RESULTS
We compute the numbers of cells in each of the five stages of myogenesis as functions of time for the dynamic and static
conditions. We use a particular dynamic case (strain amplitude of 10%) to adjust the model parameters, and the resulting
kinetics is presented in Fig. 1 along with the data for the static case. The number of the original stem cells is not shown but
A

D

B

C

E

Fig. 1 Time course of cell
numbers in stages 1-4 (A-D) and
of the total cell number (E) . The
computed results are presented vs.
experimental data.

it can be extracted based on the data for the total number of cells (Fig. 1E). We use the model with the adjusted parameters
to predict the kinetics of stem cell myogenesis for strains of other amplitudes. We found that the dynamic-case myogenesis
follows a path where the original stem cells gradually disappear and are replaced with the cells expressing the late myogenic
factors. This is opposite to the static case where the number of stem cells continues to rise, and the late factors are not
expressed during the time of the experiment. Interestingly, there is a border-line case of the strain amplitude of about 2%
where a transition between the dynamic and static patterns of kinetics occurs. Next, we consider the effect of the time
course of the applied strain. We assume that the process of stem cell myogenesis depends on a “signal” reflecting the time
course of the strain. The signal is considered as constant during the part of the day when the strain is applied. This constant
is determined by the amplitudes of the strain and strain rate (strain frequency). During the rest of the day, the signal
exponentially relaxes. We re-computed the kinetics of myogenesis taking into account the time course of the strain. Finally,
we apply our model to the optimization of the strain daily time course varying the strain amplitude, frequency, and duration.
The proposed model can be applied to different stem cells, it can also be extended to take into account 3-D spatiotemporal
conditions, and the obtained results can lead to a better understanding of stem cell myogenesis
References
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THE ROLE OF LINE TENSION ON BUDDING FORMATION INDUCED BY DIFFUSION OF
PROTEINS ON LIPID BILAYER
Tsegay Belay1 , Chun IL Kim ∗2 , and Peter Schiavone3
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Summary We investigate the effects of line tension at the lipid-protein domain interface on membrane budding formation which is assumed
to be induced by surface diffusion of the trans-membrane proteins. The theoretical model for the mechanics of membrane shape transformation is described by a modified formulation of the Helfrich model in order to accommodate any nonlinear response of the membrane due
to the diffusion of the trans-membrane proteins. The resulting shape equation is numerically solved for Non-Monge or general membrane
surface representation. Our results show that line tension at the domain interface makes a significant contribution on a spherical-shape-like
budding formation on weakly curved or flat lipid membrane. We show numerically that increasing the line tension facilitates the reduction
of the interface diameter between the flat membrane and generated spherical bud, thus increasing the potential to pinch off the bud. Full
details can be found in [1].

INTRODUCTION
Lipid bilayer membranes are negligibly thin (typically 5-10nm) but they represent a critically important interface within
biological cells mediating all interactions between cells and their surrounding environment through the involvement of a
variety of proteins. These proteins can aggregate into clusters or domains on the membrane surface. In particular, so-called
’trans-membrane proteins’ domain can induce local curvature [2] and hence assist morphological aspects of cellular processes
such as fission, fusion and budding [3, 4, 5] regulated by membrane forces. Specifically, membrane budding, which are
spherical protrusions emerging out of a flat or curved bilayer membrane, is one particular phenomena and is an important
step in cellular exocytosis and endocytosis processes. Consequently, extensive studies have been made on the influence of
trans-membrane proteins on membrane budding formation ( see [6] and references therein). However, in most cases, the
derived shape equations of the membrane are solved by linear geometric approximation in the Monge representation of the
membrane surface. The work described here is motivated by the approach in [6] to consider the use of surface diffusion of
trans-membrane proteins on the membrane as one possible driving mechanism for the membrane budding. However, line
tension is suppressed in [6]. Here we find the effect of line tension at the domain interface to be non-negligible but making a
significant contribution to the shape transformation (budding formation) of the lipid membrane.
PROBLEM FORMULATION
In the absence of lateral pressure, the membrane shape equation is obtained as [1, 6]
L′ = 2r [H (k (H − C )2 + (ασ − β)2 + λ) − k (H − C )(H 2 + (H − sin ψ(s)/r )2 )],

(1)

L = kr (H ′ − µφσ ′ ),

(2)

where

is a transverse shear force. Here, r measures the radial distance of a point from the axis of symmetry of an axisymmetric
membrane surface, k is bending rigidity which pertain to lipid membranes with nonuniform properties, H is the mean curvature of the membrane surface ω, σ is protein density and ψ(s) is an angle that the membrane makes from the horizontal
axis. The spontaneous curvature ,C = (µφ)σ, is proposed in order to account for the asymmetry of the bilayer induced by
the diffusion of the trans-membrane proteins on the lipid bilayer membrane surface [6]. In this proposal, (µφ) is a constant
of proportionality where µ being a positive constant and φ the angle made by the meridian of the protein geometry (in this
case assumed as a conical shape) with the surface normal n. In addition, α and β are positive constants which conforms to the
conventional theory of bending elasticity in the absence of protein diffusion. The Lagrange multiplier λ in Eq. (1) satisfies [6]
λ′ = 2[k µφ(H − C ) − α(ασ − β)]σ ′ .

(3)

The edge conditions (e.g. boundary forces f and moments M on a smooth boundary ∂ω) are obtained as
f = Fυ υ + Ft t + Fn n,
where Fυ = (ασ − β)2 + k[H − C]2 + λ − ψ ′ M + γ
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Figure 1: (a) Sequence of membrane shape-changes as the protein diffuses into the domain with (γ = 0), and weak membrane
tension of (f = 0.001), (b) sequence of membrane shape-changes as the protein diffuses into the domain with (γ = 0.1), and
weak membrane tension of (f = 0.001), (c) 3D contour plot of membrane budding formation without the effect of line tension
at the interface domain, (d) 3D contour plot of membrane budding formation with the effect of line tension at the interface
domain.
are, respectively, the υ-,t- and n-components of distributed forces per unit length applied to ∂ω and γ is line tension at the
domain interface. (We note here the use of the primes to also denote the partial differentiation with respect to an arclength
surface coordinates s , i.e. (·)′ = ∂(·)
∂s ). The force applied to the membrane at the i th corner of ∂ω is zero. Finally, the normal
and tangential velocities of the surface as well as the trans-membrane protein diffusion law are given below [6]
un = rt ,

(rv )′ = 2Hu,

σt + v σ ′ =

2c
[r ((α2 + k µ2 φ2 )σ ′ − k µφH ′ )]′ .
r

(6)

NUMERICAL EXAMPLES AND CONCLUSIONS
We non-dimensionalize all the equations by introducing suitable reference scales. Finally, the Matlab routine bvp4c [7]
was used to solve the boundary value problem by applying suitable boundary conditions from the derived edge conditions.
Figures (1a) and (1c) indicate that the membrane shape-changes at a succession of times starting with a planar configuration.
The succession of shape-changes in the membrane is characterized by a gradual increase in protein concentration over the
domain. It should be noted that the protein diffusion destabilizes the weakly curved or flat membrane and as a result, the
sequence of shapes is seen to become more curved as time advances due to gradual increase in protein concentration over
the domain. Hence, this process leads to the formation of budding on the membrane. However, as clearly indicated in Figs.
(1b) and (1d), increasing the line tension facilitates the reduction of the interface diameter between the flat membrane and
generated spherical bud, thus increasing the potential to pinch off the bud. This suggests that the contribution of line tension
energy in the membrane budding formation is very significant and therefore can not be ignored. It also suggested that the
membrane cells may utilize the membrane line tension energies to control the budding process.
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Summary Cytokinesis is the last stage of eukaryotic cell devision. During this process, an actin-myosin contractile ring constricts the cell
membrane at the equator, until the cell partitions in two. We study this process by modeling the cell membrane as a two-dimensional,
inextensible fluid membrane with curvature elasticity and subject to a contractile force field distributed along an equatorial curve. The
membrane dynamics balances the dissipative and energetic forces subject to an inextensibility constraint. The theory enables the estimation
of the energy consumed for conformational change of the cells during cytokinesis. A numerical simulation of the process is developed based
on this theory.

INTRODUCTION
Cytokinesis is the mechanical process that finalizes cell division by cleaving the mother cell into two daughter cells. At the
onset of this process, the cell rounds up into a nearly spherical shape and a thin layer of cross-linked protein filaments assemble
a contractile ring around the cell equator and beneath the plasma membrane. Afterwards, this actomyosin ring contracts the
plasma membrane in a string-purse manner. We provide a simple mechanical theory to model this process. There is a long
literature on modeling the cell membranes as 2D inextensible fluid membranes. We build on that frame work and obtain insight
on the energies required for cytokinesis and the dynamics of the process. We start by considering an arbitrary geometry for the
cell and the contractile ring and develop the general form of governing equations. Next, motivated by experiments, numerical
solutions are obtained for the case of a spherical-shaped cell, contracted along an equatorial circle.
FORMULATION
Consider an evolving fluid membrane to be identified by a smooth, orientable surface St and let xt represent an arbitrary
parametrization of it at a given instant t. For simplicity we drop the dependence of all quantities on time from now on. Denote
the total area of surface S by A and define the velocity field v = ẋ on S, where a superposed dot denotes the material
time-derivative. The elastic energy ψ of the system is obtained by integrating the Helfrich-Canham functional on the surface:
Z
2
1
(1)
ψ=
2 µ(H − H◦ ) + µ̄K,
S

with H and H◦ being the mean curvature and spontaneous mean curvature, K the Gaussian curvature, and where µ and µ̄
represent the splay and saddle-splay modulus respectively. Consider a closed curve C on surface S, on which a uniform force
field f is distributed. The power P expended by this force is
Z
P =
f .v.
(2)
C

By the principle of virtual power, the power expended on the system equates the energy release rate and the dissipative energy
rate. The system evolves such that this balance holds, subject to the area inextensibility constraint, according to
ψ̇ = P + Ḋ + σ Ȧ,

(3)

where Ḋ is the dissipative energy rate and σ is the Lagrange multiplier associated with the area inextensibility constraint.
The explicit forms of quantities ψ̇ and Ȧ are given by Biria et. al. [1], while Ḋ is provided by Arroyo and DeSimone [2].
Substitution of those explicit forms in (3) leads to Euler–Lagrange equations for the membrane.
RESULTS
REQUIRED ENERGY FOR CELL DEFORMATION DURING CYTOKINESIS
As experiments suggest, a cell rounds up into a spherical shape at the beginning of cytokinesis. For a spherical conformation, the elastic energy of the plasma membrane is given by (1) is 8πµ + 4π µ̄. Notice that this energy is independent of
the size of the cell. As the cell divides in two almost-identical daughter cells, the elastic energy of the system increases by
8πµ + 4π µ̄. This is the minimum required energy that has been expended by the protein motors of the cell. The actual energy
expense can be more due to dissipative effects and any resistance to conformational change by the cytoplasm.
∗ Corresponding
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NUMERICAL RESULTS
Numerical simulations were performed starting with a spherical membrane, in the absence of dissipation and assuming
a saddle-splay modulus of zero. By increasing the contractile force, the cell starts elongating and narrowing at the equator.
At a threshold force of f R2 /µ = 2.2, the capsule-shaped configuration becomes unstable, and the mother-cell divides into
a dumble-like shape, with two connected spherical daughter-cells. With this transition, the increasing surface tension of the
membrane is suddenly released. Our calculations predict that the cell volume slightly decreases during cytokinesis, when the
membrane area is held fixed. There are experiments that show shrinkage of cell volume during mitosis, but we are not aware
of a similar experiment that tracks cell volume or trans-membrane transport during cytokinesis specifically. Alternatively, if
the cell volume is not to shrink, it can be inferred from our calculations that excess plasma membrane is required to provide
additional surface area needed for constriction of the furrow.
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CONCLUSIONS
A theoretical model is developed to quantify the mechanical power required for conformational changes of cells during
cytokinesis. Our results confirmed the previous predictions [3] that cell elasticity plays an important role in shape regulations
during cell division. For simplification, the effects of dissipation and resistance to Gaussian curvature were neglected in the
numerical calculations. These effects will be accounted for in a future work. Also, as suggested by experiments [5], the
cortex contraction was assumed to be concentrated at the cell equator in the present work. A generalization can be attained by
considering a smooth contractility gradient across the cell membrane.
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Summary Investigations in mechanobiology rely in large part on correlation of cellular processes with mechanical signals, such as matrix
stiffness and cell tractions. Almost all cell traction and force quantification methodologies require knowledge of the underlying
mechanical properties of the extracellular matrix to convert displacement data into corresponding traction data. This restricts the use of
these techniques to material systems for which the user can accurately determine material properties. To overcome this hurdle, we present
a new approach that does not require any knowledge of the underlying matrix properties but rather makes use of the intrinsically recorded
kinematic displacement data. We show through rigorous validation and an application to a neutrophil disease model that such an approach
produces both accurate and biologically significant information similar to traditional force-focused approaches.

INTRODUCTION
Quantification of cellular force generation has received much attention over the last two decades since the physical
interactions of cells with their surrounding matrix material constitutes an important component of the development of
biological organisms and disease states [1]. Among several experimental techniques, traction force microscopy (TFM) has
been extensively used for single and multi-cell studies in a variety of in-vitro material platforms. In TFM, cell-generated
material displacement fields are converted via the material’s constitutive equations to their respective stress and traction
fields. While our group and others have developed several mathematical frameworks with various levels of complexity for
calculating cellular tractions, the requirement of supplying the constitutive properties of the underlying matrix material has
limited the use of TFM to relatively simple, mostly isotropic and homogenous material systems [2,3]. Yet, with the
emergence of 3D printing and nanoscribing capabilities, biomaterials with increasingly sophisticated architectures,
including spatial hierarchies and material heterogeneities are being developed and deployed for use in cellular
investigations. To provide an experimental technique that can hold pace with the development of new advanced material
systems, we developed a new approach that is capable of quantifying cell-matrix interactions without requiring the user to
supply any information about the material’s constitutive behaviour. Our technique, call the Mean Deformation Metrics
(MDM) approach deduces all of its measures from the original kinematic displacement field. The advantage is that this
technique is immediately applicable to any material system from which displacement information can be derived. The
limitation is that, due to its kinematic nature, the MDM approach cannot discern differences due to changes in the stiffness
of the material. Here, we present both the formalism of our MDM technique and an application to a neutrophil disease
model in a 3D collagen gel.
3D DISPLACEMENT FIELDS & MEAN DEFORMATION METRICS
Cell-induced material deformations are described according to standard continuum mechanics formulations, i.e., x(X,t)
= u(X,t) + X, where X is the material’s point position vector in the undeformed reference configuration, and x is the
material’s point position vector in a deformed state at time t undergoing a displacement u. Next, we derive the material’s
deformation gradient tensor F(X,t) = ∇𝒙(X,t), which is defined point-wise throughout the matrix. Following a similar
formalism described by Hill [4] for addressing the effective mechanical behaviour in composites and heterogeneous media,
we define a mean deformation gradient tensor <F> as,
<𝑭>=
Using the divergence theorem, <F> can be rewritten as,
<𝑭>= 𝑰 +

!
!! !!

𝑭 𝑑𝑉.

!
𝒖
!! !"!

⊗ 𝒏 𝑑𝐴,

where u denotes the matrix displacement field along the boundary of the cell, 𝜕𝑉! , and n denotes the cell’s surface normal.
This final expression of <F>, allows computation of the mean deformation gradient tensor directly from the matrix
displacement data, u, and the cell surface data (n) without invoking any spatial derivatives, which is a significant benefit for
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working with experimental data in the presence of noise. Once <F> is determined, any other kinematic quantity can be
derived using standard continuum mechanics approaches.
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We illustrate the power of our MDM technique by investigating the biophysical
characteristics of human neutrophils moving through a 3D collagen matrix. Briefly, we
induce chemotaxis by establishing a uniform planar diffusion gradient within a 3D collagen
gel [5], which causes neutrophils to respond and migrate along the gradient. Using Source
laser
scanning confocal microscopy we reconstruct the 3D neutrophil induced collagen
deformation fields using our previously published FIDVC technique [6]. An example of a
typical deformation field around a migrating human neutrophil is shown in Fig. 1. Here, the
3D matrix displacement field (u) adjacent to the cell is mapped onto the cell boundary, 𝜕𝑉.
Next, using the above-derived formulation for the mean deformation gradient, <F>, we
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In this talk we present a new 3D cell-matrix quantification methodology that is purely based on the deformation kinematics
of the extracellular matrix. Specifically, we present
approach of how to effectively use matrix displacement data to
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traction force microscopy. Furthermore, we show that even when the mechanical properties of the underlying matrix material are
known, our MDM approach can provide unique biophysical descriptions, e.g., cell rotation, that are not usually captured by
TFM, thus making it a great complement to traditional force reconstruction techniques.
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SEQUENTIAL STRAIGHTENING AND LOADING VISCOELASTICITY
Tom Shearer ∗1 , William J. Parnell1 , Barbara Lynch2 , Jean-Marc Allain2 , and I. David Abrahams1
1
School of Mathematics, University of Manchester, Oxford Road, Manchester M13 9PL, UK
2
Solid Mechanics Laboratory, Ecole Polytechnique, Centre National de la Recherche Scientifique, Institut
National de la Santé et de la Recherche Medicale U696, Palaiseau Cedex, France
Summary Collagenous soft tissues exhibit complex viscoelastic behaviour, such as strain-rate dependence, hysteresis and strain-dependent
relaxation. Many existing theories, such as quasi-linear viscoelasticity, fail to capture some of these features. In this paper, a model for
soft tissue viscoelasticity that is based on the notion of “sequential straightening and loading”, whereby fibrils contribute to tissue stiffness
only when taut, is presented. Each fibril is modelled as linear viscoelastic and has an associated critical strain at which it becomes taut. We
show that, even given such simple constitutive behaviour, all of the desired viscoelastic features occur as a consequence of there being a
distribution of such critical strains. The model is used to fit mechanical tests on three different rat tail tendon fascicles and we show that
they can be reproduced with a single set of constitutive parameters, with the only difference being the distribution of the critical strains in
each case.

THE MODEL
Configuration and parameters
We model the fascicle as a two-phase inhomogeneous medium consisting of a background extracollagenous matrix and a
large number of individual fibrils, each of which is initially crimped in the rest state of the fascicle. Our approach is based on
the ideas of Kastelic et al. (1980) and their “sequential straightening and loading” (SSL) model and the low density crosslink
(LDCL) model described by Lanir (1980). As the fascicle is stretched, the shortest fibrils are the first to become taut and start
contributing to its stiffness. As the stretching continues, more fibrils straighten, and the stiffness of the fascicle increases,
accounting for its exponential-shaped stress-strain curve. In our model, we additionally take into account the contribution to
the macroscopic stress of the matrix phase. The fibrils are assumed to reside within the matrix and it is assumed that it is their
interactions with each other and with the matrix that cause the effective viscosity in each phase. We write the total volume
fraction of (crimped and uncrimped) fibrils as φ so that the volume fraction of the matrix phase is 1 − φ. We model both the
fibrils and the matrix as linear viscoelastic. In addition to the fibril volume fraction we also need the following parameters:
the instantaneous and long-time fibril Young’s moduli, E0 and E∞ , the fibril relaxation time τr and the corresponding matrix
m
parameters: E0m , E∞
and τrm . We define the fibril and matrix stress and strain as σf , ef and σm , em respectively. We also
denote the imposed macroscopic (fascicle) strain as e and the resulting macroscopic (fascicle) stress as σ.
Matrix response
First we consider the response of the extracollagenous matrix to an applied fascicle load. The matrix strain is equal to the
applied fascicle strain and we model the matrix as a linear viscoelastic material, so that we have:
Z t
0
m
m −t/τrm
em (t) = e(t),
σm (t) = E(0)em (t) +
Em
(t − s)em (s)ds,
Em (t) = E∞
+ (E0m − E∞
)e
,
(1)
0
m
can be identified as the instantaneous and long-time Young’s moduli of the matrix, respectively, and τrm
where E0m and E∞
is its relaxation time.

Single fibril response
Next, we consider the response of a single fibril to an applied fascicle strain. The strain in a given fibril depends on the
critical fascicle stretch ec at which it first becomes taut:
etf (t) =

1
(e(t) − ec ).
1 + ec

(2)

As with the extracollagenous matrix, the fibril will be modelled as linear viscoelastic so that
Z t
σf (t) = E(0)ef (t) +
E 0 (t − s)ef (s)ds,
E(t) = E∞ + (E0 − E∞ )e−t/τr ,

(3)

0

where E0 and E∞ can be identified as the instantaneous and long-time Young’s moduli of the fibril, respectively, and τr is its
relaxation time.
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Total fascicle response
Now that we have expressions for the stresses in the matrix and in a fibril that tautens at critical fascicle strain ec , it is
simple to obtain the homogenised response of a fascicle containing fibrils with a range of crimp lengths. The total fascicle
stress is equal to the average of the stresses in the fibrils and matrix in proportion to their volume fractions; i.e. (1 − φ) times
the matrix stress plus φ times the average fibril stress. Since each fibril has its own associated critical strain, the average
fibril stress is determined by integrating over the individual fibril stresses multiplied by a critical strain distribution function.
Considering a unit volume of fascicle we have
Z ∞
p(ec )σf (e(t), ec )dec ,
t ∈ [0, ∞),
(4)
σ(t) = (1 − φ)σm (t) + φ
0

where p(ec ) is the initial distribution of critical strains and the notation σf (e(t), ec ) is used to emphasise the fact that the stress
in each individual fibril is dependent on both the imposed fascicle strain, e(t), and the critical fascicle strain, ec , at which that
fibril first becomes taut. We note that any continuous function may be chosen for the imposed fascicle strain, provided it
satisfies e(0) = 0.
EXPERIMENTS AND MODEL PREDICTIONS
To test the model, we used it to fit three experiments on rat tail tendon fascicles: two relaxation tests and a cycle test. The
constitutive parameters were kept the same when modelling each experiment:
E0 = 1 GPa,
E0m

E∞ = 250 MPa,

= 30 MPa,

m
E∞

τr = 90 s,

= 10 MPa,

τrm

φ = 0.8,

(5)

= 6000 s,

(6)

and the only difference between the three fascicles being modelled was their assumed critical strain distribution. A beta
distribution was used for all three experiments:
p(ec ) =

(ec )α−1 (1 − ec )β−1
,
B(α, β)

(7)

where α and β are the distribution parameters (which both must be greater than 0), and B(α, β) is the beta function; however,
the distribution parameters were allowed to vary in each case. The results and the critical strain distributions used are plotted
in the figures below.

Theoretical (black) and experimental (red) fascicle stress as a function of time. Distribution parameters: left - α = 12,
β = 135, middle - α = 12, β = 200, right - α = 4, β = 41.

Critical strain distributions used to model Relaxation Test 1 (black), Relaxation Test 2 (blue) and the Cycle Test (red).
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DESIGN OF BIOINSPIRED ARMOR FOR OPTIMUM PUNCTURE RESISTANCE,
STABILITY AND FLEXURAL COMPLIANCE.
Roberto Martini and Francois Barthelat a)
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada
Summary: Flexible natural armors from fish or snakes are attracting an increasing amount of attention from their unique combination of hardness,

flexibility and light weight. In particular, the extreme contrast of stiffness between the hard scales and the surrounding soft tissues give rise to
unusual and attractive mechanisms, which now serve as model for the design of bio-inspired armors. There is however little guidelines as to the
choice of materials, optimum thickness, size, shape and arrangement for the protective scales. In this paper, we present recent experiments and
models to explore and characterize the different failure modes of flexible skins reinforced by hard scales and subjected to puncture: flexural and
contact fracture, unstable tilt, interactions between scales. We optimized the size, shape and arrangement of the scales which govern these
mechanisms to produce synthetic bioinspired armor with optimum combination of resistance to sharp puncture and flexural compliance.

INTRODUCTION
Over millions of years of evolution, high-performance protecting materials and systems have emerged from an “arm’s
race” between predators and preys. These natural armors, which include mollusk shells, testudines carapace and arthropods
exoskeleton, display a wide range of compositions, architectures and sizes to resist a variety of threat including sharp puncture,
laceration or crushing. The armor of animals with fast locomotion presents particularly interesting features. These protective
materials must be hard to resist puncture and lacerations, yet sufficiently compliant and light to allow unimpeded movement.
In natural organisms this design contradiction is often resolved by segmentation of the hard protective layer into scales of
finite size (Fig.1). Typical examples of segmented armors include the scaled skins of fishes and snakes or the osteoderms of
armadillos and crocodiles. These natural dermal armors are light, locally hard to resist puncture, yet flexible at larger length
scales to allow for motion [1]. A
characteristic common to these natural
protective systems is the extreme contrast of
stiffness between the protective material
and the soft underlying tissues. For
example, teleost fish scales are five orders
of magnitude stiffer than the underlying
skin (stratum compactum) and the soft
underlying tissues (muscles, other organs)
[2]. In terms of mechanics, large contrasts
of stiffness between the scales and their
substrate lead to a rich set of deformation
and failure modes, which we explore and
characterize in details in this work. The
findings can inspire and guide the design of
better synthetic protective systems, which
we also discuss.
MECHANICS OF HARD SCALES ON SOFT SUBSTRATES
Depending on the relative stiffness of a hard plate (scale) and its substrate, sharp indentation on a stiff scale resting on a
soft substrate may lead to ring cracks initiated by contact stresses, or radial cracks initiated by flexural stresses. The transition
between the two modes is of high importance for a variety of applications, and can be captured using relatively simple models
[3]. For high contrast of stiffness between scales and substrate and for the case where the failure of the scales is governed by
flexural stresses, we found that segmented scales increase the resistance to puncture compared to continuous coatings of the
same materials (Fig. 2). It therefore appears, interestingly, that segmenting the hard layer not only makes the system more
compliant in flexion, but also increases the resistance to sharp puncture. Our experiments of sharp puncture on segmented
glass plates on elastomeric substrates also highlighted a third failure mode [4] where the tablet suddenly tilts, leading to the
sliding of the indenter onto its surface and into the substrate (Fig. 2). This failure mode does not involve any damage to the
tablet, but it is highly detrimental, since the unstable tilting of the tablet exposes the soft and fragile substrate to the tip of the
indenter. This failure mode was also observed on the hard and bony scales of gar fish indented with a sharp needle. Individual
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scales do not fracture.
Instead, at a critical puncture
force the indented scale
suddenly tilts, the needle
slides on their surface finds
its way between the scales
and into the softer skin and
other soft underlying tissues.
Using stress analysis, finite
elements
and
contact
mechanics, we constructed a
failure map for stiff scales on
soft substrates which captures
the effects of material
properties and geometry of
the scales on failure mode
transitions between contact
fracture, flexural fracture and unstable
tilting.
Direct
interaction
between
adjacent scales can also increase their
stability. To explore this aspect of the
design we 3D printed stiff scales of
ABS on a silicone substrate. Enriching
the geometry of the scale by
incorporating slanted sides and other
features can generate overlaps and
interlocking between scales, which
greatly increases their stability while
maintaining
a
high
flexural
compliance.
BIOINSPIRED FLEXIBLE ARMOR
The main outcome of this work is a rigorous set of guidelines for the design and optimization of bioinspired flexible
armors. Here we also report a new technique to fabricate fish skin-inspired flexible protective layers. We demonstrated that
the scalation pattern can be easily and accurately controlled through a simple combination of laser engraving and stretchable
tape transfer process. This approach can produce scaled structures with high morphological control over the shape,
arrangement and overlap of the scales (Fig. 4). The asproduced protective system presents a specific puncture
resistance higher than the one of the continuous
ceramic plate, yet preserving a high compliance. The
approach is versatile since it can be adapted to form
scaled structures with different materials and on
different flexible substrates. Extended surfaces can be
covered with a staggered configuration of scales that
allows the protective system to bend in different
directions, for various applications.
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HIERARCHICAL MODELING OF PLASTICITY AND STRENGTH OF TRABECULAR BONE
Iwona Jasiuk a), Fereshteh Sabet, Diab W. Abueidda, Elham Hamed, Ouli Jin & Seid Koric
Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign, Urbana,
Illinois, USA
Summary We study computationally, using a finite element method, plastic deformations and strength of trabecular bone. We represent the
trabecular bone as a material with hierarchical structure and consider four structural scales: the nanoscale (mineralized collagen fibril), the submicroscale (single lamella consisting of mineralized collagen fibrils), the microscale (trabecular bone tissue), and the mesoscale (trabecular
cellular network). At each scale we model the elastic and inelastic responses of bone until failure. We account for the experimentally observed
failure mechanisms. Theoretical results are in good agreement with experiments conducted on cylindrical porcine trabecular bone samples.

INTRODUCTION
Bone consists of a cortical (dense) bone forming an outer shell and trabecular
(spongy) bone filling space within bone. Such structure is optimized so bone can
effectively resist loads while being lightweight. The cortical bone provides
resistance to axial as well as bending and torsional loads while the trabecular bone
redistributes loads and absorbs energy. Bone has excellent mechanical properties,
including high strength and fracture toughness, when healthy. However, bone
diseases such as osteoporosis make bones brittle and prone to fracture. Bone
fractures often take place in regions dominated by trabecular bone such as in
femoral neck. Thus, study of plasticity and fracture of trabecular bone is of high
clinical importance. Predictions of the trabecular bone strength can be used as
inputs for models of whole bone, which can provide patient specific predictions
of bone quality and its susceptibility to fracture.
Bone is a biological composite material in which soft and deformable
proteins (mainly collagen), stiff but brittle hydroxyapatite (HA) minerals, and
fluids fillings pore spaces, are combined together. Proteins and minerals selfassemble to form a complex structure of bone spanning from the atomic level to
the macroscale. Superior properties of bone are due to this composite, spatially
heterogeneous, and hierarchical structure. The apatite crystals are in the shape of
irregular platelets, 20-50 nm in length and width and few nm in thickness. CrossFig. 1 Hierarchical structure of bone [1].
linked collagen molecules, which are triple helical protein chains about 1.5 nm in
diameter and 300 nm in length with 40 nm gaps between ends, are staggered to form collagen fibrils about 50-100 nm in
diameter. Crystals are located both within and around collagen fibrils but their exact arrangement is still not fully understood.
The fibrils reinforced by crystals form a mineralized collagen fibril which is a building block of bone. These mineralized
collagen fibrils are preferentially aligned and arranged into lamellar sheets (3-7 m in thickness). These are stacked at different
orientations in crescent-like trabecular pockets which form a complex network of cylindrical (or platelike) struts called
trabeculae, which are about 0.1 mm in diameter and 1 mm long. This gives trabecular bone a porous appearance. Porosity of
trabecular bone ranges from 70 to over 90%. In osteoporotic bone this porosity is higher than in healthy bone and some struts
are missing connectivity. Thus, the trabecular bone has a complex hierarchical structure in which different geometrical
features occur on different length scales. We identify these scales as follows: a) nanoscale (mineralized collagen fibril), b)
sub-microscale (single lamella level), c) microscale (trabecular pockets, single trabecula level), and d) mesoscale (random
network of struts or plates). The next structural level, macroscale, represents the whole bone, which includes both trabecular
(porous) and cortical (solid) bone types. Bone’s hierarchical structure is illustrated in Figure 1 [1].
In this paper we model bone plasticity and strength at these different structural scales. Inelastic behaviour and failure of bone
has been studied computationally by many researchers but there are limited multiscale models of bone plasticity and strength [2].
METHODS
We model bone at the nanoscale by considering several different geometric configurations of collagen and crystals. They
include geometries when crystals are forming an interpenetrating phase, following the experimental observations reported in
[3]. Other arrangements are also considered including the one proposed in [4] which assumes that the HA phase is embedded
in the collagen and not interpenetrating. The volume fraction of HA is assumed to be around 45% in both cases. The analysis
is performed using a finite element method and assigning cohesive laws between different interfaces. Modeling of bone at the
sub-microscale (single lamella level) and the microscale (trabecular bone tissue level) is summarized in our recent study [1].
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Modeling of bone at the mesoscale level (trabecular network) is based on micro-computed tomography (CT) images of porcine
trabecular bone (6 months) which are used to create a finite element mesh. Several different yield criteria have been used in
the literature to model trabecular bone such as eccentric von Mises, principal strain-based, Drucker-Prager, cast iron, and
Drucker-Lode [5-9]. Although it is well agreed that the behavior is un-symmetric under tension and compression, a consensus
has not been yet reached yet on which constitutive model is best [6]. In this study a bi-linear elastic-plastic law is used based
on Niebur et al. [10] with a Drucker-Prager yield criterion [6] to capture the un-symmetric behavior of the trabecular bone
tissue. Elastic modulus and Poisson’s ratio of tissue level are taken as 12 GPa and 0.3 [6, 10], respectively. As mechanical
properties of porcine bone at a bone tissue level are not available, the strain at onset of plasticity and hardening modulus are
calibrated to match experimentally obtained stress-strain curve at the mesoscale.
RESULTS
Von Mises stress distribution under compressive load is shown in Fig. 2-a while Fig. 2-b shows a comparison between
experimental and finite element stress-strain curves for a representative trabecular bone sample at the mesoscale. Good
agreement was found between experimental and computational results.

(a)

(b)

Fig. 2 – a) Mises stress distribution in a representative trabecular bone sample (mesoscale level), b) Stress-strain curve obtained from
micro-CT finite element simulations (solid line) compared with experimental results (dashed line).
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NONLINEAR DEFORMATION AND LOCALIZED FAILURE OF BACTERIAL
STREAMERS IN CREEPING FLOWS
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Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada
2
Department of Mechanical and Industrial Engineering, Northeastern University, Boston, MA, USA
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Summary We investigate nonlinear deformation and localized failure of filamentous bacterial biomass known as streamers in a microfluidic

device. In-situ quantification of streamer deformation and failure behaviour is made possible by the use of 200 nm fluorescent polystyrene
beads which firmly embed in the extra cellular polymeric substance (EPS) and act as tracers. The streamers, which form soon after the
commencement of flow begin to deviate from an apparently quiescent fully formed state in spite of steady background flow and limited mass
accretion indicating significant mechanical nonlinearity. This nonlinear behaviour shows distinct phases of deformation with mutually different
characteristic times and comes to an end with a distinct localized failure of the streamer far from the walls.

INTRODUCTION
Bacterial streamers, which are microscopically slender filamentous aggregates primarily co mprising of bacterial cells
encased in matrix of self-secreted EPS [1] and formed typically under sustained hydrodynamic flow. More importantly,
their filamentous structure can extend significantly with flow [2-4], wh ich makes colonization rap id, pervasive and
resistant to erosion with flow [5, 6]. Das and Kumar [7] carried out a theoretical investigation on the formation and
disintegration of biofilm streamers treating them as liquid jets. A lack of clear experimental evidence and study exists for
such systems as ex-situ characterizat ion of such biomass is very difficu lt. Here, we report an in-situ quantitative study and
direct observation of the u ltimate failure and instability of bacterial streamers formed fro m bacterial flocs [6] using a
micro flu idic platform. A silicon master mo ld was prepared to make the microflu idic device. Po lydimethylsilo xane (PDM S)
(Sylgard 184, Dow Co rning) was used to prepare the device, wh ich contains an array of pillars (d iameter of 50 μm and were
spaced 10 μm apart) in a staggered grid pattern. The height of the pillars is 50 μm in z direction and the total width of the
chip is 436 μm. PDMS and glass slides were exposed to the oxygen plasma for 30 s for bonding. The device was then
annealed at 70ºC fo r 10 minute to seal the channel. Pseudomonas fluorescens CHA0 (wild type) bacteria strain from -80ºC
collection was incubated overnight in the Luria – Bertani (LB) agar plate at 30ºC. A single colony from the agar plate was
poured in Lu ria – Bertani (LB) broth and incubated for 14 hours in shaking incubator (Fisher Scientific) at 30ºC and 150
rpm. The microfluidic device was placed on the stage of an inverted optical microscope (Nikon Eclipse Ti). A syringe pump
was used to inject the solution into the microfluidic device (Fig. 1a). Ep i-florescence capability of the microscope was
utilized to image using either a Nikon GFP Green filter cube or Nikon Texas Red filter cube. Tracking was performed by
using the measurement tracking module of the NIS Element AR software interface.
RESULTS AND DISCUSSION
Bacterial flocs laden fluid was injected in the device and the fluid flow rate (Q) was maintained in the creeping flow
regime (Re<<1). Streamers formed in the device after appro ximately 20 minutes of starting the experiment. In Fig. 1b, only
bacterial cells are v isible with both the encapsulating EPS and liquid media appearing dark. The experiments show the
evidence of far fro m wall failure and instability; however it is less useful in quantifying the failure process due to the
invisibility of the EPS. We perfo rm these experiments with 200 n m red fluorescent amine-coated polystyrene microspheres, which are of different color, much smaller and numerous thereby making quantification and visualizat ion of
instability much easier and more accurate. This method allows for in-situ characterization and we depict a streamer
undergoing axial failu re (Fig. 1c) by keeping the background velocity scale constant at U = 8.92 × 10-4 m/s. The first formation stage occurs almost as soon (tform ) as the flow stabilizes, wh ich is typically in seconds. The streamers thus formed
continue to retain their shape and size, remaining apparently static against a steady background flow till about time t0 >>
tform when the deformat ion begins again. The t ime between t and t0 when the streamer format ion is co mplete but the next
stage of deformat ion is not yet perceptible can last for several minutes. After t0 , streamers begin to deform perceptibly,
resembling a creep type deformat ion over a much larger time scale (tcr >> tform ). This creep stage ends rather abruptly
through a short region of increasing deformat ion culminating in a d istinct sharply defined instability after which the
streamer suffers terminal failu re through a final catastrophic large deformation stage occurring over a much s maller t ime
scale tfail ≪ tcr . The deformat ion is quantified using a non-dimensional measured ‘stretch ratio’, λmes = |dx|/|dX|, where |dX|
is the distance between the two points at time t0 and |dx| is the distance between the two points at any given time t (t0 > t)
(Fig. 1d). λmes =1 corresponds to the time when the streamer format ion and initial deformation in response to the fluidic
loading is complete and thus the beginning of the creep stage. In this regards, observing that the background flow is steady
with little mass addition in this phase, Fig. 1c, we conclude that the creep type deformat ion has origins in the material
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constitution. Within the creep stage, we find three distinct deformat ion regimes beginning first with a rather rapid strain rate
regime, which then decreases significantly indicating substantial hardening of the material, stabilizing to almost a constant
strain rate. This continues for some time till the strain rate begins to increase again and the streamer deformat ion
accelerates, transitioning after a critical stretch ratio λc into the terminal failure stage. The ult imate failure process observed
through microscope shows significant localization, with the streamer structure left almost entirely intact at either side of
instability resembling a necking route to failure of solids under axial loading.

Figure 1: a) Schematic of experimental set-up under pressure driven flow, b) (i) stretching of one streamer with time and (ii)
final breaking point. The arrow is showing flo w, c) Temporal behavior of two points (‘1’ & ‘2’), wh ich lie inside a streamer,
culminating in the failure o f streamer, t0 = 30.34 minute, d) Stretch ratio for the same streamer as a function of time. Data
points corresponding to the experimental conditions ((i)-(iii)) are depicted on the curve. The b lue shaded region denotes the
estimated 8% tracking error envelope applicable for any observed streamer.
CONCLUSIONS
The apparent stability of the formed streamers transitioned slowly into complex creep like deformation regimes with their own
characteristic time scales in spite of stable background flow conditions. The final stages of deformation were characterized by
high strains over relatively small time scales leading to failure of the streamers. However, unlike previously believed fluid like
models which could account for the creep as well as terminal failure of the streamers through a global hydrodynamic instability,
we discovered highly localized failure of the streamers in our current experiments.
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MECHANICAL RESPONSE SURFACES OF A PERIODIC POROUS BIOMATERIAL FOR
ORTHOPAEDIC IMPLANTS : AN EXPERIMENTAL AND COMPUTATIONAL STUDY
Z. Shaghayegh Bagheri1 , David Melancon1 , and Damiano Pasini ∗1
1

Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary A previous study on high strength porous biomaterials proposed a methodology to systematically elucidate the interplay between
their morphological parameters and mechanobiological properties. This work extends that method to investigate the impact of manufacturing
errors on the mechanical properties of Ti-6Al-4V Octet lattice for use as load-bearing orthopaedic material. Via a combined approach
of experiments and simulations, we generate response surfaces that illustrate the mechanical properties as a function of the geometric
parameters defining the unit cell of the Octet cell. The results reveal the impact of manufacturing imperfections on the compressive elastic
modulus of as-manufactured samples when compared to their as-designed counterpart. This study contributes to forge essential tools to
systematically design porous orthopaedic implants.

INTRODUCTION
High-strength porous biomaterials, through Additive Manufacturing (AM), are particularly suited for orthopaedic applications that impose severe load-bearing requirements [1]. One of their advantages is that their morphological parameters can
be tailored to maintain high mechanical performance, without compromising their ability to meet bone ingrowth requirements
and provide effective stiffness locally close to that of the surrounding bone tissue. Morphological parameters that control their
mechanobiological response include topology, pore size, porosity, strut thickness and cell size. In a previous work [2], we
proposed a methodology to systematically elucidate the relation among the parameters of the unit cell and the constraints that
enables bone ingrowth and allow additive manufacturing. This paper further extends that methodology to generate properties
response maps that show the impact of manufacturing deviations on the mechanical properties (elastic modulus, yield strength
and first maximum strength) of periodic porous biomaterials with Octet-truss cell topology.
METHODS
Figure 1 shows a map illustrating the main geometric relationships among the parameters defining the Octet cell topology.
The x-axis and y-axis represent respectively pore size and strut thickness, while the cell size and porosity are represented
by isoperformance lines. From the chart, a triangular domain, namely the admissible design space, emerges bounded by
bold lines defining the requirements imposed by bone ingrowth (pore size between 50-650 µm and porosity above 50%) and
manufacturing constraints (minimum manufacturable strut thickness of 200 µm).
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Figure 1: Design space (dark gray) for Octet-truss topology, with imposed constraints of manufacturing, pore size, and
porosity. Solid and hollow points represent respectively designed and manufactured samples of this study.
∗ Corresponding

author. Email: damiano.pasini@mcgill.ca

1705

Across the design domain, we selected seven representative samples and manufactured them out of Ti-6Al-4V via Selective
Laser Melting (SLM), with x, y and z periodicity equals to 10, 15 and 10, according to ISO 13314 [3]. The deviations between
the morphological parameters of the manufactured vs. as-designed is represented in Figure 1 with solid and hollow bullets.
The mechanical characterization of the lattice samples is obtained via experiments and simulations. In particular, uniaxial
compression test is performed at a constant strain rate of 0.01 s−1 with five replicates at each point. In parallel, a fully detailed
Finite Element Analysis of the as-designed lattices is completed to identify the impact of the manufacturing errors on the
tested mechanical properties. The results from both experiments and simulations are used to generate response surfaces, one
from the testing of the as-manufactured samples and the other from the detailed simulations of the as-designed samples, which
capture the properties trend that the Octet lattice biomaterial exhibits within its admissible domain.
RESULTS
Figure 2 shows the response surfaces of the compressive elastic modulus for the Octet-truss, overlaid on its triangular
design domain. The response surfaces are generated from the experimental and computational data using a second-order
quadratic polynomial model. For low porosities, i.e. 50%, the compressive elastic modulus shows dependency on porosity
only, as it stays almost constant for all the values of the geometric parameters of the unit cell. However, for porosities above
60%, we observe that the pore size and the strut thickness have an additional impact, since thinner struts and smaller pore sizes
result in higher stiffness with constant porosity. Moreover, compared to the experimental results, the computational analysis
overestimates the compressive elastic modulus at high porosities, whereas underestimates it at low porosities. This leads to a
noticeable shift in the response surface of the as-manufactured samples with respect to their as-designed counterparts, a factor
that can be attributed to the role of manufacturing defects in the failure mechanisms of the samples.

1.5 mm

1.5 mm

1 mm

1 mm

50%

60%

70%

50%

(a) Experimental response surface.
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(b) Numerically simulated response surface.

Figure 2: Compressive elastic modulus response surfaces using second-order polynomial approximation.
CONCLUSIONS
This study contributes to further elucidate the interplay between mechanical properties, morphological parameters and
manufacturing defects. The scheme here adopted resorts to the generation of response surfaces that capture the mechanical
properties of a given porous biomaterial within the geometric domain of a cell topology that is relevant for orthopaedic
applications. As example, our focus has been on the Octet-truss, for which we obtain its stiffness properties for both asmanufactured and as-designed samples over its own design domain. This work provides a holistic understanding of the
mechanical response of a periodic porous biomaterial as a function of the design variables defining the geometry of its unit
cell. The results contribute to provide tools for the design of porous biomaterials for sturdy orthopaedic implants.
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Summary The response of human aortic segment under static and dynamic pressure is investigated. The aortic segment is modelled as threelayered hyperelastic circular cylindrical shell. Both geometrical and physical nonlinearities are taken into account. The effect of internal fluid is
also taken into account. The results are presented in the form of pressure-deflection curves and frequency responses of forced vibrations.

PROBLEM DESCRIPTION
Static and dynamic analysis of circular cylindrical shell that models a segment of human aorta is carried out in this study.
The shell is assumed to be three-layered, with each layer being hyperelastic, fiber-reinforced, viscoelastic material. Following
the paper [1], we chose a material model in form of combination of Neo-Hookean and Fung models. The strain energy density
for this case has the following form:
𝑊 = 𝑊𝑁𝐻 + 𝑊𝐹 ,
(1)
𝐸
𝑊𝑁𝐻 = (𝐼1 − 3),
(2)
6
𝑊𝐹 = 𝐶(𝐸𝑥𝑝(𝑐11 𝜀𝑥2 + 𝑐12 𝜀𝑥 𝜀𝜃 + 𝑐22 𝜀𝜃2 ) − 1),
(3)
where E is the Young’s modulus of the shell material; 𝐼1 is the first invariant of the right Cauchy-Green deformation tensor
𝐂 = 𝟐𝐄 + 𝐈, and 𝐄 is Green-Lagrange strain tensor. The material (1-3) is anisotropic material due to Fung term, which is
included to describe anisotropic response of the fibers and their sharp increase in stiffness. Neo-Hookean term describes the
isotropic part of the tissue response. The geometrical nonlinearity is described with the higher-order shear deformation theory
[2].
The viscoelasticity is taken into account through employment of Kelvin-Voigt model [3].
The shell is filled with quiescent fluid [4]. Since we deal with large deflections and large strains, the displacement-dependent
expression for pressure is used [5]. Such load is proportional to the area of the deformed surface and is orthogonal to it.
Strain energy density in the form (1-3) is not polynomial in strain components, which significantly complicates the
investigation of the dynamics. The analysis is simplified by expansion of strain energy density into truncated after order 4
series in strain components. Such model is able to describe the behavior of the vessel only locally, in the vicinity of a given
configuration of interest around which the expansion is made. To reach highly deformed configurations, a sequence of
successive local models has to be built.
NUMERICAL EXAMPLE
We consider the shell with geometrical parameters that are similar to the parameters of the straight thoracic aortic segment
of human aorta. The geometrical parameters are [6]: radius 𝑅 = 0.01575 m, length 𝐿 = 0.126 m. Thicknesses for three
layers are: for intima, the internal layer, ℎ𝑖 = 0.00033 m, for media, the medium layer, ℎ𝑚 = 0.00132 m, for adventitia,
the external layer, ℎ𝑎 = 0.00096 m. The material parameters are partially determined based on experimental data from [1],
partially adopted from [1]. It is assumed that all three layers have the same density 𝜌 = 1200 kg/m3, the contained fluid
density is taken 𝜌𝐹 = 1060 kg/m3.
The shell is simply supported at the ends. The boundary conditions, including the natural nonlinear boundary condition of
zero stress resultant, are identically satisfied by the trigonometric functions of special form as shown in [2]. The convergence
study has been carried out and it is concluded that the 29 degrees-of-freedom system provides good approximation of the
solution.
Initially, the static problem of inflation of the shell under the pressure load was studied. The pressure-defection curve is
shown in Fig. 1. As can be seen, the stiffness drastically increases after certain strain threshold is reached.
Afterwards we analyzed free and forced vibrations around pre-loaded state of the entire artery as a composite shell and
also single-layered shell to understand the contribution of different layers. For the three-layered artery model the configuration
in the middle of physiological range (12.5 kPa pressure) was chosen for the expansion of the strain energy density around it.
Vibrations with dominant first axisymmetric bending mode and with dominant mode with two half-waves in circumferential
direction of the empty and fluid-filled shells are studied. The frequency response for the empty shell made of adventitial
material is shown in Fig. 2. We can see that the nonlinearity is weak enough for this case, however, in the case of fluid-filled
shell it is stronger.
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Figure 1. Static pressure-deflection curve. The abscissa shows central deflection.

Figure 2. Frequency response of empty shell vibrations around pre-loaded configuration (adventitial material). Principal
bending mode amplitude vs. frequency. Frequency response (thin line) and backbone curve (thick line).
CONCLUSIONS
The method for the analysis of nonlinear vibrations of arteries is presented. The method is able to deal with hyperelastic,
viscoelastic, multilayered, fiber-reinforced shells that model blood vessels. The method is tested on the human aortic segment
model. Under the static pressure initially soft shell becomes much stiffer with the pressure growth, which is the common
feature for soft biological tissues. The dynamic nonlinearity is not very strong, but still nonlinear effects, like change in
stiffening type, are observed.
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Abstract Understanding the total complexity of biomechanical/mechanical properties of the human skin and developing an
advance computational model (e.g. the Finite element skin models) that do not differ (or not so much differ!) from
experimental data would provide information which could be very useful for surgical training and practical use (special in
this project, the goal is to inform the development of optimized device which can be used for effective and reproducible skin
penetration in the clinical setting. This project will also provide clear definition of underlying mechanisms of penetration
and cutting and make it possible of generating a robust computational and physical model and an excellent technique for
measuring skin deformation and in combination with advanced computational/mechanical methods it will offer many
possibilities for in vivo measurements).

INTRODUCTION/LITERATURE REVIEW
Various theoretical and numerical formulation of the Cutting and needle insertion have been widely studied and applied
for the different problem classes using the (traditional) finite element methods.
Using a combination of digital image correlation and advanced Finite element modeling and explicitly taken into
consideration the complexities of the algorithms due to the complexity of non-linear mechanical behavior of human skin,
after a series of Experimental Measurements on human skin and related computational modeling, S Evans and C A Holt [4]
found evidence to suggest the application of stochastic optimization algorithms (due to the reduction of the errors).
In other study, in order to design optimised micro-needle device which completely depends on understanding of human
skin biomechanics under small deformations, after doing a series of optimized laboratory developed tests and using much
more precise model (considering the skin as a multilayer composite) by applying multilayer finite element model (with the
results of which show a remarkable degree of success), R.B. Grovesa, S.A. Coulmanb, J.C. Birchallb and S.L. Evans[2,3]
argue that, the problem with the precise approach and optimum development of numerical-experimental procedure and
modelling of very complex mechanical behaviour of human skin would require first the perfect understanding of
dependency and in-dependency of parts or elements of skin combined with mechanical description which can be used later
for computational modelling.
Naturally all these studies were carried out in laboratory conditions with parallel load (Evans and Holt 2009) and
perpendicular load (Grovesa, Coulmanb, Birchallb and Evans 2011) to the human skin surface.
At this point it is worth adding that, there were two main studies which aim to help us develop this project. The first one
was the study by Oliver A.Shergold and Norman A. Fleck[1] about the development of the deep penetration of a soft solid
by a flat-bottomed and by a sharp-tipped cylindrical punch with application of one term Ogden strain energy function and
consideration the skin as an in-compressible hyper-elastic isotropic solid. The second one was the study by Vincent
Hayward and Mohsen Mahvash[5] about the development of the haptic-rendering of cutting with the clarification of the
geometry and the mechanism of the interaction of the tools and the sample.
Without being affected by the complex nature of soft solid penetration, it is worth noting that the existing literature
unfortunately provides little insight into Underlying Mechanisms of the penetration and cutting. Generally they indicate the
deep penetration involves deformation and cracks and in most case without taking the existence of (sliding) friction into
account. Therefore, this Project goals keep the focus on what is most important; namely mathematical and physical
clarification of the mechanisms of the penetration and cutting processes following the related algorithms and computational
implementation of the theory.
*Corresponding author. Email: kbronik@gmail.com or BronikK@cardiff.ac.uk
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METHODOLOGY
In order to process the development of this project, the first step was the
classification of computational and mechanical-mathematical problems
related to modelling which were clearly separated into those with the
implementation of the clarified underlying theory and those problems with
optimization using advanced computational and mechanical optimization
algorithms and methods. Then the accuracy of the implemented algorithms
has been practically and experimentally verified.

The numerical computation part done by using the algorithm of
modified contact, optimized with inequality constraints: the Kuhn-Tucker
conditions which enforces the contact constrains within a strong Mixed
Mode Cohesive Law formulation by clearly taking the place of the
classical contact constrains formulation and in the case of the physical
requirement of impenetrability and compressive interaction between two
bodies, enforces the classical contact constrains. The numerical
implementation of the theories (the theoretical framework used in this
project) has been performed in the open source code FEBio (Non-linear finite element solver for biomechanical applications
http://febio.org/febio/) by the modification of the existing contact algorithm.
CONCLUSION
In this study it has been shown that the development of computation model, in this way, by using the Modified Contact
fulfils the strong condition of the cohesive zone law and additionally supports the physical ideas and mathematical
structures of the Classical Contact, allowing us a significant degree of flexibility and success in the deployment of robust
models for engineering analysis.
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CRUTCH WALKING: EXPERIMENTS, MATHEMATICAL MODELING
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Summary Using a motion capture system, a human walking with the crutches can be registered. After this, using obtained trajectories, the
variations of the angles in the joints of human as functions of time can be calculated. We use also the force platforms to measure the
support reactions applied to the human’s feet and the coordinates of the points, where these forces are applied. A planar mechanism with
five heavy links – body, two thighs and two shins – and attached weightless feet and weightless crutches is studied as the mathematical
model of the human with crutches. By solving the inverse dynamics problem, we find the torques developed at the joints and creating
power torques. They can be used for choosing actuators for the joints of medical exoskeleton. The inter-link angles obtained
experimentally can be used as tracked programmed trajectories for the organization of the motion of an exoskeleton put on a paraplegic.
INTRODUCTION
A difficult problem of modern society is the rehabilitation of wheelchair-bound disabled persons who partially or
completely lost the ability to walk. In last two decades, devices combining the functions of rehabilitation and motion started
to be developed – these are medical exoskeletons. The idea of creating a medical exoskeleton appeared much earlier – it was
proposed by M. Vukobratovic [1]. By the present time, such medical exoskeletons as “ReWalk” [2], “Indego” [3], “Rex”
[4], “Exobionics” [5] have been created. The aim of these devices is to give to such disabled persons the ability to walk.
Even though the first exoskeletons are already on sale, there are a lot of issues that need improvement and modification.
A key issue in the development of medical exoskeleton is the specification of programmed motions and the creation of a
control system. Programmed motions provide a basis for the organization of walking in the exoskeleton. In the general case,
this problem can have many solutions because the gaits of even healthy people are considerably different. An ideal solution
would be the organization of walking that reproduces a gait of a healthy person. The construction of walk of a medical
exoskeleton is a very difficult problem and the resulting gait can be unsafe to the exoskeleton user due to the instability of
the system “person-exoskeleton”. An approach that received widespread use assumes that the person in exoskeleton uses
crutches. In this case, the exoskeleton user can actively participate in maintaining the equilibrium. The resulting gait is more
stable due to four supporting points of which two are controlled by the walker.
The exoskeleton user cannot move his (her) lower extremities on one’s own – this is done by the exoskeleton, which
actually moves the person’s legs. Therefore, the exoskeleton must be able to execute programmed motions that must realize
the walking of the human-exoskeleton man-machine system. The first step in the construction of programmed motions is the
study of crutch walking. It is hardly possible to construct such a motion with the help of a paraplegic. Therefore, here we
propose to construct the programmed motion using the gait of a healthy person walking on crutches. This person must
adhere to some rules:
to maintain equilibrium, he or she must use not only the legs, but also the crutches;
the motions in the frontal plane must be small because the side motions of the legs are supposed to be limited.
SPECIFIC FEATURES OF CRUTCH WALKING
The walk of a healthy person consists of two alternating phases – single-support and double-support ones. The singlesupport phase is much easier to model than the double-support phase. There are a lot of problems related to the doublesupport phase modeling caused by dynamic indeterminacy. The solution of the inverse dynamics problem and the
determination of the forces and torques at the human’s joints and reactions of the support are impossible for double-support
phase without introducing additional constraints or making additional measurements.
A distinctive feature of crutch walking is the complete or almost complete absence of the single-support phase and the
presence of double-, triple-, and quadruple-support phases. Therefore, the approaches used for the study of ordinary walk
cannot be directly applied and must be modified for the study of crutch walking.
KINEMATICS. MOTION PHASES
It is reasonable to begin the study of crutch walking by dividing the step cycle into phases. The division is based on the
experimental data obtained using the motion capture system “Vicon” [6] and two three-component force platforms “AMTI”
[7] placed one after the other. The output data of “Vicon” are the trajectories of the hip and ankle joints needed to
reconstruct the legs’ motion, the trajectories of the shoulder joints, and the crutches' support points needed to calculate the
body and crutches angles of inclination. The force platforms provide the reaction forces for each leg and the location of the
zero moment point [1]. The second author of this paper took part in the experiments described below (his mass is 70 kg and
his height is 170 cm). Based on the experimental data, the gait diagram (stick diagram) of crutch walking (sequence of
a)
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configurations) was composed. In the gait considered here, the crutches move synchronously, for this reason, they are
treated as a single crutch (with the arm holding it). Figure shows the gait diagram of crutch walking in the course of a half
step from the time when one foot looses contact with the support until the time when the other foot looses the support.
First phase

Second phase

Third phase

The first phase is the leg transfer. The second phase is the full stance. The third phase is the crutch transfer.
EQUATIONS OF MOTION
The model of a crutch walker can be considered as a planar mechanism with five heavy links, two weightless feet, and a
weightless crutch (see Figure). We use the motion equations from [8, 9] as a mathematical model of our mechanism; only
the forces applied at the shoulder-joint where the crutch is fastened to the body and the torque created at this joint must be
added. This model also must be complemented with equilibrium conditions of the weightless feet and crutch.
SOLUTION OF INVERSE PROBLEM OF DYNAMICS
After calculation variations of the angles in the human inter-link joints and their first and second derivatives we
substitute them in the motion equations in order to find the torques applied in these joints, solving the inverse problem of
dynamics.
Considering the first phase (leg transfer), we obtain nine non-autonomous linear equations with eight unknowns (two
torques in the hips, two in the knees, one torque in the ankle of the stance leg, one in the shoulder-joint, and two
components of the ground reaction, applied to the crutch). Thus, this system of nine equations is over-determined. We solve
this system at each instant by the least squares method, using the pseudo-inverse matrix.
For the second phase (full stance), we obtain ten equations with nine unknowns (two torques in the hips, two in the
knees, two in the ankles, one torque in the shoulder-joint, and two components of the ground reaction, applied to the crutch).
We solve this over-determined system, also using the least squares method.
For the third phase (crutch transfer), we obtain seven equations with six unknowns, these are two torques in the hips,
two in the knees, and two torques in the ankles. Again, we solve this system, using the least squares method.
CONCLUSIONS
A procedure for the experimental determination of angles in the leg joints of a crutch walker is considered, which can
be used for constructing the programmed motion of an exoskeleton. A mathematical model of the crutch walker is
constructed. An approach for estimating the torques that must be developed by the exoskeleton actuators for the realization
of the desired programmed trajectories is proposed. To realize the gait considered in this paper in a real-life exoskeleton, the
actuators in its hinges must develop the torque and power not less than 39 N·m and 23 W at the ankle joint, 46 N·m and 22 W
at the knee joint, 44 N·m and 27 W at the hip joint.
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SUMMARY
Meshed titanium plates for bone graft applications have improved with excellent three dimensional flexibility, lower elastic modulus
and higher strength in previous studies. In this study, mesh structure application on gum metal plates with high biocompatibility was carried
out and the fatigue properties of such meshed gum metal plates were investigated through experimental and analytical approach for bone
graft applications like the intervertebral disc defections. Based on two kind of designed mesh shape, sample meshed gum metal plates were
made by laser cutting process for experimental and analytical approaches on the fatigue property evaluations and the results are reported
here.

INTRODUCTION
Meshed titanium plates having higher 3-dimensional flexibility were designed with different fundamental mesh shapes
and line-up patterns using 3D CAD tool from the light-weight, higher flexibility and durability view points [1]. In this study,
mesh structure applications on gum metal plates with high biocompatibility are carried out and the tensile fatigue properties
of such meshed gum metal plates are investigated through experimental and analytical approach for bone graft applications
like the case of intervertebral disc defections as shown in Fig.1.
Autologous
Bone

(a)
(b)
Fig.1 Fixation methods on spine for hernia of intervertebral disk (a: current implants; b: meshed gum metal plates)
Based on two kinds of designed mesh shape, sample meshed gum metal plates are made by laser cutting process for
experimental approaches on the tensile fatigue property evaluations. On the other hand, analytical approach on the static
tensile property evaluation of sample meshed gum metal plates are also executed based finite element analysis method [2] to
compare with the fatigue experimental results.
FUNDAMENTAL MESH SHAPE DESIGNS FOR MESHED GUM METAL PLATES
Fundamental mesh shapes are considered under the following structural design conceptions.
(1) Single fundamental mesh shape construction for simplification of manufacturing processing and cost-down purpose
(2) Higher three-dimensional flexibilities including expansion/contraction, bending and torsion for possibility of
handily shape changes during surgery
(3) Easy-controllable mechanical properties like elastic modulus, bending stiffness etc. for approachability to naturalbone’s mechanical properties
(4) Uniform mesh line width and non-angle smooth shape desired to avoid the stress concentrations and lead for higher
strengths and longer operating life
(5) Ensured optional spaces for screw fixing
Based on the above mentioned design conceptions, two
basic mesh shapes are designed as shown in Fig.2. Then 3deimensional meshed plate models using the designed mesh
shapes with mesh line width of 0.8 mm are obtained and the
CAD models are shown in Fig.3. From these models, one can
90° axisymmetric
60° axisymmetric
see that the meshed plates have uniformed mesh line widths
Fig.2
Basic
mesh
shapes
with
0.8
mm mesh line width
and smooth shapes just along the requirements of design
conceptions. Then sample meshed gum metal plate specimens
with 0.6 mm plate thickness are fabricated for experimental evaluations by laser cutting process as shown in Fig.3.
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TENSILE FATIGUE TEST OF MESHED GUM METAL PLATES
Tensile fatigue tests of sample meshed gum metal plate specimens
shown in Fig.3 are executed based on the JIS Z 2273 [3] standard testing
method. Fig.4 shows the experimental results of two kinds meshed gum
metal plate specimens.
(a) CAD models
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Tensile Load[N]
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(b) Sample specimens

Fig.3 Meshed plate models and sample specimens
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Fig.4 Experimental results of two sample meshed gum metal plate specimens (Left: tensile load; Right: fractured specimen)
ANALYTICAL APPROACH ON TENSILE TESTS OF SAMPLE MESHED GUM METAL PLATES
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Maximum Von Mises
Stress [MPa]

Maximum Von Mises
Stress [MPa]

Because of the mesh structure configuration, cross-sectional area changes very well and it is difficult to evaluate the
tensile stresses from experimental evaluation. Here analytical approaches on tensile tests of sample meshed gum metal plates
are carried out using Solidworks CAD software and ANSYS finite
Table 1 Material property input for analysis
element analysis code. 3D meshed plate models with the same
Elastic modulus
Poison’s
Density
shapes and sizes of specimens on tensile fatigue tests are modeled
Material
(GPa)
ratio
(kg/mm3)
and material properties of gum metal plate shown in Table 1 are
Gum metal
75
0.32
5.6
used for analytical inputs. Fig.5 shows the analytical results of two
kinds meshed gum metal plate specimens. Fig.6 shows the
analytical stress results with the maximum stress locations coincident with
experimental fractural locations as shown in Fig.4. endurance.
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Fig.5 Analytical results of two sample meshed gum metal plate specimens

Fig.6 Stress results of meshed specimens

CONCLUSION
From the tensile fatigue property evaluation of sample meshed gum metal plates,
(1) 90° axisymmetric meshed specimens have more endurance than 60°axisymmetric specimens. Further experiments
on the same specimens with same and lower tensile loading could be done.
(2) Same behaviors between experimental and analytical results are obtained and Goodman fatigue analysis could be
used to predict both the location and fatigue life of the meshed plate in the future study.
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[1] H. Takeyama and J. He, EVALUATION ON MECHANICAL PROPERTIES OF 3D FLEXIBLE MESHED TITANIUM PLATES FOR BONE
IMPLANT APPLICATIONS, The 5th TSME International Conference on Mechanical Engineering, AMM020, 2014/12

[2] Toshiro Miyoshi: Finite Element Method Introduction. Baifukan, 1995
[3] Japanese Industrial Standards: JIS Z 2273, 1974

1714

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

DAMAGE MODEL FOR BIOLOGICAL TISSUES
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Summary The mechanical behaviour of soft biological tissues is heavily influenced by the presence of the collagen fibres. In this study, we
introduced a constitutive damage model for a single fibre. The model is based on the progressive recruitment and failure of the fibrils of
which the fibre is mainly comprised. We employed distribution functions to model the progressive recruitment and failure of the fibrils. The
recruitment-damage model has been implemented into Finite Elements (FE) and was able to reproduce several aspects of the experimentally
observed behaviour of soft biological tissues.

INTRODUCTION
From the perspective of mechanics, biological tissues are non-linear, anisotropic, inhomogeneous, time-dependent materials which are responsive to external stimuli such as mechanical forces. The unique behaviour of biological tissues stems
from their hierarchical structure. Collagen fibres are one of the main constituents of biological tissues [1]. Collagen fibres are
comprised of bundles of collagen fibrils. The failure and damage mechanisms of soft biological tissues strongly depend on
the tissues microstructure, but the irreversible phenomena related to the failure of soft tissue have not been fully understood.
In this paper we introduced a constitutive damage model for a single fibre based on [2].
GENERAL ASSUMPTIONS
We assume that: a) the non-collagenous matrix and the collagen fibres are both non-linearly elastic; b) each fibre is a onedimensional element bearing only tension along its axis; c) each fibre is comprised of bundle of fibrils that are connected by
means of proteoglycan (PG) cross-bridges. These bridges transmit the load between fibrils, forming an integrated structure,
which can elongate significantly. The fibrils are crimped in the reference configuration and each of them is recruited at
different stretch denoted λs (see Figure 1).

λ = λe λs

CR

χ(CR )

m

M
BR

χ(BR )
Cs

λs

λe

Figure 1: Intermediate Configuration for a Single Fibril [2]
All fibrils are assumed to fail at the same stretch λf calculated with respect to the straightened configuration Cs , so that,
with respect to the reference configuration, the failure stretch of each fibril is λs λf (See Figure 2).
λf

λs

CR

Cs

Cf

Figure 2: Recruitment and failure of a typical fibril; Cf is the configuration at which the fibril fails
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CONSTITUTIVE EQUATIONS FOR A SINGLE FIBRE
In order to describe progressive recruitment and failure in a fibre, we use a triangular distribution function [2], and derive
an expression for both recruitment and damage processes (Figure 1). To find the first Piola-Kirchhoff (P-K) stress in the
fibre, we adopt a linear constitutive relation for each fibril between the first (P-K) stress and the logarithmic strain. Using this
constitutive relation, we can find the stress in the fibre by integration over the distribution functions (See Figure 3). For the
unloading part, we neglect the portion of fibrils that have already failed and integrate over the remaining portion of the probability distribution functions. Figure 4 shows a typical stress-stretch curve for a single fibre, as well as the unloading profiles
for different unloading stretches (λu ). The theoretical model has been implemented into the Finite Element package FEAP,
including the unloading feature. Despite the simple assumptions at the collagen fibril level, the macroscopic tissue properties showed many typical properties observed from experimental tissue testing [1]. Most interestingly, although no plastic
deformation mechanisms were introduced at the micro-scale, macroscopic plastic-like effects could clearly be observed.
first P-K
Recruitment Dist.
Failure Dist.

Probability Function

℘s

℘sf

λmin

λmax
λf λmin

λf λmax
λ

Figure 3: Probability Functions for Recruitment and Damage, First P-K stress

first (P-K) stress (MPa)

5

P (λ)
λu = 1.17
λu = 1.18
λu = 1.19

4
3
2
1
1.00 1.05 1.10 1.15 1.20 1.25 1.30
λ

Figure 4: Stress-stretch curve for P (λ) and Pu (λ, λu )

SUMMARY
We proposed a one-dimensional constitutive model for a single fibre using triangular probability distribution functions in
order to account for the progressive recruitment and damage of individual fibrils.
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EFFECTIVE COMPUTATION OF HIGHER-ORDER AVERAGED STRUCTURE TENSORS
IN BIOMECHANICS
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Summary For biological tissues reinforced by statistically oriented collagen fibres (such as articular cartilage), a probability distribution
function is used to describe the orientation of the fibres. In evaluating the material response, the overall effect of the fibres is accounted
for via the evaluation of averaging integrals over all possible directions in space. The averaging integral of the structure tensor (tensor
product of the unit vector describing the fibre direction by itself), or the averaged structure tensor, is of high significance. Higher-order
averaged structure tensors feature in several models and carry similarly important information. However, the computational cost associated
with their evaluation is very high. This work proposes to introduce mathematical techniques to minimise the computational cost associated
with the evaluation of higher order averaged structure tensors, for the case of a transversely isotropic distribution of orientation. Tensor and
component expressions are presented.

INTRODUCTION
For a given direction, described by the unit vector M , the structure tensor is defined as A = M ⊗ M . The averaged
structure tensor is defined as the weighted average of the structure tensor associated with each fibre family, and the weight is
the probability distribution function Ψ(M ), i.e., the probability of finding a fibre in direction M . The integral is evaluated
over the set of referential unit vectors, the “material unit sphere” S2 B, and, in our notation, it reads
Z
H1 ≡ H =
Ψ(M ) A.
(1)
S2 B

This integral was introduced by Gasser et al. [1] (who called it generalised structure tensor and denoted it by H) for the
evaluation of the overall effect of the fibres. Vasta et al. [2] introduced a representation involving the average of the fourthorder tensor A ⊗ A = M ⊗ M ⊗ M ⊗ M , which, in our notation, reads
Z
H2 =
Ψ(M ) A ⊗ A.
(2)
S2 B

In a recently proposed scheme [3], a constitutive function for a biological tissue can in general be represented by a
polynomial in A, and therefore contains terms of the type A ⊗ ... ⊗ A (k times), which, once averaged, give rise to the
averaged structure tensors of order 2k:
Z
Hk =
Ψ(M ) A⊗k .
(3)
S2 B

In general, the determination of the components of the averaged structure tensor Hk of order 2k requires the evaluation of 32k
integrals.
For a probability distribution Ψ which is transversely isotropic with respect to a given direction M0 , i.e., %(Θ) =
Ψ(M (Θ, Φ)) (where Θ is the co-latitude angle with respect to M0 and Φ is the longitude angle), the integrals in Equation (3) will also be transversely isotropic with respect to M0 , and will also be completely symmetric, i.e., symmetric with
respect to any permutation of the indices.
Gasser et al. [1] showed that, for a transversely isotropic probability distribution, the average H of the structure tensor A
is given (in our notation) by
H ≡ H1 = κ1 G−1 + (1 − 3κ1 )A0 ,
(4)
where A0 = M0 ⊗ M0 is the structure tensor associated with the axis of symmetry M0 , G−1 is the material inverse metric
tensor (i.e., the “contravariant identity tensor”) and
Z π
κ1 = π
%(Θ) sin3 Θ dΘ
(5)
0

is the dispersion about the axis of transverse isotropy. Only one integral is required to evaluate the components of H1 .
∗ Corresponding
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OBJECTIVE
For the case of fibres obeying a transversely isotropic probability distribution, we aim at minimising the computations
necessary to determine the higher-order averaged structure tensors Hk by introducing higher-order dispersion parameters κk .
METHODS
If we define a higher-order dispersion parameter κk as
Z π
π
%(Θ) sin(2k+1) Θ dΘ,
κk = (k−1)
4
0

(6)

we want to represent a higher-order averaged structure tensor Hk in terms of the dispersions κk .
We take advantage of the full symmetry of averaged structure tensors to write a general expression for any component by
using only 3 parameters (the dimension of the physical space). Let p, q, and r indicate the number of repetitions of the values
1, 2 and 3 respectively, where p + q + r = 2k and let Hk |p,q,r refer to all entries with these repetitions. Since the probability
distribution is independent of Φ we can write components of Hk as the product of an integral in Θ and an integral in Φ, i.e.,
Z π
Z 2π
Hk |p,q,r =
%(Θ) sin(q+r+1) Θ cosp Θ dΘ
sinr Φ cosq Φ dΦ.
(7)
0

0

We also propose to express the averaged structure tensors in terms of the second-order basis tensors for transverse isotropy
with respect to M0 , i.e., the tensors {T0 , A0 }, where T0 = G−1 − A0 is the projection tensor (see, e.g., [3]). Here, we
also take advantage of the full symmetry of averaged structure tensors, and rewrite them using fully-symmetric basis tensors,
which are expressed in terms of the fully-symmetric parts of all the possible tensor products of the second-order basis tensors
for transverse isotropy.
RESULTS
After some manipulations in Equation (7), we obtain the expression
Hk |p,q,r = αqr


p/2 
X
p/2 (−1)i 4k+i−p/2−1
κk+i−p/2 ,
π
i
i=0

(8)

where αqr are constants obtained by induction with α20 and α02 known. Moreover, a general expression for Hk is
Hk = βl

(2k)!
⊗(k−l)
⊗k
sym(T0
⊗ A⊗l
0 ) + β k A0 ,
2(2l)!((k − l)!)2

where
βl =

l  
X
l
i=0

i

(−1)i 4i κ(i+k−l) .

(9)

(10)

CONCLUSION
Our goal was to minimise the computational cost of the evaluation of the higher-order averaged structure tensors for the
case of transverse isotropy. The averaged structure tensors Hk were expressed in terms of the dispersion parameters and each
Hk has k independent parameters {κ}ki=1 and k + 1 independent components. Component expressions and component-free
expressions were provided.
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ZONA PELUCIDA AS A MECHANO-RESPONSIVE POLYMER
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Summary Zona pelucida (ZP) is the most outer structure of mammalian oocytes and is important for gamete recognition, fertilization and

integrity of the embryo. ZP is highly sulfated and glycosylated polymer gel that exhibit visco-elastic properties. Temperature, pH, ionic
strength influences its biological function and aggregate state. We consider ZP as mechano-responsive polymer and proposed a new
theory of fertilization based on coupled chemical—electrical fields and modeled ZP as a non-linear oscillatory reactive system. Analysis
of its oscillatory states regarding external force is discussed.

INTRODUCTION
The ZP can be considered as an oscillatory structure that exhibits transition in oscillatory behavior before and after
fertilization [1, 2, 3]. Fertilization is a process of reunion of a single oocyte and single sperm cell. The process requires
certain amount of functionally capable spermatozooa, although only one sperm will fertilized the oocyte ensuring the
constant quantity of genetic material in each generation. In in vivo conditions there are constant decline of sperm number
from the moment when they enter the female reproductive tract. In in vitro conditions the huge amount of spermatozooa are
also required, partially due to huge differences in cell masses between spermatozoa and oocyte (in range of 10 7). In this
system oocyte is reacting as inert body. Fertilization on the cellular level begins with receptor recognition but still some
details of the fertilization process remain unknown. From the oscillatory theory of fertilzation [4] ZP changes its oscillatory
states after fertilization [1, 2] as well as mechanical properties [4]. Changing in mechanical and electrical properties after
fertilization allows attaching of silicon nano chip [5]. ZP is a polymer with highly sulfated glycoproteins interconnected
with non covalent bonds, so it is easily dissolved by mild heating, low pH, low ionic strength [6].
BASIC CONCEPT OF THE MODEL
In this model ZP is considered as a mechano-responceive but also electroactive – polymer analog to [7, 8]. Using
phenomenological mapping [9,10], concept of controlling chemical oscillations in mechano reactive gels [11,12] and
consequent rhythmical soluble-insoluble changes of the gel [13] the new mechano-chemical fertilization concept is
proposed. The system (ZP) is considered to be incompressible.
Oscillations in chemical reactions are possible to control via mechanical strain [11, 12].
Basic assumptions: Sperm penetration area is determined by local parameters acting upon ZP surface. ZP surface is
negatively charged due to content of sulfated glycoproteins. Numerous sperms with different velocities and different sperm
impact angles act upon ZP surface in a form of periodic impulsive forces transferring a part of their kinetic energy to the ZP
structure. This external mechanical influence (time dependent force intensity and pressure changings) of spermatozoa cause
changing in chemical reaction (analog to [11,12] that change local pH of ZP causing local changes of its aggregate state
(analog to [13]) from solubile to insoluble or causing the state of plastic flow of ZP. The area of ZP where the plastic flow
persists long enough will be the “week spot/area” for sperm penetration. The spermatozoon that is in range of this area
could easily swim trough ZP. By changing the local parameters of external mechanical force (stress intensity, pressure,
sperm arrangement…) it is possible to control local chemical oscillatory processes [11]. Further, receptor recognition
between sperm and oocyte changes locale potential of cell membranes. According to proposed model of fertilization
process, ZP has area of coupled mechano-elekttro-chemical fields. The approximation is that this phenomenon has a local
character and that it is not uniform through the entire ZP.
Figure 1.Part of the oocyte with a. spermatozoa acting upon ZP b. Changing the local
electro-mechanical properties of ZP c. Sperm penetration in the area of local change of
aggregate stat. CG-cortical granules. Co-cytoplasm of the oocyte.

The changes of oscillatory states of ZP as a gel polymer could be described
by gel energy density. The gel energy density could be described by equation:

u  u el uFH  uion

(1)

Where uel is rubber elasticity of cross linked polymer chains contribution to the gel energy density, uFH -contribution
from interaction between the polymer and solvent units, uion - contribution to gel energy density that comes from ions [9].
The basic equation that couples mechanical stress and strain in ZP polymer could be in form:
a)
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P( ) -pressure, I - is unit tensor, c0 - crosslink density-the number density of elastic strands
in undeformed polymer network, v 0 -velocity of the polymer network at the given network deformation, 0 -volume

Where

is stress tensor,



fraction of the polymer,  , B -strain tensor in the swollen polymer gel. (taken from [9]). When the “chosen spermatozoa”
swim through ZP, and its plasma membrane merge with oocyte plasma membrane, oocyte plasma membrane change its
electrical potential and the cortical granules (CG) release will occur. According to the biochemical theory CG release is
followed by structural changes and changes of mechanical properties of ZP resulting in polyspermy block. The exact roles
of the content of CG are still not known. In light of coupled field theory we suggest possible role of CG: content of CG
(mostly enzymes) are acting like catalyst to chemical reactions in sense they change pH of the local environment. Changed
pH than change the conformation of the ZP glycoproteins and disclosed additional bounding sides on ZP glycoproteins
leading to its structural reorganization.
CONCLUSIONS
Using mathematical analogies and phenomenological mapping ZP was considered as an responsive gel that respond on
external mechano-electrical stimuli that originate of numerous spermatozoa impacting its surface in process of fertilization.
Oscillatory changing of external mechano-electrical stimuli upon ZP surface lead to local oscillatory phenomenon of rhythmical
soluble-insoluble changes of ZP resulting in sperm spermatozoa penetration via mechanism of oscillations of relaxation if
the soluble ZP state lasts long enough. Local chemical oscillations of ZP gel could be control via external mechanical strain.
The proposed model brings new light to understanding the process of fertilization.
Acknowledgments: Part of this research was supported by the Ministry of Education, Sciences and Technology of Republic of Serbia Grant ON174001,
coordinated through Mathematical Institute SANU and realized through State University of NoviPazar.
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MECHANICAL STATUS WITHIN CIRCULARLY MICROPATTERNED CELL MONOLAYER
DECIDES THE FUSION OF OSTEOCLAST PRECURSORS
Bo Huoa, Chenglin Liu, Xue Bai
Department of Mechanics, School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China
Summary It is always a confusing issue why bone resorption occurs at the site of microdamage within bone, where osteoclast precursors
aggregate and finally fuse into osteoclasts. We hypothesize that the mechanical status within cell monolayer correlating with its morphology
decides the cell fusion. In this study, the micro-contact printing technology was adopted to build multicellular monolayer with circular pattern.
Traction force observations showed that the cell-substrate interaction reached its maximum value at the outer edge, interestingly, where the
expression of force-transferring proteins, F-actin (intracelluar tension), vinculin (cell-substrate interaction), -catenin and E-cadherin (cell-cell
connections), were also highest. Probably responding to this high-level in-plane shear stress, the cell fusion was lowest at the outer edge of circular
patterns. These results indicate that the mechanical microenvironment within the cell monolayer plays an important role in the fusion of osteoclast
precursors and provide insight into the molecular mechanism.

INTRODUCTION
Osteoclasts are highly specialized multinucleated cells that are uniquely capable of resorbing bone matrix. The formation of
mature osteoclasts is characterized by the fusion of mononuclear phagocytes (i.e. osteoclast precursors) originating from
hematopoietic stem cells. There are lots of microdamages within bone due to fatigue. It has been found that bone resorption
usually occurs around microdamage, especially at the leading edge of the cutting zone, which is called targeted bone resorption
or bone remodelling [1]. But it is still unknown how mononuclear osteoclast precursors locating in this specific area fuse into
multinucleated osteoclasts. By using the micropatterning technique, a large number of studies demonstrated that adhesion
morphologies regulates the differentiation of stem cells through cell-matrix interactions. For example, one study found that
after having been cultured on circular patterns, the human mesenchymal stem cells locating at the edges tended into
osteogenesis, whereas those at the center differentiated into adipocytes [2]. The traction force analysis revealed that the regions
of high cell-matrix shear stress resulted in osteogenesis, while stem cells in the regions of low shear stress differentiated into
adipocytes. Nelson et al. found that cell proliferation occurred at the edge of a circular pattern or the corner regions of a
rectangular pattern, where high traction stress was generated within the cell sheet [3]. When the cell-cell interaction was
inhibited by blocking the binding of E-cadherin to -catenin, the concentrated proliferation was substantially reduced. The
above studies indicated that cell adhesion may influence the cell-matrix interaction or cell-cell interaction, and in turn regulate
the differentiation of stem cells, but few studies focused on osteoclasts. In the present work, we analyzed the effect of cell
monolayer morphology on the fusion of osteoclast precursors RAW264.7 monocytes.
MATERIALS AND METHODS
Micropatterned cell monolayer. The micropatterned substrate was made by using the technology of soft
photolithography. Briefly, a mask with designed geometric features was first fabricated, which were replicated on the layer
of photoresist and then on the PDMS stamp. This stamp with the comb-polymer inadhesive to proteins was immediately
impressed onto a slide with pre-coated type I collagen. The mononuclear RAW264.7 cells were seeded on the micropatterned
substrate and induced for 4 d or 6 d to fuse or differentiate into multinucleated osteoclasts with the 1:1 mixture of fresh DMEM
medium with the conditioned medium from osteoblast-like MC3T3-E1 cells.
Traction force. The cells were seeded on the gel surface and cultured for 24 h until they get confluent. For a specific
location, a phase contrast image of the cells on the substrate surface and a fluorescent image of the beads embedded within
the substrate were recorded. Then the cell layer was dissociated from the gel substrate with trypsin and another fluorescence
image for the beads were recorded again. Basing on two fluorescent images, the displacement fields in the substrate were
calculated using digital image correlation method, and the corresponding traction stress field was computed using Fourier
transform traction microscopy.
Inhibition and fluorescent staining. To block the calcium-dependent cell-cell connection, DMEM medium was
replaced by calcium-free DMEM medium or anti-E-cadherin antibody was kept in the induction medium. In addition, the
force-transferring proteins, i.e. F-actin (intracelluar tension), Vinculin (cell-substrate interaction), -catenin and E-cadherin
(cell-cell connections), were fluorescently stained by using phalloidin or the corresponding immunohistochemistry assays.
Identification of cell fusion. Cells were washed with PBS twice after removing the culture medium, and fixed with
citrate-acetone solution for 30 s at room temperature. The cells were incubated with TRAP staining kit reaction solution at
37°C for 1 h. The cells were washed with deionized water three times, and incubated with 0.2 mM Hoechst for 10 min,
followed by being washed with PBS twice.
Statistical analysis. All experiments were performed at least six times, and more than 1500 cells were measured for
each group. The data were presented as mean ± standard deviation (SD) if not specifically claimed. One-way analysis of
a)
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variance (ANOVA) with Bonferroni’s post hoc analysis was performed to determine the statistical significance of the
differences between the mean values of different groups (p < 0.05).
RESULTS
The fusion of osteoclast precursors depends on the location in cell monolayer
RAW264.7 monocytes were seeded on the circular adhesive pattern and gradually formed a cell monolayer, then some
cells fused as multinucleated ones, which revealed TRAP-positive staining and were regarded as osteoclasts. The proportion
of multinucleated cells in the center region was 7.1%-8.3%, which is significantly higher than 4.8% in the outer region. The
average density of multinucleated cells showed a region-dependent manner after 4-d culture. For cells with 2-4 nuclei, the
density (167-183 cells/mm2) is larger than that at the outer edge (77-104 cells/mm2); for cells with 5-7 nuclei, the density
exhibits a same region-dependent behaviour, i.e., the density is 57-77 cells/mm2 in the middle region, while that at the edge
is 17-20 cells/mm2. Interestingly it was found that nuclear density, i.e. the number of nuclei per unit area, did not reveal
significant difference within the entire region in the pattern for 4-d or 6-d culture. This result suggests that the higher fusion
ratio of osteoclasts in the center region is not due to the overcrowding of cells, but due to the local mechanical status of this
region in cell monolayer which is different from that in the outer edge.
Cadherin-related cell-cell interactions regulate the region-dependent fusion
The low calcium medium was prepared using calcium free DMEM medium 1:1 mixed with the conditioned medium
from MC3T3-E1 osteoblasts. After RAW264.7 monocytes were seeded on the circular pattern for 4 d with this low calcium
induction medium, the percentage of multinucleated cells was greatly decreased, but that in the center region was still higher
than the outer edge. The multinucleated cells density with 2-4 nuclei was suppressed to about 50-100 cells/mm2, which was
significantly lower than the control group of about 100-200 cells/mm2. The multinucleated cells density with 5-7 nuclei
decreased to 10-20 cells/mm2. When maintaining 1 g/ml anti-E-cadherin antibody in the induction medium during 4-d culture,
the data showed that the percentage of multinucleated cells was greatly decreased, and the region-dependent fusion vanished.
The multinucleated cells density with 2-4 nuclei was suppressed to about 50-100 cells/mm2 and that with 5-7 nuclei decreased
to 6-16 cells/mm2. If there was no conditioned medium added in the culture medium, only less than 1% multinucleated cells
formed, and no significant difference along the radial direction was found. The analysis of nuclear number showed that the
multinucleated cells density with 2-4 nuclei was significantly suppressed to about 20-40 cells/mm2 and that with 5-7 nuclei
decreased to less than 10 cells/mm2.
Force distribution within cell monolayer is consistent with the region-dependent fusion
The in-plane stresses were obtained based on the measured traction force. The results showed that the traction force was
generally along the radial direction, and its radial component increased as a function of the distance to the pattern center.
There was generally a linear relationship between the traction force and the distance to the ring center for the soft substrate,
whereas the traction force concentrated at the outer edge. The distribution of the traction force is consistent with theoretical
predictions in this work and with those of our previous study. The maximal principal stress was in general along the
circumferential direction, and the minimal principal stress was along the radial direction. The in-plane maximal shear stress
on the pattern localized at the outer edge. This measurement of the in-plane principal stress and maximal shear stress was also
consistent with our observation on the expression of force-transferring proteins, i.e. F-actin (intracelluar tension), Vinculin
(cell-substrate interaction), -catenin and E-cadherin (cell-cell connections). The results showed that the fluorescent intensity
of these four types of proteins were significantly higher than those in the center regions.
CONCLUSIONS
Our present study suggests that the pattern of substrate on which cell monolayer adheres may influence the organization of
cytoskeleton and the cell-cell connection, which then leads to the region-dependent fusion phenomenon of osteoclast precursors.
But the detailed mechanism about the force transmitting between cell-substrate, cell-cell and intracellular cytoskeleton still needs
further investigations. The corresponding studies are ongoing in our lab..
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AN EXPERIMENTAL TECHNIQUE FOR MEASURING THE PIEZOELECTRIC VOLTAGE
AND STREAMING POTENTIAL IN WET BOVINE BONE
Jinzhao Liu, Zhende Houa, Lianyun Xu, Cheng Yu
Department of Mechanics, School of Mechanical Engineering, Tianjin University, Tianjin, China
Summary. The electromechanical properties of bone refer to piezoelectricity and streaming potential which are induced by external loads
acting on human body, which the electric signals induced can affect the growth of bone. The purpose of the study is to investigate the coupling
effect between the piezoelectricity and streaming potentials in wet bone. We developed an experiment technique that can be used to measure
synchronously the piezoelectric voltage and streaming potential of wet bone. The coupling effect between the streaming potentials and piezovoltages in bone is observed using the setup developed.
MANUSCRIPT PREPARATION
The electromechanical properties of bone refer to piezoelectricity [1] and streaming potential[2] which are induced by
external loads acting on human body. Bone can change its structure, shape and density to adapt itself to the external loads,
known as remodelling, which is the core of Wolf’s Law[3]. A significant fact is that the piezoelectricity and streaming
potentials, also called stress generated potentials (SGPs), may affect the growth of bone, which providing the motivation for
studying the electromechanical behavior of bone.
The piezoelectric property arises from the collagens the organic component of bone when they are subjected to shear
stresses. Both dry and wet bone have piezoelectric properties [1] [4].
The streaming potential of bone is generated by relative flow between the tissue fluid and the surfaces of solid matrix inside
the microchannels of bone (Haversian canal or bone canaliculus ) [2][5], which reflects the amplitude of an electric potential
known as the zeta potential on the solid surface. It is the electric fields, produced by the zeta potential, surrounding the bone
cells that can affect their growing.
This paper aims to investigate the coupling effect between the piezoelectricity and the streaming potential in wet bone. We
developed an experiment technique that can measure synchronously the piezoelectric voltage and streaming potential of wet
bone. The coupling effect between the streaming potential and piezo-voltage in bone is observed using the setup developed.
MATERIALS AND METHODS
The experimental setup developed is shown in Fig.1. A circular thin plate bone specimen used (Fig.2) was harvested from
the mid-diaphysis of bovine (age2–3 years) tibias. Its dimension is 0.8 mm in thickness and 7 mm in diameter and it was
fixed in the plexiglass U-shape container containing phosphate-buffered saline solution (0.145 M, pH 7.3). The specimen
was immersed in the solution and its edge was sealed off by a rubber ring to prevent the liquid flowing through the gap
between container wall and the edge of the specimen.
An Instron test machine (Instron E10000) was used to apply a compressive force to the upper surface center of the specimen
via a loading bar made of plexiglass. When the compressive force bends the plate specimen, the shear stresses in the
specimen induce a piezoelectric voltage between the upper and lower surfaces of the specimen. The ions in the buffer
solution gave the solution weak conductivity; hence the two platinum/iridium (pt-ir) electrodes could sense or test the
voltage without touching the bone.

Fig. 1. Schematic diagram of the measurement setup

Fig.2 Specimen and its location

a) Corresponding author. Email: hou@tju.edu.cn
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Fig.3 Waveform Loadings and the measured voltages
The left inlet of the U container is sealed. When the air pressure generated by the air controller is inputted into the container,
it can be maintained and drives the solution to flow. Once the buffer solution flows from the lower surface to the upper
surface through the microchannels of the specimen, the streaming potential is generated between the two surfaces, which
can also be detected by the two electrodes.
The measured voltage signals between the pair of Pt-Ir electrodes are input into a bioamplifier (BMA- 931, CWE Inc., USA)
via an ultra-high-input impedance (over 1012 Ω) head stage (Super Z, CWE Inc., USA). The amplified voltage signals are
recorded by the computer in the measurement setup.
The solution container and the head stage were enclosed in a double electromagnetic shield with the outer shield connecting
to earth and the inner to the head stage common terminal. This arrangement kept the electric field constant around the
specimen.
RESULTS
The experimental procedure was as follows. A step air pressure of 80 kPa (the red curve in Fig. 3(a)) was first applied to the
inside of the container and leading the solution to flow through the specimen from the lower surface to the upper surface.
Consequently, the streaming potentials were measured. The first part of the curve in Fig3 (c) is the corresponding streaming
potential. This part starts with a peak corresponding to rising edge of the pressure and tends to a constant value V 1 during
the pressure holding constant, which is a typical feature of the streaming potential in bone [5].
After about 1.5 second, a step concentrated force of 19N as illustrated in Fig.3(b) was applied to the specimen and the
piezo-voltage occurred between the two surfaces of the specimen. The second part of the curve in Fig3 (c) is the measured
piezo-voltages. This part also starts with a peak corresponding to the rising edge of the forces loaded and then tends to a
constant value V 2 and V 2 is not equal to V 1 . The typical feature of the piezo-voltage in bone is that it tends to zero during
the force loaded remaining unchanged [4]. So, V 2 does not only depend on the piezoelectricity. The difference of V 1 and V 2
may represent the coupling between the streaming potential and piezo-voltage in bone.
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YIELD-STRAIN-ENERGY IS A BETTER DISCRIMINATOR OF HIP FRACTURES THAN
BMD
Yunhua Luo1, 2, a)
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Summary Osteoporotic fracture is a major cause of suffering and disability for old people over the world. Accurate discrimination of high-risk
patients is necessary to prevent osteoporotic fractures. Bone mineral density (BMD) measured by hip dual energy X-ray absorptiometry (DXA)
is the gold standard reference recommended by the World Health Organization for screening osteoporosis, but it has limited accuracy in predict
fracture risk. Clinicians are thus looking for more accurate tools such as biomechanical models. We proposed to use yield-strain-energy at the
narrowest femoral neck (NFN-YSE) as a discriminator of hip fracture risk. NFN-YSE can be calculated from the subject’s hip DXA image using
mechanical methods. A clinical cohort consisting of 195 hip fracture cases and 592 controls with matched sex and age was used to study the
discrimination accuracy. The results show that NFN-YSE was more accurate than BMD in discriminating fractures from controls.

INTRODUCTION
Osteoporosis has become an epidemic disease among old people over the world [1], and osteoporotic fractures are a major
cause of suffering, disability and death in older women and men. In Canada, the prevalence of osteoporosis is reported to be
26% in women and 7% in men over age 50. Over 30,000 hip fractures occur each year in Canada [2]. By the year 2041, the
number of hip fractures in Canada is expected to quadruple [3]. The annual cost of hip fractures alone in Canada was estimated
at $650 million in 1993 and is expected to increase to $2.4 billion by 2041; the total cost burden from all osteoporotic fractures
is far greater [4, 5]. According to a report recently released by the US National Osteoporosis Foundation (NOF)
(http://nof.org/news/2948), about 54 million Americans are affected by osteoporosis and low bone mass.
Osteoporosis is a ‘silent disease’ as it has no symptom until the patient’s first-time fracture. It is very desirable that highrisk patients can be timely and accurately identified so that the incidents of first-time fracture can be prevented or at least be
reduced. Bone mineral density (BMD) measured by hip DXA (dual energy X-ray absorptiometry) is the gold standard
reference recommended by the World Health Organization (WHO) to screen osteoporosis, and it has also been widely used
as a surrogate for predicting fracture risk. The BMD measured from an old individual is compared to the mean BMD of young
people of the same ethnic group. The results is expressed as a T-score, which is a standard deviation (SD) from the mean
BMD. The WHO defines osteoporosis as T-score<-2.5 and it indicates high risk of fracture. However, the majority of clinical
fractures occurred with T-score above -2.5. From the view point of material mechanics, a bone fractures when the applied
force exceeds its strength. The force causing fracture is usually induced in accident fall, which is random and difficult to
predict. Therefore, bone strength is the only reliable parameter available for assessing fracture risk. Bone strength is jointly
determined by bone quality and bone geometry. BMD measured by clinical DXA is an average areal BMD over a region of
interest. It can only partly represents bone quality. Bone geometry information is missing in the BMD based tool. To improve
prediction accuracy of fracture risk, we proposed to use femur cross-sectional yield-strain-energy to represent bone strength.
MATERIALS AND METHODS
In mechanics of materials [6], yield strain energy density represents the maximum amount of mechanical energy that the
material can absorb without developing plastic deformation. The yield or ultimate strain energy density has been frequently
used in development of failure theories. Material failure criteria based on strain energy density have theoretical advantages,
for example, they consider both stresses and strains, which is necessary to accommodate both stress and strain controlled
material failure; they are able to integrate all the six stress and strain components, which is necessary for describing material
failure in a multiaxial stress state. Therefore, we developed a criterion based on cross-sectional yield-strain-energy to evaluate
hip fracture risk. Clinical studies have shown that the narrowest femoral neck, as shown in Figure 1(a), is usually the weakest
cross-section on the femur, as hip fractures frequently occurred at the location. Therefore, it is rational to use the yield-strainenergy at the narrowest femoral neck (NFN-YSE) to represent femur strength in assessing hip fracture. NFN-YSE can be
calculated from the subject’s hip DXA image [Figure 1(b)] using correlations between bone density and bone mechanical
properties. The profile of areal BMD (aBMD) at the narrowest femoral neck, Figure 1(c), is extracted from the subject’s hip
DXA. The aBMD ( , g/cm2) at each point across the narrowest femoral neck was converted into volumetric BMD ( ,
g/cm3) [7],
= 0.0347 + 0.3096
a)

(1)
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(a)

(b)

(c)

Figure 1 (a) Femoral neck fracture; (b) hip DXA image; (c) femoral neck cross-sectional BMD profile
Elasticity modulus is calculated from volumetric BMD ( ) using empirical functions established by experiments [8, 9],
0.28
33.9 .
(2)
=
10.5 .
0.28
Yield stress is estimated from elasticity modulus [10],
0.41 + 0.0062
=
0.33 + 0.0039
YSE at the narrowest femoral neck is obtained by integration,

(3)

=

(4)

To investigate the accuracy of NFN-YSE in discriminating hip fracture cases from controls, a clinical cohort consisting 195
women with prior hip fracture (mean age 75.2) and 592 women without fracture (mean age 74.8) were obtained from a
community clinic centre. The discrimination accuracy and ability are measured by the area under the ROC (receiver operating
characteristic) curve, or AUC in short, and odds ratio (OR). The results are compared with those of femoral neck BMD.
RESULTS AND DISCUSSION
The discrimination accuracy and ability of NFN-YSE and femoral neck BMD are given in Table 1. Compared to femoral
neck BMD, the AUC of NFN-YSE was improved by 11.9% and the OR was increased by 29.0%, indicating that NFN-YSE
has a significantly higher accuracy and stronger ability in discriminating fracture cases. The improvement is mainly attributed
to the inclusion of more information in NFN-YSE than in BMD, especially bone yield stress that is directly related to bone
strength.
Table 1 AUC and odds ratio of NFN-YSE and femoral neck BMD in discriminating clinical hip fracture cases
FCS-YSE
Femoral Neck BMD

AUC
0.783
0.706

OR (95% CI), p-value
2.94 (2.16 – 3.99), p<0.001
2.28 (1.73 – 3.01), p<0.001

CONCLUSIONS
NFN-YSE has been demonstrated a better discriminator of hip fractures than BMD. The input required for calculating NFNYSE is the subject’s hip DXA image. Therefore, the proposed method can be easily implemented in clinic and used by clinicians.
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DAMAGE OF MUSCLE CELLS UNDER MECHANICAL AND OXIDATIVE STRESSES
Singwan Wong, Yifei Yao, Julia Y Hong, Bruce PT Pang, Brian CH Cheung and Arthur FT Mak
Division of Biomedical Engineering, The Chinese University of Hong Kong, Shatin, Hong Kong
Summary Deep tissue injury due to prolonged excessive loadings can lead to clinical pressure ulcers. We assess the duration-dependent

damage thresholds of muscle cells in compression and shear using myoblasts in-vitro, and study the effects of oxidative stress on such
thresholds. We study the effects of oxidative stress on cytoskeletal polymerization and use AFM to study the corresponding changes in cell
stiffness. We use femtosecond laser to evaluate how oxidative stress affects the pre-tension in the cytoskeletal fibers and the ability of cells to
repair submicron-pores on their plasma membranes. Our findings suggest interesting implications of damage vulnerability under prolonged
oxidative exposures, such as during chronic inflammation. Using a mouse model, we examine the damages incurred by a prolonged exposure to
epidermal pressure and how a surfactant cell membrane stabilizer poloxamer-188 and intermittent vibration may alleviate these damages.

MYOBLAST COMPRESSIVE & SHEAR DAMAGE THRESHOLDS IN-VITRO
Spherical indentation was applied onto a 3mm thick agarose gel covering a monolayer of C2C12 myoblasts. Cell damage
was recognized using propidium iodide (PI). The spatial profile of the measured percentage cell death was correlated with
the radially varying stress field as determined by finite element analysis to estimate the compressive stress threshold for cell
death (Yao et al., 2015). To measure the damage threshold in shear, a flat plate was used to apply a uniform compressive
strain and a radially increasing shear strain on discs of GelMA hydrogel with myoblasts encapsulated within. The
percentages of cells damaged were estimated with PI and calcein AM staining. Results suggested that cell damage depended
on both the level and duration of the applied strains. There seemed to be a non-linear coupling between compression and
shear. The experiments were conducted on myoblasts after oxidative exposure of various intensities and durations, as
compared to the control in regular culture media. Results supported the hypothesis that chronic exposure to high-dosage
oxidative stress could compromise the capability of muscle cells to withstand compressive and shear damages, while short
exposure to low-dosage oxidative stress could enhance such capability.
ACTIN CYTOSKELETON IN OXIDATIVE ENVIRONMENTS
H2O2 was applied as an extrinsic oxidant to C2C12 myotubes. Atomic force microscopy results showed that short exposures
to H2O2 apparently increased the stiffness of myotubes, but that long exposures made the cells softer. The turning point
seemed to take place somewhere between 1hr and 2hrs of H2O2 exposure. We found that the stiffness change was probably
due to actin filaments being favoured for depolymerization after prolong H 2O2 treatments, especially when the exposure
duration exceeded 1 hour and the exposure concentration reached 1.0mM. Such depolymerization effect was associated with
the down-regulation of thymosin beta 4, as well as the up-regulation of both cofilin2 and profilin1 after prolong H 2O2
treatments (Wong et al, 2015). Utilizing a femtosecond (fs) laser to sever single stress fibres (SF) inside living C2C12
myoblasts, we investigated the retraction rheology of the severed single SF to probe into the mechanical conditions of the
cells and the effect of H2O2 on them. The initial gap between the two severed ends of the SF immediately after fs laser
severing was larger in the H2O2-treated groups, suggesting that H2O2 exposure could promote the pre-stress in individual SF
(Ma et al., 2015). The results were consistent with cell stiffness measured on single myoblasts under oxidative stress. A
confocal-based cell specific finite element model was built to study the effects of stress fiber density, fiber cross-sectional
area, tensile pre-strain in the fibers, elastic moduli of SF, actin cortex, actin cytoskeleton (including both actin SF and actin
cortex), nucleus and cytoplasm. The results supported that a decrease in actin cytoskeletal elastic modulus could increase
the average tensile strain on the actin cortex-membrane structure and reduce the elastic modulus of the cell. Assuming the
cell would die when a certain percentage of membrane elements was strained beyond a threshold, lower elastic modulus of
actin cytoskeleton would compromise the compressive resistance of a myoblast and lead to cell death more readily.
CELL MEMBRANE REPAIR AFTER FEMTOSECOND LASER POTOPORATION
A femtosecond (fs) laser mounted on a confocal microscopic platform was used to generate a highly focused hole at a
targeted site of the myoblast plasma membrane. With the same laser power and irradiation duration, photoporation invoked
bigger holes in the myoblasts after oxidative treatments than those in the control. Myoblasts showed difficulty in repairing
holes with initial size beyond certain threshold. Within the threshold, holes could apparently be resealed within 100 seconds
under the normal condition; while in oxidative condition, the resealing process even if successful could take 100-300s. A
significantly higher percentage of myoblasts in chronic oxidative conditions could not have their holes resealed within the
entire period of observation. It is interesting to note that brief exposure to oxidative stress apparently could promote
resealing in myoblasts (Duan et al., 2015).
Corresponding author: Arthur FT Mak. Email: arthurmak@cuhk.edu.hk.
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POLOXAMER-188 TO PROTECT MUSCLE CELLS AGAINST DAMAGES
We investigated the preventive effect of poloxamer 188 (P188) on muscle cells against extrinsic oxidative challenges. It was
found that with 1mM P188 pre-treatment for 1 hour, skeletal muscle cells could maintain their compressive damage
threshold, actin polymerization dynamics, and membrane sealing ability after H 2O2 insults. These findings suggested that
P188 pre-treatment can help skeletal muscle cells retain their normal mechanical integrity in oxidative environments, adding
a potential clinical use of P188 against the combined challenge of mechanical-oxidative stresses. We used a mouse model to
investigate the protective effect of P188 on muscle compressive injury in-vivo. Three concentrations of P88 (200mg/kg,
400mg/kg and 800mg/kg) were administered to the mice through intraperitoneal injection. 100mmHg static pressure was
delivered to the mice’s biceps femoris for 6 hours. Extracted tissues were examined using creatine kinase (CK-MM) ELISA
and immunohistochemistry (IHC) analysis. Preliminary results showed that the P188 treatment groups reduced the CK-MM
level in mice serum as well as the amount of TNF-alpha in the muscle tissue sample after compression.
MECHANICAL VIBRATION TO ALLEVIATE MUSCLE DAMAGES FROM STATIC COMPRESSION
We tested the hypothesis that intermittent vibrations (iV) can reduce apoptosis in tissues under prolonged compression.
Senescence accelerated (SAMP8) mice were subjected to static loading on the biceps femoris of the right limb for 6 hrs. A
10-minute of iV at 0.25g and 35Hz was applied vertically to the loading site once every 30 minutes throughout the
compression period. iV and the compression force were real-time monitored using a single axial accelerometer and a threeaxial force transducer respectively. The compressed tissues were collected for immuno-histochemical analysis, creatine
kinase-MM (CK-MM) ELISA and western blot analysis. Up-regulations of cleaved caspase-3 and TNF in the compressed
group validated our compression protocol in inducing tissue injury. Preliminary findings suggested that these apoptotic
factors were evidently down-regulated in the vibration group when compared with the group under only static compression
group. This suggested that apoptotic activity might be reduced with iV applied on the compressed tissue.
CONCLUSIONS
Muscle cells in-vivo need to serve their biomechanical functions even in challenging conditions such as in oxidative stresses
under chronic inflammatory situations. We have provided in-vitro and in-silico evidences that under prolonged oxidative
environment, the capacity of muscle cells to resist and repair physical damages could be significantly compromised. We
hypothesize that oxidative stresses and/or a compromised anti-oxidative defence could be involved in the development of deep
tissue ulcers. Preliminary findings on the use of P188 and intermittent vibration were encouraging with regard to alleviating the
apoptotic factors associated with the damaging processes.
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STRENGTH ANALYSIS OF CATASTROPHIC ROOT FRACTURES FOR
ENDODONTICALLY TREATED LATERAL TEETH
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Summary The paper deals with the strength aspects of catastrophic vertical root fractures, which is the most common reason of tooth loss
after the endodontic treatment, what with regards to the American Association of Endodontists is described with the term Cracked Tooth
Syndrome. Numerical strength analyses were done for the two basic clinical cases: MOD (mesial-occlusal-distal) reconstruction and
total crown overlay. In conclusion, the reconstructions with variant number of post of different material and depth of insertion were
chosen to play a protective role in preventing the root and the whole crown against catastrophic fractures.
INTRODUCTION
Cracks formed in the teeth are considered as one of the biggest problems in modern dentistry; They are recognized as the
third leading cause of tooth loss after the dental caries and periodontal diseases [1]. The case of a particularly importance is
the so-called catastrophic, irreparable fracture, which is one of the most common cause of tooth loss after endodontic
treatment. Biomechanical features of teeth after endodontic treatment are considered by majority of dentists as weaker when
comparing with so called health teeth. Their experience prove that those teeth become more stiff and seem to be more
susceptible to break or fracture what essentially influence their further reconstruction. The worst catastrophic fractures,
which result in serious teeth mechanical strength weakening, are in particular vertical root fractures. They always lead to the
tooth extraction. The case of the partial or total vertical root fracture in majority concern the teeth after endodontic
treatment. The way of the destruction always starts at the area of the apical part of the root channel or alternatively at the
bifurcation roots area and then comes to the tooth crown – Fig. 1. Those features become the most often factors of teeth loss
after endodontic treatment and statistically concern 2 – 5% of all cases [2].

Fig. 1. Vertical root fractures schemes and their respective clinical cases
The total and partial root cracks are generally difficult to diagnose in the early stages, and therefore they become a serious
problem for both the dentist and the patient. When properly recognized, usually extraction is the only solution.
The aim of the paper was to check and analyze, from the strength point of view, the influence of the number and depth
of posts insertion in the root channels on the risk of catastrophic vertical root fractures in lateral teeth after endodontic
treatment.
METHODS
Numerical strength analyses were done for the following basic clinical cases: MOD (mesial-occlusal-distal)
reconstruction and a total crown overlay, for three models simulated root canal treated teeth followed by reconstruction with
the use: only the composite material, the composite material and one glass-polymeric post inserted in a buccal root channel,
the composite material and two glass-polymeric posts inserted in both (buccal and lingual) root channels. Additional variant
numerical simulations were also done for the cases of the tooth reconstructions with one post inserted in the lingual channel
and two posts with mutually different insertion depth in both buccal and lingual root channels. The strength analyses were
done with regards to the various post materials (stainless steel, titanium alloy, ceramic and glass fiber reinforced polymer).
Numerical modeling and stress analyses were done in a CAD CATIA and FEM ANSYS programs [3]. The model of tooth was
a)
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embedded in a periodontium, surrounded by bone structure. A special attention was paid to the areas of stress concentration

within the area of the roots bifurcation, around the apical region of a root and in the area of the gingival line.
RESULTS

The numerical calculations were done for normal occlusion of the value 150 [N] for all materials of the structure taken
as elastic and isotropic. As an example Fig. 2 presents the von Mises reduced stress distributions in roots bifurcation area
for one glass fiber reinforced polymer post in buccal root channel for the various depth of insertion.

Post length
B

C

Furcation cross-section

A

.

The maximum values of the von Mises reduced stresses [MPa]
3,27

3,35

3,57

Fig. 2. The risk of the vertical root fracture with regards to the von Mises reduced stress distributions in roots bifurcation
area for one glass fiber reinforced polymer post in buccal root channel for the various depth of insertion in MOD case
reconstruction
CONCLUSIONS
The main conclusions which can be withdrawn from the number of simulations and calculations can be formulated as
following:
• the posts with the higher elastic modulus, taking over the biggest loads, produce the stress concentration in the
dentin around the apical top of the root; this can lead to the catastrophic fracture of the whole tooth structure,
• in the case of two post application in MOD cavities, von Mises stress analysis revealed more favorable stress
distribution in roots bifurcation area, which can play protective role in preventing the root fracture,
• for the total overlay of crown reconstruction the application of one root post seems to be the most advantageous; in
this case the maximal stress effort in the dentine at the bifurcation area was about 14% less when comparing with
the reconstruction with the use of two posts,
• assessment of the posts depth insertion, for both the MOD and overlay reconstruction cases, proves that decreasing
insertion depth increases the stress concentration in the root dentine at the bifurcation area, respectively by 9 and
17%, what may also result in vertical root fracture.
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MECHANICS OF FIN STIFFNESS IN RAY-FINNED FISH
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Summary The fin of ray-finned fish is a composite structure consisting of rays (bony supports) connected by membranes. The elastic
stiffness of a transversely curved fin is higher than for a flat fin because the curvature geometrically couples ray bending with membrane
stretching. We present a fin model of two rays, jointed by a single membrane, as a simplified analysis for the coupled mechanics between
rays and membranes. The stiffness interpolates between two limits. In the first limit, the membranes are infinitely extensible and the fin
simply takes the stiffness of individual rays. In the opposite limit, the membranes are inextensible and rays are restricted to bend along a
single direction. The fin takes a higher stiffness which increases monotonically with curvature.

INTRODUCTION
The flapping locomotion of ray-finned fish, or simply fish, depends on the elastic stiffness of their fins which, in turn,
depends on fin material and geometry. Studies on fin mechanics have historically focused on properties of individual rays
(bony rod-like supports) [1, 2], musculature controls of these rays [3], and coupled fin-fluid dynamics [4, 5]. We present
another aspect of fin mechanics in treating the fin as a composite structure consisting of both rays and their connective
membranes and in analyzing the coupled mechanics of rays and membranes. The fin, rays, and membranes are depicted in
Figure 1a and our focus is on the elastic stiffness for a fin curved away from the figure’s plane. To the best of our knowledge,
the coupled mechanics of rays and membranes are not yet modeled.
MODEL
To model the coupled mechanics between rays and membranes in a fish fin, we present a simplified analysis for two
identical rays of length L, aligned symmetrically and connected by a single membrane at their centroids. The principal axes
of bending for each ray are rotated away from the membrane by an angle θ. For nonzero values of θ, the membrane acts as
an additional resistance against bending of rays. In response to an applied force, the rays bend along the principal axes with
values w(x) and v(x) and the membrane stretch with value (x) where x is the distance from the fin base. A schematic for
this model is shown in Figure 1b.
Rays

(a)

30mm

(b)

e

Bas
Fin

(c)

Increasing
curvature

1.8

Fin Base

1.6

1.4

1.2

Membranes

1
10 -1

10 0

10 1

Figure 1: (a) Schematic and picture of a fish pectoral fin (Aprion virescens). The protypical fish fin consists of multiple bony
structures, known as rays, extruding from the fin base and connected by tissue membranes. (b) Schematic of a symmetric 2-ray
fin and a cross sectional view for a distance x from the base. The dark rectangular beams and gray strip represent fin rays and
the membrane, respectively, and are all of equal length L. In the cross-sectional view, the ray bendings along their principal
axes are w and v while the membrane stretching is . θ is the angle between v and the membrane. (c) The nondimensional
scaling of stiffness R for a 2-ray fin under symmetric normal loadings. R is normalized by its value zero curvature (θ = 0),
r1 = 3Bn /L3 . L/l is the nondimensional fin length where l is a length scale arising from the balance between ray and
membrane elastic forces.
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The coupling mechanism serves to modulate the fin’s elastic stiffness as a function of θ. As an intuitive guideline to show
this relation, we apply point-force loadings F at the tip of each ray, along w, and define the stiffness to be R = F/w evaluated
x = L. By treating the rays as elastic beams and membranes as one-dimensional springs, the governing equations for the
coupling mechanism are the Euler-Bernoulli equations and are given as
Bn w0000 = ksinθ, Bt v 0000 = kcosθ,
 = 2cosθw + 2sinθv

(1)
(2)

where the primes are derivatives with respect to x, k is the membrane spring constant, and where Bn and Bt are the bending
moments along w and v, respectively. We imposed clamped conditions at the fin base and point-force loadings on the opposite
end; these are boundary conditions for which (1 - 2) have analytical solution and show how R, fin stiffness, modulates with θ,
the geometric constraint.


3Bn
Bt sin2 θ
3Bn
(3)
r1 = 3 , r2 = 3 1 +
L
L
Bn cos2 θ


2ksin2 θ 2kcos2 θ
1
=
+
(4)
l4
Bn
Bt
R interpolates between the two limits shown in (3). In one limit, the ray stiffness, r1 , dominates over the membrane
stiffness, k, and R takes the stiffness of individual rays. In the opposite limit, the membrane stiffness dominates and the rays
are restricted to bend entirely normal to the membrane. Here, R takes a higher, θ-dependent value, r2 . Between the limits, R
depends on the ratio of ray and membrane stiffnesses. This is captured with L/l, where L is the ray length and where l is a
length scale given in (4) and arises from nondimensionalizing (1-2). We plot the nondimensional scaling of R/r1 with L/l in
Figure 1c for different values of θ. It shows the stiffness of a 2-ray fin increases with θ but only appreciably if L/l is at least
unity.
CONCLUSIONS
Intuitively, a transversely curved fin is stiffer than a flat fin because the curved geometry adds the membrane as an additional elastic force to resist ray bending. To show this geometric coupling quantitatively, we use a simplified model of beams
and springs to approximate the fin rays and membranes. We show that the intuition is correct for a 2-ray fin system, i.e, the fin
stiffness increases with curvature. In future works, we will show that this result is essentially valid for a discrete N-ray system
and for a continuous fin surface.
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ABSTRACT
Present metal-alloy artificial bones for bone grafts like herniated intervertebral disc applications have the problems like too heavy, excessive
elastic modulus and stiffness compared with natural bones. In our study, meshed gum metal plates are introduced having light-weight and high
three-dimensional flexibility in order to solve such kind of problems. Different basic mesh shapes were designed using 3D-CAD tools from the
viewpoints of light-weight, higher flexibility and durability. Evaluations of mechanical properties on such meshed gum metal plates were
executed experimentally and analytically by comparisons with the natural bones’ mechanical properties and the results are reported in this study.
Keyword: Meshed gum metal plates, Mechanical properties, 3D flexibility, Experimental and analytical approaches

INTRODUCTION
Present titanium implants for bone graft applications like hernia of intervertebral disc shown in Fig.1 have the problems
like too heavy, mismatch-elasticity and excessive-strength compared with natural bones [1]-[4]. In this study, meshed gum
metal plates with higher 3-dimensional flexibility [5] were interested to solve such kind of problems. Gum metal is one kind
of titanium alloy with higher biocompatibility, lower elastic modulus and excellent elastic deformability [6].

Fig.1 Fixation methods on spine for hernia of intervertebral disks using titanium implants
Fundamental mesh shapes were designed using three dimensional CAD tool from the light-weight, higher flexibility and
longer life viewpoints. Based on the designed mesh shapes, sample specimens of the meshed titanium plates having
different plate thickness and line-up patterns were manufactured through the laser beam machining. Mechanical properties
of sample manufactured meshed titanium plate specimens like volume density, tensile and compressional elasticity and
bending stiffness were experimentally evaluated. On the other hand, analytical approaches on mechanical properties of
meshed titanium plates are also carried out using ANSYS finite element analysis code. Comparisons between experimental
and analytical results are used to validate the analytical approach method.
BASIC MESH SHAPE DESIGN FOR MESHED GUM METAL PLATE APPLICATION
Design concepts of basic mash shapes
Basic mesh shape designs are carried out under the following design conceptions.
(1) Single fundamental mesh shape construction for simplification of manufacturing processing and cost-down purpose
(2) Higher three-dimensional flexibilities including expansion/contraction, bending and torsion for possibility of
handily shape changes during surgery
(3) Uniform mesh line width and non-angle smooth shape desired to decrease stress concentrations and lead for higher
strengths and longer operating life
(4) Ensured optional spaces for screw fixation
Meshed plates with different basic mesh shapes for sample experimental investigations
3-dimensional meshed plate models using the designed basic mesh shapes with 1.0 mm mesh line widths are obtained
and CAD models for sample meshed gum metal plates are shown in Fig.2 with the specimen size.

120° axisymmetric specimen
90° axisymmetric specimen
60° axisymmetric specimen
Fig.2 Meshed plate shape models for sample specimen evaluations
a)
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EVALUATION ON MECHANICAL PROPERTIES OF SAMPLE MESHED GUM METAL PLATES
Tensile, compressional and bending property characteristics of sample meshed gum metal plates
Based on the mesh shapes shown in Fig.2, sample meshed gum metal plates with 1.0 mm thickness are fabricated by
laser cutting process for experimental evaluations and specimen photos are shown in Fig.3. Based on JIS Z 2241, JIS K 7076
and JIS Z 2248 [7], tensile, compression and bending experiments are executed for mechanical property evaluation of these
sample meshed gum metal plates. Table 1 shows the experimental results of mechanical properties of sample meshed gum
metal plates.
Table 1 Experimental results of mechanical properties of sample meshed gum metal plates
Mechanical
properties
Tensile [N/mm]
Compression[N/mm]
Bending[N・mm2]

120°
483.0
645.0
10734.5

Elastic stiffness
90°
204.0
527.0
13189.8

Approximated elastic modulus [MPa]
120°
90°
60°
1067.4
409.0
394.3
1823
1183
1062

60°
191.6
455.3
9373.2

Analytical approaches on mechanical property evaluation of sample meshed
gum metal plates
Analytical approaches on mechanical properties of meshed gum metal plates
are carried out here using 3D Solidworks CAD software and ANSYS finite
element analysis code. 3D meshed plate models with the same shapes and sizes of
specimens on experimental evaluations are modeled as shown in Fig.4 and material
properties of gum metal plate shown in Table 2 are used for analytical inputs.

Load (1N)
Fixatio
n

Load (1N)

Load (1N)
Fixation

2.35

3.13

2.92

120°
90°
60°
Fig.3 Meshed gum metal specimens

Table 2 Material property input for analysis
Material
Gum metal

Fixation

Volume density [kg/mm3]
120°
90°
60°

Elastic modulus
(GPa)
75.0

Poison’s
ratio
0.32

Density
(kg/mm3)
5.6

Fig.4 3D model of tensile, compression and bending tests
Table 2 Analytical results of mechanical properties of sample meshed gum metal plates

Mechanical properties
Tensile [N/mm]
Compression [N/mm]
2

Bending [N・mm ]

Elastic stiffness [N/mm]
120°
90°
60°
370.9
195.8
175.6
624.0

506.5

449.63

8707.4

12122.8

8458.6

Approximated elastic modulus [MPa]
120°
90°
60°
1048.5
439.4
409.7
1764.1

1136.7

1049.0

Deviation from experimental results [%]
120°
90°
60°
-0.99
-0.48
-1.81
3.36

4.05

1.26

-2.30

-0.85

-4.73

CONCLUSIONS
Tensile, compression and bending properties of sample meshed gum metal plate specimens were experimentally and
analytically evaluated with designed basic mesh shapes under light-weight, high flexibility and durability viewpoints. From the
experimental and analytical approaches, the following conclusions are obtained.
(1) Experimental results indicated first that volume densities of the meshed gum metal plates can be controlled to close to
natural bone’s densities.
(2) From three basic mesh shapes, 60° axisymmetric specimen shows the most flexibility from tensile, compression and
bending performances.
(3) Analytical approach methods for mechanical property evaluations are introduced and the comparisons between
experimental and analytical results indicate that analytical approach method is valid.
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Summary Pedestrians represent one of the most vulnerable road users. Impact simulations using finite element (FE) pedestrian models could
help to better understand the injuries recorded in pedestrian accidents and design pedestrian-friendly vehicles. A high biofidelity finite element
pedestrian model corresponding to anthropometry of a 5th percentile female (F05) in standing posture was developed and preliminarily validated
in this study. The model was validated at component level and then verified in a car-to-pedestrian simulation. Overall, the model showed
promising results and a good capability to predict the injury risk of the pedestrian during lateral car impact.

INTRODUCTION
Pedestrians represent one of the most vulnerable road users and comprise nearly 22 percent of the road crash related
fatalities in the world [1]. Therefore, protection of pedestrians in car-to-pedestrian collisions (CPC) has recently generated
increased attention with vehicle regulations (in Europe, Asia, and recently US) which involve three subsystem tests for adult
pedestrian protection (leg, thigh and head impact tests). In addition to these physical tests, the development of finite element
pedestrian models could be a complementary alternative that characterizes the pedestrian’s whole-body response during CPC
impact and assesses more specifically the risk of pedestrian injuries.
The primary goal of this study was to develop and preliminarily validate a finite element model corresponding to a 5th
percentile female anthropometry. This new pedestrian FE model could be useful to evaluate pedestrian injuries in lateral
vehicle accident.
METHODS
The mesh of pedestrian finite element model have been developed by morphing the mesh of a 50th percentile male
pedestrian FE model [2] on the scanned surface of a 5th percentile female having 149.9 cm height and 48.6 kg weight [3]. The
material properties were defined as the same material properties of 50th percentile male FE model. To validate the FE model
at a component level, impact simulations were performed on knee joint, lower extremity and upper body based on literature
data [4-6]. Simulation setups for each impact test were modelled and implemented in the FE software (LS-Dyna, LSTC,
Livermore, CA). The lower extremity was impacted by a 6.25 kg impactor under the knee joint in the shearing test and near
the ankle bone for the bending test (Figure 1. a). Upper body validations were also performed by impact simulations to the
abdomen, pelvis and thorax. Then, the whole body FE model was verified in a CPC simulation (Figure 1. b) [7]. The kinematic
trajectories of head’s centre of gravity (CG), first thoracic vertebra (T1) and sacrum relative to the car were recorded in a CPC
simulation and compared to the Post Mortem Human Surrogate (PMHS) test data.

a)

b)

Head CG marker
T1 marker
Sacrum marker

20 km/h

40 km/h

Figure 1. Schematic simulation setups of a) lower extremity and b) full body validation.

a)
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RESULTS AND DISCUSSION
Overall, the model showed promising results and a good capability to predict the injury risk of pedestrians during lateral
car impact. Due to the lack of PMHS data for 5th percentile female, the impact responses of the pedestrian model were
compared to scaled test corridors corresponding to 50th percentile male. Therefore, the force time histories predicted by the
FE model were usually close to the lower boundaries of test corridors (Figure 2. a). Similarly, the trajectory of F05 head CG,
obtained from the CPC simulation, was close to the trajectories recorded on shorter PMHS (Figure 2. b). In terms of injury
predictions, the model predicted initial MCL/ACL ruptures in the right knee (the first one impacted by the car) followed by
LCL/ACL ruptures in the left knee. These types of injuries were observed in the PMHS impacted in CPC tests. Future work
will be focused on improving the model’s responses and on adding more details to the current model.

a)

b)

Figure 2. Comparison of FE simulation results against
PMHS (50th percentile male) test data. a) Lower extremity
bending (up) and shearing (down), b) Kinematic head CG
trajectory relative to the car.
CONCLUSIONS
A 5th percentile female pedestrian finite element model was developed and preliminarily validated in this study. The model
showed relatively accurate results against PMHS test data recorded in components and CPC tests. Generally, the validated
pedestrian model will be used by safety researchers in the design of front ends of new vehicles in order to increase pedestrian
protection.
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Summary Cancer represents one the most challenging problems in medicine and biology nowadays. Recently, it has been shown that
stresses affect tumor patho-physiology. In fact, we believe that a better understanding of the state of stress present in growing tumors is
needed to develop new therapies and further improvement in treatments. This work represents an extension of the study made by Ngwa and
Agyngi 2012 [3] in three major aspects: the introduction of anisotropic growth, the construction of a growth law depending of the stress
levels and the effect of the parameters representing these contributions in stress and growth.

BACKGROUND
Tumor growth involves the generation of mechanical forces both within the tumor and between the tumor and the host
tissue. These mechanical forces, coupled with neovascularization, induce abnormal solid and fluid stresses that facilitate tumor
progression and hinder response to various treatments (Jain et al. 2014 [2]). In the way of looking for a solution, mathematical
models arise as a tool in order to understand this phenomenon. In particular, some works are focused on the macroscopic scale
using a mechanical approach. For example, Araujo and McElwain 2005 [1] and Ngwa and Agyngi 2012 [3], assumed a
constitutive equation from linear elasticity theory in order to relate growth with deformation. The present paper is based on a
previously reported simpler model by Ngwa and Agyngi 2012 [3], where the authors modeled the evolution of growth-induced
stresses in an spherical growing tumor surrounded by an external medium and exhibiting isotropic properties. Following their
analysis, we extend the model by incorporating the effect of anisotropic growth and an improved growth law depending on
stresses. Furthermore, it is explored the effect of the parameters representing anisotropy and growth-stress dependence, in the
tumor evolution.
MODEL FORMULATION
In the following, we assume that tumor cells form a homogeneous population which is considered as a continuum;
moreover, the tumor is modeled as a sphere and its spherical symmetry is maintained at all times; in particular, the tumor
material is supposed incompressible and responds to stress in a purely elastic and isotropic form. Furthermore, the nutrient
concentration variation is determined by nutrient diffusion through the tumor boundary and its consumption by tumor cells in
the interior. Additionally, there is a constant nutrient concentration in the tumor boundary and it is assumed the existence of
an elastic, isotropic and incompressible external medium. Now, according to Araujo and McElwain 2005 [1], linear elasticity
models which just consider isotropic growth are insufficient to describe the stresses evolution in a growing tissue, because
it does not reflects the stresses relaxation effect. In this sense, we incorporate the effect of anisotropic growth to the model
proposed by Ngwa and Agyngi 2012 [3] following the ideas of Araujo and McElwain 2005 [1]. Specifically,
eij = g(δ1i γr + (δ2i + δ3i )γθ )δij +

1+ν
ν
σij − δij σkk , with i, j, k = r, θ, ϕ,
E
E

(1)

where eij represents the material strain, δij is the Kronecker delta, σij denotes the Cauchy stress tensor, ν is the Poisson
ratio, E the Young modulus, g is the growing factor and the constants γr , γθ ∈ R∗+ with the constraint γr + 2γθ = 1, promote
the anisotropic behavior. Now, like it was mentioned above, from a mechanical point of view, the stresses are a determining
factor in the regulation of cellular proliferation and death. In this sense, we propose the following law
∂ρ
+ ∇ · (vρ) = αcρ(1 + η1 tr(σ)) − kρ(1 − η2 tr(σ)),
∂t

(2)

where v is the tumor cell displacement velocity, ρ is the cell density, c symbolizes the nutrient concentration, α and k
are positive numbers representing proliferation and death rates, respectively and η1 , η2 ∈ R+ are constants representing the
dependence of cellular proliferation and death from stresses. The positive sign in η1 is for that in the presence of compressive
stresses (negative stresses) the cellular division is inhibited, and the negative sign of η2 means that compressive forces promote
cellular death. In particular, we take η2 depending on η1 .
∗ Corresponding
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Mathematical model
To summarize, the dimensionless model equations are given by
dR(r, t)
dt
∂vr
(r, t)
∂r
∂σrr
(r, t)
∂r
(
)
∂
∂
+ vr (r, t)
β(r, t)
∂t
∂r

=

vr (R, t),

(3)

R sinh(r)
vr (r, t)
[1 + η1 E(3σrr (r, t) − 2β(r, t))] − ϵ[1 + η2 E(2β(r, t) − 3σrr (r, t))] − 2
, (4)
r sinh(R)
r
2β
(5)
− ,
r(
)
[
]
R sinh(r)
2γθ
[1 + η1 E(3σrr (r, t) − 2β(r, t))] − ϵ 1 + η2 E(2β(r, t) − 3σrr (r, t)) +
r sinh(R)
∂vr (r, t)
,
(6)
∂r

=
=
=
+

where r ∈ [0, R), t ∈ R∗+ , R is the tumor radius, vr is the radial component of v and β = σrr − σθθ .
RESULTS
In the following, it is shown the relevance of the new parameters γθ (contributes to the anisotropy) and η1 (contributes to
the growth-stress dependence) in the solutions of the mathematical model.
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Figure 1: Influence of the anisotropy parameter in the growth pattern (A). Radial stress distribution at different time instants
for the radius associated to γθ = 0.1 (B). Dependence of the final radial stress on parameters γθ and η1 (C). Dependence of
the final tumor radius on parameters γθ and η1 E (D).
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CONCLUSIONS
The presented model is considered an extension of the work of Ngwa and Agyngi 2012 [3]. With the considerations of
anisotropic growth and the dependence of the growth from the stresses. Given the fact that the actual treatment situation
still needs to develop. A systematic theoretical study of mathematical models modeling tumor growth will contribute to the
generation of new approaches for cancer diagnosis and therapies.
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LOADING-RATE DEPENDENT MECHANICAL RESPONSE OF
THE HUMAN AND PORCINE KNEE JOINTS
Marcel Rodrigueza), LePing Li
Department of Mechanical and Manufacturing Engineering, University of Calgary, Calgary, Alberta, Canada
Summary The knee joints are subjected to changing loads during daily activities. The understanding of loading mechanisms within the
joint may contribute to the prevention, diagnosis, and treatment of injury and disease. The load response of soft tissues, cartilages and
menisci, depends on the loading-rate, showing different levels of fluid pressure load support at different loading rates. This response has
been investigated with tissue discs, but not sufficiently examined within the entire joint. Computational simulation is an effective tool for
studying this response, taking into account realistic contact conditions. The objective of the present study is to quantify the compressionrate dependence in the knee joint, which is thought to be mainly contributed by the fluid pressurization in the tissues. Computer
simulations are being validated against laboratory tests. Results revealed a similar nonlinear compressive loading-rate-dependent
mechanical response of the human and porcine knee joints.

INTRODUCTION
The knowledge of joint mechanics is essential for understanding the mechanism of joint injury and disease. Applications
of this knowledge include joint reconstruction and replacement. The load response of articular cartilage is compression rate
dependent. For a given compression magnitude, the reaction force is substantially greater if the compression is applied at a
greater rate. This response is well known in cartilage disk, but has not been sufficiently investigated for the complex
geometry of the whole joint. Knee joint modeling represents a challenging process due to the geometric, kinematic, material
and contact issues involved in the process. The finite element method has allowed the development of several knee joint
models for biomechanical applications with different levels of complexity [1,2]. The commercial software ABAQUS
(Simulia Inc., Providence, RI, USA) is widely used for 3D finite element modeling allowing a realistic joint geometry,
whose influence on the joint contact mechanics is undeniable. Models have been developed for studying consequences of
injuries or defects in the knee, surgical procedure, healthy and osteoarthritic knee. The objective of this study is to quantify
the compressive loading-rate dependent mechanical behavior of the knee joint and the creep and relaxation of the joint with
the dissipation of the fluid pressure in the joint. Our interest is the poromechanical response of the human knee joint, but as
porcine joints have anatomy similarities and are easily available, they have been used for testing. Human knee joint
compression will be obtained with dual fluoroscopy.
MATERIALS AND METHODS
Two approaches were followed on this research: computational simulations and mechanical tests. For simulations, the
knee joint geometry was obtained from a healthy male subject using MRI techniques and converted to a computational
model. The commercial software ABAQUS was employed in a poromechanical analysis subjected to large deformation at
several compression rates. Mechanical tests were performed on a 858 Mini Bionix® II Biomaterial Testing System (MTS,
Minnesota, USA), with a 10 kN force transducer (MTS-661.19F-02). Fresh porcine stifle joints with intact joint capsules
were purchased within 24 hours of slaughter. The ankle joint was mostly retained to keep the tibia and fibula together. The
top of the femur and the bottom of the tibia and fibula were fixed in hollow metal cylinders with dental cement (FastrayTM
LC, Bosworth). The natural angle of the joint (~ 40º) was kept with cementing. Sample preconditioning was done to ensure
a repeatable reference state [3]. An 800-µm ramp compression was applied at several rates followed by a 1200 seconds
relaxation period. In other tests, 200 N of compression was applied followed by 2000 seconds of creep. Tissue hydration
was ensured by keeping wet gauzes covering the joint.
RESULTS
For computational results, the reaction force is plotted against joint compression (Figure 1). The maximum reaction force
for the fastest compression is about ten times that of static compression. These results show a remarkable rate dependence
as well as nonlinear behavior, particularly for the faster compressions. This is because the fluid tends to be trapped in the
tissues to form a higher fluid pressure, as compression rate becomes higher. This effect makes that peak force attain an
asymptotic value when the rate of compression is sufficiently high (Figure 2, results from Figure 1). In the case of
laboratory tests, the peak reaction force for the fastest compression is about 1.5 times that of the slowest compression (~75N
@ 10 µm/s and ~125 N @ 2000 µm/s, Figure 3). Note that very slow compressions were not tested because the force
transducer does not have high enough resolution for slow, small force measurements. After the loading phase, fluid
exudation makes the reaction force decrease until equilibrium is reached. The fluid pressure in cartilage and menisci caused
a difference between peak and equilibrium load (no more fluid flow), evidencing the role of fluid load support in the
a)

Corresponding author. Email: mlrodrig@ucalgary.ca

1741

mechanical response of the knee under compression. The repeatability of laboratory tests and the influence of the test
sequence were also verified, obtaining less than 5 % of fluctuations in both cases. For creep tests, the equilibrium should be
reached when fluid exudation stops, and the compression approaches a constant value (Figure 4). However, we obviously
need longer time to observe the equilibrium in our case.
DISCUSSION
Preliminary results revealed the feasibility of using a geometrically accurate model for large deformations. A significant
nonlinear compression rate and load rate dependent load response for laboratory tests is also noticed. Fluid pressurization
plays an important role in the load support of knee joint as shown in both computational simulations and laboratory tests.
The differences between the peak and equilibrium loads are contributed by the fluid pressure within the tissues. In our case,
the fluid pressure supports 60-70% of the total loading in most pig knee joints for a fast compression. The mechanical
response of the knee joint is also influenced by the geometry of contacting areas and the interplay between tissues on the
load support, as up to 90% fluid pressure load support was found in a cartilage disk and this is also seen in the human knee
joint simulation.

Figure 1. Human joint simulation results, loading phase. Figure 2. Reaction force vs. compression rate.

Figure 3. Porcine joint test results, loading phase.

Figure 4. Porcine joint test results, creep response.
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SPATIAL NON-UNIFORMITY IN THE YOUNG’S MODULUS OF THE HUMAN EARDRUM
S. Alireza Rohani1a), Soroush Ghomashchi2, Sumit K. Agrawal3 & Hanif M. Ladak1, 2, 3
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Summary The eardrum plays an important role in transferring sound energy to the cochlea. Several recent studies have used inverse finite

element (FE) methods to estimate the mechanical properties of the eardrum. However, the non-uniformity of the mechanical properties over the
surface of the eardrum has not yet been reported. Our objective was to develop an approach to investigate the spatial non-uniformity of the
Young’s modulus (E) of the eardrum. In this work, the shape of the eardrum before and after pressurization was imaged and compared with FE
model simulations for optimization purposes. A modified Nelder-Mead optimization technique was used in this study. The effects of two types
of eardrum partitioning on the optimization were studied and compared. Results showed that partitioning of the eardrum into 4 quadrants produces
a closer match between simulated and experimentally measured deformations compared with the assumption of uniformity or with partitioning
into concentric regions.

INTRODUCTION
The eardrum has a significant role in hearing. Sound in the environment is collected by the auricle (outer visible part of
the ear) and is focused down the ear canal where it vibrates the eardrum, a thin conical membrane. Vibration of the eardrum
causes a chain of three tiny bones (malleus, incus and stapes) to vibrate and transfer the sound energy to the inner ear,
specifically the cochlea, where mechanical vibrations of the cochlear fluids are transduced to sensorineural signals for
processing and perception. Common hearing tests, such as tympanometry, involve measurement of the acoustic properties of
the air in the ear canal under specific conditions including both static pressurization and dynamic acoustic stimulation. Finite
element (FE) modelling of these tests could potentially improve the diagnosis and treatment of hearing diseases1.
Accurate values for the mechanical properties of the eardrum are crucial for FE modelling. For physiological sound
pressure levels, a linear elastic material model characterized by the Young’s modulus (E) can be used. In current models, it is
assumed that E is either constant over the eardrum’s surface or E changes concentrically over the surface. The objective of
this work is to develop and evaluate an approach to estimate the spatial non-uniformity in Young’s modulus of the human
eardrum with the aim of improving the accuracy of FE models.
MATERIALS AND METHODS
Previously, we introduced an in situ estimation technique in which an FE model was optimized to match experimental
data acquired during eardrum pressurization in a rat model2. We have adapted this approach and applied it to a freshly frozen
cadaveric human ear. The middle-ear cavity was pressurized to 500 Pa and the deformed shape of the eardrum after
pressurization was imaged using a Fourier transform profilometer (FTP). To simulate the pressurization experiment, a
specimen-specific FE model of the eardrum at rest was defined from a 3D micro-computed tomography (micro-CT) image
(Figure 1a). E was then estimated using Nelder-Mead optimization, by minimising the cost function comparing the deformed
FE model shape to the measured shape after pressurization. The cost function is based on the differences in measured and
simulated eardrum height values (Z) relative to the XY-plane defined by the plane of the eardrum boundary at multiple points
over the eardrum. Figure 2 shows a schematic representation of the optimization technique.

Figure 1 – Imaging and modeling of the eardrum. (a)
3D micro-CT image of human middle ear. (b) FE
mesh of the eardrum and malleus.

Figure 2 – Flowchart of the estimation algorithm. 𝐶 is the cost
function to be minimized in which 𝑍𝑖𝐹𝑇𝑃 and 𝑍𝑖𝑠𝑖𝑚 denote the
measured and simulated Z coordinates, respectively, for point 𝑖.

a) Corresponding author. Email: srohani4@uwo.ca.
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In this work, we assumed a uniform thickness of 110 um for the eardrum. The eardrum was modelled using triangular
shell elements, and the malleus was modelled using tetrahedral solid elements. All FE modelling was performed in COMSOL
Multiphysics® (Version 5.1) and optimizations were performed in MATLAB® (Release 2015a). In order to investigate the
spatial non-uniformity of E over the surface of the eardrum, results from two types of partitioning of the eardrum were
compared with results from the uniform E assumption. The two types of partitioning considered in this study included dividing
the eardrum into 4 quadrants or into 4 concentric regions; the values of E were permitted to vary from quadrant to quadrant
or from region to region when performing optimization, thus simulating non-uniformity.
RESULTS
Optimal E values for this specimen were obtained under the asumption of a single uniform E value and the two types of
partitioning and are summarized in Table 1. Figures 3a-c show the difference (i.e., error) between the simulated and measured
shapes at a pressure of 500 Pa when using the optimal E values for the simulations.
Table 1 – E estimates for each partitioning type. E_PI, E_PS,
E_AI and E_AS are the values of E in each quadrant shown in
Figure 3b. Similarly, E_1, E_2, E_3 and E_4 are E values in each
concentric region shown in Figure 3c.

Single
E (MPa)

5.39

Cost Function

0.96

Partitioning Type
Quadrants
Concentric
E_PI
9.7 E_1
16.5
E_PS
5.4 E_2
6.7
E_AI
2.4 E_3
3.6
E_AS
4.3 E_4
3.5
0.79
0.89

Figure 3 – Error maps between simulated and measured shape at a pressure of 500 Pa with simulations done using optimal
E values from Table 1. Dotted line represents the boundary of the entire eardrum obtained from micro-CT image. Colored
areas are regions within the field of view of the FTP apparatus. Simulations were performed under the following
assumptions: (a) uniform mechanical properties, (b) properties varying over 4 quadrants, and (c) properties varying over 4
concentric regions.
DISCUSSION AND CONCLUSION
Estimation of E using a pressurization technique has the advantage of being non-destructive and is easier to model
compared with tensile testing on eardrum strips or indentation testing. Results from the single-E assumption are comparable
to recent literature using indentation techniques3. The cost function decreases by 18% after partitioning into 4 quadrants, while
the reduction was only 7% with concentric region partitioning. Therefore, partitioning of the eardrum into four quadrants and
allowing E to vary from quadrant to quadrant improves the match between simulated and measured deformations.
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SMALL STRAIN GROWTH AND THE HUMAN NAIL
Kostas P. Soldatos1a)
School of Mathematical Sciences, University of Nottingham, Nottingham, NG7 2RD, UK

1

Summary The nail apparatus comprises the living soft tissue nail matrix and the hard, dead tissue nail plate. This paper models the nail
matrix germinal activity by combining the constitutive equations of hyper-elastic mass-growth detailed in [1] with the concept of
incompressible, small strain growth. Full details of the outlined modelling and analytical development have just appeared in [2], where
details are also provided of the manner in which the obtained analytical solution forms the basic approximation of its slight or moderately
incompressible mass-growth counterpart.

INTRODUCTION
The nail apparatus comprises the soft nail matrix and the hard nail plate (e.g., [3]). The first of those plate-like structures is
made of living soft tissue that grows and causes elongation of the nail by pushing forward the second, partially visible nail
plate. The latter is made of hard, dead tissue which is unable to grow and is mainly produced, and added to the nail plate by
germinal activity of the matrix. Nevertheless, the living germinal matrix is confined within physical boundaries which have
seemingly no reason and/or ability to deform substantially.
The nail plate is formed by layers of identical keratinous material, which are compacted together. This fact is here
perceived as evidence of temporary interruption in the nail elongation process, which thus seems to be periodic rather than
continuous in time. The occasional appearance of the so-called Beau’s lines (e.g., [4]) is also interpreted as clinical evidence
of the nail ability to grow in a discontinuous manner.
These observations support the feeling that the implied “push forward” mechanism is activated periodically, at specific
time instances, when the small strain accumulated within the nail matrix enables the stress state at the soft-hard tissue
interface to reach some critical intensity level, σcr. The latter negates the resultant of all frictions met at the edges and
lateral supports of the hard nail plate. It is thus considered either experimentally or theoretically measurable and, therefore,
known. When reached within the nail matrix, it enables the latter to push the nail plate forward, and add fresh keratinous
tissue into it.
This paper models the nail matrix germinal activity by combining the constitutive equations of hyper-elastic mass-growth
developed in [1] with the concepts of small strain growth and incompressible mass-growth. The efficiency of the model is
tested in an example application, which leads to an exact analytical solution of the obtained governing differential equations.
Full details of the outlined modelling and analysis are available in [2], where details are also provided of the manner in which
slight or moderately incompressible mass growth can be treated.
MATHEMATICAL MODEL AND BASIC EQUATIONS
In a Cartesian co-ordinate system Oxi consider a solid continuum whose mass grows elastically according to

  vi ,i  rg ,

(1)

where the mass density, ρ, and the mass-growth rate, rg, are in general functions of xi and the time t, vi  u i and ui are the
components of the velocity and displacement vector, respectively, and a dot denotes differentiation with respect to time.
Stress equilibrium prevails at all times and is described by the quasi-static version of the equations of motion,
(2)
 ij ,i  0 ,
where σ is the Cauchy stress tensor. In can be shown [2] that, for incompressible mass-growth of infinitesimally small
magnitude, the relevant hyper-elasticity constitutive equation obtained in [1] is adequately approximated by the Hooke’s law
met is conventional linear elasticity. In that case, (2) is reduced into its classical Navier form
(3)
   u k ,ki  u i, jj  0 ,
where λ and μ are the Lame elastic moduli. Use is also made of the indicial summation convention, form which a suffix “g” is
the only exception.
Because ρ is time independent when mass-growth is incompressible (ρ = ρ0), (1) simplifies and converts (3) into the set of
uncoupled Poisson’s equations

u i , jj  

1   /  
0

t

rg

t0

x i



dt .

(4)

In a specific mass-growth boundary value problem where the form of the mass-growth rate, rg, is known, each one of
equations (4) may thus be solved independently for the corresponding displacement component, ui.
a)
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APPLICATION: THE HUMAN NAIL ELONGATION PROCESS
Certain simplifying considerations, which are justified in [2], enable a human nail specimen to be geometrically represented
in the manner shown in Figure 1, where  is the matrix length in the longitudinal x1-direction, and t0 is an appropriate time
of reference. These include also the choice of the mass-growth rate
(5)
ˆ t 0 / t , g   0 / t 0 , m
ˆ  ,
rg  g 1  x1 / m
where the positive parameters g and m̂ are considered known or due to be determined experimentally or theoretically. The
implied considerations and symmetries allow mass-growth of the nail matrix to be treated as a linearly elastic, plane strain
process which converts (4) into

u1, jj 

1   /  gt 0
 0 mˆ

(6)

ln(t / t 0 ), u 2, jj  u 3, jj  0,

and leads to the exact analytical solution
1   /  gt0 x x    ln(t / t ), u  gt0  2 2    x x   3  2 mˆ   h x  1  2 mˆ   x  ln(t / t ), u  0.
u1 

1 1
0
2
1 2
 1
2
0
3


 
2 0mˆ
2 0mˆ  
  
   


(7)
The corresponding stress field predicts [2] that, on the tissue transition plane x1 =  , σ11 is constant, positive and increasing
in time. Because it is thus tensile within the matrix part of the nail, it indeed pushes the nail plate forward, and at



0
(8)
t cr  t 0 exp 
 11cr   t 0 ,
    / mˆ gt 0

cr
reaches the critical stress value  11
which, as already mentioned, is considered independent of the matrix growth process,

measurable and, therefore, known. By releasing the energy stored within it, the grown nail matrix then bounces at t = tcr into a
new, unstressed and unstrained state, thus enabling the length of the whole nail apparatus, L, to increase and become

Lˆ  L 

 11cr
  2   h2 / 2.
4    

(9)

The outlined nail mass-growth and elongation process is then set to be repeated in a periodic manner, after t0 and L are
replaced by tcr and L̂ , respectively.
CONCLUDING REMARKS
There is considerable lack of detailed clinical evidence regarding the status and activity of several of the mass-growth
functions, parameters and concepts considered in the described human nail model. Wherever this lack required
implementation of assumptions in an essentially speculative manner, those were selected in a manner that serves
mathematical simplicity. However, as is detailed in [2], the current version of this human nail model can be refined and,
hence, lead to considerably improved predictions as soon as new experimental or clinical evidence becomes available.
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Figure 1: Simple geometrical representation and nomenclature of a specimen of the human nail apparatus. The shaded and unshaded parts represent the nail
matrix (left) and the nail plate (right), respectively; see [2] for full details.
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Summary In this work we present mathematical models for the intraocular pressure (IOP) simulations after intravitreal injections. We
developed models of IOP changes for the ellipsoidal form of the eye, considering its coat to be transversally isotropic. We simulated the
relationship between the IOP and the inner volume of the eye with the help of the refined theory of thin shells and using Comsol Multiphysics
FEM package. Global sensitivity analysis was performed to quantify the relative importance of material and geometrical parameters of the
eyeball on the IOP elevation. The results showed that the axial length and elastic modulus affect the IOP changes significantly and the effects
of Poisson’s ratios are almost neglectable. However, when we introduced the relative volume, it became the most influential parameter: the
magnitude of its effect was 50% of the total response.

INTRODUCTION
Intravitreal injections are performed for a variety of ocular diseases by adding the amount of fluid (drug) into the eye. Due
to a short-time increase of the inner volume of the eye, the intraocular pressure (IOP) elevates after such an injection and can
cause undesired effects [1]. From mechanical point of view this is the problem of estimation of the internal pressure changes
in a closed shell filled with an incompressible fluid when an additional volume of incompressible fluid is introduced into the
shell cavity. The change in pressure causes the deformation of the eyeball shell and the new inner volume can be calculated
from a biomechanical simulations ∆p = Φ(∆V, V0 , E, ν), where ∆V is a volume of a medicament; V0 , V are the inner
volumes of the eyeball before and after the injection, respectively; ∆p – the change in IOP; and E, ν are parameters related
to the properties of the eyeball tissues.
Natural variations in the model input parameters, e.g., stiffness of the eye tissues, the diameter and the length of the
anterior-posterior axis (APA), can affect the model output. Global sensitivity analysis (GSA) has been performed to determine
the effect of variation of each input model parameter on the assigned output variable [2].
MATHEMATICAL MODELS OF THE IOP CHANGE
The sclera composes more than 90% of the external coat of the eye and it is the principal load-bearing tissue of the
eye. People with normal vision have nearly spherical shape of the eyeball, while for people with refractive errors (short- or
longsighted) the eyeball shape is close to ellipsoidal one.
The first model adopted in this paragraph was introduced and discussed in [3]. We modeled the corneoscleral shell of
the eye as an axisymmetric ellipsoidal shell of revolution subjected to inner pressure and treated the sclera as an transversally
isotropic material with principal axes in meridional and circumferential directions. The aspherical geometry of the corneoscleral shell can be expressed, for example, by the following equation r2 + z 2 /κ2 − κ2 R02 = 0, where the z-axis is the axis of
revolution of ellipsoid as well as the optical axis of the eye, r is the radial distance from the APA axis, and R0 = Ra2 /Rb is the
apical radius of curvature. A value of shape parameter κ = Rb /Ra < 1 corresponds to a prolate ellipsoidal shape modelling
the hyperopic eye, κ > 1 — to an oblate ellipsoidal shape (the myopic eye), κ = 1 — to a spherical surface (the eye with
normal vision). Here we denote the length of the optical axis as 2Rb , and 2Ra is the eyeball diameter at the equator.
We calculated the displacements of the shell subjected to the inner pressure p with the help of a linear high-order theory
of anisotropic shells presented in [4]. To find all quantities of interest, i.e. strains, stresses and deformations, the expansions
into series in the thickness directions were used.
Assuming that after deformation the shell keeps the ellipsoidal shape, the change of the inner volume can be written
 2

4
R0 (1 − ν12 ) R0 ν13
h
4
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and a relationship between ∆p and ∆V can be derived. Here, Ei , i = 1, 2, 3 — moduli of elasticity, νij — Poisson’s ratios.
We also generated the finite element model (FEM) of the eye using Comsol Multiphysics software (v. 5.0). To simulate
the enclosed inner volume containing the fluid, we added an additional equation for the pressure needed to maintain a volume
change. The differential pressure was computed and applied as a load to the interior of the simulated eyeball.
We conducted a GSA to assess the effect of each model parameters using Sobol’ approach [2]. The global sensitivity
indices Sy were calculated using ANOVA-decomposition of the function f (x) describing the mathematical model. If Sy is
close to zero we can consider that f (x) does not depend on the variables from the y subset. The function f (x) mainly depend
on y variables if Sy is almost equal to 1. Since f (x) is not always analytically integrable, a quasi-Monte-Carlo algorithm is
chosen for numerical evaluation of the Sobol’ indices.
RESULTS AND DISCUSSION
The model response was investigated to the material (E1 , E3 , ν12 , ν13 ), geometrical (R1a , R1b , h) parameter variations
and to the absolute ∆V and relative ∆V /V0 injection volume fluctuations. Parameters regions and distributions were taken
from the literature and the data of the clinical trials.
Results for the ellipsoidal model (Eqs. 1) are presented in Fig. 1. One can see that the impact of the axial length (Rb )
and Young’s modulus E1 were comparable: Sobol’ indices differ only by about 10% from each other. At the same time
dependence of the IOP changes on the equatorial radius Ra is smaller that dependence on the axial length.

Figure 1: Sensitivity indices for the ellipsoidal model with fixed value of ∆V = 0.1 ml
This study is subject to several limitations. Representation of the eye as an ellipsoidal shell of uniform thickness with
linear material properties for the tissues is a significant simplification from physiological reality. However, these simplest
models can help to find unessential parameters and fix them in future studies.
CONCLUSION
We have developed models of IOP changes for the ellipsoidal form of the eye, considering its coat to be transversally
isotropic. The results showed that the axial length Ra and elastic modulus E1 affect the IOP changes significantly and the
effects of Poisson’s ratios ν12 and ν13 are almost neglectable. However, when we introduced the relative volume, it became
the most influential parameter: the magnitude of its effect was 50% of the total response.
The two region shell and nonlinear material properties can be incorporated into future models.
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A CELL MIGRATION MODEL INTEGRATING THE MECHANICAL STRESS GENERATION
AND SENSING WITH BIOCHEMICAL SIGNALS
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Summary In the present work, a mathematical model for cell migration has been developed to study how the mechanical stresses experienced
by a cell are integrated with biochemical activities for cell migration.

INTRODUCTION
Cell migration plays an essential role in many biological processes such as tissue morphogenesis, tumor metastasis,
angiogenesis, and wound healing. In recent experiments, mechanical stresses generated by cytoskeleton contraction have
been shown to not only move the cell body forward but also play an active role in regulating other components of cell
migration such as protrusion, cell-matrix and cell-cell adhesions, and cytoskeletal organization [1-3]. Our understanding of
the biochemical aspects of cell migration has advanced greatly over the past decades. However, we know little about how
mechanical and biochemical signals are integrated spatially and temporarily across the cell. In the present work, a
mathematical model for cell migration has been developed to study how the mechanical stresses experienced by a cell are
integrated with biochemical activities for cell migration.
METHODS
We have formulated mathematical equations to describe various cell activities including cell contraction, cell protrusion
and retraction, cell-matrix and cell-cell interactions. Continuum mechanics theory and finite element method are used for
calculating cellular stress and traction stress (see Figure 1). Numerical algorithm similar to cellular automaton is used to
simulate cell protrusion and retraction. Reaction-diffusion equations are used to describe spatiotemporal evolution of
protrusion and retraction signals, and rate equations are used to describe the dynamic remodeling of mechanical properties
of cytoskeleton and cell-matrix and cell-cell adhesions. Mechanobiochemical integration will be implemented by coupling
the parameters in these equations (see Figure 2).

Figure 1:

a)

Finite element model of 2D cell migration in a multicellular environment.
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A flow diagram showing the assumptions of mechanobiochemical coupling and integration in cell migration.
RESULTS AND DISCUSSION

The finite element simulation results show that the mechanical stresses alone are sufficient to initiate the spatial pattern
formation for actomyosin stress fiber organizations, focal adhesion distributions, and lamellipodia extension from an
isotropic and homogeneous initial condition. The simulation results suggest that mechanobiochemical couplings at the
whole-cell level enable cells to sense their shape. It has been demonstrated that this model can simulate durotaxis in which
cell migration direction is guided by the rigidity of the substrate. Furthermore, by adding a cell-cell adhesion component to
the single-cell migration model, cell-pair morphogenesis when the shape of the microtissue is constrained was simulated
and compared with previous experiments involving cardiac microtissues.
This whole-cell level model for cell migration can help understand how the interior activities of a cell are merged with
active sensing of mechanical cues of the external microenvironment. It can be used to study the effect of mechanical
microenvironments in many biological problems such as tissue formation, cancer metastasis, would healing.
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Abstract Motivated by the geometric heterogeneity inherent in spherical viruses, an imperfection sensitivity analysis is conducted based on a
refined elastic shell model recently developed for spherical virus shells of high structural heterogeneity. The influence of key parameters of the
refined model on imperfection sensitivity is examined. Our results show that the ratio of effective bending thickness to average shell thickness
has a major effect, while the ratio of transverse shear modulus to in-plane shear modulus has a negligible influence on the imperfection
sensitivity. In particular, with relevant parameters for typical imperfect spherical virus shells, the predicted buckling pressure could be roughly
reduced to 55-65% of that of a prefect spherical virus shell.

INTRODUCTION
A nano-sized spherical virus is essentially spherical shell (known as “capsid”) that encloses viral genetic material (RNA
or DNA) [1]. It is of great significance to study buckling instability of spherical virus shells under external radial pressure
and the influence of such pressured buckling on their biological functioning (e.g. protect, deliver and release genetic
materials [1]). A common key feature of virus spherical shells is their high geometric heterogeneity. For example, Wan [1]
shows that the existence of geometrical defects in spherical crystalline shells affect the shells’ ability to sustain external
hydrostatic pressure. Therefore, no doubt, the study on the effect of geometrical imperfection on pressured buckling
behavior of virus spherical shells is vital in understanding some of their biological functions. The present work aims to
examine imperfection sensitivity of geometrically heterogeneous spherical virus shells using the refined elastic shell model
developed in [3]. The methods developed in previous seminal works on buckling of elastic shells, e.g. by Koiter [4] for
spherical shells, are employed to study the imperfection sensitivity of geometrically heterogeneous spherical virus shells
defined by the refined model [3] (the detailed formulation and analysis are omitted in the present abstract).
THE REFINED SHELL MODEL
In view of the fact that virus spherical shells are characterized by high geometrical heterogeneity and thickness nonuniformity, a refined elastic spherical shell model was developed in [3] which was recently used to study the rupture of
ultrasound contrasts agents (UCAs) by Chitnis et al. [5]. The effect of geometrical heterogeneity and thickness nonuniformity on the critical pressure Pcr for buckling of a prefect spherical virus shell is given by
3
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where E is Young’s modulus, v is Poisson’s ratio of the viral shell, ks is the shear coefficient, R is the average radius, G* is
the transverse shear modulus, G is the in-plane shear modulus, h0 is the effective bending thickness and h is the average
thickness. It is known that for microtubules transverse shear modulus can be lower than in-plane shear modulus, and
transverse shear becomes significant for shorter-wavelength deformation. For spherical viral shells, because wavelengths
are always shorter as compared to the diameter, it is expected that the transverse shear could be relevant for viral shells. In
particular, in view of similar thickness non-uniformity and structural heterogeneity of microtubules and viral shells, it is
assumed here that transverse shear modulus of viral shells G* could be lower than the in-plane shear modulus G and h0 can
be different from h. Therefore, the physically realistic range of G*/G for spherical virus shells could be smaller than one.
In this work, the effect of these three key parameters on the imperfection sensitivity is examined within the framework
Koiter’s general theory of post-buckling of pressured elastic spherical shells. Some numerical results are obtained with the
aid of Mathematica software, as shown below.
NUMERICAL RESULTS AND CONCLUSIONS
First of all, a comparison of the present results with the well-known Koiter’s results is demonstrated in fig.1-a) for
classical elastic spherical shells (with G*/G=, h0/h=1). Furthermore, how the three key parameters (R/h, G*/G and h0/h)
influence the imperfection sensitivity of an imperfect spherical virus shell is shown in fig.1-a), b) and c). And fig 1-d) shows
the imperfection sensitivity with relevant parameters for some typical imperfect spherical virus which are listed in table 1
and obtained from [6]. Here the knockdown factor  is defined by the ratio of the maximum pressure of an imperfect virus
a)
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shell to the maximum pressure of a perfect virus shell (the latter is actually given by Eq. (1)), and  is dimensionless
imperfection amplitude normalized by the average thickness h. It is concluded from figure 1 that:
1) From fig 1 a), our results are validated by the well-known Koiter’s results of imperfection sensitivity for the
classical spherical shells (with G*/G=, h0/h=1, for which the present refined model reduces to the classical model).
In this classical case, it is seen from fig.1-a) that the knockdown factor  decreases with the increasing ratio of
radius to average shell thickness.
2) From fig 1 b), it is concluded that the effect of transvers shear modulus of a spherical virus shell on the
imperfection sensitivity is negligible when the ratio G*/G varies within a physically realistic range for spherical
virus shells.
3) From fig 1 c), it is concluded that the knockdown factor  decreases quickly with decreasing ratio of the effective
bending thickness to the average shell thickness, which predicts that the effective bending thickness has a greater
effect on the imperfection sensitivity and the thickness non-uniformity of spherical virus shells could be mainly
responsible for the imperfection sensitivity.
4) From fig 1 d), it is concluded that with the relevant parameters for some typical imperfect spherical virus shells, the
maximum pressure of an imperfect spherical virus shell could reduce to 55-65% of the maximum pressure of a
perfect spherical virus shell with the ratio R/h ranging from 3 to 5, h0/h ranging from 1.15 to 1.45 and the
dimensionless imperfection amplitude  ranging from 0.08 to 0.21. As stated above, the ratio G*/G has negligible
effect on the imperfection sensitivity when it varies within a physically realistic range.

R/h
=10
R/h
=30

R/h
=70

a) G*/G=
No.
1
2

Virus
cowpea chlorotic
mottle virus
tobacco necrosis
virus

R/h
=240

b) R/h=15 h0/h=1

h0/h=1

Table 1 (unit: nm)

R

h

h0

R/h

h0/h

G*/G

=h0-h/2h

11.8

2.9

4.2

4

1.45

0.5

0.21

12.9

2.5

3.1

5

1.25

0.5

0.11

3

flockhouse virus

13.7

4.3

5.2

3

1.21

0.5

0.12

4

norwalk virus

15.8

6.2

7.1

3

1.15

0.5

0.08
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SLIPPERY BUT TOUGH - THE RAPID FRACTURE OF LUBRICATED FRICTIONAL
INTERFACES
Jay Fineberg, Elsa Bayart & Ilya Svetlizky

The Racah Institute of Physics, The Hebrew University of Jerusalem,Jerusalem, 91904, Israel
Summary We study the onset of friction for contacting blocks whose rough, spatially extended interface is coated with a thin lubrication layer.

High speed measurements of the real contact area and stress fields adjacent to the interface reveal that propagating shear cracks mediate lubricated
frictional motion. While lubricants reduce interface strengths, surprisingly, they significantly increase the fracture energy (amount of dissipated
energy) during rupture. Moreover, lubricant viscosity affects the onset of friction but has no effect on the fracture energy. These results suggest a
new view of lubricated friction.

Frictional processes entail the rupture of the ensemble of discrete contacts defining a frictional
interface. There are a variety of views on how best to describe the onset of frictional motion. These range
from modeling friction with a single degree of freedom, a ‘friction coefficient’, to theoretical treatments
using dynamic fracture to account for spatial and temporal dynamics along the interface. We investigate
the onset of dry and lubricated frictional motion by performing simultaneous high-speed measurements
of the real contact area and the strain fields adjacent to the rough interface separating two spatially
extended blocks. We show that the transition from static to dynamic sliding is mediated by earthquakelike rupture fronts that propagate along the interface, while dissipating energy by fracturing the discrete
contacts along the interface. In the region surrounding the propagating rupture we first demonstrate that
the transition from ‘static’ to ‘dynamic’ friction is quantitatively described by classical singular solutions
described by Linear Elastic Fracture Mechanics for the motion of a rapid shear crack. We find that these
singular solutions, originally derived to describe brittle fracture, are in excellent agreement with
experiments [1,2]. The singular solution for the strain tensor variations, ij(r),in Eq. 1 provides us
with a quantitative measurement of the fracture energy,  (the amount of energy dissipated per unit
rupture extension) at the interface:

ij  K / ij(,cf)
r

(1)

where K is the stress intensity factor for shear (Mode II) fracture and ij a known universal function [3]
of the rupture velocity, cf. In the experiments the fracture energy,   K2/E, where E is the material’s
Young’s modulus and is nearly constant with rupture velocity.
FN
FS

Figure 1. The experimental system. The real contact area A(x,t) is measured by light transmission along a rough
200x100x6mm mm frictional interface while all 3 components of the strain tensor are measured at 14 locations adjacent to
the interface (orange squares). A(x,t) is measured at 580000 frames/sec (@ spatial resolution of 1280 x 8 pixels) while, in
parallel, each of the strain components are measured at 10 6 samples/sec.

1754

We now turn to a study of how boundary lubrication acts to weaken a frictional interface. By performing
stick-slip experiments where the contacting surfaces are covered by a thin lubricating layer, we show that
fracture mechanics also describes the measured strain fields when rupture of a lubricated interface takes
place. Surprisingly, although reducing the frictional strength of the interface (friction coefficient),
lubricants actually significantly increase the fracture energy (amount of dissipated energy) during
rupture. Thus surface lubrication, while strongly reducing the residual stresses in the wake of rupture
propagation, actually toughens the contacting surfaces.
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Figure 2. Singular interfacial shear cracks govern friction initiation. (a) The spatio-temporal evolution of the real contact area
A(x,t) of a typical lubricated interface with a hydrocarbon lubricant during a typical transition from stick to slip (note that the
transition takes place over ~200s, the time required for a rupture front to traverse the entire 150mm long frictional interface.
Only when a front traverses the entire interface will macroscopic frictional motion take place. Each line is a snapshot in time
of A(x,t) normalized by A0=A(x,0) for t=0 immediately prior to the event. Here, a rupture accelerates to a propagation velocity
cf=0.92cR, where cR is the Rayleigh wave speed in PMMA. The rupture tip, xtip(t) is the location where A(x,t) drops sharply.
(b) Variation of the strain field i j x-xtip) with the distance from xtip(t) for ruptures propagating along dry (blue line) and
lubricated (oiled, green line, rupture presented in (a)) interfaces. In both, the applied normal stress was 7MPa for , cf=0.3cR
and strains were measured at x=77mm. Black solid lines are fits to the singular LEFM solution. The only fitting parameter is
the fracture energy; = 2.6±0.3J/m2 for the dry and =23±3 J/m2 for the lubricated interfaces. (c) Comparison of i j x-xtip)
for dry and lubricated experiments, when normalized by . Superimposed are the dry experiment in (b) and 5 lubricated
experiments where cf~0.3cR with mean normal stresses, <yy,> of 4.4, 5.7, 7, 8.3 and 10 MPa yielding fracture energies of
 =2.6 and 12.3, 18.2, 23, 25 and 29.5 J/m2.

The coupling between friction and fracture demonstrated in this work is important to our fundamental
understanding of both frictional motion and related processes, such as earthquake dynamics. We show
that fracture mechanics provide a new way to view the otherwise hidden complex dynamics of the
lubrication layer
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Summary Solutions are described for tangentially loaded contact problems in which the coefficient of friction transitions from a static to a
dynamic value over some small but finite slip displacement. Numerical and analytical result for a Hertzian geometry show that the maximum
tangential force occurs before all the contact slips, and that the maximum macroscopic friction coefficient is lower than the pointwise value.
If the transition occurs over a small slip distance, the assumed behaviour is mathematically analogous to a mode II fracture criterion.

FRICTION LAWS
It has been observed in many contexts that the force required to initiate relative tangential motion at a frictional interface
exceeds that required to perpetuate motion [1]. This is often characterized by defining a static coefficient of friction fs and
a dynamic, or kinetic, coefficient fd such that fs > fd . However, this distinction is lost if the friction law is applied in a
pointwise sense to a typical elastic contact problem. For example, suppose two elastic bodies that can be modelled by half
spaces are pressed together by a normal force P after which a tangential force Qx is gradually applied in the x-direction. If
the materials of the two bodies are the same, the normal tractions p(x, y) and the extent of the contact area A are independent
of Qx , so the tangential contact problem is defined by the boundary conditions
ux (x, y) = 0 ; qx (x, y) < fs p(x, y) ; (x, y) ∈ S
qx (x, y) = fd p(x, y) ;
(x, y) ∈ (A − S) ,
ZZ
qx (x, y)dxdy

= Qx

A

where qx , ux are the tangential traction and the slip displacement respectively, and S is the ‘stick’ area. Intuitively, we would
expect that increasing fs should increase S for a given Qx , but any such assumption can be shown to lead to a singular traction
at the boundary of S. Thus, the only solution of the problem is identical to that which would be obtained were fs equal to
fd . Furthermore, it is easily shown that the maximum value of Qx occurs at incipient sliding, and hence that the resulting
macroscopic friction force is predicted by a simple Coulomb law with only the dynamic coefficient of friction fd .
SLIP WEAKENING
A more realistic friction law would recognize that the transition from fs to fd should occur over a finite slip displacement,
rather than instantaneously. In other words,
qx = {fd + F (ux )}p
where F (0) = fs − fd and F (u) → 0 as u → ∞. Such a law can be regarded as a special case of the rate-state law [2]
and is also related to the shear failure law proposed by Abercrombie & Rice [3]. Rabinowicz [1] describes some elegant
experiments designed to determine the function F (u), but the results are based the macroscopic tangential force Qx and
rigid-body tangential displacement and hence we might anticipate significant differences from the conditions that apply to the
pointwise tractions, where microslip occurs.
In a recent paper [4], laws of this form have been applied to the two-dimensional Hertzian contact geometry in which
a cylindrical body of radius R is first pressed into a half plane, establishing a contact area of width 2a and then sheared.
Numerical results were obtained by the finite element method, using the ramp function F (ux ) = (fs − fd )(1 − ux /∆) for
0 < ux < ∆ and F (ux ) = 0 for ux > ∆, where ∆ defines a slip-displacement length scale over which the transition occurs
from static to dynamic friction. The traction distributions showed generally good agreement with an approximate analytical
solution based on the superposition of two Cattaneo-Mindlin traction distributions [5].
In these solutions, we can distinguish three regions in the contact area, a central stick region |x| < c in which there is no
slip displacement and qx < fs p, a transition region c < |x| < b in which the slip displacement ux < ∆ and hence qx > fd p,
and if the applied force Qx is sufficiently large, a region b < |x| < a in which ux > ∆ and the dynamic friction coefficient
is fully established. When Qx = 0 the entire contact area is in a state of stick, so c = a, but as Qx is increased, c decreases
monotonically. Figure 1 shows a plot of Qx as a function of c for various values of the dimensionless parameter


R∆
fs
− 1 χ where χ =
.
Ψ=
fd
fd a2
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Figure 1: Dimensionless tangential force Qx /fd P as a function of the semi-width of the stick zone c.
Notice that in general a maximum value is achieved before the stick zone has shrunk to zero. Under force control, the
system would then jump from this maximum to a state of sliding with Qx = fd P . More significantly, experiments conducted
on such a system would predict a ratio fs /fd equal to the maximum in the figure. This is always smaller than the pointwise
ratio and often very significantly smaller, as shown in Figure 2.

Figure 2: The apparent static friction coefficient.
When χ  1, the transition zone c < |x| < b is a small proportion of the contact area and the solution in the limit tends to
a state where the shear tractions exhibit a singularity at the stick-slip boundary analogous to that in mode II fracture problems.
In this case, the equivalent of the fracture energy release rate is
Z ∞
W =
F (ux )pdu
0

Mathematically, the tangential contact problem then has the same form as the classical JKR solution for adhesive forces under
normal contact, with W playing the rôle of the surface energy γ. Notice however that W is proportional to the contact pressure
local to the transition from stick to slip.
CONCLUSIONS
A slip weakening friction law is shown to be equivalent in a certain limit to a fracture-based shear criterion. Also, the
static coefficient of friction can be significantly underestimated from experiments based on macroscopic geometries.
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UNLOCKING DYNAMIC FRICTION: THE FRICTIONAL FREQUENCY RESPONSE
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Summary Constitutive laws for dynamic friction are discussed, by following two interconnected routes. The first route is experimental, based
on systematic measurements of the frictional frequency response function up to mid-high frequencies, which is the required input to perform
stability analysis of mechanical systems under steady sliding. It is worth mentioning that previous efforts to explain such measurements from a
theoretical model have failed. The second route describes an enhanced rate-and-state model that takes the contact stiffness into account. The
described results show that the model can predict the measured dynamic frictional response remarkably well for a range of sliding speeds,
normal forces and frequencies, and a systematic methodology to identify the model parameters is described.
PROBLEM STATEMENT AND NEW MEASUREMENTS OF DYNAMIC FRICTION
The prediction of self-excited vibration requires an accurate description of the frictional interface, where the level of
such accuracy is driven by the required target. For example, the quickest method to predict friction-induced vibration relies
on a linearised stability threshold analysis, for which the friction force needs to be described by a linearised constitutive law
of dynamic friction. The most common friction laws used are usually deduced from tribological tests that involve measuring
the friction force under different velocities and normal loads. Naively, such identified velocity-dependent laws are then used
to predict the dynamic friction behaviour at mid-high frequencies where friction-induced vibration commonly occurs. This
approach often leads to erroneous results and has been challenged in previous works [1-3]. In fact, it has been shown in
[1,3] that the actual frictional response measured by inducing a small velocity fluctuation at a given frequency highlights a
deep difference in the physics, compared to the one predicted by using only velocity-dependent dynamic friction laws. The
new measurement takes the form of a frequency response function, β() (Fig. 1b), constructed by measuring the
perturbation in the frictional force F' divided by the perturbation of the sliding speed v' as a function of frequency. The
measurements so far are found to be complex and to vary with frequency as shown in Fig. 1c and Fig. 2.
The test machine is a pin-on-disc device (Fig. 1a). A piezo actuator is used to superimpose a small fluctuation in sliding
speed. The disc is made of glass and three different sample pins are used: nylon, polycarbonate and tufnol. The pin is held
by a dynamometer unit that hosts a package of sensors close to the contact region, allowing force and velocity to be
measured in the frictional and normal directions. The actuator is driven with band-limited random noise.
a)

b)

c)

Fig. 1 - a) Pin-on-disc device ; b) dynamometer unit scheme and measured quantities; c) typical (ω ) measurement obtained for a Nylon pin on a glass disc; the
normal force was kept constant at 30 N and the sliding speed was varied between 1, 2, 4, 6, 8 and 10 mm/s.

CONSTITUTIVE FRICTION LAW: ENHANCED RATE -AND-STATE MODEL
In [3, 4] it has been found that a dynamic model of the rate-and-state type, enhanced to take into account the contact
stiffness, can fit the β() measurements remarkably well. A model of this kind can be generally defined by a pair of
equations (1), which after linearization leads to the expression (2) for the frictional frequency response function β():
(1)
(2)
in which v is the interfacial slip rate, f'ss is the slope of the steady-state frictional force,  is the internal state variable, and f,v
and g, are the partial derivatives of the frictional force and state evolution law with respect to the slip rate and state
variable, respectively. The contact stiffness kt is modelled by using a power law of the normal force. In order to get the
a)
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partial derivatives, a mathematical expression for the frictional force and the state evolution law is needed. In [3], a
systematic optimization methodology is presented to identify the model parameter values and discriminate among possible
variants of enhanced rate-and-state models of the Dieterich-Ruina type. This provides "the best" model for the measured
data.
IDENTIFICATION OF FRICTION MODEL PARAMETERS FROM THE () MEASUREMENTS
Compared to the previous work [3], a further set of material combination have been systematically tested in order to
investigate the application range of the proposed model. In Fig. 2, some samples of these new β() measurements are
shown. Specifically, sets of Nyquist plots for three material combinations are plotted: a) Nylon-Glass; b) PolycarbonateGlass; c) Tufnol-Glass (see caption in Fig. 2 for more details). The proposed model in [3] succeeds well in reproducing the
effect of variation of the normal load. Further measurements have been performed by changing also the sliding speed. The
fitting methodology proposed in [3] has been used then to systematically identify all the model parameters. In this context,
special attention has been devoted to the identification of the contact stiffness, which needs to be treated somewhat
differently from the other fitting parameters. Concurrently, the larger data set has allowed more detailed investigation of
some peaks, corresponding to system antiresonances, that often appear in the measurement results.
a)

b)

c)

Fig. 2 - Measurement of (ω) and fitting performance of the rate-and-state model: a) Nylon-Glass; b) Polycarbonate-Glass; c) Tufnol-Glass. The Nyquist curves
increase by increasing the normal force that are assumed to be approximately: 10-20-30-40-50 (N).

CONCLUSIONS
It is shown that the frictional frequency response reveals new dynamic features of the frictional interface for a perturbed
steady-sliding contact. A measurement of this type turns out to be the required input for predicting friction-induced
vibration by using linearised stability analysis. Concurrently, a rate-and-state model that takes into account the contact
stiffness has been shown to give excellent agreement with the measurements. The application range of this type of friction
model has been successfully tested by comparing the prediction performance with a range of material combinations. The
results suggest that the validity range of the enhanced rate-and-state model can be extended up to mid-high frequencies.
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NANOTRIBOLOGY STUDY WITH T-SHAPE PROBE BY ATOMIC FORCE MICROSCOPY
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1

Summary With the continuous development of materials science, microscopic material design and microstructure build-up are essential to realize

desired properties which has attracted more and more attention. Other than the bulk properties of the material, the properties on the microscopic
surface of the material, particularly the friction and adhesion properties, have played a crucial role in the design of materials, especially for the
development of biomimetic materials. In this study, taking cartilage as a model sample, we employed a facile atomic force microscopy based
nanotribology method with T-shape probe to investigate the friction coefficient of materials at nanoscale. Compared to other methods, the
complicated force calibration processes are eliminated with this new method, thus the process is more practical and the results are more accurate.

INTRODUCTION
Although macroscale coefficients of friction can be assessed using the surface force apparatus, the results can barely
reflect the design of microstructure and the development of the material at microscale. Nanotribology is the study of friction
phenomena at nanometer scale, which plays a significant role in many scientific and technological areas. It originates from
the short-range molecular forces. Although different techniques have been developed for friction measurement at microscale,
the simplicity of the process and accuracy of the results are still a main issue. Atomic force microscopy (AFM) is employed
as a highly accurate technique to perform nanotribology study. In literature, a few other AFM based measurement techniques
were also introduced. However, they often require the complex process of force calibration or need the assistance of other
ancillary equipment of finish the measurement, which further complicates the process.
Base on technology development, measurement of the frictional response of articular cartilage at the microscale even
nanoscale became possible. Our group has developed a new method with T-shape probe, which eliminates the requirements
of force calibration . Not only the process is simple, the results are more accurate which could provide as credible data for
both scientists and engineers to design the implantable materials. With the development of biomaterials, more and more
biomimetic materials are being introduced as implants. Artificial joints, one of the most popular implantable materials, attracts
great attention from scientists and engineers, and artificial joint cartilage plays the main role for load and friction transmission.
The high reliability and durability of the artificial cartilage is crucial. Among the various properties to consider, one of the
important properties is the friction, which has been studied for decades.
For cartilage materials, understanding of the friction coefficient will directly determine the success of the implant. The
functional lifetime of articular cartilage is dependent on minimizing friction and wear. Therefore, degradation of either part
of articular cartilage leads to increased friction, wear and reduction of mobility that may lead to joint pain. Thus, the
measurement of friction at nanoscale is of significant importance.
MATERIALS AND METHOD
Materials and Apparatus
Porcine articular cartilage, purchased from grocery store and kept in the fridge at 4oC, was used within 2 days from
purchased. Dulbeccco’s Phosphate-buffered saline (PBS) was used as rinsing solution. Highly oriented pyrolytic graphite
(HOPG) was used as calibration sample. Polydimethylsiloxane (PDMS) was used as substrate to fix the sample. Atomic Force
Microscope (Veeco, Dimension 3100) and T-shaped cantilever (HMX-10, Veeco Inc.) were used to conduct the measurement.
Friction Coefficient Theory
In literature, there are two AFM methods being proposed for friction coefficient measurements, both of which require
high accurate ancillary equipment or accessories to conduct the measurement. In order to simply the measurement process, a
T-shaped AFM cantilever was employed into this measurement. In contact mode, the change in normal voltage signal ΔVn
on the AFM photodetector is proportional to the normal loading force Fn. Applying T-shape cantilever method, normal voltage
signal and the lateral voltage signal is only needed for friction coefficient measurement.
(1)
(2)
(3)
(4)
Where ΔVLn is lateral voltage signal, ΔVLf is lateral voltage change, ΔVn is normal voltage change, C0 and C’0 are coefficients,
Fn is normal force, Sn is deflection sensitivity, Ff is friction force, F’n is equivalent normal force of Ff, kc is stiffness of the
cantilever, H is the height of the tip, D is the distance from the tip to the longitudinal axis of the cantilever, μ is friction
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coefficient. From equation (4), friction coefficient is determined by the coefficient C0’, D/H, lateral voltage change ΔVLf and
ΔVn is normal voltage change. The plausible part is the C0’ can be obtained from equation (1), without complex calibration
process. D/H can be obtained from scanning electron microscopy (SEM) images, which can precisely determine the geometry
parameters. D and H were often provided by the manufacturer as well.
Calibrations
From equation (4), the calibration of coefficient C0’ is essential in friction coefficient measurement. In order to achieve
calibration coefficient, the normal voltage ΔVn increases as the increasing of normal load without commencing scan and the
relation. However, it should be noted that, during the calibration, the tip tends to move sideways if the normal load is too big.
In order to avoid this problem, we should make sure the collected calibration data are in good linearity.
EXPERIMENTAL AND RESULTS
Calibration of coefficient C0’
Fig. 1 shows the relation between the resultant lateral voltage signal ΔVLn and the normal voltage ΔVn when an increasing
normal load. The calibration of the coefficient C0’, 0.0968, is obtained by the linear relationship between normal voltage
change and lateral voltage change when an increasing normal load applied to the tip without scanning.

Figure 1. Left: schematic of loading; Right: calibration of the coefficient C0’ according to the linear relationship between ΔVLn
and ΔVn (data on the left of the right line was used only) when an increasing normal load applied to the tip without scanning.
Friction Coefficient Measurement

Figure 2. Left to right: (a) SEM images for determining D and H, scale bar 5µm; (b) friction mapping; (c) typical friction
profile for each measurement line; (d) the relation between lateral voltage change (mV) and normal voltage change (V).
Simply applying SEM to scan the images of a T-shaped cantilever. From Fig. 2, the cantilever we used in this research
was with tip height (H) of 5.54 µm and tip offset (D) of 18.5 µm, D/H = 3.34. Fig 2c is a typical friction measurement profile,
which was used to calculate the lateral voltage change at certain normal voltage applied. Images of articular cartilage friction
(Fig. 2b) mapping were obtained at a scanning rate of 0.5 Hz in PBS buffer solution and scan size was 1 μm and 5 μm. The
friction coefficients of cartilage in PBS solution was measured to be 0.284, which fell in the range of 0.02 ~0.16 .
CONCLUSIONS
A facile AFM based nanotribology method was applied to investigate the friction coefficient of cartilage material under its
biological condition. The measured friction coefficient is well consistent with results from literature. More importantly, without
complex calibration processes, the technique is practical for repeatable and accurate measurement.
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SURFACE LOADING OF LAYER-SUBSTRATE SYSTEM UNDER PLANE-STRAIN
CONDITION WITH SURFACE EFFECTS
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Summary Layered-substrate system subjected to arbitrary normal and tangential surface loading with surface effects based on GurtinMurdoch model is solved semi-analytically through the combination of Airy stress function and Fourier integral transforms under plane
strain condition. The obtained solution is applied to study the influence of layer thickness, modulus mismatch between layer and substrate,
surface parameters on stresses in layer-substrate system. Lastly a map is presented which indicates whether a layer-substrate system analysis
is required or a homogeneous analysis based on layer properties is enough for a given shear modulus mismatch ratio and layer thickness.

INTRODUCTION
Recent years have seen tremendous improvement in material processing and fabrication methods leading to development of layered coatings made up of various combination of materials and having thickness in the range of micrometer to
nanometer[1]. Nano-indentation is one of the important process of practical interest, which is used to obtain the elastic properties of thin layer materials. The very first step involved in modeling an indentation problem is to obtain the Green’s function
relating surface displacement to contact pressure in the contact region by solving the boundary value problem where stresses
and displacement are calculated when a known specified load is acting on a given part of surface. In the present study, the
problem of elastic layer bonded to an elastic substrate subjected to specified normal and tangential load at the surface under
plane-strain condition with surface effects represented using Gurtin-Murdoch (GM) model is solved through the combination
of Airy stress function approach and method of Fourier integral transforms.
MODELING AND SOLUTION
Figure 1 shows the schematic of layer-substrate system with the layer having thickness t and adhering perfectly to the
substrate. The part |y| ≤ y0 of the surface x = 0 is subjected to quasi-static normal load p(y) and tangential load q(y) which
are assumed to be symmetric about x-axis. The deformation in the layer-substrate system is assumed to be infinitesimal and
obeying plane strain condition. The layer and substrate are modeled as a linear elastic isotropic material with Lame’s constants
µn and λn with subscript n taking values of 1 and 0 for layer and substrate respectively. This subscript representation will be
used here onwards to differentiate whether any material property or field variable like displacement or stress corresponds to
layer or substrate. The component of displacement along x and y direction in the bulk are denoted by uxn and uyn respectively
while the normal and shear component of stresses are represented as σan and τabn respectively where a and b can denote x, y
or z co-ordinates and a 6= b. The surface equilibrium conditions relating the surface and bulk stresses with the applied loading
is as follows [2],
σx1 + τ s ux1,yy + p(y) = 0, τxy1 + κs uy1,yy + q(y) = 0, |y| ≤ y0 ,
(1)
where, τ s and κs = 2µs + λs are residual surface energy parameter and surface elasticity parameter respectively. The perfect
bonding between the layer and substrate interface (x = t) provides the continuity of displacements and tractions,
ux1 (t, y) = ux0 (t, y) ; uy1 (t, y) = uy0 (t, y) ; σx1 (t, y) = σx0 (t, y) ; τxy1 (t, y) = τxy0 (t, y) .

(2)

The stresses and displacements are represented in terms of Airy stress function and the method of Fourier integral transform is
applied to the boundary and interface conditions in Equations (1-2) along with the condition that the stresses and displacements
in the substrate should vanish far away from the loaded region (x → ∞), leading to the six simultaneous equations needed to
be solved for the six unknowns A0 , B0 , A1 , B1 , C1 and D1 as given below,
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where, p̄(ξ) and q̄(ξ) are the Fourier transform of the applied traction p(y) and q(y) respectively in the loading region and
α=

µ1
µ1
2µ1 + λ1
µ0
2µ0 + λ0
τs
κs
; a=
; b=
; c=
; d=
; e=
; f=
,
µ0
µ1 + λ1
µ1 + λ1
µ0 + λ0
µ0 + λ0
µ1
µ1

(4)

α is the shear modulus ratio and along with the ratio λn /µn represent the mismatch in elastic properties of layer and substrate
in the present formulation. e and f denote the ratio of surface to bulk elastic constants and provide an inbuilt length scale in the
present problem. The unknowns A1 , B1 , C1 , D1 , A0 and B0 are found by solving Equation (3) in Maple c and the solution
for stresses and displacements in layer and substrate can be obtained using the Airy stress function based on these constants.
RESULTS AND CONCLUSIONS
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Figure 1: Schematic of layer-substrate
system subjected to prescribed normal
load p(y) and tangential load q(y) acting in the region |y| ≤ y0 under planestrain condition, where y0 is referred to
be semi-loading length.

Figure 2: Effect of layer thickness ’t’ on
the bulk normal stress component σx at
the origin (x = 0, y = 0) with y0 /(e +
f ) = 10 and normalized surface parameters e/(e + f ) = f /(e + f ) = 0.5.

Figure 3: Map of shear modulus ratio α
and normalized thickness t/(e + f ) with
normalized semi-loading length y0 /(e+
f ) = 10.

The obtained solution is used to analyze the combined effect of mismatch in elastic properties of layer with respect to
substrate, layer thickness andpthe surface parameters on the stress and displacement fields in layer and substrate by considering
the normal load p(y) = (p0 y02 − y 2 )/y0 and tangential load q(y) = 0. Without loss of generality, in all of the numerical
results presented in this study, the ratio between the Lame’s constants λn /µn of layer and substrate is taken same and equal
to 1.5 and in fact the mismatch in the ratio λn /µn doesn’t affect the results significantly. The loading length y0 is chosen
equal to 10(e + f ) just to study the results effectively. From the study it’s observed that in the presence of surface effects,
higher the value of shear modulus ratio α, greater is the deviation of stresses from the classical result where surface effects
are not considered. It can be seen from Figure 2 through normal stress component σx (0,0), that for smaller layer thickness,
the deviation in stresses closer to the surface in the presence of surface effects increases compared to the classical solution (no
surface effects), as the layer becomes more and more stiffer compared to the substrate. Further the study is used to propose
a map as shown in Figure 3 which identifies combination of shear modulus ratio of layer and substrate and layer thickness
where the homogeneous analysis based on the layer elastic properties is not sufficient and layer and substrate both should be
modeled as done in the present work. The Green’s function relating surface displacement to contact pressure is one of the
important outcome of present study, which can be used to solve the contact problem.
References
[1] Subramanian C., Strafford K.N.: Review of multicomponent and multilayer coatings for tribological applications. Wear 165:85-95, 1993.
[2] Zhou S., Gao X.L.: Solutions of half-space and half-plane contact problems based on surface elasticity. Zeitschrift fr angewandte Mathematik und
Physik 64:145-166, 2013.

1763

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

ANALYTICAL SOLUTIONS OF CONTACT PROBLEMS FOR BODIES WITH
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Summary We suggest a solution method for some plane and axisymmetric contact problems of linear elasticity, thermoelasticity
and electroelasticity involving half-infinite bodies with functionally graded isotropic or transversally isotropic coatings. The
method is based on analytical approximation of kernel transforms of integral equations of corresponding problems. By using this
method, approximate analytical solutions can be obtained, effective for a wide range of values of physical and geometric
parameters of such problems.
INTRODUCTION
Tribological characteristics of friction units depends on a stress-strain state at a contact interface and in thin subsurface
layers. Localization of external friction in subsurface layers stipulates wide usage of functional coatings. Coating deposition
can be performed by various methods and for different purposes. Substantial amount of modern functional coatings have
inhomogeneous structure. Investigation of stress-strain state of coated bodies is carried out within framework of elastic
contact problems. Most of analytical solution methods for contact problems are based on 1950-60 th results and are effective
only in limited ranges of geometrical and physical parameters [1-4].
Well-known solutions to contact problems are obtained mainly for particular cases of inhomogeneity, allowing to
construct exact analytic solutions for systems of differential equations [5,6]. Very few authors considered arbitrary
variations of elastic properties by depth of the coating. For example, Wang and Ke et al. used partially linear functions
approximation for arbitrary variation of elastic properties by coating depth, but they solved obtained integral equations
numerically by collocation method [7].
We constructed and further developed bilateral asymptotic method for solution of dual integral equations, to which wide
class of mixed boundary value problems of continuum mechanics can be reduced. Important advantage of the method is its
applicability for modeling coatings of any thickness; solutions are proven to be asymptotically exact both for thin and thick
coatings. Method can be applied to problems for functionally graded or layered, soft or rigid coatings. Here softness means
significant difference in elastic moduli of coating and substrate at their interface; cases of up to 1000 times difference were
considered.
BILATERAL ASYMPTOTIC METHOD AND ANALYTICAL SOLUTIONS OF SOME CONTACT PROBLEMS
It is known that some plane and axisymmetric static contact problems of elasticity for inhomogeneous coatings by using
integral transforms method are reduced to dual integral equations of a kind
f
°° ³ T ( J ) L(OJ ) R1 (lJ )dJ 4( 0) f ( l ), l d 1
0
(1)
®f
° ³ T ( J ) R0 ( rJ )dJ 0, l ! 1
°¯ 0
where L(OJ ) is a kernel transform of the integral equation; T (J ) is an image of integral transform for unknown function
of contact stresses; R0 ( xJ) cos( xJ ) , R1 ( xJ ) cos( xJ ) J for the plane punch indentation problem, R0 ( xJ) JJ 0 ( rJ ) ,
R1 ( rJ ) J 0 ( rJ ) for the axisymmetric punch indentation problem; f (l ) defines elastic displacements of the surface under
the punch; O H a is the dimensionless geometric parameter of the problem, where H is thickness of the
inhomogeneous coating, a is half-width or radius of the contact area; 4(0) is real constant dependent on values of
elastic moduli on the coating surface.
In general case, kernel transforms of such integral equation can be constructed only numerically. Study of properties of
kernel transforms for continuously inhomogeneous half-space and half-plane shown [8] that if elastic moduli don’t turn to
zero in any point inside the media and kernel transforms have following properties
D E
3
3
for J o f
for J o 0 and L( J ) 1   2  2 J
(2)
L( J ) A  B J  Cu 2  2 J
J J
then the kernel transforms can be approximated with high accuracy by analytic expressions of the following form:
a)
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L( J ) | LN ( J )

N

2
2
 J  Ai

i 1

J 2  Bi2 , Ai , Bi  C

(3)

Substituting (3) into the initial dual integral equation (1) one can construct analytic expression for the corresponding
right-hand side.
Below we provide solutions for some axisymmetric and plane punch indentation problems:
1. Plane problem on a flat punch indentation into an inhomogeneous elastic strip on a homogeneous elastic halfplane:
§
1
1
1
1
§ I 1 ( A O1 )
··
1
N
P¨
1
1 tI 0 ( Ai O ) cosh( Ai O ( t  x ))  I 1 ( Ai O ) sinh( Ai O (t  x )) ¸ ¸
i
¨

W( x )

A
dt

O
¦
³
i
i
¸ ¸¸
a ¨¨ S 1  x 2 i 1 ¨ 1  x 2
x
1 t2
©
¹¹
©
2. Plane problem on a parabolic punch indentation into an inhomogeneous elastic strip on a homogeneous elastic
half-plane:
W( x )

1 tI ( A O1 ) cosh( A O1 (t  x ))  I ( A O1 ) sinh( A O1 ( t  x ))
N
§ P N
·
i
i
i
1
 ¦ 2 i I 1 ( Ai O1 ) ¸ 1  x 2  ¦ C i Ai O1 ³ 0 i
dt
¨2
2
i 1
© aS i 1
¹
x
1 t

3. Axisymmetric problem on a parabolic (spherical) punch indentation into an inhomogeneous elastic layer lying on
an elastic half-space:
1
1
º
N
2a4(0) ª 1
2
1 sinh Ai O t
W( r )
dt »
«2 L N (0) 1  r  ¦ Ci Ai O ³
SR ¬«
i 1
r
t2  r2
¼»
In the obtained solutions, constants Ci are determined from the conditions of satisfying solutions to initial dual integral
equation (1), P is the indentation force, R is the radius of punch curvature.
Method was also applied to solution of thermoelasticity problems (e.g. hot punch indentation [9]) and electroelasticity
problems (for piezoelectric bodies and coatings [10]).
Solutions in analytic form allow to conduct qualitative analysis of different applied problems of tribology, including
lubrication theory [11,12]. Numeric examples are given.
The authors acknowledge nancial support of the Russian Science Foundation (grant 15-19-10056).
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CHARACTERISATION OF EDGE CONDITIONS IN GENERAL INCOMPLETE CONTACTS
David A. Hills1a), Rodolfo M. N. Fleury1
Department of Engineering Science, University of Oxford, Oxford, UK

1

Summary We use edge asymptotes to describe the stresses very close to the edge of incomplete contacts under cyclic loading, but with constant
normal force. The solution allows us to match identically the conditions very close to the contact edge, where cracks initiate, of significantly
different problems and correlate, for example, fatigue lives of laboratory experiments with complex prototypical geometries.

INTRODUCTION
The three most commonly occurring contacts are; incomplete, complete and receding. Examples of each are widespread and
may be subject to general oscillatory loading in the form of varying normal load, tangential load and differential remote bulk
tension. The characterisation of the edge behaviour of each type of contact are necessary to correlate the lives of laboratory
specimens with those arising in prototypical geometries. This is easiest for complete contacts because, unless the normal load
is reduced to the point where gross separation occurs the contact patch size remains fixed, and this simplifies things greatly.
With both receding and incomplete contacts the problem is much more complicated because the contact edge position moves
if the normal load changes. An attempt to track out partial slip problems for a Hertzian contact under generally varying normal
and tangential loads has been successful [1]. The problem of a rigid flat indenter with rounded edges using edge asymptotes
has been solved with the asymptotic approach in [2]. We have also solved the problem for the elastics incomplete contacts
(e.g. Hertzian, flat and rounded) using edge asymptotes [3], however the flat and rounded solution there is only true if the one
body is rigid and the elastic body is incompressible. A numerical calibration has been done recently for the elastic flat and
rounded punch pressed onto an elastically similar half-plane problem, using a three-quarter plane model as an asymptote to
the problem [4,5]. Although different aspects of partial slip problems for incomplete contacts have already been tackled, the
tractions for the cyclic load under constant normal load has not yet been fully derived in terms of the edge asymptotes. We
present here a discussion on the use of edge asymptotes for incomplete contacts under periodic loading, but with constant
normal load, as well as the limitations of the assumptions used in the approach. The variation of the shear traction asymptote
as a function of the phase angle between the periodic loadings is also presented, which may be helpful in the design of new
fretting tests where the state of stress on each edge of the contact is controlled.
ASYMPTOTIC FORM OF INCOMPLETE CONTACTS
Consider the contact shown in Figure 1a. If the coefficient of friction is sufficiently high for all slip to be prevented, the
shear traction, q(x), due to an applied shear load, Q, and a bulk tension, σ0 = σ2-σ1, are given by
0x .
Q
and
(1)
q( x) 
q ( x) 
 a2  x2

a2  x2

If 𝑞(𝑠) = 𝐾 𝑇 /√𝑠, where KT is the singular edge asymptote scaling factor and s is the coordinate from the edge of the contact
inwards (Figure 1b), then in the presence of both shear traction and bulk tension KT is given by
KT 

 a
Q
 0
 2a 4 2

(2)

Near the edge of the contact, the contact pressure is given by p(𝑠) = 𝐾𝑁 √𝑠 (Figure 1b) and KN is geometry dependent and
for simple geometries it may be written in closed form. For a Hertzian contact, for example, KN is given by
K N  p0

(a)

2

a

4

P  E* 


 R 

3

.

(3)

(b)

Figure 1: a) Fretting problem of two elastic bodies subjected to normal and tangential forces and remote bulk tension;
b) Square root bounded and square root singular edge asymptotes for the normal and tangential tractions.
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In a cyclic loading problem, unless the applied loading is fully reversing, some frictional shakedown will always occur with
the first cycle, so that the steady state extend of the slip zone size, d, is independent of the mean value of Q, σ0 and KT. The
range ΔKT is what will determine the size of the slip zone [3], which is given in the ‘steady’ state of the cyclic loading by
KT
(4)
fd 
KN

If the cyclic loading is periodic, i.e. 𝑄(t) = 𝑄𝑚 + 𝑄𝑎 sin 𝜔𝑡 and 𝜎(𝑡) = 𝜎𝑚 + 𝜎𝑎 sin(𝜔𝑡 − 𝜙), the range ΔKT may be
written as a function of the shear force amplitude, Qa, the bulk tension amplitude, σa, and the phase angle, ϕ, in a normalised
form at the left hand side (L.H.S.) of the contact as
2

KT a
2 1   a2 a  cos   a a .

 
 
Qa
 2 8  Qa 
 Qa

(5)

Equation (5) gives the strength of the variation of the normalised singular asymptote multiplier as a function of the loading
amplitude and the phase angle. The results are displayed in Figure 2. The variation of ΔKT at right hand side of the contact is
shifted by an angle π from the behaviour of the left hand side of contact. We also note that when ϕ=±π the edge of contact
experience no variation in KT and both edges experience the same ΔKT when ϕ=±π/2.

Figure 2: Contour lines of constant ∆KT at the L.H.S. edge of contact as a function of the dimensionless load
parameter σa a/Qa and the phase angle φ.

CONCLUSIONS
Nucleation of cracks is controlled by the state of stress and slip displacement in the neighbourhoods of the contact edge. We
propose that one element of this is the magnitude of ΔKT, and the relative distributions of shear and bulk tension do not matter.
The formulation obtained of ΔKT for different problems may be used to design new fretting fatigue tests where the conditions
at both edges of the contact are controlled. This allows for the design of tests where, for example, the probability of failure on
both edges of contact are identical, i.e. same ΔKT, or having similar crack initiation times between tests but with varying crack
propagation time. The work developed so far is only valid if the normal load is constant throughout the test. Hence, KN and
the contact size also remain constant. The remaining challenge is to apply asymptotic methods when the normal load is varying
as well. The underlying reason for the difficulty is that the asymptotes are attached to the contact edge and tracking out the
moving origin means that the contact law must also be incorporated in some form. If this can be done, it potentially means
that laboratory calibrations for fretting fatigue strength for any kind of incomplete contact, and subject to any load history
may then be correlated with complex prototypes. We will then have a comprehensive procedure for establishing true material
properties which are fretting fatigue strengths, and which is the objective of the research taken as a whole.
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DETERMINATION OF FRICTIONAL SLIP ZONE FROM A PERFECT BOND SOLUTION
George G. Adamsa)
Mechanical Engineering, Northeastern University, Boston, MA, USA
Summary A variety of solutions exist for stress fields on perfectly bonded interfaces. Such solutions are often singular near the edge of contact.
However these stress fields are not relevant for a frictional interface if the ratio of shear to the magnitude of the normal stress exceeds the
coefficient of friction. The determination of the corresponding friction solution with stick and slip zones can be quite complicated, although
some solutions have been obtained for special cases. In this paper a method is developed which allows the length of the frictional slip zone as
well as the magnitudes of the stresses in the slip zones to be determined from the solution for a perfect bond without the need to re-solve the
complete friction problem.

INTRODUCTION
Many solutions exist for the stresses along perfectly bonded interfaces. However the determination of the stress field
and corresponding slip zone(s) for friction boundary conditions can be quite complicated. One relatively simple classical
example is the Catteneo-Mindlin problem (e.g. [1]) in which a slightly curved elastic half-space is pressed against a flat
elastic half-space while also applying a tangential force (Fig. 1). This problem was considered without including the effect
of normal/shear stresses on relative tangential/normal displacements. At the edges of the contact, the perfect bond solution
is singular in the shear stress but bounded in the normal stresses. Thus frictional slip is inevitable and in this case; an exact
solution was obtained using a “corrective” solution.
Other configurations, however, do not readily allow a corrective frictional slip solution to be obtained. Consider for
example a rigid indenter pressed against and bonded to an elastic half space. The perfect bond solution is given in [2] with
oscillating singularities at both ends. The corresponding problem with friction was solved by Spence [3], but the solution is
quite complicated.

Figure 1. Catteneo-Mindlin Problem
where G is the shear modulus and  is
Poisson’s ratio.

Figure 2. Rigid punch bonded
to an elastic half-plane.

Figure 3. Region near the x = a
corner in Figures 1 and 2.

PROBLEM FORMULATION
As a representative case consider the rigid punch problem of width 2a perfectly bonded to and pressed against a rigid
base (Fig. 2). The existing solution in the literature [2] is denoted here as the bonded solution (  ij ). We seek a correction
B

solution (  ij ) such that the sum (  ij

f

  ij   ijB ) satisfies the appropriate equations of plane strain linear elasticity as well

as the conditions of Amontons-Coulomb friction, i.e.

 xy   xyB   sgn( x) ( yy   yyB ) and sgn( x)ux  0, for b  x  a

(1)

where sgn( x) is equal to +1 if x > 0 and equal to -1 if x < 0, the stick zone is denoted by -b < x < b, and  represents the
coefficient of friction.
The Mellin transform of a suitably regular function f(r) on 0 < r <  is given by
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c  i

1
fˆ ( s)   f (r )r s 1 dr and its inverse by f (r ) 
fˆ ( s)r  s ds

2 i c i
0

(2)

and has been shown in [4] to be useful in analyzes near singular corners. Its advantage over the simpler asymptotic method
([5]) is that it also allows the stresses and displacements to be determined away from the immediate region of the wedge tip.
It is well-known that the stresses and displacements can be found from Airy stress function which is a solution of the
biharmonic equation. Application of the Mellin transform proceeds as in [6],[7] and enables a solution to be obtained in
terms of a finite series of terms representing the slip displacements along the frictional interface, i.e.
M

N

m 1

n 1

u r (r ,0)   f m r0( m 1/ 2) r m 1 (r0  r ) 3 / 2   g n r0( n  1/ 2) r n  (r0  r ) 3 / 2
where  represents the order of the stress singularity of the bonded problem i.e.

 ij  Qk r  as r  0.

(3)

Further details of

the analysis parallel that used in [6] and [7] for different problems.

Figure 4. Slip zone length vs. ratio of tangential force to
available friction force for Catteneo-Mindlin problem
and for present theory.

Figure 5. Slip zone length vs. coefficient of friction for a
rigid punch. Solution from Spence is shown with crosses.

RESULTS AND DISCUSSION
In Figure 4 is shown the variation of the slip length with the ratio of the tangential force to the available friction force
for the exact Catteneo-Mindlin problem along with the present theory. The agreement is very good up to a slip length of
about 20% of the contact half-width. Figure 5 shows the variation of the slip zone length with the friction coefficient from
Spence and also for the present theory, both with  = 0.3. In this case the agreement is excellent even for slip zones greater
than half of the punch half-width.
CONCLUSIONS
A method based upon Mellin transforms has been developed to allow the determination of the slip zone length and the
stresses in the slip zone from a known solution for a perfectly bonded interface. This method has been applied to the CatteneoMindlin problem and to the indentation of an elastic half-plane by a rigid punch with perfect bonding. It both cases it was shown
to give solutions accurately. It is also being applied to other problems such as that of a semi-infinite elastic strip pressed against a
rigid base.
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UNIFYING DIFFERENT MEASUREMENTS OF DYNAMIC FRICTION
Andrew McKay1a), Alessandro Cabboi1 & Jim Woodhouse 1
Department of Engineering, University of Cambridge, Cambridge, UK

1

Summary A regularised version of the Dieterich-Ruina rate and state friction law gives promising results towards a general constitutive law of
dynamic friction. A pin-on-disc rig for producing a frictional frequency response is used in this work to reproduce a number of different
frictional measurements. The regularised rate and state law provides a good fit to these results and the model parameters show sensitivity in
accordance with their physical interpretations.

DEVELOPMENT OF RATE AND STATE FRICTION LAWS
A general constitutive model of friction is a longstanding problem that has been tackled in many fields such as
tribology, position control, vibration and rock mechanics. A hierarchy of difficulty of frictional problems is proposed in [1]
that suggests different levels of model complexity may be required for each problem. A Stribeck law is a commonly used
model where the steady friction force is measured for a range of speeds to create a friction-velocity curve. However, many
tests reveal that friction depends on more than sliding velocity. Rate and state friction models were proposed in [2], with a
dependence on the rate of sliding but also a dependence on an unobservable state variable 𝜙 that is used to describe the
state of the interface. The general form of these laws is
(1)

𝜇 = 𝐹 𝑣, 𝜙 ;	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   𝜙 = −𝐺 𝑣, 𝜙

where 𝜇 is the coefficient of friction, 𝑣 is the relative sliding velocity and 𝜙 is the state variable. The law used in the
following work is a regularised version of the Dieterich-Ruina law as described in [3]. The regularisation includes removal
of the logarithmic dependence on velocity by making the approximation 2 sinh(𝜇 𝑎) ≈ exp (𝜇/𝑎), a residual interfacial
strength at high velocity and bounded interfacial healing. Incorporating an interfacial stiffness 𝑘 the friction force is finally
obtained from the coupled ODEs
𝜏 = 𝑘 𝑣 − 2𝑉∗ sinh 𝜏 𝑎𝜎 exp −𝜇∗ 𝑎

𝑐+𝜙

?@ A

;

𝜙 = 1−𝜙

(2)

𝑡∗∗ − |𝑣|𝜙 𝐿

where 𝜏 and 𝜎 are the friction and normal force, 𝜇∗ , 𝑉∗,	
  	
  	
  	
   𝐿,	
  	
  	
  𝑎 and 𝑏 are parameters present in the Dieterich-Ruina law
and 𝑐 and 𝑡∗∗ are parameters introduced to control the residual strength at high velocities and the timescale of interfacial
healing respectively.
Recent success has been had with this law to describe the result of a type of frictional
frequency response function where the dynamometer head of a pin-on-disc rig (fig.1) is
perturbed by band limited random noise to superpose a velocity fluctuation 𝑣′(𝜔). The
resulting fluctuation in friction force 𝑓′(𝜔) can then be used to calculate a transfer
function 𝛽 𝜔 = 𝑓′(𝜔) / 	
  𝑣′(𝜔) . The frictional frequency response function 𝛽(𝜔) is
found to be a complex function of frequency and (2) provides an excellent fit to the results.
Further details of the results as well as an investigation of different state evolution laws can
be found in [4].
The aim of the research described in this paper is to build upon the success of the fit to
the 𝛽(𝜔) measurements and use the same law to fit other results produced by the same
pin-on-disc rig. The rig is capable of performing a number of friction tests all under the
same
contact conditions. This will allow fitting of the model across all the tests and will
Fig. 1: Sensor head of pin-on-disc rig
reveal the sensitivity of different model parameters to different tests.
IDENTIFICATION AND SENSITIVITY OF THE MODEL PARAMETERS
Fig. 2 shows some of the tests that can be performed on the pin-on-disc rig. The dynamometer head of the rig (fig. 1) is
instrumented with strain gauges, piezo sensors and MEMs accelerometers in the normal and frictional directions. The
experimental data shown in fig. 2a,b,c is from the piezo sensor and 2d is from the MEMs accelerometer. The results show
that the regularised law can provide a good fit to different types of experiment and different model parameters were found
to be sensitive to different tests.
Fig. 2a shows the classic Stribeck curve, which can be described in the rate and state framework as the result of 𝜙
decaying to its velocity dependent steady state i.e. 𝜇KK = 𝐹 𝑣, 𝜙KK (𝑣) . A local minimum is revealed; in the regularised law
a)
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(2) the position and presence of this local minimum are heavily influenced by the parameter 𝑐 and the fit is found to be
highly sensitive to it. Equation 2 with a non-zero value of 𝑐 predicts an N shaped steady-state curve and at very low
velocities it can be seen that the experimental results start to turn. The experiment also showed a turning point at high
velocities; this is not captured by the regularised law and may suggest a requirement for an extra state variable such as
interfacial temperature. The Dieterich-Ruina law is included to highlight that for the same parameters as 𝑣 → 0, 𝜇 → +∞.
Fig. 2b shows speed jumps where a rapid jump in disc velocity produces a rapid jump in friction followed by a slow
relaxation to the higher steady state level. This new level corresponds to the velocity strengthening seen for these velocities
in figure 1a. The fit to the results is very sensitive to the parameter 𝐿: the length scale associated with the renewal of the
population of contacting asperities.
Fig. 2c shows the result of sinusoidal reciprocating motion of the disc. When the friction force is plotted against disc
displacement an asymmetric loop is observed. Approaching zero velocity the friction force is lower than after passing
through zero. As commonly observed – the static coefficient of friction increases with the period of rest. In the regularised
law the rate of this interfacial healing is controlled by the parameter 𝑡∗∗ and in the reciprocating test when passing through
zero the interface strengthens and this strength persists over the length 𝐿. This is reflected in a sensitivity to these
parameters during fitting.
Finally, one result from [4] is shown in figure 2. The Nyquist plot of the 𝛽(𝜔) measurement shows that it is a complex
function of frequency and that (2) again provides a good fit.

Fig. 2- a) Steady sliding ; b) Speed jump; c) Reciprocating sliding: amplitude of 10 mm at 0.8 Hz; d) β(ω) measurement for 10, 20, 30, 40 and 50 N

CONCLUSIONS
The regularised Dieterich-Ruina law is shown to provide an excellent fit to a range of experiments performed on a pin-ondisc rig. The removal of the singularity at 𝑣 = 0 is validated by both the steady sliding and the reciprocating tests. The different
tests reveal different parameter sensitivities that agree with the expected microphysics of the contacting asperities such as the
interfacial healing at very low velocities and the memory length. The different parameter sensitivities to different tests may help
explain the lack of convergence from different fields on a single friction law. By performing more types of tests and with a
range of materials we hope to provide further validation of this model.
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AN INITIALLY CYLINDRICAL ELASTIC MEMBRANE
WRAPPED AROUND A RIGID CYLINDER
Alexey M. Kolesnikov ∗
Institute of Mathematics, Mechanics and Computer Science, Southern Federal University,
Rostov-na-Donu, Russian Federation
Summary We consider finite axisymmetric deformations of an initially cylindrical membrane made of an incompressible, homogeneous,
isotropic elastic material. We use a strain energy function of Bartenev–Khazanovich (Varga). A part of the membrane is placed over an end
of a fixed rigid cylinder. The other end of the membrane is free or is subjected to a tensile force. We use Coulomb’s friction law of dry
friction in a contact area. We study a length of the membrane wrapped around the rigid cylinder, which is needed for the equilibrium of the
membrane.

FORMULATION
Shells and membranes often interact with solid bodies. For hyperelastic membranes, such studies are few. In his pioneer
work Kydoniefs [2] studied the finite axisymmetric static deformations of a cylindrical membrane that contains a rigid body.
Using similar approach the dynamics of a rigid body was simulated in the work [3]. The contact problem of the balance
and movement of a rigid body into an elastic tube has applications in biomechanics [5, 6, 7]. Other contact problem of the
interaction a rigid body and an elastic cylindrical membrane is investigated in [4, 8]. In these works a rigid tube contains an
inflated cylindrical membrane. In the works [2, 4, 5] the contact problem of a membrane with a rigid frictionless body has
been considered. In [8] an adhesive and frictionless contact has been considered. The adhesive contact was modelled as a
perfectly sticking contact without slip. In [6, 7] dry and viscous frictions has been considered.
In this work we study the equilibrium of a thin-walled elastic tube wrapped around a rigid cylinder (Fig. 1). The tube is
modeled by a semi-infinity cylindrical membrane of initial radius r0 with uniform thickness h (Fig. 1a). Let R0 > r0 be a
radius of the rigid cylinder (Fig. 1b). The end of the membrane is placed over the rigid cylinder (Fig. 1c, d). We assume that
Coulomb’s law holds for the frictional stresses between the membrane and the cylinder. We denote by f the coefficient of static
friction. Also note that the equilibrium of the membrane wrapped around the rigid cylinder is impossible for a frictionless
contact. It is clear that there is a minimum length L at which the membrane does not slide off the rigid cylinder. The main
goal of this study is the calculation of this minimal length L. We consider two problems. In the first problem the membrane is
free at infinity (Fig. 1c). In the second problem the membrane is subjected to a tensile force at infinity (Fig. 1d).

z

Z
Q

Z

r0

R0

L

L
R

R

r

a)

b)

c)

d)

Figure 1: a) The initially cylindrical membrane with radius r0 , b) the rigid cylinder with radius R0 , c) the membrane wrapped
around the rigid cylinder, d) the membrane wrapped around the rigid cylinder and subjected to a tensile force.
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Figure 2: The minimal length L of the membrane wrapped around the rigid cylinder, which is needed for the equilibrium of
the membrane, vs a) the radius R0 of the rigid cylinder for different friction coefficients f b) the friction coefficient f for
different radii R0 of the rigid cylinder.

RESULTS
Here, we present a solution of the first problem. Using the equilibrium equations of elastic membranes [1] it can be shown
that the deformed membrane has the shape presented in Fig. 1c. The first part of the membrane is stretched over a side surface
of the cylinder. The second part of membrane is a circular annulus. The third part is undeformed.
For the membrane made of Bartenev–Khazanovich material we have a solution in explicit form. We obtain the minimal
length L as the function of r0 , R0 and f in the following form
!
2r0 ρ0
3ρ0 (ρ0 − 1)
R0
L=
ln
.
√  , ρ0 =
2
f
r0
2 ρ0 − ρ0
The dependence of f on L is inversely proportional. The effect of the friction coefficient f on the minimal length L is
observed for r0 = 1 and for the different radii R0 of the rigid cylinder in Fig. 2b. It is clear that if f → 0 then L → ∞.
The dependence of R0 on L is more complex. But it is close to linear law. The effect of the radius R0 of the rigid cylinder
on the minimal length L is observed for r0 = 1 and for the different friction coefficients f in Fig. 2a. Increasing the radius
R0 leads to growth of the length L.
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A TWO-DIMENSIONAL DOUBLE-HERTZ MODEL FOR ADHESIVE CONTACT BETWEEN
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Summary This report provides a cohesive zone model for two-dimensional (2D) adhesive cylindrical contact by extending the classical double-

Hertz model of elastic spheres [1]. This is achieved by describing the adhesive force in terms of the difference between two Hertzian pressures
corresponding to different contact widths. Closed-form analytical solutions are obtained for the interfacial traction, deformation field and the
equilibrium relation among applied load, contact half-width and the size of cohesive zone. Based on these results, a complete transition between
the JKR and the Hertz type contact models is captured by defining a dimensionless transition parameter, which governs the range of
applicability of different models. JKR and Hertz type solutions are included as two limiting cases of the present model. The present model can
serve as an alternative cohesive zone solution to the 2D Maugis-Dugdale solution [2], [3].

TWO-DIMENSIONAL DOUBLE-HERTZ MODEL
Fig. 1 shows a rigid cylinder of radius 𝑅 in frictionless adhesive contact on an elastic half-plane with a Young’s
modulus 𝐸 and a Poisson radio 𝜈. A normal load 𝑃 is prescribed with unit N/m, which is negative when tensile. Contact
occurs over a rectangular region of width 2a. The distribution of surface traction consists of two terms: the Hertz pressure
𝑝𝐻 acting on a contact region of width 2𝑎 and the adhesive tension 𝑝𝐴 acting on an interaction zone of width 2𝑐. The
noncontact regions bounded by half-widths 𝑎 and 𝑐 (i.e., 𝑎 ≤ |𝑥| ≤ 𝑐, 𝑧 = 0) are known as the cohesive zones.
According to Greenwood and Johnson (1998), the essential idea behind the proposed two-dimensional double-Hertz
model is to represent the adhesive tensile traction by resorting to the difference of two Hertzian pressure distributions,
which scaled by an arbitrary factor λ(> 0) is then employed to model the adhesive tensile traction over a ≤ |x| ≤ c,
resulting in the final distribution of surface traction when combined with an original unscaled Hertzian pressure.
By introducing the following nondimensional parameters:
1⁄3
𝑎
𝑐
𝑃
𝑅2 Δ𝛾
∗
∗
∗
𝑎 = , 𝑐 = ,
𝑃 =
with 𝜂 = 2 (
) ,
(𝜋𝑅𝐸 ∗ Δ𝛾 2 )1⁄3
𝜂
𝜂
𝜋𝐸 ∗
the equilibrium equations in a dimensionless form are derived as
√𝑐 ∗ 2 − 𝑎∗ 2
√𝑐 ∗ 2 − 𝑎∗ 2
4𝜆(1 + 𝜆) ∗ ∗ 2
∗ ∗2
[𝑐 (𝑐 + 𝑎∗ 2 )𝐸 (
)
−
2𝑐
𝑎
𝐾
(
)] = 1 ,
𝑃∗ = 𝑎∗ 2 − 𝜆(𝑐 ∗ 2 − 𝑎∗ 2 ),
3𝜋
𝑐∗
𝑐∗
where K(∙) and E(∙) are the complete elliptic integral of the first and second kinds, respectively. To determine λ, a
transition parameter similar to the Tabor parameter is introduced as
1⁄3
𝑅𝛥𝛾 2
4𝜆 ∗ 2
1/2
𝜇 = 4 ( 2 ∗2 3)
=
(𝑐 − 𝑎∗ 2 ) .
𝜋
𝜋 𝐸 𝑧0

Fig. 1 Adhesive contact of a rigid cylinder on an elastic half-plane Fig. 2 Interfacial traction predicted by different models
Comparison of the interfacial traction distributions for the case of P ∗ = 1 predicted by different contact models is
illustrated in Fig. 2. It can be observed that the interfacial tractions within the contact region are almost the same in the
double Hertz (D-H) and the Maugis-Dugdale (M-D) models in spite of different adhesive traction forms within the cohesive
zone.
a) Corresponding author. Email: jinfan2046@163.com.
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Fig. 3 displays the equilibrium P − a curves in the present D-H model under various values of μ. The corresponding
Hertz, JKR and M-D solutions are also included for comparison. It can be seen that the D-H curves nearly coincide with the
M-D solution and they approach the Hertz solution as μ is reduced to zero. For sufficiently large μ, the JKR curve is
readily approached.
The pull-off force as a function of the transition parameter μ is shown in Fig. 4, together with the corresponding M-D
curve. It can be seen that the magnitude of the pull-off forces predicted by these two cohesive zone models increase
smoothly from zero for small μ to the JKR value for large μ. As a consequence, the Hertz and JKR models for cylindrical
contacts are unified in the present double-Hertz model.

Fig. 3 Equilibrium 𝑃 − 𝑎 curves for various values of 𝜇.

Fig. 4 Pull-off forces predicted by the D-H and M-D models

CONCLUSIONS
A cohesive zone model for two-dimensional adhesive contact between elastic cylinders is developed by extending the
classical double-Hertz model. Closed-form analytical solutions are obtained for the interfacial traction, deformation field
and the equilibrium relation among applied load, contact half-width and the size of cohesive zone. Based on these results, a
complete transition between the JKR and the Hertz type contact models is captured by defining a dimensionless transition
parameter.
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CONTACT BETWEEN ROUGH SURFACES:
MECHANICAL AND TRANSPORT PHENOMENA AT SMALL SCALES
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Summary Normal contact between solids with rough self-affine surfaces is studied. Elastic and elastic-plastic solids are considered in
the framework of classical and generalized continua. The following questions were investigated: evolution of the contact area and its
morphology, fluid flow through the contact interface and the near-percolation behavior, energy transfer across the contact interface is also
considered. Numerical results obtained using the finite and the boundary element methods are compared with analytical and semi-analytical
models.

INTRODUCTION
Engineering and natural surfaces are inevitably rough, and this roughness, evolving due to mechanical loads, aging and
environmental effects, influences many mechanical and physical phenomena: light scattering, catalysis, initiation of fatigue
cracks, oxidation and corrosion, fluid-structure interaction, in particular, boundary layer separation and transition to turbulence. What is more important, when solids with rough surfaces are brought in mechanical contact, their roughness fully
determine almost all micro- and macroscopic interface processes: mechano-metallurgical (stress concentration, flash heating, near surface phase-transformation), tribological (complex frictional behavior, wear, adhesion and lubrication), and multiphysical (electric contact resistance, sealing properties, heat conduction, permeability of fractured media). The complex nature
of surface roughness spanning many spatial scales and evolving due to many factors presents a very challenging fundamental
and engineering problem and poses many questions: How to describe properly the roughness? Is continuous description able
to capture all essential macroscopic phenomena? How can their physical properties be predicted based on certain parameters
of materials and of rough surfaces? In this talk we plan to address these important questions by considering normal mechanical
contact between rough elastic and elastic-plastic solids in the framework of computational models incorporating synthesized
and real roughness. The objective of this presentation is to establish (or refine) models for (1) evolution of the contact area
under an increasing normal load, (2) evolution of the contact interface transmissivity for incompressible viscous fluid, (3)
evolution of the electric contact resistance between rough surface for weak currents.

Figure 1: (a) Analysis of contact clusters’ morphology (scales represent the minimal λmin and maximal λmax wavelengths
present in the surface spectrum); (b) scale effect in fluid transport in the interface between two rough surfaces brought in
contact: left figure for the period L = 16λmin , right one for L = 4λmin ; (c) spherical indentation on a rough elastic-plastic
multi-layered solid (CuzN plated with 1 µm of Ni and 1 µm of gold) (mechanical and electro-static finite element analysis).
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METHODS
To study the effect of roughness, we use synthesized [1] self-affine surfaces with truncated spectra and controlled Gaussianity, isotropy and fractal dimension. Some results are presented for engineering surfaces, metallic surfaces used in metalto-metal water seals [3] and electroplated surfaces for electric applications [2]. To solve the mechanical contact problem
for two linearly elastic half-space with periodic roughness, we use an FFT-based boundary element method [4]. To solve
the linear transport problem (viscous flow of incompressible fluid and electro-static problem) as well as the geometrically
nonlinear elastic-plastic mechanical contact problem, a finite element method was used: penalty, augmented Lagrangian and
Partial Dirichlet-Neumann methods were used to incorporate contact terms in variational framework [5]. The finite element
method was also used to simulate contact interaction for the Cosserat continuum. To represent large surface spectra, fine mesh
discretizations were used (up to 4096×4096 surface nodes in FFT-based methods and up to 1024×1024 surface elements
in finite element simulations). All considered problems are three-dimensional. Low level multi-threading and FETI-based
domain decomposition strategy were used to solve large nonlinear finite element problems on distributed memory parallel
architectures.
RESULTS
A link between geometrical characteristics of the effective roughness (lower, upper wavelength cutoffs in the surface spectrum, fractal dimension and standard deviation of the surface gradient), elastic properties and the contact area was established
for the entire range of pressures: from the infinitesimal to full contact [6] (see Fig. 1,a). This rather universal result was
compared with predictions of asperity based models [7, 8] for small contact areas and with Persson’s model [9] for the entire
range. Particularities due to elastic-plastic material behavior were also investigated. In addition, the effect of introducing
characteristic length via the Cosserat continuum was studied for the indentation of elastic-plastic contact, which enables to
take into account size dependent rough contact behavior.
Free interface volume between contacting surfaces, extracted from mechanical simulations, was used to study the sealing
properties with the objective to establish a link between mechanical, roughness and fluid properties and the contact transmissivity (see Fig. 1,b) which is of great importance for the sealing engineering as well as for natural and engineering geophysical
problems. In the finite element framework, this coupled fluid-solid problem was enhanced to account for strong coupling, i.e.
the hydrostatic fluid pressure influences the mechanical solution and vice versa.
Electro-mechanical contact problem for a sphere-plane setup is solved for a synthesized and real roughness under assumption of weak currents (no Joule heating) (see Fig. 1,c). A weak coupling was used for elastic-plastic mechanical model for a
plated solid and for electro-static problem. These results are compared with simplified models [2].
CONCLUSIONS
The discussed results, being in good agreement with analytical models and also, for some of them, with experimental
data, cannot be considered general as in reality the macroscopic behavior emerges from the interplay of multiple microscale
phenomena. Further extensions and improvements of mathematical and computational models will be considered in this light.
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THE SYSTEM OF INDENTERS SLIDING OVER THE VISCOELASTIC HALF-SPACE
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Summary Sliding contacts of a system of indenters, or the indenter in the presence of additional loads outside of the contact regions, over a
viscoelastic half space are considered. The solutions of the formulated 3-D contact problems are based on BEM and iteration procedure. The
results of numerical calculations are used to analyse the influence of the distance between the contact sports and sliding velocity on pressure
distribution and on the friction force.

PROBLEM FORMULATION
In studies of contact characteristics and friction of bodies with rough surfaces it is very important to take into account
the mutual effect of contact spots. Solutions of the contact problems for a system of indenters and periodic contact problems
are widely used to analyse this effect [1].
This paper presents two types of 3-D contact problems for the viscoelastic half-space taken into account the interaction
between indenters. The mechanical behavior of the viscoelastic half-space for both cases is described by the following
constitutive equation:

(t )
Here,

1
xz (t )
G

1
G

(t ) and

modulus,
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xz (t ) K (t
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(t ) are the shear deformation and shear stress components, respectively, G is the instantaneous shear
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Fig.1 Schemes of the contacts.
Problem 1.
Two solid indenters with fixed distance l between them slide with a constant velocity V over the viscoelastic half-space
in direction of the 0x-axis (Fig.1 left side). The line between centers of indenters is parallel to 0x. The indenters are of the
same shape described by the given smooth function f ( x, y ) . Both sliders are loaded with vertical force Q ; the shear stress
within the contact region is described by Amonton law. The coordinate system is associated with the rear moving indenter.
Problem 2.
One solid indenter of the given shape f ( x, y ) , loaded by the vertical force Q , and two concentrated normal loads Q
located ahead and behind the indenter at the fixed distances along the axis Ox, move with a constant velocity V over the
viscoelastic half space in direction of the 0x-axis (Fig.1 write side).
METHOD OF SOLUTION
Both problems are solved with the BEM method. The mesh of square elements covers the unknown contact region. The
pressure is assumed to be constant in each element. A normal displacement of the surface in the centre of an arbitrary
element is obtained by summation of displacements caused by the pressure applied to each element (influence coefficients).
The influence coefficients are determined from the solution of the problem for one concentration force moving along the
boundary of the viscoelastic half-space with a constant velocity V [2]. For problem 1 it’s necessary to obtain contact area
and pressure distribution for the case of isolated slider (for example the front slider) using method described in [3]. Then the
function 1 ( x. y) of normal displacements under the rear slider caused by the front one is calculated. Boundary and
a)
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j
equilibrium conditions for the rear slider are written below using influence coefficients k i and normal displacements
1 ( x. y ) :
2

2

k11
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Here p1, i is the pressure in the element i ,

1

D1

f1, N

(1)

1, N

is the size of element, D1 is the indentation depth of the rear indenter.

Contact area and pressure distribution is found with iterative procedure that solves system (1) and excludes elements that
appear to have negative pressure in each step. Therefore the normal displacements caused by the rear indenter under the
front one may be calculated. This two-level iterative procedure continues until the changes in contact areas and pressure
distributions for both sliders become insignificant. Problem 2 is solved with one level iterative procedure.
RESULTS AND DISCUSSION
The calculations were performed in the dimensionless variables and functions. Fig.2 represents the pressure distributions
under the indenters described in problem 1. The results indicate that if the distance between indenters decreases two local
maxima of pressure arise under the rear indenter. It was established that contact region under the rear indenter may be
separated into two sub regions under certain conditions. It was estimated that sliding velocity and distance between
indenters (problem 1) or an indenter and additional loads (problem 2) effect sufficiently on contact characteristics, and
therefore on the mechanical component of the friction force. The mutual effect of indenters leads to a decrease of
mechanical component of the friction force for the rear indenter and an increase for the front one.
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Fig.2 Pressure distributions for the front and rear indenters.
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CONCLUSIONS
The elaborated solution method is suitable for a large number of contact problems considering indenters with different shapes
sliding on viscoelastic half space.The presented results may be used for estimation of contact characteristics and mechanical
component of the friction force in sliding contact of elastomers and bodies with rough surfaces.
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MULTISCALE MODELLING OF DYNAMICAL SYSTEMS WITH FRICTION BETWEEN
RANDOMLY ROUGH SURFACES
Carsten Proppe∗1
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Summary Friction induced vibrations are present in many engineering systems, e.g. in brakes and cam follower systems. In these systems,
self-excited oscillations may occur. Surface roughness is an important source of uncertainty in friction systems.
We present a multi-scale approach to the modeling and simulation of dynamical systems with friction between randomly rough surfaces.
In a ﬁrst step, a stochastic model for the rough surface is identiﬁed based on observations obtained directly by a white light interferometer,
from which statistical characteristics such as the probability density function, the correlation function and the spectral density of the surface
heights are estimated. From these characteristics, sample surfaces can be simulated by Karhunen-Loève expansion or a spectral approach.
In a second step, the normal contact problem for samples of the rough surface is solved, where the contact pressure is represented by a
polynomial chaos expansion. By repeated solution of the normal contact problem, the coefﬁcients of the the polynomial chaos expansion
can be estimated by regression.
From the polynomial chaos expansion of the contact pressure and area, a stochastic friction coefﬁcient can be identiﬁed by application of
the Bowden-Tabor approach. In this way, a stochastic process for the friction coefﬁcient is obtained from the statistical properties of the
surface roughness.
Finally, on a structural level, vibration systems with friction between randomly rough surfaces are studied, where the classical friction
coefﬁcient is replaced by the stochastic process that has been identiﬁed previously. As an example, the classical mass on a belt system is
considered, where stick-slip vibrations occur. The inﬂuence of the stochastic process for the friction coefﬁcient on the limit cycle is studied.

STOCHASTIC DESCRIPTION OF THE ROUGH SURFACE
A rough surface can be represented by a random ﬁeld z(x, θ). In general, two stochastic descriptions of rough surfaces
are widely used in the literature:
• A fractal approach, where z(x, θ) is represented by the Weierstrass-Mandelbrot function
z(x, θ) =

∞





γ (D−2)j cos ξj (θ) − cos γ j x + ξj (θ) ,

(1)

j=−∞

where 1 < D < 2 denotes the fractal dimension of the surface, γ determines the density of frequencies and the random
variables ξj (θ) represent random phase shifts.
• A Karhunen-Loève expansion
z(x, θ) = E [z(x, θ)] +

∞



ξj (θ) λj ϕj (x)

(2)

j=1

where (λj , ϕj (x)) are the eigenvalues and eigenvectors of the covariance function of z(x, θ). In practice, this series is
truncated at a given order M . If z is Gaussian, ξj (θ) will be independent standard Gaussian random variables. If the
random ﬁeld does not follow a Gaussian distribution, an isoprobabilistic transformation can be used to transform the
Gaussian ﬁeld into another ﬁeld which follows a given probability density function.
Both descriptions can be generalized to the multivariate case.
SOLUTION OF THE STOCHASTIC NORMAL CONTACT PROBLEM
The resulting pressure ﬁeld is a random ﬁeld whose characteristics have to be determined from a stochastic normal contact
problem.
In principle, its properties could be determined by Monte Carlo simulation. To this end, the series representation of the
surface roughness is truncated and sample surfaces are generated from samples of the random variables ξj , j = 1, . . . , M .
Then, the elasto-plastic normal contact problem is solved for each sample surface to determine the pressure ﬁeld. However, in
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order to describe precisely the cumulative density function of the pressure, a huge number of Monte Carlo simulations has to
be performed. This is not suitable for large size problems.
In the following, an approach based on regression and polynomial chaos expansion is introduced that permits to approximate the cumulative density function without drastically increasing the problem size. To simplify the explanation, we limit
our approach to the determination of the pressure ﬁeld at a given position x which is a random variable p̃x (θ). The approach
can be easily extended to the determination of the complete pressure ﬁeld. We will distinguish the pressure when contact
occurs (i.e. when p̃x (θ) > 0, denoted px (θ)) and probability of contact at a position x which is given by 1 − ρp̃ (0) where ρp̃
is the cumulative density function of p̃x (θ).
We seek to express the pressure using a PC basis:
 P
+

x
pi Γi (ξ(θ))
(3)
px (θ) =
i=1
+

where Γi (ξ(θ)) are multi-dimensional orthogonal polynomials and where (•) denotes the strictly positive part. As the
functions Γi and the M random variables ξ(θ) = {ξi (θ)}i=1..M are known, the solution is fully determined by the coefﬁcients
pxi .
The regression approach [1] consists of estimating the unknowns from a minimization of least square error between
polynomial representation and realizations of the ﬁeld. The coefﬁcients pxi is estimated by minimizing:

2
Kt
P


x
(k)
x
(k)
Δ(p ) =
pi Γi ξ (θ)
(4)
px −
k=1

i=1
(k)
px

where Kt denotes the total number of observation points,
is the pressure obtained solving the deterministic problem
between the smooth rigid plane and the rough surface deﬁned by z(x, ξ (k) (θ)). Keeping only K realizations which induce a
(k)
strictly positive pressure px , the coefﬁcients read:
 T −1 T
{px
Γ Ui
(5)
i}= Γ Γ
where Γ is a P ×K matrix such that (Γ)ij = Γi (ξ(j) ). To ensure the well-posedness of the problem, the number of realizations
K has to be greater than P . By selecting a Latin Hypercube Sampling scheme, one needs few realizations to estimate the
unknown coefﬁcients.
After estimating the unknowns pxi , the cumulative density function ρp of the pressure ﬁeld when contact occurs can be
represented. Given a large number Nt of initial realizations for ξ(θ), we keep only those which lead to a strictly positive
pressure px (θ) (Np realizations). From this, we are able to construct Nt realizations of p̃x whose Np realizations are those
obtained previously, whereas the remainder are let at zero. From this ﬁnal set of Nt realizations, the cumulative density
function ρp̃ can be estimated, as well as the probability of contact at position x.
COMPUTATION OF A STOCHASTIC FRICTION COEFFICIENT
From the random pressure ﬁeld, the Bowden Tabor approach allows to determine a stochastic processes for the friction
coefﬁcient μ. For a given test surface and under assumption of a shear dominated friction force, the friction ooefﬁcient is
computed from μ = Ac τmax /N , where τmax is the shear strength of the material. The contact area Ac and the normal force
N are obtained by averaging the pressure ﬁeld on the test surface. The autocorrelation function of μ can be obtained by
comparing the results for two test surfaces centered at different coordinates. The properties of the stochastic process for μ
depends on the size of the test surface and become invariant, if the size of the test surface is large.
MACROSCOPIC LEVEL
On a structural level, vibration systems with friction between randomly rough surfaces are studied, where the classical
friction coefﬁcient is replaced by the stochastic process that has been identiﬁed previously. As an example, the classical
mass on a belt system is considered, where stick-slip vibrations occur. The inﬂuence of the stochastic process for the friction
coefﬁcient on the limit cycle is studied.
References
[1] Blatman, G., Sudret B.: Sparse polynomial chaos expansions and adaptive stochastic ﬁnite elements using a regression approach, C.R. Mecanique
336:518-523, 2008.
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FRICTIONAL CONTACT, NUMERICAL APPROXIMATION AND ALGORITHMS
Thierno Diop ∗1 , Michel Fortin1 , and Jean Deteix1
1

GIREF, Department of Mathematics and Statistics, Laval University, Quebec, Quebec, Canada

Summary In this presentation we will propose an iterative approach for solving three-dimensional frictional contact problems, that is
frictional contact between elastic bodies, including contact with a rigid body, contact between two or more bodies and also self contact.
Since the precise formulation of the elastic part is irrelevant for the description of the algorithm we shall consider a generic case. In practice,
however, we will have to deal with a non linear material (for instance Mooney-Rivlin model).

INTRODUCTION
We are interested in solving a finite element discretization of the problem, leading to large-scale non linear discrete
problem. Solving large-scale problem means dealing with large linear systems and ultimately calculations needing iterative
methods. This also implies that penalty methods, and therefore augmented Lagrangian method, are to be banned because
of their negative effect on the condition number of the underlying discrete systems and thus on the convergence of iterative
methods. This is in rupture to the mainstream of methods for contact in which augmented Lagrangian is the principal tool.
We shall first present the problem and its discretisation, this will lead us to describe a general solution algorithm relying on a
preconditionner for saddle-point problems which we shall describe in some detail as it is not entirely standard.
THE CONTACT PROBLEM ANS ITS DISCRETISATION
The discrete problem employs a Lagrange multiplier for the contact condition. We denote λn and λT its normal and
tangential part. In practice, we use quadratic elements for the displacement and linear elements for the multipliers. The
quasi-static formulation leads to a saddle-point problem, with a Tresca friction condition, coupled with an equation for the
threshold s to obtain the Coulomb law. We impose the constraints λn ≥ 0 and |λT | ≤ s at the nodes and we denote these
Tresca conditions by λ ∈ T ⊆ Λ. We thus solve the problem
inf sup L(v, λ) =

v∈V λ∈T

1
hAv, vi + I(λn , v̂n − ĝn ) + I(λT , v̂ T − ĝ T ) − hf , vi,
2

(1)

s = µλn ,
where I(·, ·) denotes some numerical integration and where v̂ is a projection of v on the space of multipliers. We can then
write the optimality conditions on the multipliers.
• For the normal part, we have the Kuhn-Tucker conditions.
λn ≥ 0, hµn , ûn − ĝn i ≤ 0 ∀µn ≥ 0, hλn , ûn − ĝn i = 0.

(2)

• For the tangential part, we impose |λT | ≤ s and we have for adherent nodes
BT u − g T = 0

if

|λT | < s,

(3)

while for sliding nodes we have the non linear condition
(ûT − ĝ T )⊥ = 0, hûT − ĝ T , λT i ≥ 0,

(4)

where, for r ∈ Λ we define, pointwise, the angular component as
r⊥
T = rT −

hrT , λT i
λ .
|λT |2 T

(5)

For two-dimensional problems, the condition on the angular component disappears and only the second condition of (4)
remains, leading to a much simpler problem.
∗ Corresponding
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THE ALGORITHM
The algorithm that we introduce contains three imbedded iteration :
1. A Newton method more precisely a sequential quadratic programming method in u to take into account the eventual
non linearity of the material, and the change in geometry, that is the normals and the gaps.
2. Given a displacement and the associated geometry, we solve for the multiplier λ, solving the non linear condition (4)
by a Newton method.
3. A preconditioned solver for solving the linearised equation in λ.
In our implementation, we use a GCR (Generalized Conjugate Residual) iteration to solve the linearised equation in λ. The
condition s = µλn is imposed exactly by the preconditionner, avoiding another iteration on the Tresca treshhold which is
often present in algorithms for frictional contact.
Finally, for the displacements component of the system, the GCR algorithm could use a direct method (leading a factoring
of the tangent matrix) but this becomes impossible for large problems. Therefore we rely on an iterative methods for this part
also, leading to a flexible and powerful solver for large-scale frictional contact problem.
CONCLUSIONS
The purpose of this presentation is to introduce the algorithm and present some numerical results.
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AN LCP BASED APPROACH FOR THE CONTACT MECHANICS OF ELASTIC HALF
SPACES
Andreas Almqvist∗ and ________________
Francesc Perez Rafols
Machine Elements, Luleå University of Technology, Luleå, Sweden
Summary The Contact Mechanics (CM) problem can be considered a complementarity problem. If assuming linearly elasticity of the
contacting bodies, the discretised system of equations as a Linear Complementarity Problem (LCP). The contact mechanics model is first
formulated in continuous form by posing a complementarity relation between the gap of the deformed surfaces and the contact pressure.
The LCP is then obtained after a linearisation and discretisation of the equations. An advantage of posing the CM problem as a strict LCP
formulation, is that this allows for the application of well-established numerical solution techniques, such as Lemke’s pivoting algorithm. In
addition, Lemke’s pivoting algorithm has the advantage that it finds the numerically exact solution, within a finite number of iterations. This
type of LCP based contact mechanics approach is applied here to solve the Hertzian line contact problem, with and without the addition of
surface roughness, to demonstrate it’s applicability.

INTRODUCTION
The Contact Mechanics (CM) problem can be formulated in at least two different ways. It can for instance be as variational
problem expressing the total complementary potential energy, see Kalker [1] for the linear elastic case and Almqvist et al. [2]
for a later development including a linear elastic – perfectly plastic material model. Another way of formulating the CM
problem is by considering it as a complementarity problem, e.g., as presented in Sahlin et al. [3]. If the material of the
contacting bodies is assumed to behave linearly elastically, it is possible to state the discretised system of equations as a
Linear Complementarity Problem (LCP), see e.g. the book by Cottle et al. [4]. In this particular case, the complementarity
originates in that contact (between two bodies) means that at locations where the contact pressure is positive (non-zero) the
gap must be zero and vice versa. The contact mechanics model is first formulated in continuous form through mathematically
modelling of the aforementioned complementarity relation. The LCP can then be obtained after linearisation and discretisation
of the continuous model. An advantage of posing the CM problem as a strict LCP formulation, is that it lends itself to the
application of well-established numerical solution techniques such as Lemke’s pivoting algorithm. This particular numerical
solution procedure also has the advantage that it within a finite number of iterations, finds the numerically exact solution. An
implementation of a contact mechanics model problem in MATLAB code is made available for the reader, see [5]. In the
present work, this LCP based contact mechanics solution procedure is applied to solve the Hertzian line contact problem. The
numerical solution is validated against the analytical Hertzian solution for the line contact problem between two perfectly
smooth cylinders. In addition, surface roughness is included in order to demonstrate the applicability of the proposed method.
METHOD
The gap between the (deformed) surfaces, h, includes three parts. That is,
h = h0 + g + u,

(1)

where h0 the rigid body separation, g the geometry/topography of the contact (cylinder and roughness) and u the elastic
deformation/deflection. In continuous form, the contact mechanics model expressing the complementarity relation between
the gap h and the contact pressure p may be stated as
h = 0,
h ≥ 0,

p ≥ 0,
p = 0.

(2)

If the contacting bodies are approximated as linear elastic half spaces, the Boussinesq-Cerruti integral equation solution can
be applied to express the deformation (u) as a function of the contact pressure (p), i.e.,
Z ∞
u=
K (x − s) p(s)ds,
(3)
−∞

where
K=
∗ Corresponding

4
ln |x − s| ,
πE ′

(4)
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in 1D and
K=

2
1
p
,
πE ′ (x1 − s1 )2 + (x2 − s2 )2

(5)

in 2D and where 2/E ′ = (1 − ν12 )/E1 + (1 − ν22 )/E2 .
This means that a discretisation of the linear elastic contact mechanics problem may be posed on the form of a standard
linear complementarity problem reading
h = h0 + g + Cp,
(6)
h · p = 0, p ≥ 0, h ≥ 0,
where C is a matrix, whose elements are so called influence coefficients relating the contact pressure and the deformation.
The strict LCP formulation of the CM problem presented in (6), allows for direct application of well-established numerical
solution techniques such as Lemke’s pivoting algorithm. The Lemke algorithm has the advantage that it finds the numerically
exact solution within a finite number of iterations. In this work the MATLAB implementation presented by Almqvist in [5] is
employed to solve the problem numerically.
NUMERICAL EXAMPLES
The LCP based contact mechanics solution procedure was applied to solve the Hertzian line contact problem. In Fig. 2,
the dimensionless numerical solution for the smooth Hertzian problem (left) and for the same case but with the addition of
surface roughness (right) are presented. The surface roughness signal added to the smooth cylinder is depicted in Fig. 1 (in
dimensionless form). In the casepof smooth cylinders the problem was discretised using 512 grid nodes and the relative error
N/m) and R is the reduced radius of the two
in Hertzian contact radius; b = 8W R/(πE ′ ), where W is the applied load (in p
contacting cylinders, was < 9 × 10−4 . In terms of the Hertzian pressure; ph = W E ′ /(2πR) the relative error was found
to be < 4 × 10−6 . The dimensionless rigid body separation h0 /(b2 /R) was specified as −5.06 and the case including surface
roughness was resolved using 1024 grid nodes.
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Figure 1: The surface roughness signal added to the smooth cylinder to achieve the solution depicted in Fig. 2 (right).
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Figure 2: Smooth problem (left), Including surface roughness (right).
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ACTION OF THE SEMI-INFINITE PLATES ON THE ELASTIC LAYER
Vladimir Babeshko 1) , Olga Evdokimova 1 and Olga Babeshko 2 ,
Department of Mechanic, Southern Scientific Center RAS, Rostov-on-Don, Russia
2
Department of Mechanic, Kuban State University, Krasnodar, Russia

1

Summary The contact problem of acting of the two semi-infinite Kirchhoff plates on the elastic layer is considered. The vertical static
stresses acts on the plates. The problem is to study the contact stresses concentrations between the plates and the layer in this block
structure. It was proved that the contact stresses concentrations in the end-walls of the plats are the same as in the end-walls of the rigid
stamps acted on the layer if the distance between the end-walls of the plates is not equal to zero and is equal the square of this stresses if
this distance is equal to zero. It can induce the destruction of the materials in engineering or appearance of the earthquake in seismology.
Parts of this study were supported by the Presidium of the Russian Academy of Sciences, Program 33 and the Russian Foundation for
Basic Research, Project 14-08-404.

INTRODUCTION
The conducted research is based on the theory of hidden defects worked out in [1] and other authors’ publications. Let us
use the schemes made for describing concealed defects in environments with coverings [1] assuming that the coverings are
half-plates with parallel boarders with the distance of θ between them, placed on some linear deformed foundation.
Lithospheric plates are shaped by the Kirchhoff plates. Let us assume that the space between the plates of different types is
hollow and on the butt-ends the outside powers are acting, which are directed according to the rule of outward vectors in a
local system of coordinates x1 x2 x3 with the beginning in the plane x1 x2 coinciding with the middle plane of the plate, with
the axis ox3 directed upward normally to the plate, with the axis ox1 directed along the tangent to the fault zone edge, with
the axis ox2 normally to its edge. The area occupied by the left plate is marked by λ and described by the correlations
x1  , x2  θ , and the area occupied by the right one is marked by the index r and coordinates

x1  , θ  x2 . We

will proceed from the fact that the lithospheric plates move extremely slow. The speed is about tens of millimeters annually,
that is why the boarder task can be examined in static variant. Kirchhoff's equation for fragments of b cover, b  λ , r , which
occupy interval b with borders b at vertical static exertion impacts t3b from above and g 3b from below, looks like
R b (x1 ,x2 )u3b  ε 53b ( t3b  g3b )  (

4
2  2
4
 2 2 2  4 )u3b  ε 53b ( t3b  g 3b )=0, R b (  iα1,  iα 2 )U 3b  Rb (  iα1 ,  iα 2 )U 3b  (α12  α 22 ) 2U 3b ,
4
x1
x1 x2 x2

U 3b  F2u3b , G3b  F2 g3b , T3b  F2t3b
Qb   Db 2 (

b  λ ,r

M b   Db1(

D
Eb hb 3
 2u3b
 2u3b
D
,
ν b
), Db1  b2 , Db 2  b3 , Db 
2
2
Н
x2
x1
Н
12( 1  ν b 2 )

( 1  ν b 2 )12 Н 4
 3u3b
 3u
 ( 2  ν b ) 2 3b )  f 4b ( b ), ε 53b 
3
Eb hb3
x2
x1 x2

u3b  f1b ( b ),

( 1  ν )H
u3b
 f 2b (  b ), ε 61 
Н x2
μ

The connection between boundary stress and surface displacement of elastic earth, where plates are situated looks like
2

u3 m ( x1 , x2 )  ε 61   k ( x1  ξ1 , x2  ξ 2 ) g 3 n (ξ1 , ξ 2 ) d ξ1d ξ 2 , x1 , x2   m , m  λ , r ,θ ,
n 1 
n

 λ ( x1  ; x2  θ ), r ( x1  ; θ  x2 ), θ ( x1  ;  θ  x2  θ ), n  λ , r

M b and Qb are bending moment and sharing force in the system of axis x1 ox2 ; hb - is plate thicknesses, H is dimensional
parameter of base material, for example, layer thickness. The designation is borrowed from [1]. F2  F2 (α1 ,α 2 ) and
F1  F1 (α1 ) are two-dimensional and one-dimensional Fourier-transform operators, apparently.

TOPOLOGICAL METHOD
Functional equations of boundary-value problems can be represented as [1-4]
Rb (  iα 1 ,  iα 2 )U 3b  (α12  α 22 ) 2U 3b  

ω

b

ε 53b S3b ( α1 ,α 2 ), S3b ( α1 ,α 2 )  F2 ( α1 ,α 2 )( t3b  g3b ), b  λ ,r

 b

==================================
)
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Here we can see that ωb are exterior forms, participating in performance and looking like
ωb  ei  α , x    

 3u3b
 2u3b
u
 3u
 2u3b
 iα 2
 α 22 3b  iα 23u3b  2 2 3b  2iα 2
3
2
x2
x2
x2
x1 x2
x12

 dx1 + 

 3u3b
 2u3b
u
 iα1
 α12 3b  iα13u3b
3
x1
x12
x1

 dx2  ,

b  λ, r

Calculating Leray’s residue forms, including two-fold and pseudodifferential equations of boundary-value problems and
taking into account agreed notations we can introduce for plates b  λ . as
F11( ξ1λ )
F11( ξ1λ )



u3λ
1
 i  3α 22  ( 2  ν λ )α12 u3λ  eiα1 x1 dx1  ε 53λ S '3λ ( α 1 ,α 2  )  0,
iDλ 1 M λ  2α 2 
x2
λ 


u
   iα 2  Dλ 11M λ  Dλ 2 1Qλ  ( α 22  ν λα 12 ) 3λ  iα 2   α 22  ( 2  ν λ )α12  u3λ  eiα1 x1 dx1
x2
λ




ε 53λ S3λ ( α1 ,α 2  )

 0 , ξ1λ   λ ,  λ    x1   , x2  θ  , α 2   i α12 , ξ1λ   λ

It exist the similar pseudodifferential equations for the right plate. The derivative is calculated from parameter α 2 . Let’s
introduce the next system of notations on basis pseudodifferential equations.
Yλ   y1 , y2   , Z λ   z1 ,z2   , Yr   y1r , y2 r  , Zr   z1r ,z2 r  , F1 g  F1( 1 )g, F2 g  F2 ( 1 ,2 )g,
y1  D1F1M  , y2   D1F1Q , y1r  Dr1F1M r , y2 r  Dr1F1Qr , z1  F1

u
u
, z2  F1u , z1r  F1 rr , z2 r  F1ur ,
x2
x2

K λ  k1 ,k2   , K r  k1r ,k2 r  , k1   53 F2 ( 1 , 2  )( t  g  )   53 S3 ( 1 , 2  ),
k2    53  S'3 ( 1 , 2  ), k1r  53 r F2 ( 1 , 2  )( t  g  )  53r S3 r ( 1 , 2  ), k2 r  53 r S '3r ( 1 , 2  )

As the result pseudodifferential equations for this case can be rewritten as a system of algebraic equations
iα 2  y1λ  y2 λ  ( α 22  ν λα12 )z1λ  iα 2   α 22  ( 2  ν λ )α12
iα 2  y1r  y2 r  ( α  ν rα )z1r  iα 2   α
2
2

2
1

2
2

 ( 2  ν r )α

2
1

 z2λ  k1λ  0;

 z2r  k1r  0;

 iy1λ  2α 2  z1λ  i  3α 22  ( 2  ν λ )α12

 iy1r  2α 2  z1r  i  3α

2
2

 ( 2  ν r )α

2
1

 z2 λ  k2 λ  0

 z2 r  k 2 r  0

Having continued to apply the topological method the next functional equations can be received [1,2]



ε 53 r (α12  α 22 )2  ε 61K1( α1 ,α 2 ) G  ( α1 ,α 2 )    ε 53λ (α12  α 22 )2  ε 61 K1( α1 ,α 2 )  G  ( α1 ,α 2 )  U 3θ ( α1 ,α 2 ) 

(α12  α 22 )2  Aλ k1λ  Bλ k 2λ  Ar k1r  Br k2 r  ε 53λ T  ( α1 ,α 2 )  ε 53rT - ( α1 ,α 2 )  , U 3θ ( α1 ,α 2 ) 



 θ



u3 ( x1 ,x2 )ei  α ,x  dx1dx2 , θ  0,

 θ

ε 53 r (α12  α 22 )2  ε 61 K1( α1 ,α 2 ) G  ( α1 ,α 2 )    ε 53λ (α12  α 22 ) 2  ε 61K1( α1 ,α 2 )  G  ( α1 ,α 2 ) 

(α12  α 22 )2  Aλ k1λ  Bλ k2 λ  Ar k1r  Br k2 r  ε 53λ T  ( α1 ,α 2 )  ε 53 rT - ( α1 ,α 2 )  , θ  0

Having solved these functional equations it can receive the contact stresses in the form
g 3λ ( x1 ,x2 )  σ 1λ ( x1 ,x2 )(  x2  θ )1 2 , x2  θ ; g3 r ( x1 ,x2 )  σ 1r ( x1 ,x2 )( x2  θ )1 2 , x2  θ ; θ  0
g 3λ ( x1 ,x2 )  σ 2 λ ( x1 ,x2 )x21  σ 3λ ( x1 ,x2 )ln x2 ; g3 r ( x1 ,x2 )  σ 2 r ( x1 ,x2 )x21  σ 3 r ( x1 ,x2 )ln x2 ; θ  0

CONCLUSION
The functions , σ nb ( x1 ,x2 ), b  λ ,r; n  2,3 are continuous at the both parameters. Proceeding from the position that last
correlations prove that there is detection of the new type of earthquake, let us describe its common factors.
At θ  0 the plates act upon layer as simple stamps with right angles at borders [2]. If the edges break, then the facilities at
edges disappear. This can induce a slight earthquake. When the plates approached, θ  0 , but did not combine, preserving
specified boundary conditions on edges, and Newton's third law hasn’t been there yet, then the irregularities between them
occur. For mechanics this is absolutely clear situation, described in many works and frequent, for example, in studies of
solidity of metal angle, welded onto foundation. For some values of angular solution of angle there is the growth of exertion
factors in vicinity of an angle.
Reference
[1]. Babeshko V.A., Evdokimova O.V., Babeshko O.M. Doklady Physics. – 2014. – V. 59. – No.7 . – P. 313-317.
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A CLASS OF SLIP DEPENDING SURFACE INTERACTIONS
Marius Cocou ∗
LMA, Aix-Marseille University, CNRS, UPR 7051, Centrale Marseille, France
Summary The aim of this work is to study a class of nonsmooth dynamic viscoelastic contact problems that constitutes a unified approach
to describe some complex interface behaviors, including relaxed unilateral contact, adhesion and slip depending Coulomb friction. The
classical formulations of the problems are presented and the variational formulations are given as two and three-field problems. Based on
some approximation results, we analyze these variational formulations, written as evolution implicit variational inequalities. Finally, several
examples are presented to illustrate the capability of the proposed model.

INTRODUCTION
This work is concerned with the study of some nonsmooth dynamic contact problems which describe various interactions between the boundaries of two Kelvin-Voigt viscoelastic bodies, including some relaxed unilateral contact, adhesion or
pointwise friction.
Quasistatic elastic problems with unilateral contact conditions and Coulomb friction law have been analyzed in [1, 14] and
in [13, 5], where an adhesion law based on the evolution of the intensity of adhesion was also proposed.
The normal compliance model, which is a particular regularization of Signorini’s conditions, has been investigated by
several authors, see e.g. [8, 15] and references therein. A recent unified approach, which can be applied to various quasistatic problems, including unilateral and bilateral contact with nonlocal friction, or normal compliance conditions, has been
considered in [2].
Dynamic viscoelastic problems with nonlocal friction laws, obtained by suitable regularizations of the normal component
of the stress vector appearing in the Coulomb friction law, were analyzed in [9, 6] and dynamic problems coupling unilateral
contact, recoverable adhesion and nonlocal friction were studied in [7].
A static contact problem with relaxed unilateral conditions and Coulomb friction was studied in [12], based on new
formulations and on a fixed point method. The extension of these results to dynamic viscoelastic contact problems with
Coulomb friction was investigated in [3, 4].
The results presented here constitute a generalization of the contact condition considered in [3, 4] to the case of a contact
condition that contains not only the gap function but also the normal velocity.
Using the Clarke subdifferential, the variational formulations of these contact problems can be given as hemivariational
inequalities, see [10, 11], but our results enable a direct and simpler approach to study some complex surface interactions,
including normal compliance, adhesion, local and nonlocal friction laws.
CLASSICAL AND VARIATIONAL FORMULATIONS
Let Ωα be the reference domains of Rd , d = 2 or 3, occupied by two viscoelastic bodies, characterized by a Kelvin-Voigt
α
α
constitutive law. Suppose that the bodies have Lipschitz boundaries Γα = ∂Ωα , α = 1, 2, and let Γα
U , ΓF and ΓC be three
α
α
α
1
2
α
α
disjoint parts of Γ such that Γ = ΓU ∪ ΓF ∪ ΓC , α = 1, 2. Let f 1 = (f 1 , f 1 ) denote the given body forces in Ω1 ∪ Ω2
and f 2 = (f 12 , f 22 ) denote the tractions on Γ1F ∪ Γ2F . Let σ α and ε(uα ) be the stress tensor and the infinitesimal strain tensor
corresponding to the displacement vector field uα in Ωα , α = 1, 2. Suppose that the solids can be in contact between the
potential contact surfaces Γ1C and Γ2C which are parametrized by two C 1 functions defined on a subset Ξ of Rd−1 .
We consider the following dynamic viscoelastic contact problem.
Problem Pc : Find the displacement vector u = (u1 , u2 ) such that u(0) = u0 , u̇(0) = u1 and, for all t ∈ (0, T ),
α
α
α
α
α
α
α
α
üα − div σ α (uα , u̇α ) = f α
1 , σ (u , u̇ ) = A ε(u ) + B ε(u̇ ) in Ω , α = 1, 2,
α
α α
α
1 1
2 2
uα = 0 on Γα
U , σ n = f 2 on ΓF , α = 1, 2, σ n + σ n = 0 in Ξ,
1
κ([uN ], u̇N ) ≤ σN
≤ κ([uN ], u̇N ) in Ξ,
1 u̇T
1
|σ 1T | ≤ µ(u̇T ) |σN
| and u̇T 6= 0 ⇒ σ 1T = −µ(u̇T )|σN
|
in Ξ,
|u̇T |
1
where uN , uT , σN
, σ 1T denote the normal and tangential components of the relative displacement field and of the stress
1 1
vector σ n , respectively, [uN ] is the corresponding gap, κ, κ are two given mappings depending on the gap and on the
normal velocity, and µ = µ(u̇T ) is the slip dependent coefficient of friction.
The variational formulation is a two-field problems that consists in an evolution implicit variational inequality having as
1
unknowns the displacement field and a Lagrange multiplier corresponding to σN
.
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ANALYSIS OF THE VARIATIONAL PROBLEM
We focus on an equivalent three-field variational problem, obtained by an appropriate decomposition of the initial Lagrange
multiplier.
A more general evolution variational inequality is analyzed by using an equivalent fixed point problem, some auxiliary
approximation results and a fixed point method for set-valued mappings.
These results enable to prove the existence of variational solutions of the dynamic contact problems.
Using some established estimates of the variational solutions we compare different particular cases, including the relaxed
contact formulation, the normal compliance and the unilateral contact conditions with friction.
Finally, several examples are presented to illustrate the generality and the capability of this surface interaction model.
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1

Abstract: In the present work, a model for sliding and rolling friction in adhesive particles has been developed by extending the JKR model.
The results predicted by the model are consistent with experiments. It has been found the friction duality in particles may arise from the
different modes of motion onset and under proper conditions rolling friction may be larger than sliding friction, which is contrary to what has
been found at macroscopic level.
INTRODUCTION
Nanotribology has become a field of growing interest in the recent years due to the requirement for understanding the
basic physical laws of friction and the challenges involved in MEMS and NEMS technology. In particular, friction
behaviour of small sized particles has been probed experimentally[1-3], which reveals some poorly understood peculiar
behaviours such as friction duality or inconsistent scaling between friction force and the particle’s radius. In spite of the
possible mechanisms involved, the interaction modes between probes and the particles may be variable that may result in
different modes of motion onset, e.g., by sliding or rolling. In the present work, it is attempted to develop models for friction
of rolling and sliding in adhesive particles of spherical shape.
MODEL DEVELOPMENT AND RESULTS
For small sized particles under a normal force P and a tangential force T , the non-slipping adhesive contact can be
well characterized by extending the JKR model[4, 5]. So the contact tractions at the interface may be expressed as
(1)
p(r )  2E * (a 2  r 2 )1 / 2 / R  ( P1  P) /[2a(a 2  r 2 )1 / 2 ] ,  (r )  T /[2a(a 2  r 2 )1 / 2 ]
where P1  4E * a3 / 3R , E * is the composite modulus for the contacting bodies, R the effective radius for the two
contacting bodies, a the contact radius. Since the stresses are singular of square root at the contact edge, one may define
stress intensity factors as
K I  ( P1  P) /[2a a ] , K II  (2  v) /( 2  2v)T /[ 2a a ]

(2)

with v being the Poisson’s ratio. By analogy with fracture mechanics theory, i.e., the equilibrium contact size is governed
by equating the energy release rate G  K I2  K II2 to the work of adhesion w , one may obtain the relationship between
the contact size and the applied force as follows

4E * a3 / 3R  P  Pc  2PPc  Pc2  (2  v)T 2 /(2  2v)

(3)

with Pc  3wR / 2 . From Eq.(3), it is found that the tangential force reduces the contact radius as compared to that under
purely normal forces. Such an effect has been referred to as shear induced peeling. Nevertheless, for Eq.(3) to be valid,
2PPc  Pc2  (2  v)T 2 /(2  2v)  0 should be satisfied. What happens otherwise remains controversial. Some researchers
argued that when T  Tc  (2  2v) /(2  v) 2PPc  Pc2 , the onset of sliding may occur, which lacks physical implications.
Here we assume that the sliding onset may take place through nucleation of a dislocation loop which by analogy with that in
crack problem can be determined by K II2   us E * [6]. Here,  us is the unstable stacking fault energy. Thus, one can
obtain the friction force as

Ts / Pc  2 (2  2v) /(2  v) P / Pc  1    (2P / Pc  1   )(1   ) ,    us / w .
2.0
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Fig.1 Sliding friction as a function of the normal force
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By taking v  0.25 and different values of  , Tc and Ts as functions of P have been plotted Fig.1a. It can be seen
they behave similarly but Ts is smaller than Tc . Since Thorton once found that some experimental results on friction can
be approximated by Tc [4], one may expect that the present Tc can predict the friction well.
On the other hand, if the tangential force is applied after the normal force and acts such that a moment M  nTR is
induced at the interface, one may expect the possibility of relative motion through rolling. In such context, we take the
assumption by Krijt et al [7] to obtain the critical tangential force. Specifically, the moment is balanced by the normal
traction whose distribution can be written as
(5)
p(r )  E * (a12  2r 2  R ) /(a12  r 2 )1 / 2 , p(r )  E * (a22  2r 2  R ) /(a22  r 2 )1 / 2
at which  is the indentation depth, a1 and a 2 respectively the radius of the left half and the right half circular areas. It
is assumed they are only slightly different from the equilibrium radius a before the tangential force is applied. Hence a
can be obtained by setting T to zero in Eq.(3). The tangential traction in the two half circles is obtained by replacing a by
a1 and a 2 in Eq.(1). The normal force and the moment can be related to a1 and a 2 as

P  E * [ R (a1  a2 )  (a13  a23 ) / 3] / R , M  E * [(a12  R )2  (a22  R )2 ] / 4R   (4E * a3 / 3R  P)
with   (a2  a1 ) / 2 . And the energy release rate at the trailing and the leading edges can be written as

(6)

(7)
G1  E * (a12  R ) 2 / 2a1R 2  T 2 / 4E * a13 , G2  E * (a22  R ) 2 / 2a2 R 2  T 2 / 4E * a23
For the rolling initiation, G1  w1 and G2  w2 should be satisfied. Here w1 is larger than w2 , which implies that
rolling depends on the adhesion hysteresis w  w1  w2 . In the case of vanishing normal force, one may explicitly obtain
the critical tangential force for rolling onset as
TR / 2 Pc  [2 1 (a  4  a 2 )]1/ 3  [2(a  4  a 2 ) 1 ]1/ 3 , a  wa / 2nwR

(8)

2

Taking v  0.25 , E*  10MPa , w  0.1J/m and n  1 , we have calculated the friction force due to rolling as a
function of R for w equal to 0.01 and 0.001 J/m2, respectively. The results are presented in Fig.2. The friction due to
sliding for   0.8 has also been demonstrated in the figure. One can find that the scaling between friction and the radius
is different for sliding and rolling. If the adhesion hysteresis is very small, behaviour of the rolling friction and the sliding
friction is very similar to the friction duality observed in small-sized particles. Thus the friction duality may also arise from
different modes of motion onset. In addition, one can also see that rolling friction may be larger than the sliding friction if
the size of the particles is small enough, which is contrary to that at macroscopic level. Such a prediction depends on the
adhesion hysteresis, and is interesting for further experimental verification.
CONCLUDING REMARKS
In summary, we have proposed models for sliding and rolling friction in small sized particles where adhesive interaction
has been taken into account by extending the JKR model. The results thus predicted are consistent with experiments. In
addition, a novel finding is that it may be easier slide than to roll for some small sized particles which nevertheless remain
for future verification.
Acknowledgement -The work is partially supported by the National Natural Science Foundation of China (NSFC) under
Grant No.11572216 and the National Key Basic Research Scheme of China under Grant No. 2012CB937500.
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NUMERICAL MODELING OF THE COUPLING BETWEEN THE TEMPERATURE
AND VELOCITY IN BRAKING SYSTEMS
_____________
Piotr Grzes, Adam
Adamowicz & Aleksander Yevtushenko
Faculty of Mechanical Engineering, Bialystok University of Technology, Bialystok, Poland
Summary The numerical analysis of temperature fields in a pad-disc braking system at the coupling of temperature-dependent coefficient and
velocity was carried out. The computations are obtained from the solution of HDFW (heat dynamics of friction and wear) system of equations
by means of the finite element method (FEM). The proposed methodology, unlike analytical methods, allow to combine a feedback between the
velocity, applied load and moment of braking force using complex geometrical objects. The parameters of the process are interdependent and
vary according to frictional, mechanical, thermophysical properties of materials of the friction pair, construction of a brake. It was concluded
that in order to satisfy the requirements resulting from the conditions of exploitation of the machines and durability of the materials of the
friction pair, it is necessary to take into account the mathematical description of the process comprised in HDFW system of equations.

INTRODUCTION
Frictional heating in braking systems is a complex relationship between the velocity, applied load, moment of braking
force, frictional, mechanical, thermophysical properties of materials of the friction pair, construction of a brake, etc. The
integral quantity combining these parameters is the temperature due to generated heat on the interfaces of the working
components of a braking system [1, 2]. It reflects a specific power of friction q = fpV, where f – is the coefficient of friction,
p – is the contact pressure, V – is the velocity. The temperature has a decisive influence on the magnitude and character of
fluctuations of the coefficient of friction f during braking. Despite the fact that under the influence of temperature, intensity
of thermomechanical processes on the friction surface varies, which in turn leads to changes in thermal and mechanical
properties of materials and may result in instability of the coefficient of friction during braking. Robust dependence of the
characteristics of friction and wear of the materials on temperature is well known and reported by many researchers [3-5]. In
order to take into account these factors in the analysis, the HDFW system of equations should be incorporated. There are
different variants of the HDFW systems describing the change in the coefficient of friction, velocity, load, temperature and
wear depending on the initial values of the parameters of the braking process, dimensions, thermophysical and frictional
characteristics of the materials of the friction pair. The main idea at the development of HDFW systems of equations is an
assumption of the functional relationship of the coefficient of friction f and the maximum temperature Tmax = Tm + Tf, where
Tm – mean temperature of the nominal contact, Tf – flash temperature of the real contact area. The dependencies of the
coefficient of friction use the data in regard to thermal stability of friction, obtained during investigations of the specimens
for friction and wear according to standard methodology. Typical HDFW system of equations during single braking consists
of: law of change in contact pressure with time, equation of motion of the brake disc, experimental dependencies of the
coefficients of friction and thermomechanical wear of the considered friction pair on the maximum temperature,
experimental dependencies of hardness and thermophysical properties of materials of the friction pair on the temperature,
thermal problem of friction for the pad-disc system to determine the mean temperature of the nominal contact area, the
problem of assessment of the flash temperature taking into account spatial distribution and migration of spots of the real
contact and micro geometry, the law of change of the coefficient of wear of the friction surfaces with time. In case of a
multiple braking the given scheme should be completed with the problem of calculation of the bulk temperature of the
braking system.
Solutions of the HDFW systems of equations give mathematical description of the braking process, taking into account
mutual influence of load, velocity, braking time, coefficient of friction, mean temperature of the surfaces, flash temperature
and thermomechanical wear. The fundamental components of the sets are the initial problems for equations of motion and
thermal problems of friction during braking. The common factors of both questions are the contact pressure and the
coefficient of friction. Spatial distribution and change in the contact pressure with time, the most often are known a priori,
and the coefficient of friction during braking can be constant or temperature-dependent.
So far use of HDFW modeling of frictional heating in braking systems concerned mainly the development of simplified onedimensional models of calculation of the mean temperature of the friction surface [6]. None comparative analysis was carried out
of the flash temperature for the given friction pair, found using different theoretical solutions with the experimental data.
In this study spatial models on calculation of the maximum temperature taking into account mutual relationship of the sliding
velocity, temperature and thermal sensitivity of the materials of the pad and the disc have been examined. The known numerical
solutions for 2D and 3D problems are extended to thermally nonlinear materials and time-dependent contact pressure [7-9]. The
data connected with the magnitude of the mass wear of the friction components in the braking process, are obtained by
calculation, and taking into account dependencies of the coefficients of intensity of wear and friction on the maximum
temperature.

a)
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FINITE ELEMENT ANALYSIS
Simulations of a single braking process were carried out using 2D and 3D finite element models of a disc brake system
for automotive application. In order to incorporate a feedback between the transient temperature fields of the sliding
components, velocity, applied load, moment of braking force as well as thermal nonlinearity of the materials, the
calculations were based on the HDFW system of equations. According to the theory of HDFW, the maximum temperature
was calculated as a sum of the flash and the mean temperature from the solution of equation of motion and the formulated
thermal problem of friction. It was assumed that the perfect contact conditions take place within the friction surfaces,
namely the sum of heat flux densities directed into the pad and the disc was equal the specific power of friction as well as
the temperatures of these surfaces at the corresponding points were equal. On the free surfaces convective conditions were
applied. The computations were performed using FE based software COMSOL Multiphysics. Thermal nonlinearity of the
materials, dependencies of the coefficients of friction and wear rate were included in the models. The obtained temperature
evolutions on the contact surface of the brake disc at different radii: 66 mm – inner radius of the disc, 76.5 mm – inner
radius of the pad, 96.2 mm – equivalent radius of the rubbing path and 113.5 mm – outer radius of the disc are shown Fig. 1.

Fig. 1. Changes in the mean temperature T on the contact surface of a disc and work done during braking W obtained using
2D FE model at constant (solid lines) and temperature-dependent (dashed lines) coefficient of friction, p = 1.47 MPa
CONCLUSIONS
The carried out studies of transient temperature fields in braking system using 2D and 3D FE models indicate that in order to
obtain comprehensive thermal behavior of the analyzed friction pair, HDFW system of equations should be taken into account. It
requires parallel solution of equation of motion and thermal problem of friction. In the proposed FE modeling of problems of
heating in braking systems, temperature-dependent coefficients of friction, wear rate, thermophysical properties of materials,
hardness and time-dependent contact pressure were interdependent and included. The comparative analysis performed allow to
state that the operating characteristics of braking (time, braking distance, evolution of contact temperature, wear) vary from
those, where the constant parameters (coefficient of friction, properties of materials) were used (Fig. 1). The obtained results are
the basis for the further analysis of transient temperature fields in sliding components of a brake during multiple braking.
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1

Summary This paper proposes novel analytical formulation and its numerical solution to evaluate the 3D nonlinear response of re-centering
friction-based isolation systems subjected to multi-component dynamic excitations. The fundamental equations of the formulation are first
presented, and then programmed to obtain multi-directional nonlinear response solutions of the isolated structure incrementally at each time step
of the dynamic excitation representing multi-component ground motions. Simple case studies are provided to illustrate the performance and
efficiency of the proposed technique and highlight its advantages over conventional finite element solutions.

INTRODUCTION
Seismic isolation is widely used to mitigate earthquake damaging effects on structures [1,2]. Isolators are often placed at
the base of a structure, or between a bridge deck and its piers, decoupling the ground motion from the motion of the structure.
This prevents damage by causing the superstructure to move as a rigid body or by minimising dynamic amplification. Frictionbased isolation systems are popular for their decoupling capacity as well as their ability to dissipate energy through friction.
To accurately predict the behaviour of friction-based isolators for design or evaluation purposes, robust nonlinear time-history
analyses are required. These analyses are often performed using finite elements, which can be time consuming due to the size
of the models, complexity of the analyses, and their large number when optimization or fragility assessments are required.
In this paper, a new analytical formulation is proposed to considerably enhance such nonlinear dynamic analyses.
PROPOSED FORMULATION
A friction-based isolator can be modelled as the two sliding interfaces shown in Fig. 1. Isolator restrainers for re-centring
capacity can be modeled as springs linking both sliding interfaces. The upper block, representing the isolated structure, is
characterized by a mass , initially at rest on a sliding surface characterized by friction coefficient . If the applied
acceleration is sufficient to initiate sliding motion, the block may slide and/or rock on the surface, detach entirely in a pure
uplift mode, or demonstrate a combination of these modes. If the vertical acceleration of the block is less than a unit gravity
acceleration, i.e. 1 , the block will not detach entirely but may rock. Provided the dimensions of the block satisfy the rocking
equilibrium [3], then the block will not rock but enter a stick-slip mode. Under these conditions and using the notation
described in Fig. 1, the equations governing the bidirectional dynamic response of the isolator under a harmonic ground
can be written as
motion with frequency
sgn

sgn

and

(1)

where sgn denotes the signum function, corresponding to 1 and -1 when the block moves along positive and negative
directions, respectively, and
|cos |

|cos |

;

|sin |

|sin |

and

atan

/

(2)

Figure 1. Model of the studied friction-based isolation system with re-centering springs.
Assuming initial displacements and velocities , , and , along axes and , respectively, we show that the closedform analytical solutions of the acceleration of the isolated block are given by following equations (3) and (4) when the block
slides along positive and negative direction , respectively
a)
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sin

cos

cos

cos

(3)

sin

cos

cos

cos

(4)

Similar relations can be obtained for acceleration by replacing , , and in Eq. (3) by , , and , respectively.
The bidirectional dynamic response of the isolated structure can then be obtained incrementally at each time step. For this
purpose, the previous equations were programmed in MATLAB [4].
ILLUSTRATIVE RESULTS
To illustrate the proposed formulation, we consider a re-centering friction-based isolator, subjected to 5 cycles of a 3D
,
0.5 sin
,
= 0.6 sin
, where
10 .
sinusoidal ground accelerations taken as = 0.75 sin
The natural frequency of the re-centring spring is
. Fig. 2(a) illustrates the response of the isolation system considering
a friction coefficient = 0.1. For verification purposes, a finite element model using contact elements is developed in
ADINA [5]. Fig. 2(a) shows the excellent agreement between the results obtained using the proposed formulation and those
from finite elements. Fig. 2(b) illustrates how the technique can be efficiently used to predict the effects of variations in
friction coefficient for design or optimization purposes. Such analyses are indeed required to assess the high sensitivity of
this type of friction-based isolators to friction, re-centring system and characteristics of multi-component dynamic excitation.

Figure 2. Illustrative results: (a) Comparison of the results with those from finite elements; (b) Effects of friction coefficient.
CONCLUSIONS
This paper proposed an efficient analytical formulation to account for the highly nonlinear 3D dynamic response of re-centring
friction-based isolation systems. The proposed formulation can be easily programmed and used to perform extensive
parametric studies required for optimized design of friction-based isolation devices or safety evaluation of isolated structures.
The rapidity of the proposed method, in terms of programming and execution times, was found to be highly advantageous when
compared to conventional finite element modelling, even for simple cases. The robustness of the technique was verified through
a large number of case studies, considering harmonic and seismic dynamic excitations.
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ELASTIC SEMI-SPACE IMPACTED WITH ELASTIC FILLED SHELL
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1

Summary a solution is found to a non-stationary contact problem of impact of a thin-walled elastic round cylindrical shell filled with elastic
medium on elastic semi-space. By virtue of principle of superposition and boundary conditions the problem is converted into a system of
functional resolving equations. In order to resolve such system, a numerical and analytical quadrature-based algorithm was developed.

PROBLEM DESCRIPTION
At an initial moment   0 a thin elastic round cylindrical shell of radius R and of h thickness filled with homogeneous
elastic medium, at V0 of initial velocity, contacts elastic semi-space z  0 with its element of cylinder. Assuming that the
contact between the shell and semi-space as well as between the shell and the filling is friction free. The shell is described
by Timoshenko model equations in displacements [1]. In a cylindrical coordinate system with center at shell axis and polar
angle     ,   they are represented as follows (hereinafter dots above a value mark time derivatives):
w  Lw  p, w   u, w,   , L   Lij 
T

33

, p   0, p,0  ,

(1)

T

2

2
2
  2 k 2 , L12   L21  1   2 k 2 
, L13   2
  2 k 2 , L22   2 k 2
 1,
2
2



 2


5
L23   2 k 2
, L31   L33   2 L13 , L32   2 k 2 2
, k2  .


6
Here u, w are tangent and normal displacements of shell;  is angle of rotation from normal to middle surface until
deformation of fiber due to shear deformation, p is contact pressure.
The motion of elastic mediums (semi-space and filling) is described by equations of motion of plain theory of elasticity
in potentials of elastic displacements (hereinafter the values with index k  0 belong to semi-space while k  1 , to
filling):
2
2
2 1  1 2
.
k   k2  kk ,  k  k2  k k  k  0,1 , 0  2  2 , 1  2 

(2)
r r r 2  2
x
y
r
Here  k ,  k are scalar and non-zero component of vector potential. The motion of the medium which the semi-space is
filled with is considered in relation to rectangular Cartesian coordinate system Oxz , the motion of the filling, polar
coordinate system O1r with the center at the axis of the shell.
The links of displacements with elastic potentials are defined by the following equations:
  0
  0
 1  1
1 1  1
u0  0 
, w0  0 
, ur  1 
, u 

,
(3)
x
z
z
x
r r 
r 
r
where u , w are displacements of the semi-place along axes Ox and Oz ; ur , u are radial and angle displacements of
the filling.
Non-zero components of the semi-space deformation tensor    ,   x, z  and the filling    ,    , r  are
connected with the displacements by Cauchy equations:
u
w
u
1  u w 
1 u ur
1  u
1 ur u 
 xx  0 ,  zz  0 ,  xz   0  0  ,  rr  r ,  
 ,  r    

.
(4)
x
z
2  z
x 
r
r 
r
2  r r  r 
L11 

Non-zero components of the semi-space deformation tensor    ,   x, z  and the fillings    ,    , r  are
connected with deformations by the Hook’s law:
    k  2k    k  ,     k  2k    k   ,    2k   k  0,  ,   x, z; k  1,  ,    ,   . (5)
The area of contact is changing in the course of the interaction, and it is described by semi-width b   which in zero
approximation is defined by condition of crossing of non-deformed boundaries of the semi-space with the shell:
b  sin   ws  2  ws  ,

a)

(6)
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where ws is the depth of penetration of the shell as perfectly solid body defined by the solution of the Cauchy problem
mws  P    R1   , P   

  


R1   
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b  

p  sin  ,  d 

rr r 1



p   , 
1  2

d ,

(7)

, ws  0   0, ws  0   V0 .

where P is the resultant of contact pressure p ; R1 is response of the elastic filling; m bulk weight of the shell.
The boundary conditions are represented as follows:
 xz z  0  0  x   ,    ,  zz z  0  0  x  b    ,

 zz

z 0

 p  x,  , w0
ur

r 1

z 0

 w  1 - x2 -1

 w     ,   ,  r

r 1

 x  b   ,       ,
 0     ,   .

(8)



Supposedly, at the center of the impact and at an infinity point of the semi-space perturbations are limited.
Initial conditions:
0   0  0   0   0   0   0   0  0,

1   0   1   0   1   0  0, 1   0  V0 r cos  ,

(9)

u   0  w   0     0  0,    0 =0, u   0  V0 sin  , w   0  V0 cos  .

All values and parameters have a dimensionless form.

SOLUTION EQUATIONS AND METHOD
Boundary conditions (8) and the principle of superposition and reduction of initial conditions (9) to zero result into the
following integral equation:
 bt 



0 bt 

 bt 

G0  x   ,  t  p  , t  d dt  



0 bt 

 

G  x   ,  t  p  , t  d  dt    G    ,  t   r  , t  d  dt  1 - x 2 - 1. (10)
0 

where the koernels of integral operators G  x,   , G0  x,   represent dominant functions for the shell and semi-space [1,
2].
It turns into a closed system by problem (7) and kinematic proportion (6).
The dominant function for the shell with the filling is the solution of problem (1) – (5) (if k  1 ) with zero initial
conditions and pressure p          r  ,  , where   z  is Dirac delta-function. This dominant function is
constructed by use of Fourier expansions and integral Laplace time transformation.
For finding solutions of the system of resolving equations an original quadrature based algorithm was developed. In
doing so, integrals (10) and (7) are substituted with their numerical analogues by making use of special quadrature formulas
adapted for specificities of kernels of integral operators
This study was performed with financial support of the Russian Foundation for Basic Research (project 14-49-00091).
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THE DUAL DOMAIN DECOMPOSITION PARALLEL CONTACT ALGORITHM IN CHAP3D
CODE
Yuxi Jiang1a), Haibing Zhou1, Jun Xiong1 & Shudao Zhang1
Institute of Applied Physics and Computational Mathematics, Beijing, China

1

Summary CHAP3D code is a three-dimensional Lagrangian program developed by IAPCM. The parallel contact algorithm used in this

program for the Clusters of Multi-Processors computers is introduced in this paper. The dual domain decomposition method is applied and two
methods of the contact surfaces decomposition are provided in this parallel contact algorithm. One is to distribute a whole contact surface
to a processor and the other is to divide the master surface into each processor. In each processor, the contact search methods are adopted
to determine whether and where the nodes are contact with a surface segment, and the distributed parameter method and penalty method
are optional to calculate the contact constrains. The numerical example illustrates that CHAP3D has the ability to simulate the different
types of contact problems such as contact with sliding only interfaces, sliding with closure and separation interfaces, contact with tied
interfaces and self-contact.

THE INTRODUCTION TO CHAP3D
CHAP3D (Compatible Hydrodynamics Analysis Program 3D) code is a three-dimensional Lagrangian program
developed by IAPCM. It is based on Compatible Lagrangian hydrodynamics numerical method [1], [2], which preserves total
energy conservation by compatible differential operator discretization. So CHAP3D code is fit for the numerical simulation
of the problems that request the accurate calculations of the energy transition and the total energy conservation such as high
velocity impact, explosion and implosion.
.
THE PARALLEL CONTACT ALGORITHM
Contact between moving surfaces and/or moving bodies is one of the most crucial parts of the whole simulation in
Lagrangian formulations. The parallel contact algorithm is one of the most important parts of CHAP3D code. The dual
domain decomposition method is adopted by the parallel contact algorithm in CHAP3D code.
The essential idea of the parallel contact algorithm is to divide a large contact problem into some smaller subsets such
that the computation of each subset will be conducted on a single computer processor. The METIS [3] is used as the tool to
decompose the computational domain for the Clusters of Multi-Processors computers. However the computational domain
decomposition will divide the whole contact surface into several processors, and the computation of this contact surface
need lots of communications between processors. So another decomposition of the contact domain is appealed to reduce the
communications and promote the efficiency. This is called “Dual Domain Decomposition”.
The strategy of the parallel contact algorithm with dual domain decomposition is:
1. “The first domain decomposition”: divide the main computational domain into processors.
2. “The second domain decomposition”: divide the contact computational domain into processors.
3. Parallel calculate the node force.
4. Parallel calculate the nod contact force.
5. Update the acceleration, velocity, coordinate of node
6. Return to 3.
In the second domain decomposition, two methods of contact surface division are provided in CHAP3D. One is to
distribute a whole contact surface (include the master surface and the slave surface) to a single processor. This contact
surface could be calculated by using the serial contact algorithm in a processor, and there is not any communication in
calculation. This method is likely to make some processors to be vacant. The other method is to divide the master surface
into the all processors and distribute the whole slave surface to every processor. A part of contact surface could be
calculated in a processor by using the serial contact algorithm. The communication is only recalled to get the whole contact
surface when the calculations in all the processors are finished.
THE CONTACT SEARCH ALGORITHM
In each processor, the contact search process in CHAP3D is categorized into the global contact searching and the local
contact searching. The global search is about to find all the possible candidate surface segments of a particular node. The
bucket-sorting algorithm [4] is the main global search method and the face-tracking algorithm and the brute force search
method are the supplementary ones. The local search is used to determine precisely whether and where the node is in
contact. The node-to-segment algorithm, one of the most popular methods, is employed in CHAP3D. The Newton-Raphson
a)
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iteration is usually used to solve the contact point parameter coordinates. Moreover the inside-outside search algorithm [5] is
introduced in CHAP3D as the complementary one.
THE CONTACT ALGORITHM
The distributed parameter method [4] and the penalty method [4] are applied to calculate the contact constrains on the
contact nodes. The distributed parameter method is used for contact pressure in the megabar regime such as sliding
explosive and the penalty method is used for the impact-contact problems.
NUMERICAL EXAMPLE
The Fig. 1- Fig.2 are the results of the numerical simulation of the HR-2 steel tube expansion induced by inside headon hitting two detonation waves[6]. The simulated contours of deformed HR-2 steel tubes are in agreement with the results
measured by flash X-ray cineradiography.

Fig. 1 The model of calculation

Fig. 2 the contours of the metallic tubes by numerical simulation
and flash X-ray cineradiography

CONCLUSIONS
CHAP3D has the ability to simulation the different types of contact problems such as contact with sliding only
interfaces, with closure and separation interfaces, with tied interfaces and with self-contact interfaces
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NONLINEAR ANALYTICAL – NUMERICAL MODELS OF SOLVING FRICTIONAL HEAT
PROBLEMS
Aleksander Yevtushenko, Michal Kuciej, Ewa Och
Faculty of Mechanical Engineering, Bialystok University of Technology, Bialystok, Poland
Summary The nonlinear thermal problems of friction have been formulated for two semi-spaces, compressed by time dependent pressure and
sliding with a speed that changes in time. Due to friction at the contact surface the heat is generated. It is assumed that the thermal contact of the
bodies is imperfect, and the materials are thermal-sensitive, i.e. their thermophysical properties are temperature dependent. This problem allows
to determine temperature fields in such elements of brakes, as a pad and a disk. As a consequence of the assumption, linearization of
a corresponding boundary-value heat conduction problem using the Kirchhoff transformation has been incompleted. Depending on the type of
nonlinearity of friction bodies material (simple or arbitrary), the various methods of linearizing the final task have been suggested. The
effectiveness of these methods has been illustrated by the numerical analysis of the friction materials for couples with a linear or nonlinear
temperature dependence of thermal properties.
INTRODUCTION
Analytical models of frictional heating of heavily loaded friction nodes in many cases should take into account the
change in temperature of the thermal properties (coefficient of heat conductivity and diffusivity, specific heat) of materials
they are made from. When in the formulation of the frictional heat problem we take into consideration the change of these
properties with temperature, the problem becomes nonlinear. One of techniques used for solving nonlinear problems is to
reduce those problems to linear ones, using the substitution methods. The most common substitution method is Kirchhoff
[1] integral transformation. It either linearizes the problems fully (after substitution to the basic equations and to the
boundary conditions), or reduces to a nonlinear equations of such a class which methods of solutions are known. Reviews of
the application of substitutions methods used to solve the nonlinear boundary-value heat conduction problems are in the
monographs [2, 3]. The review of analytical methods of solving the thermal problems of friction have been presented in
paper [4].
A solution to the thermal problem of friction during braking with a constant retardation, when thermosensitive materials
of a pad and a disk have simple nonlinearity (materials in which coefficients of heat conduction and specific heat depend on
the temperature, and their ratio – a coefficient of thermal diffusivity – is constant), have been obtained by means of the stepby-step linearization method or method of linearizing parameters in articles [5, 6]. A solution to the arbitrary (i.e. with the
coefficients changing independently of each other) nonlinear thermal problems of friction for two semi-spaces in case of
sliding with a constant speed has been obtained by method of successive approximations in the article [7], and the same
iterative scheme for solving thermal problems of friction at braking has been proposed in the paper [8].
The main aim of this article is to obtain, using different analytical and numerical methods, solutions to the thermal
problems of friction for the two semi-spaces with materials characterized simply or arbitrary nonlinearities, and with taking
into account thermal resistance of bodies, increase in time contact pressure and nonlinear velocity of sliding.
DESCRIPTION OF NONLINEAR MODELS AND NUMERICAL ANALYSIS
In this paper the solutions to nonlinear boundary-value problems of thermal conductivity have been presented for the
two semi-infinite (semi-spaces) bodies. Materials of the bodies are thermosensitive, ie. their coefficients of thermal
conductivity and specific heat change with temperature. Thermosensitive materials are divided into two types; one with
simple nonlinearity, when coefficients of thermal conductivity and specific heat depend on the temperature, and their ratio –
a coefficient of thermal diffusivity – is constant. Another type is the one with an arbitrary nonlinearity, when the thermal
coefficients change with temperature independently of each other.
Semi-spaces, in the most general case that has been considered, are pressed at infinity by pressure increasing in time
from zero to nominal value. At the time adopted as the initial (t = 0) the bodies begin to slide relatively to each other at a
speed decreasing with time. In another considered case, with the constant pressure, when the time of increase of pressure to
the nominal value tends to zero, the sliding velocity decreases linearly (braking with uniform delay). Under the influence of
the friction forces on the contact surface the heat is generated, which warms both bodies. It is assumed that the thermal
contact between bodies is imperfect, ie. the heat transfer takes place with a constant coefficient of thermal conductivity of
contact.
In accordance with the above assumptions, the nonlinear boundary-values heat conduction problems have been
formulated. In order to obtain analytical solutions the problems must be linearized. As a first step, the Kirchhoff substitution
has been used, but only the partial linearization of problems was achieved. The boundary condition of imperfect thermal
contact was nonlinear.
a)
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In order to complete linearization of problems, depending on the type of material with simple or arbitrary nonlinearity,
various methods for the final linearization have been applied.
For a simple nonlinearity of materials:
- expansion of the nonlinear function in a power series,
- linearizing parameters method,
- spline-approximation method,
and for arbitrary nonlinearity of materials:
- method of successive approximations,
- method of lines.
On the basis of the obtained solutions numerical analysis has been carried out for various frictional pairs made from
such materials, that its thermal properties’ changes with temperature are characterized by simple or arbitrary nonlinearity.
We have examined how the thermosensitivity of material influences the evolution and the temperature distributions in the
frictional systems. The results have been compared with calculations of temperature conducted at the constant thermal
properties. The effect of pressure increase and oscillations, sliding velocity and thermal resistance of contact on the
evolutions of the temperature on the frictional elements working surfaces have been investigated, too. Additionally, the
results of temperature calculations obtained by linearizing methods described above, have been compared as well. The
calculation results are presented in graphs and tables.
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1

Summary Evolution of tribocontact, forecasting of friction and wear of tribopair materials are one of the main tasks of the tribology.

In this paper the problems of external friction dynamics were explored, in particular investigations of dynamic characteristics of
tribological objects. In the context of automatic control theory, the system of this type is object of parametric identification, wherein in the
simplest case, the parameters are damping coefficient and unit speed of rotation.
This approach allows to use amplitude-frequency characteristics for evaluating the dynamic coefficients of friction interaction. The
proposed method is the basis of the investigations of processes of evolution tribological characteristics. The suggested approach provides
the measuring instrument Tribal-T, whereon the investigated tribopairs, which have a slip-step scheme of friction process, are fixed.

DESCRIPTION OF THE INSTRUMENT TRIBAL-T AND HOW IT WORKS
The experimental device "Tribal-T" for determining the tribological and mechanical properties of materials was
developed on the basis of Chair of Mechatronics of ITMO University. As an analogy was used device for rub testing, which
was described in the inventor's certificate [1]. The idea of reciprocating motion of testing samples relative to each other was
applied in this machine [2].
In Fig. 1 shown the exterior of the measuring instrument Tribal-T and its main components.

Figure 1 - The measuring instrument Tribal-T:
1 - specimens; 2 - displacement sensor; 3,4 - sensors of normal load and circumferential load; 5 - precision guideways; 6,7 equipment control board of load and velocity; 8 - actuator of cyclic displacement; 9 - actuator of load
Driven by the external actuator, one of the tribopairs is in cyclic reciprocating motion. Due to impact of frictional force,
the second tribopair is in cyclic constrained motion. The device is equipped with sensors of displacement and pressure,
which allow to track the absolute movement of tribopairs, and the measured signals are the inputs and outputs of the system.
IDENTIFICATION MODEL
In the paper, as test specimens was selected a friction couple Aluminum - Aluminum.
At the first stage of research tribological characteristics of dynamic objects have been carried out a series of experiments
using the Tribal-T. In the course of the experiment were obtained signals characterizing the absolute displacement of the
lower pattern (input signal) and the top of the sample (output signal).
Then, a discrete model in the state space (which describes the behavior of dynamic systems of tribological pair) was
received by dint of the MATLAB application package. The following (in Fig. 3) is model parameters in the initial moment
of experiment.

Fig. 3 - Model parameters in the initial moment

a)
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STEP RESPONSE
Dynamic properties of linear mechanical objects and automatic control systems can be described by equations and
characteristics curve. In automatic control theory it is used two types of characteristics - transient characteristic and
frequency.
These characteristics can be calculated from the experimentally obtained data in the generation of equation of a dynamic
object. Furthermore, these characteristics help to define the object response to any impact arbitrary species. Thus, transient
and frequency characteristics are uniquely related to the equation of dynamic object and at the same time they are a
comprehensive description of the dynamic properties of the friction process [3].
The transition function (or transient response) is a time based historical graph of output value of the dynamic object, at
the time of action input step disturbance.
Reaction of the output when action such an impact - this is the transition function (shown in Fig. 4). We used the
function step in MATLAB for determining of transition function.

Fig. 4 – Transition function curves for different moments of experiment
FREQUENCY RESPONSE
The most important characteristic of a dynamic object is frequency transfer function. Frequency characteristics describe
the steady-state oscillations at the output of the object caused by harmonic influence on input [4].
If amplitude of input vibrations is detented then amplitude and phase of the output waveform depends on the frequency.
For estimation of phase-frequency characteristic and frequency-response characteristic we used Bode function, which
provides logarithmic frequency response. Graphs of the phase-frequency characteristic (right) and frequency-response
characteristic (left) are shown in Fig. 5.

Fig. 5 – Dependencies of frequency-response characteristic and phase-frequency characteristic
CONCLUSIONS
In the paper it was reviewed and used the method for estimate of dynamic coefficients of friction interaction and monitoring
of the evolution of tribological characteristics in friction process.
In operation, the identification model, which describes the dynamic processes of friction was built based on the input - output
data obtained experimentally by dint of the machine Tribal-T.
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2

Summary Up to now, when the fracture of ductile sheet materials is studied, the interaction between plasticity and damage (e.g. flat-to-slant
transition) is still a matter of active debate. The fundamental question can be phrased as: Which mechanism is responsible for localized
phenomena leading to the final failure? To address this issue, mechanical tests have been conducted on notched plates made of 2198 T8
aluminum alloy and imaged via synchrotron laminography at micrometer resolution. Ductile damage is analyzed via the reconstructed
volumes and the correlation residuals associated with digital volume correlation. The latter allows displacement fields to be measured and
strain fields to be estimated in the bulk of the material during the test. The development of plasticity and damage can therefore be studied
during the loading history.

While ductile fracture of metallic engineering materials at high stress triaxiality is fairly well-established, failure at lower
levels of stress triaxiality (i.e. below 1) is less understood. An example of poorly understood localized failure phenomena
is the flat-to-slant crack transition. During this process, fracture typically initiates at crack-like features with an initial flat
crack forming normal to the loading direction, which evolves into a slant crack by so-called localized “fast-shear” decohesion
(i.e. flat-to-slant transition). These phenomena are also found in thick specimens close to their external surface in the form of
“shear lips.”
In this work, high-resolution in-situ synchrotron X-ray laminography [1] combined with global digital volume correlation
(i.e. C8-DVC [2]) is used to measure the damage and plastic strain fields ahead of a notch introduced within a 2198 Al-Cu-Li
alloy sheet. Synchrotron laminography is a technique specifically developed for three-dimensional (3D) imaging of laterally
extended sheet specimens with micrometer resolution. DVC is carried out by registering the 3D image contrast caused by
iron-rich intermetallic particles present in the alloy. The alloy is recrystallized and tested in T8 artificial ageing condition
involving relatively low work hardening.
Incremental loading steps are especially interesting in terms of plastic activity. Sections normal to the crack propagation
direction (L) of von Mises equivalent strain fields for loading step (0)-(1) are shown in Figure 1. Starting from 110 µm ahead
of the notch root, the section planes are chosen as regularly spaced with a mutual distance of 140 µm. The magnitude of
the equivalent strain close to the notch root is significantly higher than in the remainder of the analyzed region. To capture
interesting features, the color bar range is limited to 0.1 for all displayed sections. Strained bands are observed starting at a
distance of 250 µm from the notch root.

Figure 1: Sections normal to the crack propagation direction showing von Mises equivalent strain maps for loading step (0)-(1)
Figure 2 shows isometric views of the microstructure voids (obtained by thresholding gray levels) inside the same region
of interest and corresponding equivalent incremental strain fields. Strained bands occur from the very beginning of the loading
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process. The undeformed microstructure state (0) shows very small amounts of porosity without any pattern distribution. The
first loading step (1) already reveals strained bands (Figure 1). This localized strain pattern did not cause explicit damage
growth inside the bands, which is seen for microstructure state (1). Void nucleation and growth are very limited, except for
loading step (2)-(3), where the damage activity is more developed mainly in the zone close to the notch root due to higher
strain and stress levels. Significant damage does not occur immediately after the onset of heterogeneous plastic flow, which
appears to be the prevalent mechanism explaining the flat-to-slant transition in the studied aluminum alloy. During the loading
process very high plastic strains develop within the bands and in the bulk, which induce at a later stage damage nucleation and
limited growth leading to the final failure. The final fracture path is explained by the measured incremental strain patterns.
Therefore, in an area close to the notch root the onset and development of slanted strain bands precede damage. The activity of
the different strained bands at the notch root is alternating between different locations over the loading history [3]. However,
the band leading to final rupture is always active.

Figure 2: Isometric views of the void (damage) distribution together with the von Mises equivalent strain distribution for the
evaluated incremental loading steps
Less numerous inclined strained bands also develop 800 µm from the notch prior to the onset of damage [4]. Damage in
this region mainly results from the nucleation of voids on micrometer intermetallic particles and occurs at an even later stage
of deformation, again followed by very limited void growth.
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Summary A poro-mechanical model of a damaging material under overall compression state is presented. The damage is characterized by the
formation of microstructures in the form of equi-distant parallel faults and characterizes the evolution of the permeability of the material. The
model is particularly suitable for engineering applications in soil and rock mechanics.
INTRODUCTION
Deterioration of mechanical and hydraulic properties of rock masses and subsequent problems are closely related to
changes in the stress state, formation of new cracks, and increase of permeability in porous media saturated with freely moving
fluids. In fully saturated rocks, fluid and solid phases are interconnected and the interaction between fluid and rock is
characterized by coupled diffusion-deformation mechanisms that convey an apparent time-dependent character to the
mechanical properties of the rock. The two governing equations of the coupled problem are the linear momentum balance and
the continuity equation (mass conservation). The kinematic quantities that characterize this picture are the solid displacement
and the rate of fluid volume per unit area. Hydro-mechanical coupling arises from the influence of the mechanical variables
(stress, strain and displacement) on the continuity equation, where the primary variable is the fluid pressure, and from the
influence of the hydraulic variables (pore pressure and seepage velocity) on the equilibrium equations, where the primary
variables are the displacements. In the present talk, we describe a coupled approach to model damage induced by hydromechanical processes in low permeability solids. Classic methods can be applied to describe the porous-mechanical behaviour
of the solid to estimate the flow of fluids across the medium according to the presence of a fluid pressure gradient.
THE BRITTLE DAMAGE MODEL OF DRY SOIL
We describe the solid as an anisotropic brittle continuum where the damage is characterized by the formation of nested
microstructures in the form of equidistant parallel faults [1], characterized by distinct orientation 𝑵k and spacing 𝐿𝑘 . Faults
bound otherwise elastic matrix material. We refer to this mode of deformation as recursive faulting, and the resulting
microstructures as recursive faults. The assumption of faulting separates the requisite constitutive relations into two
independent components: the behaviour of the matrix, assumed to be elastic for simplicity; and the behaviour of the faults,
governed by a cohesive relation in the fault initiation stage, and by Coulomb friction and contact henceforth. The faulting
construction can be applied recursively in order to generate complex fault patterns; moreover, to model more realistic
materials, the elasticity of the matrix can be replaced by other dissipative behaviours, such as viscoplasticity.
ANALYTICAL EXPRESSION OF DAMAGE INDUCED POROSITY AND PERMEABILIY
The fractured medium can be regarded as an anisotropic porous material. Pores in the form of planar parallel voids form when
faults undergo a normal opening displacement ∆𝑵
𝒌 . The particular geometry of the faults allows for the analytical derivation
of the porosity of the medium, as the sum of the original porosity 𝑛matrix of the matrix and of the contribution of the Q sets
of faults,
𝑄

𝑛=𝑛

matrix

+∑
𝑘=1

∆𝑵
𝒌
𝐿𝑘

and the analytical derivation of the anisotropic permeability 𝑲 of the medium, as sum of the original permeability of the
matrix 𝑲matrix and of the contribution of the Q sets of faults,
𝑄

matrix

𝑲=𝑲

+∑
𝑘=1

𝑵 2
∆𝑵
𝒌 (∆ 𝒌 )

𝐿𝑘

12

( 𝑰 − 𝑵k × 𝑵 k )

COUPLED PROBLEM
According to standard approaches used in poro-mechanical problems, upon space discretization the continuity and equilibrium
equations assume the following matrix form:
𝑯𝑇 𝑼̇ + 𝑲𝑷 = 𝑸𝑒𝑥𝑡 (𝑡)
𝑯𝑷 + 𝑭𝑖𝑛𝑡 (𝑼) = 𝑭𝑒𝑥𝑡 (𝑡)
a)
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Where the array 𝑼̇ collects the unknown discrete velocities and 𝑷 the unknown discrete pore pressures. 𝑸𝑒𝑥𝑡 (𝑡) contains
the discrete external (imposed and known) fluxes, and 𝑲 represents the hydraulic conductivity matrix. 𝑭𝑒𝑥𝑡 (𝑡) contains the
discrete external forces (imposed and known) and 𝑭𝑖𝑛𝑡 (𝑼) contains the discrete internal forces, dependent on the unknown
displacements through the constitutive law of the material. Finally, the rectangular matrix 𝑯 is a coupling matrix, dependent
only on the shape functions used for the discretization of the domain. The solution of the coupled system can be achieved
through a staggered approach, by alternating the solution of first and second systems.
APPLICATIONS
The material model has been validated against experimental triaxial tests conducted in permeable rocks [2]. The coupled
approach can be used for a wide range of engineering problems, ranging from the prevention of water or gas outburst into
underground mines to the prediction of the integrity of reservoirs for underground CO2 sequestration or hazardous waste
storage. As an example of application of the dry model, we consider the progressive damaging induced in a rock mass by the
drilling of a borehole with an increasing diameter. The initial stress state of the rock mass anisotropic, and the material
surrounding the borehole fail creating a typical fracture pattern that is nicely reproduced by the numerical simulations, see
Fig. 1.

Fig. 1. Distribution of faults around a borehole drilled in a rock mass characterized by an anisotropic stress state. Three different
stages corresponding to different diameters of the borehole.
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BIAXIAL EXPERIMENTS AND NUMERICAL ANALYSIS OF
STRESS-STATE-DEPENDENT DAMAGE AND FAILURE
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Summary The paper deals with an anisotropic continuum damage and failure model for ductile metals. The approach takes into account
the effect of stress state on damage and failure criteria. Different branches of these conditions are considered corresponding to various
microscopic mechanisms depending on stress states. To validate the proposed framework experiments with biaxially loaded specimens
and corresponding numerical simulations have been performed. Geometries of different specimens are discussed to analyze a wide
range of stress triaxialities and Lode parameters. Digital image correlation technique has been used to analyze current strain states in
critical regions of the specimens. Combination of experiments and numerical simulations greatly enriches understanding of damage
and fracture processes of ductile metals.

CONTINUUM DAMAGE AND FAILURE MODEL
Caused by fast technological developments damage and failure prediction is one of the most important issues in analysis and design of metal forming processes. Therefore, a thermodynamically consistent anisotropic damage and failure
model is presented. It is based on kinematic definition of damage leading to definition of damage strain tensors [1]. These
tensors take into account isotropic as well as anisotropic effects providing realistic representation of ductile material degradation. The phenomenological approach is based on free energy functions defined in damaged and corresponding fictitious
undamaged configurations, respectively, leading to elastic material laws which are affected by increasing damage. In addition, a hydrostatic-stress-dependent yield condition and a non-associated flow rule are introduced in the undamaged
configurations adequately describing the plastic behavior of ductile metals. Furthermore, considering the damaged configurations a damage condition and a damage rule are formulated in stress space characterizing onset and evolution of
damage. They are based on experimental observations and mainly on various numerical calculations on the micro-level
studying the deformation and failure behavior of void-containing unit cells [2]. Different branches of the damage criteria
are considered corresponding to different damage and failure mechanisms acting on the micro-scale depending on stress
triaxiality and the Lode parameter: for high positive stress triaxialities damage is mainly caused by nucleation, growth
and coalescence of micro-voids and for small positive or negative ones the prevailing damage mechanism is formation and
growth of micro-shear-cracks whereas combination of both mechanisms is active for moderate positive stress triaxialities
[3, 4, 5].
EXPERIMENTS AND NUMERICAL SIMULATIONS
An experimental program will be presented analyzing the effect of stress state on inelastic behavior, damage and
fracture in ductile metals. The experiments are performed using a biaxial test machine allowing individual loadings in
two different directions. Digital image correlation technique has been used to analyze current strain states in critical
regions of the specimens. Corresponding numerical simulations are carried out to get detailed information on amounts
and distributions of stress and strain measures especially in critical regions of the specimens where localized inelastic
deformations and failure will occur.
Ideas for development of geometries of suitable specimens covering a wide range of stress triaxialies and Lode parameters are discussed. For example, two possible geometries and loading conditions of flat specimens are shown in
Fig. 1. During the experiments, the specimens are simultaneously loaded in horizontal and vertical direction by F1 and
F2 . The load F2 leads to shear mechanisms in the center of the specimen whereas F1 leads to superimposed tension or
compression modes. Therefore, with variation of load ratios and of geometries in the critical parts different combined
shear-tension and shear-compression modes and corresponding failure mechanisms will occur.
Furthermore, performing numerical calculations of the respective experiments allows detailed analysis of
√ stress and
strain quantities especially in the critical parts of the specimens. For example, the stress invariants I1 and J2 as well
as the stress triaxiality η characterize the state of stress (Fig. 2). This corresponds to different damage modes like void
growth (1), occurrence of micro-shear-cracks (3) or mixed modes (2). Their distributions are shown in Fig. 2 in the central
part of the specimen (Fig. 1(a)) for the load ratio F1 : F2 = −1 : 1. In addition, the numerically predicted equivalent
∗ Corresponding

author. Email: michael.bruenig@unibw.de

1810

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

F2

F2
(b)

(a)

F1
F1

F1
F1

y

y

x

x
F2

F2

Figure 1: Specimens and loading conditions

√
Figure 2: First stress invariant I1 [MPa], second deviatoric stress invariant J2 [MPa], stress triaxiality η, damage mode,
equivalent damage strain µ, experimental fracture line (F1 : F2 = −1 : 1) for the specimen shown in Fig. 1(a)
damage strain measure µ is visualized. The band of moderate equivalent damage strain indicating the weakest points of
the material corresponds to the fracture line of the tested specimen. Further results for other specimens will demonstrate
the efficiency of the experimental program and the corresponding numerical simulations.
CONCLUSIONS
The presented experimental program allows biaxial loading of different specimens covering a wide range of stress
states even in the shear-tension and shear compression regime. Combination of experiments and numerical simulations
allows validation of the proposed continuum damage and failure model and has greatly enriched understanding of damage
and fracture processes of ductile metals.
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EXPERIMENTAL DETERMINATION OF NON-WOVEN BOND STRENGTH
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Summary Bond fracture greatly affects the strength and damage progression of many non-wovens. Here we present a novel combined
experimental and simulation approach to extract the bond strength of a particular non-woven. The approach was implemented for a commercial polyprolylene non-woven. A small non-woven specimen was imaged by micro computed tomography (µCT) and then subjected to
uniaxial tensile loading through complete failure. The geometry of the non-woven was imported from the µCT data into a discrete finite
element model. Using known fiber properties, the bond properties were then determined by comparing the simulated load-displacement
curve with the experimental load-displacement curve. The sensitivity of the load-displacement curve to bond strength distribution will also
be presented.

INTRODUCTION
Non-wovens are fibrous materials manufactured without a weaving or knitting process. Due to versatile manufacturing
methods, high porosity and high damage tolerance, non-wovens constitute a rapidly growing portion of the textile industry.
A typical non-woven consists of a set of randomly oriented fibers bonded at fiber-fiber crosslinks. The deformation of nonwovens at finite strain is complex, including fiber stretching, fiber bending, structural change, and bond fracture. Bond fracture
is a key material property since it directly contributes to material degradation [1] and leads to a change of network connectivity.
Experimental determination of bond strength distribution within a non-woven remains a difficult task. Individual fiber-fiber
bonds can be prepared and then tested (for example, by atomic force microscopy [2]), but the bonding conditions within the
non-woven may not be accurately replicated and these experiments are time and labor intensive. Here we present a method
that combines experimental characterization and numerical simulation to determine bond strength throughout a non-woven.
This approach carries the dual advantage of characterizing actual bonds within a non-woven and characterizing dozens to
hundreds of bonds simultaneously.

Figure 1: (a) The 3D microstructure of one non-woven specimen. (b) The corresponding extracted fiber network.

EXPERIMENTAL AND NUMERICAL METHODS
A commercial polypropylene-based non-woven (Dupont Typar series) is used for this investigation. The fibers in this
non-woven are bonded into a sheet by simultaneously application of pressure and heat. To create specimen for testing, a 2 mm
wide strip is cut from a bulk sheet, and attached to a sample holder spanning across a 2 mm gage length. The microstructure of
the specimen is imaged using micro computed tomography (µCT). The specimen is then tested under uniaxial tensile loading
until failure while the load-displacement curve is recorded.
The reconstructed 3D image from the µCT of the specimen is used to extract fiber coordinates and bond locations using
the software FNXCT [3]. The network geometry is discretized and imported into the finite element software ABAQUS. Both
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fibers and bonds are explicitly represented in the model, with fiber properties constitutively prescribed according to prior
single fiber experiments. The bonds are modeled as connector elements with a failure criterion. Each bond strength value
is an independent parameter and a change of its value affects the overall damage propagation process and the macroscopic
mechanical response. Individual bond strengths are tuned so the simulated load-displacement curve fits to the experimental
one. This multivariable optimization problem is solved by gradient decent method.
RESULTS AND DISCUSSION
The 3D microstructure of one non-woven specimen is shown in Figure 1a. The constituent filaments are much longer than
the specimen size. The corresponding extracted fiber network is shown in Figure 1b. Good agreement is achieved between
these two geometries. The experimental load-displacement data (blue line in Figure 2a) shows that the non-woven has a short
elastic region followed by a gradual roll over yield region. The curve becomes jagged at around the peak load indicating
significant damage. Such damage is a combination of bond fracture and fiber fracture. Three simulated load-displacement
curves are overlaid on the experimental results in Figure 2a. In the simulations used to produce this plot, all bonds were
assumed the same and the strength values were assigned to infinity (rigid bond), 0.5N and 0.001N. The network with rigid
bonds has the highest macroscopic strength (peak load) among the three. The damage comes solely from fiber fractures and
the damage progression is more drastic and occurs at smaller strains than the other two cases. The network with really weak
bonds (b = 10−3 N) has a smooth curve. The shape of the curve is similar to that of a single fiber under uniaxial tension. This
shape similarity is consistent with our expectation since most of the bonds break at small strains and only the longitudinal
fibers connected to both ends of the grips carry the load. The simulation with 0.5N bond strength has the best fit of these three
cases, however the fit is still poor (R2 = 0.20) indicating that a bond stregth distribution exists in the network. The percentage
of fractured bonds with deformation (Figure 2b) shows that bond fracture initiates at the beginning of the test and increases
monotonically since no healing is allowed. The drops in the load-displacment curve are associated with large numbers of bond
fracture. Moreover, not all bonds are broken before the end of the test even for the weakest bonds, indicating that some bonds
do not participate in the load transmission throughout the network. These strength of these non-transmitting bonds cannot be
obtained through this experimental methods.
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Figure 2: (a) Experimental and simulated load-displacement curves. b is the bond strength. (b) Percentage of fractured bonds
with deformation.

CONCLUSIONS
A method to determine non-woven bond properties is presented. The microstructure and macroscopic behavior of a nonwoven specimen is first characterized through experiments. A finite element model is then applied to fit individual bond
strengths. The presented method prevails in its efficiency in dealing with scattered bond strength distribution, and also is able
to provide insights on the damage progression process of non-wovens.
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Summary Although multi-phase materials are widely used, the micro-mechanisms dominating fracture are only partially understood. This
paper systematically investigates this topic using computational models. An idealized microstructure is employed wherein a brittle hard
phase and a ductile soft phase are randomly distributed. The idealization facilitates transparent analyses with well controlled variations.
Three topics are considered: the competition between fracture initiation in either of the phases, and the effect of the local phase distribution
on fracture initiation and on propagation. The results indicate that, depending on the macroscopic stress state, one of the phases dominates
the fracture initiation. The local phase distribution determines where fracture initiates. Regions of hard phase in the tensile direction
intersected by bands of the soft phase in the shear directions promote damage for both mechanisms. Voids then link-up through the soft
phase, strongly influenced by the amount of hard phase and the phase contrast.

COMPETITION BETWEEN DUCTILE AND BRITTLE FRACTURE
A simple microstructural model is employed in which the microstructure is modeled using a periodic volume element
comprising square cells representing individual grains or particles. Each cell is randomly assigned the properties of the
hard or the soft phase according to a certain volume fraction of hard phase – which is also varied. To obtain a statistically
representative set, a large ensemble of random volume elements is used. The two phases are modeled using isotropic elastoplasticity, whereby damage indicators signal fracture initiation in the individual cells. For the hard phase the quasi-brittle
Rankine criterion is used, whereas for the soft phase the ductile Johnson-Cook criterion is used. Macroscopic fracture is
predicted once 1% of the cells have failed. Because of all these idealizations the computations remain cheap, allowing an
extensive parameter study.
The predicted macroscopic fracture initiation strain, hε̄f i, as a function of applied stress triaxiality η̄ is shown in Figure 1(a)
using a black curve. As observed the fracture strain decreases with increasing triaxiality, as is common for ductile materials.
However, around a critical triaxiality of approximately 0.5 a sharp decrease in fracture strain is observed. This is understood
by considering fracture in the soft phase only (blue curve) and in the hard phase only (red curve). At low triaxiality the fracture
is dominated by the soft phase while above the critical value it is dominated by the hard phase. Around the critical value the
two mechanisms are in competition. It is found that the transition point, is a function of the hard phase volume fraction and
the contrast in mechanical properties between the phases (not shown).
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Figure 1. (a) Predicted macroscopic fracture initiation strain, hε̄f i, as a function of applied stress triaxiality, η̄, for fracture in both phases (black), in the soft (blue) or hard (red)
phase only. (b,c) Hard phase probability around fracture initiation, hID i, for two values of applied triaxiality; the colors may be interpreted as an elevated probability of the soft
phase (blue) and of that of the hard phase (red). Pure shear is applied: horizontal extension and vertical compression.

INFLUENCE OF LOCAL MICROSTRUCTURE ON FRACTURE INITIATION
The influence of the arrangement of the phases on fracture initiation is quantified using the hard phase probability as
a function of position relative to the fractured cells [1]. As the microstructure consists of only two phases, the soft phase
probability is contained in this quantity. For two values of applied triaxiality, η̄ = 0 and 1, the results are shown in Figures 1(b,c). To interpret the result, the hard phase probability, hID i, must be compared to the hard phase volume fraction, in
this case ϕhard = 0.25. A value hID i > ϕhard (red in the figures) corresponds to an elevated probability of the hard phase,
and hID i < ϕhard (blue) to that of the soft phase. Both figures are for loading in plane strain pure shear, with extension in
∗ Corresponding

author. Email: T.W.J.d.Geus@tue.nl

1814

horizontal direction and compression in vertical direction. Each cell in the diagram corresponds to a position relative to the
fracture initiation sites in the center.
From Figure 1(b), in the regime where fracture in the soft phase dominates, bands of hard phase are observed in horizontal
direction, the direction in which the extension is applied. Under ±45 degree angles with respect to this axis, bands of soft
phase are observed that interrupt the band of hard phase in the fracture initiation sites. By simple mechanical arguments it
can be understood that the band of hard phase provides a high hydrostatic tensile stress, while the bands of soft phase provide
significant plastic deformation, which are together critical for fracture. Remarkably, Figure 1(c) – taken in the regime where
hard phase fracture dominates – is qualitatively very similar to Figure 1(b) outside the fractured cell in the center. This means
that the microstructural features that are responsible for the initiation of fracture are identical, regardless whether fracture
initiates in the hard phase or in the soft phase.
hard

soft
(a) hot-spot

(b) hot-spot + threshold

(c) threshold

Figure 2. Hard phase probability around fracture initiation, hID i. From left to right: (a) a cross-section perpendicular to the plain strain direction, (b) the same cross-section with
an applied threshold, and (c) the isolated thresholded result.

This is further investigated by extending the analysis to three-dimensions [2]. To overcome computational limitations a
solution scheme that uses the Fast Fourier Transform is employed. Different loading paths are considered from which only
one result, in pure shear, is included in Figure 2 – which shows the arrangement of phases around fracture initiation. It is
observed that the basic features are the same as predicted by the 2-D analysis.
PROPAGATION OF FRACTURE
The analysis is extended beyond regime of fracture initiation. In the spirit of the idealized model used above, propagation
is modeled using a simple a cell erosion technique. Once the damage indicator in a cell has exceeded a critical value it is
completely removed and thus no longer carries load. This corresponds to a non-local damage criterion as the underlying
numerical discretization is finer than the cells. A typical result is shown in Figure 3, the homogenized macroscopic response
in (a) and the local incremental damage indicator in (b). As observed, fracture initiates in a couple of locations in which the
local arrangement of phases is similar to Figure 1(b). Above a threshold, initiation sites start to link up along a shear band,
macroscopically observed as fracture. These observations are confirmed by a statistical analysis. Furthermore it is observed
that fracture is accelerated for higher hard phase volume fraction, whereby the microstructure has a stronger influence on both
void nucleation and the localization path.

(a) homogenized macroscopic response
(b) typical microstructure at localization

Figure 3. Fracture propagation: (a) the homogenized macroscopic equivalent stress τ̄eq as a function of (applied) equivalent strain ε̄ based on 100 random volume elements, and
(b) the incremental damage indicator a typical volume element.
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Summary The mechanical behaviour of surface steps created by the emergence at the free surface of gliding dislocations, subjected to cyclic

loading is examined using molecular dynamics simulations. Different face centred cubic metals, Al, Cu, Ag and Ni are analysed. An atomistic
reconstruction phenomenon is observed at these surface steps which can induce strong irreversibility. The irreversibility cumulates and a micronotch is produced whose depth increases cyclically. A rough estimation of surface irreversibility for pure edge dislocations gives an
irreversibility fraction between 0.5 and 0.75 in copper. An analysis coupling surface mechanisms with the classical EGM bulk slip
irreversibility model gives an irreversibility fraction of 0.62 in copper for pure screw dislocations, contrary to many sketches proposed in the
past. It seems that oxygen molecules cannot lead to higher irreversibility as they have no major influence on different mechanisms linked to
surface relief evolution.

INTRODUCTION AND SIMULATION TECHNIQUES
Fatigue is one of the major damage mechanisms of metals. Fatigue damage generally starts at free surfaces from the
accumulation of unreversed slip steps. And cyclic micro-plasticity based on the glide of dislocations is one of the
mechanisms responsible for the fatigue phenomena in single phase fcc metals and alloys. The slip irreversibility can be
characterized by the fraction p of irreversible plastic shear strain per cycle compared to the total plastic shear strain
(p=∆γplirr/∆γpl). The EGM II model describes the evolution of the surface roughness based on the dislocation production and
annihilation in the bulk [1]. This EGM model only considers bulk mechanisms and neglects the surface slips mechanisms
and environment effect. The aim of this work is to evaluate random surface step irreversibility by atomistic analyses of
surface step evolution mechanisms in order to complete the EGM (part II) model by explicitly taking into account the
mechanics of surface steps. b=a<110>/2 edge dislocations are inserted in the bulk and then glide to free surfaces and create
surface steps. Molecular dynamics simulations are carried out in this work to follow the atom movements from the very first
steps created at a free surface until their accumulation, and from the very first cycle to several cycles.
N-body embedded atom model (EAM) like potentials are used for simulations in vacuum. ReaxFF (reactive force field)
potentials are used for simulations in oxygen environment. All these potentials give fairly correct estimations of different
physical properties of the materials analyzed. The crystallographic orientations of the three axes are x: [-131], y: [714] and z:
[11-2]. Contraction-dilation (compression/extension) cycles will be applied along the y: [714] direction. This choice of
orientations has several advantages: it corresponds to a large Schmid factor value equal to 0.445, it makes the slip plane and
the surface steps easy to visualize, and it is oriented for single slip in agreement with older studies. There are nearly 12,500
atoms in the box and periodic boundary condition is used along the z-direction. The time step used in the simulations with
EAM potentials and ReaxFF potentials are respectively 1 fs and 0.5 fs, small enough to ensure its stability.
MAIN RESULTS
A surface step reconstruction phenomenon is observed when an inserted dislocation glides out of the surface and creates
a surface step. The geometry of the surface step changes afterwards. Some atoms on the surface step ‘fall’ down to the
lower surface as illustrated by arrows in Figs 1a and 1b, the atoms of the column position M will move to N and the concave
shape of the surface step thus turns into a convex geometry. By doing this move, the step atoms get more neighbours,
optimize their cohesive energies and thus minimize the surface step energy. This phenomenon is observed for all geometries
of surface steps. Three different types of mechanisms can be identified for the reconstruction depending on both the nature
of the step and the temperature: the quasi-instantaneous reconstruction which occurs at all temperature in only a few
picoseconds in case of larger surface steps, the thermal vibration assisted reconstruction whose rate depends on temperature
and time, the surface diffusion assisted reconstruction which only takes place at higher temperatures and requires surface
atomic diffusion and longer time, in the order of magnitude of 0.1 nanoseconds. The reconstruction can be achieved via just
one mechanism or by the combination of two or three mechanisms. At room temperature, nearly all steps reconstruct, but at
lower temperatures, non-reconstructed steps exist.
Reversibility of created surface steps are analyzed during opposite loading cycle and one full loading cycle is thus
achieved. It is observed that when there is no arrival of opposite sign dislocations during the opposite loading, previously
created and not reconstructed surface steps can be reversible although a critical resolved shear stress larger than one GPa is
a)

Corresponding author. Email: zhengxuan.fan@polytechnique.edu

1816

required for the reversion. This value is much larger than the usual stresses applied during experimental cyclic loadings
which are only from several to hundreds of MPa. If the previously created steps are reconstructed, they are not reversible,
even under a shear stress of at least 2GPa or more. When there are arrivals of opposite sign dislocations located in direct
neighbor plane with respect to the previous dislocations, it is obvious that non-reconstructed surface steps can be erased. A
reconstructed step cannot be fully erased by an opposite sign dislocation at low temperature and there is a remaining surface
hole defect. Yet, if the temperature is high enough and the ‘surface diffusion activated reconstruction’ can take place,
diffusing surface atoms can eventually fill the small hole of the surface and the step is finally completely erased. It is
possible of course that opposite sign dislocations do not appear at immediate neighbouring planes. Simulations are thus
carried out for cases where there is one, two, three or four atomic planes between the planes of insertion of the opposite sign
dislocations. It is observed that in these cases, surface steps cannot be fully erased and a micro-notch is initiated and grows
deeper cycle by cycle, as shown in Figs. 1c.
FCC metal surface step
reconstruction

High irreversibility

M
a

N

Micro-notch
initiation

M
b

N

c

Fig.1. Surface step reconstruction (a, b) and micro notch initiation (c) in Al at 300K. Mechanisms are the same in Cu, Ag and Ni.
Similar simulations are carried out in oxygen environment. Oxygen molecules are adsorbed on metal surface and dissociate
into oxygen atoms which are absorbed. This locally generates high-temperature areas. The temperature and the oxygen gas
pressure have effects on the surface oxygen diffusion depth. Yet, probably because oxygen atoms are very lightweight compared
to metal atoms, absorption of oxygen has no significant effect on the surface step reconstruction and does not impede the gliding
of dislocations towards the surface as shown in Figs. 2. Oxygen will thus not increase the step irreversibility and has no major
effect on the surface roughness. This holds only for surface relief evolution and agrees with experimental observations [3].

0 picosecond
20 picoseconds
Fig.2. Oxygen effect for the gliding of dislocations towards the surface at 300K in Ni.
DISCUSSIONS
The atomistic simulations carried out in this work show a strong irreversibility of surface slips. A simple estimation of the
irreversibility gives an irreversibility fraction between 0.5 and 0.75 in copper for pure edge dislocations and this value is 0.62 for
screw dislocations combining bulk and surface mechanisms. The value of p that we evaluated is much larger than the value
estimated by the EGM II model where a value of 0.4 was found considering pure screw dislocations, and even smaller for edge
dislocations. Our value is much closer to the experimental AFM carried out on nickel in air where p is about 0.8 [2].
The irreversibility factor p estimated in this MD study in inert environment is almost at its maximum value and it is observed
that oxygen environment does not increase surface irreversibility in nickel and copper. This is indeed in agreement with
observations made by several workers who found that the PSB surface relief is the same for fatigue in inert environment and in
air [3]. This shows that old sketches proposed in literature concerning effect of adsorbed atoms on slip irreversibility [4] are not
valid for Ni and oxygen. Two more questions remains: how is surface slip irreversibility affected as surface crystalline oxide film
is formed and how may we explain the large effects of environment on cyclic propagation [4]. Computations are in progress for
answering questions.
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A GRADIENT DAMAGE MODEL WITH TRANSIENT NONLOCAL INTERACTION
Leong Hien Poha)
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Summary The “implicit” gradient enhancement is widely used in literature to regularize the material response during strain
softening. The conventional approach with a constant length scale parameter, however, may result in spurious damage growth at
high deformation levels. This partial regularization phenomenon is also encountered with the integral averaging method. In this
contribution, a gradient damage model is formulated based on the generalized micromorphic framework, with only the
undamaged regions contributing to the micro-macro coupling driving the damage mechanisms. The resulting governing balance
equation recovers a similar form as the implicit gradient equation, albeit with a nonlocal interaction that is of a transient nature. It
is shown that a fully regularized solution is obtained during strain softening, with the damaged region localizing towards a
macroscopic crack.
INTRODUCTION
It is well documented that standard damage models become ill-posed during strain softening, leading to numerical
results which are mesh dependent. One remedy is to adopt the so-called implicit gradient enhancement to regularize the
softening behavior, with the associated length scale parameter collectively characterizing the various micro-processes
underlying the localized deformation. The conventional approach adopts a constant length scale parameter, which may
result in spurious damage growth at high deformation levels. Instead of localizing into a single crack, the damage region
expands with deformation, as shown in Fig 1.

Fig 1: (left) 1D problem with imperfection at the shaded region; (right) Damage evolution profile along the bar with the
conventional implicit gradient damage enhancement. At complete structural failure, the damaged region spreads throughout
the entire bar, a non-physical behavior. Figure from [1].
In view of this anomaly, a strain-based transient gradient damage model was proposed in [1], where the nonlocal
interaction is controlled by a gradient activity parameter through a proposed evolution law. However, it was reported that at
large deformations (e.g. with exponential type damage evolution law) the spurious damage growth is delayed, but not fully
eliminated, with the strain-based transient damage model [2].
GRADIENT DAMAGE MODEL WITH TRANSIENT NONLOCAL INTERACTIONS
In this contribution, a higher-order damage model is formulated within the generalized micromorphic framework in [3].
Departing from the standard framework, the energy exchange between the micro and macro RVEs are limited only to the
undamaged material. The governing equations and constitutive relations are next extracted as per standard thermodynamics
procedure. The resulting micro-macro force balance equation resembles closely the Helmholtz expression in conventional
implicit gradient models, though the nonlocal interaction is now of a transient nature, which vanishes when the material is
fully damaged. A 1D spectral analysis reveals that the softening response is well-regularized, with a vanishing localized
bandwidth at complete failure.
The full regularization property of the damage model is further demonstrated by considering the same uniaxial tension
problem in Fig 1. At the structural level, the softening response converges upon mesh refinement as depicted in Fig 3,
despite the localizing damage profile at failure. It is also easily observed from Fig 4 that non-local damage strain localizes
with deformation, hence remedying the spurious damage growth encountered in conventional gradient models.
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Fig 3: Convergence of the force displacement curve with respect to mesh refinement.
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Fig 4: The non-local damage strain localizes at complete structural failure, which remedies the non-physical response
obtained in conventional gradient damage models.
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EXPERIMENTAL AND NUMERICAL INVESTIGATION OF IMPACT INDUCED DAMAGE
PROGRESSION IN FIBER REINFORCED COMPOSITES
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Summary Damage process in composites subjected to low-velocity impact is investigated both experimentally and numerically.
Drop-weight impact experiments are carried out, in which a model unidirectional [0/90]s carbon fiber reinforced polymer
(CFRP) laminate beam is impacted by a cylindrical head creating an almost uniform two-dimensional loading condition.
Damage sequence is visualized in real-time via ultra-high-speed camera and the resulting final failure patterns are characterized
by a digital microscope. In the computational part, a three-dimensional finite element analysis is performed in
ABAQUS/Explicit with the intraply matrix and delamination models. Damage initiation time, location and the interaction of
failure modes are compared with the experimental data. A very good overall agreement between experimental and numerical
results is observed.

INTRODUCTION
Impacts occurring at speeds 1 to 10 m/s are usually produced by accidental stepping, hail storm and tool drops, and are
classified as low-velocity impact (LVI) [1]. Under LVI, barely visible impact damage (BVID) that creates internal
delamination without any noticeable damage on the surface is the primary damage form. In literature, damage mechanism of
[0/90]s laminates is studied both experimentally and numerically [2]. The failure sequence is predicted to be unstable shear
matrix cracks, leading to delamination, however this sequence has not been fully verified by experiments. In the current
study, a 2D line-loading impact proposed by [3] is applied on a simple beam laminate. During the event, progression of
damage is captured from the side of the specimen at 60,000 frame per second. This high-speed camera footage is then
quantified by a Digital Image Correlation (DIC) analysis. Furthermore, the characteristics of failure are studied in detail by
microscopy of post-mortem specimens. The strain history and failure sequence is compared to finite element simulations
and the effect of inherent asymmetry on the computational model is further discussed.
RESULTS
Finite element simulations are conducted in ABAQUS/Explicit in which intralaminar ply damage in middle 90° layer and
interlaminar delamination damage in cohesive layers are considered. LaRC04 failure criterion proposed by [4] is employed
for the intralaminar ply damage and a cohesive zone method (CZM) with a triangular bilinear response is used for the
interlaminar damage (delamination). Digital image correlation (DIC) analysis on high-speed camera imaging revealed a
close correlation between experiments and the simulations for undamaged elastic loading state as seen in Figure 1(a) and
(b).

Figure 1 Transverse shear strain contours obtained from (a) DIC analysis just before the initiation of failure (b) FE
simulations just before the initiation of failure, (c) FE simulations just after the initiation of failure. Scale is in mm.
a)
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A similar correlation is achieved in terms of initiation and progression of damage as seen in Figure 2. The pictures obtained
from simulations are presented on the left side of Figure 2. At 262 𝜇𝑠, a clear picture of the initial formation of diagonal
matrix damage in middle 90° layer can be seen followed by its progression to delamination at 267 𝜇𝑠. The experimental
high-speed camera pictures for specimen at two different times are shown on the right side of Figure 2. At time 217 𝜇𝑠, a
diagonal line forms near the left end of the picture giving a conclusive evidence for matrix crack initiation under impact
loading. At time 233 𝜇𝑠, which is the next frame time, clear evidence of delamination from the tips of the matrix crack at
the top and bottom 0/90 interfaces is presented. The mechanism is clearly observed in experiments and simulations to be the
initiation of matrix creaks, propagating towards the interface and creating a delamination. The whole failure event occurs at
less than 16µs.

Figure 2 Crack initiation and progression mechanism predicted by (a) finite element simulations and (b) experiments
CONCLUSIONS
The dynamic failure process of composite laminates under low-velocity impact is studied using a combined experimental and
numerical approach. Impact experiments are conducted on a thick [05/903]s CFRP beam laminate and damage process is studied
by a high-speed camera imaging, Digital Image Correlation (DIC) analysis and microscopy. In explicit FE simulations intraply
matrix cracking is considered in a 3D Continuum Damage Mechanics (CDM) framework and delamination is considered
through cohesive elements. Our main conclusions are summarized as follows:
• First experimental evidence of the failure sequence in 0/90/0 laminates is presented consisting of diagonal matrix cracks
followed by delamination. The right and left matrix cracks are shown to occur sequentially. Simultaneous formation of two
symmetric matrix cracks is never observed in the experiments.
• Experimental scatter in the location of first major matrix crack is attributed to the inhomogeneity of material properties and the
dynamic translation of stress fields. This behavior is also captured in our FE simulations.
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MODELLING OF ANISOTROPIC FATIGUE
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Summary A continuum approach for anisotropic fatigue is described. The approach is based on the idea of a moving endurance surface in
the stress space where the movement is described by a back-stress type tensor. The evolution associated with the movement is described by
a rate type equation. In addition, damage accumulation is governed by a rate type evolution equation, thus facilitating its use under arbitrary
complex loading conditions. The main emphasis of this paper is to discuss the possible forms of the endurance surface and pertinent
evolution equations to model high-cycle anisotropic fatigue. Suggestions towards a unified model capturing the low-cycle regime are also
given.

INTRODUCTION
Fatigue of materials under variable loads is a complicated physical process which can even result in catastrophic failure
of engineering components. It is characterized by nucleation, coalescence and stable growth of cracks. Nucleation of cracks
starts from stress concentrations near persistent slip bands, grain interfaces and inclusions [1, 2, 3].
In high-cycle fatigue, the macroscopic behavior of the material is primarily elastic, while in the low-cycle fatigue regime
considerable macroscopic plastic deformations take place. Transition between low- and high-cycle fatigue occurs between
103 − 104 cycles. In recent years, it has been observed that fatigue failures may occur for very large fatigue cycles in the order
of 109 − 1010 cycles, i.e. below the previously assumed fatigue limits.
Main emphasis is here given to high-cycle fatigue modelling. Many different approaches have been proposed which can
roughly be classified into stress invariant, or average stress based and critical plane approaches. In these approaches, damage
accumulation is usually based on cycle-counting, which makes their use questionable under complex load histories [4, 5].
A different strategy for high-cycle fatigue modelling was proposed by Ottosen et al. [4]. In this approach, which could be
classified as evolutionary, the concept of a moving endurance surface in the stress space is postulated together with a damage
evolution equation. The endurance surface is expressed in terms of the first stress invariant and the second invariant of the
reduced deviatoric stress tensor where the center of the surface in the deviatoric plane is defined by a deviatoric back stress
tensor, as is done similarly in kinematic plasticity models. Therefore, the load history is memorized by the back-stress tensor.
In this model, arbitrary stress states are treated in a unified manner for different loading histories, thus avoiding cycle-counting
techniques.
EVOLUTION EQUATION BASED CONTINUUM FATIGUE MODELS
The key ingedients of the continuum based fatigue model are the assumption of the existence of an endurance surface
defined in the stress space and the evolution equations describing the development of damage and internal variables needed in
the model. A function β that depends on the stress tensor and some internal variables is established and the endurance surface
is then defined as
β(σ, {α}; parameters) = 0,
(1)
where σ is the stress tensor and {α} denotes the set of internal variables. Evolution of the internal variables and the damage
are described by the evolution equations
{α̇} = {G}(σ, {α})β̇,

and

Ḋ = g(β, D)β̇.

(2)

The form of the functions G and g are important for modelling the finite life durability, while the endurance surface dictates
the infinite life resistance. In contrast to plasticity the stress state can lie outside the endurance surface and the evolution of
the internal variables and the damage take place only when β ≥ 0 and β̇ > 0.
Isotropic fatigue
The original version of the model was developed for isotropic
high-cycle
fatigue [4] where the endurance surface was

given in terms of two stress invariants: I1 = tr σ and σ̄ = 3J2 (s − α) = (3/2)(s − α):(s − α). For the back stress
evolution, the Ziegler type model was chosen and for the damage evolution equation the function g proportional to exp(β)
has proven to be successfull. The endurance surface contains only two material parameters, which can be determined from
two fatigue tests for infinite life. In the evolution laws three additional material parameters are needed.
An alternative formulation utilizing the idea of [4] for the endurance surface was presented by Brighenti et al. [6] containing all the three stress invariants of the isotropy group.
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Transversally isotropic fatigue
For transverse isotropy, the unit vector b designates the privileged longitudinal direction. The integrity basis of a scalar
function depending on a symmetric second order tensor and a vector contains six invariants. Since the vector b is a unit vector,
the integity basis contains the following invariants
I1 = tr σ,

I2 = 12 tr σ 2 ,

I3 = 13 tr σ 3 ,

I4 = tr (σB),

I5 = tr (σ 2 B),

(3)

where B = b ⊗ b is the structural tensor for transverse isotropy. In terms of the stress deviator s the invariants 2,4 and 5 are
defined as
J2 = 12 tr (s 2 ), J4 = tr (sB ), J5 = tr (s 2 B).
(4)
In the model proposed in [7], the key idea is to split the stress tensor into the longitudinal and transverse parts σ = σ L +σ T ,
where the transverse component is obtained from
σ T = PσP = σ − σB − Bσ + I4 B,

(5)

where P is the projection tensor, P = I − B.
It is known that fatigue failure is also dependent on the maximum shear stresses occurring in the longitudinal planes and
in the transverse isotropy plane. These quantities can be expressed in terms of the deviatoric invariants J2 , J4 , and J5 as
τL2 = J5 − J42 ,

τT2 = J2 + 14 J42 − J5 .

(6)

The endurance surface for transversely isotropic fatigue given in [7] can be considered as the simplest possible extension
of the evolution equation based fatigue model to transversally isotropic case. Only two additional parameters are needed in
comparison to the isotropic model in [4].
In this paper different forms of the endurance surface in terms of invariants I1 , . . . I5 or I1 , I3 , J2 , J4 and J5 or I1 , I3 , τL , τT
are discussed. Special emphasis is given to the ease of determining the material parameters.
Orthotropic fatigue
In the case of orthotropic symmetry group, the integrity basis contains seven invariants, for example tr (σB 1 ), tr (σB 2 ),
tr (σB 3 ), tr (σ 2 B 1 ), tr (σ 2 B 2 ), tr (σ 2 B 3 ) and tr (σ 3 ), where B i = b i ⊗ b i are the structural tensors or orthotropic
symmetry group. Also the necessity to have an anisotropic description for the damage variable is discussed.
Low-cycle fatigue
Extension of the evolution equation based continuum fatigue model to the low-cycle regime inevitably couples the constititive model into the fatigue model [8]. Here, the modifications in the endurance surface and the evolution equations are
briefly discussed.
CONCLUSIONS
Different forms of endurance surfaces and pertinent evolution equations for various symmetries when modelling highcycle fatigue are discussed. Behaviour of these models have been investigated. Special emphasis is given to simplicity and
minimality in the number of material parameters, which is of paramount importance in fatigue analysis due to the expense of
fatigue testing.
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DAMAGE MODEL OF A PARTICLE REINFORCED TRIP-STEEL MATRIX COMPOSITE
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Summary The paper considers a particle reinforced metal matrix composite based on a steel exhibiting TRansformation Induced Plasticity
(TRIP-effect). The main focus is on deriving a macroscopic, phenomenological model for the material. On the one hand, strain hardening
mechanisms due to particle reinforcement and TRIP-effect have to be included. Otherwise, different damage mechanisms are primary
influencing factors on the material’s performance. With help of cell model simulations, the influence of stress state on the mentioned
mechanisms is investigated. The resulting data sets are used to specify and calibrate the proposed macroscopic damage model. A good
agreement between the cell model simulation and the calibrated macroscopic model is found in terms of macroscopic stress-strain response.

INTRODUCTION
TRansformation Induced Plasticity (TRIP-effect) is a deformation mechanism due to mechanical induced martensite formation observed for metastable austenitic steels. These TRIP-steels exhibit special deformation and strain hardening mechanisms leading to excellent mechanical properties. Recently, highly alloyed TRIP-steels have been proposed as basis of particle
reinforced Metal Matrix Composites (MMC) [1]. The MMCs are used to process honeycomb structures, e.g. for crash absorption applications [1]. From experiments, a strongly asymmetric plastic flow behavior is found for the material, see [1].
This phenomenon is due to particle based damage mechanisms (particle cracking, interface failure) and their impact on the
composite’s overall plastic flow behavior. The present paper is devoted to the phenomenological modeling of TRIP-matrix
composites in the continuum mechanics framework. The aim is to incorporate the effects of damage mechanisms and martensitic transformation. But primarily, the model should be able to describe the overall stress-strain response of the composite.
MODELING APPROACH
Starting point of the MMC’s material modeling is the proposal of Seupel and Kuna [2], which was initially developed to
describe TRIP-steels undergoing ductile damage due to growth and coalescence of preexisting microvoids. Therein, Rousselier’s model [3] for ductile damage of metals is extended by a criterion to capture martensitic phase transformation originally
proposed by Hallberg et al. [4]. The macroscale TRIP-MMC model rests on the idea of considering failed particles as effective
voids (effective void volume fraction feff ), which later on grow by plastic deformation. The general structure of the model is
explained in [2]. In the following, important new features for the desired MMC application are discussed in detail.
The final yield function y of the elastoplastic material response and the martensite transformation function p read


I1
y
y = τeq (J2 , J3 ) + feff K1 exp
− R (εeq ) − τz (z) ≤ 0,
(1)
3σ1
1
p
(2)
p = M τeq
(J2 , J3 ) + ∆v I1 − T̄ (z) ≤ 0.
3
To proceed a step further, a dependency of the plastic yield function y on the third invariant J3 of the Kirchhoff-stress deviator
τ is added to take the observed tension-compression asymmetry of the TRIP-steel into account (see experimental results in
[1]). One recognizes, that all three invariants of the Kirchhoff-stress tensor (I1 , J2 , J3 ) are now included in the yield function
y as well as in the transformation function p. The damage influence is controlled by the exponential term containing the
hydrostatic stress state I1 and the effective void volume fraction, where K1 and σ1 denote model parameters. The particle
reinforcement effect on strain hardening is cast into an overall isotropic hardening function R (εeq ) driven by the equivalent
strain of deviatoric plastic deformation εeq . The hardening contribution of the evolving martensite volume fraction z is also
considered as a phenomenological term τz (z). The martensite evolution is coupled to the criterion p, where T̄ (z) denotes a
barrier function against transformation. M as well as ∆v are additional model parameters to be determined.
The effective void volume fraction develops due to void growth f˙growth and nucleation of effective voids f˙nuc :
f˙eff = f˙growth + f˙nuc = (1 − feff ) tr [dpl ] + cp d˙ (εeq ) .

(3)

The void nucleation is assumed to be mainly driven by plastic deformation. Therefore, an indicator function d (0 ≤ d ≤ 1)
is introduced representing the progress of particle based damage, e.g. averaged interface debonding. The nucleation shall be
limited by the initial particle volume fraction cp . The following evolution for the microdamage d is proposed:
 sn
εeq
sn
d˙ = (1 − d)
ε̇eq , d (0) = 0.
(4)
Pn
εeq
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Figure 1: Considered microstructure (a), cell model with boundary conditions (b) and illustrated cohesive law (c). Parameters:
−2
eff eff
Ri =3 µm, teff
, ξ = δ0eff /δfeff = 0.01. Macroscopic stress-strain curves (d) of a
0 = 650 MPa, Γ = t0 δf /2 = 100 Jm
composite with particle volume fraction cp = 0.1 undergoing interface damage: cell model (solid line) and the calibrated
phenomenological model response (dots) for three triaxialities h, the perfect composite behavior is also shown as comparison
(highlighted by arrows).
The described macroscopic model is calibrated and tested with help of results generated by simple cell model simulations.
As schematically illustrated in Fig. 1a, a periodic microstructure of the MMC is considered containing equally sized particle
reinforcements of spherical shape. As damage mechanism, interface failure is considered by a cohesive zone obeying a bilinear
cohesive law (see Fig.√1c). FE simulations of axisymmetrical unit cells are performed keeping a constant macroscopic stress
triaxiality h = I1 / 3 3J2 (boundary conditions according to Fig 1b, h is controlled by the ratio σr /σz ). Macroscopic stressstrain behavior, an averaged microscopic damage progress and averaged martensite evolution in the matrix are extracted from
the cell simulation results. These data sets are subsequently used to calibrate the macroscopic damage model.
RESULTS AND CONCLUSION
As an example, cell model and calibration results of a TRIP-MMC with a particle volume fraction of cp = 0.1 are
presented. The interface properties are given in Fig. 1c. Isotropic elastic properties are assigned to the particle, which are
typical for Mg-partially stabilized zirconia used as reinforcement material [1]. The TRIP-steel matrix is described by the
J3 extended model of Seupel and Kuna [2] deactivating damage influence. In order to generate realistic results, the matrix
model is calibrated with help of quasi-static, uniaxial tension and compression experiments of a high alloyed TRIP-steel. The
following stress states are prescribed during deformation: uniaxial and multiaxial tension (h = 1/3, 1 with σz > σr ) and
uniaxial compression (h = −1/3 with σz < σr ).
With the cell simulation results at hand, the proposed macroscopic model is calibrated using a specially developed strategy.
The parameters Pn and sn in Eq. (4) are found to depend on the stress triaxiality h. Implementing these dependencies, a good
agreement can be concluded for all considered stress states in terms of the stress-strain response (Fig. 1d). The transition
from undamaged to damaged behavior caused by progressive interface failure is well captured. Especially the experimentally
observed tension-compression asymmetry for uniaxial loading can be described. Additionally to the shown results, it should
be mentioned that the evolution of martensitic volume fraction z, void growth fgrowth and microdamage d are also in qualitative
accordance with the cell model results.
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Summary We propose a new and computationally efficient continuum damage based model that is able to predict the compressive response
in the fibre direction. Instead of invoking the geometric instability into the material model, a key feature is to consider the geometrical fibre
kinking instability on the macro-level based on a finite strain formulation. To represent the proper energy dissipation, an elastic damage
model is formulated in the invariants of fibre shear and fibre compression. As opposed to the rotating crack modeling commonly used for
this problem, we propose a different approach to the UD–ply fracture based on continuum gradient damage, cf. [1]. Two models are defined;
one model based on the non–local continuum damage theory and another local one, cf. ref. [2]. The numerical results indicate the predictive
capabilities of the modeling.

INTRODUCTION
Bearing failure and crash simulations involving structural polymeric composites are a few examples where it is crucial to
account for the longitudinal compressive response of Carbon Fibre Reinforced Plastics (CFRP). The ultimate goal our activity
in this field is to facilitate the predictive modeling/simulation of 3D structural composites; a major issue is to account for the
intra-laminar failure mechanisms within a UD–ply, used to form a laminate as a stacked sequence of plies. Our knowledge of
the mechanisms behind longitudinal compressive failure has been under development for quite some time. In particular, the
failure mechanisms in compression are difficult to model, since they involve both matrix-shear induced failure combined with
fibre crushing and kink-band formation within the same failure scenario.
The behavior of a UD-ply at fibre shearing under compression has been considered based on micromechanically motivated
models. In particular, micro-buckling (or fibre kink) phenomena has been studied, cf. ref. [3] with simplified the matrix and
fibre response. It has been realized [4] that the compressive failure mechanism is attributed to geometrical instability combined
with fibre shearing under compression as induced by misaligned fibres; hence, the importance of modeling the degrading ply
behavior under fibre shearing is underlined. However, for computational efficiency in the context of 3D laminates failure
modeling and simulation, phenomenological models that are micromechanically motivated are needed. Recently, Gutkin et al.
[5] presented a model accounting for fibre kinking in a mechanistic fashion directly in the material model describing a fixed
crack band.
REPRESENTATION OF INTRA-LAMINAR DAMAGE DEGRADATION IN COMPRESSION
A continuum damage model with special emphasis on the representing degradation in compression is proposed upon
introducing an isotropic damage variable α with respect to intra-laminar damage evolution. We then introduce the damage
function f [α] for the degradation of the matrix and fibre shear responses and the function g[α] representing the compressive
fibre response due to crushing. These functions are defined in terms of a degradation “1 − α” raised to the exponents β f and
f
g
β g defined as f [α] = (1 − α)β and g = (1 − α)β . Please note that the rate of the degradation becomes different depending
on the β f − and β g –exponents. In particular, the rate of damage degradation is much faster in the matrix and fibre shear
responses as compared to the fibre crushing in the beginning of the damage progression. In view of the discussed scenario for
the degradation of the UD fibre reinforced material, we formulate the degraded free energy function as
 dev



vol
vol
fs
f
∂ψ
vol
vol
ψ = f [α] ψ̂ dev + ψ̂+
+ ψ̂ fs + g[α]ψ̂ f + ψ̂−
⇒S=
= f [α] Ŝ + Ŝ + + Ŝ + g[α]Ŝ + Ŝ −
∂E
whereby the rate of energy dissipation per unit volume becomes


vol
D = Aα̇ ≥ 0 with A = −f 0 [α] ψ̂ dev + ψ̂+
+ ψ fs − g 0 [α]ψ f

(1)

(2)

In view of the reduced dissipation (2), the non-local damage evolution model is obtained from a maximum dissipation
principle in terms of a damage threshold defined as
φα [A, α, ∆α] = A −
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gc
∂γ
sup
α − l2 ∆α ⇒ D =
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α̇ ≥ 0
A, µ
l
∂α

(3)
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corresponding to µ = α̇ and the non-local Kuhn–Tucker conditions α̇ ≥ 0, φα ≤ 0, α̇φα = 0.
In the present context, the local damage evolution model is readily obtained from the dissipation due to localized damage,
where we consider a simple local damage loading function φα [A, α] ≤ 0 from the non-local one in the previous sub-section.
We now write the loading function as
φα [A, α] = A −

gc
gc
sup
α⇒D=
Aα̇ − µφα = αα̇ ≥ 0
A,
µ
l
l

(4)

corresponding to the Kuhn-Tucker conditions (3) using the local φα [A, α] damage loading function. We may, in fact, now
directly associate the fracture dissipation with the continuum dissipation leading to dle = 2. Note that the progressive damage
model is now associated with an assumed localized damage field, cf. [2], which in the finite element application is confined
to the size of one element diameter, i.e. we have that l → d2e .
NUMERICAL RESULTS
The damage models are applied to a Non-Crimp Fabric (NCF) composite and compared to a state of the art model based
on kinking theory [5]. The evolution of the damage variable is found from in-plane shear tests performed on a unidirectional
laminate. A calibration procedure yields the material parameters pertinent to the effective elastic stress response as: E1 =
E2
N
N
N
N
128000 mm
2 , E2 = 79000 mm2 , G12 = 3000 mm2 , ν12 = .3, ν21 = ν12 E , and for the damage response: gc = 118 mm ,
1
l = 4mm, β g = 1, β f = 9. The models are compared in uniaxial compression for range for fibre angles relative to the loading
direction. The response from the proposed model generally yields a higher peak stress, especially for small of-axis kinking,
as compared to ref [5]. The non-local and local models are also compared from the FE–fracture analysis of a 20 × 20mm
clamped plane strain plate under compression. The preliminary results are as shown in Fig. 1b. It may be observed that the
non-local damage model corresponds to more smooth and slightly more ductile behavior as compared to the local damage
model.

Figure 1: a) Uniaxial compressive response for different fibre kinking of the present model compared to a kinking model
developed in [5]. b) Reaction force R versus prescribed displacement r for a 20 × 20mm clamped plane strain plate under
compression; a range of fibre angles, θ = 50 − 450 , relative to the loading direction are considered. Notation N means the
local damage model whereas NL means the non–local damage model.
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Summary Adhesive bonding is one of the key components for the development of lightweight structures in industries such as the aerospace
and automotive. However, predicting the failure response of the adhesive layer, which has small thickness and complex microstructure, could
be a challenging task. In this work, we implement a computational cohesive model to quantify the impact of microstructural uncertainties
such as pre-existing flaws and adherends surface roughness on the failure response of heterogeneous adhesives. A hierarchical interfaceenriched finite element method (HIFEM) is employed to simulate the damage initiation and propagation in the adhesive layer. This meshindependent method allows for using simple structured meshes to discretize the domain, which considerably facilitates the modeling process.
A new virtual prototyping algorithm is also introduced and integrated with the HIFEM to automatically generate realistic models of the
adhesive microstructure based on imaging data.

METHODOLOGY
There has been a significant increase in the application of adhesive-bonded joints in the automotive and aerospace industries as a key component for the design of lightweight structures. Adhesive bonding offers several benefits over more
conventional fastening techniques (e.g., welding), including a smooth exterior, reduced local stress concentrations, and ease
of joining thin and dissimilar materials. Thus, a clear understanding of the impact of microstructural features such as the
type, volume fraction, and morphology of embedded particles in structural adhesives is crucial for the accurate prediction of
the failure response of the joint. While several researchers have implemented numerical techniques such as the finite element
method (FEM) to quantify these effects, only a handful of studies have incorporated the realistic microstructure of the adhesive
layer in simulating its multiscale damage response.

Figure 1: (a) Schematic of the two-scale adhesive-bonded structure. The macroscopic domain Ω contains a thin heterogeneous adhesive
layer Γc with the representative unit cell (RUC) Θ at each macroscopic point; (b) HIFEM simulation of the multiscale damage response of
multiple RUCs of the adhesive with different microstructural features (ω indicates the extent of the damage in the material).

There are two main challenges involved in simulating the failure response of adhesive joints: (i) small thickness of the
adhesive layer and (ii) its complex microstructure. While the cohesive zone modeling (CZM) has been introduced and widely
used to avoid modeling the small thickness of the adhesive layer, the reliability of the simulations depends on the tractionseparation (cohesive) law used for describing the failure response. In this manuscript, we implement a multiscale computational approach to evaluate the cohesive law of heterogeneous adhesives taking into account the impact of the realistic
microstructure of the adhesive layer on the initiation and propagation of damage. As shown in Figure 1a, a periodic representative unit cell (RUC) is assigned to each macroscopic point of the adhesive in this multiscale cohesive model. The first-order
homogenization theorem together with an energy-based continuum brittle damage model [1] is then implemented to simulate
the damage evolution at the micro scale and link that to the macroscopic behavior of the structure. The viscous regularization
scheme is also employed to alleviate the mesh-dependency issues associated with using the continuum damage model.
While a multiscale approach can efficiently resolve the difficulties associated with the mismatch between the length scales
of the adhesive and the adherends, high fidelity simulation of the damage process in the adhesive layer requires incorporating
its realistic microstructure in the microscopic RUCs. However, the laborious and time-consuming process of creating geometrical models of the adhesive heterostructure on one hand and the difficulties associated with creating conforming (matching)
∗ Corresponding
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finite element meshes on the other hand prohibit the straightforward application of the standard FEM for modeling this problem. Note that quantifying the impact of microstructural uncertainties such as pre-existing flaws on the mechanical strength
of the adhesive layer requires performing multiple damage simulations, which is practically unfeasible using such conventional modeling techniques. To resolve the challenge associated with discretizing the microscopic models, we implement a
hierarchical interface-enriched FEM (HIFEM) [2, 3] to simulate the damage process in the adhesive layer. This advanced
mesh-independent method uses a hierarchical enrichment scheme to capture stress discontinuities along the embedded particles and the matrix in nonconforming elements, which thus enables the use of simple structured meshes for discretizing the
domain without sacrificing the accuracy. Figure 1b illustrates the application of this method for simulating the damage pattern
in several 2D RUCs of a heterogeneous adhesive with embedded glass particles [4].
To enable simulating the failure response of 3D adhesive RUCs with various microstructural features, we also introduce a
new microstructure quantification algorithm for creating realistic heterogeneous models of the adhesive layer based on microcomputed tomography (micro-CT) imaging data. As shown in Figure 2, after performing the required image processing steps
including segmentation and noise filtration, the morphology of embedded particles is transformed to Non-Uniform Rational
B-Splines (NURBS) parametric shape functions. Due to the complexity of the adhesive heterostructure, it is not possible
to properly characterize the morphology of all particles and thus only a small set of the resulting closed NURBS surfaces
can appropriately represent the embedded particles. These NURBS functions are then used in a synthetic microstructure
generation algorithm relying on the Random Sequential Adsorption (RSA) algorithm to determine the spatial distribution
of particles in the virtual RUC, while their morphologies are described using feasible NURBS surfaces extracted from the
micro-CT images. Integrating the proposed RSA-NURBS algorithm with the mesh-independent modeling capability of the
HIFEM provides an automated computational framework for evaluating the failure response of several adhesive RUCs with
different volume fractions of embedded particles and pre-existing flaws. Figure 2 illustrates the application of this automated
modeling pipeline for simulating the damage pattern in two RUCs of an epoxy-based adhesive with embedded silica particles
subject to in-plane (shear) and out-of-plane (tensile) loads. More comprehensive results will be presented to study the impact
of pre-existing voids and surface roughness of adherends on the mechanical behavior of this heterogeneous adhesive.

Figure 2: Application of the RSA-NURBS-HIFEM automated pipeline for creating realistic models of a heterogeneous adhesive with
embedded silica particles based on micro-CT images. The bottom row shows the simulated damage patterns in two RUCs with different
volume fractions subjected to shear and tensile loads (ω indicates the extent of the damage in the material).
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DYNAMIC VISCOELASTIC MODELING OF INTERFACIAL DEBONDING FOR
MAGNETORHEOLOGICAL NANOCOMPOSITES
Rui Li and Lizhi Suna)
Department of Civil and Environmental Engineering, University of California, Irvine, CA 92697-2175, USA
Summary A dynamic viscoelastic interface model is proposed to study the effective magneto-mechanical responses of magnetorheological
nanocomposites filled with carbon nanotubes. It is incorporated with the Eshelby’s micromechanics and the elastic-viscoelastic
correspondence principles. The effective dynamic stiffness and damping of randomly-dispersed, chain-structured nanocomposites are
investigated with the consideration of imperfect interfacial condition between the filler and matrix. Comparisons are performed between
the model-based simulation and the experimental data for a specific type of multi-walled carbon nanotube reinforced elastomer
nanocomposites to demonstrate the potential of the proposed framework.

INTRODUCTION
Interfacial bonding condition between the inhomogeneities and matrix plays an important role in determining the overall
mechanical properties of composite materials. Imperfect interfaces may arise for various reasons such as thin coating layers,
interfacial debonding, and surface chemical reactions. Mathematically speaking, for a perfect interface the displacement and
traction fields are both continuous across the boundary of two phases, while for an imperfect interface this is not the case.
Generally the modeling efforts which account for the effect of imperfect interfaces can be divided into two major categories.
The first category of models assumes interfaces where the displacement or traction field is discontinuous with no thickness,
and is usually referred to as interface models. The other category of models describes the interface as a layer of a certain
thickness whose properties are different from those of either matrix or inhomogeneities, and is usually referred to as interphase
models [1]. For the above models to be successful, appropriately assigning the interface/interphase parameters is the key
factor, and commonly a difficult task which requires precise experimental characterization.
Elastic interface models have been extended to viscoelastic interface models by replacing the interfacial linear spring with
its viscoelastic counterpart, which is time and frequency dependent. Hashin [2] has studied the creep and relaxation behavior
of unidirectional fiber composites with viscoelastic interfaces and analytical solutions have been given. Carbon nanotube
(CNT) reinforced nanocomposites have proved to demonstrate improved mechanical performance including stiffness,
strength, and damping when compared with neat matrix materials [3, 4] due to the extraordinary properties of CNTs including
nanometer size, high aspect ratio, and high modulus. Good dispersion of CNTs and bonding between CNTs and matrix remain
challenging tasks. CNT clustering and poor bonding often lead to less efficient reinforcement in stiffness and strength.
Nevertheless, imperfect interfaces within nanocomposites allow for interfacial slippage and friction which are among the
major sources of energy dissipation, and thus increase the damping capability under dynamic loads. Both interphase and
interface models have been adopted to investigate the influence of interfacial bonding condition on the overall stiffness and
damping of nanocomposites. For example, Liu and Brinson [5] applied a hybrid interphase method incorporating Mori-Tanaka
approach and finite element technique to predict the viscoelastic behavior of nanotube and nanoplatelet reinforced polymer
composites. Esteva and Spanos [6] assumed elastic interfacial bonds and studied the effective moduli of polymer
nanocomposites filled with randomly oriented single-walled nanotubes. Chen et al. [7] examined the interface energy effect
on damage evolution for viscoelastic nanocomposites.
Interface models are applicable when interphases cannot be defined or identified since they are also mathematically
simpler and more transparent. While previous works involving viscoelastic interfaces focus on the creep and relaxation
behavior of composites, in the present paper a micromechanics-based model for composites with both viscoelastic phases and
interfaces is developed, which directly addresses the effect of imperfect interfaces on the dynamic viscoelastic behavior of
composites; i.e., dynamic stiffness and damping, under dynamic loads. The proposed model is applied to randomly oriented
magnetorheological (MR) nanocomposites and simulation results are compared with experimental data.
CONSTITUTIVE RELATION WITH VISCOELASTIC INTERFACES
A micromechanics-based constitutive model is proposed to predict the dynamic viscoelastic behavior of multi-phase
composites with viscoelastic imperfect interfaces. With the incorporation of the classic dipole-dipole magnetic interaction
model, the scope of the proposed model has been extended to cover as well the magnetic-field-induced changes in dynamic
stiffness and damping of MR nanocomposites.
We apply the Fourier transform to the interfacial displacement jump-stress relation so that we can express the complex
interfacial compliance in the frequency  domain as  ( )   ( )  i ( ) . The corresponding displacement jump at the
interface reads ui ( )   ( )( ij  ni n j ) jk ( ) nk . The developed smart MR nanocomposites are in essential three-phase

viscoelastic composites, within which viscoelastic silicone rubber is the matrix phase and elastic CNTs and iron particles are
a)
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the inhomogeneities. While CNTs are fiber-like and randomly oriented in the composites, spherical iron particles are aligned
by the applied magnetic fields during the curing process to form chain-like structures, which render the MR nanocomposites
macroscopically transversely isotropic. To model the dynamic viscoelastic properties of MR nanocomposites, a two-step
homogenization method has been used. In the first step, the matrix silicone rubber and CNTs are treated as a two-phase
nanocomposite with overall isotropic viscoelastic properties. The imperfect interfaces between CNTs and silicone rubber
matrix are represented by the first set of appropriate interfacial parameters in this step. In the next step, the homogenized
nanocomposite is regarded the new matrix, and the three-phase MR nanocomposite is consequently modeled as a two-phase
composite with chain-like iron particle structures embedded in the new matrix, which shows overall transverse isotropy. The
second set of interfacial parameters has been used to characterize the imperfect interfaces between the new matrix and iron
particle chains.
RESULTS, DISCUSSION AND CONCLUSIONS

Given the complex shear modulus of matrix silicone rubber and the elastic constants, volume fraction, and aspect-ratio of
CNTs, in combination with interfacial parameters, the complex stiffness tensor of the MR nanocomposites reinforced with
randomly oriented CNTs is calculated. The dipole-dipole magnetic interaction model is utilized here to simulate the MR effect
on the dynamic shear stiffness. Numerical simulations have been performed to take advantage of the proposed model, and the
results are compared with the experimental data we conducted [8, 9]. Figs. 1 and 2 show the comparisons between model
predictions and experimental data for the MR effect on dynamic viscoelastic behavior of MR nanocomposites. Similar trends
are found here for MR nanocomposites and MREs, in that both the interfacial storage compliance and loss factor are increased
when external magnetic fields are applied. This observation further supports the explanation that the applied magnetic fields
disturb the stress field at the interfaces between particle aggregates and the matrix, which lead to weaker overall bonding
however higher viscosity at the interfaces.

Fig. 1. Comparisons between model predictions and
experimental data for the MR effect on storage shear
modulus of MR nanocomposites.

Fig. 2. Comparisons between model predictions and
experimental data for the MR effect on loss shear modulus
of MR nanocomposites.

References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]

Hashin, Z.: Thin Interphase/Imperfect Interface in Elasticity with Application to Coated Fiber Composites. J. Mech. Phys. Solids, 50: 2509-2537, 2002.
Hashin, Z.: Thermoelastic Properties of Particulate Composites with Imperfect Interface. J. Mech. Phys. Solids, 39: 745-762, 1991.
Schandler, L.S., Brinson, L.C. and Sawyer, W.G.: Polymer Nanocomposites: A Small Part of the Story, JOM, 59: 53-60, 2007.
Sun, L., Gibson, R.F., Gordaninejad, F. and Suhr, J.: Energy Absorption Capability of Nanocomposites: A Review, Composites Science and Technology,
69: 2392-2409, 2009.
Liu, H. and Brinson, L.C.: A Hybrid Numerical-Analytical Method for Modeling the Viscoelastic Properties of Polymer Nanocomposites, Journal of
Applied Mechanics-Transactions of the ASME, 73: 758-768, 2006.
Esteva, M. and Spanos, P.D.: Effective Elastic Properties of Nanotube Reinforced Composites with Slightly Weakened Interfaces, Journal of Mechanics
of Materials and Structures, 4: 887-900, 2009.
Chen, J.K., Wang, W.C. and and Huang, Z.P.: Surface Energy Effect on Damage Evolution in a Viscoelastic Nanocomposite, International Journal
of Damage Mechanics, 19: 949-970, 2010.
Li, R. and Sun, L.Z.: “Dynamic Mechanical Behavior of Magnetorheological Nanocomposites Filled with Carbon Nanotubes”, Applied Physics Letters,
99, 131912-1-3, 2011.
Li, R. and Sun, L.Z.: “Dynamic Viscoelastic Behavior of Multi-Walled-Carbon-Nanotube-Reinforced Magnetorheological Nanocomposites”, ASCE
Journal of Nanomechanics and Micromechanics, 4, A4013014-1-7, 2014.

1831

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
Session on Damage Mechanics SM03

MODELLING OF SHEAR FAILURE CAUSED BY ADIABATIC SHEAR BANDING AND
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Summary An enlarged finite strain modelling is presented aiming at reproducing the loss of structural material resistance induced by the
formation and growth of dynamic strain localisation bands known as adiabatic shear bands. In the modelling at stake, the adiabatic shear bands
are embedded within the representative volume element and their kinematic and material effects are described using a specific velocity gradient
and an anisotropic damage-like state variable, respectively. Criteria for adiabatic shear banding occurrence are discussed regarding the nature of
the viscoplastic materials considered. At an advanced stage of deformation, micro-voids develop and grow within the adiabatic shear bands
leading to the formation of micro-void sheets in the wake of the adiabatic shear bands. The kinematic consequences of this second softening
mechanism – the first one being the adiabatic shear banding properly speaking - are accounted for by modifying the yield function/plastic
potential within a unified large deformation modelling.

INTRODUCTION
Strain localisation provokes a local material softening resulting in a global structural resistance loss making accordingly
premature the failure of the whole structure. Whereas during the past decades strain localisation in ductile materials has
been considered as a consequence of advanced microvoiding-induced softening (due notably to microvoid coalescence),
recent experimental works [1] have shown that strain localisation may actually precede microvoiding and that the latter may
thus result from an advanced stage of strain localisation – and not the opposite. We are here interested in the second
scenario.
While the approach developed further may apply to any strain localisation-induced post-microvoiding failure, we are
here focusing on strain localisation occurring under dynamic loading involving (quasi) adiabatic conditions in the form of
adiabatic shear bands, see Fig.1 and [2]. Generally speaking, materials with high strength and/or low thermal conductivity
and/or low hardening capability, are more susceptible to adiabatic shear banding, including a wide class of structural
materials such as steels, aluminium alloys, titanium alloys, and so on.
An enlarged finite strain modelling is presented herein aiming at reproducing the loss of structural material resistance
induced by the formation and growth of adiabatic shear bands. In the modelling at stake, the adiabatic shear bands are embedded
within the representative volume element and their kinematic and material effects are described using a specific velocity gradient
and an anisotropic damage-like state variable, respectively. Criteria for adiabatic shear banding occurrence are discussed
regarding the nature of the viscoplastic materials considered. At an advanced stage of deformation, micro-voids develop and
grow within the adiabatic shear bands leading to the formation of micro-void sheets in the wake of the adiabatic shear bands. The
kinematic consequences of this second softening mechanism – the first one being the adiabatic shear banding itself - are
accounted for by modifying the yield function/plastic potential within a unified large deformation modelling.
METHODOLOGY
In the approach developed, instead of a fine description involving a small representative volume element (RVE), whose
length scale would have been lower than the bandwidth (l<λ), a more global insight is preferred, employing a ‘large’ RVE,
i.e. the one whose length scale is greater than the bandwidth (l>>λ). To distinguish the dissipation process relevant strictly
to the band deformation mechanism from the process non-relevant to the bands (relative to adjacent sound material), the
first is henceforth called ‘singular’ while the second is called ‘regular’ one. In this aim in view, all the set of singular
variables Vsing and respective dissipation effects are incorporated in the density da of the 2nd order damage-like state variable
D introduced in (1) below, n representing the band orientation and α a family of bands with the same orientation. The
evolution of TrD along the shearing process is schematically plotted in Fig.2. The kinematic consequences of the presence
of the shear band pattern are viewed as those of a ‘super-dislocation’ (or a super-gliding system). By generalizing, for the
RVE considered, the kinematics of the crystalline plasticity, an ASB-induced supplementary velocity gradient Ld in addition
to the one relevant to regular plastic deformation outside the band, designated Lp, is introduced as the result of the glide
velocity
(1)
(2)
a)

γ&α in the direction of a unit vector gα relative to the band pattern α of the normal nα, see (2).
α
α
α
α
α
α
D = ∑ d α N α ; d = d (λ , Vsing ) = d (λ , T *, κ *, ξ *, δ *,...) ; N = n ⊗ n
α

[

Lin = Ldp = L p + Ld ; Ld ∝ ∑ γ& α g α ⊗ n α ; d d = symLd ∝ ∑ γ& α M α ; M α = sym g α ⊗ n α
α

α

]
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FIG.1: Experimental evidence of adiabatic shear banding
(ASB) as precursor of shear failure of the material, from [2].

FIG.2: Representation of the influence of the successive
failure modes on the damage like state variable D along the
shearing process

A criterion for adiabatic shear banding occurrence is deduced from the linear perturbation method, see [3], involving
the ASB/resolved shear stress τ = s : M , with s the deviatoric part of the Kirchhoff stress tensor τ (α=1), the isotropic
hardening force r and its derivative with respect to strain κ (strain hardening) and temperature T (thermal softening), and the
1

strain rate induced overstress Yκ& n , see (3). Depending on the material considered (steel, titanium alloy, etc), the origin of
strain hardening/softening and thermal softening is discussed.
1

∂r ∂r 
1
 ∂r  ∂r   

J  τ, r , κ& ;
,
/ −
   ≥ 0
(3)
 = 3τ −  r − Yκ& n + ρ 0 c 0 
∂κ ∂T 
n

 ∂κ  ∂T   

The model is built within the irreversible thermodynamics framework. As ASB and microvoiding, successive sources
of material anisotropic deterioration, affect elastic and plastic properties, the damage like variable D degrades both the
elastic stiffness and isotropic hardening force. Those two contributions are thus present in the D-driving force G (the energy
release rate wrt D). In the context of the normality rule, the two contributions of the inelastic strain rate in (2) and the
internal variables (κ, D) kinetics are derived from the tentative unified yield function/plastic potential (4), where the energy
release rate G intervenes via ‘effective’ values ∆GX=G-GX, with X representing the deterioration mechanism at stake (ASB,
VG for void growth), G the current value of G:N and GX the value of G:N at X-occurrence.
σ
ASB
(τ, r , G;M,N ) = f (σ eq , τ , ∆G ASB , ∆GVG ) + 3β∆GVG exp m  − (R0 + r ) ≥ 0 ; σ eq = 3 s : s ; σ m = Trτ
FVG
(4)
3
2
σ 
During a monotonically increasing loading, the yield direction of the sound viscoplastic material (∆G ASB = ∆GVG = 0 )
is thus progressively deviated first by the adiabatic shear banding (∆G ASB > 0 ; ∆GVG = 0 ) then by the microvoiding in
ASB wake (∆ G ASB = constant ; ∆ GVG > 0 ) .
This model completes the approach developed in [4] containing an intrinsic length scale and so some affinity with
nonlocal modelling, see e.g. [5]. It has been implemented in the engineering finite element computation code LS-DYNA. Its
performances are evaluated considering different initial-boundary value problems.
CONCLUSIONS
An enlarged finite strain modelling including void-sheet post-localization mechanism is advanced in this work on the
basis of experimental observations. It is being done by completing the form of yield/deterioration function and related
viscoplatic/deterioration potentials by inserting genuine energy terms corresponding to the mechanisms at stake.
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VIRTUAL MATERIALS TESTING
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Summary We present extreme multiscale simulations in terms of both physical length scales and computational resources. In this paper,
we delineate a hierarchically parallel computational homogenization (CH) solver that employs hundreds of thousands of computing cores
and resolves material length scales from O(cm) to O(100 nm). Simulations of this kind are important in understanding multiscale behavior
of many natural and synthetically made materials. When combined with image-based modeling concepts and co-designed simulations and
experiments, these predictive computations are an important step towards Virtual Materials Testing and can aid in development of new
material formulations.

INTRODUCTION
With concentrated efforts from the material science community to develop new multifunctional materials using unique
processing conditions, the need for modeling tools that accurately describe the physical phenomena at each length scale has
only further been emphasized. For example, additive manufacturing and shock synthesis lead to unique material morphologies
that need to be understood for reliable engineering analysis and product safety assessments. Considering these material
complexities, Direct Numerical Modeling (DNM) is accessible only for moderate system sizes. Thus, a multiscale strategy
must recognize that just a relatively small part of the material will typically be instantaneously exposed to rapid material
transformations. The rest of the material may be adequately described by macroscopic constitutive models, obtained from
homogenization of the complex but slowly-varying microstructure [5, 6]. Nonlinear model reduction, pattern recognition and
data-mining are key to future on-the-fly modeling and rapid decision making [8].
IMAGE-BASED MULTISCALE MODELING
To address these challenges, we present an image-based (data-driven) multiscale framework for modeling the chemothermo-mechanical behavior of heterogeneous materials while capturing the large range of spatial and temporal scales [2].
This integrated computational approach for predicting the behavior of complex heterogeneous systems combines macro- and
micro-continuum representations with statistical techniques, nonlinear model reduction and high performance computing.
Our approach exploits knowledge of the instantaneous localization to decide where more advanced computations are required.
Simulations involving a wide range of scales, O(106 ) from nm to mm, and billions of computational/discretization cells (e.g.
finite elements) are inherently expensive, requiring the use of high-performance computing. Therefore, we have developed a
hierarchically parallel high performance computational framework that executes on hundreds of thousands of processing cores
with exceptional scaling performance [1, 3].
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Figure 1: Fully coupled multiscale simulation of progressive mode-I failure of a DCB. The material cells are each discretized
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To demonstrate the ability of the CH solver to predict multiscale failure, we compute the response of a dual cantilever beam
(DCB) using an isotropic viscous damage model at the microscale [3]. Figure 1(a) shows the non-planar progressive failure
of the interface governed by the microscale damage as well as the crack tunneling. The extent of damage in the microscale
at the marked points along the macroscale interface (point 1 and point 2) is displayed in Figure 1(b). The CH solver predicts
that the fracture toughness of the interface is Gc ∈ [141, 175] J/m2 due to varying local strain rates. The mean toughness
of the interface is Gmean
= 162 J/m2 . The critical interface traction is predicted as tc = max k~tM k ∈ [61, 68.2] MPa, with
c
mean
tc
= 65.6 MPa. Figure 1(c) shows that the multiscale response of the DCB, loaded in mode-I, is bounded by the Linear
Fracture Mechanics (LFM) theory (broken lines). The multiscale response is computed using up to 128k cores on the Mira
supercomputer at Argonne National Laboratory.
MATERIAL MORPHOLOGY
Any serious attempt to model a heterogeneous system must also include a strategy for constructing a complex computational domain. This work follows the concept of data-driven (image-based) modeling. We will delineate a procedure based
on topology optimization and machine learning to construct a Representative Unit Cell (RUC) with the same statistics (npoint probability functions) to that of the original material [7]. Our imaging sources come from micro-computed-tomography
(micro-CT), focused ion beam (FIB) sectioning, and advanced photon source nano-tomography at the Argonne National Laboratory. We show that fully coupled computational homogenization of these statistically meaningful RUCs is possible utilizing
high-performance computing. With this framework, well-resolved microstructure-statistics-property (MSP) relationships can
be obtained [4].
MULTISCALE MODEL VALIDATION, VERIFICATION AND UNCERTAINTY QUANTIFICATION
Finally, the integrated V&V/UQ program with co-designed simulations and experiments provides a platform for computational model verification, validation and propagation of uncertainties.
CONCLUSIONS
We present extreme scale computations, in terms of both physical scales and computing resources. Our image-based
modeling concept is applied to construct statistically Representative Unit Cells of heterogeneous materials. We show that
statistically optimal unit cells yield improved predictions of material response. This leads to smaller standard deviations for
physical quantities as compared to previous studies. Results in this presentation show the impact of extreme scale simulations
in predicting and better understanding mechanics across vast spatial scales during the complex rate-dependent physical processes. With co-designed experiments and properly validated constitutive models, such large predictive simulations can be the
basis of Virtual Materials Testing standards, and aid in development of new material formulations.
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[2] Mosby M., Matouš K.: On mechanics and material length scales of failure in heterogeneous interfaces using a finite strain high performance solver.
Modelling Simul. Mater. Sci. Eng., 23:085014, 2015.
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MODELING PLASTICITY-DAMAGE COUPLING IN ANISOTROPIC TITANIUM &
VALIDATION BY XCMT
1
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Summary A comprehensive experimental study on plastic deformation and damage in titanium was conducted. The ex-situ and in-situ
X-ray tomography measurements conducted reveal that damage distribution and its evolution in titanium is markedly different than in a
typical FCC material such as copper. Theoretically, it is shown that only by modeling both the anisotropy and the tension-compression
asymmetry in plastic behavior it is possible to realistically predict Ti behavior. Specifically, for a smooth axisymmetric specimen subject to
uniaxial tension, the model developed predicts that damage initiates at the center of the specimen, and is diffuse; the level of damage close
to failure being very low. On the other hand, for a notched specimen subject to the same loading the model predicts that damage initiates
at the outer surface of the specimen, and further grows from the outer surface to the center of the specimen, which corroborates with the
in-situ tomography data.

Significant progress has been made in understanding and modeling the micro-mechanics of ductile fracture in porous polycrystalline materials. Most of the available theories of dilatational plasticity and viscoplasticity make use of the assumption
that the matrix (void-free material) is incompressible and displays the same response in tension and compression. However,
titanium materials are strongly anisotropic [1]. Indeed, the mechanical tests on a Ti plate, which were done as part of the study
reported here, reveal a strong anisotropy in Lankford coefficients, with the r-value along the rolling direction (RD) being much
larger than in the 45°and 90°orientations from RD. It was also found a marked difference between the stress-strain response in
the normal direction (ND) and that in the in-plane directions of the plate. Furthermore, irrespective of the loading orientation,
the material studied is harder in compression than in tension (for these test results, see [2]). To account for the influence of
these particular features of the plastic behavior on damage, the following plastic potential, which depends on the mean stress
and the mixed invariants of stress and symmetry tensors associated with orthotropy, namely Mi = xi ⊗ xi ,i = 1,¯3, xi being
the orthotropy axes, is considered:
3
P

φ(σ, f ) = m

(|σ̃i | − kσi )2

2 i=1

σ̄xT

+

σ̄xT




2f cosh

3σm
hσ̄xT


− 1+f

2




= 0,

(1)

where k is a parameter describing the tension-compression asymmetry of the matrix; f is the void volume fraction, and
σ̃i are the principal values of the transformed stress tensor σ̃ = L : σ 0 , σ 0 being the deviator of the Cauchy stress tensor and
L a fourth-order symmetric tensor describing the anisotropy of the matrix. Specifically, the two constants m amd h depends
on the anisotropy coefficients Lij (for more details, the reader is referred to [3]). Note that all the parameters involved in
the criterion have a clear physical significance, being related to plastic properties. These parameters were identified based on
data from a few mechanical characterization tests: uniaxial tension tests on specimens of rectangular cross-section for three
orientations, and uniaxial compression tests. In this paper, we present only model predictions for loading conditions that were
not used for parameter identification. These validation tests are uniaxial tensile tests on smooth and notched specimens of
circular cross-section.
Moreover, to further the understanding of the plasticity-damage couplings of the material, and assess the predictive capabilities of the model, both ex-situ and in-situ XCMT measurements were done. The XCMT measurements on axisymmetric
smooth specimens reveal the drastic difference in damage evolution between the hcp α-Ti material studied and a typical copper material for which the plastic deformation is governed by von Mises criterion. Note that for the same axial displacement
and similar levels of plastic deformation, the copper material is very damaged while the titanium material shows very little
damage (see Fig.1).
Fig.2 shows a comparison between the XCMT data on Ti and the F.E. isocontours of the void volume fraction of a smooth
specimen corresponding to the same axial displacement. Note that both the anisotropy of plastic deformation (i.e. ellipticity
of the deformed cross-section) and damage distribution are correctly described. Specifically, it is predicted that for a smooth
axisymmetric specimen subject to uniaxial tension, damage initiates at the center of the specimen and is diffuse; the level of
damage close to failure is very low.
The average porosity in the minimal cross-section (root of the neck) is of 0.25%. It is worth noting that the Stewart and
Cazacu [3] model also predicts that in the minimal cross-section the maximum void volume fraction is of 0.22% (see Fig. 2a).
Likewise, for the other views, most of the voids observed by XCMT are inside the region of maximum void volume fraction
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Figure 1: Post-test X-ray computed micro-tomography
(XCMT) scans of smooth axisymmetric specimens of circular cross-sections that were subjected to uniaxial tension to
large plastic deformations (close to failure): (a) hcp-titanium
material studied ; (b) isotropic copper material.

Figure 2: Comparison between the F.E. cross-sections and
isocontours of void volume fraction of a smooth axisymmetric specimen of hcp-titanium subjected to uniaxial tension along RD, according to the Stewart and Cazacu (2011)
model and XCMT data.

predicted by the model. Furthermore, in Fig.2, the F.E. predictions of the geometry of the specimen for the respective axial
displacement (red points) are superposed on the different experimental cut views. It is to be noted that the Stewart and Cazacu
[3] model correctly predicts the section geometry in all the planes.
On the other hand, for a notched specimen subject to uniaxial tension the model predicts that damage initiates at the outer
surface of the specimen, and further grows from the outer surface to the center of the specimen, which corroborates with the
in-situ XCMT data (see Fig.3). This is contrary with the generally held belief that damage evolution in Ti can be predicted
using models and damage evolution laws originally developed for materials for which the plastic behavior is governed by
either von Mises or Hill (1948) criterion.
CONCLUSIONS
In this paper, it was shown that only by modeling both the anisotropy and the tension-compression asymmetry in plastic
behavior it is possible to realistically predict Ti behavior. If the tension-compression asymmetry is neglected, the maximum
void volume fraction is located at the center of the specimen, while if the model accounts for both anisotropy and tensioncompression asymmetry, the zone of maximum damage shifts toward the outside surface (see Fig.4).

Figure 3: X-ray micro-tomography in-situ scans of the hcptitanium notched specimen subject to uniaxial tension along
rolling direction (RD) showing the (TD, ND) view, (RD-TD)
view, and (RD, ND) views, respectively corresponding to a
notch displacement of : (a) 0.24 mm (b) 0.73 mm (c) 1.02
mm, (d) 1.2 mm.

Figure 4: Importance of accounting for the tensioncompression asymmetry of the plastic behavior of an hcptitanium. Comparison of the isocontours of the void volume
fraction in the (RD-TD) section of the notched specimen for
an axial notch displacement of 1.2 mm, respectively according with: (a) anisotropic model with no tension-compression
asymmetry (k=0), (b) Stewart and Cazacu (2011) model
which accounts for both anisotropy and tension-compression
asymmetry.
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MULTISCALE TRACTION-SEPARATION RELATIONS FOR FIBER-REINFORCED
COMPOSITES
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Summary An effective traction-separation relation (cohesive law) for fiber-reinforced composites is developed with the aim of incorporating
microscopic fracture mechanisms under various mode mixity loading conditions in a unified, simple expression that is useful for analysis
and design purposes. The relation is based on an extensive parametric study carried out to correlate the constituents’ fracture properties,
their adhesion strength and microstructural characteristics to the macroscopic fracture properties. It is shown that this procedure provides a
viable alternative to the fully-coupled multiscale framework.

INTRODUCTION
Failure analysis of composite materials, such as fiber-reinforced laminates, requires establishing a relevant connection
between the macroscopic response behavior and the microscale fracture mechanisms of the material. The growth of cracks
observable at larger length scales (i.e., macrocracks) is controlled by the distinct fracture mechanism that may be activated at
the microscale, such as matrix cracking, fiber cracking, debonding or combinations thereof [1]. In turn, the nucleation and
growth of microcracks depend on the applied loads, the microstructural characteristics (e.g., volume fractions), the fracture
properties of the constituents and their bonding strength and adhesion fracture energy.
A popular approach in the area of multiscale fracture mechanics is the so-called finite element-squared framework (FE2 ),
where a traction-separation law or a distributed damage evolution relation for a macroscopic finite element simulation is
computed from a lower length scale finite element simulation [2,3]. One practical limitation of this approach is its high
computational cost since the macroscopic fracture response requires a large number of microscale simulations, which need to
be repeated every time the characteristics of the microstructure and/or the properties of the components are changed.
In the present contribution, the goal is to develop simple bilinear macroscopic traction-separation relations for unidirectional Carbon-Fiber Reinforced Plastics (CFRP). The bilinear relations capture in an averaged sense the initiation and
evolution of the cracks occurring at the microscale. In this approach, the computational effort is concentrated in an a-priori calibration of the macroscopic traction-separation relations for arbitrary loading conditions and for a wide range of combinations
of material properties. These relations can subsequently be used in single-scale macroscopic simulations for general loading
conditions and for composites of distinct characteristics, which is useful for design purposes. The overall computational gain
is achieved by reducing the total number of microscale simulations since these are replaced by effective traction-separation
relations.

Mode I

Mixed mode:
equal I/II

Mixed mode:
low I/high II

Mixed mode:
high I/low II

Mode II

Figure 1: Distinct load cases for a given microstructural configuration and material properties
MICROSCALE SIMULATIONS
The microscale fracture behavior of a CFRP is obtained from simulations that explicitly account for the different phases
(matrix and fibers). The phases are treated as homogeneous and their fracture properties are incorporated using tractionseparation relations implemented via cohesive elements, which are inserted along the boundaries of all bulk elements. The
interface between fibers and matrix is modeled with a separate traction-separation relation that characterizes the bonding
strength and adhesion fracture energy. Simulations are conducted on volume elements of increasing size until a representative
volume element (RVE) is identified, based on convergence of the effective traction-separation relation to within a reasonable
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tolerance. The effect of five variables was studied: interface cohesive strength, fiber cohesive strength, interface fracture
energy, fiber fracture energy and fiber volume fraction. The study also includes different loading conditions ranging from a
macroscopic pure mode I to pure mode II. Typical simulations are shown in Fig. 1, which illustrate the formation of microcracks that eventually generate a macroscopic crack.
MACROSCOPIC CRACK NUCLEATION, ORIENTATION AND TRACTION-SEPARATION RELATION
For each combination of fracture properties, fiber volume fraction and loading conditions, an effective traction-separation
relation was obtained by averaging the material response over the RVE. In addition, an effective crack orientation was obtained
by averaging the micro-crack orientations. A typical effective traction-separation relation is shown in Fig. 2a. In order to
mitigate the error due to the discreteness of the volume element (particularly for the fracture energy), the effective tractionseparation relation was obtained as the average of four different realizations, i.e. fiber distributions, as shown in Fig. 2b.
The procedure was repeated for distinct material properties, volume fractions and loading conditions. For each case, an
equivalent bilinear relation was used to approximate the corresponding effective traction-separation response [4]. Furthermore,
a functional relation was established between the effective crack normal vector and the average separation of the RVE. The
parameters for the bilinear traction-separation relation, both for the normal and tangential components, consist of an initial
slope K, a cohesive strength tu and a fracture energy Gf . A further correlation was carried out to establish the dependency
of K, tu and Gf on the fracture properties of the phases, the bonding strength, the fiber volume fraction and the mode mixity.
As a result of this procedure, simple closed-form expressions can be established to compute the effective fracture properties
using the basic microscale properties as input. In addition, a criterion can also be established to predict the crack orientation
based on macroscopic quantities, which is useful for implementations using the extended finite element method. The validity
of these expressions, which essentially predict the response for cases not included in the calibration procedure, was tested by
carrying out an independent set of simulations. The agreement with the effective strength was validated while the interpolated
fracture energy was predicted within an acceptable discrepancy.
Averaged eﬀecve traconseparaon relaon
(averaged over four realizaons)

Fiber
Matrix
Interface

Eﬀecve traconseparaon relaon
Eﬀecve normal component
Eﬀecve tangenal component
Bilinear approximaon

(a)

(b)

Figure 2: (a) Effective traction-separation relation. (b) Bilinear approximation of effective relation

CONCLUSIONS
The methodology developed in the present contribution demonstrates that it possible to obtain simple macroscopic models
that implicitly account for complex microscale fracture behavior. The relevant macroscopic fracture properties can be expressed as simple functions of the constituent’s properties, which is particularly useful for design purposes in structures that
employ CRFPs. The procedure is a computationally-attractive alternative to fully-coupled multiscale simulations.
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Summary We propose a new model of brittle damage for initially orthotropic materials. The proposed strain energy-based formulation allows
to account for the interaction between initial and induced anisotropies and to address the very challenging issue of opening-closure effects
(unilateral behaviour). In order to derive the complete model including the damage growth, we take advantage of micromechanical
developments suitably combined with the thermodynamics framework of the standard generalized materials. The model has been implemented
within the finite-element code ABAQUS and various numerical simulations have been carried out to illustrate its predictive capabilities. In
particular, emphasis is put on the evolution of the material symmetry and the influence of microcracks opening-closure states on the damage
process.

CONTEXT AND ISSUES
Several experimental studies have shown that microcracking governs the mechanical behavior of various engineering
materials. Some of the main macroscopic consequences induced by these microcracks are degradation elastic properties,
load-induced anisotropy and microcracks opening-closure effects (also called unilateral effects). For many industrial
applications, an appropriate modelling of such degradation process is required to derive a reliable evaluation of mechanical
systems. Continuum Damage Mechanics offers an appropriate theoretical framework to account for the inelastic response
associated to these features. Accounting for these phenomena in the context of initially anisotropic materials such as
composites or sedimentary rocks constitutes a very challenging issue. The interaction between primary anisotropy and
damage-induced one is itself a difficult task [1,2]. Addressing the additional representation of damage activation–
deactivation effects is then most often restricted to damage in some given specific directions [3]. The present study intends
to present a new model for brittle damage for initially anisotropic materials based on results obtained in Goidescu et al. [4].
The resulting analytical 2D micromechanical model (see [5]) avoids inconsistencies often associated to the description of
the unilateral behavior [6,7], while exhibiting a physical motivation of the deactivation representation.
CONSTITUTIVE LAW
Small strain, rate independent and isothermal conditions are considered. Dilute concentration of frictionless microcracks is
assumed. Following micromechanical arguments [4], a discrete approach, consisting in a finite number of microcracks
systems, is considered for the damage description based on the set of scalar microcracks density parameters d = (d i ) i =1, N ,
with di the microcrack density of the ith microcrack system. Orientations ni (unit normal) of microcracks are regularly
distributed and not restricted to initial structural axes.
In the virgin state (without damage), the material is assumed to exhibit an orthotropic elastic linear behaviour defined by
the orthonormal basis (e1 , e 2 ) ( W0 (ε, A ) denotes the virgin free energy where second tensor A = e1 ⊗ e1 accounts for
initial anisotropy). The macroscopic free energy corresponding to such a material weakened by arbitrarily oriented
microcracks systems is essentially derived from standard micromechanical analysis, with the help of Hill lemma in the
context of cracked bodies and the use of crack displacements expressions in the context of anisotropic elasticity [4]. The
thermodynamic potential comes thus to the following form:
N

W (ε, d) = W0 (ε, A) +

h open (ε, A) + h' open (ε, n i ) + h" open (ε, A, n i ), if g (ε, A, n i ) > 0
if g (ε, A, n i ) ≤ 0
clos ( ε, A) + h' clos ( ε, n i ) + h" clos (ε, A, n i ),

¦ d ®¯h
i

i =1

Such formulation accounts for the different behaviour of microcracks according to their status (open or closed) defined by
the opening-closure criterion g. Moreover, for both situations, elementary free energy contributions may represent various
interaction modes between initial and induced anisotropies: h addresses isotropic-like damage effect that keeps the initial
symmetry of the material, h’ introduces weak-coupling with a directional dependence similar to the one derived in the
isotropic context, whereas h” accounts for strong interaction between initial and damage induced anisotropies that may lead
to a complex resulting elasticity. It is to note that appropriate mathematical conditions are satisfied, especially the
objectivity and the continuity of class C1 of W (that ensures the existence and continuity of the stress-strain response and of
the thermodynamic forces) and the piecewise continuity of class C∞ of the tangent operator. Moreover, micromechanics
provides a physical justification to the representation of activation-deactivation effects, regarding both the complex recovery
a)
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phenomenon occurring at the closure of defects and the opening-closure criterion that derives from the cancellation of the
normal jump displacement of microcracks.
The framework of generalized standard materials is chosen to easy the satisfaction of the thermodynamical admissibility
of the formulation. Following classical form, damage evolution is formulated for each system independently (see [8] for
instance):

f ( F d i , d i ) = F d i − k0 (1 + η d i ), with F d i = − ∂W ∂d i
Dealing with a reduced number of coefficients (4 elastic coefficients of the virgin medium and 2 parameters related to the
damage evolution, k0 and η), such formulation may take into account very complex damage growth. Indeed, since the
damage thermodynamic force F d i is considered as the driving force of the damage process, the damage evolution depends
also on the opening and closure of microcracks and on the interaction between anisotropies.
APPLICATIONS TO A CERAMIC COMPOSITE
The mechanical response of a ceramic composite (SiC-SiC) under uniaxial tension load followed by compression is
studied. Axis and off-axis loads have been investigated. Considering a sufficiently large number N of systems provides a
relevant representation of microcracks density distribution obtained in such a case. Fig. 1 shows first that the model is able
to describe the specific asymmetric behavior between tensile and compressive loads of brittle materials. The different
opening-closure state between these two situations explains the differences in the yield stress and in the damage evolution:
all microcracks are open during tensile load and some of them get closed during compression. Such a test highlights also the
influence of unilateral effects on elastic properties. As shown by the evolution of Young modulus E(y) in the axial direction
y, elastic properties recover to some extent their initial value (partial damage deactivation) when compressive load induces
the closure of some microcracks. Finite element simulations on structure case studies (notched samples) also illustrate these
features. Note finally, that such model provides a suitable basis for the consideration of a supplementary dissipative
mechanism such as the friction on the closed microcracks lips.

Axial stress-strain response

Axial Young modulus E(y) according to the axial stress

Fig. 1. Uniaxial tension load (1) followed by unloading (2) and then compression (3) along unit axis y on a ceramic composite
(full line corresponds to axis load along a structural axis of the material, dashed line denotes an off-axis loading case).
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COUPLED DAMAGE-PLASTICITY MODELING OF THE INELASTIC
BEHAVIOR OF C45 STEEL AT HIGH TEMPERATURES
Farid Abed1a) & Mohammad Saffarini 1
1
Department of Civil Engineering, American University of Sharjah, Sharjah, UAE
Summary A series of tensile tests are conducted on C45 steel at a range of temperatures between 298 °K and 923 °K and strain rates up to

0.15s-1. Scanning electron microscopy images are also taken to quantify the density of cracks and voids of each fractured specimens
which are then utilized to define the evolution of internal defects. A microstructure-based yield surface and an energy-based damage
model were utilized and incorporated into a thermodynamic consistent formulation to accurately describe the coupled damage-plasticity
behavior of C45 steel at high temperatures. Good correlation was observed between the model predictions and the experiments.

INTRODUCTION
The understanding of the mechanical behavior of these materials over a wide range of temperatures and strain rates has
been the subject of extensive studies in the past few decades, both experimentally and theoretically [1-3].This research aims
to describe the behavior of C45 structural steel that is increasingly used in the oil and gas industry in environment where
high temperatures and strain rates are applied. The primary goal is to introduce a systematic understanding of the thermomechanical ductile failure that occurs due to accumulation of micro-cracks and voids along with plastic deformation to
enable proper structural design; and hence provide better serviceability.
EXPERIMENTAL PROGRAM AND RESULTS
The experimental program conducted in this research provides important results regarding the thermomechanical
behavior for C45 steel at different loading conditions. The program includes tensile tests and scanning electron microscope
images to characterize the microstructure behavior of this alloy at elevated temperatures.
Tensile tests at room and high temperatures
The tensile test specimens were fabricated according to ASTM standards with a slight modification in the gauge length
that was shortened to achieve higher strain rates. The room temperature experiments were conducted at three strain rates of
0.0015s-1, 0.015s-1, and 0.15s-1. The thermo-mechanical tests were conducted by surrounding the UTM with a high
temperature furnace that was controlled independently. Specimens were then tested at a combination of three various
temperatures of 523°K, 723°CK and 923°K, and at two velocities equivalent to strain rates of 0.0015s-1 and 0.15s-1. The
temperature was maintained within ± 1°C of the test temperature over the specimen gauge length using a universal 3-zone
furnace controller. Figure 1 presents samples of the true stress-true strain results at selected temperatures and strain rates.
Scanning Electron Microscope (SEM)
One important step towards understanding the thermo-mechanical behavior of metals is to study the microstructure of
the material and to evaluate the internal damage caused by the complex loadings. Scanning electron microscopic images
were produced on each tested specimen to characterize the microstructure behavior of C45 steel at different levels of
temperatures and loading rates. Damage measurements were performed by processing SEM images of 1000X
magnifications to determine the void fractions. Figure 2 shows a sample SEM image for a fractured specimen.
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Figure 1 Samples of stress-strain results for C45 steel at different temperatures and strain rates
a)

Figure 2 Samples of SEM images
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COUPLED DAMAGE-PLASTICITY CONSTITUTIVE MODELING
A general consistent thermodynamic framework for thermo-viscoplastic and damage deformations of C45 steel is
developed by utilizing a microstructure-based yield surface coupled with an energy-based isotropic damage definition. This
coupled model is capable of capturing the evolution of damage throughout the deformation process and describing the
degradation of the steel alloy. The deformation behavior is defined using a thermodynamic potential to describe the present
state using Helmoltz free energy and the dissipative potential to describe the irreversible evolution behavior. The
determination of internal state variables is achieved by using the fundamental laws of thermodynamics; the conservation of
mass, balancing laws, linear and angular momenta, the conservation of energy, and the second law of thermodynamics. The
dynamic yield surface for C45 steel is defined as follows:

f 

3 ij ij
2(1   )

2

 c1  c2 p c3  c4 (1  (c5T ln

p q1 q2
) )
po

(1)

The material parameters c1-c5 appeared in the above constitutive relations are related to the microstructure physical
quantities (see, for more details, Ref. [3]).
Energy-based damage model
Damage is usually characterized by void nucleation, growth, and coalescence that is concentrated in regions near the
fracture surface where plastic strains and their associated stresses are maximum. Abed et al. [4] developed an energy based
model that is capable of describing the damage evolution in steel using the principles of continuum damage mechanics. The
proposed model treats damage, φ, as an increase in the dissipated energy of the material and consequently a reduction in its
ability to absorb further energy prior to failure. It defines damage at a certain level as the ratio between the dissipated
energy at that level and the dissipated energy at failure as given below:


  
f
T 
 

 

   ij ijp  Rp  qiT,i / T  0

where

(2)

where φf is the critical damage at fracture, q is the heat flux vector, and R represents the thermodynamic conjugate force
associated with the flux of the plastic internal state variable p. Figure 3 presents samples of stress strain comparisons
between experiments and the coupled damage-plasticity model. Also, Figure 4 illustrates the capability of the energy-based
damage model of capturing the internal damage evolution with strain at different level of strain rates and temperatures.
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Figure 3 Samples of comparisons between model predictions and experiments
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Figure 4 Damage evolutions with strain

CONCLUSIONS
The tests results at high temperatures revealed the typical degradation trend of the thermal stresses with temperature
increase except in regions where dynamic strain aging is active. The energy-based damage model successfully captured the
damage evolution within the microstructure of the material and the failure mode beyond the ultimate point. The coupled
damage-plasticity model was also successful in predicting the flow stress of C45 steel at elevated temperatures.
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MOLECULAR DYNAMICS INSIGHTS INTO THE COALESCENCE OF CLOSELY-PACKED
VOIDS
Yi Cui, Zengtao Chen a)
Department of Mechanical Engineering, University of Alberta, Edmonton, AB T6G 1H9, Canada
Summary Both the void clustering effects with fixed-size voids and changing-size voids under uniaxial load are studied via molecular
dynamics (MD) method. Large nanovoids up to 50 nm in diameter are focused in this study. The total number of atoms in the system ranges
from 0.32 million to 95.4 million. The corresponding stress-strain relation and void volume fraction are monitored during the microstructure
evolution of the specimens. For the larger changing-size voids inside the fixed-size simulation box, the critical strain to trigger dislocation
shows a very weak dependence on the void size. The dislocation emission pattern is highly subject to the initial intervoid ligament distance
(ILD) with a strong clustering effect. For the void cluster, larger voids with short initial ILD tend to reach larger coalescence porosity. The
highlands on the void surface, formed due to the presence of dislocation structure, cause the local breakdown of the intervoid ligament.

INTRODUCTION
For void formation in irradiated FCC and BCC metals, not only a large density of voids but also void ordering into
complete or partial superlattice was observed [1, 2]. For these highly ordered voids, a periodic cell can significantly reduce
the computation cost without much loss of the physical representation. For less orderly-arranged nanovoids, clusters with
closely-packed voids are more important since their shorter intervoid ligaments facilitate the void coalescence. Threedimensional finite element analysis, which based on constitutive model and without the consideration of size effect, draws a
general conclusion that void clustering accelerates the damage accumulation and intensifies the interaction among
neighboring voids [3, 4].
MODELS, RESULTS AND DISCUSSION
Fig. 1 illustrated the forming of the periodical simulation box which physically represents a cluster of closely-packed
voids. During the continued loading, the void interacts and finally coalesces through the periodical boundary with “other”
voids. The atomistic interaction is modeled by the embedded atom method (EAM) potential. Applied uniaxial loading is
strain-controlled.

Fig. 1 Periodical simulation box with void inside FCC copper
Fixed-size void inside changing-size simulation box

Vfr=27%

Vfr=8%

Vfr=1%

Vfr=0.125%

Fig. 2 Fixed-size void (d=14nm) embedded in differently-sized simulation box at a strain of 0.06 (add a coordinate system)
At a uniaxial strain of 0.06, the voids with 1% and 0.125% initial volume fraction show very little difference in their
developed dislocation structure. These two developed dislocation networks, which have slip systems common to FCC
metals, contain quadrangular-frustum structures in the loading direction (x-axis) and some prismatic structure in the lateral
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direction (y- and z-axes). It appears that void of this size can be considered as isolated once its initial volume fraction is
below 1% from Fig. 2.
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Fig. 3 Stress-strain relations and normalized void volume fraction curves under different initial ILD
As predicted by the continuum theory [5], the increasing porosity lowers the effective Young’s modulus of the
composite material in a similar way shown in Fig. 3. The changing slope of the stress curve before a strain of 0.05 can be
associated with the changing void volume fraction in this range.

(a) The surface of the coalesced void (b) The corresponding local dislocation structure
Fig. 4 Dislocation structure and forming of the highlands (arrowed) to facilitate the void coalescence
The two highlands on the void surface in Fig. 4(a) are formed by the nearby dislocation structure as spotted in Fig. 4(b).
The forming of the highlands on the void surface, in other words, is the faster consumption sites of the intervoid ligament.
CONCLUSIONS
For fixed-size void inside the changing-size simulation box, the critical strain to trigger the dislocation emission decreases as
the simulation size increases. For porosity below 1%, further enlarging the simulation size makes virtually no difference to this
critical strain. Therefore, void with the size and other conditions concerned here can be viewed as isolated once its initial volume
fraction is below 1%. For the larger changing-size void inside the fixed-size simulation box, the critical strain to trigger
dislocation shows a very weak dependence on the void size. The dislocation emission pattern is highly subject to the initial ILD
with a strong clustering effect. Both the ultimate strength and the effective Young’s modulus are lowered by the enlarging void
size. For the void cluster, larger void with short initial ILD tends to reach larger coalescence porosity. The highlands on the void
surface, formed by nearby dislocation structures, cause the local breakdown of the intervoid ligament.
References
[1] S.J. Zinkle, K. Farrell, J. Nucl. Mater. 168 (1989) 262-267.
[2] N.M. Ghoniem, D. Walgraef, S.J. Zinkle, J. Comput-aided Mater. 8 (2001) 1-38.
[3] C. Thomson, M.J. Worswick, A.k. Pilkey, D.J. Lloyd, G. Burger, J. Mech. Phys. Solids. 47 (1998) 1-26.
[4] X. Gao, T. Wang, J. Kim, Int. J. Solids Struct. 42 (2005) 5097-5117.
[5] R.M. Christensen, Proc. Math. Phys. Sci. 440 (1993) 461-473.

1845

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

PREDICTING DYNAMIC FAILURE IN ARMOR CERAMIC USING EFFICIENT INITIAL
FLAW STATISTICS
F. Huq1 and L. Graham-Brady ∗2
1
2

Department of Civil Engineering, Johns Hopkins University, Baltimore, MD, USA
Department of Civil Engineering, Johns Hopkins University, Baltimore, MD, USA

Summary The failure process in armor ceramic under an impact event is fundamentally linked to the type and distribution of subscale
defect population in the material. For many armor ceramics the controlling defects that causes significant microcracking are crack-like
defects or flaws. The current modeling framework uses micromechanics damage models with an input statistical samplings from the parent
flaw distribution of the material to represent the subscale processes (e.g. microcracking) and a conventional continuum mechanics code is
used for the macro-scale problem. The initial input flaw statistics is divided into a smaller number of groups or bins and each bin has its
characteristic flaw size and fraction of flaws associated with it. An efficient numerical method has been used to obtain the characteristic flaw
size and flaw fraction associated with each group or bin in order to increase the computational efficiency while retaining the desired level of
accuracy.

INTRODUCTION
The failure of armor ceramic which are mostly brittle in nature under an impact event is a complex phenomenon. There
are a number of physical processes (microcracking, granular flow, pore collapse etc.) that occur within the material specimen
under dynamic loading. One major mechanism that is observed in brittle ceramics under high strain rate loading is microcracking from preexisting crack-like defects or flaws. The microcracks continue to grow and intersect with each other creating
numerous fragments at some stage of loading. This existing multi-scale Tonge-Ramesh (T-R) material model incorporates a
number of microscale mechanisms along with the key microcracking mechanism. To capture the effect of micro-scale cracking micromechanics-based analytical damage models are used here. This micromechanics model incorporates a distribution of
crack-like flaws as the key microstructural feature. The distribution of crack-like flaws also represents the inherent statistical
nature of the brittle ceramic. The point-to-point variability in the material is described by assigning a local flaw population
at each point in a discretized material domain. At each material point, the damage evolution for the local flaw population is
calculated using the micromechanics model. The flaw population have flaws with both size and orientation distribution. For
this work, only the flaw size distribution is considered. For a three dimensional material domain, the damage is defined within
each discretization volume Vo as the sum of the cubed flaw sizes si over all N flaws in the volume Vo divided by Vo :
Ω=

N
1 X 3
s
Vo i=1 i

(1)

For a large flaw population, computing the damage Ω for all the flaws and also repeating the procedure of damage calculation
for each material point is computationally extensive. To reduce the computational burden, the flaw population for a material
point is divided into smaller number of groups or bins. Each bin is characterized by a characteristic size and a fraction of flaw
population associated with that bin. The damage is then calculated for those selected flaw sizes representing each bin. The
damage for each bin is calculated as:
Nb
X
Nk 3
s
(2)
Ω=
Vo k
k=1

where Nb is the number of bins, Nk is the number of flaws within each bin and sk is the representative flaw size of that bin.
The details of the damage model is descibed in [1]. To select the critical characteristic flaw size and the fraction of flaws
associated with each bin, a novel binning technique is developed in [2]. The binning technique is used in the current T-R
model to predict the constitutive response of the armor ceramic under different loading scenario.
BINNING METHODOLOGY
The current T-R multi-scale framework incorporated various binning techniques to increase the computational efficiency
in calculating the damage due to microcracking. To enhance the capability of the current model, another generalized binning
technique is integrated into the current unified model framework. This novel binning technique can take any random bounded
or unbounded flaw size distribution as an input. The binning is done using the probability space (ranging between 0 ∼ 1 ) to
∗ Corresponding
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ensure binning in a finite space and capture the upper bin (larger flaw size) accurately. To select the characteristic flaw sizes
for each bin, a one dimensional grid is laid out in probability space. Uniformly distributed random numbers representing the
flaw sizes are generated on the probability space. These random numbers are transferred to nodes and associated Gauss points
of the probability space. The locations of the Gauss points are the bin locations which represent the characteristic flaw size
(in realization space) for the bins and the weights associated with each Gauss points are the fraction of the flaws associated
with each bin. The actual flaw size is then obtained through an inverse mapping from the probability space to the flaw size
space. In addition, different mesh density on the probability space is used to obtain the optimal number of bins. This mesh
density is obtained by using a zooming function which is developed based on the criterion that each bin contributes equally to
the damage.
RESULT
An example problem with efficient binning scheme and T-R binning scheme is provided here. The loading condition for
the simulation problem is uniaxial strain with a rate of 103 s−1 . The axial stress (stress in 11 direction) is compared with
axial strain (strain in 11 direction) for both efficient binning and an existing binning technique against a solution that has a
population of 500 cracks. The T-R binning scheme and the efficient binning scheme tracks the 500 crack solution accurately
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Figure 1: Stress-strain comparison for different number of bins for each binning scheme. The T-R binning represents the
existing binning scheme in the Tonge-Ramesh multiscale model which requires random sampling within each bin. Both the
binning schemes suggests non-uniform bin width in flaw size space.
using 24 bins. The same trend is observed in case of using 16 bins. The efficient binning scheme shows better results in case
of 10 bins.
CONCLUSION
The micromechanics based damage model with an efficient statistical input flaw sizes incorporates the physically based
variability into the constitutive response. In addition to that, the spatial variability also provides localized initiation sites
for damage to predict realistic fragmentation of the material. Selection of efficient initial flaw statistics is very important in
capturing the damage and fragmentation in the material. The efficient flaw statistics is obtained by the characteristic flaw
size and fraction of flaws for each bin. This is achieved by implementing the efficient binning scheme into the T-R model.
The binning scheme captures the constitutive response accurately with the same number of bins as suggested by T-R binning
scheme. The efficient binning scheme shows better result over T-R binning scheme with a relatively low margin of errors when
compared with 500 crack (assumed to be exact solution) solution. In addition to that, the efficient binning scheme eliminates
the need for random selection of flaw sizes in each bin as suggested by the existing T-R binning scheme. The efficient binning
scheme can also use any bounded or unbounded flaw size distribution and capture the largest flaw size (upper bound) without
the prior knowledge on the upper bound of the flaw sizes which was the limitation of the T-R binning scheme.
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Summary Numerical results of damage evolution are reported of thermoshock processes on refractory ceramics. Damage patterns have
been generated using a two-scale approach for brittle materials, implemented in a finite element framework. For this purpose, so-called
cell models are employed, incorporating either microcracks or cohesive grain boundaries on a microscopic level. The impact of these
discontinuities on macroscopic material properties and damage evolution is determined with the help of homogenization techniques. Finally,
the potential of the numerical tool is demonstrated by means of refractory bricks, being imposed by thermomechanical loading.

INTRODUCTION
Refractory materials are commonly used to protect metallic structures against high input of heat, which is for instance the
case in iron and steel industry. A thermoshock, where the surface of a structure is subjected to high temperature loads within
a very short time span, is considered as the most critical event in possible processes. In addition to typical thermomechanical
material properties such as strength, density, thermal conductivity, and thermal expansion behavior, the resistance to temperature changes depends on the characteristics of the microstructure. After fabrication, refractory materials contain voids,
microcracks, grain boundaries, and inclusions of other phases. These heterogeneities have an impact on the damage evolution
during instantaneous thermoshocks and affect the material properties, moreover.
In this investigation, both effects are reproduced within a two-level continuum damage approach. Cell models are developed, taking microstructural features into account. Both models crystallize in an internal damage variable which is directly
related to the effective stiffness of the brittle material.
TWO-SCALE MODELING AND IMPLEMENTATION
In general, the solution is sought for the thermomechanical initial boundary value problem governed by
σij,j = 0,

(1)

ρcθ̇ = λθ,ii ,

(2)

with prescribed temperatures θ, displacements ui , stresses ti and heat fluxes q i as suitable boundary conditions. The parameters of the energy balance, i. e. mass density ρ, specific heat capacity c, and thermal conductivity λ, are allowed to be
temperature dependent. The stresses σij and the temperatures in equations (1) and (2) are valid on the macroscopic level of the
two-scale concept displayed in Fig. 1. The microscopic level is defined by a Representative Volume Element (RVE) which is
intended to describe the properties of the particular microstructure and is associated with a point P at a macroscopic coordinate
xm
i . On the one hand, an RVE is required to be sufficiently small in order to allow this punctual allocation, on the other hand,
it must be large compared to the dimensions of the microstructural features: l  d  L. For ceramics, an appropriate choice
is d ≈ 0.1 mm. The heterogeneities taken into account in this study are either microcracks of arbitrary orientation or grain
boundaries in a polycrystal. Owing to these discontinuities, both stresses and strains are field variables, depending on the
microscopic coordinate xi . In the process of homogenization, these fields are averaged within the respective volume V of the
RVE. A constitutive law in this thermomechanical framework relates macroscopic values according to Hooke’s law including
thermal expansion:
∗
hσij i = Cijkl
(hkl i − αδkl ∆Θ) ,
(3)
where the brackets h·i indicate volume averaged quantities henceforth. In a state of plane stress, assuming a dilute microcrack
∗
distribution in a linear elastic matrix, an appropriate expression of the effective stiffness Cijkl
is derivable analytically [1]:
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reflects an isotropic behavior according to a distribution of arbitrarily oriented cracks and is used as the starting point in
simulations, whereas
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Figure 1: Thermomechanical two-scale problem and concept of homogenization.
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Figure 2: Refractory bricks exposed to cyclic thermoshocks. In (a) the analytical microcrack-based cell model is applied, (b)
represents the numerical model incorporating grain boundaries.
corresponds to an RVE which is already damaged and therefore more compliant perpendicular to the particular crack face
2
orientation. In expressions (4) and (5), E denotes Young’s modulus, ν Poisson’s ratio, and f = 4a
A represents, as ratio between
quadratic crack length and size of the RVE, the internal damage variable. If f reaches unity, a crack has proceeded through the
entire volume element. Considering grain boundaries, the damage is evaluated numerically, regarding the interaction between
grains which are connected with a bilinear cohesive law (cf. [2]).
NUMERICAL EXAMPLE
The model in Fig. 2(a) displays the typical shape of a refractory brick with a concavely curved top edge, exposed to a
thermal shock heat flux q̄ = 30 MW/m2 . Width and height of the model have been chosen as 100 × 80 mm, the bottom edge
is mechanically supported allowing for unconstrained extension and the three edges (only a shortened extract of the whole
brick is shown), not being exposed to the heat flux, are adiabatic. Simulations for three thermal load cycles, as depicted in the
plot, are presented, each with a heat flux kept constant for 30 seconds, intercepted by 10 seconds of rest. The damage zones
or cracks, outlined in red, are shown at the ends of the heating periods and indicate a damage value of f = 1. A network of
cracks develops, nucleating underneath the surface and growing with increasing number of thermal shocks. The largest effect
on the damage is observed for the first two shocks, while the crack pattern moderately develops with further load cycles.
In Fig. 2(b) the geometry and boundary conditions are the same as in (a) including an identical thermal loading scheme
and results taken at the same instants of time. The simulations, however, are based on the numerical cell model accounting for
grain boundaries and intercrystalline crack growth. Comparing both results, the damage patterns are similar, showing four to
six isolated branches, which could be interpreted as macroscopic cracks or crack networks. All of them tend to diverge from
the axis of symmetry, both with analytical and numerical cell models. The relative areas of damaged zones are slightly larger
for the polycrystalline two-scale FE approach than for the analytical crack model.
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[1] Henneberg, D., Ricoeur, A., Judt, P.: Multiscale Modeling for the Simulation of Damage Processes at Refractory Materials under Thermal Shock.
Comput. Mater. Sci., 70, 187-195, (2013).
[2] Henneberg, D., Ricoeur, A.: Numerical Two-Scale Simulations of Damage Evolution at Refractory Materials. J. Ceram. Sci. Tech., 5, 83-92, (2014).

1849

XXIVICTAM, 21-26 August 2016, Montreal, Canada

LOCALIZATION PATTERN EVOLUTION OF ROCK UNDER UNIAXIAL COMPRESSION
EXPERIMENTS
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Summary We report three modes of the localized zone evolution observed in uniaxial compression experiments of rock. A single rupture
surface formed in three samples, but the strain patterns are obviously different. For marble 1 sample, only one high strain zone was observed
and the eventual rupture surface formed in the high strain zone. However, two high strain zones appeared in marble 2 and granite 1.
Interestingly, in granite 1, two high strain zones presented a process of competition and selection. During this process, one high strain finally
withdraws the competition and the rupture surface formed in the other high strain zone. For marble 2, two high strain zones evolved
simultaneously but the growth of one high strain zone became turned in a new direction along the other high strain zone, finally these two high
strain zones connected and induced eventual rupture.

INTRODUCTION
Strain localization is a very common phenomenon in geological materials and serve as an effective precursor of catastrophic
rupture1,2. After localization, the sample bifurcated into a two-part continuum consisting of less-deformation zone plus a
highly deformed band which is named as localized zone3-5.
It is documented that as soon as the elastic energy stored in the testing system and(or) outside localized zone, becomes
greater than the fracture energy of the localized zone, the catastrophic rupture will occur5. So, localization is a cause
inducing catastrophic rupture and thus the unknown of the size of localized zone results in the uncertainty of catastrophic
rupture5. The knowledge about the evolution properties of localized zone is definitely significant to clarify the mechanism
of catastrophic rupture and its prediction.
EXPERIMENT METHOD AND MATERIAL
The uniaxial compressive experiments were conducted on granite and marble prismatic blocks cut to 16mm× 20mm× 40
mm. The specimens were loaded along the direction of 40 mm height at a constant rate of 0.02mm/min.
To investigate the characteristics of deformation pattern evolution, the digital speckle correlation method was used to
measure the spatiotemporal pattern of the surface deformation fields of rock specimens. The digital image, acquired by a
charge-coupled-device camera, was immediately transmitted to image capturing board on a personal computer and recorded
on a hard disk. After the experiment, the deformation fields of each test were calculated by the image analysis software.
RESULTS
The strain patterns for three samples are shown in figures 1-3 and it is clear that the strain accumulation appeared before the
eventual rupture. It should be pointed out that figures 1, 2 and 3 represent three pattern evolution modes of high strain zones.
It can be seen that only one high strain zone appeared in marble 1 sample (as shown in figure 1), but the other two samples,
marble 2 and granite 1 both presented two high strain zones (figures 2, 3) respectively but they exhibited two different
evolution modes as described follow.
The series of images in figure 1 illustrate the process that the high strain zone formed and evolved in marble 1. It is shown
that a high strain zone initiated at left down corner of the sample (figure 1a). Then it propagated upwards to the right corner
(figure 1b-c). Finally, this high strain zone became an inclined localized band (figure 1d-e) and induced the macroscopic
rupture. The rupture photo shown in figure 1f indicates that the eventual rupture surface formed in the high strain zone.
For marble 2 shown in figure 2, a high strain zone first initiated in the left-up corner of sample (figure 2b) following the
early stage characterized by random strain fluctuation (figure 2a). Then the other high strain zone also appeared in the rightup corner (figure 2c). Afterwards, these two high strain zones located in two conjugate directions evolved together (figure
2d). The eventual rupture surface is shown in figure 2f. Figure 2e illustrates the schematic of the evolution ways about these
two high strain zones. It can be seen that the second high strain zone became curved and turned to the conjugate direction.
Then it connected with the first high strain zone and led to the eventual catastrophic rupture.
The granite 1 sample (figure 3) exhibited an interest pattern. After the early stage that the strain fields are randomly
fluctuation (shown in figure 3a), two high strain zones appeared almost synchronously in two conjugated direction of leftand right-bottom corners (shown in figure 3b), which is very different from the mode exhibited by marble 2 (figure 2) where
the two high strain zones initiated one by one in sequence. Moreover, the way that the deformation of granite 1 sample
evolved to induce the eventual macroscopic rupture was also different from marble 2.
There are usually multiple high strain zones observed in rock experiments. But, the eventual rupture surface formed
mostlyin one high strain zones. In this paper, three modes of localization evolution have been observed in our rock
a)

Corresponding author. Email: hsw@ysu.edu.cn.

1850

eexperiments. The
T results preesent a deep innsight into the complex mechhanism of locaalization induciing macroscoppic rupture
a the localizzation pattern evolution.
and
e

Figure 1 Strain paatterns of Marble 1 and its eventual rupture mode

Figure 2 Strain paatterns of Marble 2 and its eventual rupture mode

Figure 3 Strain paatterns of Granite 1 and its eventual rupture mode
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VOID GROWTH AND COALESCENCE IN IRRADIATED MATERIALS
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Summary Irradiation with high energy particles induces crystalline defects in metallic materials. These microstructural changes strongly
modify the mechanical properties, leading in particular to significant hardening and strain localization at the grain scale. The effects of
irradiation on the mechanisms of ductile fracture - void growth and coalescence - are assessed in this study based on model experiments.
Pure copper thin tensile samples have been irradiated with ions, showing a strong increase of hardness. Micron-scale holes drilled through
the thickness of these samples subjecting to uniaxial loading conditions allow a detailed description of void growth and coalescence. Results
are compared to those obtained on unirradiated materials, as well as to theoretical and numerical predictions.

BACKGROUND
Materials used in the nuclear field undergo significant microstructural changes due to ballistic damages of high energy
particles such as neutrons, ultimately leading to the formation of crystalline defects [1]. Typically observed defects are
faulted dislocation loops, cavities and stacking fault tetrahedron. These microstructural changes lead to the degradation of
mechanical properties such as increase of yield stress and decrease of strain hardening capabilities at the macroscopic scale,
but also changes in deformation modes at the microscopic (grain) scale - from rather homogeneous deformation to localization
in bands. One key ingredient for structural analysis of nuclear power plant core components is the fracture behavior of the
materials. The aim of this study is thus to assess the ductile fracture mechanisms of irradiated metallic materials, based on
model experiments of void growth and coalescence.
MATERIALS AND METHODS
Pure copper films (75 µm thick) are used in this study as a model material to study the effect of irradiation on ductile
behavior, both at the unirradiated and irradiated states. Proton-irradiation have been performed to emulate neutron irradiation
at the JANNuS facility [2], leading to the formation of crystalline defects. Increase of yield stress and decrease of strainhardening capabilities have been quantified post to irradiation. 20 µm diameter voids were drilled through the thickness of
tensile samples machined from the thin films using Focused Ion Beam (FIB) atomic milling (Fig. 1). Tensile samples were
subjected to uniaxial loading conditions, and the evolution of the voids dimensions was measured using Scanning Electron
Microscope (SEM) as a function of applied strain (Fig. 2). Such model experiment - first proposed in [3] - allows a detailed
characterisation of the ductile fracture mechanisms of void growth and coalescence.
RESULTS AND DISCUSSION
For both unirradiated and irradiated materials, the evolution of voids dimensions and coalescence strains are shown to
be in rather good agreement with theoretical predictions (McClintock growth model, Coalescence models) and in very good
agreement with finite element simulations accounting for the evolution of mechanical properties with irradiation. Irradiated
material exhibits a higher void growth rate compared to unirradiated material. For the void size used in this study, only the
increase of yield stress and the decrease of strain-hardening capabilities - and not the change in deformation modes promoting
localization - are thus sufficient to describe the effect of irradiation of the ductile behavior of irradiated materials. Lower void
sizes are finally used to assess the potential effect of localized bands on void growth and coalescence.
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Figure 1: Tensile sample geometry and holes (20 µm diameter) drilled by FIB (Focused Ion Beam) through the thickness of
the samples to assess void growth and coalescence.

Loading axis

Figure 2: Typical SEM (Scanning Electron Microscope) observations of void growth and coalescence in pure copper in
uniaxial loading conditions, as a function of macroscopic plastic strain.

1853

3D X-RAY CT OF FATIGUE DAMAGE IN FIBRE COMPOSITE
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Summary In this study, 3D X-ray CT was used to investigate the fatigue damage in a uni-directional (UD) glass fibre composite made from a

non-crimp fabric at different stages of the fatigue life. The damage was found to appear as local UD fibre fracture regions close to the so called
supporting backing layer, which seemed to have an important role in the location of the damage initiation. Furthermore, the damage appeared as
3D regions containing both clusters and chains of fibre fractures, and it was concluded that considering this problem in 3D seemed to be
important in order to obtain realistic results.

INTRODUCTION AND MOTIVATION
Over the years, composite materials have been replacing conventional materials in more and more applications such as
in airplanes, cars, wind turbines, sports equipment and much more. In the case of wind turbines, modern blades consist of
fibre composites and sandwich materials chosen carefully to match the present loads and form the aerodynamic shape of the
blade. During the 20-30 years of life time of a wind turbine, the blades are subjected to fatigue loads in the order of 108-109
cycles resulting from the variation in the wind and gravitational loads [1]. This is much higher than for most other industrial
applications and consequently fatigue is one of the main limiting factors when designing the blades. The laminate carrying
the main bending fatigue loads in the blade are mainly uni-directional (UD) glass fibre composites made from non-crimp
fabrics (NCF). The fatigue damage for this type of material is not well understood and understanding how the damage
evolves on a microstructural level could make it possible to design closer to the limit and make fatigue resistant designs.
One way to understand how the fatigue damage evolves is to perform non-destructive examinations at different stages of
the life-time during fatigue testing. Because of recent technology advances within X-ray CT, making it possible to obtain
pixel sizes down to the nanoscale, 3D X-ray Computed Tomography (CT) has become an interesting technique for use in
material science and mechanics. Since X-ray CT is non-destructive, it opens for the possibility of performing over-time
studies providing 3D visualisations of how the damage evolves within the material. If this is accomplished, not only will it
be possible to understand how to improve the fatigue properties of the material, but also make it easier to do realistic lifetime predictions. For fibre composites, damage mechanics related numerical simulations easily become complex with high
calculation times. If the nature of the damage mechanism is understood through experiments, it will make it easier to make
realistic assumptions for simplifying the models. Furthermore, it can serve as a good validation base for microstructural
simulations. The current study examines the tension-tension fatigue damage of a fibre composite similar to that used for
wind turbine blades by means of 3D X-ray CT.
MATERIAL SYSTEM
The composite material considered in this study is a UD glass fibre/polyester matrix composite similar to that used to
carry the main loads in a wind turbine blade. The composite consists of four layers of non-crimp fabrics (NCF) which are
stacked on top of each other and infused with resin using the vacuum assisted resin transfer moulding (VARTM) technique.
For each layer of fabric a layer of parallel UD bundles of glass fibres is stitched to a thin layer of ±80° supporting backing
fibre bundles. The considered composite has the stacking sequence [0/b,0/b]s where “0” indicates the location of the UD
layer and “b” the backing layer for each layer of fabric.
FATIGUE TESTING AND X-RAY COMPUTED TOMOGRAPHY
Tension-tension (σmin/σmax =0.1) fatigue tests were carried out on 410 mm long butterfly shaped test specimens using a
hydraulic Instron machine. The tests were conducted in load control mode with a test frequency of 5Hz. The butterfly test
geometry is a special geometry optimized for testing UD materials, as standard plane test specimens tend to fail prematurely
in the tap region (see [2] for more information). Rectangular samples with cross-sections of ~4x4mm were cut out from the
tested butterfly specimens and examined using X-ray CT. The X-ray CT experiments were carried out using a Zeiss Xradia
Versa 520 scanner with a 4X detector (2000×2000 pixels) and a source-to-sample distance of 11mm along with a detectorto-sample distance of 20mm resulting in a pixel size of 1.2μm and a field of view (FOV) of 2.4×2.4mm. The software
AVIZO 9.0 by FEI was used for segmentation and visualisation.
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RESULTS AND DISCUSSIONS
To investigate how the damage progressed during fatigue, fatigue tests were interrupted at different stages of the fatigue life
and cut-out samples were scanned using X-ray CT. One test was stopped during the initial stiffness drop region at only a few
thousand cycles (S1), two tests were stopped during the stable stiffness degradation regime (S2 and S3), and one test was
interrupted around the point where the stiffness decreases drastically, close to final failure (S4). For each of the scanned
samples the backing bundles and individual UD fibre fractures were manually segmented in 3D. Fig. 1 shows the segmented
damage for sample S4, and similar segmentations can be found in [3] for S2 and S3. For sample S1, it was not possible to
locate any damage in the performed scans. Matrix cracks are believed to be present in the backing bundles, however, since
they might cause the initial stiffness drop [4]. Therefore, it is likely that the resolution was insufficient to visualise these
cracks. Damage regions were observed in both the S2, S3, and S4 scans, and if assuming an average bundle thickness of
0.9mm the observed damage regions had a maximum penetration depth of ~14%, ~34%, and ~41% percent respectively
(S1<S2<S3). This could indicate that the damage regions in the samples grow in the depth direction as a function of the cycles,
until a certain point at which the increases load on the remaining fibres will cause final failure.

Fig. 1 3D segmentation of individual UD fibre fractures for S4. The backing bundles are marked by green, and the broken UD fibres are
shown as red discs. The UD fibres are rendered opaque for clarification and appear light grey.

From Fig. 1, it is seen that the damage appears as a local phenomenon close to the backing layer, and this was the case for all
the observed damage regions. UD fibre fracture regions were only observed near locations where the backing bundles cross over
each other (intersect) and at the same are in close contact with the UD bundles. Furthermore, close to the backing the UD fibre
fractures were observed to align with the backing fibre direction, which could indicate initiation from a matrix crack in the
backing bundle. Further away from the backing, the fractures are seen to spread out more and form clusters or chains rather than
fracture planes. It is seen that the fatigue damage for this material is a 3D phenomenon, and that a 2D examination would be
highly dependent on the location of the cut plane. Furthermore, it is seen that it would be very conservative to assume that the
full UD bundle width (weft direction) would have the same penetration depth (thickness direction) in the entire bundle, as might
be assumed in a 2D analysis. The reason for this is that UD bundle width significantly larger than the width of the damage zone.
CONCLUSIONS
3D X-ray CT was used to examine fatigue damage evolution in a glass fibre composite on a microstructural level at different
stages of the fatigue life. Regions with UD fibre fractures were observed to be highly related to the presence of the supporting
thin backing layers. Furthermore, the damage mechanism was seen to be a 3D phenomenon and considering the problem in 2D
might give overly conservative and/or misleading results.
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Summary Processes of damage and fracture in magnesium alloys are modeled using a micromechanics-based framework. The formulation
has two main components (i) a void growth model; and (ii) a criterion for the onset of void/crack coalescence. Application to two magnesium
alloys shows that their fracture loci are well predicted using only one fitting parameter. The analysis suggests that the ductile fracture of
magnesium alloys involves limited void opening/blunting and is controlled by void coalescence. The results provide the groundwork for
understanding the effects of microstructural and loading variables on damage and fracture in these materials.

BACKGROUND
Fundamental understanding of the processes of damage and fracture in Mg alloys over a wide range of stress states is
still lacking. Recent notched bar experiments revealed that unlike most materials, magnesium (Mg) AZ31 notched bars with
pronounced rolling texture exhibit higher ductility than their uniaxial bars, an unconventional dependence to stress triaxiality.
Also, the damage initiation mechanism in this alloy changed from deformation twin related cracks to void nucleation at
second phase particles upon going from uniaxial to triaxial loadings [1]. On the contrary, the ductility of isotropic WE43
Mg alloy dropped significantly as the acuity of the notch increased (higher triaxiality) [2]. This is while both alloys have
comparable strain to failure under uniaxial loading. Identification of the mechanisms controlling the ductility in Mg alloys
across a wide range of stress states is key to understanding their overall mechanical behavior. Here, a micromechanics-based
continuum damage model is used to rationalize the main experimental trends in [1, 2] and correlate the macroscopic behavior
with microscopic variables.
GENERAL FRAMEWORK
The formulation, which is in the spirit of the local approach [3] and top-down approaches [4] to fracture, relies on threedimensional finite strain constitutive relations in which anisotropic plasticity is coupled with anisotropic damage. The matrix
is assumed to contain pre-existing voids. This is a reasonable assumption considering the fact that brittle second phase
particles in Mg are susceptible to breaking after limited plastic strain. To account for relevant ductile fracture mechanisms,
the model evaluates criteria for growth and coalescence of voids inside an anisotropic matrix. Void growth is described using
a Gurson-like model that accounts for both void shape and anisotropy of the matrix [5]. Evolution laws of internal parameters
(porosity, void shape and orientation) represent the microstructural evolution relevant to fracture. The rate of change of void
shape is heuristically modified using a multiplicative factor k, which is used as a fitting parameter. Void coalescence is
described using recently developed criteria for plastically isotropic materials [6, 7]. The implementation used here uses a
co-rotational formulation with a hypoelastic law, power-law strain hardening and a Hill-type plastic anisotropy. Obviously,
such representation is not ideal for Mg but is shown to be adequate for the purposes of modeling damage accumulation to
fracture.
A triaxiality range close to that accessible via notched bar experiments is explored here (0.3 < T < 1.5). In each
calculation, the stress triaxiality is kept constant. At each loading step, both yield criteria for void growth and coalescence
are evaluated and an increment of plastic strain is calculated utilizing the normality rule for one material point. Using the
evolution laws, the change in microstructural variables, corresponding to the plastic strain increment, is determined. The
loading continues up to the point where the yield function for coalescence is equal to that of void growth. This point, which
corresponds to the onset of micro-scale localization, is identified as the failure criterion. An equivalent measure εf of the
accumulated strain at the onset of coalescence is identified as the strain to fracture.
RESULTS
The proposed framework for void growth and coalescence, supplied with a characterization of plastic anisotropy and proper
material parameters (initial values of the internal variables, extracted from metallography and image analysis) is employed
to predict the fracture loci of AZ31 and WE43. Figure 1 compares the experimentally measured fracture loci with their
corresponding predictions. When a single fitting parameter k = 0.43 is used to modify the evolution of void shape, a close
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match with the experimental results of the two alloys is achieved. There can be a scatter in the predictions if alternative
assumptions are made or different material parameters are chosen. Our sensitivity analysis shows that experimental results
reside in this scatter range. The mismatch between predictions and experimental results is more significant in the case of
AZ31. It should be noted that these predictions are not solutions for a boundary value problem (BVP) and therefore do not
account for spatial variations in the mechanical and internal variables.
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Figure 1: (a) Comparison between the experimentally measured fracture loci of AZ31 and WE43 against model predictions.
(b) The heuristic parameter, k = 0.43, does not affect the evolution of porosity, f whereas it significantly changed the ligament
ratio, χ as presented in (c). The predicted void aspect ratio matches perfectly with the experimentally acquired ones using
traditional metallography and high resolution tomography (shown by blue diamonds).
The parameter k controls the rate at which voids open up during loading. The value of k = 0.43 indicates that fracture
in both Mg alloys is controlled by limited void opening. In case of WE43, the limited void opening along with the spatial
arrangement of second phase particles lead to early coalescence of voids at high triaxialities. Figure 1b and c illustrate that
while introduction of the heuristic parameter k does not affected the evolution of porosity, it significantly alters the ligament
ratio. This influence of limited void opening over the evolution of ligament ratio controls the fracture loci of Mg alloys in this
study. Finally, the void shape data from metallography of the interrupted specimens and high resolution micro-tomography
of deformed AZ31 specimens showed that the predicted void shapes match the experimental ones with good accuracy, see
Figure 1d.
CONCLUSION
A micromechanics-based framework was used to model damage and fracture in Mg alloys and predict their fracture loci.
Using only one fitting parameter, k, and pertinent materials properties, the fracture loci of two alloys were predicted with good
accuracy. It was concluded that limited void growth and early coalescence of voids control the fracture loci of Mg alloys.
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Summary The paper presents a comparison of the fatigue life curves based on test of 15Mo3 steel under cyclic, pendulum bending and
tension-compression. These studies were analysed in terms of a large and small number of cycles where strain amplitude is dependent on the
fatigue life. It has been shown that commonly used Manson-Coffin-Basquin model cannot be used for tests under cyclic bending due to the
impossibility of separating elastic and plastic strains. For this purpose, some well-known models of Langer and Kandil and one new model of
authors, where strain amplitude is dependent on the number of cycles, were proposed. Comparing the results of bending with tensioncompression it was shown that for smaller strain amplitudes the fatigue life for both test methods were similar, for higher strain amplitudes
fatigue life for bending tests was greater than for tension-compression.

INTRODUCTION
Most often fatigue tests for a range of low number of cycles (Low Cycle Fatigue) are performed at a controlled strain
and the high range of cycles (High Cycle Fatigue) tests are characterized by a study in strength-controlled environment.
Such tests are carried out for tension-compression and torsion of thin specimens. However, in the case of bending or torsion
of full specimens, as is the case of many experimental studies, the torque causing bending or torsion is controlled and
therefore the tests are conducted in terms of large number of cycles In the literature to describe the fatigue test results for
tension-compression both stress and strain models are used. However there is a significant amount of fatigue tests for
bending, often pendulum rather than rotary. It turns out that for bending, due to the stress (strain) gradient, those two types
of models are not equal. There aren’t many studies comparing stress and strain fatigue curves (models). For stress curves
some comparison might be found in [2, 9, 11]. While in [10] authors prove that changes in bending plane has an effect on
fatigue strength relative to the constant surface bending (pendulum bending). Results from these comparisons show that on
the level of fatigue limit the loading method does not affect fatigue life. However for higher stress levels fatigue strength
obtained from bending tests is higher than corresponding push-pull results. There is no comparison of this kind for strain
curves.
Therefore, the present study compares the fatigue life curves of 15Mo3 steel obtained from new test stand capable of
conducting pendulum bending with controlled strain amplitude with push-pull results. The results for push-pull tests were
taken from the literature [1].
STRAIN-LIFE CURVES
The most well-known equation allowing to describe fatigue properties from strain-controlled tests is proposed by MansonCoffin-Basquin (MCB) for the strain-life curve (ܭa-Nf):


ఙᇱ



ߝ௧ ൌ ߝ ߝ ൌ ߝԢ݂൫ʹܰ ൯  ா ൫ʹܰ ൯ ,
(1)
where: E - Young’s modulus, ߝԢ , c - coefficient and exponent of the plastic strain, respectively, ߪԢ , b - coefficient and
exponent of the fatigue strength, respectively.
This model (1) can only be used when it is possible to distinguish elastic ߝ  and plastic ߝ parts of the strain amplitude
ߝ௧ .
Different authors have proposed different empiric models subordinating total strain amplitude on the number of cycles.
Langer’s (1962) [5] proposal can be one of the examples. It is commonly used in many studies and is prompted by Manson
(1965, 1979) [6, 7]and Chopra (1999) [8].
(2)
݈ܰ݃ ൌ  ܣെ ݈݃ ܤሺߝ௧ െ ܥሻ,
where: A, B, C - material constants.
Another model was proposed by Kandil (2000) [3] and Gorash and Chen (2013) [4]:
݈ߝ݃௧ ൌ  ܣെ ݈݃ ܤ൫ܰ ൯  ݈݃ܥଶ ሺ ܰ ሻ,
(3)
where: A, B, C - material constants.
As in the case of cyclic bending tests where there is no possibility to distinguish elastic and plastic parts of total strain
amplitude the MCB model (1) cannot be used. However both (2) and (3) or any other empirical form of strain-life model
can be used. It can be for example combination of (2) and (3) (Authors model):
݈݃ሺߝ௧ െ ܦሻ ൌ  ܣെ ݈݃ ܤ൫ܰ ൯  ݈݃ܥଶ ሺ ܰ ሻǡ
ሺͶሻ
where: A, B, C, D - material constants.
a)
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COMPARISON OF FATIGUE LIFE CURVES
Authors developed new test stand for fatigue tests under bending and capable of experimental studies with controlled strain
in the range of a small number of cycles (LCF). Operation of the machine was verified on the basis of experimental tests on
specimens made of steel commonly used in the power industry - 15Mo3 (16Mo3, 1.5415) [1]. Finally the strain controlled
experimental data for tension-compression and pendulum bending was compared.
The idea behind this machine is that using the screw on the eccentric we can set the deflection of machine arm acting on the
specimen, that deflection is set as constant and controlled by the micrometer. This way we obtain a constant strain
amplitude on specimen
Additionally, during the test, bending torque is monitored. At the time, when this torque drops significantly, the initiation of
fatigue crack occurs but further tests allow us to obtain total fatigue life of the tested specimen.
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Fig. 1. Strain-life curves for push-pull and bending tests
The study determined the fatigue life both to the initiation point and total fatigue life. At the fatigue crack initiation point
there is a sharp drop of the bending moment acting on specimen which correlate with the appearance of visible cracks on a
specimen of a size of less than 1 mm.
CONCLUSIONS





The newly designed and built test stand is capable of experimental studies with controlled strain for bending in the
range of a small number of cycles (LCF).
Preliminary experimental studies of pendulum bending, with controlled strain amplitude, have shown that fatigue life
for bending is close to tension-compression tests for small loading and lager for high strain.
Further verification of the correlation between the bending fatigue curves for other materials is necessary.
In the future strain-controlled test for pure torsion and combination of bending and torsion should be performed.
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1

Summary The electrochemical property of stainless steel subjected to a stress in a corrosive environment is addressed through the
experimental and numerical investigations. The polarization curves of stainless steel under some constant tensile stresses were
measured by the potentio-galvanostat. To clarify the effect of stress on the polarization curve, the electric field around the
damaged passive film was simulated by the boundary element method. The passive film is broken by the plastic strain and defect
surface appears. However its electrochemical property was unknown in general, so approximately replaced by the property of
carbon steel. The defect area fraction can be associated with the plastic strain. From such viewpoint, the defect area fraction was
fixed at some levels, and the macroscopic polarization curve was estimated by the microscopic electrostatic analysis. The
numerical results were compared with the experimental results, and the effect of plastic strain was examined.
INTRODUCTION
The stress-affected corrosion is a theoretically unresolved problem. The mechanism of stress corrosion cracking has
been elucidated by experimental approaches [1], however its quantitative evaluation such as corrosion rate or cracking life
is still impossible due to the lack of mathematical models for corrosion. In this study, we tried to make a numerical method
to evaluate the microscopic electric field around the damaged passive film of stainless steel in a sodium chloride solution.
This simulation reveals the current density distribution on the material surface which leads to the dissolution rate of metallic
ions into the solution. Focused here is the effect of broken passive film on the macroscopic polarization curve. The damaged
passive film by external stress is represented by the intact part and defect part. The defect part is considered to be newly
generated by the local plastic strain and exposed without the passive film. These two types of surface lead to the local
galvanic corrosion. The boundary element method (BEM) is used for the electrostatic simulation since it is advantageous to
the rearrangement of mesh following to the metal dissolution corresponding to the current density [2]. The relationship
between the area fraction of defect surface and the macroscopic polarization curve is examined by the BEM electrostatic
simulation, and the result is compared to the experimental results. From this comparison, we discuss the validity of damaged
passive film model of stainless steel.
EXPERIMENTAL AND NUMERICAL METHODS
Materials and environment
The material used is 304 austenitic stainless steel. The damaged passive film model consists of intact part and defect
part. The electrochemical property of the intact passive film was obtained from the experiment of the stainless steel without
stress. On the other hand, it is difficult to measure the electrochemical property of the defect part, so we use the property of
a JIS S50C carbon steel. The NaCl solution of 0.1 mass% is employed as the corrosive environment.
Measurement of polarization curve
We have developed a mechanical and electrochemical measurement system consisting of the hydraulic fatigue test
machine with the corrosion chamber. For electrochemical measurement, the counter and reference electrodes are inserted to
the chamber. The working electrode is the tensile specimen, which is coated by a nail polish except for the corrosion
window of 3×3 mm2 located on the center of specimen. Polarization curves were measured for both the stainless and carbon
steels in unstressed state. For the electrostatic simulation, the obtained polarization curves were approximated by the
empirical formula as follows,
D
(1)
p = p0 + Rq +
1 + exp [ − (q − q0 ) B ]
where p0, R, D, and B are the fitting parameters which is determined by the least squares method. Next, the polarization
curves in stressed state were measured for the stainless steel at several levels of constant tensile stress.
Corrosion electric field analysis
The analysis domain Ω is illustrated in Fig. 1, where Γp is the constant potential boundary, Γq is the constant current
density boundary, and ΓA and ΓC are the anodic and cathodic boundaries corresponding to the defect surface and intact
passive film, respectively. In the after-mentioned simulations, the repetitive arrangement of intact and defect surfaces are
assumed. The galvanic corrosion is a simple potential problem described by the Laplace equation:
a) Corresponding author. Email: kuwa@u-fukui.ac.jp.
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∇2 p =
0
(2)
where p is the electric potential. By using the Green’s second identity and a fundamental solution, the boundary integral
equation can be obtained and subsequently discretized by the boundary elements as follows,
(3)
HP = GQ
where P and Q are the nodal potential and nodal current density vectors, and H and G are the coefficient matrices,
respectively. The P includes the polarization curves. The discontinuous linear element is used to represent the discontinuity
of potential and current density at the switching point between intact and defect surfaces. After imposing the boundary
conditions to Eq.(3), it can be solved by the Newton-Raphson iterative procedure, since the metallic surfaces give the
nonlinear relationship between potential and current density [3]. The polarization curves and its regression curves are shown
in Fig. 2. The experimental curves (solid curves) are highly nonlinear, therefore the regression curves are slightly different
from the actual responses.
To examine the effect of plastic strain, the area ratio of defect surface to the intact surface is changed systematically.
The enforced current q is applied on Γq boundary which is sufficiently far from the metal surface, then the averaged
potential p on the overall metal surfaces is calculated and regarded as the macroscopic potential of the material. By
changing q , the relationship between p and q is obtained as the macroscopic polarization curve. This numerically
evaluated polarization curve is obtained for some levels of defect area fraction. This results show the effect of defect
fraction ratio on the macroscopic polarization curve and compared to the experimental results.

Fig. 1 Galvanic corrosion electric field problem

Fig. 2 Polarization curves of steels
RESULTS

The experimental results showed that the spontaneous potential slightly decreased as the applied stress increased until
the proof stress. Exceeding the proof stress, the spontaneous potential became constant. This trend is consistent with the
experimental result of corrosion tensile test [4]. Three defect area fractions of 0.0, 0.5 and 1.0 % are simulated, and its effect
on the numerically evaluated macroscopic polarization curve is discussed. The comparison between the effect of stress in
the experiments and the effect of defect area fraction in the simulations will clarify the validity of our proposed damaged
passive film model.
CONCLUSIONS
From the comparison between the mechanical-electrochemical tests and BEM electrostatic simulations, validity of the
damaged passive film model of stainless steel is examined, and the availability of BEM simulation will be demonstrated.
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Summary The fracture toughness of elastomers is known to depend on the rate of crack propagation. It has been proposed that rate
dependent chain scission, where bonds on the polymer chains are ruptured under mechanical stress, is a contributing factor to this rate
dependence. To model this process we introduce chain scission, predicted using concepts of mechanochemistry, into a hyperelastic constitutive
model (Arruda-Boyce as an example). The result is a model capable of handling large strain and rate dependent damage. Additionally,
polydispersity is incorporated by considering a distribution of chain lengths, which gives the model the capability to predict progressive
material damage. To demonstrate the application of the model, uniaxial tensile deformation with constant extension rates is examined. The
tensile stress is found to first reach a peak and then decrease due to scission, and faster rates of deformation result in larger peak stress. The
model has also been implemented in a finite element subroutine to demonstrate its application to crack initiation.
INTRODUCTION
Elastomers exhibit rate dependent fracture behavior which is not yet fully understood [1]. The kinetics of “scission,”
rupture of polymer chains, contributes to this rate dependency. Previously, this process has been modelled by using
“Mechanochemistry” to predict the rate of rupture of covalent bonds under tensile stress, on chains in a cohesive zone [2].
However, recent experiments have mapped bond rupture events using light emitting photophores [3] and have shown that
the scission is not localized to fracture plane, as is assumed in cohesive zone modelling. To capture such behavior it is
necessary to model damage due to scission in the material model.
Numerous models exist in the literature to describe damage of elastomers. A classical family of these models consider the
Mullin’s effect, see for example Ogden and Roxburgh [4]; these models are rate independent since their damage functions
depend only on the maximum deformation previously experienced by the material. Another family of models treats damage
as a rate dependent process where the volume fraction of undamaged material evolves temporally instead of being
determined by deformation; the application of these models to describe elastomers undergoing scission has been reviewed
by Wineman [5]. In all these damage theories, the actual stress sustained by the damaged elastomer network is calculated by
multiplying the volume fraction of undamaged material by the stress in the undamaged virgin network under the same
deformation as the damaged network. However, these damage functions must be determined empirically. We propose that
these damage functions can be determined by using mechanochemistry to predict the rate of scission in the material. This
scission model can be readily incorporated into hyperelastic models that are based on a polymer chain force-extension
relationship and volumetric density of chains. We demonstrate the procedure using the Arruda-Boyce model [6].
Also important is the effect of non-uniform polymer chain lengths within the material. The single characteristic chain
length in the Arruda-Boyce model [6], is approximate and does not completely reflect the nature of real polymers where
there should exist a distribution of chain lengths (polydispersity). For small deformations without damage a characteristic
chain length is often adequate to characterize the mechanical response of the material. Mechanochemistry predicts
accelerated rupture of bonds when they are activated by large tension forces, and if all chains were the same length this
would result in catastrophic rates of scission within a small range of chain extension. This is inconsistent with experimental
observations [3] that scission occurs over a larger range of deformations. Introducing a distribution of chain lengths allows
for the model to accommodate this observation since chains of different lengths will experience different tensile forces for
the same macroscopic deformation.
METHODOLOGY
Reinterpreting the mechanochemistry based models for scission of chains in a polymeric interface [2] for volumetric
scission the following rate equation can be written:



dN n m N La F / k BT
,

e

dt

(1 )

where N is the number of surviving load-bearing chains per unit volume, - and La are fixed parameters respectively
representing the relaxation time and activation length for bond dissociation, F is the tensile force on a polymer chain, kB is
the Boltzmann constant and T is the absolute temperature. The number of monomers per chain, nm, appears here since
rupture of a single bond on the chain’s backbone is sufficient to break the chain.
Numerous models exist which relate the tensile force of a polymer chain F, to its fractional extension r/Lc where r is the
end to end distance of a chain and Lc is the contour (fully extended) length of the chain. To demonstrate how to introduce
scission we consider the Arruda-Boyce constitutive model which is based on Langevin chain statistics [6]; the tensile force
on a polymer chain is given by F = kBT/A, where A is the Kuhn length the polymer chains. is the inverse Langevin
function defined so that r/Lc = coth, Lc = nA is the contour length of the polymer chains, n is the number of Kuhn
segments per polymer chain. The force (F) - fractional extension (r/Lc) relationship is highly nonlinear because the stiffness
a) Corresponding author. Email: tian.tang@ualberta.ca.

1862

of the chain dramatically increases as the fractional extension approaches unity. Integrating F with respect to extension
gives the stored energy in a single chain and multiplying by N, the number of load bearing polymer chains per unit volume,
gives the strain energy density [6]

  r
 r 
    ,
U    Nk BT n   ln 
   c
(2 )
  Lc
 sinh    
 Lc 
where c is a constant to ensure that the strain energy is zero at undeformed state. Assuming an affine network implies that
the deformation of a chain is the same as the macroscopic deformation of the material which gives r / Lc  I1 / 3n [6],
where I1 is the first invariant of the left Cauchy-Green deformation tensor.
To implement this model the decrease in chain density is calculated using Eq. (1) which decreases the strain energy (Eq.
(2)) and results in a loss in both stress and stiffness compared with an undamaged material. In addition polydispersity is
considered by allowing the strain energy to be determined as the sum of strain energies from a distribution of chains of
different lengths.
RESULTS
Uniaxial Extension
Eqs. (1) and (2) are used to evaluate the stress for uniaxial extension under a variety of different stretching rates (R). The
stress is plotted against the stretch () in Figure 1a). In each case the stress increases, reaches a peak and decreases due the
accumulation of damage. Faster rates of extension result in larger peak stresses; since scission is a rate process on average
faster deformation results in chains achieving larger extensions before rupture. The distribution of chain lengths results in
the gradual decline in stress in Figure 1a).
Crack Initiation
The model presented was implemented in an Abaqus user material subroutine. This user subroutine has been applied to
study crack initiation for a hyperelastic region with a circular hole. The calculated dissipation is shown in Figure 1b). Here
the concentration of deformation at the edge of the hole results in increased scission and hence dissipation. The dissipation
in Figure 1b) occurs in a finite sized region in stark contrast to the idealization of a cohesive zone model.

(a)

(b)

Figure 1. a) Nominal stress, P*  P / N (0)k BT , obtained by varying the stretch  while holding L = 1/3. A Maxwell-Boltzmann
distribution with navg = 17.42 specified the initial chain length distribution. Each curve represents a different stretching rate ( R*  R  ).
b) Preliminary FEA results showing calculated dissipation for crack initiation at a circular hole.
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1

Summary This paper presents a study on the effect of Mg impurities on the mechanical properties of sapphire using a multi-scale simulation

approach called bridging cell method (BCM). BCM performs a finite element framework throughout the system where it decomposes the
problem into atomistic, bridging and continuum domains to develop macro scale models capable of accounting for nanoscale defects within the
atomistic domain. The most resistant crystal plane of sapphire, C-plane, is selected for this study, and the stress distribution and the variations of
ultimate tensile strength (UTS) of the material is investigated in presence of biaxial loads at two finite temperatures of 300K and 1600K.
Results showed symmetric stress distribution for the selected orientations, and the magnitude of stresses increased as the temperature elevated.
However, C-plane retained most of its initial UTS at high temperatures and in presence of Mg impurities.

INTRODUCTION
Alumina is one of the most common ceramic materials used at high temperatures and aerospace applications, due to its
excellent mechanical and thermal properties including high elasticity, melting point and strength [1], [2]. The single crystal
of alumina called sapphire, has even better structural properties with higher elasticity- about 500GPa at most - and tensile
strength – about 1025 MPa at most -, made it more appropriate for high temperature applications in the recent years [3].
However, structural defects such as voids, cracks and impurities which are mainly of Mg type for alumina, can significantly
affect alumina’s functionality [1]. Thus, investigating the mechanical and thermal response of alumina and sapphire in
presence of defects has been interesting for researchers, either experimentally or through simulation techniques [3]–[5]. In
this essence, most simulation studies on alumina have incorporated purely atomistic models where minimal time scales and
small size of the model are the common limitations. In contrast, multi-scale modelling approaches which divide the whole
system to three domains of atomistic, transition and continuum domains can address the scale limits and sometimes the time
limit. This study applies the BCM multiscale technique to investigate the effect of Mg impurities in the crystalline structure
of C-plane sapphire on stress distribution and material strength at two finite temperatures. Section 2 provides the
methodology, formulation of BCM, and the model description; and Section 3 presents the simulation results followed by a
discussion of the material’s mechanical response.
METHODOLOGY
BCM, performs a finite element (FE) framework throughout the three atomistic, bridging and continuum domains of the
model, and relies on energy minimization and temperature-dependant calculations which make it independent of small time
steps and suitable for simulations at finite temperatures. The displacements of the atoms are mapped into the displacements
of the nodes in the bridging domain so that the two atomistic and continuum domains are coupled seamlessly. Temperaturedependent calculations are implemented in this method based on quasi static free energy minimization by considering
temperature as the atomistic vibrations about the primary structure; and an iterative approach is used to minimize the free
energy of the system [6], [7].
Formulation
The BCM technique divides the domain into three domains of continuum, 𝛺C, bridging, 𝛺B, and atomistic, 𝛺A; where
energy of the different domains are calculated through equations (1) to (5) as follows:
n

(1)

a
EA = Utot = ∑i<j
U(rij )

U(rij ) =

qi qj
rij

+ A exp[B(α − rij )] −

C
rij 6

(2)

where EA is the atomistic domain total energy, na is the number of atoms in the atomistic domain and U(r ij) is the
interatomic potential between atom i and j at a distance of r ij from each other; qi and qj are atom charges and α is the
repulsive radii, B is the softness parameter, and A and C are coefficients [8].
nt
EC = ∑e=1
(∫ΩC ψ(Fe )dVe − ∫∂ΩC t e . uC dAe )

(3)

where EC is the continuum domain total energy, nt is the total number of elements, ψ is the strain energy and Fe, Ve, Ae and
te are deformation gradient, volume, area and traction of element e, respectively. And
nc
na
EB = ∑c=1
[wc . ψ(Fc ). Vc + ∑i∈Ω
B ∑j∈ΩB ∩ΩA U(rij )];

wc = 1 −
a)

∑i Rij U(rij )
W(Fc ).Vc

(4)
(5)
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where EB is the bridging domain total energy; nc is the number of cells in the bridging domain, Rij is the ratio of the distance
between atom i and j within the cell, and wc is a weighting function. Having all the energy contributions calculated, the
stiffness matrix of each domain is achieved by getting the second derivative of the energy with respect to displacements,
and the general finite element framework is implemented to find the forces as a product of the stiffness and displacement.
BCM Model Description
The effect of the Mg impurities was investigated for C-plane or <0001>, containing 124904 atoms, by substituting 5ppm
Mg atoms with Al atoms. The dimension of the model was 200x80x200Å. Z direction represents [0-110] orientation, and X
direction represents [-2110] orientation. Biaxial tensile load was exerted in the X and Z directions at 300K and 1400K and
results in terms of stress distribution and tensile strength were used to investigate the effect of the Mg impurities.
RESULTS
Figure 1 shows the stress distribution and resulted stress-strain plot of the C-plane sapphire in presence of Mg impurities
in the structure, at 300K and 1600K. As shown in Figure 1a and 1b, the atomistic domain is under stresses higher than
15GPa at 300K, where the graphs of the stress distribution in the Z direction (SZ) or [0-110] orientation, and X direction
(SX) or [-2110] orientation are symmetric. These stresses are considerably increased throughout the domain at 1600K as
shown in Figure 1c and 1d, especially around the Mg impurities; which is in agreement with Schmid [2] and Zhang [3]’s
experimental results.
Figure 1e shows the stress-strain plots at 300K and 1600K. The UTS of the C-plane in presence of Mg impurities at
300K is 23GPa, occurring at relatively high strains of 6.25%; and as the temperature rises to 1600K, the failure strain
decreases to 6% and the strength drops to 20GPa. In addition, the initial calculated UTS of the defect-free C-plane of this
model is about 28GPa. Thus, while the UTS of C-plane decreases as the temperature elevates, it is only dropped 18%
compared to the defect-free UTS of C-plane sapphire showing that C-plane is so resistant to the structural defects and does
not easily lose its strength even at high temperatures; which is consistent with previous works in literature [2], [3].

Figure 1. Stress distribution for C-plane with Mg impurities – a) in X direction or [-2110] orientation at 300K, b) in Z direction or [0-110]
orientation at 300K, c) in X direction at 1400K, d) in Z direction at 1600K; e) Stress-strain plot

CONCLUSIONS
BCM was successfully applied to simulate the effect of Mg impurities in C-plane sapphire structure at two finite
temperatures. Results showed that temperature elevation increases the critical stress concentration areas around the Mg
impurities within the structure, and reduces the UTS of the system. However, the overall reduction in UTS of C-plane which is
less than 20%, confirms that it is resistant against structural nanodefects.
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Summary A fully non-linear shear-lag model of a unidirectional metal-matrix composite, which accounts for fibre and matrix breakage,
matrix plasticity, and fibre-matrix interfacial debonding and slippage has been developed in a deformation theory framework. A computationally light solution procedure based on the pseudospectral method has been developed. This approach allows the analysis of realistically
sized composites. One such specimen level analysis of the Ti/SiC composite material studied by Hanan et al. [2] has been performed. The
present model predictions accurately match the load recovery and stress distribution measured using neutron diffraction near a small crack.

INTRODUCTION
Metal matrix composites (MMCs) made of high temperature titanium (Ti) alloy reinforced with continuous unidirectional
silicon carbide (SiC) fibres are potential weight-saving replacements for conventional alloys in jet engines. Ti/SiC possess
excellent strength, stiffness and damage resistance when loaded along fibre direction. However, unlike monolithic materials
the damage and failure modes in MMCs are quite complex. Damage starts at the microscopic fibre length scale in form of
fibre breaks, matrix crack, fibre-matrix interfacial slippage. Under monotonically increasing load, damage propagates until the
point of the composite rupture. A reliable model for simulating this process must account for the non-linearities intrinsic to
the damage modes. A number of presently available models are based on restrictive assumptions on the type of non-linearity
allowed, or on linear superposition of non-linear elastostatic solutions around a small number of breaks. The present work
aims to develop a model of the composite, which can not only fully capture the nonlinearity of the failure modes, and material
constitutive response, but also be amenable to quick computational solution.
SHEAR LAG MODEL
MMC geometry is idealised as shown in Fig. 1. Model elements are fibres, tensile matrix, shear matrix, and interfacial
sliders. The physical matrix bay is subdivided into tensile and shear matrices. Fibres, and tensile matrices are assumed
to deform in axial tension, while the shear matrix is assumed to deform in simple shear. The interfacial sliding element is
assumed to undergo frictional sliding.
Fibres are assumed linear elastic and brittle. The tensile matrix is assumed to follow the law


(E1 − E2 )εtm
σtm = σY tanh
+ E2 εtm .
(1)
σY
Here, σtm and εtm denote the stress and strain at a point in the tensile matrix. σY denotes its yield strain, E1 its Young’s
modulus, and E2 its hardening modulus. A similar law applies to the shear matrix. The frictional sliding elements are taken
to satisfy
 τ 2n+1
s
ws = ws0 ∗
.
(2)
τ

σc z
fibre
interfacial slider

tensile matrix
shearing matrix
x

σc
Figure 1: The model metal matrix composite. Fibres are shown shaded dark. The matrix domain is divided into two parts:
The ‘shear matrix’ is assumed to deform exclusively by shear, and the ‘tensile matrix’ in tension (dashed lines). Sliding displacements at the fibre matrix interface is permitted (dotted lines). A fibre break and matrix shears around it are schematically
shown.
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Figure 2: Stress concentration predicted by model (solid lines) compared with the experimental data reported by [2] in a
Ti/SiC composite. Reduced linear form of the present model (dashed lines) are also plotted to show the effect of non-linearity
in the model.
Here, ws and τs denote the sliding displacement, and shear stress at a slider element, respectively. τ ∗ denotes the slipping
threshold, a material parameter. The governing equations of the model are obtained from equilibrium considerations of the
various axial elements. They turn out to be second order non-linear differential equations.
SOLUTION STRATEGY AND RESULTS
Finite difference method based solutions schemes are found to be grossly inadequate to provide accurate solutions for the
present model. A pseudo-spectral scheme is therefore employed. The formulated differential and algebraic equations are first
non-dimensionalised and consolidated in terms of five independent characteristic constants. The governing differential equations are then converted into non linear algebraic equations discretised on Chebyshev grid points. Differentiation matrices are
used to approximate derivatives in the governing equations [1]. The discretised equations are non-linear algebraic equations,
which are solved using a trust-region method.
Hanan et al. [2] used neutron diffraction to measure the stress state in a metal matrix composite comprised of 29 fibres
with guage length of 26 mm. Two fibres and the in-between tensile matrix bay were broken in a plane normal to the fibre
direction in their composite. They measured the load recovery in the broken fibres and the overload in the next adjacent fibre.
The present model was employed to simulate the stress state in this specimen at far-field load 850 MPa. Fig(2) compares
the presently predicted values of the stress concentration factor (SCF) near first intact fibre and in one of the broken fibre with
the experimental value [2]. The good comparison indicates that the present model is capable of capturing all the significant
mechanical and material aspects of load transfer near the fibre breaks. Lines corresponding to the “reduced linear model”
suggests that accounting for non-linear effects is important for accurately capturing load transfer near fibre break clusters.
CONCLUSIONS
We have briefly described a fully non-linear, realistic and computationally light model of a metal matrix composite. We
expect to use this model in reliability studied of MMCs in the future.
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Summary This study investigates the compression-after-impact (CAI) failure in non-crimp fabric (NCF) reinforced composites.
A numerical damage model based on continuum damage mechanics was applied to simulate the failure mechanisms of impacted
NCF glass/epoxy composite subjected to compressive loading and to estimate the residual CAI strength.
INTRODUCTION
Non-crimp fabrics (NCF) are textile preforms increasingly used as reinforcement in composite materials. Compared to
the uni-directional laminates, NCF offer an attractive alternative especially in terms of low-cost manufacturing processes
[1]. One major concern with composite structures consists on the low damage tolerance. Many researchers have addressed
issues related to the CAI behaviour and numerous damage models have been proposed to estimate the CAI strength of the
composite laminates. Furthermore, there exist some studies dealing with the failure mechanisms leading to the ultimate
failure of structures. Some researchers reported that the residual compressive strength of an impacted composite is strongly
governed by the delamination growth [2, 3]. Whereas, others highlight two phenomena that play an essential role in the final
failure: delamination growth and crack growth besides the impact point [4, 5]. Rivallant et al. [5] have reported that it is
crucial to consider the crack growth in numerical simulations to accurately predict the CAI strength. Edgren et al. [1]
demonstrated that the propagation of kink-bands was the main failure mechanism responsible for collapse of the NCF
laminate under compression. There was not clear consensus on the failure mechanisms responsible for the final failure of
composite structures in CAI test.
This paper focuses on CAI test simulations performed on a NCF glass/epoxy laminate impacted at 30J impact energy. A
physically based damage model was developed to predict the failure mechanisms such as: matrix cracking, fiber failure and
delamination growth. The impact-induced damages were introduced in the numerical model through considering the
presence of artificial delaminations and matrix cracks inside the impacted zone. The damage propagation in the NCF
composite laminate was analysed for a better comprehension of the mechanisms of failure under compressive loading.
NUMERICAL MODELING OF CAI
The specimen geometry, boundary conditions and impact-induced damage considered into the numerical analyses are
shown in Fig. 1. A 150 mm × 100 mm × 4 mm rectangular plate impacted with 30J was modelled to investigate damage
tolerance in six layers NCF glass/epoxy laminates. Then, the damage morphologies of delamination and matrix cracks
induced by a low-velocity impact were considered in the CAI model. A longitudinal compression displacement was applied
on the upper plate while the bottom plate was clamped as shown in Fig. 1. An anti-buckling knife-edges condition was
reproduced on both longitudinal sides of the plate.
Compressive loading
w=0

A
90°

90°
0°
90°

z
y

0°

A
a)

Delamination
zone

x

impact damage
for 30J

w=0

25mm

130mm

w=0

Impactor d=16mm
mm16

Back face

Six [90°/0°/90°] layers of
glass/epoxy NCF

Interface delamination

b)

c)

Fig. 1. a) Impact-induced damage, b) Impact delamination through-the-thickness, c) FEM model and boundary
conditions
The zone of the impact-induced delamination is approximately of circular shape[3]. The delamination zone between the
three bottom plies interfaces is larger than that at the upper plies interfaces. Therefore, delamination was considered only
between the three bottom plies interfaces. Further than delamination, the matrix cracking was observed in the damage zone
a) Corresponding author. Email: g.morada@polymtl.ca.

1868

as shown in Fig. 1b. In this paper, it was assumed that the plies, in the conical damage zone, have negligible residual
transverse strength. The intra-laminar damage in each ply were simulated using a physically-based constitutive damage
model which is developed based on Donadon work [6] and implemented via UMAT in LS-DYNA/Explicit finite element
software. The maximum stress criterion was adopted to predict the fiber failure combined to the Puck failure criterion to
simulate matrix cracking and crushing. The inter-laminar damage initiation and propagation was modelled here using the
cohesive zone model where cohesive elements were introduced between two neighboring plies with different fiber
orientations. The elastic material properties used in the FE simulation are as following: E11=34.4 GPa, E22=E33=6.98 GPa,
v12=v23=v13=0.28, G12=G23=G13=3.2 GPa and the interfacial properties are as following: GIC=800J/m2, GIIC=1200J/m2, N=30
MPa, S=T=45 MPa, kI=13.93GPa/mm, kII=1.43GPa/mm, η=1.4 [3].
RESULTS AND DISCUSSIONS
Fig. 2 illustrates the stress-strain response of NCF laminates under compression loading. This figure depicts the
numerical results for three studied cases: (1) a plate without impact damage, (2) a plate with impact-induced delamination,
and (3) a plate with both impact-induced delamination and matrix cracks in conical zone. The slope of the strain-stress
curve of the undamaged and damaged plate is the same which means that the presence of impact-induced damage does not
have effect on the plate membrane stiffness. However, as expected, the compressive strength is sensitive to impact damage.
The results show that compared with the undamaged plate, the CAI strength of an impacted plate decreases by 27% at 30J
impact energy. For all the studied cases, the numerical results reveal that the buckling is the main mechanism responsible
for the compressive failure of NCF laminates. Nevertheless, it was found that the buckling mode is different from one case
to another. Indeed, for a plate with impact-induced delamination, it is found that the local buckling of the sub-laminates
around the impact point leads to structural instability and thus the final failure of the plate. However, for the two other
cases, the global buckling triggers structural collapse. Finally, a comparison between the two impact-induced damage
scenarios shows that the matrix cracks in the conical damage zone have a little effect on the CAI strength, however, the
initiation and propagation of delamination plays a primary role in the CAI strength reduction.
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Fig. 2. The stress-strain response of NCF under compressive loading
CONCLUSION
This paper presents a numerical analysis aimed at understanding the failure mechanisms responsible for the compressive
failure of impact damaged NFC glass/epoxy laminates. To this end, two CAI damage models were developed: (i) a CAI model
with only impact induced delamination and (ii) a CAI model with both impact-induced delamination and matrix cracks. The
obtained results show that the matrix cracks inside the conical damaged zone have a little effect on the residual compressive
strength of the impacted NCF laminates. However, the local and global buckling appeared to be the main phenomena which
cause structural instability and collapse. Moreover, it is found that the delamination growth occurred before matrix cracking and
fiber failure.
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Summary In this work, an experimental investigation of the fracture mechanism of advanced high strength steels (AHSS) during the
edge stretching was conducted to identify the microstructural parameters influencing formability. To account for the sheared edge
condition, the accumulated void damage and work hardening due to the shearing process was determined. The relevant microstructural
paramaeters were implemented into a damage-based model to predict sheared edge fracture.

INTRODUCTION
Advanced high strength steels (AHSS) such as ferritic-martensitic dual-phase (DP) steels are gaining
importance in the automotive industry due to their combination of high strength and good formability. In the
automotive industry, shearing operations are widely used for blank trimming and for the introduction of holes and
feature cutouts. However, the shearing process introduces severe work-hardening and nucleates voids within the socalled shear-affected zone (SAZ) behind the sheared edge [1]. This residual damage leads to abrupt and premature
failure at the sheared edge during a subsequent forming operation. Advanced high strength steels are especially
prone to sheared edge cracking due to the large strength differential between the constituent phases [2].
Consequently, this limitation has led to the development of ferritic-bainitic stretch-flangeable (SF) steels with a
minor fraction of martensite to enhance the performance of AHSS in forming operations requiring good local
formability as in stretch flanging and tight radius bending. The performance of a sheared edge in stretch-flanging
operations is strongly related to the microstructure of material. For a material designer seeking to optimize the
microstructure and thermal processing/chemistry, further insight into the mechanism controlling the fracture process
is necessary. Therefore, the overall objective of this work was to characterize damage evolution and the fracture
mechanism during edge stretching to develop a micromechanics-based model that can predict failure in simulations of
sheet metal forming operations. A fracture study on interrupted hole tension specimens with different edge conditions
was conducted to characterize the void shape, nucleation and distribution. To characterize the sheared edge, several
experimental techniques are proposed to estimate the work-hardening and damage within the SAZ. The estimated shear
strain and damage distribution behind the sheared edge coupled with the microstructural measurements is
implemented in finite element modeling to predict fracture in different edge conditions. The experiments and
simulations show that void evolution within the SAZ are strongly related to the microstructure and strength
differential between the constituent phases.

DAMAGE CHARACTERIZATION DURING EDGE STRETCHABILITY
Traditionally, hole expansion tests are used to characterize edge failure and consist of expanding a hole with a
conical punch until failure. The hole expansion test poses challenges for relating the damage mechanism to the
microstructure since it has tooling contact and friction, is sensitive to the punch geometry and burr orientation and
cannot directly account anisotropy. As an alternative to the hole expansion test, a hole tensile test specimen was
employed in the present work to evaluate the edge sensitivity of stretch-flangeable and dual phase steels with similar
ultimate tensile strengths of 800 MPa. Hole tensile specimens are simply tensile specimens with a hole processed in
the center of the sample and avoids the sensitivities of the hole expansion test. Void initation and evolution within
the SF and DP steels were systematically characterized during the edge stretching by interrupting the hole tension
experiments at different strain levels. The DIC was used to measure the strains at six different sections along the
edge as shown in Figure 1. The interrupted samples were observed under a scanning electron microscope (SEM) to
observe the ductile fracture mechanism in the SF and DP steels. To quantify void nucleation and evolution, the void
morphology was characterized at the different strain levels and edge conditions using the void density, area fraction,
spacing and aspect ratio. Void nucleation was measured using the void density and is strongly related to the edge
condition as shown in Figure 2. A procedure for quantifying damage during the edge stretching of SF and DP steels
was developed to identify the microstructural parameters governing void nucleation and coalescence in an advanced
damage-based constitutive model. In addition to characterizing void evolution in these steels, the residual strain field
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within the SAZ must also be characterized as these residual strains drive void nucleation and fracture in subsequent
edge stretching operations.

Figure 1: Contour plot of the equivalent strain and divided into
six different strain levels along corresponding optical image

Figure 2: The plot of void density versus equivalent
strain for the DP780 reamed and sheared edges

SHEARED EDGE CHARACTERIZATION
The evaluation of the sheared edge formability of a material is not straight-forward due to the shearing process
that alters the local microstructure. A sheared edge stretching operation is essentially a two-stage non-proportional
forming operation where through-thickness shearing is followed by in-plane uniaxial tension. To characterize the
residual strains and work hardening within the SAZ, a novel experimental technique was developed involving
micro-hardness measurements and interrupted shear tests. Correlations were established between the microhardness
and plastic strain in shear deformation. With these correlations, hardness measurements from the SAZ can be
converted to plastic strains and then mapped into a finite-element model to account for work hardening and void
damage to accurately predict edge fracture in a forming operation.
CONCLUSION
An experimental investigation of the fracture mechanism of SF and DP steels was conducted using the reamed
and sheared to identify the relevant microstructural parameters influencing void nucleation and edge fracture. It was
found that the work-hardening introduced during the shear process significantly alters the void nucleation rate in the
secondary stretching operation. The residual strain and void distributions at the sheared edges can be mapped into
the finite-element models to simulate sheared edge fracture.
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Summary In the present work damage evolution in two – phase material is considered where the volume fraction of each phase exhibits

different mechanical properties, and also the volume fraction of each phase in the representative volume of the material is subjected to
evolution. The model is derived within the framework of thermodynamics of irreversible processes with internal state variables and continuum
damage mechanics, where the concept of total energy equivalence, classically used to describe damage evolution in constitutive model, is
generalized also to other dissipative phenomena. A numerical algorithm is also proposed in order to implement the constitutive model in the
finite element software Abaqus/Explicit by means of the user subroutine VUMAT. A uniaxial tension test was simulated in Abaqus/Explicit to
compare experimental and numerical results.

INTRODUCTION
In Continuum Damage Mechanics the phenomenon of damage softening is described by the use of so-called effective
state variables of a pseudo-undamaged quasicontinuum. To define these damage-effective state variables various
equivalence hypotheses are formulated: (a) strain equivalence hypothesis, (b) stress equivalence hypothesis, (c) strain
energy or complementary energy equivalence hypotheses, or finally, (d) total energy equivalence hypothesis. According to
these hypotheses, the effective state variables are defined in such a way that respectively strains, stresses, strain energy or
complementary strain energy, or total energy for both real (damaged) and fictitious (pseudo-undamaged) materials are the
same.
In the present work we consider a material that is subjected not only to damage, but also to other dissipative
phenomena, for example: plastic slips, phase transformation from the primary ductile matrix material to the secondary
brittle inclusion material, and damage development in both phases [1,2]. The constitutive description of such
multidissipative material will be derived on the basis of total energy equivalence hypothesis, extended to all the dissipative
phenomena regarded.
CONSTITUTIVE MODEL
The rearrangements of a material microstructure affect its global mechanical properties either causing softening
(damage) or hardening (transformation from soft to hard phase). This means that material behavior (both elastic and
inelastic) is influenced by the microstructural mechanisms. To account for the influence of the dissipative phenomena on the
global mechanical properties the so-called effective state variables can be used in the state and dissipation potentials, instead
of the classical state variables. The definitions of effective state variables are related to different fictitious configurations
introduced in the model (see Fig. 1). Let’s consider a real, discontinuous and heterogeneous configuration (R) of elasticplastic-damage two phase material, subjected to ductile damage of matrix and brittle damage of inclusions. Its mechanical
state is represented by couples of state variables and conjugated forces. We introduce a fictitious quasi-continuous
configuration (F), characterized by the couples of effective state variables and effective thermodynamic forces defined on
the basis of the total energy equivalence hypothesis. The total energy equivalence hypothesis (H1) we formulate in the
following way [3]: At any time (t), to an RVE in its real (deformed, damaged and phase transformed) configuration,
described by the set of state variable pairs, we associate a safe (undamaged) and untransformed equivalent fictive
configuration, the state of which is described by the effective state variables – in such a manner that the total energy defined
over the two (real and fictive) configurations is the same.
Mapping from configuration (R) to (F) may be equivalently performed with the use of two intermediate
configurations: (UT), which is idealized undamaged but phase transformed, and (DU), which is damaged but idealized
untransformed configuration (see Fig. 1). Each intermediate configuration is characterized by the proper pairs of effective
variables, defined on the basis of the total energy equivalence applied to the real configuration (R) and the intermediate
configuration considered.
To derive state and evolution equations we adopt another hypothesis (H2) [3]: The mechanical behavior of the
damaged medium may be derived from the same state and dissipation potentials as a fictitious undamaged untransformed
medium in which the state variables are replaced by the effective variables.
a)
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Figure 1. Schematic representation of the total energy equivalence concept.

PARAMETRIC STUDIES
Numerical algorithm is proposed where the Newton-Raphson scheme is employed to solve the set of nonlinear
differential equations, while backward Euler method was used to numerically integrate the equations. The numerical
procedure was also built with the use of AceGen program. AceGen was used to generate highly optimized and efficient
compiled code in FORTRAN language what allowed to build user subroutine VUMAT. In the next step VUMAT procedure
was used in Abaqus/Explicit to simulate uniaxial tension tests in order to validate the model (see Fig. 2).

Figure 2. Experimental and numerical results of stress – strain relations and damage evolution
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Abstract This work is concerned with numerical modeling of “Peeling-off” or “Concrete cover separation” which is a premature failure mode
in FRP strengthened reinforced concrete (RC) beams. 3D Finite element simulations are made using the commercial program Abaqus. Fourpoint bending loading is applied on non-strengthened and FRP strengthened beams. A damaged plasticity constitutive law is used for the
modeling of concrete. The asymmetric behavior of concrete in compression and tension, and the tension stiffening phenomenon are taken into
account. The results of the numerical simulations are compared with some experimental results available in the literature. The flexural and the
Peeling-off failure modes are well obtained in the simulations. Comparisons between the numerical predictions and test results illustrate a very
good agreement and it is found that the proposed model is able to closely predict the ultimate load, the beam behavior and its failure mode.
INTRODUCTION
An efficient solution to rehabilitate civil engineering structures is the use of Fiber Reinforced Polymers (FRP) sheets
which can be bonded onto external surfaces. The main advantages of FRP plates are their high tension strength to density
ratio, low sensitivity to corrosion and a long fatigue life. As a simple application, the flexural strength of reinforced concrete
beams can be increased by bonding a FRP sheet to their tension faces. Although this method increases considerably the
flexural capacity of the strengthened beam, it may cause a premature failure mode called “Peeling-off” or “Concrete cover
separation” (Figure 1). This work tries to model this premature failure mode via a damage-plasticity finite element
approach.

Figure 1: Concrete cover separation (Peeling-off)
BEAMS CONFIGURATION AND EXPERIMENTS
A series of FRP strengthened and non-strengthened reinforced concrete beams were tested to failure under four-point
bending load tests [1]. All of the beams have a length of 1000mm, a width of 100mm and a height of 150mm. The failure
mode of normal beams was flexural cracking while all of the beams strengthened with FRP sheets at the bottom collapsed
by Peeling-off. It is noted that mechanical characteristics of concrete, steel and FRP have been identified by experiments.
FINITE ELEMENT MODELING
Three dimensional finite element (3D-FE) non-linear simulations have been done by means of the commercial program
Abaqus. The steel rebars are modeled by beam (1D) elements with an elasto-plastic behavior. For the concrete part,
quadratic tetrahedral solid (3D) elements are used with a damage-plasticity formulation based on Lubliner’s and Lee’s
formulations [2, 3]. The asymmetric behavior of concrete in compression and tension are taken into account. The post
cracking softening behavior of concrete in tension is modeled with tension stiffening taking into account the effects of the
reinforcement interaction with concrete. In order to avoid the mesh dependency problems, the Hillerborg’s fracture energy
proposal [4] is adapted and the post-failure behavior is characterized by a stress-displacement response rather than a stressstrain response. Concerning the FRP flexural sheet, consist of carbon epoxy composite laminates, shell elements (2D) with
an orthotropic elastic behavior are used. In order to reduce the size of the model, the two symmetry planes of the problem
were applied to model just a quarter of the specimens.
Figure 2 illustrates the damage patterns for a normal RC beam (left) and a strengthened FRP one (right). For the normal
RC beam, the flexural cracks in the region of maximum bending moment lead to the failure of the beam (bending failure
mode). However, if the beam is strengthened by a FRP sheet on its bottom face, the failure mode will be different. The
failure of such a beam does not occur at bending and its ultimate capacity is very superior. We will have several small
bending cracks in the concrete cover region (i.e. between the bottom face of the beam and the rebar position). These cracks
are not sufficient to produce a failure. By increasing the applied load, a relatively brittle crack starting from the bonded FRP
edge appears. The coalescence of this crack and the existing small flexural cracks leads to a large crack located at the
a)
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reinforcement layer position. The propagation of this crack is relatively fast and causes the concrete cover separation which
leads to the total failure of the beam.

Figure 2: Flexural failure (Left) - Peeling-off failure (Right)
Figure 3 plots the total applied load versus the midspan deflection for the both normal and strengthened configurations.
The rigidity of the reinforced beam in the propagation phase (corresponding to the second slope of the curve) is much
higher than the normal beam. As seen, the presence of FRP sheet increases the ultimate load capacity by about 100% (50kN
against 25 kN). However, the concrete cover separation is a premature mode of failure in the FRP strengthened beam and
does not allow us to use all the bending capacity of the beam. It is noted that the failure mode of the normal beam is ductile
and there is third phase before the failure which corresponds to the plasticity of steel rebars. By contrast, the failure mode of
the FRP reinforced beam (i.e. concrete cover separation) is brittle without any steel plasticity phase.

Figure 3: Comparison between FE model and experiments – Normal and FRP strengthened beams
CONCLUSIONS
The nonlinear damage-plasticity FE model proposed herein can be used by researchers and designers as a computational tool
for FRP strengthened beams. Comparisons between the FE and experimental results illustrate that the model is capable of
predicting the behavior of FRP strengthened RC beams. Very good agreements are found between the FE model and
experiments in terms of crack zones, failure mode and ultimate failure load. Consequently, the proposed model can be used to
improve the design procedure of FRP plated RC beam and find a better repair/strengthening scheme.
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Summary Ceramics are hard, relatively light and brittle materials which are used in armour systems. Design of these armour systems
typically requires a high number of ballistic experiments to be performed. Finite Element (FE) simulation of ballistic loading on ceramics
provides an alternative and reduces the required number of experiments. Unfortunately current material models fail to properly capture
behaviour of ceramic materials. A number of improvements on current material models are proposed.

In FE simulations on ballistic impact the Johnson-Holmquist (JH) material models [1, 2] are often used to model ceramic
materials. These (softening) plasticity models (Figure 1) require calibration through impact experiments. Model properties
related to intact material strength can directly be obtained from experiments. Other properties such as softening related
material properties can currently only be obtained through inverse modelling.
A promising experimental technique to study damage in ceramic materials is quasi-static indentation. Under indentation a
ceramic will experience ‘controlled’ failure, allowing to calibrate damage or softening related quantities for material models.
This requires a ceramic material model suited for quasi-static FE simulations of damaging or softening material under indentation. The current JH models predict the ceramic material behaviour in the so called ‘quasi-plastic’ zone directly underneath
the indentor relatively well. Using the JH models for indentation simulations does however introduce three problems. The
first problem is mesh-sensitivity, an inherent property of softening-plasticity models such as the JH models. A second problem
is that the current model formulations are not suited for quasi-static simulations. As a third problem the JH models fail to
properly capture intergranular cracking/sliding in the ‘quasi-plasticity’ zone and the models fail to properly capture brittle
tensile failure.
A modification of the JH material models is proposed, addressing the three previously mentioned problems. The modified
model includes a damage formulation to the existing plasticity formulation and an adequate regularization for mesh-objective
failure prediction. Furthermore, the new formulation allows for quasi-static FE simulation. Future work will contain validation
of the new model to quasi-static and dynamic indentation experiments.
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Figure 1: Johnson-Holmquist material model, pressure-equivalent stress relation for intact and residual strength.
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Summary In the present research, mechanical behaviors of the nanocrystalline materials considering the damage developing on the grain
boundaries are investigated systematically. A mixed-mode cohesive interface model is used to describe the damage and failure process of
the materials. Based on the mixed-mode cohesive interface model, the grain boundary damage are defined and characterized. In order to
describe the size effect, the strain gradient plasticity theory is used for grain materials and the interface energy effect is considered along
grain boundary. In the present results, the overall stress-strain relations and corresponding damage evolution curves are obtained and as
the functions of several independent parameters. The present results show that both the overall strength and ductility of the
nanocrystalline materials are closely depended on the grain boundary damage evolution and the overall stress-strain curve displays a
catastrophic feature. Further discussions on the cell representativity and damage of nanoscale particle-reinforced materials are carried out.

INTRODUCTION
Investigations on the mechanical behaviors of polycrystalline materials with grain sizes typically less than 100 nm
(nanocrystalline (nc) metals) or within 100-1000 nm (ultra-fine crystalline (ufc) metals) have been the key subjects
worldwide over the past two decades [1]. The nc/ufc metals exhibit the higher yield strength, tensile strength, and hardness,
but the lower tensile ductility relative to their bulk counterparts. In the present research, the strain gradient plasticity theory
[2] is used to describe the size effects of the inelastic deformation in grain interiors, and a cohesive interface model is used
to describe the damage of the grain boundary. Particular attention is focused on the influence of damage on the overall
strength and ductility of the nc/ufc metals. Further discussions on the cell representativity and damage of nanoscale particlereinforced materials are carried out.
MODEL AND DESCRIPTIONS
To particularly study the mechanical behaviors of the nc/ufc materials, and to investigate how the competition of grainboundary damage with that of grain interior determines the observed overall stress-strain response and the overall ductility
of polycrystalline aggregates by various properties of grain boundary and grain interiors, a regular quasi-three-dimensional
representative volume element with taking into account of three dimensional effects is presented here. Fig. 1 shows the
schematic figure of representative calculation model. The calculation model is consisted of twelve regular hexagon grains.
The diameter of grain, d is the diameter of the circumcircle of regular hexagon.

(a)
(b)
(c)
Fig. 1 Representative cell model (a) for nano- or ultra-fine polycrystalline metal (c)[1] with periodic boundary conditions of
xy plane and z direction. (b) Damage definition on GB based on cohesive model [3].
a)
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As displayed in Fig. 1, periodic boundary conditions are enforced along the four sides in xy coordinate plane [4]:

u12  uV4  u11  uV1

(1)

u22  uV1  u21  uV2

(2)

(3)
uV3  uV2  uV4  uV1
where u ij is the displacement vector for any material point on the corresponding boundary Γ ij , and u Vi is the
displacement vector for each vertex Vi . The intergranular fracture process of grains is described by the cohesive zone (CZ)
model.
A comparative parameter study for overall strength and ductility of polycrystalline aggregates affected by the material
parameters of grain boundaries and grain interiors with different grain sizes is performed. The overall stress-strain relation
and the grain boundary damage of the nanostructured materials with parameter dependence normalized by the initial yield
stress  Y and intrinsic material length l can be expressed respectively as follows
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where the intragranular parameters are Young modulus E , Poisson’s ratio  , initial yield stress  Y , strain hardening
exponent N , grain diameter d, respectively. The interfacial parameters of grain boundary are maximum separation strength
T1 and TS, mode I and shear mode fracture toughness GIC and GSC, effective initial separation modulus K c  T1 /  δ0m / l  in
CZ model.

RESULTS AND BRIEF DISCUSSIONS

A typical computational result for overall stress-strain relations of the nc/ufc metal related to the grain boundary
damage evolution is shown in Fig.2. From Fig.2, the feature and catastrophic of the overall stress-strain relations are closely
dominated by the properties of grain boundary damage, and the stress turning points of stress strain relation correspond to
grain boundary damage turning points. The failure characteristic of stress strain curves is a catastrophic process at strength
point which can be described by the grain boundary damage.

Fig. 2. Overall stress–strain curves related to the grain boundary damage evolution.
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Summary Fracture behavior of thermal barrier coatings (TBCs) subjected to thermal and/or mechanical loading is investigated using an

acoustic emission (AE) method. The crack mode is only dependent on frequency spectrum of AE signal, which phenomena is proved by
clustering analysis of AE parameters. Based on this result, intelligent discrimination of crack modes are realized by using wavelet packet
transformation and neural network analysis of AE. The quantitative correlations of damage in TBCs and AE parameters are established,
including surface crack density and interface crack length, which are well agreement with experimental results.

INTRODUCTION
The application of thermal barrier coatings (TBCs) has facilitated a steep increase of the turbine entry temperature and
the associated increase in performance and efficiency of gas turbine [1]. Unfortunately, the complex shape, structure, and
harsh operating conditions make the failure behavior of TBCs much more complicated than that in metallic, ceramic
components or other coating systems, and thus the failure assessment of TBCs is very difficult by using traditional strength
theories or experimental mechanics methods [2]. There has been a growing interest in bringing together experiments under
destructive load with ideas from in-situ or real time nondestructive tests [2-3], such as acoustic emission (AE) [2]. However,
crack mode discrimination, quantitative assessment of damage evolution in TBCs are challenges in AE monitoring, which
are necessary for the real time testing of TBC failure. In this study, an acoustic emission method to realtimely monitor
failure behavior is built up to intelligently distinguish crack mode, quantitatively assess damage evolution, and predict
ultimate spallation. The main process of investigation comprise: first, AE behavior of TBCs is recorded under loading,
which can form main failure types at service condition. Then, all AE parameters are analyzed by clustering to find key
parameter of crack mode, and four crack types of TBCs as well as their AE character are obtained. Third, intelligent
discrimination method is established by combinating wavelet packet transform and neural network, the fracture behavior,
therefore, can be understood through the distribution feature of different failure modes in TBCs. Finally, surface crack
density, interface crack length are theoretically calculated to establish quantitative correlation with AE, which can be used
to estimate damage degree of TBCs under service condition.
RESULTS AND DISCUSSION
Although TBCs are generally operated under thermal loading, the main factor on their failure is tensile/compressive
stress in coatings or at interface due to thermal and mechanical mismatch. Therefore, tension and compression tests are
separately applied at room temperature by an RG2000 universal machine with a loading rate of 0.3 mm/min, 250 N/min,
respectively. TBCs failure processes were monitored by an AE system (PCI-2) with the threshold of 38 dB, pre-amplifier of
40 dB, and sampling frequency of 2 MHz, respectively. TBC specimens were made by typical atmospheric plasma spraying,
including a Ni-based superalloy GH3030 substrate, a 100 μm CoNiAlY bonding and a 200 μm ZrO2-8%Y2O3 ceramic
coatings. The thickness of substrate is 3 mm in tension and 5 mm in compression. The length and width of TBC specimens
in tension are 80 and 8 mm, and those in compression are 20 and 5 mm, respectively.
The distributions of four clusters of AE signals (labeled as A, B, C and D, respectively) form tension in various
parameter spaces are shown in Fig. 1. AE signals of clusters A, B and C are hard to classify from their amplitudes (see Fig.
1(a)), duration and rise time (see Fig. 1(b)), showing nearly same ranges, i.e, 38-65 dB in amplitude, 0 to 500 μs in duration .
However, clusters A, B and C present their distinct frequency bands in the range of 260−350, 170−250 and 40−150 kHz,
respectively. Similar clustering analysis is conducted to compressive fracture behavior of TBCs, presenting five clusters.
Only in peak frequency, five clusters can be separated from each other, with their frequency bands in the range of 260−350,
170−250, 0−150 and 400−450 kHz, respectively. Combination with microstructure observation, cluster A(A’), B(B’), C(C’),
E’ are indentified as sliding interface crack, surface crack, substrate deformation and opening interface crack, respectively.
It is worth noting that cluster D and D’ with higher amplitudes and longer durations, but no obvious frequency band, is from
ultimate spallation of coating.
Based on key parameter of frequency, AE signals are analyzed by wavelet packet transformation and a back-propagation
neural network. By using the energy coefficient vector as input, the back-propagation neural network exhibits a powerful
self-learning ability to cluster signals with the same order features. Four classes of AE signals, corresponding to the four
types of failure mechanisms in TBCs, can be successfully identified. Then failure mechanisms of TBC are clearly
understood by distribution of four clusters AE signals with loading. The fracture process of TBCs under tension is divided
a)
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into surface cracking, sliding cracking and spallation, that for compression is opening interface cracking, surface cracking
and sliding interface cracking. These are in good agreement with experimental result.
(a)
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Fig. 1 The distribution of AE clusters in (a) an amplitude-peak frequency space, (b) an amplitude-duration space
For a brittle film on a ductile substrate under tensile loading, a traditional shear-lag model [4] is commonly accepted to
evaluate the surface crack density  , which is defined as the ratio of multiple crack numbers to the length of a specimen.
The model includes an elastic-plastic interlayer, in which the load transfer from thick ductile substrate to thin brittle film
can be described. The structure of TBCs is consistent with the shear-lag model except that coating is thicker than that in the
model. Therefore, such a model is modified by considering the strain gradient in coating, and if substrate is in the elasticplastic state, the crack density  of coating can be expressed as    b K [d1 b K  M  M 2   b2   b ar sinh  b ]1 , the
2
M
parameters can be referred to reference [4].
Naturally, AE is the release of strain energy of cracking, so there is a proportional relationship between the AE energy
and the released energy from cracking. Therefore, the interface energy release rate for interface crack is calculated, and then
4
5
2 3
linearly correlated with AE energy as,
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Figs. 2 and 3 show the correlation of surface crack and interface crack length with AE, respectively. Obviously, a linear
relationship presents between surface crack density and the logarithm of AE events, which well coincides with experimental
results. Fig. 3 showed that the maximum error of AE energy between Eq. (2) and experimental results is about 20%,
indicating the theoretical results are well consistent with those from experiment. Obviously, the AE energy increases with
the increase
of crack half length.
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CONCLUSIONS
In this paper, a real-time acoustic emission testing method has been established to distinguish crack mode, quantitatively
assess damage evolution in TBCs. The main results can be summarized as follows: (1) frequency is the key parameter to crack
mode discrimination. (2) fracture mechanism can be clearly understood according to intelligent crack mode discrimination
results of AE behavior. (3) The surface crack density show a linear relationship with the logarithm of AE events, that for
interface crack is also indentified.
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Summary The damage evolution of three high strength steels was characterized at two levels of stress triaxiality, 0.4 and 1.2,
using both smooth and short gauge tensile specimens, respectively, where the value of stress triaxiality was determined using
finite element modelling. With the aid of numerical simulation, the degradation of elastic modulus for the smooth tensile
specimens was first characterized by eliminating the influence of geometry on the unloading modulus measured from cyclic
tensile tests. The approach was also applied to the short gauge tensile specimens to further explore the damage evolution. A
theoretical model describing the dependence of damage parameter on the stress triaxiality was then used to show the difference
in the damage evolution between the two types of tensile specimens.
INTRODUCTION

Based on the concept of continuum damage mechanics (CDM), indentation technique is being considered as an
alternative approach to predict fracture toughness of ductile materials with the assumption that the crack tip and indenter tip
are subjected to similar stress triaxiality [1]. The critical damage parameter, Dcr, is a material parameter which based on the
results from in-situ X-ray analysis, may vary with the stress triaxiality [2]. Celentano and Chaboche [3] and Bonora et al. [4]
reported values for the damage parameter in the triaxial loading conditions. The former, with the aid of numerical
simulation, eliminated the effect of the specimen geometry on elastic modulus measurement due to the necking-induced
non-uniform deformation. The latter used notched tensile specimens to study the dependence of damage evolution on stress
triaxiality from 0.33 to 0.7. In this paper, the preliminary results of the effect of stress triaxiality on damage evolution for
three high strength steels are presented. These results characterized damage evolution and Dcr values at two different
loading conditions, using both smooth and short gauge tensile specimens. This study will be extended to predict Dcr at a sharp
crack tip and the ultimate goal is to predict fracture toughness in high strength steels using indentation technique, with the
Dcr value determined from the crack tip to identify the characteristic indentation depth to represent fracture initiation.
MATERIALS AND EXPERIMENTAL PROCEDURE

Monotonic and cyclic tensile tests were performed at room temperature using an Instron hydraulic universal testing
machine at a constant crosshead speed of 0.004 mm/s. High strength steels were sampled from three rail steels, named as JP,
EV, and CZ which were provided by Canadian National Railway Company (CN). The smooth and short gauge tensile
specimens were designed to generate different levels of stress triaxiality. The shape and dimensions of the two types of
tensile specimens are provided in Fig. 1a, along with the variation of the true stress versus logarithmic strain curves for the
three rail steels measured from the monotonic tensile testing. Fig. 1b and 1c show the typical true stress-logarithmic strain
curves obtained from experimental loading-unloading tensile tests of smooth and short gauge tensile specimens,
respectively, for characterizing damage response of the three materials by measuring values of the axial load and the gauge
section diameter during the test.

Fig.1. Experimental test results: (a) monotonic tensile tests for smooth and short gauge tensile specimens; (b) cyclic tensile tests of smooth tensile
specimens; (c) cyclic tensile tests of short gauge tensile specimens

RESULTS AND ANALYSIS

Axisymmetric FE modelling for smooth and short gauge tensile tests was performed using ABAQUS standard solver
v6.13. Fig. 2 shows the FEM analysis of monotonic and cyclic tensile tests for the two types of specimens to determine
variation of the stress triaxiality and also correction factors to eliminate geometry effect on the elastic modulus
measurement. By mimicking the load-elongation and cross-section reduction curves from the monotonic smooth tensile test

a)

Corresponding author. Email: fyu@ualberta.ca

1881

Fig.2. FEM analysis of smooth and short gauge tensile specimens: (a) monotonic tensile tests; (b) stress triaxiality evolution; (c) cyclic tensile tests; (here,
only curves for CZ steel are presented)

using FE modelling, as shown in Fig. 2a, the constitutive equations for the three high strength rail steels are established
phenomenologically. To quantify the damage evolution in the short gauge tensile specimen, the constitutive equation from
smooth tensile specimen is applied to the FEM modelling where the simulation results fit the two experimental data of the
short gauge tensile specimen (Fig. 2a). Fig. 2b shows the evolution of stress triaxiality at the centre of the smooth and short
gauge tensile specimens during the simulation, where the averaged stress triaxiality is 0.4 and 1.2, respectively. Numerical
simulation of cyclic tensile tests for smooth and short gauge tensile specimens were performed for the purpose of
quantifying variation of the unloading modulus due to the geometry effect and calibrating a correction factor by comparing
the calculated unloading modulus with the pre-specified Young’s modulus (Fig. 2c). The correction factor was then used to
eliminate the geometrical influence on elastic modulus measured from the experimental data.
Fig. 3 shows the corrected experimental results of elastic modulus deterioration of the two types of tensile specimens for
all of the three high strength rail steels. The theoretical model describing the dependence of damage evolution on the stress
triaxiality is shown in Fig. 3, which verifies the experimental data at stress triaxiality of both 0.4 and 1.2 [5]. As the modulus
degrades at a very early stage, the onset of damage initiation is assumed to occur at the yield point for both types of tensile
specimens. The fitting parameter Dc was used to represent the value of the critical damage parameter at a stress triaxiality of
0.4. The other parameters i.e. fracture strain for smooth tensile (εf) and short gauge tensile (pf) specimens, and Young’s
modulus E0, were all determined experimentally. As shown in the figure, the model fits well to the degradation of corrected
elastic modulus, and depicts the difference in modulus degradation at the two levels of stress triaxiality. The corresponding
Dcr values calculated at stress triaxiality of 1.2 for CZ, EV, and JP are 0.60, 0.67, and 0.65, respectively; these values are
notably larger than the Dc values determined for the stress triaxiality of 0.4.

Fig.3. Stress triaxiality effect on damage evolution of three high strength steels: (a) steel CZ; (b) steel EV; (c) steel JP

DISCUSSION AND CONCLUSION

The effect of stress triaxiality on plastic deformation and damage is apparent from the experimental test results. Since the
same constitutive equation can describe the deformation behaviour for both types of tensile specimens, the obtained constitutive
equation is a combination of both elastic-plastic and damage mechanisms. The damage evolution and Dcr value are shown to be
dependent on stress triaxiality.
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EFFECTS OF COMPRESSIVE LOADING HISTORY ON MECHANICAL PROPERTIES OF
HDPE
Yi Zhanga) & P.-Y. Ben Jar
Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada
Abstract This paper examines the influence of compressive loading history on mechanical properties of high-density polyethylene (HDPE)

using specimens prepared from HDPE pipe. The examination consists of two tests. Compressive loading history was introduced in the first test,
to generate five prestrain levels at crosshead speeds of 0.01, 1 and 50mm/min, corresponding to strain rates of 1.85×10-5, 1.85×10-3 and
9.26×10-2 respectively. The second compressive test was carried out two months later, to characterize mechanical properties of specimens
including elastic modulus and yield stress, at crosshead speed of 0.01mm/min. Variation of the elastic modulus is used to establish the damage
evolution under the compressive loading condition. The results indicate that both yield stress and elastic modulus decrease with the increase of
the prestrain. The results also suggest that the extent of decrease of yield stress and elastic modulus, thus the damage evolution, depend on the
crosshead speed applied in the first test.

INTRODUCTION
Semi-crystalline polymers are increasingly used in a broad range of applications such as pressure tubing, pipeline
systems and parts in nuclear power plant. Nowadays, majority of low-pressure natural gas pipes with a 50-year service life
are made of polyethylene (PE). However, there are many loading scenarios [1, 2] in which the pipelines can be subjected to
plastic deformation. This loading history affects further load-carrying capability of the pipe, and thus its lifetime is affected.
Although several experimental investigations have been conducted to evaluate the effect of loading history on mechanical
properties of HDPE [3-5], none of them was focused on the damage characterization based on compressive loading history.
In addition, our recent test results suggest degradation of mechanical properties for HDPE, generated during a squeeze-off
process for pipe maintenance, is surprisingly insensitive to deformation speed. As a result, a preliminary investigation has
been conducted on the possibility of generating compressive damage in HDPE, with a focus on the effects of strain rate (by
varying the crosshead speed). This paper summarizes the results obtained from the study.
EXPERIMENTAL DETAILS
Materials
All specimens used in this study were prepared from commercial PE4710, Cell classification 445576C HDPE pipe of 2
inches in diameter. Resin for the HDPE pipe is known as PE-80 which is for a grade of PE which has to have the Minimum
Required Strength (MRS) of 8MPa. Dimensions of arc-shaped specimens, loading direction and compressive test setup are
shown in Fig. 1.

Figure 1 Arc-shaped specimens (a) and compressive test setup (b)

Test Conditions
The strain was determined based on the variation of thickness along the radial direction, measured using an
extensometer made in-house. Load is applied in the longitudinal direction of the pipe, as shown in Fig. 1. A preliminary test
to minimize the end constrain on the test result has suggested that most of the friction at the contact point can be removed
by applying lubricating grease between specimen and test fixture. The first tests were to apply monotonic compressive
loading to five prestrain levels (10%, 20%, 30%, 40% and 45%) at crosshead speeds of 0.01, 1 or 50mm/min. In contrast,
condition used for the second test was monotonic compressive loading at the crosshead speed of 0.01mm/min. Yield stress
and elastic modulus were determined from the second tests, to evaluate influence of the prestrain level and crosshead speed
applied in the first tests on variation of their values.
a)
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RESULTS AND DISCUSSION
Yield stress and elastic modulus determined from the second tests are summarized in Fig. 2(a) and 2(b), respectively, as
a function of prestrain introduced in the first tests. Note that values for specimens without any loading history are also
included in the figures, at prestrain of 0. The figures suggest that yield stress increases slightly with small prestrains and
then decreases with further increase of the prestrain, while elastic modulus decreases monotonically with the increase of the
prestrain. Damage parameter (D) is determined based on the variation of elastic modulus, as shown below [6]:
E
(1)
D  1
E0
where E and E0 are elastic moduli of the specimens with and without the prestrain, respectively.
Fig. 2(c) presents variation of D value as a function of the prestrain introduced in the first test. The figure also includes
curves generated using Equation (2) [7], with values for A and B determined by fitting the curves to the trend of change of
measured values. Fig. 2(c) indicates that both prestrain and crosshead speed have a significant effect on the change of D
values.
D  A 1  exp   B 
(2)

Figure 2 Effects of prestrain applied in the first test on the yield stress (a), elastic modulus (b) and the damage parameter D determined based on
the variation of elastic modulus (c)

CONCLUSIONS
Effects of compressive loading history on mechanical properties of HDPE have been assessed using the two-test method,
on specimens prepared from the HDPE pipe. The results show that mechanical properties of HDPE are strongly affected by
the loading conditions used in the first test. In particular, elastic modulus from the second test, measured at the strain of
0.5%, decreases significantly with the increase of prestrain applied in the first test. Damage evolution in the first test is
established using a phenomenological damage model based on the variation of the elastic modulus measured from the
second test. The results suggest that increase of the crosshead speed, i.e., increase of the strain rate, causes acceleration of
the damage evolution, thus increasing the extent of damage in the HDPE pipe. Further investigation will be conducted to
ascertain the existence of the compressive damage in HDPE, and the results will be presented in the conference.
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CONTROL OF COMPLICATED STRESS OSCILLATIONS IN FGPM THIN PLATES
Fumihiro Ashida1a), Takuya Morimoto1 & Hidenori Ozaki 2
Department of Mechanical, Electrical, and Electronic Engineering, Shimane University, Matsue, Shimane, Japan
2
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1

Summary One-dimensional electro-elastodynamic problems in functionally graded piezoelectric material (FGPM) thin plates subjected to
uniform impact pressures are analyzed and exact analytical solutions are presented. Numerical results show that the behavior of stress
oscillation obtained under electric charge-free boundary conditions is different from it derived under prescribed electric potential boundary
conditions. The applied voltages which completely suppress the complicated stress oscillations are determined from the analytical solutions.

INTRODUCTION
Many papers dealt with dynamic problems in various functionally graded material (FGM) solids subjected to harmonic
loadings, but a few papers investigated stress oscillations induced in FGM solids by elastic wave propagations. The first
author et al. revealed that the mechanical impedance governed the behavior of stress oscillation in an FGM thin plate [1].
This paper addresses a one-dimensional electro-elastodynamic problem in an FGPM thin plate subjected to uniform
impact pressure when electric charges are free on both surfaces of the thin plate and that when electric potentials are
prescribed on both surfaces. Employing techniques of the space-variable transformation and Laplace transform, the
analytical solutions are respectively derived for the case where nonhomogeneous material properties vary exponentially in
the thickness direction. Numerical results obtained under the electric charge-free conditions show that the stress oscillation is
periodic when the mechanical impedance is independent of the space-variable, whereas it is complicated when the impedance
depends on the space-variable. The stress oscillations derived under the prescribed electric potential conditions are complicated
for both cases of mechanical impedance. The complicated stress oscillations can be controlled by applying appropriate voltages.
PROBLEM STATEMENT AND ANALYTICAL SOLUTIONS
It is assumed that an FGPM thin plate depicted in Fig. 1 is initially in stress-free state, one surface is subjected to an
impact pressure ! 0 H (t) , and the other surface is fixed to a flat rigid body. The initial and elastic boundary conditions are

uz = uz ,t = 0 at t = 0 , uz = 0 on z = 0 , ! zz = "! 0 H (t) on z = l

(1)

where uz (z,t) is the displacement, ! zz (z,t) is the stress, H (t) is Heaviside’s unit step function, t is time, l is the
thickness of the plate, and uz ,t = !uz / !t . For the electric field of the thin plate, it is assumed that the electric charges are
free or the electric potentials are prescribed on the top and bottom surfaces:

Dz = 0 on z = 0,l

! = 0 on z = 0 , ! = Vl on z = l

or

(2)

where Dz (z,t) is the dielectric flux density, !(z,t) is the electric potential,
and Vl is an applied voltage. The constitutive and governing equations are

! zz = c33 (z) uz , z + e3 (z) ",z , ! zz , z = " (z)uz ,t t
(3)
Fig.1 Geometry of an FGPM thin plate
Dz = e3 (z) uz , z ! "3 (z) #,z , Dz ,z t = 0
(4)
where c33 (z) is the elastic modulus, ! (z) is the density, e3 (z) is the piezoelectric constant, and !3 (z) is the dielectric
permittivity. They are assumed to be expressed as c33 (z) = c330 e p z , ! (z) = !0 eq z , e3 (z) = e30 ea z , and !3 (z) = !30 eb z .
Employing techniques of the space-variable transformation defined as ! = e" z and the Laplace transform, the exact
analytical solutions are obtained when the nonhomogeneous parameters are taken to be a = b= p and q ! p = 2" .
When the electric charges are free on the top and bottom surfaces of the thin plate, the stresses are given by
&
cos{# n ($ " 1)}cos(% ve0# n t)
! zz = "! 0 + 2! 0 '
for p = !" , q = "
(5)
n=1 # n ($ l " 1)sin{# n ($ l " 1)}
[# n$ cos{# n ($ " 1)}" sin{# n ($ " 1)}]cos(% ve0 # n t)
for p = ! , q = 3!
(6)
n=1 # n [cos{# n ($ l " 1)}" # n ($ l "1) $ l sin{# n ($ l " 1)}]
When the electric potentials are prescribed on the top and bottom surfaces of the thin plate, the stresses are expressed by
(
[$ Y0% n cos{% n (& " 1)}" ' sin{% n (& l " 1)}]cos($ ve0% n t)
! zz = "! 0 " 2(! 0 + #Vl ))
for p = !" , q = "
(7)
n=1 % n [{$ Y0 " ' (& l " 1)}cos{% n (& l " 1)}" $ Y0% n (& l " 1)sin{% n (& l " 1)}]
&

! zz = "! 0 " 2! 0 '

(

! zz = " ! 0 "2(! 0 + # l$V0 ))
n=1

a)

% Y0 [& n# cos{& n (# "1)}" sin{& n (# "1)}]" ' sin{& n (# l "1)} cos(% v0 & n t)
& n [{% Y0 " ' (# l "1)}cos{& n (# l "1)}" % Y0 & n# l (# l "1)sin{& n (# l "1)}]

for p = ! , q = 3! (8)
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Here, the mechanical impedance is expressed by Z(z) = Z 0 in the case of
p = ! " and q = ! , while it is given by Z(z) = Z 0 e 2! z in the case of
p = ! and q = 3! . The coefficients in the above equations are

Y0 = c330 +

!n =

2
e30
,v =
!30 e0

$e
Y0
e %
, Z 0 = Y0 "0 , # l = e$ l , % = 30 , ' = 30 1 (9)
"0
#l &1
!30

(2n " 1)#
, sin{% n ($ l " 1)}" $ l % n cos{% n ($ l " 1)} = 0
2($ l " 1)

(10)

! sin{" n (# l $ 1)}$ % Y0 " n cos{" n (# l $ 1)} = 0

(11)

(! Y0 + " )sin{# n ($ l % 1)}% ! Y0 $ l # n cos{# n ($ l % 1)} = 0

(12)

(a) Z (z ) =1 ( p = ! " , q = " ) and " = 0.4

NUMERICAL RESULTS
For convenience in presentation of numerical results, the following
nondimensional quantities are introduced.
!
v t
e V
z
Z
z = , t = e0 , ! zz = zz , Vl = 30 l , Z = , " = " l, p = pl, q = ql
l
l
Z0
!0
! 0l
The material on the top surface of the thin plate is assumed to be PZT-4.
Numerical results derived under the electric charge-free conditions are
illustrated in Figs. 2, where the arbitrary constant of the space-variable
transformation is taken to be ! = 0.4 . It is seen that the stress oscillation
is periodic and monotonic when the mechanical impedance is independent
of the space-variable (Z (z ) = 1) , while it is complicated when the
impedance depends on the space-variable (Z (z ) = e 2! z ) .
Numerical results obtained under the prescribed electric potential
conditions are illustrated in Figs. 3, where the mechanical impedance is
given by Z (z ) = e 2! z and the arbitrary constant is taken to be ! = 0.4
and ! = " 0.302 . Applying the voltage Vl =! 0.824 which is determined
from the condition of ! 0 + " l #V0 = 0 in Eq. (8), the complicated stress
oscillation is completely suppressed. When the arbitrary constant is taken
to be ! = " 0.302 in order to satisfy the condition of ! Y0 + " = 0 in Eq.
(12), the stress oscillation is periodic. Although the figure is omitted here
for brevity, numerical results obtained for the case of Z (z ) = 1 and
! = 0.4 are similar to those depicted in Fig. 3 (a), in which case the stress
oscillation is completely suppressed by applying Vl =! 1.230 . It follows
that the stress oscillation for the case of Z (z ) = e 2! z and Vl = 0 in Fig.
3 (a) is similar to that illustrated in Fig. 2 (b), while the stress oscillation
for the case of Z (z ) = 1 and Vl = 0 is different from that illustrated in
Fig. 2 (a). Therefore, the behavior of stress oscillation depends on the
setting of electric boundary conditions and the complicated stress
oscillations can be controlled by applying appropriate voltages.

(b) Z (z ) = e 2! z ( p = ! , q = 3! ) and ! = 0.4
Figs. 2 Numerical results derived under
electric charge-free conditions

(a) Z (z ) = e 2! z ( p = ! , q = 3! ) and ! = 0.4

CONCLUSIONS
In this study, the analytical solutions to the one-dimensional electroelastodynamic problems of the FGPM thin plates subjected to uniform
impact pressures are obtained. Numerical results show that the behavior
of stress oscillation depends on the setting of electric boundary conditions.
The complicated stress oscillations are controlled by applying appropriate
voltages and suppressed completely when the specified voltages
determined from the analytical solutions are applied.
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Summary The occurrence of generic degeneracies in physical systems is closely related to underlying symmetries of the governing equations. The occurrence of additional non-generic degeneracies which cannot be accounted for by symmetry arguments is usually termed
accidental. In this work, we develop a framework that helps identify and investigate a particular class of degeneracies associated with
equivariant systems under certain common symmetry groups. We show that the existence of a first-integral for such systems (i.e., a potential
function or energy functional) guarantees generically that non-generic degeneracies in the spectrum of the Jacobian (and other system properties) occur. We describe concrete examples of physical systems exhibiting these types of degeneracies and comment on the ramifications.

INTRODUCTION
Symmetry plays a very important role in the formulation of physical theories in different branches of science and engineering. In the mechanics of materials for example, the presence of symmetry is usually associated with the occurrence of
interesting material properties, or sometimes, symmetry provides an explanation for the lack of such properties. The most
widely studied structures in materials science and solid state physics are crystals, whose wide variety of interesting material
properties are usually directly related to their underlying space group symmetries [6, 3]. Indeed, physical symmetry alone
has been used to motivate and inform the search for novel materials and structures possessing unprecedented properties, with
anticipated applications of such materials in various branches of science and engineering [1].
The presence of symmetry in physical systems often manifests itself through the occurrence of degeneracies. Specifically,
the governing equations of physical systems often exhibit the mathematical property of equivariance from which, for example,
the occurrence of multiple solutions (corresponding to degenerate physical states) or low dimensional parameterizations of
the solution space can be inferred [2, 8, 3, 7, 5]. In practice, this mathematical procedure is almost always used in conjunction
with the additional assumption of generic behavior – this says that the observation of degeneracies in a physical system are
always due to the underlying symmetries – and to repeatedly use this assumption in the derivation and proof of theorems for
such systems [7, 3]. Indeed, the results of equivariant bifurcation theory [4, 2] for example, are based on the assumption
that the Jacobian of the equilibrium equations will generically have exactly the degenerate spectrum that is dictated by the
symmetry of the governing equations. In particular, the generic behavior argument is used to explicitly exclude the possibility
of additional non-generic (or accidental) degeneracies in the spectrum of the Jacobian.
In this work, we formulate a framework which helps identify and investigate a particular class of degeneracies. This
class of degeneracies cannot be expected to occur based on physical symmetry arguments alone (and so, these degeneracies
might be considered accidental) but nevertheless they occur generically enough in the sense that numerous examples of their
occurrence in various branches of science and engineering can be identified through this framework. Specifically, we show that
for equivariant systems under certain common symmetry groups, the existence of a first-integral for the system (i.e., a potential
function or energy functional) guarantees generically that non-generic degeneracy of the Jacobian (and other properties of the
system) occurs. We apply our theory to common physical systems and show that it successfully explains the accidental
degeneracy found in problems involving truss structures with cyclic symmetry, periodic crystals without inversion symmetry
and the well-known degeneracies of the elastic constants matrix in the theory of linear elasticity.
THEORETICAL FRAMEWORK
From a mechanics perspective, it is natural to describe a physical system as a subset B ⊆ Rm , with m ∈ {1, 2, 3} and
to ascribe to it a degree of freedom field by means of a map of the form F 3 y : B → SF ⊆ RnF (nF ∈ Z+ ). The degree
of freedom field y ∈ F induces an appropriate response M 3 χ : B → SR ⊆ RnR ( nR ∈ Z+ ) over the body. The
degree of freedom field and its associated response are linked via a constitutive relation Ξ : F → M. An example from
classical continuum mechanics would consider a material body B and associate the set B with a domain in Rm : the reference
configuration. The degree of freedom field would be a deformation mapping of the reference configuration into the current
configuration SF . The stress field resulting from the deformation would be identified as a response field.
An energy functional for the body B is simply a map EB : F × M → R. This definition sets up the degree of freedom
field and its associated response field as energy conjugates. If the functional EB has an integral representation, then f ∈ F
and χ ∈ M can possibly be related as functional derivatives. The search for zeros of suitable response functions GB : F → S
can be interpreted as solving the governing equations for the physical system. For systems with energy functionals, one can
arrive at governing equations by using the principle of stationary potential energy.
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(a) Truss structure with three fold cyclic symmetry. The
center node is assumed fixed. The energy functional for
this system is invariant under the group C3 .
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(b) The truss structure’s block circulant stiffness matrix (left) is expected to
diagonalize with all distinct eigenvalues due to cyclic symmetry (top-right), but
it is actually found to contain unexpected degeneracies (bottom-right).

Figure 1: Non-generic degeneracies arising in a elastic truss system with cyclic symmetries
In order to bring symmetry into this framework, we suppose that a group G acts on the physical system and that the group
action on points in B is denoted as ◦. For g ∈ G, we introduce the notation g ◦ B to denote the set {g ◦ p : p ∈ B}. Then, G
is a geometric symmetry group of B provided that for each g ∈ G, we have g ◦ B = B. The notion of physical symmetry is
associated with the governing equations of the physical system and it is usually expressed through equivariance: A governing
response function GB : F → S is equivariant for every g ∈ G and every f ∈ F, if we have: GB (f ) = g ? GB (g −1 • f ), i.e.,
GB (g • f ) = g ? GB (f ). Here, the action of the group G on F and S have been denoted as • and ? respectively.
Invariance of the energy functional is the condition ÊB (f ) = ÊB (g • f ) for every f ∈ F and g ∈ G. If we suppose the
action of G on F can be characterized using unitary representations then energy invariance can be used to imply equivariance
of the first derivative of the energy. Further, we can show that the second derivative of the energy (the stiffness operator;
also the Jacobian of the governing equations) commutes with unitary representations of the group G. Under some hypotheses
on G this can be used to further imply that the stiffness operator admits a block diagonal structure commensurate with the
irreducible subspaces of G. However, we can show that under certain circumstances, additional operators commuting with the
stiffness operator may be found as a result of which non-generic degeneracies are observed frequently in practice.
EXAMPLE SYSTEMS
We consider first, the case of the truss structure shown in Fig. 1a. We may choose the set B to be the collection of six nodal
positions {xi ∈ R2 : i = 1, 2, . . . , 6} of the truss and we can let SF = {ui ∈ R2 : i = 1, 2, . . . , 6} denote the corresponding
set of nodal displacement vectors. It is easy to check that the system has an energy invariant under the three-fold cyclic
symmetry group C3 . The stiffness matrix however admits a representation commensurate with a larger symmetry group D3
(Fig. 1b). The existence of these accidental degeneracies in the structure of the stiffness matrix is naturally explained by our
framework. Two further examples are as follows: First, for the single electron model of a periodic solid, the action of the
translation group can be used to justify the fact that the eigenstates of the Hamiltonian can be decomposed in terms of Bloch
states. The fact that this calculation deals with the Hamiltonian (which has an energy structure) results in extra degeneracies
for the Bloch states, i.e., degeneracies which cannot be expected based on the translation symmetry alone. Secondly, the elastic
constants matrix in the theory of linear elasticity often shows additional degeneracies – for example, the 11 crystallographic
Laue groups produce only eight distinct forms for the stiffness matrix, so that some Laue groups lead to non-generic degenerate
stiffness matrices. These examples are discussed in detail in a forthcoming paper by the authors.
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Summary This paper presents a finite-strain shell theory, which is consistent with the principle of stationary three-dimensional (3-D)
potential energy. Based on 3-D finite elasticity and by a series expansion, we deduce a vector shell equation with three unknowns. The
success relies on deriving exact recursion relations for the expansion coefficients from the 3-D system. Appropriate 2-D boundary conditions
and associated 2-D weak formulations are also proposed. As an example, the axisymmetric deformation of a spherical shell is considered,
and the shell theory produces second-order correct results by comparison with the exact solution. The advantages of the present shell theory
include consistency, high accuracy, without higher-order stress resultants and its applicability to general loadings.

INTRODUCTION
Shell theory is a classical research field, which can be dated back at least 120 years ago. Early attempts on shell theories relied on a priori hypotheses, mostly motivated by engineering intuition. The well-known shell theories include Kirchhoff-Love
(1888), Reissner (1974), Koiter (1966) and Donnell (1976) theories, and we refer to [1] for a more detailed review. Although
these theories have found a huge success in engineering applications, due to the hypotheses involved their consistency with
the 3-D theory cannot be expected under general loadings.
In recent decades, some consistent mathematical methods, such as asymptotic method and method of Gamma convergence,
have been employed to derive or justify the above theories. Many works are able to establish certain convergence results, but
they rely on a priori scalings between applied loads and shell thickness, which restricts the wide application of such theories.
Recently Steigmann [2] derived a shell theory which incorporates both bending and stretching effects, nevertheless he mainly
focused on the traction-free case. This work intends to generalize previous plate theory [3] to a finite-strain shell theory, which
is consistent with the 3-D weak formulation and with no special restrictions on applied loads.
THE 3-D FORMULATION
We consider a homogeneous thin shell of constant thickness 2h composed of a hyperelastic material. A material point in
the reference configuration Ω × [0, 2h] is denoted by X. Curvilinear coordinates θα (α = 1, 2) are used to parameterize the
base surface Ω.The deformed position is denoted by x = x(θα , Z). Accordingly, the deformation gradient is given by
F=

∂x
∂x
= (∇x)(1 − Zκ)−1 +
⊗ n,
∂X
∂Z

(1)

where ∇ is the in-plane (surface) 2-D gradient, κ is the curvature tensor, 1 is the 2-D identity tensor within the tangent plane,
and n is the unit outward normal to Ω. The nominal stress S can be readily obtained from the energy function Ψ(F) by the
formula S = ∂Ψ/∂F. For the case of dead-loading and in the absence of body forces, the 3-D differential system dictates
DivS = 0,
x = b(s, Z),

in Ω × [0, 2h],

ST n

on ∂Ω0 × [0, 2h],

Z=0

= −q− ,

ST n

T

S N = q(s, Z),

Z=2h

= q+ ,

in Ω

(2)

on ∂Ωq × [0, 2h],

where q± , q and b are the prescribed data on the 3-D boundaries, and N is the unit outward normal to the edge.
THE 2-D SHELL THEORY
Derivation of vector shell equation
First, we adopt a series expansion of the deformed position from the bottom surface
x(θα , Z) =

4
X
1
1 n (n) α
Z x (θ ) + Z 5 x(5) (θα , Z ∗ ),
n!
5!
n=0

0 ≤ Z ≤ 2h,

x(n) (r) =

∂nx
∂Z n

(3)

.
Z=0

Similarly, F and S can be expanded in series like (3). It follows from (1) and the definition of S that the expansion coefficients
F(n) and S(n) are linked up to x(n+1) , and depend linearly on x(n+1) . Note that the above general series is expanded from the
bottom surface rather than from the middle surface of the shell as in classical shell theories. Based on such a new expansion
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and together with strong-ellipticity condition, the coefficient x(1) can be uniquely solved in terms of x(0) from the bottom
traction condition (2)2 . Furthermore, substituting these expansions into the field equation (2)1 , we obtain a sequence of
equations. The first three can be utilized to derive the recursion relations for x(n) (n = 2, 3, 4). In brief, all these coefficients
are expressible in terms of x(0) . Finally, the top traction condition (2)3 furnishes the 2-D vector shell equation in the form

1 
(4)
∇ · (1S̃ + hκŜ) + h(1Ŝ)T [2∇H − ∇ · κ] = −q̃, q̃ =
(1 − 4hH + 4h2 K)q+ + q− ,
2h
where H and K are the mean and Gaussian curvatures, and
8
2
4
(5)
S̃ = (1 − 2hH)S(0) + h(1 − hH)S(1) + h2 S(2) , Ŝ = S(0) + hS(1) .
3
3
3
This system is a fourth-order differential equation for the vector x(0) . We point out that the previous plate equation in [3] can
be recovered by setting κ = 0, and this shell equation contains certain extra balancing effects due to the presence of curvature.
The 2-D boundary conditions and weak formulations
To complete the shell theory, two boundary conditions concerning x(0) or its derivatives are needed either on position
boundary ∂Ω0 or the traction boundary ∂Ωq . We propose them in an average sense, i.e,
Z 2h
Z 2h
1
√
1
(0)
(0)
(6)
x =b ,
xdZ = b̄, on ∂Ω0 ,
{1, Z − h}ST N gτ dZ = {q0 , m} on ∂Ωq ,
2h 0
2h 0
√
where b̄, q0 , m are the averaged position, traction and moment vectors, and gτ is a factor related to the local curvatures. It
can be shown that the 2-D shell equation (4) and boundary conditions (6) are consistent with the 3-D variational principle.
The associated 2-D weak formulation can be derived by multiplying (4)1 by ξ = δx(0) and integration by parts,
Z
Z
Z
Z
(W − q̃ · ξ) dA =
(q0 · ξ − 2m · η) ds, or
(W − q̃ · ξ) dA =
(q̂ · ξ + m̂ · ξ,ν ) ds,
(7)
Ω

∂Ωq
(1)

Ω

∂Ω

(n)

where η = δx , W involves S , and q̂, m̂ are generalized traction and moment vectors. The former one is suitable for the
boundary conditions (6), while the latter one can accommodate various practical edge conditions (e.g. clamped edge).
AN EXAMPLE: AXISYMMETRIC DEFORMATION OF A SPHERICAL SHELL
In this section, we examine the axisymmetric deformations of a spherical shell (cf. [4]), with the strain-energy function
2
for harmonic materials Ψ = 27
νI13 − νI2 + ν where I1 , I2 are the first two principal invariants of the stretch tensor, and ν ≥ 0
is a material constant. The deformation is determined by scalar function r(R) according to x = reR . As an example, we set
q− = 0, q+ = q + eR , and the exact solution given in [4] is:

p

1
(8)
r(R) =
1 + (B 3 (2q + + ν) − A3 ν)/(B 3 − A3 ) ν R + A3 B 3 q + /[2 B 3 − A3 νR2 ], A ≤ R ≤ B.
2
P4
1
In our shell theory with Z = R − A, we first expand r(R) as r = n=0 n!
rn Z n + · · · . From recursion relations, coefficients
rn (n = 1, .., 4) can be expressed by r0 . The shell equation reduces to an algebraic equation of r0 , which yields
i2
p
1 h
(9)
r0 = A 1 + 1 + A(A + 2h)2 q + /(4h3 + 3A2 h) ν .
4
By using Taylor expansions (with scale q + = O(hν/A) for finite deformations), one can easily verify that all the coefficients
rn are correct to O(h2 ), and hence the shell theory produces an O(h2 )-correct solution for r(R). This conclusion is also true
for the general dead-load case and the internally pressurized case.
CONCLUSIONS
In this paper, a consistent finite-strain shell theory is developed with no special restrictions on external loadings (like
scalings with thickness), thus can be potentially applied to various practical situations.
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Summary An accurate analytical three-dimensional piezoelasticity solution is presented for the free edge stress field in smart piezoelectric
laminated plates, using the recently developed mixed-field multiterm extended Kantorovich method (MMEKM). The formulation considers
the two-way electromechanical coupling, and the solution satisfies all traction-free boundary conditions and interlaminar continuity conditions exactly and point-wise. The solution is employed to accurately determine the transverse shear and peel stresses developed at the
actuator-host plate interfaces, and to predict the actuation potential required to control the free edge stresses caused by extension loading.

INTRODUCTION
The well known free edge effect [1] in composite laminated structures becomes further complex in case of hybrid laminates
featuring integrated piezoelectric layers, due to electromechanical coupling. The development of localized three dimensional
(3D) interlaminar stresses near the free edges in laminates subjected to various loadings is known to be the main cause for
initiation of delamination damage in such laminates. In smart laminates, these stresses may be controlled by the application
of electric field across the piezoelectric layers. Compared to elastic laminates, the prediction of free edge stress field in
hybrid laminates has been less attempted due to its inherent complexity. Recently, Huang and Kim [2] have proposed a
stress function based approach for the free edge stress analysis of symmetric piezo-bonded laminates, without considering the
full electromechanical coupling. Being a stress based approach, it fails to satisfy the point-wise interlaminar displacement
continuity conditions and showed unwanted oscillations of the stress variations across the thickness. In the present work, the
mixed-field multiterm extended Kantorvich method (MMEKM) developed recently by the authors’ group for the 3D elasticity
solution of free edge stresses in elastic laminates [3] is extended to analyze hybrid laminates under electromechanical loading.
GOVERNING EQUATIONS FOR PIEZOLAMINATED PANEL
Consider an infinitely long (y-direction) hybrid angle-ply laminated panel with free edges at x = 0 and x = a, and
thickness h along z-direction. Some of the layers can be of monolithic piezoelectric or piezoelectric fibre reinforced composite
(PFRC) materials with poling along the thickness direction. The panel is subjected to uniform axial strain ε0 along the ydirection. At the bottom and top surfaces (z = ∓h/2), either electric potential ϕi or charge Di is prescribed. The problem
falls under the state of generalized plane deformation as the stresses and strains are independent of y-coordinate. The Reissnertype variational principle
for such problem with no body force and internal charge source
can be expressed as [4]
∫
∫
G
[σij,j δui + Di,j δϕ + (εij − εG
ij )δσij − (Ei − Ei )δDi ] dV −
V
∫
∫
∫
−
Tin δui dA −
(Dn − D̄n )δϕ dA −
Dn δϕ dA = 0,
Au

AD

(Tin − T̄in )δui dA
AT

∀ δui , δσij , δϕ, δDi

(1)

Aϕ

where V denotes the volume per unit length. A subscript comma denotes partial differentiation. εij and Ei denote the strain
and electric field components respectively, obtained from the constitute equations, and superscript G is used to denote the
same when obtained from the strain-displacement and electric field-potential relations, respectively. Substituting εy = ε0 in
the corresponding constitutive equation, σy can be eliminated from all other strain components in Eq. (1). The area integrals
in Eq. (1) vanish as all surface boundary conditions are sought be to satisfied exactly. Apart from the traction free boundary
conditions, the following continuity conditions also are to be satisfied at any kth interface:
(k+1)
[(u, v, w, σz , τyz , τzx , ϕ, Dz )|(k)
z=zk = [(u, v, w, σz , τyz , τzx , ϕ, Dz )|z=zk

(2)

except for Dz for the interfaces between piezoelectric and elastic layers, where it is grounded (ϕ = 0) for effective actuation.
MMEKM SOLUTION
In the MMEKM, both displacements/electric potential and stress/electric displacement variables are taken as primary
T
variables. The solution for X = [ u v w σx σz τxy τyz τzx ϕ Dx Dz ]∑is expressed as an n-term series of
n
the product of separable functions in the inplane and thickness directions as Xl (ξ, ζ) = i=1 fl (ξ)i gli (ζ) + δl9 ḡ9 for l ∈
[1, 11], where δl9 = 1 for l = 9 and else δl9 = 0, ḡ9 = ϕ1 (1 − ζ) for k = 1 and ḡ9 = ϕ2 (ζ) for k = L. Here ξ and ζ are the
normalized inplane and local thickness coordinates, varying from 0 to 1. Functions fli (ξ) and gli (ζ) are determined iteratively.
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In the first step of any iteration, functions fli (ξ) from the previous iteration are considered to be known. By substituting the
variables Xl and its variations δXl in the variational equation (1), integrating over ξ-direction, and equating the coefficients
of δgli individually to zero, a system of first order ordinary differential (ODEs) and algebraic equations are obtained for gli :
MḠ,ζ = ĀḠ + ÂĜ + Q̄e ;
KĜ = ÃḠ + Q̃e
(3)
where Ḡ is a column vector containing gli ’s corresponding to the eight variables which appear in the boundary and continuity
conditions in z direction [Eq. (2)] and Ĝ consists of those for the remaining three variables.The elements of the coefficient matrices and electromechanical load vectors Q̄e and Q̃e are evaluated in closed-form, and the ODEs are solved analytically [3].
In the second step, the last determined gli (ζ) are considered as known, and a system of differential-algebraic equations are
obtained for fli (ξ) and solved analytically. The iterations over the two directions are continued until the desired convergence
is achieved. The mixed-field approach allows for the exact satisfaction of all the boundary and interlaminar conditions and
also ensures the same order of accuracy for all variables. A quadruple precision (128 bit) program has been used to obtain the
numerical results, considering the singular nature of free edge stress field.
NUMERICAL RESULTS
Numerical results are presented for a cross-ply composite panel integrated with PFRC actuator layers (Fig. 1a). The
material properties of the elastic substrate and PFRC layers are taken from [3] and [4], respectively. The convergence of the
series solution for uniform actuation potential loading (ϕ1 =−ϕ0 , ϕ2 =ϕ0 ) is shown in Fig. 1b. The longitudinal distributions
of τzx and σz show fast convergence within four to five terms, and are in good agreement with full-field 3D finite element
(FE) solution. The solution captures the singularity in τzx (peak increases with n). It is shown in Figure 1c that the free edge
interlaminar stresses in the laminate caused by uniform extension (Ēz = 0 case) can be reduced to the desired level by the
proper application of an electric field to the actuators.

Figure 1: (a) Laminate configuration, (b) distributions of interlaminar stresses under electric potential loading, (c) control of
stresses through actuation
CONCLUSIONS
The analytical series solution based on 3D piezoelasticity presented here employing the MMEKM for the free edge stress
field in hybrid panels under electromechanical loading shows rapid convergence and good agreement with 3D FE results, and
also captures the stress singularity. The solution is useful not only for accurate prediction of free edge interfacial stresses, but
also in determining the actuation potential required for controlling the stresses caused by mechanical loading.
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Summary We outline a variational procedure to derive geometrically nonlinear theories for lower dimensional elastic bodies. We emphasize
a geometric viewpoint and employ general curvilinear coordinates for describing the reference (or undeformed) and current (or deformed)
configurations. It is observed that the local elastic strain (or change of length of an infinitesimal segment) is precisely characterized by the
metric tensors of two configurations induced by the ambient 3D Euclidean space. Upon assuming small elastic strains and linear stressstrain laws, we immediately obtain the strain energy associated with deformations. The equilibrium configuration can then be found as the
energy-minimizing state of the total free energy. This framework recovers a number of classic simplified theories for beams and shells if
appropriate kinematic assumptions are made.

It is of great interest to study lower-dimensional structures such as 1D rods and 2D shells because of their adaptivity to
geometric constraints and ease of deformation. Most of classic theories for beams and shells are based on some a priori
kinematic assumptions: the kinematic variables, typically, the displacements, are assumed to be small and admit a certain
ansartz, from which the elastic strain can be directly computed [1, 2]. Such approach in general cannot be used to address
structures undergoing large deformations, which motivates our variational approach to geometrically nonlinear theories for
curved beams and shells. We consider 1D space curved beams and 2D shells in the subsequent two sections, respectively.
A geometrically nonlinear theory for space curved bemas
Consider a space curved beam. In the reference configuration B0 (resp. deformed or current configuration B), the centroid
line of the beam is a space curve with arc-length parameterization given by {c0 (ξ 1 ) : 0 ≤ ξ 1 ≤ L} ⊂ R3 (resp. {c(ξ 1 ) : 0 ≤
ξ 1 ≤ L} ⊂ R3 ). For simplicity, we assume the centroid curve remains to be of C 3 -class. Let (ξ 1 , ξ 2 , ξ 3 ) be the coordinates
00
1
)
such that a material point x ∈ B0 can be represented as x = c0 (ξ 1 )+ξ 2 ẽ2 +ξ 3 ẽ3 , where ẽ1 (ξ 1 ) = c0 0 (ξ 1 ), ẽ2 (ξ 1 ) = |cc00 00 (ξ
(ξ 1 )|
and ẽ3 (ξ 1 ) = ẽ1 (ξ 1 ) × ẽ2 (ξ 1 ) are the local Frenet frame associated with the centroid curve c0 . Then the distance between
two material points (ξ 1 , ξ 2 , ξ 3 ) and (ξ 1 , ξ 2 , ξ 3 ) + d(ξ 1 , ξ 2 , ξ 3 ) in the reference configuration is given by


|1 − κ0 ξ 2 |2 + |ξ 2 τ0 |2 + |ξ 3 τ0 |2 −ξ 3 τ0 τ0 ξ 2
∂x
∂x
−ξ 3 τ0
1
0 ,
(1)
ds20 = g̃ij dξ i dξ j ,
g̃ij = i · j = 
∂ξ ∂ξ
2
τ0 ξ
0
1
where κ0 (ξ 1 ) = ẽ2 (ξ 1 ) · ẽ01 (ξ 1 ) and τ0 (ξ 1 ) = ẽ02 · ẽ3 (ξ 1 ) is the curvature and torsion of the undeformed centroid curve
c0 , respectively, and g̃ij is referred to as the metric tensor associated with the undeformed configuration. In addition to
the deformed centroid curve c = c(ξ 1 ), we introduce the relative twist angle ϕ : (0, L) → R to describe the deformed
configuration B. Then according to the Bernoulli-Euler kinematics, the deformation y : B0 → B is given by y = c(ξ 1 ) +
0
e01 (ξ 1 )
(ξ 1 )
1
1
1
1
Q(ξ 2 ẽ2 + ξ 3 ẽ3 ), where e1 (ξ 1 ) = |cc0 (ξ
1 )| , e2 (ξ ) = |e0 (ξ 1 )| and e3 (ξ ) = e1 (ξ ) × e2 (ξ ) are the local Frenet frame
1
1
associated with the deformed centroid curve c(ξ ), and the rigid rotation matrix Q is determined by Qẽ1 = e1 , Qẽ2 =
cos ϕe2 + sin ϕe3 , and Qẽ3 = − sin ϕe2 + cos ϕe3 . Therefore, the distance between the two material points (ξ 1 , ξ 2 , ξ 3 ) and
(ξ 1 , ξ 2 , ξ 3 ) + d(ξ 1 , ξ 2 , ξ 3 ) in the deformed configuration is given by


ζ12 + ζ22 + ζ32
ζ2 cos ϕ + ζ3 sin ϕ −ζ2 sin ϕ + ζ3 cos ϕ
∂y ∂y
,
1
0
(2)
ds2 = gij dξ i dξ j ,
[gij ] = [ i · j ] =  ζ2 cos ϕ + ζ3 sin ϕ
∂ξ ∂ξ
−ζ2 sin ϕ + ζ3 cos ϕ
0
1
where γ 0 = |c0 |, ζ1 = γ 0 (1 − ξ 2 κ cos ϕ + ξ 3 κ sin ϕ), ζ2 = (ϕ0 + τ γ 0 )(−ξ 2 sin ϕ − ξ 3 cos ϕ) and ζ3 = (ϕ0 + τ γ 0 )(ξ 2 cos ϕ −
ds2 −ds2
dξ i dξ j
dξ i dξ j
0
ξ 3 sin ϕ). Therefore, we find that ds−ds
≈ 2|ds0 |20 = 12 (gij − g̃ij ) ds
≈ ij (ξ 1 , ξ 2 , ξ 3 ) ds
, where the linearized
ds0
0 ds0
0 ds0
strain tensor is given by


11
ξ 3 (τ0 − ϕ0 − τ γ 0 )/2 ξ 2 (ϕ0 + τ γ 0 − τ0 )/2
,
0
0
ij = ξ 3 (τ0 − ϕ0 − τ γ 0 )/2
(3)
2
0
0
ξ (ϕ + τ γ − τ0 )/2
0
0
11 = γ 0 − 1 + ξ 2 (−κγ 0 cos ϕ + κ0 ) + ξ 3 κγ 0 sin ϕ.
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E
For isotropic materials with Young’s modulus E and Poisson’s ration ν (shear modulus G = 2(1+ν)
), we obtain the strain
energy associated with the deformation y : B0 → B as a functional of kinematic variables (c, ϕ) as

1
Ue [c, ϕ; c0 ] =
2

L

Z
0

n
EI3
EI2
EA(γ 0 − 1)2 + GJ(ϕ0 + τ γ 0 − τ0 )2 +
(−κγ 0 cos ϕ + κ0 )2 +
(κγ 0 sin ϕ)2 dξ 1 .
2
2

(4)

Let P [c, ϕ; c0 ] be the potential energy functional due to external loadings and C be the admissible space of the kinematic
variables (c, ϕ). Then the equilibrium configuration can be determined by the principle of minimum free energy:
n
o
min F [c, ϕ; c0 ] ≡ Ue [c, ϕ; c0 ] + P [c, ϕ; c0 ] : (c, ϕ) ∈ C ,
(5)
which completes the geometrically nonlinear theory for space curved beams. The interested reader is referred to [3] for full
details.
A geometrically nonlinear theory for elastic shells
We consider a shell of thickness h and mid-surface S0 . Let (ξ 1 , ξ 2 ) : S0 → R2 be a local parametrization of S0 and
3
ξ ∈ (−h/2, h/2) so that a point in the reference (or undeformed) shell B0 can be represented as x = ξ 3 ñ + r̃(ξ 1 , ξ 2 ), where
r̃ 1 ×r̃ 2
ñ(ξ 1 , ξ 2 ) = |r̃,ξ1 ×r̃,ξ2 | . Then the distance between two material points (ξ 1 , ξ 2 , ξ 3 ) and (ξ 1 , ξ 2 , ξ 3 ) + d(ξ 1 , ξ 2 , ξ 3 ) in the
,ξ

,ξ

reference configuration is given by (g̃αβ = r̃,α · r̃,β ; ñ,α = h̃να r̃,ν , h̃αβ = h̃να g̃νβ )
ds20 = g̃ij dξ i dξ j ,

g̃ij =


∂x ∂x
g̃αβ + ξ 3 (h̃αβ + h̃βα ) + (ξ 3 )2 h̃να h̃µβ g̃νµ
·
=
0
∂ξ i ∂ξ j


0
.
1

(6)

To describe the deformed configuration B, we denote the deformation of mid-surface by ϕ : S0 → S and the induced
r 1 ×r 2
parametrization of S by r(ξ 1 , ξ 2 ) = ϕ(r̃(ξ 1 , ξ 2 )). Let n(ξ 1 , ξ 2 ) = |r,ξ1 ×r,ξ2 | be the unit normal. Then the deformation
,ξ

,ξ

y : B0 → B is given by y = r(ξ 1 , ξ 2 ) + ξ 3 n(ξ 1 , ξ 2 ), and hence the distance between the two material points (ξ 1 , ξ 2 , ξ 3 ) and
(ξ 1 , ξ 2 , ξ 3 ) + d(ξ 1 , ξ 2 , ξ 3 ) in the deformed configuration is given by (gαβ = r,α · r,β ; n,α = hνα r,ν , hαβ = hνα gνβ )


∂y ∂y
gαβ + ξ 3 (hαβ + hβα ) + (ξ 3 )2 hνα hµβ gνµ 0
2
i
j
ds = gij dξ dξ ,
gij = i · j =
.
(7)
0
1
∂ξ ∂ξ
i
j
ds2 −ds20
dξ i dξ j
1
1 2 3 dξ dξ
2|ds0 |2 = 2 (gij − g̃ij ) ds0 ds0 ≈ ij (ξ , ξ , ξ ) ds0 ds0 , where the linearized strain tensor
1
3
3 2 ν µ
ν µ
2 [gαβ − g̃αβ + ξ (hαβ + hβα − h̃αβ − h̃βα ) + (ξ ) (hα hβ gνµ − h̃α h̃β g̃νµ )]. By the constitutive relations,
αβνµ

Therefore, we find that

ds−ds0
ds0

≈

is given by αβ =
the strain energy associated with mid-surface deformation ϕ is given by (C
Ue [ϕ; r̃] =

1
2

Z
S0

Z

h/2

−h/2

C αβνµ αβ νµ dξ 3 dS ≈

1
8

is the stiffness tensor)

h
i
h3
C αβνµ hMg αβ Mg νµ + (2Mg αβ Mmνµ + Mhαβ Mhνµ ) dS,
12
S0

Z

(8)

where Mg αβ = gαβ − g̃αβ , Mhαβ = hαβ − h̃αβ , and Mmαβ = hνα hµβ gνµ − h̃να h̃µβ g̃νµ . Let P [ϕ; r̃] be the potential energy
functional due to external loadings and D be the admissible space of the kinematic variables ϕ. By the principle of minimum
free energy, the equilibrium configuration of the shell is determined by
n
o
min F [ϕ; r̃] ≡ Ue [ϕ; r̃] + P [ϕ; r̃] : ϕ ∈ D ,
(9)
which completes the geometrically nonlinear theory for space curved beams. In particular, we can obtain: (i) the classic
membrane theory if the second term in (8) is neglected, (ii) the Love-Kirchhoff plate/shell theory if the constraint Mg = 0 is
enforced, and (iii) the Von Kármán plate theory if both terms in (8) are kept and g̃ = h̃ ≡ 0 (i.e., the reference configuration
is planar).
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MATHEMATICAL MODELING OF THIN LINEARLY QUASICRYSTALLINE PLATES
1,2

Thibaut Weller∗1 and Christian Licht2
Laboratoire de Mécanique et Génie Civil, UMR 5508 CNRS, Université Montpellier, c.c. 048, Place Eugène
Bataillon, 34095 Montpellier cedex 5, France

Summary We derive a theory of thin linearly quasicrystalline plates by studying the limit behavior of a three-dimensional flat body as its
thickness tends to zero. We exhibit the existence of a surprisingly high number of models, each of them linked to a specific set of boundary
conditions. As such, these results show that quasicrystals behave as smart materials.

INTRODUCTION
Here we perform an asymptotic modeling of linear quasicrystalline plates by regarding its thickness as a small parameter
denoted by ε. We study the behavior of the solution of the physical problem when ε tends to 0. We show that depending
on the type of boundary conditions, 26 different models indexed by a triplet p = (p1 , p2 , p3 ) ∈ {0, 1, 2}3 appear at the
limit. Comparing to our previous studies devoted to the mathematical modeling of thin plates in the framework of multiphysical couplings [1]-[3], this number is stunning. This multiplication of models, however, has its roots in the very structure
of quasicrystals. As shown in [4], the constitutive law of quasicrystalline media present a coupling between two different
kinds of displacement fields: the phonon field, denoted by u, and the phason field, denoted by w (see (1) below). Whereas
phonons are related to translation of atoms and therefore to classical elastic displacements, phasons are associated with atomic
rearrangements and appear in the constitutive equations only through their (noon symmetrized) gradients. This is the main
cause of the huge amount of models we obtain for a single quasicrystalline thin plate. Provided that we manage to control
and/or measure the phason fields, quasicrystals may be used to design new kinds of smart structures.
SETTING THE PROBLEM
We will denote phonon fields by the letters u, v and v 0 while the phason fields will be denoted by w, ψ and ψ 0 . Depending
on the nature of our formulation, these letters and some other symbols may be indexed by ε which stands for the thickness of
the plate, seen as a parameter. The reference configuration of a linearly quasicrystalline thin plate is the closure in R3 of the
set Ωε = ω × (−ε, ε) whose outward unit normal is nε and where ω is a bounded domain of R2 with a Lipschitz boundary ∂ω.
Used as indices, letters i and j take their values in {1, 2, 3} while α and β take their values in {1, 2}. With classical notations
and a suitable partition of the plate (see [5] and [6]), the equations determining the physical state sε = (uε , wε ) at equilibrium
are:

ε
ε
ε
ε ε
ε
ε
ε
ε

div σ + f = 0 in Ω , σ n = F on ΓuN , u = 0 on ΓuD ,
ε ε
P(Ωε ) div τ ε + g ε = 0 in Ωε , τij
nj = Gεi on ΓεwN,i , wiε = w0εi on ΓεwD,i , i = 1, 2, 3,

 ε ε
(σ , τ ) = Qε (x)(e(uε ), ∇wε ) in Ωε ,
where uε , wε , σ ε and τ ε respectively stand for the phonon field, the phason field, the phonon stress tensor and the phason
stress tensor and where the operator Qε is such that:
ε
ε
ε
σij
= Cijkl
ekl (uε ) + Rijkl
(∇wε )kl ,

ε
ε
ε
τij
= Rklij
ekl (uε ) + Kijkl
(∇wε )kl .

(1)

ε
ε
ε
In these constitutive equations, Cijkl
, Kijkl
and Rijkl
stand for the phonon, phason and phonon-phason coupling coefficients,
respectively.
Without specifying the functional framework, we introduce a bilinear form mε :
Z
ε
ε
0
0
m (ξ, ζ) = m ((v, ψ), (v , ψ )) =
Qε (e(v), ∇ψ) · (e(v 0 ), ∇ψ 0 ) dxε ,
(2)
Ωε

and a linear form Lε :
ε

ε

Z

ε

ε

Z

(f · v + g · ψ) dx +

L (ξ) = L ((v, ψ)) =
Ωε
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ε

ε

ε

F · v ds +
ΓεuN

3 Z
X
i=1

ΓεwN,i

Gεi ψi dsε .
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The coupled physical problem then takes the form
P(Ωε )

:

Find sε = (uε , wε ) such that mε (sε , ξ) = Lε (ξ),

∀ ξ.

With the classical assumptions of regularity of the loading and of uniform ellipticity and boundedness of elastic operators, it
is possible to show that this problem has a unique solution. To derive simplified and accurate models, the true question is to
study the behavior of sε when ε, regarded as a parameter, tends to zero.
THE MODELS
It is possible to show that 26 different limit behaviors (indexed by a triplet p = (p1 , p2 , p3 ) of {1, 2, 3}3 \ {0, 0, 0}) appear,
according to both the type and magnitude of the boundary conditions in P(Ωε ). Classicaly (see [7]) we come down to a fixed
open set Ω = ω × (−1, 1) through the mapping π ε :
ε

x = (x1 , x2 , x3 ) ∈ Ω 7→ π ε x = (x1 , x2 , εx3 ) ∈ Ω .

(4)

To get physically meaningful results, we have to make various kinds of assumptions. The more significant deals with the
magnitude of the electromechanical loading:
 ε ε
fα (π x) = ε fα (x), f3ε (π ε x) = ε2 f3 (x), ∀ x ∈ Ω,



F ε (π ε x) = ε2 F (x), F ε (π ε x) = ε3 F (x), ∀ x ∈ Γ ∩ Γ ,

α
3
uN
±

α
3

 ε ε
ε ε
2


(π
x)
=
ε
F
(x),
F
(π
x)
=
ε
F
(x),
∀
x
∈
Γ
∩
Γ
F
α
3
uN
lat
3
 α
giε (π ε x) = ε2−pi gi (x), ∀ x ∈ Ω,



Gεi (π ε x) = ε3−pi Gi (x), ∀ x ∈ ΓwN,i ∩ Γ± ,




Gεi (π ε x) = ε2−pi Gi (x), ∀ x ∈ ΓwN,i ∩ Γlat


 ε ε
w0i (π x) = εpi w0i (x), ∀ x ∈ Ω.
Also, with the true physical state sε = (uε , wε ) defined on Ωε , we associate a scaled physical state sp (ε) = (u(ε), wp (ε))
defined on Ω by:
uεα (xε ) = ε u(ε)α (x),

uε3 (xε ) = u(ε)3 (x),

wiε (xε ) = εpi wp (ε)i (x),

ε

∀ xε = π ε x ∈ Ω ,

(5)

We therefore build a family of variational problems indexed by ε. The asymptotic analysis of this family is processed classically: a priori estimates, week convergence, strong convergence. Without spelling out the topology, one of the main strong
convergence result of this analysis is:
sp (ε) −→ sp .
(6)
ε→0

To get physically meaningful results it is necessary to define a physical state sεp over the genuine plate Ωε through the descaling
sεp (π ε x) = sp (x), for all x in Ω. This physical state living in the genuine quasicrystalline plate is the unique solution of a
problem posed over the reference configuration, namely:
Z
e εp (x) k(sεp )0p · k(ξ)0p dx = Lε (ξ), ∀ ξ.
P(Ωε )p : Find sεp such that
Q
Ωε

The detailed definition of k(sεp )0p cannot be given here. However, it corresponds to the effective components of the linearized
tensor of small phononic strains and of the gradient of the phason field. The algebraic operations that are associated with these
e εp which gives the limit constitutive law.
components lead to the explicit expression of Q
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ELASTIC PROPERTIES OF ORIGAMI-INSPIRED RECONFIGURABLE METAMATERIALS
Fei Wang, Changqing Chen a)
Department of Engineering Mechanics and Centre for Nano and Micro Mechanics, AML
Tsinghua University, Beijing 100084, China
Abstract Origami structures have enriched mechanical metamaterials with the ability of converting morphologies between two dimensional

(2D) thin sheets and three dimensional (3D) spatial structures. In this study, we analyse the kinematics and elastic properties of multiple
assembled origami morphologies on the basis of various origami folding techniques. By modifying Miura-ori pattern, mechanical
metamaterials such as curved origami shell and large-scale bendable elastic structures are developed. The concept of in-plane Poisson’s
ratio is extended to the curved shell structures and the existence of a critical folding state is presented by analysing the geometric
characteristics. An analytical model is adopted to study the mechanical properties of the assembled structures and elastic behaviors such as
load softening and snap-through are obtained. By introducing origami assemblages, we extend the design space of mechanical metamaterials
and provide benchmarks for their practical applications in science and engineering.

GEOMETRY AND MECHANICS OF ORIGAMI-BASED CYLINDRCAL SHELLS
Origami, an art of folding a piece of thin sheet into 3D structures, has recently received extensive attention in science and
engineering [1, 2]. Miura-folded origami is one of the simplest folding patterns. With a single degree of freedom (DOF), it is
easy to control the kinematics and mechanics of Miura-ori. With one more independent geometric parameter added in the
Miura pattern, a modified origami configuration also having a single DOF is proposed (shown in Fig. 1a). Upon
folding/unfolding, the vertices locate regularly on two concentric cylindrical surfaces, resulting an origami based open
cylindrical shell (Origami-based cylindrical shell, OCS). Moreover, as the periodically repeated units shrink/expand, the
structure is able to vary the central angles and radii. An extended concept of Poisson’s ratio  z     z which couples
the structural strains in the axial and circumferential directions, is proposed to demonstrate the auxetic properties of OCS. An
analytical model [3] of rigid plates connected by linear elastic hinges is employed to describe the mechanics of rigid
folding/unfolding of the origami shell with finite number of periodic units. We demonstrate that under particular initial angles
and different isometric loads, the origami shell shows novel mechanical responses such as load softening, snap-through [4]
and critical folding states, which means that the folding/unfolding process is in fact limited by a specified folding angle no
matter how large a force is exerted in the elastic limit. Numerical simulations (Finite Element Method, FEM) are also
conducted, showing excellent agreement with the analytical results. Figure 1b and c show the predicted radial and axial
balanced force versus folding angle  (  =180  , shown in Fig. 1a) under particular geometric conditions, respectively.
Dependence of the existence of a critical folding state or load softening upon the geometric parameters (for example, the
constant angles 1 and  2 ) is also studied, in which it is pointed out that the tangent stiffness of the elastic origami shell
determines the load softening properties. Moreover, the counterparts of the finite-thickness and elastic-plate models of the
origami shell are studied, respectively. Geometric constraints to maintain the completeness and compatibility of the thick
curved shell are obtained. The local deformation behaviour of the elastic shells under line force, with multistage
characteristics, are also studied, showing that the origami shell has a good potential in load bearing structures.

(c)
(a)
(b)
Figure 1. Crease pattern and elastic responses of the origami cylindrical shell (OCS). (a) One unit of Miura-Ori and a 3×2 pattern of OCS,
1 and  2 are the constant line angles that influence the pattern and corresponding elastic properties. (b) Analytical and FEM predicted
force-displacement curves under radial loading ( 1 =45 , 2 =60 and the initial folding angle  init  50 ). The critical state is at about

a) Corresponding author. Email: chencq@tsinghua.edu.cn
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  62.24 . (c) Analytical and FEM predicted force-displacement curve under axial loading for 1 =45 , 2 =60 and  init  10 , 35
and 60 , respectively. Load softening appears at small initial folding angles.

MIURA-INSPIRED ORIGAMI ASSEMBLAGES
Rigid-foldable Miura-ori possesses only one deformation mode, which is in-plane compression (folding) or tension
(unfolding), and the exerting forces are often in-plane or out-of-plane isometric loadings. While in many practical engineering
problems such as micro/nano functional devices, large scale bending or other out-of-plane deformations are needed. Based
on the geometric characteristics of Miura pattern and its derivatives [5], a class of origami structures is proposed to realise
morphological assemblages in 3D space. One of the assemblages is the auxetic cylindrical shells, as mentioned above.
Figure 2 shows the tunable elastic properties of a large-scale bendable origami structure with varying radius of the connection
arc. Analytically, we present the elastic deformation characteristics with multiple varying geometric parameters. The existence
of the critical folding state c (  in Fig. 1a is used as the folding angle.) is dictated by m1 , m2 ,  and  . Combined with
other parameters, the elastic behavior is fully tunable. Besides, a class of origami-inspired reconfigurable structures are also
studied and developed, in which different kinematics and mechanics can be realized for specific applications. Note that
although relatively complex morphological transformation is conducted, the DOF of the system is limited according to the
geometric compatibility. As a result, the difficulty of controlling the assemblages’ mobility and mechanics is decreased. On
the other hand, in the conceptual design of our origami-inspired reconfigurable metamaterials, stiffness of the plates is much
higher than that of the elastic hinges, so the structural kinematics are decoupled from deformation of the plates.
Mechanics of origami structures is experiencing a rapid development, in the aspects from mathematic modeling such as
curved creases and thick origami, to more practical engineering applications such as multi-stability, architecture and micro
assembly [6]. Our study of origami-inspired morphological assemblages broaden the research points and design space of
mechanical metamaterials. It is expected that such structures may provide a wide range of applications in science and
engineering.

(a)

(b)

(c)

Figure 2. Crease pattern and tunable elastic responses of the assembled bendable structure. (a) Crease pattern of the tapered connection arc.
We character the structure with 3 odd numbers m1 , m2 and n , where m1 and m2 are the number of straight lines of the Miura and
tapered pattern, respectively; n is the number of zig-zag lines of the 2 patterns [5]. (b) Illustration of the folding process of the structure,
in which 2 same Miura-ori are connected by a tapered pattern to realize bending. (c) Tunable elastic properties of the bendable structure,
with 2 set of determining factors (DF). i.e., DF 1: m1  5 , m2  7 ,   70 and   40 and DF 2: m1  11 , m2  5 ,   70 and
  40 . In DF 1, there exists a critical folding state despite of the initial folding angles  init , while in DF 2 there does not.
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APPLICATION OF THE TENSORIAL POLAR DECOMPOSITION
TO 2D MEDIUM WITH OPEN AND CLOSED CRACKS
Boris Desmorat ∗1 and Rodrigue Desmorat2
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Summary Using the recently published tensorial polar decomposition, we investigate the induced anisotropy due to the presence of (noninteracting) cracks in an initially isotropic linear elastic material. Three new results are presented in the case of closed cracks: the microcracking state is represented by a single 2nd order crack density tensor, the compliance tensor is square symmetric, and two cracks arrays
allow to represent the effects of any arbitrary closed microcracks systems, the angle made by the two cracks arrays being π4 .

TENSORIAL POLAR DECOMPOSITION
Considering the structure of 2D symmetric fourth-order tensors, i.e. having both minor and major indicial symmetries,
Verchery polar decomposition [1, 2] is rewritten in a tensorial form entitled Tensorial Polar Decomposition [3]. The main
result is that any 2D symmetric fourth-order tensor T can be written in terms of second-order tensors only in the form


(1)
T = 2t0J + 2t11 ⊗ 1 + 2r0 R00 ⊗ R00 − J + 2r1 (11 ⊗ R01 + R01 ⊗ 1 )
in which R00 and R01 are deviatoric second order tensors of unit J2-norm ( (.)0 denotes the deviatoric part of a second order
tensor). This decomposition that makes explicitly appear invariants t0 , t1 , r0 , r1 and R00 : R01 , and symmetry classes as
orthotropy is R00 : R01 = ±1 or 0, r0 -orthotropy is r0 = 0, square symmetry is r1 = 0 and isotropy is r0 = r1 = 0.
SYMMETRY ANALYSIS OF OPEN AND CLOSED CRACKS CONTRIBUTIONS
Considering a 2D isotropic uncracked material with a compliance tensor S 0 , the induced anisotropy in the 2D cracked
Sopen , closed cracks Ŝ
Sclosed or with
material will result from anisotropy of the change of compliance tensors with open cracks Ŝ
both open and closed cracks. We investigate the type of induced anisotropy using the polar method in the standard framework
of elastic effective properties of solids with non-interacting cracks expressed in terms of compliance tensor [4], so that the
effective compliance tensor S reads:
Sopen + Ŝ
Sclosed
S = S 0 + Ŝ
(2)
Sopen are found to be
The polar parameters of the change of compliance tensor defined for open cracks Ŝ
t̂0o =
t̂1o

1 X (p)
d
2E0 open p

1 X (p)
=
d
4E0 open p

r̂0o = 0
r̂1o

1 X (p) 2iϕ(p)
=
d e
4E0 open p

ϕ̂1o

1
= arg
2

(3)

!
X

(p) 2iϕ(p)

d

e

open p

Previous equation shows that the change in compliance tensor for open cracks is r0 −orthotropic. This symmetry presents all
the properties already discussed in [4] for cracked media.
Sclosed are found to be
The polar parameters of the change of compliance tensor defined for closed cracks Ŝ


X
X
(p)
1
1
1 X (p)
c
(p) 4iϕ(p)
c
(p)
4iϕ
c
+ π
d
r̂0 =
d e
d e
ϕ̂0 = arg 
t̂0 =
4E0
4E0
4
4
(4)
closed p
closed p
closed p
t̂1c = 0

r̂1c = 0

Sclosed in the case of multiple arrays of closed cracks is square
Previous equation (4) shows that the change in compliance Ŝ
symmetric.
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REWRITING WITH SECOND ORDER CLOSED CRACK DENSITY TENSOR
In case of open cracks, the fact that the knowledge of only one second order crack density tensor is needed to represent for
the effects of any arbitrary open microcracks systems is a standard result [4].
For closed cracks, we proove that such a result is also true. Rewriting equation (4) using the tensorial polar decomposiSclosed reads
tion (1), the change in compliance tensor for closed cracks Ŝ


 c0
0
δc
δ
1
c
c
Sclosed =
⊗
−
J
(5)
δm
J + δeq
Ŝ
c
c
E0
δeq
δeq
0

c
c
c
with δm
= 2E0 t̂0c , δeq
= 2E0 r̂0c , δ c /δeq
= 2(Nδc ⊗ Nδc )0 and Nδc = cos(ϕ̂0c ) e1 + sin(ϕ̂0c ) e2 . This allows for the definition
of second order closed crack density tensor
( c
δm = 21 tr δ c
1
0
c
c
c
q
(6)
δ = tr δ 1 + δ
0
0
c
2
δeq
= 12 δ c : δ c

REPRESENTATION OF ANY ARBITRARY CLOSED CRACKS SYSTEM BY TWO NON ORTHOGONAL
FAMILIES OF MICROCRACKS
In case of open cracks, the fact that only two arrays of open cracks are needed to represent for the effects of any arbitrary
open microcracks systems is a standard result [4].
Let us consider multiple arrays of closed cracks. The non zero polar parameters of the change in compliance tensor are
t̂0c , r̂0c and ϕ̂0c , see equation (4). Let us then consider two unknown arrays of closed cracks with densities d(1) and d(2) and
angles ϕ(1) and ϕ(2) . In order to retrieve the same change in compliance tensor by means of only those two arrays of closed
cracks, one has to solve


(2)
c
π
1  (1) 4i(ϕ(1) + π )
1  (1)
4
d + d(2) = t̂0c
d e
+ d(2) e4i(ϕ + 4 ) = r̂0c e4iϕ̂0
(7)
4E0
4E0
with unknowns d(1) , d(2) , ϕ(1) and ϕ(2) at given values t̂0c , r̂0c and ϕ̂0c . By doing so, one shows that two arrays of closed
cracks with densities and angles
d(1) = 2E0 (t̂0c − r̂0c )

ϕ(1) = ϕ̂0c

d(2) = 2E0 (t̂0c + r̂0c )

ϕ(2) = ϕ̂0c +

π
4

(8)

allow to represent the effects of any arbitrary closed microcracks systems. The angle between the to equivalent families of
closed cracks is not π2 as in the open cracks case, it is ϕ(2) − ϕ(1) = π4 .
CONCLUSIONS
The main conclusions of the present work are:
• with open cracks only , the microcracking state is represented by a single 2nd order crack density tensor do and the
compliance tensor is (r0-) orthotropic (standard results),
• with closed cracks only , the microcracking state is represented by a single 2nd order crack density tensor and the
compliance tensor is square symmetric (new result),
• with open and closed cracks, the microcracking state is represented by the two second order tensors and the compliance
tensor can be fully anisotropic (new result),
• two families of cracks allow to represent the effects of any arbitrary open or closed microcracks systems, the angle made
by the two families of cracks being π2 for open cracks (standard result) and π4 for closed cracks (new result).
References
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Institute of Applied Mechanics, School of Aerospace Engineering and Applied Mechanics, Tongji University,
Shanghai 200092, China

1

Summary The condition for existence of bi-stability of FGM cylindrical shells with piezoelectric surface layers is formulated and analytical
expressions for the rolled-up radii of the stable shells are derived by using the principle of minimum potential energy for the elastic shell system.
The solution indicates that the system may have two stable states besides its initial state under an actuating electric field when the direction of
polarization is along the direction of thickness of the piezoelectric layers. The magnitude in the electric field determines the number of the
stable states. The present prediction for the bi-stable states is verified by FEM simulation. The results indicate that a larger magnitude in the
electric field will cause a larger rolled-up radius for the first stable state and smaller one for the second stable state. However, a change in the
constituent volume fraction exponent has no remarkable effect on the rolled-up radii.
INTRODUCTION
Deployable structures have a wide application prospect in space and mechanical engineering. A bi-stability cylindrical shell
owns two stable states, i.e., a coiled state in which the structure is folded along its length and an extended state in which the
structure is unfolded. In general the initial state of the shell is regarded as the first stable state, and the second stable state
corresponds to a local equilibrium position during rolled-up without twisting deformation. Recently related studies show
that laminated cylindrical shells with anti-symmetrical lay-up with respect to the mid-plane present better behaviours of bistability. For isotropic cylindrical shells, it has been proven that they do not have bi-stability [1]. However, the existing
initial stresses may produce the bi-stable states, but one corresponding to its initial state [2]. This paper is aimed at analysis
of existence of bi-stability of FGM (Functionally Graded Material) cylindrical shells with piezoelectric surface layers.
ANALYSIS AND RESULTS
The elastic shell system is formed by a FGM elastic cylindrical shell and its two attached surface anisotropic piezoelectric
layers. The geometry of the shell is shown in Fig.1. The FGM is assumed to be constituted by two materials. The effective
material parameters (elastic modulus, shear modulus, Poisson’s ratio, etc.), can be written by
n
z ) ( 2 z + h / 2h ) is constituent volume fraction, and n ( 0 < n < ∞ ) is volume
Peff (=
z ) PPKVPK ( z ) + PPP (1 − VPK ( z )) where VPK (=
fraction exponent [3]. For the piezoelectric surface layers, it is assumed that the direction of polarization is only along the
direction of thickness, i.e., E3 ≠ 0 , E=
1 E=
2 0 . For every material, the resultant internal forces and moments can be
obtained by integration with respect to the thickness based on the corresponding constitutive equations. Suppose that the
effect of mid-plane strains on bending deformation of the shell is neglected, Gaussian curvature will be zero for a possible
stable shell corresponding to an equilibrium position for the minimum potential energy. Accordingly, a deformed shell can
be characterized by the curvature of the shell, C , and the angle θ indicating a change in orientation of coordinate axes
along 1- and 2-directions (i.e. axial and transverse directions of the shell). The variance of curvatures of the deformed shell
is expressed by χ=
11 C (1 − cos 2θ ) / 2 , χ=
22 C (1 + cos 2θ ) / 2 − K 02 , χ12 = C sin 2θ / 2 . The strain energy for the shell system,
U, can be expressed by U = α Lu / K=
02 in which u
 Dsys 

G=∫

h/2

χ 22 χ12 } , and
t / 2 + t1

Qij z 2dz ,
is 3 × 3 stiffness matrix with its elements =
Dij 2 Dpij + Dfij ( i, j = 1, 2,6 ), Dfij = ∫ Geff z 2 dz , Dpij = ∫
−h / 2
t/2

t / 2 + t1

t/2

{χ }  Dsys  {χ }T / 2 − {χ }{G G 0}T E3 where {χ=} {χ11

e3i′ zdz , Qij = Cij − Ci3C j3 / C33 ( i, j =
1, 2,6 ) , e3′ i = e3i − Ci3e33 / C33 .

The condition for extreme values of the function, U = U ( C , θ ) indicates there are two equilibrium positions for the shell
system, i.e., =
θ1 0,=
C1 GE3 / D11 + K 02 and =
θ 2 π / 2,=
C2 GE3 + D12 K 02 / D11 . The magnitude of two corresponding
=
C1 , R2 1/ C2 . The results show that the first equilibrium position is stable if the condition
rolled-up radii is given=
by R1 1/

equation ( GE3 + D11K 02 ) [( D12 + 2 D66 − D11 )GE3 + 2 D11D66 K 02 ] > 0 is satisfied while the second equilibrium position is stable if
the inequality ( GE3 + D12 K 02 ) ( D12 + 2 D66 − D11 )GE3 + ( D122 − D112 + 2 D12 D66 ) K 02  > 0 holds. It is concluded that there exist two
stable states if the two resulting conditions related to geometrical and material properties of the shell system are all satisfied.
As an example, the PEEK and PP are chosen in computation as two constituent materials with =
E 3.5 × 109 Pa, ν = 0.4 and
=
E 1.4 × 109 Pa, ν = 0.35 , respectively. The thickness of for the FGM shell is =
h 1.25 × 10−3 m . The geometrical parameters
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for the shell and the piezoelectric material property for the surface layers are listed in Ref.[2]. To verify theoretical
prediction, a FEM model is constructed using S4R shell element based on ABAQUS code. The process for the rolled-up of
the shell under the actuating electric field E3 =
−1.1 × 107 (V/m) is presented in Fig.3. The first stable state, corresponding to
the first equilibrium position under the action, is shown in Fig.3(a). Flattening of the shell is shown in Fig.3(b). In this stage,
the shell extends and the rolled-up around the “1” direction disappears gradually while an anti-directional rolled-up around
the “2” direction begins. A state of anti-directional rolled-up is displayed in Fig.3(c). Finally, the shell deforms to its second
stable state corresponding to the second equilibrium position, as shown in Fig.3(d). A comparison of the theoretical
prediction with the FEM simulation is listed in Table 1. A good agreement is observed and shows validity of the present
model. The results show that a larger magnitude in the electric field will cause a larger rolled-up radius for the first stable
state and smaller rolled-up radius for the second stable state. In addition, changes in the rolled-up radii with the constituent
volume fraction exponent are displayed in Fig.2. It is seen that an increase in the exponent results in a larger rolled-up
radius for the first stable state and a smaller radius for the second stable state when the value of exponent is small. However,
the resulting change in the radii is small. The exponent does not produce a remarkable effect on the rolled-up radii.

Fig. 1. Geometry of the shell system

(a)

E3/(*107V/m)
-0.9
-1.1
-1.3

Fig.2. Effect of constituent volume fraction exponent of
FGM on the rolled-up radii of the stable shell

(b)
(c)
Fig. 3. Simulation of process for the rolled-up of the shell
Table 1 Comparison of the rolled-up radii of the stable shell (n=1)
R1/m (present)
R1/m (FEM)
R2/m (present)
1.7201
1.7436
4.0635
2.3106
2.2847
2.5337
3.5186
3.5736
1.8407

(d)

R2/m (FEM)
4.1586
2.5010
1.8200

CONCLUSIONS
The condition equations for existence of bi-stability of FGM cylindrical shells with piezoelectric surface layers are presented by
using the principle of minimum potential energy for the elastic shell system. The analytical expressions for the rolled-up radii of
the stable shells are given and verified by FEM. The result indicates that the system may have two stable states besides its initial
state. The magnitude in the electric field determines the number of the stable states. The computational results show that a larger
magnitude in the electric field will cause a larger rolled-up radius for the first stable state and smaller one for the second stable
state. A change in the constituent volume fraction exponent has no remarkable effect on the rolled-up radii of the stable shell.
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A NEW ELASTIC THEORY FOR NANOMATERIALS AND ITS APPLICATION
Shaohua Chena), Yin Yao & Yaochi Wei
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Summary Within the framework of continuum mechanics, a new theory for nanomaterials based on surface-energy density is proposed to
predict size effect (surface effect) of nanomaterials. In contrast to previous theories, the linearly elastic constitutive relationship that is usually
adopted to describe the surface layer of nanomaterials is not invoked. The surface elastic constants, which is difficult to determine
experimentally, are no longer needed in the new theory. Instead, a surface-induced traction to characterize the surface effect in nanomaterials is
derived. Only the surface-energy density of bulk materials and the surface-relaxation parameter are needed in the new theory. It is further used
to characterize the elastic property of several kinds of nanomaterials or nanostructures, the theoretical predictions agree very well with existing
numerical or experimental ones.

INTRODUCTION
Many experiments have explored the surface effect in nanomaterials, including characterizing surface atomic structures by
using electron diffraction and scanning-probe microscopy. The experimental findings provide a convincing demonstration
that surface effect (size effect) plays an important role in mechanical property of nanomaterials. The energy of each atom in
the surface region deviates significantly from those in the interior of a nanomaterial, and this discrepancy has been
identified as the main cause of size effects associated with the mechanical behaviors of nanoscale materials. The classical
elastic theory has no relations with the scale, which can not predict the mechanical property of nanomaterials. Recently,
based on the surface elastic theory, a large number of theoretical models have been created to analyze size effects in
nanomaterials. However, the involved surface elastic constants in the models can not be measured experimentally till now,
which are also much difficult to determine even using molecular dynamics (MD) calculation.
AN ELASTIC THEORY FOR NANOMATERIALS
As we know that size effect of nanomaterials is essentially induced by the increasing ratio of surface to volume. A typically
physical parameter to describe the surface of nanomaterials is the surface energy density. Based on the surface energy
density of nanomaterials, a new elastic theory to characterize size effect in nanomaterials has been proposed by Chen and
Yao (2014). Consider a nano-solid with an initial (or reference) configuration in a three-dimensional Euclidean space,
which transforms into a current configuration under an external loading.
Relation between the Eulerian surface-energy density φ in the current configuration and the Lagrangian surface energy
density φ0 in the reference configuration satisfies φ = φ0 J s , where J s is a Jacobean determinant characterizing the
surface deformation from the reference configuration to the current one.
In the current configuration, the potential energy function Π of nano-solids can be written as
Π (u) = ∫ ψ (ε )dV + ∫ φ dS − ∫ f ⋅ udV − ∫ p ⋅ udS
V −S

S

V −S

Sp

where ψ is the elastic strain energy density, f and p are the body force and external surface traction; u and ε are
the displacement and strain induced by f and p . Variational analysis of the potential energy yields the equilibrium
equation and stress boundary conditions,
⎧σ ⋅∇ + f = 0 (in V − S )
⎪
⎨n ⋅ σ ⋅ n = p ⋅ n − γ n n (on S )
⎪ ( I − n ⊗ n ) ⋅ σ ⋅ n = ( I − n ⊗ n) ⋅ p − γ
(on S )
t
⎩
where σ is the bulk Cauchy stress tensor, n is the unit normal vector perpendicular to the boundary surface S of the
nano-solid, I is a unit tensor; γ n and γ t are the normal and tangential components of an additional surface-induced
traction vector, respectively, which characterizes the force disturbance at boundaries due to the surface effect. Based on an
infinitesimal element, the principle of virtual work yields the surface-induced traction, which is related to the surface energy
density, γ t = ∇ sφ , γ n n = φ (n ⋅ ∇ s )n . ∇ s is a surface gradient operator. Then, the boundary condition of the new theory
can be rewritten as,
φ0 (n ⋅ ∇ s )
⎧
(in the normal directionon of S )
⎪⎪n ⋅ σ ⋅ n = p ⋅ n −
Js
⎨
φ (∇ J ) ∇ φ
⎪( I − n ⊗ n) ⋅ σ ⋅ n = ( I − n ⊗ n) ⋅ p + 0 2s s − s 0 (in the tangential directions of S )
Js
Js
⎩⎪
a)
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In contrast to G-M theory (Gurtin and Murdoch, 1975), the new theory no longer requires the surface elastic constants. The
Lagrangian surface-energy density φ0 in the reference configuration serves as a unique quantity characterizing the surface
effect of nanomaterials, which depends on the surface-energy density of the corresponding bulk material and the relaxation
parameter (Chen and Yao, 2014). Both Parameters have clearly physical meanings and are very easy to determine through
experiment and simple MD simulation.
APPLICATION OF THE NEW THEORY

The new theory is further used to characterize the elastic property of fcc metallic nanofilms under biaxial tension and
nanowires under bending. It is found that the biaxial modulus of the nanofilm increases with the decreasing nanofilm
thickness and the theoretical prediction agrees very well with the MD simulation given by Streitz et al. (1994) as shown Fig.
1(a). The deflection of a fixed-fixed nanowire predicted by the new theory is consistent with the experimental results given
by Chen et al. (2006) and the theoretical one achieved by He and Lilley (2008) with the Y-L model as shown in Fig. 1(b).
The results predicted by the classical beam theory without surface effect deviate obviously with the experimental one.

Fig. 1(a) Surface effects in nanofilms under biaxial tension

Fig. 1(b) Surface effect in nanowires under bending

Combining molecular dynamics simulation, the new theory is further used to predict size effect of the surface energy
density of nanoparticles. It is found that the parameter in the well-known Tolman equation will influence the size effect
variation trend of the surface energy density of nanoparticles (Yao, et al., (2015); Wei and Chen, (2015)).
An interesting finding is that the whole property of nanomaterials may exhibit nonlinearly elastic due to the nonlinear
boundary conditions on the surface of nanomaterials, though the inside of nanomaterials is linearly elastic. Furthermore, it is
found that the stiffening or softening behavior of nanofilms results essentially from the competition between the residual
surface strain induced by the surface relaxation and the excess surface strain caused by an external loading.
CONCLUSIONS

A new theory to describe surface effect in nanomaterials is developed, in which only the surface energy density of bulkmaterials and the surface relaxation parameter are involved. The present theory is demonstrated to be much convenient for
predicting the mechanical behavior of nanomaterials since the involved parameters are easy to ascertain.
ACKNOWLEDGEMENTS

The work is supported by NSFC (11372317 and 11532013) and the Nano-project (2012CB937500).
References

[1]
[2]

Chen S.H., Yao Y.: Elastic theory of nanomaterials based on surface energy density. ASME: J. Appl. Mech. 81:121002, 2014.
Chen Y.X., Dorgan B.L., Mcllroy D.N., Aston D.E.: On the importance of boundary conditions on nanomechanical bending behavior and elastic modulus
determination of silver nanowires. J. Appl. Phys. 100:104301, 2006.
[3] He J., Lilley C.M.: Surface Effect on the elastic behavior of static bending nanowires. Nano Lett. 8:1798, 2008.
[4] Streitz F.H., Cammarata R.C., Sieradzki K.: Surface-stress effects on elastic properties I. Thin metal films. Phy. Rev. B 49:10699, 1994.
[5] Wei Y.C., Chen S.H.: Size-dependent surface energy density of spherical fcc metallic nanoparticles. J. Nanosci. Nanotecnol. 15:9457-9463, 2015.
[6] Yao Y., Wei Y.C., Chen S.H.: Size effect of the surface energy density of nanoparticles. Surf. Sci. 636:19-24, 2015.
[7] Yao Y., Chen S.H.: Surface effect on resonant properties of nanowires predicted by an elastic theory for nanomaterials. J. Appl. Phys. 118:044303, 2015.
[8] Gurtin M.E., Murdoch A.I.: A Continuum Theory of Elastic Material Surfaces. Arch. Ration. Mech. Anal. 57:291–323, 1975.
[9] Wang G. F., Feng X. Q.: Surface Effects on Buckling of Nanowires Under Uniaxial Compression. Appl. Phys. Lett.94:141913, 2009.
[10] Wang J.X., Huang Z.P., Duan H.L., Yu S.W., Feng X.Q., Wang G.F., Zhang W.X., Wang T.J.: Surface Stress Effect in Mechanics of Nanostructured
Materials. Acta Mech. Solida. Sin.24: 52–82, 2011.

1907

;;,9,&7$0$XJXVW0RQWUHDO&DQDGD

7+(25<2)1$12,1'(17$7,21)2508/7,)(552,&0$7(5,$/6


:HLTLX&KHQD 
Department of Engineering Mechanics, Zhejiang University, Hangzhou 310027, China
2
Soft Matter Research Center, Zhejiang University, Hangzhou 310027, China
3
Key Laboratory of Soft Machines and Smart Devices of Zhejiang Province,
Zhejiang University, Hangzhou 310027, China

1


Summary 0DWHULDOV DW VPDOO VFDOHV PD\ H[KLELW GLIIHUHQW SURSHUWLHV WKDQ WKHLU PDFURVFRSLF FRXQWHUSDUW DQG QHZ WHFKQLTXHV QHHG WR EH
GHYHORSHG DQG XVHG IRU WKH FKDUDFWHUL]DWLRQ RI PLFURQDQR PDWHULDOV 1DQRLQGHQWDWLRQ LV VXFK D QHZ WHFKQLTXH ZKLFK KDV EHHQ ZLGHO\
HPSOR\HGVLQFHLWVGHYHORSPHQW7KHWHFKQLTXHKHDYLO\UHOLHVRQWKHFODVVLFDO+HUW]FRQWDFWWKHRU\IRUHODVWLFPDWHULDOV,WKDVEHHQH[WHQGHGWR
SLH]RHOHFWULFPDWHULDOVDQGPXOWLIHUURLFPDWHULDOVDVZHOO,QWKLVZRUNZHIXUWKHUWDNHWKHVXUIDFHHQHUJ\LQWRWKHDQDO\VLVE\H[WHQGLQJWKH
-.5FRQWDFWWKHRU\IRUHODVWLFPDWHULDOV7KXVDQH[DFWDGKHVLYHFRQWDFWWKHRU\IRU PDWHULDOVZLWKPXOWLILHOGFRXSOLQJVLVHVWDEOLVKHG
ZKLFKPD\VHUYHWKHEDVHRIWKHQDQRLQGHQWDWLRQWHFKQLTXHIRUPXOWLIHUURLFPDWHULDOV 
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   ,QVWUXPHQWHGLQGHQWDWLRQWHFKQLTXHLQZKLFKWKHORDGDQGLQGHQWDWLRQGHSWKDUHFRQWLQXRXVO\PHDVXUHGDQGUHFRUGHG
KDVEHFRPHRQHW\SHRIWKHPRVWXVHIXODQGFRQYHQLHQWPHWKRGVWRFKDUDFWHUL]HPHFKDQLFDOSURSHUWLHVRIFRQYHQWLRQDODV
ZHOODVDGYDQFHGPDWHULDOV7KH\DUHSDUWLFXODUO\XVHIXOZKHQWKHWHVWHGPDWHULDOVDUHDWDPLFURVFDOHRUQDQRVFDOHZKLFK
PD\ H[KLELW GLIIHUHQW SURSHUWLHV WKDQ WKHLU PDFURVFRSLF FRXQWHUSDUW 7KH VXFFHVV RI WKH WHFKQLTXH UHOLHV RQ WKH FODVVLFDO
WKHRU\RIHODVWLFFRQWDFWHVWDEOLVKHGE\+HUW]SOXVDIHZQHFHVVDU\PRGLILFDWLRQV>@
   ,QGHQWDWLRQWKHRULHVIRUVRPHDGYDQFHGPXOWLIXQFWLRQDOPDWHULDOVKDYHDOVREHHQGHYHORSHG*LDQQDNRSRXORVDQG6XUHVK
GHULYHGDQDO\WLFDOFRQWDFWUHODWLRQVIRUW\SLFDOFLUFXODUULJLGLQGHQWHUVFRQWDFWLQJZLWKSLH]RHOHFWULFPDWHULDOVXVLQJ+DQNHO
WUDQVIRUP>@$OPRVWVLPXOWDQHRXVO\&KHQHWDO>@REWDLQHGH[DFWWKUHHGLPHQVLRQDOFRQWDFWVROXWLRQVIRUSLH]RHOHFWULF
PDWHULDOV E\ PDNLQJ XVH RI WKH QHZ UHVXOWV LQ SRWHQWLDO WKHRU\ ,Q WKHLU VROXWLRQV WKH H[DFW H[SUHVVLRQ IRU DQ\ SK\VLFDO
TXDQWLW\DWDQ\SRLQWLQWKHSLH]RHOHFWULFKDOIVSDFHLVDQDO\WLFDOO\JLYHQLQWHUPVRIHOHPHQWDU\IXQFWLRQV7KHPHWKRGZDV
IXUWKHU H[WHQGHG WR PDWHULDOV ZLWK PXWXDO FRXSOLQJV EHWZHHQ HOHFWULF PDJQHWLF DQG HODVWLF ILHOGV WR HVWDEOLVK WKH
LQGHQWDWLRQWKHRU\IRUPXOWLIHUURLFFRPSRVLWHPDWHULDOV>@$UHFHQWVXUYH\RQWKHPHWKRGLVJLYHQLQ5HI>@
   :KHQWKHPDWHULDOVDUHDWDPLFURQDQRVFDOHWKHLUSURSHUWLHVPD\EHGLIIHUHQWIURPWKDWPHDVXUHGDWDPLFURVFDOH7KH
QDQRLQGHQWDWLRQEHKDYLRXURIVPDOOVFDOHGPDWHULDOVPD\WRDODUJHH[WHQWDOVREHFRPHGLIIHUHQW,QWKLVVWXG\ZHWDNHWKH
HIIHFW RI VXUIDFH HQHUJ\ LQWR FRQVLGHUDWLRQ LQ DGGLWLRQ WR WKH PXOWLILHOG FRXSOLQJ FKDUDFWHULVWLF WKDW LV LQWULQVLF IRU
PXOWLIHUURLFPDWHULDOV7KHZRUNLVDQH[WHQVLRQRIWKHZHOONQRZQ-.5DGKHVLYHFRQWDFWWKHRU\IRUHODVWLFVROLGV>@DQG
WKH&KHQ<XWKHRU\IRUSLH]RHOHFWULFPDWHULDOV>@ 
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   :HEDVHRQRXUDQDO\VLVRQSRWHQWLDOWKHRU\DQGHPSOR\WKHIROORZLQJJHQHUDOVROXWLRQIRUPXOWLIHUURLFPHGLD
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MINIMIZATION PRINCIPLES IN PORO-HYDRO-ELASTICITY
AT FRACTURE AND THEIR EXPLOITATION
S. Mauthe, S. Teichtmeister, C. Miehe∗1
1
Institute of Applied Mechanics (CE), University of Stuttgart, Stuttgart, Germany
Summary The goal of this work is twofold. First, a minimization principle for the evolution problem of Biot-type poro-hydro-elasticity is
developed [5]. It does not only have the advantage of a compact canonical notation that emphasizes symmetries. The displacement-flux principle obtained can be exploited by a new unconstrained stable finite element design, while space discretizations of standard displacementpressure saddle point principle are constrained by the LBB condition. Second goal is the coupling of the variational model for poro-hydroelasticity with fracture. This is done by a recently developed phase field approach [1, 5] that regularizes sharp crack discontinuity. In this
multi-physics scenario, specific attention has to be paid to the crack growth function as well as extra treatment of fluid flow inside of cracks.

MINIMIZER IN PORO-HYDRO-ELASTICITY
Following conceptually the recent work Miehe et al. [3], new minimization and saddle point principles are developed
for coupled multi-physics problems. For the model problem of Darcy-Biot-type fluid transport in porous media, it is shown
that the quasi-static problem of elastically deforming, fluid-saturated porous media is related to a minimization principle for
the evolution problem. This two-field principle determines the rate of deformation of the solid as well as the fluid mass flux
vector. It provides a canonically compact model structure, where the stress equilibrium and the inverse Darcy’s law appear as
the Euler equations of a variational statement
{ϕ̇, h} = arg{inf inf Π(ϕ̇, h)}
ϕ̇

(1)

h

A partial Legendre transformation of the dissipation potential relates the minimization principle to a characteristic three
field saddle point principle, the Euler equations of which determine the evolution of deformation, the fluid content as well
as Darcy’s law. Since for the model problem of Darcy-Biot-type fluid transport the fluid content equation is an ordinary
differential equation and hence can be evaluated locally, the saddle point principle turns out to be the classical displacementpressure formulation.
The existence of these variational principles underlines inherent symmetries of Darcy-Biot theories of porous media. This
can be exploited in the numerical implementation by the construction of time- and space-discrete variational principles, which
fully determine the update problems of typical time stepping schemes. Here, the proposed minimization principle for the
coupled problem is advantageous with regard to a new unconstrained stable finite element design, while space discretizations
of the saddle point principles are constrained by the LBB condition, see Miehe et al. [5]. The non-standard variational structure
of the minimization principle demands for a conforming finite element discretization the fluid mass flux to be approximated by
a Raviart-Thomas space. Alternatively, we show that using a standard nodal-based finite element formulation in combination
with a reduced integration technique of the coupling term does also lead to stable results.
MINIMIZER IN PORO-HYDRO-ELASTICITY AT FRACTURE
Next, this formulation is coupled to a phase-field approach for fracture, characterized by a regularization that converges for
vanishing length-scale parameter to a sharp crack. In contrast to formulations with a sharp-crack discontinuities, the proposed
regularized approach has the main advantage of a straight-forward continuum modeling of complex crack patterns including
branching. The phase field regularization can be regarded as a specific gradient damage modeling approach with geometric
features rooted in fracture mechanics, see Miehe et al. [2].

Figure 1. Crack formation and evolution of a drying process in soils.
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Figure 2. Crack formation in a hydraulic fracturing process.
In this work, we extend the general concepts of phase field fracture modeling to the coupled problem of Biot-Darcy-type porohydro-elasticity at fracture. The quasi-static coupled problem is shown to be related to a three-field minimization principle for
the evolution problem, that in addition to the rate of deformation of the solid and the fluid mass flux vector determines the
evolution of the crack phase field variable.
{ϕ̇, h, ḋ} = arg{inf inf inf Π(ϕ̇, h, ḋ)} .
ϕ̇

h

(2)

ḋ

Taking the variation of this potential provides the Euler equations
1. Stress equilibrium

b − (m0 + m)ḡ
−Div[∂F ψ]

= 0 in B0

2. Inverse Darcy law

∇[∂m ψb − ḡ · ϕ] + ∂H φb = 0 in B0

3. Phase field evolution

b + ∂ φb ∋ 0 in B0
∂d ψb − Div[∂∇d ψ]
ḋ

4. Prescribed tractions
5. Prescribed fluid potential
6. Phase field outflux

∂F ψb · n0 − t̄0

= 0 on ∂B0t

∂∇d ψb · n0

= 0 on ∂B0

(3)

−∂m ψb + µ̄ = 0 on ∂B0µ

Following Miehe et al. [4], different phase field growth functions appropriate for porous media at fracture at large strains are
investigated, which allow for crack evolution in tension and account for the local irreversibility of crach growth.
Computational implementations of the minimization problem are applied to two model problems: (i) Drying processes in
soils and (ii) hydraulic fracturing processes, see Figures 1 and 2. For the problem of hydraulic fracturing in soils, a crucial
point is the description of the fluid flow inside the crack. This includes a transition from an isotropic Darcy-type fluid flow in
the unbroken bulk material to an anisotropic Poiseuille-type fluid flow within a crack. To do so, appropriate transition rules
considered in Miehe et al. [1, 5] are discussed.
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http://dx.doi.org/10.1016/j.cma.2015.09.021.
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phase field modeling of fracture. Journal of the Mechanics and Physics of Solids, 82: 186217, 2015.
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VARIATIONAL PHASE FIELD MODELS FOR DUCTILE FRACTURE AT FINITE STRAIN:
A GRADIENT-EXTENDED PLASTICITY-DAMAGE THEORY
AND ITS MICROMORPHIC REGULARIZATION
S. Teichtmeister, F. Aldakheel 1
C. Miehe∗ , ____________
1
Institute of Applied Mechanics (CE), University of Stuttgart, Stuttgart, Germany
Summary A novel variational-based theory [7, 9] for the phase field modeling of ductile fracture in elastic-plastic solids at large strains is
outlined. The phase field approach, which regularizes sharp crack surfaces within a pure continuum setting by a specific gradient damage
modeling, is linked to a formulation of gradient plasticity. The framework includes two independent length scales which regularize both the
plastic response as well as the crack discontinuities. This ensures that the damage zones of ductile fracture develop inside of plastic zones,
and guarantees on the computational side mesh objectivity in postcritical ranges.

DIFFERENT PHASE FIELD APPROACHES TO FRACTURE
Ductile fracture is a phenomenon that couples at the macroscopic level plastic deformations with the accumulation of damage and crack propagation. Damage is caused by deformation mechanisms at the microscopic level, such as void nucleation,
growth and coalescence, the formation of micro-shear-bands and micro-cracks. A large number of phenomenological and
micro-mechanically approaches exists for the continuum modeling of ductile fracture, see e.g. Besson [3] for an overview.
From a computational point of view, the tracking of sharp crack surfaces provides substantial difficulties and is often
restricted to simple crack topologies. This difficulty can be overcome by recently developed phase field approaches to fracture,
which regularize sharp crack discontinuities within a pure continuum formulation. This geometrically motivated diffusive
crack modeling allows the resolution of complex failure patterns. For Griffith-type brittle fracture, a Γ-convergent variational
structure based on the Mumford-Shah functional steming from image segmentation is presented in Bourdin et al. [4]. For
this model, a typical temporal development of the fracture phase field is depicted in Figure 1a). Here, irreversibility of the
cracking process is modeled by evolving Dirichlet-type boundary conditions and does not constrain the fracture phase field
locally. The phase field approach presented by Miehe et al. [6] is a gradient damage theory with constitutive structures rooted
in fracture mechanics, which bases on the incorporation of a regularized crack surface density function motivated by geometric
considerations. Here, a local irreversibility constraint on the fracture phase field is included, which, in contrast to the first
mentioned formulation, allows the phase field variable only to grow. Figure 1b) depicts a typical evolution of the fracture
phase field for a gradient damage theory with threshold, as considered in Pham et al. [10] and Miehe et al. [8]. Note, that both
approaches result in a distribution of the phase field with a non-differentiable point at the cracked point and are hence suitable
to reproduce a sharp crack limit for a vanishing length scale.
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Figure 1. Evolution of the fracture phase field d for formulations a) without and b) with local irreversibility.
COUPLING OF GRADIENT PLASTICITY AND GRADIENT DAMAGE
Extensions to the phase field modeling of ductile fracture are exclusively related to the second approch, representing
conceptually a coupling of gradient damage mechanics with models of elasto-plasticity, see Alessi et al. [1] and Ambati et
al. [2]. However, these settings combine models of local plasticity without inherent length scales to the gradient-damagetype phase field modeling of fracture. This does not meet the demand of related plastic and damage length scales, keeping
regularized fracture zones inside of plastic zones, and does not guarantee on the computational side mesh objectivity in
postcritical ranges. This is achieved in the recent work Miehe et al. [7] that couples gradient plasticity to gradient damage. A
characteristic computational result is depicted in Figure 2.
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Figure 2. Ductile fracture of a V-notch bar in tension. Contours of equivalent plastic strain α and fracture phase field d for
different combinations of fracture lf and plastic length scale lp > lf .

However, the implementation of coupled gradient plasticity-damage by the finite element method is demanding. Especially
on the plastic side, the realization of sharp plastic boundary induces substantial difficulties. An alternative is conceptually
provided by the micromorphic approach to gradient-extended models in the sense of Forest [5], which was applied in Miehe et
al. [9] as a regularization of the canonical theory developed above. Here, the key idea is the introduction of dual local-global
¯ d} and {ᾱ, α} linked via a penalty method, where only the global fields α and d are restricted by boundary
field variables {d,
conditions. With these extensions at hand the evolution problem of gradient damage coupled with gradient plasticity is shown
to be governed by the pure minimization principle
˙ ᾱ,
¯˙ ε̇p } = Arg{
˙ d,
{ϕ̇, α̇, d,

inf

˙ ε̇p
˙ d̄,
ϕ̇,α̇,ḋ,ᾱ,

˙ ᾱ,
¯˙ ε̇p ) } ,
˙ d,
Π(ϕ̇, α̇, d,

the existence of which accounts for inherent symmetries of the coupled problem.
In summary, the basic ingredients of the proposed formulation are three aspects: (i) A phase field model for ductile fracture
that combines ingredients of gradient plasticity and gradient damage. (ii) A thermodynamic framework that is fully variational
in nature, based on a split of a work density function W into energetic and dissipative parts, and a dissipation function V with
separate thresholds for plasticity and damage. (iii) The micromorphic regularization of the variational principle of gradientenhanced plasticity-damage, allowing a convenient and robust numerical implementation. The modeling capacity of the
formulation is underlined by representative numerical simulations.
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THE VARIATIONAL PRINCIPLE FOR PROBABILISTIC MEASURE, HASHIN-SHTRIKMAN
BOUNDS AND BEYOND
Victor L. Berdichevsky1a, David Ostberg1
Mechanical Engineering Department, Wayne State University, MI 48202, USA

1

Summary Numerical studies reveal the enormous complexity of local fields in composites with random microstructures. There is no
doubt that the local fields can be described adequately only in probabilistic terms. Such description is needed not only for characterization
of the state of a composite, but also for prediction of microstructure evolution due to plasticity, fatigue, or fracture, where the path of
evolution is controlled by the local fields. At the moment, the probabilistic characteristics of local fields are sought by statistical analysis
of a huge number of numerical simulations conducted for different realizations of microstructures. Apparently, a more practical way is
desirable. In this talk it is discussed the possibility of using for such purposes the variational principle for probabilistic measure
constructed in (Berdichevsky, J. Appl. Math. Mech., 1987). We derive classical results of homogenization theory and obtain statistical
characteristics of local fields which were not available previously.
Numerical studies reveal the enormous complexity of local fields in composites with random microstructures. There is no
doubt that the local fields can be described adequately only in probabilistic terms. Such description is needed not only for
characterization of the state of a composite, but also for prediction of the evolution of microstructures due to plasticity,
fatigue, or fracture, where the path of evolution is controlled by the local fields. At the moment, the probabilistic
characteristics of local fields are sought by statistical analysis of a huge number of numerical simulations conducted for
different realizations of microstructures. Apparently, a more practical way is desirable. In this talk the possibility of using
for such purposes the variational principle for probabilistic measure [1-3] is discussed.
The variational principle for probabilistic measure states that the true probabilistic characteristics of local fields u give
minimum value to the mathematical expectation of energy,
If 

 a, ufa, udadu,

where a denotes the set of material characteristics, u the set of field gradients (electric field, strains, etc), Λ(a,u) energy
density, f(a,u) one-point joint probability density of material characteristics a and field gradients u. The admissible functions
f(a,u) satisfy an infinite chain of constraints, which include all n-point probability densities of fields a and u. The variational
principle was proved in [1] and discussed in detail in [2]. The major difficulty in applications of the variational principle is
to understand how to properly truncate the infinite chain of constraints. The first advancement in this direction was made in
[3], where approximate solutions for probabilistic characteristics of local fields were obtained for lognormal composites and
some two-phase composites. In this talk it will be shown that
1) the basic approximations of probability density for two-phase composites with random microstructures (Reuss,
Hashin-Shtrikman) correspond to δ-functions concentrated at two points; the corresponding fields u are not potential,
2) if probability density is concentrated at a number of points, then the minimum number of points that are necessary to
satisfy the potentiality condition is three,
3) the approximate solutions for probability density concentrated at three points and obeying the potentiality constraint
are obtained for heat conduction and elasticity of two-phase composites; the corresponding effective moduli are within
Hashin-Shtrikman bounds while local fields get more accurate description,
4) an iteration procedure is developed for further rectification of the local field description.
References
[1] Berdichevsky V.L.: The problem of averaging of random structures in items of distribution functions. J. Appl Math Mech (PMM) 51:704-710, 1987.
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RANDOM STRUCTURE COMPOSITES WITH NONLOCAL THERMOELASTIC
PROPERTIES OF CONSTITUENTS
Valeriy Buryachenko ∗
Micromechanics & Composites LLC, Dayton, Ohio 45459, USA
Summary A theory of thermoelastic composite materials (CMs) with nonlocal properties (either strongly nonlocal or peristatic) of constituents is analyzed for multiphase statistically homogeneous elastic solids of arbitrary geometry and material symmetry subjected to the
homogeneous boundary conditions. One obtains the new representation of the effective modulus and compliance through the mechanical
influence function which does not explicitly depend (as opposed to its local counterpart) on the elastic operators of constituents. A generalization of the Hill’s [1] equality to the composites with nonlocal properties (either strongly nonlocal or peristatic) is proved. However,
the representations of the effective eigenfields through the mechanical influence functions generalizing Levin’s [2] representation does not
in general hold for thermoperistatic CMs. The general integral equations (GIEs) connecting the displacement fields in the point being considered and the surrounding points are proposed without any auxiliary assumptions which are implicitly exploited in the known centering
methods.

CM WITH NONLOCAL THERMOELASTIC PROPERTIES OF CONSTITUENTS
The current interest in nonlocal simulation is driven largely by a practical need in the design, fabrication and characterization of nanocomposites containing heterogeneities with at least one size of nano length scale. The general results establishing
the links between the effective properties (effective elastic moduli, effective thermal expansion, and effective specific heat) and
the corresponding mechanical and transformation influence functions are worthy of notice. The works of this general direction were inspired by Hill [1] and Levin [2], who obtained the classical representations of effective elastic moduli and thermal
expansion through the mechanical influence functions. In the current presentation, we formulate a theory of thermoelastic
composites with nonlocal properties of constituents at the similar level of generality as [1, 2] whose micromechanical theories
for composites contain only constituents with local elastic properties. We restrict our consideration to thermostatics, so that we
analyze systems at uniform temperature. Due to their generality, we will use the nonlocal integral models because the gradient
models are usually derived as approximations of corresponding integral models in the immediate (infinitely closed) vicinity
of the point being considered. One explores a simplified theory for linear elasticity (”strongly nonlocal”, see for references ),
which differs from the classical local theory in the stress-strain constitutive relation only σ(x)L ∗ ε(x) + α(x), whereas the
equilibrium and compatibility equations remain unaltered; here the elastic integral operator L is defined by the kernel L(x, y)
depending on the scalar attenuation function L(x, y) = L(x)λ(x, y).
One [3] obtains the new representations of the effective modulus and compliance through the mechanical influence function which does not explicitly depend (as opposed to its local counterpart) on the elastic operators of constituents. These
representations yield the symmetry of local effective properties K∗ [K∗ = L∗ , M∗ = (L∗ )−1 ] inside the index pairs. The
symmetry of K∗ between the index pairs (K∗ )⊤ = K∗ was prowed from the new energetic representations of K∗ . One also
prowed that the effective elastic operator (which is the tensor L∗ in our case) is self-adjoint if the nonlocal elastic operator at
the fine scale is self-adjoint. The representations for the effective eigenstrains and eigenstresses through either the mechanical
influence functions or transformation influence functions are presented. The effective strain energy and potential energy are
expressed in terms of only average values of the state variables and the effective properties. Representations of both the first
and second statistical moments of stress and strain fields in the constituents are also performed. Many of the results were
obtained as the straightforward generalizations of their local counterparts because the methods used for obtaining the mentioned results widely exploit the Hill’s [1] condition which holds for any compatible strain field and equilibrium stress field
not necessarily related to each other by a specific stress-strain relation.
In spite of a variety of nonlocal models for a single heterogeneity in an infinite matrix (first problem), these solutions are
usually incorporated in a generalized Mori-Tanaka scheme (second problem) although the use of any other micromechanical
method based on the effective field hypothesis (EFH, see for references [4]) presents no difficulties. However, the MoriTanaka scheme is just a particular case of a one particle version of the effective field method (EFM) which is based on
both the hypothesis of effective field homogeneity and quasi-crystalline approximation (see for details [4]). However, the
nonlocal nature of constitutive law necessarily leads to inhomogeneity of stress distribution inside homogeneous ellipsoidal
inclusion that in turn leads to a drastic inhomogeneity of the effective fields (it will be qualitatively demonstrated in the
current presentation) that makes validity of the classical micromechanical approaches to be questionable. A solution of a
volume integral equation for one heterogeneity inside an infinite matrix is presented by the iteration method. The operator
representation of this solution is incorporated into the new general integral equations (GIE, see [5-7]) of micromechanics
proposed without exploiting basic hypotheses of classical micromechanics such as the EFH and the “ellipsoidal symmetry”
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assumption. New GIEs present in fact the new (second) background of multiscale analysis offering the opportunities for a
fundamental jump in multiscale research of random heterogeneous media with drastically improved accuracy of local field
estimations (with possible change of sign of predicted local fields). These new GIEs are obtained by centering procedure
of subtraction from both sides of a new initial integral equation their statistical averages obtained without any auxiliary
assumptions which are implicitly exploited in the known centering methods. Numerical results are presented in [8].
TERMOPERISTATIC COMPOSITES
In contrast to the classical local and nonlocal theories, the peridynamic equilibrium equation introduced by Silling [9] is
free of any spatial derivatives of displacement and presented in the form of a Fredholm equation
of second kind (bond-based
∫
approach, see for the notations and details [1]): L̂(u)(x) + b(x) = 0, where L̂(u)(x) = f (u(x̂) − u(x), x̂ − x, x)dx̂ and
f is a pairwise force function (called also a bond force). In opposite to micromechanics of thermoelastic composite materials
(CM, [1, 2]), the general theory of peristatic CM is not nearly developed. Because of this even the background concepts of
micromechanics (see for details, e.g., [10, 11]) such as the effective moduli and effective eigenfields are not yet defined in
the theory of random structure peristaltic CMs. The current work is dedicated to closing this gap between micromechanical
approaches and perydynamic models and to generalization of the mentioned general results for thermoelastic CMs to its
peristatic counterparts.
For statistically homogemneous thermoperistatic media subjected to homogeneous volumetric boundary loading, one
proved that the effective behaviour of this media is governing by conventional effective constitutive equation which is intrinsic to the local thermoelasticity theory. A generalization of the Hill’s equality to the peristatic composites is proved. The
general results establishing the links between the effective properties (effective elastic moduli, effective thermal expansion)
and the corresponding mechanical and transformation influence functions are obtained by the use of decomposition of local
fields into the load and residual fields. A detected similarity of results for both the locally elastic and peristaltic composites is
explained by the fundamental reasons because the methods used for obtaining of the mentioned results widely exploit the Hill’s
[1] condition (generalized to the peristatic CMs in this work) and the self-adjointness of the stress operator Lσ defined by the
equation σ(x) = Lσ (u)(x), Lσ (u)(x) := Lσ (C, α, u)(x). Effective moduli L∗ end effective eigenstrain β ∗ of termoperistatic CM are expressed through the introduced new concept of the local stress polarisation tensor τ (x) = Lσ (C1 , α1 , u)(x)
averaged over the extended inclusion phase rather than in an entire space. Here C1 and α1 are the jump of the micromodulus
and microeigenstress, respectively, inside the inclusion with respect to the matrix. pectations. However, the representations of
the effective eigenfields through the mechanical influence functions generalizing Levin’s [2] representation does not in general
hold for thermoperistatic CMs (see for references and details [11]).
For thermoperistatic CMs, the new general integral equations (GIE) connecting the displacement fields in the point being
considered and the surrounding points is proposed in the operator form of perturbators expressed through the local stress
polarisation tensor τ (x) and generalizing their thermoelastic counterpart [10]. The mentioned analogy instills confidence in
ease of straightforward generalizations of well known methods of micromechanics of thermoelastic media (see for references
[6, 7]) to its thermoperistatic counterparts. The numerical results are presented in [10, 12, 13] for 1D examples demonstrate
a convergence of effective properties estimations obtained for peristatic composite bar to the corresponding exact evaluations
for the local thermoelastic theory.
The author acknowledges the support of the US Office of Naval Research.
References
[1] Hill R.: Elastic properties of reinforced solids: some theoretical principles. J Mech Phys Solids, 11: 357–372, 1963.
[2] Levin V.M.: Thermal expansion coefficient of heterogeneous materials. Izv AN SSSR, Mekh Tverd Tela, 2, 88–94, 1967 (In Russian. Engl Transl. Mech
Solids, 2: 58–61, 1967)
[3] Buryachenko V. A.: On thermoelastostatics of composites with nonlocal properties of constituents. I. General representations for effective material and
field parameters. Int. J. Solids and Structures 48: 1818–1828, 2011.
[4] Buryachenko V.: Micromechanics of Heterogeneous Materials. Springer, NY, 2007.
[5] Buryachenko V. New Background of Micromechanics. iMechanica; http://imechanica.org/node/17650). Posted 12.14.2014, 1600 visitors on 01.15.2016.
[6] Buryachenko V.: Solution of general integral equations of micromechanics of heterogeneous materials. J. Solids and Structures. 51: 3823-3843, 2014.
[7] Buryachenko V.: General integral equations of micromechanics of heterogeneous materials. J. Multiscale Comput. Enging., 13: 11–53, 2015.
[8] Buryachenko V. A.: On thermoelastostatics of composites with nonlocal properties of constituents. II. Estimation of effective material and field parameters. Int. J. Solids and Structures 48: 1829–1845, 2011.
[9] Silling S.: Reformulation of elasticity theory for discontinuities and long-range forces. J. Mech. Physics of Solids, 48: 175–209, 2000.
[10] Buryachenko V. A.: Some general representations in thermoperistatics of random composites. Int. J. Multiscale Comput. Enging., 13: 331-350, 2015.
[11] Buryachenko V.A.: Thermoperistatics of random structure composites: some background principles. Math. Mech. of Solids. 21, 2016 (in press).
[12] Buryachenko V.: Effective elastic modulus of heterogeneous peristatic bar of random structure. J. Solids and Structures 51: 2940–2948, 2014.
[13] Buryachenko V. A.: Effective thermoelastic properties of heterogeneous thermoperistatic bar of random structure. J. Multiscale Comput. Enging. 13:
55–71, 2015.

1916

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

MICROMECHANICS OF MAGNETO- AND ELECTRO-ACTIVE SOFT COMPOSITES
Stephan Rudykh∗
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Summary In this work, we analyze the nonlinear coupled behavior of magnetoactive elastomer (MAE) composites undergoing finite deformations in the presence of a magnetic field. The responses of MAEs with periodically distributed active particles embedded in a soft
matrix are determined numerically. These numerical results together with analytical estimates for random distributions of particles illustrate
the strong sensitivity of the magnetomechanical coupling to changes in microstructures. Based on an exact solution for magneto-active
laminates, we propose a model for anisotropic MAEs with chain-like structures induced during the curing process in a magnetic field. Next,
stability of the anisotropic MAEs is analyzed, and explicit expressions for critical magnetic field are derived in terms of constituents’ volume
fractions and material properties. Finally, a new distinct mode of instabilities is found for the composites with high concentrations of the
active phase. Thanks to the mathematical analogy, the findings also apply to dielectric elastomer composites.

INTRODUCTION
Magneto-active elastomers (MAE) are soft responsive materials that can change their effective stiffness and undergo finite
deformations when subjected to an external magnetic field. Thanks to MAEs’ abilities to remotely, rapidly and reversible
change their properties and shape, many potential applications have been proposed ranging from vibration and acoustic control
devices to actuators and biomedical applications. These active composite materials usually comprise magnetizable particles
embedded in a soft elastomeric magnetically inactive matrix. Thus, the magneto-active properties are due to the interactions
of the magnetizable particles, while the ability to deform is provided by the soft magnetically inactive matrix. The distribution
of the active particles can be characterized by different statistics, however, it depends on the MAE fabrication process. For
example, an application of a magnetic field during the curing process leads to the alignment of the particles with the applied
magnetic field, forming the so-called chain-like structures. Indeed, the effect depends strongly on the intensity of the applied
field. Moreover, recent advances in fabrication (including additive manufacturing and 3D printing) may allow realizations of
highly structured composites. Motivated by this, in this work, we examine the influence of various microstructures of MAEs
on the magneto-mechanical coupling and actuation. The heterogeneity can be an origin for MAEs’ instabilities, reminiscent
of the purely elastic bifurcations. Here, we analyze this important aspect of MAEs behavior, and make use of the obtained
effective properties to estimate the onset of instability on the macroscopic level. However, coupled instabilities may develop
earlier at a smaller length-scales. To predict these so-called microscopic instabilities the Bloch-Floquet analysis is utilized as
described below.
MODELING COUPLED BEHAVIOR OF MAGNETO-ACTIVE ELASTOMERS
To analyse the magnetomechanical coupling in MAEs with periodic microstructures, we employ the finite element (FE)
method. We construct representative volume elements (RVE) and apply the corresponding periodic boundary conditions. The
magneto-static problem is solved separately in the deformed configuration provided by the solution of the equilibrium state.
The resulting magnetic field is used to calculate the magnetically induced stress tensor, which is added to the equilibrium
equations. Thus, the two-way magnetomechanical coupling is established in the numerical solver.
We examine the periodic structures with rectangular and hexagonal RVEs subjected to finite strains in the presence of a
magnetic field. To analyse the behavior of these periodic composites, we defined the effective magneto-mechanical coupling
coefficient and calculate the actuation strain in response to a magnetic excitation. These quantities are found to be very
sensitive to variations of the concentrations and shape of the active particles. For example, the magnetomechanical coupling
can be of different sign for the hexagonal and rectangular periodic MAEs with identical volume fractions and shapes of the
particles. As a result, these composites exhibit very different actuations [1].
We compare the responses of the periodic composites and MAEs with random distribution of the particles. The estimates
for MAEs characterized by random distributions are obtained from the model of Ponte-Castañeda and Galipeau [2]. We
find that periodic and random MAEs exhibit a very similar behavior in the range of small strains and weak (particle shape
induced) anisotropy. However, the magnetomechanical coupling becomes rather different for large strains and more complicated shapes of inclusions. This sensitivity allows us to enhance the magnetomechanical coupling and actuation by tailoring
the microstructure of the periodic MAEs according to the range of operational strains and magnetic fields.
Finally, we introduce a compact model for anisotropic MAEs with chain-like structures induced during the curing process
[3]. The model is based on an exact analytical solution for layered MAEs. Thanks to the built-in anisotropy, the idealized
model allows the modeling of MAEs with chain-like structures aligned along a preferable direction. The availability of such
solutions can be used to estimate and predict the onset of instabilities in the corresponding MAEs, as described next.
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MACROSCOPIC AND MICROSCOPIC MAGNETO-MECHANICAL INSTABILITIES
To analyze the macroscopic instabilities, we derive a condition based on the effective magneto-elastic moduli for the
general 3D magnetomechanical loadings. The macroscopic stability criterion is further specialized for 2D problems, and it is
written in terms of sixth order polynomial with coefficients comprising combinations of magneto-mechanical moduli. Then,
we apply this condition to study the stability of anisotropic MAEs characterized by the idealized laminate model. We identify
the corresponding stable and unstable domains in terms of magneto-mechanical loadings, volume fractions and contrasts in
the material properties of the constituents [3, 4]. Remarkably, compact explicit expressions are derived for critical magnetomechanical loadings in terms of the volume fractions and material properties of the consentient.
To identify the onset of possible instabilities on smaller length-scales, we employ the Bloch-Floquet technique for the
instability analysis superimposed on the finitely deformed state in the presence of a magnetic field. For the finitely deformed
state, we utilize the exact analytical solution obtained for the active laminates. We find that for a large range of moderate
volume fractions and magneto-mechanical loadings, the microscopic and macroscopic instabilities appears at very close levels
of magneto-mechanical loadings. However, for small concentrations of the active phase, the microscopic instabilities occur
first and they are significantly different from the macroscopic ones. This is similar to the elastic instabilities reported for
purely mechanically loaded laminates [5]. Remarkably, at high concentrations of the active phase, the analysis predicts the
existence of a distinct mode of coupled instabilities [6], which does not appear in the purely mechanical case.
CONCLUSIONS
We studied the behavior of MAE undergoing finite deformations in the presence of a magnetic field. Through the FE
based numerical simulations, we find that MAE composites with similar microstructures (periodic hexagonal and rectangular
arrangements of active particles) and identical volume fractions and particle shapes exhibit very different magneto-mechanical
behavior for various ranges of magnetomechanical loadings. Moreover, the comparison with the analytical estimate of PonteCastañeda and Galipeau for isotropic MAE with random distributions of particles shows that the periodic microstructures can
be tailored to enhance the magnetomechanical coupling. The behavior of the anisotropic MAEs with chain-like alignments
of the particles was analyzed by means of the compact analytical model based on an exact solution for soft magneto-active
laminates. This solution is used to analyze the stability of the magnetoactive composites on macroscopic and microscopic
length-scales. A new distinct type of coupled instabilities, which does not appear in the purely mechanical case, is revealed
in composites with high concentration of the active phase. Thanks to the mathematical analogy, the findings also apply to
another class of soft active materials, namely, dielectric elastomer composites.
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ELASTIC FIELDS AND EFFECTIVE PROPERTIES OF TRIANGULAR LATTICE WITH
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Summary We consider linear elastic deformation of the two-dimensional triangular lattice with multiple vacancies. For the lattice with
doubly periodic system of vacancies we derive closed-form analytical expressions for displacement field, and calculate effective elastic
moduli. Molecular dynamics simulations of a lattice with random distribution of vacancies are carried out, and we compare the obtained
elastic moduli with the analytical results. If the vacancy concentration is less than 4%, random and periodic distributions of vacancies
produce the same effect on elastic moduli. We examine the possibilities and limitations of modeling of the lattice with vacancies by an
elastic continuum with holes. We conclude that it is possible to model the effective elastic properties adequately, if the shape of the holes is
chosen appropriately. Nevertheless, the strain field, in particular, strain concentration differs significantly.

The influence of point defects on physical properties of crystals is a long-standing problem in mechanics and physics
of solids. Foundations of continuum theory of lattice defects have been developed in pioneering works of Eshelby [1, 2].
In continuum mechanics, such defects are modeled as pores in a homogeneous elastic medium, and continuum mechanics
tools are used for calculation of displacement fields, elastic interaction of defects, effective properties of imperfect crystals,
etc. Although the continuum mechanics modeling is expected to be appropriate for the effective properties, it may become
inadequate at microscale, in particular, near vacancies, where the discreteness plays important role [3, 4].
One of the first attempts to solve the problem in the discrete formulation was made by Kanzaki [5], where foundations of
the so-called lattice statics method have been developed. The effect of vacancy is simulated by applying forces to atoms that
simulate interatomic interactions with both the nearest and farther lying atoms. Then equations of lattice statics in harmonic
approximation are solved using discrete Fourier transform. An alternative discrete approach based on lattice Green’s function
has been proposed by Tewary [6] who showed that this approach is equivalent to Kanzaki one, but is computationally simpler.
The two dimensional modeling taken in the present work is relevant for a variety of 2-D materials that have become
available due to recent advances in technology, such as graphene, 2-D colloids, etc. Displacement fields caused by point
defects in two-dimensional colloidal crystals were studied in [7, 8]. Authors have adopted Ewald summation technique for
solution of continuum elasticity problems with periodic boundary conditions. It has been demonstrated that the continuum
theory looses accuracy in close vicinity of defects. However, displacement fields around vacancies have not been given.
The present work focuses on elastic deformation of a triangular lattice with periodic array of vacancies. Firstly, the
displacements of all particles are expressed in terms of a mean strain; secondly, using Hooke’s law and defining the mean
traction as the mean force acting on the cell boundary (that, in turn, is a function of displacements), the effective moduli are
calculated that can be used further to find the relation between displacements and stresses applied at infinity. This approach
differs from Kanzaki and lattice Green’s function approaches, where the displacements are expressed in terms of interatomic
forces. Note that our approach constitutes a discrete analog of doubly periodic problem in continuum elasticity [9, 10, 11].
Analytical treatment of the discrete doubly periodic problem is based on the exact solution of corresponding partial difference
equations. Closed form expressions for particle displacements in the mentioned discrete doubly periodic problem are obtained
by the use of discrete Fourier transform.
We examine the following issue: “to what extent a vacancy in triangular lattice can be modeled by a pore (hole) in
elastic continuum media and what the pore shape should be?” The equivalence is considered from two points of view: (i)
displacement field around a vacancy and (ii) effective elastic properties of a lattice with vacancies. Effective elastic moduli of
a triangular lattice with doubly-periodic system of vacancies are calculated analytically. Afterwards, the results are compared
with molecular dynamics simulations for a crystal with random distribution of vacancies. Then, the effective elastic moduli
obtained in the discrete formulation are compared with prediction of continuum elasticity theory for porous medium, and the
question of the pore shape is discussed. Figure 1a shows that, from the viewpoint of the effective elastic properties, a lattice
with vacancies can be modeled in the framework of 2-D elasticity (plate with holes). In continuum elasticity models, the
effective elastic moduli depend on pore shapes, with the circular shape being the stiffest one among all shapes of given area.
However, in this case the circular pore shape assumption results in poor agreement with discrete models: the discrete system is
softer. The difference between circular and best-fit shapes is even larger for the effective Poisson’s ratio. Note that hole shape
factors required for the best fit are substantially different from the ones for a circle, and the geometrical shape corresponding
to the mentioned shape factors is not easily identifiable (and may even be non-unique).
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a
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Figure 1: (a) The porosity dependence of the effective bulk modulus of a triangular lattice with periodic and random distributions of vacancies. The moduli are normalized to their values in absence of vacancies. Comparison with the continuum
results [12] for best-fit shape factors (solid line) and for circular pores (dashed line). (b) The radial displacement as a function
of the dimensionless distance from the vacancy. Volumetric strain.
However, the strength characteristics and local fields — in particular, strain concentrations near vacancies — cannot be
adequately modeled in the continuum elasticity framework. One of the crucial differences between the discrete and continuum
solutions is demonstrated in the off-set figure in Figure 1b. In the vicinity of vacancy the dependence of radial component of
particle displacements on distance is non-monotonic. In an elastic plate with a hole, the presence of the hole leads to concentration of stresses. The stress concentration factor for a circular hole under imposed volumetric strain is equal to 2 at all points
of the boundary; for other shapes, the maximal, around the boundary, concentration factor is higher. Vacancy causes similar
effect, however calculation of stress concentration factor is not straightforward, since stresses in discrete media are defined
somewhat ambiguously [13]. We define and compute, the strain concentration factor, k, as the ratio of the maximal deformation of the bonds adjacent to the vacancy to the deformations of bonds at infinity. In the case of volumetric deformation,
the maximum elongation is reached in the bonds that surround the vacancy kvol = 1.642 that is substantially smaller than the
value of 2 for the circular hole; the difference with non-circular shapes providing the best fit for the effective moduli will be
larger, as well as for other modes of loading. Consider, for example, two cases of uniaxial loading along orthogonal axes x
and y, with y being parallel to one of the lattice vectors. The strain concentration factors calculated using displacement field
are kx = 1.449 and ky = 1.283 that is much smaller than the factor of 3 in the continuum Kirsch problem for a circular hole
(that is even higher for non-circular shapes).
To sum up, we conclude that the effective properties of discrete media can be described by continuum theory, whereas
local fields and their concentrations, specifically, strain concentration, are qualitatively different.
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Summary Like for many biological materials, the elastic properties of skeletal muscle tissue can vary quite significantly between different
specimen, for example, from person to person or due to different muscle fibre types. This is mainly due to alterations of the properties or the
arrangement of microstructural elements, such as, for example, sarcomeres or connective tissue. Further, these microstructural variations
also influence the anisotropic properties of the material. Current state-of-the-art muscle models often lack the ability to take into account
such variations in a natural way. They assume a phenomenological behaviour for the overall material properties. To overcome this issue, we
propose a novel, homogenised material model, which predicts the anisotropic behaviour of muscle tissue by incorporating the arrangement
of the underlying microstructures.

MOTIVATION
Inside the strictly hierarchically organised microstructure of skeletal muscle tissue, there are two parts that can be identified
to be responsible for the overall mechanical properties: the muscle fibres and the extracellular matrix. Muscle fibres contain
the contractile units (sarcomeres) and therefore mainly account for the active behaviour of the muscle and only contribute little
to the material’s passive elasticity. Skeletal muscle’s elastic stiffness is mainly due to the existence of collagen fibres inside
the extracellular matrix. As illustrated in Figure 1, the collagenous structures are arranged around the muscle fibre in a helical
fashion, which is typical for fibre reinforcements in biological tissue. Therefore, the alignment of muscle fibres in preferred
direction a0 also constitutes the transversely isotropic behaviour of the overall muscle. State-of-the-art phenomenological
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Figure 1: Illustration of the collagenous structure around the muscle fibre and the representative elementary volume (REV)
for the homogenised material model.
muscle models, which consider only fibre reinforcement during tension in the preferred direction, are not able to appropriately
describe the mechanical response of such a microstructure. For instance, the transversely isotropic effects of muscle tissue
during compression in direction a0 cannot be appropriately addressed with phenomenological material models, see [2]. Thus,
the arrangement of the decisive collagenous structures, which govern the direction-dependent properties of skeletal muscle
tissue, should be incorporated in an appropriate material model.
MODELLING AND METHODS
We propose a novel material model to describe the elastic behaviour of skeletal muscle tissue based on an analytical,
second-order homogenisation method (cf., e. g., [4]), consisting of two constituents: (i) muscle fibre ϕF and (ii) extracellular
matrix ϕM . The two constituents are superpositioned in the macroscopic material point P and constitute an effective overall
material
[
ϕ=
ϕα with α ∈ {F, M } .
(1)
α

The microstructure is considered via the hyperelastic strain energies W α of the constituents and statistical quantities, such as,
for example, the volume fractions nα . The homogenisation procedure leads to a transversely isotropic formulation with an
effective strain-energy function

f = stat nF hW F (F )iF + nM hW M (F )iM
W
(2)
F ∈K(F̄ )
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for the overall muscle material ϕ. This is achieved by applying the principle of stationary energy with respect to a set K of
kinematically admissible deformation gradients and assuming statistical uniformity of the microstructure and the separation
of length scales. In (2), the operation h·iα denotes the average over the constituent’s volume and F̄ is the macroscopic
deformation gradient. The overall muscle material is considered as incompressible, hence, det F̄ = 1. The average first
Piola-Kirchhoff stress is derived by
f
∂W
.
(3)
P̄ =
∂ F̄
Microstructural data about the shape of the constituents inside the overall material is included into the model during the
evaluation of the variational statement (2). Here, the model accounts for the transversely isotropic structure of the muscle
fibres ϕF and the surrounding matrix ϕM . The strain energies of the constituents are composed of an isotropic, an anisotropic,
and a volumetric part and take the general form
α
α
α
W α = Wiso
(I1α ) + Waniso
(I1α , J4α ) + Wvol
(J α ) ,

(4)

with the first strain invariant I1α = tr[FαT Fα ], the Jacobian J α = det Fα , and the mixed invariant J4α = tr[(a0 ⊗ a0 )FαT Fα ].
Further, Fα denotes the partial deformation gradient. The preferred direction a0 is the same for both of the constituents as
α
well as for the overall muscle material. Carrying out the homogenisation, the volumetric part Wvol
is further decomposed
f see [1]. The general, transversely isotropic form (4) for
to derive an incompressible formulation of the effective energy W,
the constituent’s strain energies allows to describe the mechanical behaviour of the constituents in a very detailed manner.
For instance, the arrangement of the collagen fibres in the extracellular-matrix-constituent ϕM is included by introducing an
orientation distribution function pθ (θ0 ) (cf., e. g., [3]), which describes the distribution of the collagen fibres around a mean
angle θ0 with respect to the preferred direction a0 (cf., e. g., [5]). The anisotropic strain-energy part of the matrix-constituent
ϕM is then given by
Z
π

M
(I1M , J4M ) =
Waniso

pθ Wf (I1M , J4M ) sin θ dθ ,

(5)

0

where Wf is associated with the strain energy of the collagen fibres. This energy can be obtained by directly adopting data
of collagenous tissue and using suitable strain-energy approaches. Another possibility is to consider a further upscaling step
from the level of single collagen fibres to the level of collagenous tissue, leading to an even more detailed model for the
overall muscle behaviour. Some of the ingredients and the basic idea of the homogenisation-based material model can be
schematically depicted as follows:

• elastic properties of muscle fibres
→ WF





• elastic properties of collagen
M
f ⇒ overall muscle model.
→W
→W
• distribution of collagen fibres




• composition of the muscle material
→ nF , nM
Concluding, this study presents a novel, hyperelastic muscle model, which includes microstructural data in order to obtain the effective response of the overall muscle tissue. The direction-dependent properties of the macroscopic tissue are
direct consequences of the arrangement and the mechanical properties of the micro-constituents. This is in contrast to standard continuum-mechanical muscle models, which require that experimentally observed material behaviour is included phenomenologically into the model. Thus, the novel model provides deeper insights into the mechanical behaviour of skeletal
muscles and helps us to understand the elastic characteristics of muscle tissue. Further note that the presented model serves as
a general framework and can be modified or extended for further needs. For instance, the description of the muscle-fibre constituent ϕF can be extended by incorporating the active behaviour of the sarcomeres and electro-chemo-mechanical effects,
see, for example, [6].
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Département de Mécanique, École Polytechnique, FRANCE
3
Aerospace Engineering Department & Mechanical Engineering Department (emeritus)
The University of Michigan, USA
Summary Of interest here is the three-dimensional analysis of the Freedericksz transition for the Twisted Nematic Device (TND), which
is widely used in Liquid Crystal Display (LCD) monitors. Using a coupled mechanical-electromagnetic variational formulation, we study
a finite thickness liquid crystal layer, anchored between two infinite parallel plates relatively rotated with respect to each other by a given
angle and subjected to a transverse uniform electric field. For small values of this field, all directors lie in planes parallel to the boundary.
Above a critical electric field, this solution becomes unstable, while a new bifurcated solution, which has directors with an out-of-plane
component, emerges. By scanning a wide range of the liquid crystal’s material parameter space, we establish whether the Freedericksz
transition corresponds to a global mode (depending solely on the layer thickness coordinate), or to a local one, with finite wavelengths in
one or both directions parallel to the plate.

BACKGROUND
Liquid crystals, are materials with elongated rod-like molecules that have preferred local average direction, which are
modeled as directors; they exhibit important multi-physics coupling properties between their director orientation and externally applied mechanical, electric, magnetic or thermal fields. In addition to their theoretical interest, they are of tremendous
importance to applications which have revolutionized the display technology in the form of LCD’s (Liquid Crystal Displays).
The Twisted Nematic Device (TND) is the most widely used fundamental building block of LCD and the object of the
present investigation, consists of a liquid crystal layer anchored between two parallel plates. One of the plates is rotated with
respect to the other by an angle ∆φ: 90◦ for a typical TND or 270◦ for a Super Twisted Nematic Device (STND). In the absence
of a transverse (i.e. normal to the bounding plates) electric field, all the directors are parallel to the bounding planes and form
helices that rotate the light by ∆φ, allowing its passing through the two polarized end plates (their polarization directions differ
also by ∆φ). When the applied transverse electric field exceeds a critical value, the directors suddenly acquire a transverse
component. This phenomenon, termed Freedericksz transition is responsible for the change of polarization direction in the
light, which prevents its passage through the device.

Figure 1: A typical twisted nematic device with 90◦ twist. In (a) the strength of the electric field is below its critical value and the nematic molecules in each
x3 =const plane are parallel to the bounding plates, while in (b) the strength of the electric field is above its critical value and the molecules in each x3 =const
plane rotate out of their plane, tending to align with the externally applied electric field.

The present work is motivated by the fact that modeling the Freedericksz transition problem in liquid crystals’ literature is
often based on a 1D analysis that uses director fields depending solely on the layer thickness coordinate. Special cases have
been shown by [1] to exist with finite, with respect the plate-parallel coordinates, wavelength eigenmodes, termed periodic
Freedericksz transitions. However, no systematic, general investigation of the Freedericksz transition problem for the TND
has been presented, to the best of the authors knowledge, that considers all possible eigenmodes in order to select the critical
one (corresponding to the lowest electric field) and to thus establish whether this mode is global, i.e. dependent solely on
the thickness coordinate (and thus captured by a 1D analysis) or local, i.e. has finite wavelengths with respect to one or both
in-plane coordinate directions (and thus requiring a full 3D modeling).
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PROBLEM SETTING AND RESULTS
The Freedericksz transition in a fully anchored TND is modeled here as a bifurcation problem for the finite thickness
liquid crystal with a Frank-Oseen energy, where the loading parameter is the magnitude of the applied transverse electric field
(dimensionless parameter ζ). The continuum mechanics model uses a novel coupled electromechanical variational principle
for nematic elastomers proposed by [2], where the Euler-Lagrange equations are the mechanical equilibrium equations plus
the Faraday law for the electric field. The stability of the TND is based on the loss of positive definiteness of the second
functional derivative of the energy evaluated on the principal solution.
For the special case of zero twist angle, we derive the analytical solution for the the fully 3D boundary value problem and
use this solution as a highly nontrivial check for the numerical algorithm developed for the general case. For arbitrary values
of the TND’s twist angle, no analytical solution can be found and a mixed analytical/numerical technique, combining an
FEM discretization for the thickness coordinate with a Fourier transform for the remaining coordinates (wavenumbers ω1 , ω2
respectively). By scanning a wide range of the liquid crystal’s material parameter space (the splay k1 , bend k2 and twist k3
constants of the Frank-Oseen energy plus the electric susceptibility constants χ and χn – perpendicular and parallel to the
director direction), we establish whether the Freedericksz transition corresponds to a global mode ((ω1 , ω2 ) = (0, 0), with
an eigenmode depending solely on the layer thickness coordinate, or to a local one (termed periodic Freedericksz transition),
with an eigenmode that has finite wavelengths ((ω1 , ω2 ) 6= (0, 0) in one or both directions parallel to the plate.
Our calculations show that a device with a global critical mode for low values of twist, invariably shows a local critical
mode once the twist exceeds a certain level, depending on constitutive parameters of the liquid crystal. Also a monotonically
increasing critical electric field as a function of the twist angle is not always the case, as our calculations have shown for liquid
crystals with low twist Frank-Oseen constant.

ω2
ζc

ω1

Figure 2: Dependence of the dimensionless critical electric field ζc (left) and the corresponding dimensionless eigenmode wavenumbers ω1 , ω2 (right) on
the twist angle ∆φ. Notice that above a certain value of ∆φ, the critical eigenmode changes from global to local (from infinite to finite wavelengths) for the
base case of 5CB liquid crystal

.
The systematic investigation, based on 3D analysis, presented above for the influence of the Frank-Oseen and electric
susceptibility constants of TND’s on the critical (lowest) electric field and corresponding eigenmode gives the range of these
parameters where the onset of bifurcation in these devices (Freedericksz transition) is global or local in nature and calculates
the associated wavelengths for the latter case. These results could be useful in guiding liquid crystal selection for applications,
since lowering the critical electric field reduces the energy consumption of the device, but the presence of a short wavelength
mode might need to be taken into account in the design. Moreover, the continuum mechanics-based methodology introduced
here is applicable to a wider class of problems involving the stability of devices involving liquid crystals (methodology that
can be generalized to include nematic elastomers, see [2]), problems that besides their theoretical interest are at the heart of
exciting new technological developments.
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CONVERTING STRAIN MAPS INTO ELASTICITY MAPS
FOR MATERIALS WITH SMALL CONTRAST
Cédric Bellis∗ and Pierre Suquet
Laboratory of Mechanics and Acoustics, CNRS, Marseille, France
Summary This study focuses on the quantitative reconstruction of heterogeneous distributions of isotropic elastic moduli from full strain
field data. A local reconstruction procedure is developed here for materials with small contrast. Within the framework of the integral formulation of the linear elasticity problem, first-order asymptotics are investigated. Properties of the featured infinite-body Green’s operator are
studied to characterize its local and non-local contributions to the volume integral equations considered. On this basis, the combination of
multiple strain field solutions corresponding to well-chosen applied macroscopic strains yields a set of local and uncoupled equations relating, respectively, bulk and shear moduli to the spherical and deviatoric components of the strain fields. Valid for any material configuration
at first-order in the small contrast limit, such relations permit pointwise conversions of strain maps into elasticity maps. A set of examples
illustrates the use of these local equations for parameters identification from full-field data.

CONTEXT AND MOTIVATIONS
Imaging the mechanical properties of a solid body from displacement or strain field measurements is an ill-posed inverse
problem with applications to material characterization, non-destructive testing or medical diagnosis. Motivated by the flourishing development of kinematic full-field measurement techniques [1, 2], the starting point for this study is the availability of
full strain field measurements from which we aim at inferring quantitatively bulk and shear modulus distributions.
The approach investigated in this paper revolves around explicit reconstruction formulae which derivation is sought based
on the integral formulation framework of the linear elasticity problem. The latter allows to express a given strain field as the
solution of a volume integral equation commonly referred to as the Lippmann-Schwinger equation [3]. Focusing on materials
with small contrast then the governing integral equations are expressed in terms of the Green’s operator for the infinite medium
and expanded at the first-order in the material parameter perturbations. Upon characterizing the geometrical properties of the
featured Green’s tensor it is shown that specific experiments, associated with either purely hydrostatic or deviatoric applied
macroscopic strains, can be combined to yield pointwise identities relating the sought moduli to the corresponding strain field
solutions. Thus, it is demonstrated that explicit formulae can be obtained at the first-order for a set of well-chosen experiments
so that it makes it possible to reconstruct the unknown elastic moduli at a given point from strain field data at this point.
INTEGRAL FORMULATION
Consider a heterogeneous linear elastic medium V ⊂ Rd , with d = 2 or 3. The static governing equations reads


ε(x) = ∇u + (∇u)t /2,
σ(x) = L(x) : ε(x),
∇ · σ(x) = 0,
with displacement field u, second-order strain and stress fields ε, σ and isotropic constitutive elasticity tensor field L given

2
2
by bulk and shear modulus distributions κ, µ ∈ L∞ (V, R∗+ ) as L(x) = dκ(x)J + 2µ(x)K where J , K ∈ ⊗s ⊗s Rd .
The characteristic length-scale of the inhomogeneities are considered to be small compared to this of the domain V. The
2

mechanical loading applied on ∂V is assumed to be compatible with a uniform macroscopic strain ε̄ ∈ ⊗s Rd , i.e. hεi = ε̄.
Introducing a reference homogeneous elasticity tensor L0 and owing to a perturbation approach, then the solution ε to the
elasticity problem considered is known to satisfy the following Lippmann-Schwinger equation [3, 4]:


ε(x) = ε̄ − Γ (δL : ε) (x)
(1)
where δL = L − L0 and Γ is the linear integral operator such that ε0 = Γτ is a compatible strain field solution in V
associated with zero displacements over ∂V and such that the divergence of the stress field defined as σ 0 = L0 : ε0 + τ
is zero. Assuming that V is large compared to the length-scale of the inhomogeneities, we henceforth make the translationinvariant approximation in (1) for x distant from ∂V:
Z
 


Γτ (x) =
Γ∞
0 (x − y) : τ (y) − hτ i dy
Rd

2

2


d
with Γ∞
being the fourth-order infinite-body Green’s tensor associated with L0 and vanishing displace0 : V → ⊗s ⊗s R
ments at infinity. The results presented in this paper are based on key properties of the tensor Γ∞
0 , namely, that the Green’s
operator Γ can be decomposed into a local part and a non-local operator as

 

Γτ (x) = Λ0 : τ (x) + Π0 ∗ τ (x),
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where the operation ∗ denotes the combination of space convolution and double inner product. It will be shown that the fourthorder tensor Λ0 coincides with the isotropic component of the Fourier transform Γ̂∞
0 (ξ), so that it reads Λ0 = λJ J + λK K
with λJ , λK ∈ R, while the non-local component Π0 is orthogonal to the space of isotropic tensors.
LOCAL RECONSTRUCTION FORMULAE
Inverting the fundamental integral equation (1) and expanding at first order in kδLk = o(kL0 k) entails



ε(x) = ε̄ − Γ (δL : ε̄) (x) + o kδLk .


When applying the inner product with ε̄ in the above equation one has to deal with the non-local term ε̄ : Γ (δL : ε̄) (x). As
a consequence, for an arbitrary chosen macroscopic strain ε̄, the corresponding strain field ε(x) depends on the constitutive
moduli in a non-local fashion. However, given the described properties of the Green’s tensor, then multiple experiments can
be combined in order to retain only the contribution of the constant isotropic component Λ0 of the Green’s tensor Γ∞
0 . Doing
so yields a local equation relating strain fields and elastic moduli. A simple way to achieve this is to consider macroscopic
strains that constitute an orthogonal eigentensor basis of the fourth-order projection tensors J and K. Therefore, one obtains
the following results:
(1) Let ε̄ denote a purely spherical macroscopic strain with associated strain field solution ε(x). The latter satisfies, at the first
order, the following local equation:



tr[ε(x)] tr[ε̄]
1
(2)
1−
+ o kδLk .
κ(x) = κ0 +
2
d λJ
dkε̄k
(2) Consider a set of purely deviatoric and orthogonal strains ε̄(i) , for i = 1, . . . , nK with nK = d(d + 1)/2 − 1, such that
nK (i)
X
ε̄ ⊗ ε̄(i)
K=
with ε̄(i) : ε̄(j) = kε̄(i) k kε̄(j) k δij .
(i) k2
k
ε̄
i=1
Then, at the first order, the associated strain field solutions ε(i) (x) satisfy the local identity:


nK
X

nK
dev[ε(i) (x)] : dev[ε̄(i) ]
µ(x) = µ0 +
+ o kδLk .
nK −
(i)
2
2 λK
kε̄ k
i=1

(3)

For materials with small contrasts, the closed form identities, such as (2) and (3), derived in this study allow to convert
locally strain field maps into elasticity maps. For a generic material configuration in 2D and 3D then only one strain map is
sufficient to reconstruct the bulk modulus while the computation of the shear modulus requires the combination of either 2 or
5 strain field measurements respectively. Furthermore, provided that the material considered satisfies additional geometrical
properties then it will be shown that only one measurement is actually sufficient to reconstruct either one of the parameters.

(a) Reference elasticity map µref (x) − µ0

(b) Reconstruction µid (x) − µ0

(c) Relative error |µref (x) − µid (x)|/µref (x)

Figure 1: Numerical example: The reconstruction µid of the objective elasticity map µref is performed using Eqn. (3) based
on the knowledge of two associated synthetic strain fields which correspond to purely deviatoric macroscopic strains.
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Summary $ JHRPHWULFDO LQYHUVH WKHUPRHODVWLF SUREOHP LV FRQVLGHUHG ,W LV DVVXPHG WKDW D ILQLWH QXPEHU RI GHIHFWV FDYLWLHV FUDFNV

LQFOXVLRQV  DUH ORFDWHG LQVLGH D OLQHDUO\ HODVWLF PHFKDQLFDOO\ DQG WKHUPDOO\ LVRWURSLF ' ERG\,W LV DVVXPHG DOVR WKDW PHFKDQLFDODQG
VWHDG\VWDWH WKHUPDO ORDGV DUH DSSOLHG WR WKH H[WHUQDO ERXQGDU\ RI WKH ERG\ LQ D VLQJOH H[SHULPHQW $V D UHVXOW RI WKH H[SHULPHQW WKH
GLVSODFHPHQWVDQGWKHDSSOLHGPHFKDQLFDOORDGVDUHPHDVXUHGRQWKHERXQGDU\$PHWKRGIRULGHQWLILFDWLRQRIWKHQXPEHUDQGORFDWLRQV
RIGHIHFWVZKLFKDUHFRQVLGHUHGDVSRLQWGHIHFWVLVGHYHORSHG,WLVLPSRUWDQWWRVWUHVVWKDWWKHLGHQWLILFDWLRQPHWKRGLVEDVHGRQO\RQWKH
NQRZOHGJHRIWKHGLVSODFHPHQWVDQGWKHDSSOLHGPHFKDQLFDOORDGVLIDQ\RQWKHH[WHUQDOERXQGDU\RIWKHERG\7KHNQRZOHGJHRIWKH
WKHUPDOFRQGLWLRQVRQWKHERXQGDU\DQGWKHFRQGLWLRQVRIKHDWH[FKDQJHEHWZHHQWKHPDWUL[DQGLQFOXVLRQVDUHQRWDVVXPHG1XPHULFDO
H[DPSOHVDUHFRQVLGHUHG
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   7R GDWH PHWKRGV IRU VROYLQJ JHRPHWULF LQYHUVH WKHUPRHODVWLF SUREOHPV DUH QRW GHYHORSHG HQRXJK $PRQJ WKH
SXEOLFDWLRQVLQWKLVDUHDLWLVSRVVLEOHWRQRWHWKHSDSHUV>@DQG>@ZKHUHWKHSUREOHPVRILGHQWLILFDWLRQRIRQHDQGWZR
FDYLWLHV LQ ' WKHUPRHODVWLF ERGLHV ZHUH VROYHG E\ WKH OHYHO VHW PHWKRG DQG WKH PHWKRG RI IXQGDPHQWDO VROXWLRQV
UHVSHFWLYHO\ ,Q WKH SDSHUV >@ LW ZDV GHYHORSHG D PHWKRG IRU WKH LGHQWLILFDWLRQ RI VPDOO PXOWLSOH GHIHFWV LQ ERWK '
LVRWURSLF DQG DQLVRWURSLF OLQHDUO\ HODVWLF ERGLHV E\ PHDQV RI WKH ERXQGDU\ GDWD 7KH PHWKRG LV EDVHG RQ WKH XVH RI WKH
UHFLSURFLW\ JDS IXQFWLRQDO 7KH SXUSRVH RI WKH SDSHU WR H[WHQG WKH PHWKRG WR VROYH WKH ' LQYHUVH SUREOHPV RI
WKHUPRHODVWLFLW\ 
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HYGRO-MECHANICAL STRUCTURE–PROPERTY RELATIONS FOR PAPER SHEETS
Ron H.J. Peerlings∗1 , Emanuela Bosco1,2 , and Marc G.D. Geers1
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Summary Our objective is to establish models which allow one to predict the hygro-mechanical properties of paper sheets based on the
properties of the underlying fibrous network. Asymptotic homogenisation is used to determine rigorous effective properties of random
networks numerically. The trend predicted by these random networks is however captured quite reasonably by a much simpler analytical
model which assumes a regular network of perpendicular fibres. The latter model is fully analytical and is thus a much more powerful tool
for developing understanding and designing materials. Predictions made by it compare well with measured hygro-expansivities reported in
the literature.

INTRODUCTION AND OBJECTIVES
Significant dimensional variations may occur in paper sheets when they are subjected to changes in moisture content.
Gradients of the moisture content in the plane of the sheet, in particular, may result in instabilities and out-of plane deformation
of the sheet, which are problematic in e.g. digital printing devices.
Moisture induced deformations are ultimately governed by the swelling of individual fibres, which is transferred through
inter-fibre bonds within the fibrous network. The fibres’ swelling is highly anisotropic and as a result complex interactions
between mechanical and hygro-expansive properties take place in the bonding areas, affecting the overall material response.
Matters are further complicated by the fact that the fibre orientation distribution is anisotropic as well and internal stresses
may be ‘dried in’ during paper production [1].
Our objectives are (i) to understand how the hygro-mechanical properties of individual fibres, via the bonds and network,
determine the sheet-level hygro-expansion of paper sheets and (ii) based on this understanding, to formulate structure–property
relations which allow one to predict the sheet-level hygro-expansivity as a function of microstructural parameters such as
single-fibre properties and fibre orientation distribution.
METHODOLOGY
We address the issue by developing microstructural, i.e. network-level, models which incorporate the relevant effects. We
then study the overall response of these models and its dependence on the characteristics of the network and fibres. The models
are so far of a two-dimensional nature and assume a perfect bonding between fibres where they overlap. In this contribution
we focus on the reversible hygro-mechanical response – although progress has also been made on the issue of dried-in stress
and strain.
Within this scope, we follow two approaches:
1. Unit cells comprising periodic, but otherwise random fibre networks are generated according to a certain orientation
distribution, see Figure 1 (left) for an example. Their overall mechanical and hygroscopic properties are computed
by rigorous, asymptotic homogenisation. This involves discretising the networks by finite elements and solving a set

Figure 1: Sketches of the two types of microstructural models used: (left) unit cell with random fibre distribution and (right)
idealised unit cell with two fibre families.
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of boundary value problems which deliver the network-level displacement fluctuations due to mechanical as well as
hygroscopic loading. Equivalent, homogenised elastic moduli and hygro-expansivities can finally be computed from
Fig. 3. (a) Effective elastic constants Exx ; Eyy of paper as a function of the ﬁbre orientation in machine direction. Solid magenta lines de
these fluctuation functions.
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which are organised in a square, periodic pattern – see the sketch in Figure 1 (right) for a unit cell of this periodic
pattern. Crucially, the model does distinguish between free-standing fibre parts and bonded areas. The anisotropy of the
network is reflected in the fact that the ‘fibre bundles’ in the two directions have a different thickness. The ratio of these
thicknesses is established by lumping the fibre orientation distribution into two perpendicular contributions. The model
can be solved analytically, allowing one to determine its anisotropic hygro-mechanical response as an explicit function
of its parameters [1, 2].

RESULTS AND CONCLUSIONS

Comparison of results obtained by the two models (not shown here) demonstrates that the analytical, highly idealised
model qualitatively captures the trends predicted by the more detailed numerical model. In fact, a good quantitative agreement
is also observed in the range of realistic parameters values.
Figure 2 shows a comparison of predictions made by the simple, analytical model with experimental data reported by
Uesaka [3]. Shown are the hygro-expansive coefficients in machine direction and cross direction as a function of the degree of
anisotropy of the fibre orientation distribution. The latter is characterised by the ratio of the elastic moduli in machine direction
and cross direction – which were measured in the experiments and are obtained as a by-product of the model. The solid and
dashed curves represent the model prediction for the two different paper grades considered in the experiments and the square
and circular markers indicateFig.
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Summary We ﬁnd that the frequency spectra of layered phononic and photonic composites admit a universal structure, independent of the
geometry of the periodic-cell and the speciﬁc physical properties [1]. In certain cases, this representation extends to highly deformable and
multi-physical materials of tunable spectra. The structure is employed to establish universal properties of the corresponding band-gaps, and
to rigorously determine their statistical and optimal characteristics. Speciﬁcally, we investigate the density of the gaps, their maximal width
and expected value. As a result, rules for tailoring the laminate according to desired spectra properties follow. Our representation further
facilitates characterizing the tunability of the band-structure of soft and multi-physical materials.

Wave propagation in heterogeneous media has fascinated the scientiﬁc community for decades. The inhomogeneity causes
multiple scattering, and, in turn, wave interferences that give rise to intriguing phenomena in various ﬁelds. Of particular
interest are the transition of conducting to isolating behavior of electronic crystals, localization of electromagnetic waves
in dielectrics, and attenuation of mechanical motions in elastic media [2]. Layered media have been extensively studied
by virtue of their relative simplicity of fabrication and theoretical modeling. In what follows, we provide new insights on
the relation between their geometry, physical properties, and frequency spectrum. We ﬁnd a universal representation for the
spectrum, independent of the unit-cell geometry and speciﬁc constituents properties. This structure reveals a universal property
of the gaps-density, namely, its invariance under the change of various geometric and physical properties. We utilize this
representation to determine exactly the density of the gaps, and their expected and maximal widths. These results are identiﬁed
with classes of compositions, hence provide rules for tailoring the laminate according to desired spectra characteristics.
The canvas upon which the analysis is presented is of phononic crystals. The conclusions we draw, however, extend to
additional systems. By virtue of the similarity between electromagnetic and elastodynamics wave equations for the considered
geometry, our insights apply to one-dimensional (1D) photonic crystals as well. Our analysis further applies in certain cases
to soft non-linear media and multi-physical composites, whose physical properties are changed upon application of external
stimuli.
We begin by considering a 1D crystal made out of two alternating layers. We denote the layers with 1 and 2, and their
associated quantities with superscript (p), p = 1 and 2, respectively. The dispersion relation governing the propagation of
waves in the crystal is [3]
η = cos kB h,
(1)
where
η = cos

ωh(2)
ωh(1)
ωh(2)
ωh(1)
cos
−
γ
sin
sin
.
c(1)
c(2)
c(1)
c(2)

(2)

In the above, ω is the frequency, kB is the Bloch-parameter, h(p) is the thickness, and h = h(1) + h(2) . The parameter
c(p) corresponds to different velocities, depending on the type of media and waves considered. Speciﬁcally, when the crystal
is photonic, c(p) is the velocity of light in the layer; when the crystal isphononic, c(p) is the velocity
 of either transverse
waves or longitudinal waves, propagating in a bulk. The parameter γ = 12 αc(1) /c(2) + α−1 c(2) /c(1) quantiﬁes the contrast
between the constituents impedance, where α = 1 in the photonic case, and α = ρ(1) /ρ(2) in the phononic case, ρ(p) being
the mass density. The frequency spectrum is obtained by solving Eq. (1) for values of kB in the irreducible 1st Brillouin zone
0 ≤ kB h ≤ π. Band-gaps correspond to ranges of frequencies of attenuating waves, for which |η| > 1.
Upon deﬁning the variables
ωh(p)
(3)
ζ (p) := (p) ,
c
one can write η as a doubly 2π-periodic function of ζ (1) and ζ (2) , namely


η ζ (1) , ζ (2) ; γ := cos ζ (1) cos ζ (2) − γ sin ζ (1) sin ζ (2) .

(4)



Fixing γ, we consider η as a function deﬁned on a 2D torus of edge length 2π, characterized by the coordinates ζ (1) , ζ (2) .
The absolute value |η| is invariant under the transformations ζ (p) → ζ (p) + π. This symmetry allows to make a further
reduction, and fold the torus into a π-periodic torus; we denote the new torus by T, and denote by D its subdomain where
∗ Corresponding

author. Email: meshmuel@tx.technion.ac.il

1931

|η| > 1, i.e., where Eq. (1) is solved with imaginary kB . We now interpret Eq. (3) as one which deﬁnes the following ﬂow on
T
 (1) (2)
h
h
ζ (ω) = ω ·
mod π,
(5)
,
c(1) c(2)
where ω has the role of a time-like parameter. Band-gaps are identiﬁed with values of ω for which the ﬂow ζ (ω) coincides
with D. We denote the lower and upper curves bounding D by Cl and Cu , respectively. We ﬁnd that η = −1 on these curves;
plugging this value into Eq. (4) provides the following expressions for the curves
ζ (2) = π − arccos

cos ζ (1) ± γ γ 2 − 1 sin2 ζ (1)
,
1 + (γ 2 − 1) sin2 ζ (1)

(6)

where the upper (resp. lower) curve Cu (resp. Cl ), corresponds to the plus (resp. minus) sign in the numerator.
The direction of the ﬂow on the torus is given by the ratio
a=

h(2) c(1)
.
h(1) c(2)

(7)

The irrationality of the ratio, on account of the physical nature of the parameters involved, implies that the ﬂow covers the
torus ergodically, with a uniform measure. Using the ergodicity of the ﬂow, we may replace spectral averages by averaging
over the torus. Hence, the density of the gaps is simply the relative area of D in T, which can be calculated via the integral of
the closed-form expression
ˆπ
2
Cl dζ (1) .
(8)
1− 2
π
0

The widths of the gaps are investigated next. We recognize that these widths, which we denote by Δω, are related to
lengths of intervals directed along the ﬂow, which we denote by Δζ, whose endpoints lie on Cu and Cl , via
Δω = Δζ √

κ(1)
,
1 + a2

(9)

where κ(p) = c(p) /h(p) . We associate each length Δζ with the parameters a and b which characterize the line equation of its
corresponding ﬂow interval
(10)
ζ (2) = aζ (1) + b.
These observations, together with the derived expressions for the curves Cu and Cl , enable determining the width of the gaps,
and relating it to the physical and geometrical properties of the crystal. As the whole spectrum is encapsulated in the torus,
we are able, in turn, to formulate optimization problems rigorously.
By way of example, consider the 1st gap, whose width maximization is of practical importance, being the one which is
most often realized experimentally. We would like to know: given two materials, what is the microstructure which maximizes
the 1st gap? The problem is interpreted as a search for an optimal h(2) /h(1) at ﬁxed c(p) . Over the torus, the 1st gap is
identiﬁed with the ﬂow line emanating from the origin. Therefore, we seek the slope a which maximizes the right-hand side
of Eq. (9), at b = 0.
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Summary Architected materials can obtain enhanced elastic wave propagation properties not found in natural materials, such as low frequency
or broadband vibration and sound absorption. Recent research has shown that composite elastic meta-structures present a way of simultaneously
obtaining wide band gaps at low frequencies, by using resonating elements to broaden and lower Bragg gaps. These meta-structures combine
embedded particles and an architected lattice, and are fabricated with novel 3D printing techniques. We demonstrate how tuning the lattice
geometry of these meta-structures can control locally resonant modes of the embedded particles to achieve wider band gaps at lower
frequencies, while keeping the total mass constant.

BACKGROUND
Both phononic crystals and acoustic metamaterials have shown to be effective in controlling elastic wave propagation.
Phononic crystals refer to materials characterized by some type of periodicity in e.g. material properties, geometry, or
arrangement of components. These materials can form band gaps, induced by Bragg scattering mechanisms, at frequencies
whose wavelengths are roughly equal to the unit cell dimension, such that low frequency band gaps require large structures,
e.g. [1] and the references therein. Acoustic metamaterials are structures that include heavy masses and soft springs such
that their resonant frequencies are low. As acoustic or elastic waves propagate through these metamaterials, the energy is
transferred to the resonances, forming a low frequency but narrow band gap, e.g. [2-3]. In earlier work [4], we showed, both
numerically and experimentally, that composite elastic meta-structures present a way to tune Bragg-induced band gaps with
local resonances, to produce wide band gaps at low frequencies. This approach allows us to overcome the drawbacks of
traditional phononic crystals and acoustic metamaterials. The current work further illustrates how the geometry can control
the band gaps, by studying iso-mass meta-structure designs.
METHODS
The unit cell design consists of a polymeric lattice surrounding a locally resonant embedded steel cube particle. The
lattice serves as both a structural support to the resonant particles and as a means to control the particle’s resonant modes.
The basic design is shown in Figure 1a, where periodicity is along the x-axis. Finite element modelling (FEM) with
COMSOL is used to analyze the dispersion relation of the three-dimensional unit cell by means of periodic Bloch boundary
conditions along the x-direction. The wavenumber is varied in the reciprocal space of the periodic dimension to extract the
elastic modes of the meta-structure. A photograph of a 3D-printed six-unit cell meta-structure sample is shown in Figure 1b,
and the fabrication process is described in [4]. The lattice geometry within the meta-structure is used to control the locally
resonant modes of the steel particles and thus the center frequency and the width of the band gaps. To demonstrate the
ability to tune the band gaps of the structure, we analyse three different meta-structure designs with the same number of
beams connecting the steel particle to the surrounding exterior lattice and thus the same mass, see Figure 2.

y

z

x

(a)
(b)
Figure 1: (a) Meta-structure unit cell with polycarbonate lattice (gray) and embedded steel particle (purple), with arrows
indicating planes for corresponding cross sections in Figure 2. (b) 3D printed six-unit cell meta-structure.
RESULTS
We analyse the dispersion relation focusing on the longitudinal mode of the elastic meta-structure, shown in the mode
shapes plotted at the band edge as indicated by the star points in the dispersion relations in Figure 2. For this mode the
structure behaves as a 1D mass (the steel particle) and spring (surrounding lattice) system, where the spring stiffness stems
from the stiffness of the beams acting under axial deformation (beams aligned along the x-axis) and bending deformation
(beams aligned along the y and z axes). Since the collective stiffness of the longitudinal mode depends on location and
a)
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orientation of the individual beams with respect to the resonators, we can engineer the band gaps in the meta-structures by
varying the positions and number of beams under axial and bending deformation. For example, the unit cell in Figure 2a
contains 24 beams under axial loading and 48 beams under bending, while the unit cells in Figure 2b and 2c contain 8
beams under axial loading and 64 beams under bending deformation. These meta-structures have band gaps with center
frequency and width of (a) 6442 Hz and 21%, (b) 6026 Hz and 36%, and (c) 5291 Hz and 51%, respectively. The lower and
wider band gap in structure (b) compared to structure (a) results from decreasing the stiffness of the longitudinal mode by
replacing 16 axially loaded beams with the same number of beams in bending deformation. The wider band gap in (c)
compared to (b) stems from moving the beams along the z-axis from the edge to the center of the resonator, which lowers
the stiffness of the flexural mode that is the lower bound of the band gap in (b).
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Figure 2: Dispersion curves of 3 iso-mass meta-structures with varying beam positions. Two cross sections (locations
indicated in Figure 1a) of each design are plotted as normalized displacements of the longitudinal mode, and star data points
indicate where the mode shape is calculated. Beams along the y-axis have the same configuration as those along the z-axis.
CONCLUSIONS
This work illustrates how tuning the lattice geometry in meta-structures can selectively control their band gap sizes and
widths. While we have explored a cubic lattice geometry, there is a large design space of lattice geometries to explore for
the design of meta-structures with potentially even wider band gaps at lower frequencies. This research informs the design
of tailored materials that can effectively control elastic wave propagation, with applications in vibration immune structural
components, robust and lightweight sound absorbers for buildings, and protection of MEMS devices from harmful impacts.
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Summary A mathematical formulation of continuum mechanics is proposed which includes an extension of the basic equations of electrodynamics as a special case. In the continuum mechanics context, we present a weak Eulerian formulation of the fundamentals of continuum
mechanics on differentiable manifolds. Forces and stresses are considered in the framework of the theory of de Rham currents and some
extensions thereof. In particular, stresses maybe as irregular as Borel measures. Considering generalized velocities represented by differential forms and interpreting such a form as generalized potential field, we present a weak formulation of pre-metric, p-form electrodynamics
as a natural example of the foregoing theory in which the current density may be the distributional derivative of a measure. Finally, it is
shown that the assumptions leading to p-form electrodynamics may be replaced by the condition that the force functional is continuous with
respect to the flat topology.

INTRODUCTION
In this work we propose a general setting of continuum mechanics which includes an extension of the basic equations of
electrodynamic, a generalization of Maxwell’s equations, as a special case.
Stress theory of continuum mechanics is formulated here from a Eulerian approach, that is, without any reference to
material points and a material body. Allowing growth, the basic notion considered is a virtual velocity field which is a
differentiable vector valued field in an n-dimensional physical space that vanishes outside a compact subset. The nature of
the particular vector or tensor field depends on the particular physical theory considered. The physical space, which may
also be interpreted as space-time, is described by an n-dimensional differentiable manifold. Neither a metric structure nor a
connection are assumed on the space manifold. A generalized force is defined to be a linear functional on the space of virtual
velocity fields which is continuous relative to the C 1 -topology. Thus, a force is a vector valued distribution of order one on a
manifold. This implies mathematically that there are measures valued in a specified vector bundle, stresses, that represent a
force non-uniquely through an analog of Cauchy’s formula and the principle of virtual work.
For the case of electrodynamics, the vector fields under consideration are completely antisymmetric tensor fields of order
p that generalize the four-dimensional vector potential of the standard theory. The resulting theory extends the formulation
of Maxwell’s equations for four dimensional spacetime to p-form electrodynamics (see [1]) in any dimension. The equations
are independent of any Riemannian or semi-Riemannian metric and allow current density fields that can be as irregular as the
distributional derivatives of measures.
AN EXAMPLE
In this section, we present, as an example, the simplest relation between stress theory in continuum mechanics and a
restricted version of Maxwell’s equations. We recall that for classical continuum mechanics, one assumes that the forces on
a body R  R3 are given in terms of a vector field b defined in the physical space and a surface force tR defined on the
boundary @R of R. The virtual power of the forces on R for a virtual velocity field w is given by
ˆ
ˆ
PR D
b  w dV C
tR  w dA:
(1)
R

@R

It is further recalled that if the dependence of tR on the body R satisfies Cauchy’s postulates, then, there is a 3  3 tensor
field, the Cauchy stress field , such that tR.x/ D  .x/.n.x// where n.x/ is the outwards pointing normal to the boundary of
R at x 2 @R. Thus, one has
ˆ
ˆ
PR D
b  w dV C
 T .w/  n dA
(2)
R

@R

where the standard definition of the transpose has been used.
It is also noted that balance of moment of momentum implies traditionally that the stress tensor  is symmetric. However,
we want to examine the case where  is skew symmetric. In this case, using the Levi-Civita symbol, we may define a vector
field g whose components are given by
1
gp D "pj k j k ;
(3)
2
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such that  T .w/ D g  w. Thus, assuming that b D 0, one has
ˆ
.g  w/  n dA:
PR D

(4)

@R

Using Gauss’s theorem and the identity r  .g  w/ D .r  g/  w g  .r  w/, we have
ˆ
ˆ
g  .r  w/ dV:
.r  g/  w dV
PR D

(5)

R

R

Setting
J D r  g;

f D r  w;

(6)

r  f D 0;

(7)

so that
r  J D 0;
the power may be written in the form

ˆ

ˆ

g  f dV:

J  w dV

PR D
R

(8)

R

We finally observe that in case we interpret w as the vector potential of magneto-statics, interpret g as the magnetic field
intensity, interpret f as the magnetic field and interpret J as the current density, Equations (6, 7) are simply the restriction of
Maxwell’s equations to magneto-statics.
ON THE MATHEMATICAL SETTING
The mathematical framework uses the theory of de Rham currents as in [2], and generalized sections of vector bundles
(see [3]). We consider a vector bundle  W W ! S over the space or space-time manifold S. Virtual velocity fields
are differentiable sections of W having compact supports and so the set of virtual velocities is a topological vector space
denoted as C01 .W /. Generalized forces are elements of the dual space C01 .W / and their actions on virtual
are
Vdisplacements
n  
1

interpreted as producing virtual power. It is also convenient
to
view
forces
as
elements
of
C
W
˝
T
S
—currents
V
of order one valued in the vector bundle
W  ˝ n T  S. This
case of defining vector valued p-currents of

V
V is a special
order r as elements of C r .W  ˝ n p T  S/ WD C0r W ˝ p T  S . Forces are shown to be represented by elements
V
S 2 C00 .J 1 W / D C 0 .J 1 W / ˝ n T  S , to which we refer as variational stress measures, through the principle of
virtual work F .w/ D S.j 1 w/. Here, J 1 W is the jet bundle V
of W and j 1 is the jet extension mapping. A variational stress
0

measure induces a unique element  D p .S / 2 C
W ˝ n 1 T  S to which we refer as a traction stress. Surface forces
result from composing  with the restriction of .nV 1/-forms
to the boundaries of regions. In addition, defining a general

divergence operator @iv with @iv S 2 C 0 W  ˝ n T  S , and setting b D @iv S as the induced body force, we obtain the
principle of virtual work in a form analogous to the traditional one.
The generalization
of Maxwell’s equations is obtained when one takes the vector bundle W to be the vector bundle of
V
p-forms p T  S and setting b D 0. The main assumption
 is that the traction stress is given in terms of a .p C 1/-current of
V
V
order zero g 2 C 0 n p 1 T  S D C00 pC1 T  S so that for each test p-form ˛, the one-current   ˛ is given by
ˆ
.  ˛/.'/ D g.˛ ^ '/ D g ^ ˛ ^ '
(9)
for each test 1-form '. Finally, it is shown that the last assumption may be replaced by the requirement that the force
functional is continuous with respect to the flat topology on the space of differential forms (see [4]). It is noted that this
topology is sensitive only the exterior derivative of a form and not the whole jet.
For further details, see [5].
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SWELLING INDUCED BURST IN HYPERELASTIC SPHERES AND CYLINDERS
Thomas J. Pence∗1 and Vahid Zamani1
1
Department of Mechanical Engineering, Michigan State University, East Lansing, MI, USA
Summary The conventional theory of hyperelasticity is easily generalized to include a swelling effect. The resulting theory can be viewed
as giving a finite strain version of the well known eigenstrain problem in linear elasticity. We use this theory to study an abrupt inflation
instability in pressurized shells. At fixed pressure, a slowly changing amount of swelling can suddenly cause a finite jump in the shell radius.

HYPERELASTIC MODEL WITH SWELLING
Material swelling in highly elastic materials can occur by a variety of mechanisms, perhaps the most common of which
is fluid absorption. In such a case, if a comprehensive study of the absorption phenomenon is itself of primary interest –
such as how the fluid is transported within the otherwise solid material and on what timescales steady state distributions are
obtained – then it is typically necessary to pursue a relatively detailed poroelastic development. If, however, the mechanical
consequences of otherwise known fluid distributions are of primary interest, then it is useful to consider more direct treatments
in which the swelling is regarded as a specified field quantity, i.e., v = v(X) where X are locations in the chosen reference
configuration.
Such treatments need not be tied to a particular swelling mechanism. Indeed, classical eigenstrain analysis procedures
in linear elasticity can be viewed in this light, where the eigenstrains are stress-free strains that may arise from a variety of
causes. Such concepts then generalize to the large strain setting [7] where they can lead to a variety of interesting mechanical
deformation modes (flexure [2], torsion [6]) and instability phenomena (e.g., cavitation [5], microchannel formation [4]).
Processes of biomechanical growth, while enormously more complicated than a simple fluid induced swelling, can also be
modeled by a similar framework [3].
Let x = χ(X) denote locations in the deformed configuration and let F = ∂x/∂X be the deformation gradient tensor.
The swelling is described in terms of the volume constraint detF = v which is an obvious generalization of the conventional
incompressible theory. In conventional isotropic incompressible hyperelasticity, i.e., the theory with no swelling, the material
constitutive behavior is specified by means of the stored energy density W = W (I1 , I2 ) where I1 and I2 are the usual
invariants of C = FT F. In the most straight forward generalization so as to include the effect of swelling the stored energy
will also depend upon v so that W = W (I1 , I2 , v). The Cauchy stress tensor continues to have a hydrostatic pressure p,
but now it is associated with the more general swelling constraint. Forms for W can be considered such that W reduces to
standard models from the conventional incompressible theory when v = 1. Here we focus attention on a constitutive model
that generalizes the well known Mooney-Rivlin model, namely




2/3
4/3
W (I1 , I2 , v) = A1 I1 − 3v
+ A2 I2 − 3v
(1)
where A1 = A1 (v) ≥ 0, A2 = A2 (v) ≥ 0 and A1 + A2 > 0.
ABRUPT EXPANSION OF A SPHERICAL SHELL
Consider a sphere with outer and inner radii Ro > Ri > 0 prior to any loading or swelling. Spherical symmetry will hold
for simple pressure boundary conditions and a radially symmetric swelling field v = v(R). Employing (R, Θ, Φ) and (r, θ, φ)
for the reference and deformed spherical geometry coordinates, the deformation is then described by r = r(R), θ = Θ and
φ = Φ. The volume constraint becomes v = detF = r0 r2 /R2 , which gives integrals
r3 = ri3 + 3

Z

R

v(R)R2 dR,

Ri

and in particular ro3 = ri3 + 3

Z

Ro

v(R)R2 dR,

Ri

using ri = r(Ri ) and ro = r(Ro ). Consequently, for any swelling field v(R), the unknown function of radial expansion
r = r(R) is completely determined by the mapping Ri → ri .
In the absence of swelling (v ≡ 1) problems of this kind have a long history in the hyperelasticity literature, and elegant
treatment methods are described in [1]. These methods are easily generalized for the case of uniform swelling, i.e., v(R) a
positive constant. In this uniform swelling case, and taking the stored energy W to be given by (1), one is led to the following
relation between the amount of swelling v, the pressure difference ∆P = Pi − Po , and the deformed inner radius location ri :
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Z

ro /Ro

∆P =
ri /Ri



4
v2 
v2 
3
A
(v)
s
−
+
A
(v)
s
−
ds,
1
2
v − s3
s5
s3

where ro3 = ri3 + v(Ro3 − Ri3 ).

In order to illustrate, take A1 (v) and A2 (v) in (1) to be
A1 (v) = 21 µαv a1

A2 (v) = 12 µ(1 − α)v a2 ,

and

(2)

where 0 ≤ α ≤ 1. Then µ > 0 is the infinitesimal shear modulus in the absence of swelling. Taking specific and reasonable
parameter choices for the sphere’s undeformed geometry in terms of Ri /Ro and the material constitutive parameters (α, a1 ,
a2 ), the left figure shows the inflation graph (normalized pressurization ∆P vs. normalized radius ri ) at three values of v.
For no swelling (v = 1) the graph is monotonically increasing and, as expected, gives ri = Ri when ∆P = 0. Keeping
∆P = 0 and increasing v then shows a small increase in ri . At a moderately higher pressure, because the inflation graphs
have started to move apart, increasing v causes the radius to increase somewhat more rapidly with v. This increase remains
smooth for relatively small values of pressurization. However, as we describe in the paragraph after the figure, because the
inflation graphs exhibit a transition from monotonic to nonmonotonic as v increases, it follows that swelling alone can cause
an abrupt change in the shell radius when ∆P is sufficiently large.
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Figure 1: Swelling induced burst due to a uniform increase in swelling. In this example: Ro = 2Ri , α = 0.85, a1 = 0, and a2 = −4/3. At fixed
pressure ∆P/µ = 0.86 there is an abrupt jump in ri as v passes through the value v = 1.3.
The example in the figure corresponds to a pressurization ∆P that, first of all, slowly increases from 0 to 0.86µ before there is
any swelling (v = 1). This results in ri /Ri increasing smoothly from 1 to 1.6 on the v = 1 graph. Now holding ∆P/µ = 0.86
let v increase (dashed orange line on left). Then ri will first increase smoothly with v. However, because of the eventual loss
of monotonicity in the inflation graphs, ri is unable to increase smoothly with v when v reaches the value 1.3. The form of the
inflation graph at v = 1.3 causes an abrupt change in the value of ri , as indicated by the arrows in each panel. In this example,
because the inflation graph for v = 1.3 has a second increasing branch, the inflation is able to once again proceed smoothly
by following the associated second branch curves on the various inflation graphs for v > 1.3. However, if W depends upon v
in ways other than indicated by (1) and (2) then more intricate types of jumping phenomena may arise.
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REMARKS ON ISOTROPIC EXTENSION OF ANISOTROPIC CONSTITUTIVE FUNCTIONS
VIA STRUCTURAL TENSORS
Chi-Sing Man∗
Department of Mathematics, University of Kentucky, Lexington, KY 40506-0027, USA
Summary In their original formulation of the method of isotropic extension via structural tensors, which is meant for applications to the
derivation of coordinate-free representation formulas for anisotropic constitutive functions, both Boehler and Liu started with the assumption
(*) that the invariant group of structural tensors is the symmetry group that defines the anisotropy of the constitutive function in question.
As a result, the method (with structural tensors of order not higher than two) is applicable only when the anisotropy is characterized by a
cylindrical group or belongs to the triclinic, monoclinic, or rhombic crystal classes. In this talk we present a reformulation of the method in
which assumption (*) is relaxed and show by examples in anisotropic linear and finite elasticity that the method of isotropic extension via
structural tensors could be applicable beyond the original limitations.

INTRODUCTION
To derive coordinate-free representation formulas for anisotropic constitutive functions, Boehler [1] and Liu [2] independently proposed the same method that appeals to the general representation theorems for isotropic tensor functions [3, 4] avail→
−
−
able. As illustration, let us consider the class A of second-order-tensor-valued anisotropic constitutive functions S(→
v , A),
→
−
−
where →
v := (v 1 , ..., v p ), A := (A1 , ..., Aq ), v i (i = 1, ..., p) are vectors, and Aj (j = 1, ..., q) are second-order tensors.
Let O(3) denote the group of orthogonal transformations on V , the translation space of the 3-dimensional physical space. For
Q ∈ O(3) let
→
−
−
Q→
v := (Qv 1 , ..., Qv p ),
Q AQT := (QA1 QT , ..., QAq QT ).
(1)
→
−
−
Let the anisotropy of tensor functions S(→
v , A) be characterized by a subgroup G of O(3), i.e. S satisfies
→
−
→
−
−
−
QS(→
v , A)QT = S(Q→
v , Q AQT )

for each Q ∈ G.

(2)

→ := (m , ..., m ),
The method that Boehler [1] and Liu [2] proposed is to seek (i) a set of “structural tensors” (say, −
m
1
r
−
→
M := (M 1 , ..., M s ), where mk (k = 1, ..., r) are unit vectors and M l (l = 1, ..., s) are second-order tensors) which
characterize the anisotropy of the class A in the sense that
→
−
→
→=−
→ Q−
G = {Q ∈ O(3) : Q−
m
m,
M QT = M },

(3)

→
− → −
→
−
and (ii) a class Ext of constitutive functions Ŝ(→
v , A, −
m, M ) such that for each S ∈ A, there is an Ŝ ∈ Ext which satisfies
→
−
→
− → −
→
−
−
S(→
v , A) = Ŝ(→
v , A, −
m, M )

(4)

→
−
−
for each (→
v , A) in the domain of S. As pointed out by Boehler, material frame-indifference requires that the function Ŝ be
isotropic, i.e., Ŝ satisfies
→
− → −
→
→
−
→
−
−
→ Q−
QŜ(→
v , A, −
m, M )QT = Ŝ(Q→
v , Q AQT , Q−
m,
M QT )

for each Q ∈ O(3).

(5)

Then we may appeal to representation theorems for isotropic functions to obtain a representation formula for Ŝ and, a fortiori,
for the anisotropic S. Moreover, it follows immediately from (3), (4) and (5) that the constitutive function S, as given by
(4), satisfies (2). What we have outlined above is the method of isotropic extension of anisotropic constitution functions via
structural tensors as formulated by Boehler and by Liu.
The method of Boehler and Liu, however, has its limitations. Liu [2] remarked that “[o]bviously, not every anisotropic
material can be specified by symmetry group of the type” (3), but he did not elaborate on what to him might have seemed
obvious. Later in the same paper he gave a list (“which does not mean to be exhaustive”) of groups G ⊂ O(3) that are
→
→ −
characterized by some set {−
m,
M } of structural tensors in the sense specified by (3). Besides transverse isotropy, Liu’s list
includes groups pertaining to crystal classes in the triclinic, monoclinic, and rhombic systems. More recently, Xiao et al. [5]
proved that “any number of vectors and second order tensors can merely characterize and represent one of the cylindrical
groups and the triclinic, monoclinic, rhombic crystal classes.”
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REFORMULATION OF THE METHOD
We contend that the aforementioned limitations of the method of isotropic extension via structural tensors arise from an
oversight in the original formulation of Boehler and of Liu. Given a symmetry group G ⊂ O(3) defined by the constitutive
function S through (2), the crucial requirement for the method of isotropic extension to work is that the extended function
→
− → −
→
−
Ŝ(→
v , A, −
m, M ) satisfies
→
−
→
−
−
−
Ŝ(→
v , A, Qm , · · · , Qm , QM QT , · · · QM QT ) = Ŝ(→
v , A, m , · · · m , M , · · · , M )
(6)
1

r

1

s

1

r

1

s

→
−
−
for each (→
v , A) in the domain of S and for each Q ∈ G. While the assumption (3) that G be “the invariance group of the
structural tensors” [6] is certainly sufficient for (6) to be valid, it is far from necessary. For example, (6) will remain valid if
Ŝ is symmetric in the variables mk (k = 1, · · · , r) and in M l (l = 1, · · · , s) and if each Q ∈ G leads only to a permutation
of the mk ’s and M l ’s. As illustrated by the following example, once requirement (3) is relaxed, it may become possible
to represent anisotropic constitutive functions, beyond the classes indicated by Xiao et al. [5], by the method of isotropic
extension (with structural tensors of order not higher than two).
A Simple Example
Let a Cartesian coordinate system with orthonormal basis ei (i = 1, 2, 3) be chosen. Let R(n, ω) denote the rotation
of angle ω about the unit vector n. Consider a tetragonal linearly-elastic material, the symmetry group of which is G = D4
with generators R(e3 , π/2), R(e2 , π). Let T = T (E), where T is the Cauchy stress and E the infinitesimal strain, be the
stress-strain relation of the anisotropic material.
What follows is an isotropic extension of T (E) with three structural tensors M 1 := e1 ⊗ e1 , M 2 := e2 ⊗ e2 , and
M 3 := e3 ⊗ e3 :
T (E) = T̂ (E, M 1 , M 2 , M 3 )

:= α1 tr(M 1 E) + α2 tr(M 2 E) + α3 tr(M 3 E) M 1

+ α2 tr(M 1 E) + α1 tr(M 2 E) + α3 tr(M 3 E) M 2

+ α3 (tr(M 1 E) + α3 tr(M 2 E)) + α4 tr(M 3 E) M 3


+ α5 (M 1 + M 2 )E + E(M 1 + M 2 ) + α6 M 3 E + EM 3 ,

(7)

where αi (i = 1, 2, · · · , 6) are undetermined elastic constants. Note that T̂ is symmetric in M 1 and M 2 , i.e. it satisfies
T̂ (E, M 1 , M 2 , M 3 ) = T̂ (E, M 2 , M 1 , M 3 ). It is straightforward to verify that the function T̂ (E, M 1 , M 2 , M 3 ) is
isotropic and
T̂ (E, QM 1 QT , QM 2 QT , QM 3 QT ) = T̂ (E, M 1 , M 2 , M 3 )
for each Q ∈ G,
(8)
which together with (7)1 imply that
T (QEQT ) = QT (E)QT

for each Q ∈ G.

(9)

Moreover, by rewriting (7) in matrix form under the Kelvin notation [7], it is clear that every constitutive function T that
satisfies (9) has an isotropic extension T̂ given by (7). Hence T̂ (E, M 1 , M 2 , M 3 ) is a perfectly fine isotropic extension of
the anisotropic T (E) via the structural tensors M 1 , M 2 , and M 3 . It should be emphasized that the symmetry group G of
the material in question does not belong to the type (3) required in the original formulation of Boehler and Liu.
In the talk based on this paper, a reformulation of the method of isotropic extensions, with further applications to
anisotropic linear and finite elasticity, will also be presented. This presentation reports joint work with J.D. Goddard (University of California at San Diego, USA).
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MECHANICS OF NANO-PARTICLES FILLED ELASTOMERS BASED ON POLYMER
CHAIN LENGTH STATISTICS
Mikhail Itskov ∗1
1
Department of Continuum Mechanics, RWTH Aachen University, Aachen, Germany
Summary The present contribution deals with the constitutive modeling of carbon nanotube (CNT) reinforced rubbers on the basis of
the polymer chain length statistics. Rubbers both with conventional fillers like silica or carbon black (hybrid system) and without them
are considered. The reinforcement by CNTs is explained by additional cross-linking which influences the probability density function of
polymer chain lengths. The change in the probability density function is statistically reasoned and incorporated into a full network model
based on the numerical integration over the unit sphere. This full network model is able to describe typical inelastic effects of filled rubbers
like the Mullins effect, strain induced anisotropy and permanent set. The so obtained model demonstrates good agreement with experimental
data on CNT blended rubbers available in literature.

INTRODUCTION
Polymer chain length statistics as it results from the polymerization process has long been known in chemistry but, to
the best of our knowledge, has not so far been applied to mechanics of elastomers. Accordingly, the probability that a linear
polymer molecule is composed of exactly k segments is given by the expression [1]: P (k) = pk−1 (1 − p) , k = 1, 2, . . . ,
known as the geometric probability density function, where 0 < p < 1 denotes the probability of the chain propagation while
1 − p represents then the probability of the chain termination. These are exactly the events that the polymer chain connects to a
free radical (monomer) with either two or one active end, respectively. The above representation is based on the assumption of
the classical polymerization theory that p remains constant over the whole polymerization process. The chain length statistics
assumes the minimal number of chain segments available in the distribution to be 1 but can be generalized to an arbitrary
minimal number of chain segments n with the following probability density function [3]: P (k) = pk−n (1 − p) , k =
n, n + 1, . . . a priori satisfying the normalization condition for any n. The continuous counterpart of this probability density
function is of the form
1 n−u
P (u) = e ∆ ,
(1)
∆
where u is a real valued number of segments.
This chain length statistics should be distinguished form the classical non-Gaussian or Gaussian statistics for freely joint
chains. For example, according to the latter statistics for a freely jointed chain with a fixed number k of segments each of the
length l the probability of the end-to-end distance to be between r and r + dr is given in three-dimensional space by [4]
P (r, k) dr =



3α
2πkl2

3/2

3αr 2

e− 2kl2 r2 dr,

(2)

where α is a constant defined by the valence angle. Conversely, considering a subset of polymer chains with the same r
one obtains a distribution of k. This statistics is bases on the random walk theory and has thus nothing in common with
the polymerization process. In Fig. 1 both the probability density function (1) for various values of ∆ and the Gaussian
distribution function (2) for r = 2, l = 1 and α = 1 are plotted. In comparison to the Gaussian distribution the probability
density function (1) is always monotone decreasing.
EFFECT OF CARBON NANOTUBES
CNTs form additional cross-links for the polymer chains (see Fig. 2) and thus influence the chain length probability
density function discussed above. The placement of these CNT cross-links within a polymer chain is random. Thus, from the
point of view of the chain length statistics a chain with u segments transforms into two (or one) chains with the number of
segments either 0/u or 1/u − 1, . . . or u − 1/1. The probabilities of these events are equal and can thus be expressed as 1/u.
The new chain length probability density function resulting from this cross-linking can be expressed by (1) as (see Ref. [2]
for details)
Z∞ n−ū
Z∞
P (ū)
1
e ∆
D (u) =
dū =
dū.
(3)
ū
∆
ū
u
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Figure 1: Illustration of the probability density function (1) for various values
of ∆ versus the Gaussian distribution function (2) for r = 2, l = 1 and α = 1

Figure 2: Illustration of polymer chains
cross-links by CNT

AN ANISOTROPIC SOFTENING MODEL
According to the non-Gaussian chain statistics the chain force tends to infinity as the chain length tends to its maximal
value at the fully stretched straight state. Thus, for any material direction the above model is restricted by the condition
√
λmax < n,
(4)
where λmax denotes the maximal stretch ever reached in the loading history. In order to satisfy this condition for every
material direction we adopt a deformation driven evolution of the minimal number of chain segments such that the condition
(4) always satisfies. This evolution can be expressed by
n (d ) = ν 2 λ2max (d ) ,

(5)

where d denotes a unit vector specifying a material direction. ν > 1 is a material constant which can be referred to as sliding
ratio. It expresses the ratio of the chain contour length kl to the length at break or debonding from the filler aggregate. Further,
we assume that the broken/debonded segments still contribute to the entropic energy of the network. The softening is only
due to the evolution of the chain length distribution. In order to describe the softening as a continuous process we further
apply the continuous distribution function (3) and assume that ∆ = const although n (d ) increases with increasing λmax (d )
according to (5). This means that the form of the distribution function remains unchanged, it only shifts parallel to the u-axis
to higher values of u. The free energy of all chains in a direction specified by a unit vector d can thus be given by
ψ (d ) =

Z∞

w̃ (λ, u) D (u) du,

(6)

ν 2 λ2max (d )

where D (u) is given by (3). The constitutive model described by (6) is one-dimensional and can be generalized to three
dimensions within the concept of the full network model mentioned above. Accordingly, the free energy of chains in one
spatial direction is integrated over the unit sphere. To this end, a numerical cubature is applied. The so obtained 3D model
includes very few physically motivated material constants and shows good agreement with experimental data on both unfilled
and filled rubbers. In the latter case predictions of the models were compared to a hybrid elastomer composite with various
amounts of CNTs and a classical filler like silica.
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MODELING OF RESIDUALLY STRESSED MATERIALS
1

Touhid Ahamed1 , Luis Dorfmann ∗2 , and Ray Ogden3
Department of Civil Engineering & Engineering Mechanics, The University of Arizona, Tucson, AZ, USA
2
Department of Civil and Environmental Engineering,Tufts University, Medford, MA, USA
3
School of Mathematics and Statistics , University of Glasgow, Glasgow, UK

Summary Stresses that are present in a material body in the absence of any applied loads (either body forces or surface tractions) are
referred to as residual stresses. To effectively model the elastic response, relative to a residually stressed configuration, the residual stresses
need to be incorporated into the constitutive equations. In this talk we provide an overview of the basic equations required to present
a general elastic, invariant-based anisotropic constitutive formulation that includes residual stress. We summarize a three-dimensional
incremental formulation appropriate for the implementation of the theory in a nonlinear finite element code. For numerical purposes the
general constitutive formulation is specialized to a simple prototype model and a simple representation of the residual stress distribution is
adopted. As well as possessing anisotropy associated with residual stresses in its unloaded (reference) configuration, the considered material
has anisotropy corresponding to two preferred directions that are identified with the orientations of two families of fibers. To validate the
theory and its implementation the wall stress distribution in an abdominal aortic aneurysm (AAA) using patient specific geometry and
material model parameters is evaluated. The method presented in this talk is general and can be used, by specifying appropriate energy
functions, to investigate other residually stressed biological systems.
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FINITE SHEAR OF THIN-WALL COMPOSITE SPHERES
Gidon Weil ∗ and Gal deBotton
Department of Mechanical Engineering, Ben-Gurion University, Beer-Sheva, Israel
Summary We examine the mechanical response of a thin-wall composite sphere (TWCS) to moderate level of shear, within the framework of
finite deformation elasticity. Results show very good correspondence between our proposed analytical solution and a numerical simulation
carried out by FE method.

TWCSs are very common structures in nature. For example, cells prior to division (Fig. 1A) which can be approximated
as TWCS subjected to uniaxial tension, globular cells such as the single-cell Chlorella algae (Fig. 1B), enveloped viruses
which are commonly modeled as spherical (Fig. 1C), many types of fruit (Fig. 1D) and others. TWCSs are very common also
in man-made structures. For example, gold nanoshells for cancer treatment (Fig. 1E), coated hydrogel capsules for targeted
drug delivery applications, golf balls (Fig. 1F) and many more.

Figure 1: TWCS examples
Studies of the mechanical response of composite spheres consisting of two phases in the limit of infinitesimal deformation
elasticity are available in the literature, but when dealing, for example, with cells which undergo large deformations, finite
deformations must be accounted for. Within this framework the topic was barely dealt with and only the relatively simple
case of inflation/compression was discussed. To the best of our knowledge there are currently no published solutions to the
problem of hyperelastic TWCS under non-spherical loading within the frameworks of finite deformation elasticity.
We consider the case of TWCS with incompressible neo-Hookean phases subjected to homogeneous shear loading. The
homogeneous deformation gradient and nominal stress associated with this deformation are




1 γ 0
0 τ 0
F(h) =  0 1 0  , P(h) =  τ 0 0  ,
0 0 1
0 0 0
where γ is the shear strain and τ is the shear load, respectively.
We determine the form of the displacement and the pressure fields in terms of a power series about the shear strain
(displacement BC) or shear load (traction BC) and a function of the referential spherical coordinate system {r, θ, φ}, up to
the first order in the shell volume fraction cs . We develop an exact form for the solution up to constant coefficients that
are determined using the incompressibility constraint and the equilibrium equations in both phases and the continuity of the
displacement and the traction at the interface. In addition the appropriate boundary conditions are used. Specifically, we
begin the analysis with the shell and determine the displacement (displacement BC) or traction (traction BC) at the interface.
Then we move on to the core and determine the traction (displacement BC) or displacement (traction BC) at the interface,
completing the solution in the core, before moving back to the shell and completing the solution for the TWCS. We start with
the linear term in γ or in τ , and once the solution is completed we use it and repeat the same procedure for the quadratic term.
The higher order terms are determined by repeating these steps.
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We compared the analytical solution to numerical simulations carried out with the commercial finite elements code
ABAQUS. An example for the FE simulation can be seen in Fig. 2. The cases of stiffer or softer core were examined.
In order to examine the range of the validity of the thin shell assumption we modeled TWCSs with cs =5% and 10%. We
compared the principal Cauchy stresses along the principal directions of the strain for different shear strains and loads. In Fig.
3 an example is shown for amounts of γ and τ which correspond to stretch ratio of about 150%. In addition, we compared
the analytical and numerical average principal Cauchy stress and strain energy as a functions of γ or τ , where the average is
defined by integration over the sphere’s volume, normalized by the sphere’s volume.

Figure 2: Maximal principle stresses according to FE simulation for TWCSs under displacement BC with softer core (left)
and TWCSs under traction BC with stiffer core (right)

Figure 3: Comparisons between the normalized principle stresses along the maximal stretch direction according to the analytical results (curves) and the FE simulations (dots) for TWCSs under displacement BC with softer core (left) and TWCSs
under traction BC with stiffer core (right).
We found that if we impose the same average shear in both displacement and traction boundary conditions we end up with
identical amount of average shear stress, first invariant of the average Cauchy-Green deformation tensor and average strain
energy. We note that differences do exist between the cases, for example the second invariant isn’t identical. Therefore, as
opposed to the case of displacement boundary condition, when exerting traction boundary condition the deformation is not
planar.
CONCLUSIONS
We developed an analytical solution for a hyperelastic TWCS subjected to simple shear BC in the frameworks of finite
deformation elasticity. Correspondence between the analytical proposed solution and the numerical simulations for the local
stresses up to stretch ratios of about 150% for a thinner shell occupying 5% of the volume was excellent for the cases of
softer core under displacement BC and stiffer core under traction BC, and was fair for the two opposite cases. For the average
stresses and strain energy the correspondence was excellent for all cases, with relative errors of up to 5%.
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Abstract The effect of core spreading of interface dislocation arrays on the elastic field and related properties is explored in this paper.
Employing the Green’s function for a single compact dislocation, we derived the expressions for the elastic fields associated with corespreading dislocation arrays in multilayer anisotropic materials. It is found that core spreading would significantly reduce stress/strain
concentration of the dislocation at the interface. The accuracy of the results is validated by the continuity of traction across the interfaces.
Numerical results show that: (1) after core spreading, the stress singularity of the dislocation with condensed core is eliminated and the stress
intensity near the cores region is reduced; (2) the region influenced by the dislocations is expanded for the core spreading model. Besides,
Peach-Kohler Force with respect to the distance between two adjacent dislocations is analyzed, which may influence the strength of the
multilayer material.
Keywords: Dislocation array; Core spreading; Multilayered anisotropic material; Green’s function

ELASTIC FIELDS OF DISLOCATION ARRAYS CORE SPREADING IN ANISOTROPIC MATERIAL
When an interface shows a weak shear resistance, such as Cu/Nb metallic multilayers and metal/amorphous interfaces,
interface dislocations show a spreading core at the interface. For instance, Dholabha et al. (2014) found an edge dislocation
spreads at STO/MgO interface with the width of ~2nm. Regarding to the multilayer material with a few nanometers, the
core dimension is comparable to the layer thickness, which may have a great effect on the dislocation nucleation and
propagation. Therefore, it is necessary to study the elastic response of the core spreading.
The dislocation arrays at interfaces in a multilayered anisotropic material are given in Fig.1(a). For simplicity, the
elastic constants of the different materials are assumed to be the same. The layer thickness is denoted by h and the distance
between two adjacent dislocations at the interface L. The dislocation has a spreading core with a width of w at the interface.

Fig.1. Dislocation core spreads in a width of w in a multilayered anisotropic material (a), and the distribution of Burgers
vector along the core spreading region (b)
For a dislocation with a spreading core, Eshelby (1949) suggested to treat the spread-out dislocation as an array of
infinitesimal dislocations. The Burgers vector of the single dislocation in every array is denoted by b0. The distributed
Burgers vector in the spreading region is denoted by b which is a function of the source position (X, Z). The width of the
spreading core is assigned to be 2nb0, and the distribution of the Burgers vector at the core region is assumed as a linear
distribution along the interface as shown in Fig. 1(b), i.e.

 1m 1  a ( X  nb0  X 0 )  b0 , X  X 0
, with a  1
b
m
n 2b02
  1  a  X  nb0  X 0   b0 , X  X 0

(1)

The coordinate (X0, Z0) is the position of the dislocation and the parameter m denote the layer number of the interface.
According to Stroh formulism, we can derive the elastic field due to the dislocation with core spreading at the interface as
follows:
a)
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A and q  are determined by the material constants, and z  x  p z .
NUMERICAL EXAMPLE

The stress fields induced by dislocation arrays with core spreading at the interfaces in multilayer anisotropic materials
are numerically evaluated. The elastic constants of the materials are assumed to be the same but the glide plane and glide
direction are different with each other. Fig.2 is the contour of the stress field σ11 (GPa) for the dislocation arrays with core
spreading (a) and unspreading (b). We can find that: (1) with core spreading, the stress singularity of the dislocation arrays
is eliminated and the stress intensity near the cores of the dislocation arrays is reduced greatly, compared with the
dislocation arrays with condensed cores; (2) at the same point outside of the core regions, the stress for the core spreading
model is larger than the compact dislocation arrays model, which means that the region influenced by the dislocations is
expanded for the core spreading model.

Fig.2. The contour of the stress field σ11 (GPa) for the dislocation arrays with core spreading (a) and unspreading (b).
The influence of interface dislocation arrays with core spreading on the dislocation slide is a key process of the plastic
deformation propagation in the layered composites. The interaction force (i.e., Peach-Koehler (P-K) force) may provide
extra resistance force to the dislocation glide, and consequently strengthen the material. The influences of the dislocation
space L and the layer thickness are explored systematically. We found that the P-K force is sensitive to the core spreading
and generally P-K force for the core spreading case is larger than that for the compact dislocation.
CONCLUSIONS AND DISSCUSSION
The expressions for the elastic fields due to dislocation arrays with core spreading in multilayered anisotropic materials
were derived. It is found that dislocation core spreading has a great influence on the displacement and stress fields in the
core region, and the stress singularity in the conventional compact model can be eliminated in the core-spreading models.
The analysis of the P-K force on the approaching dislocation shows that the spreading model has a relative large influence
region, compared with the compact model. The findings from this work seem more important to nanolayered multilayers
since the core spreading width of dislocations is comparable to the layer thickness, and thus provide new insights into
understanding the role of interfaces in determining materials strength and plastic deformation.
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Abstract We examine the surface tension-induced stress concentration around an elliptical hole inside an anisotropic half-plane with traction-

free surface. Using conformal mapping techniques, the corresponding complex potential in the half-plane is expressed in a series whose
unknown coefficients are determined numerically. Our results indicate that surface tension makes a significant contribution to the stress
concentration around the hole as the size of the hole approaches the nanoscale. In particular, we find that, with decreasing distance between the
hole and the free surface, the hoop stress can switch from compressive to tensile at certain points on the hole’s boundary and from tensile to
compressive at others. This phenomenon is absent in the case of an elliptical or even circular hole with surface tension in an isotropic half-plane.
(this work forms part of a paper recently submitted for publication [1])

INTRODUCTION
In recent years, nano-structures and nano-composites have been widely used in mechanical and biomedical engineering
applications because of their unique physical and mechanical properties. In an effort to accurately predict stress distributions
in such structures and composites, surface/interface effects induced by the contributions of surface/interface energy and
surface/interface tension have been incorporated into the models of deformation around, for example, inner nanosized holes
or inclusions. Most investigations involving nanosized holes/inclusions incorporating surface/interface effects, however,
have been restricted to the simple case where the matrix surrounding the holes/inclusions is assumed to be isotropic (see, for
example, [2-5]). This essentially prevents the analysis of cases involving most ceramic-matrix nano-structures and nanocomposites in which the matrix appears to be highly anisotropic. In view of this deficiency, we present in this paper an
efficient method to deal with the problem of stress concentration around an elliptical hole in an anisotropic matrix subjected
to plane deformations when surface tension is included on the boundary of the hole. This assumption is reasonable for
problems involving small strain. In fact, in certain technological applications, the effect of deformation-dependent surface
elasticity has been found to be small compared to that of surface tension [6, 7]. In our approach, the matrix is modelled
specifically as a half-plane to incorporate the interaction between the hole and the edge of the matrix.
PROBLEM FORMULATION
We refer to the xy-coordinate system and consider an anisotropic lower half-plane containing an elliptical hole. As noted
above, we consider only the contribution of surface tension T and disregard the deformation-dependent surface elasticity on
the boundary of the hole. This assumption is reasonable for problems involving small strain [6, 7]. The stress distribution in
the anisotropic half-plane can be expressed in terms of two complex potentials i ( zi ) ( zi  x  i y, i  1, 2 ) by [8]

 xx  2Re  121( z1 )  222 ( z2 ) ,  yy  2Re 1( z1 )  2 ( z2 ) ,  xy  2Re  11( z1 )  22 ( z2 ) ,

(1)


2 Re 1 ( z1 )  2 ( z2 )  T sin   A 
2 Re 1 ( z1 )  2 ( z2 )  C 

 (on L),
 (on L),
2 Re  11 ( z1 )  22 ( z2 )  T cos   B 
2 Re  11 ( z1 )  22 ( z2 )   D 



(3)

where μ1 and μ2 are two distinct complex roots with positive imaginary parts each determined by the following fourth-order
equation in μ,
a11 4  2a13  3  (2a12  a33 ) 2  2a23   a22  0.
(2)
Here, the constants aij (i,j=1,2,3) are the compliance coefficients of the anisotropic material occupying the half-plane. The
traction boundary conditions on the hole’s boundary L and the free surface L of the half-plane are described in terms of
1 ( z1 ) and 2 ( z2 ) as [8]

where β is the angle between the positive x-axis and the tangent to the boundary L, while A, B, C and D are real constants to
be determined. The complex potentials 1 ( z1 ) and 2 ( z2 ) can be determined from conditions (3) using conformal
mapping techniques and Fourier expansion methods. Numerical examples for surface tension-induced stress concentrations
around elliptical holes in an anisotropic half-plane are given in the next Section.
NUMERICAL EXAMPLES AND CONCLUSIONS
The following figures show the hoop stresses σtt around circular and elliptical holes with surface tension in an
anisotropic half-plane with increasing distance between the hole and the free surface of the half-plane.
a)

Corresponding author. Email: P.Schiavone@ualberta.ca

1948

8

5

d=0.05a
d=0.25a
d=5.5a
d=infinity

relative
error
4.7%
0

0

 tt a

-2

-4

T

 tt a
T

-13

d
 a3

d

-12



-22

a
1  4.5 I ,  2  0.18 I

-22

0.0

 

0.5

-31

1.0

2.00
0

relative
error
4.4%
0.0

2a 3

d=0.05a
d=0.25a
d=4a
d=infinity

 

1  0.24 I ,  2  2.86 I
0.5

1.0

5.00
0

d=0.05a
d=0.25a
d=2.6a
d=infinity

-8.25

 tt a
T

-18.50

-2.75

 tt a
T


-28.75

-39.00

2a
3

1  0.88  0.46 I
 2  0.78  0.62 I

 

1

d



 4

2a 3

-18.25

a 3

0

d=0.05a
d=0.25a
d=1.7a
d=infinity

-10.50

d

relative error 4.5%

a 3

relative error 4.4%

1  3.26 I , 2  1.5 I
2

-26.00

0

 

1

2

From the above results, we conclude that:
(1) Surface tension makes a significant contribution to the stress concentration around the hole in a half-plane as the size of the
hole approaches the nanoscale.
(2) The maximum hoop stress around the hole increases significantly with decreasing distance between the hole and the free
surface of the half-plane. The maximum hoop stress usually appears in the vicinity of the point of maximum curvature on
the hole’s boundary.
(3) For an elliptical or even for a circular hole in an anisotropic whole plane, positive surface tension may induce tensile hoop
stress at certain points around the hole, which is in sharp contrast to the case of a circular or elliptical hole with positive
surface tension in an isotropic whole plane (see [9] for the case of isotropic whole plane).
(4) For an elliptical or even circular hole (with surface tension) in a half-plane, compressive hoop stress at certain points around
the hole may become tensile while simultaneously tensile hoop stress at certain other points around the hole may become
compressive as the hole approaches the free surface of the half-plane. This, of course, is true only if the half-plane is
anisotropic and not isotropic (see [5] for the case of an isotropic half-plane).
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Summary The analytical solution of a nonlinear problem of elasticity (plain strain) for a bi-material plane, consisting of two half-planes,
is obtained under action of a point force at an interface. Mechanical properties of half-planes are described by a model of John’s harmonic
material. The problem is solved by methods of functions of a complex variable, the stresses and displacements are expressed through two
analytical functions, which are found from boundary conditions. Based on the global solutions the asymptotic expansions are constructed
for stresses and displacements in a vicinity of a point force. The solution of a problem for half-plane loaded by point force on a border is
found.

INTRODUCTION
The considered model of an elastic material is proposed by F. John in work [1]. The complex formulation to the equations
of nonlinear plane problems is given in [2]. The further development of a complex method is made in [3], where the problem
about an interface crack for John’s material is solved. The new form of complex equations is received in work [4]. Problems
an interface crack and a point force on an interface are solved using a method of jumps of stresses and displacements. The
case of an interface crack loaded by pressure is studied in work [5]. For the first time it is shown, that there is the critical
pressure which excess leads to loss of the material stability as well as large deformations and stresses.
PROBLEM SOLUTION
Consider John’s elastic potential (strain energy density) [3]
Φ = 2µ[F (I) − J],

I = λ1 + λ2 , J = λ1 λ2 ,
p
8µbF 0 (I) = I + I 2 − 16bc,

where λ1 , λ2 are principal stretches; the constants b, c are defined by transition to Hookean law under small deformations:
4µb = 1 + µ/(λ + 2µ), c = 2µ(1 − 2µb).
The equilibrium and compatibility equations of a plane problem in cartesian coordinates are
(s11 + is12 )01 + i(s22 − is21 )02 = 0,
(1)
(g22 − ig12 )01 + i(g11 + ig21 )02 = 0,
sij = ∂Φ/∂gji are nominal stresses, gij — components of deformation gradient. Let’s z = x1 + ix2 , ζ = ξ1 + iξ2 are the
complex variables of undeformed and deformed states, σ is a stress function. The equations (1) are identically satisfied at
substitution of expressions
∂σ ∂σ
∂σ ∂σ
s11 + is12 =
−
, s22 − is21 =
+
,
∂z
∂z
∂z
∂z
(2)
∂ζ
∂ζ
∂ζ
∂ζ
g11 + ig21 =
+
, g22 − ig12 =
−
.
∂z
∂z
∂z
∂z
The functions ζ and σ are received from the elasticity law and formulas (2)
ζ = bϕ(z) + ψ(z) +

cz
ϕ0 (z)

,

σ = (1 − 2µb)ϕ(z) − 2µψ(z) − 2µ

cz
ϕ0 (z)

(3)
,

ϕ(z), ψ(z) are analytic functions. The boundary conditions at interface
[s22 − is21 ]+ − [s22 − is21 ]− = ∆ s(t),
∗ Corresponding
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(4)
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the functions ∆ s(t), ∆ g(t) are the jumps of stresses and strains. For point force F , applied at interface in z = 0, the jumps
are ∆ s(t) = −iF δ(t), ∆ g(t) = 0.
We introduce functions h(z) and k(z), which holomorphic in all plane, except interface, then equations (4) and their
solutions will become [4], [6]
[h(z)]+ − [h(z)]− = ∆ s(t),

[k(z)]+ − [k(z)]− = ∆ g(t),

F 1
+ h(∞), k(z) = k(∞).
2π z
Constants h(∞), k(∞) are defined from conditions sij → 0 at |z| → ∞.
The asymptotic expansions of nominal stresses and displacements for upper half-plane S2 at r → 0 are:


1 − 2µ2 b2
F
−iθ
iθ
s11 + is12 = −
p2 e
+ 2µ2 p1 e
+ O(1),
b2
2πr


1 − 2µ2 b2
F
s22 − is21 = −
p2 e−iθ − 2µ2 p1 eiθ
,
b2
2πr
h(z) = −

u1 + iu2 = −(p1 + p2 )

(5)

F
ln r + O(1),
2π

where z = reiθ ,
p1 =

b1
,
1 + 2b1 (µ2 − µ1 )

p2 =

b2
.
1 + 2b2 (µ1 − µ2 )

The Cauchy stresses are calculated under formulas
s11 + is12
t11 + it12 = p 2
,
2
g22 + g12

s22 − is21
t22 − it21 = p 2
.
2
g11 + g21

The asymptotic expansions of Cauchy stresses for upper half-plane at r → 0
r
F (1 − 2µ2 b2 )p2 e−iθ + 2µ2 b2 p1 eiθ
p
t11 + it12 = −
+ O(r),
F
b2 p21 − 2p1 p2 cos 2θ + p22
r
F (1 − 2µ2 b2 )p2 e−iθ − 2µ2 b2 p1 eiθ
p
+ O(r).
t22 − it21 = −
F
b2 p21 + 2p1 p2 cos 2θ + p22

(6)

The expansions for lower half-plane S1 are obtained by cyclic replacing of indexes (1 ↔ 2) in the right parts of (5), (6).
CONCLUSIONS
The nominal stresses have singularities 1/r at r → 0 in vicinity of point force, the displacements have singularity ln r,
while the Cauchy stresses have no singularity. The stresses and displacements of single half-plane problem (S1 or S2 ) under
action of point force on border we receive from above-described results when one of modules µ equal zero.
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Summary Folding graphitic materials have the potential to create complex structures with new properties. Intercalating molecules into these
folds is an interesting method of one-dimensional functionalisation of a graphene sheet. We investigate the incorporation of a single-walled
carbon nanotube into folded graphene structures and between sheets of graphene. The optimal curved structure caused by both the elastic
and van der Waals energies is examined using variational calculus. Results are shown to match with molecular dynamics simulations.

INTRODUCTION
Graphene sheets are materials known to be able to withstand immense stress [1]. However, it is much simpler to move
graphene out of the plane creating folded structures of graphene known as grafolds [2]. In comparison to graphene, grafolds
have been shown to have enhanced mechanical properties under compressive forces [1, 3] and increased chemical reactivity
[4]. One of the more novel applications of these folds is the intercalation of small molecules into the structure. This creates
a one-dimensional functionalisation of the graphene sheets allowing us to experiment with the mechanical, electrical and
optical properties affected by the interlayer interaction. Experiments involving intercalation into folds have been performed
before with C60 fullerences [2]. Here, we investigate a similar structure formed by the intercalation of a single-walled carbon
nanotube into a fold. Due to the isotropic nature of this structure along the axis of the nanotube, the problem can be reduced to
two dimensions and we examine a cross-section of the system. Simulations are conducted and a comparison is made between
the equilibrium state of an MD simulation of the system and the mathematical model of the structure formulated by variational
calculus.
MODELLING
We construct a model to determine the optimal geometric structure of a graphene sheets wrapped around a single-walled
nanotube. The dominant forces are assumed to be the van der Waals (vdW) interaction energy and the elastic bending energy
involved in the bending of the sheet. The vdW energy is taken to dominate as the sheet wraps around the nanotube and so we
represent this curve as a perfectly circular arc. When the edges of the folded sheets are a sufficient distance from the tube,
the elastic force rapidly decreases and the sheets stack in a horizontal fashion as in graphene. Furthermore, we assume the
graphene-graphene and SWNT-graphene van der Waals interaction are equal and denote the resulting equilibrium distance as
2δ Å . The SWNT is fixed at a radius of r Å .
Invariance of the structure along the length of the nanotube allows us to
reduce the problem into two dimensions as shown in Fig. 1. We assume reflective symmetry around the x-axis and so can independantly consider the upper
section. The curve is split into three distinct sections denoted by C1 , C2 and
C3 . We define C1 as a circular arc of radius R = r + 2δ and C3 is defined
as a horizontal line bounded on the left. Our interest is in the formation of the
central curve C2 bounded by the points P1 = (x0 , y0 ) and P2 = (x1 , δ).
The elastic energy, Ee , uses Euler’s formulation of the potential energy of
an ideal elastic line and the vdW energy, Ev , is modelled as a Heaviside step
function. Additionally, we assume the curve section C2 is dominated by the
elastic force and thus C1 and C3 are the sections of the curve affected by the
vdW force. Our total energy E is then
ˆ
E = Ee + Ev =
(γκ2 − u(x1 − x) − u(x − x2 )) ds,
C

where κ is the strictly negative line curvature and γ is a constant denoting the Figure 1: Representation of a graphene
bending rigidity of graphene. Additionally, u represents the heaviside function sheet wrapped around a carbon nanotube.
and  is a scaling constant denoting the vdW energy per area length.
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We aim to minimise
the energy together with an isoperimetric constraint on
´
the total arclength, C ds = L, which we incorporate in our functional by multiplying by a Lagrange multiplier λ.
ˆ
E=
(γκ2 − u(x0 − x) − u(x − x2 ) + λ) ds
C
ˆ
γL1
(κ2 + α) ds + (λ − )L,
= 2 +
R
C2
where we have defined α = /γ.
The general parametric solution for the minimal energy curve is given in Cox et. al. [5]



2(α + β)1/2
2(α + β)1/2
α
2
2
1 − k sin φ ,
x(φ) = c1 −
y(φ) = c2 −
E(φ, k) −
F (φ, k) ,
β
β
α+β
1/2

2β
and E and F are, respectively, the incomplete elliptic integrals of the first and seconds kinds.
where k = α+β
Using the boundary conditions defined for a second order variational problem, we can find our constants


2 + 2(R2 α + 2)1/2
(R4 β 2 − 4)1/2
2(α + β)1/2
α
c1 =
,
c2 =
+
E(φ0 , k) −
F (φ0 , k) .
Rβ
Rβ
β
α+β
The van der Waals energy is taken as  = 0.0214 eV Å−2 and the bending energy as γ = 1 eV Å−2 [5]. The remaining
constant β is determined numerically for each case.
RESULTS
Several MD simulations were run for a number of different sized nanotubes ranging from (6,6) to (10,10) armchair nanotubes. The resulting structure was overlayed with the curve defined by the mathematical model for nanotubes of an equivalent
radius as shown in Fig. 2. This alternate modelling method gives a curve that reasonably approximates the curved structure
of the model. We do however note that the nanotube has been slightly compressed forming an elliptical rather than a perfectly
circular structure which gives a possible further extension to the model.

Figure 2: Comparison of mathematical model and MD simulation equilibrium structure for (6,6), (8,8) and (10,10) armchair
nanotubes wrapped by a graphene sheet. The simulation is represented by the dotted line.
MOLECULAR DYNAMICS
Molecular dynamics (MD) simulations were performed using the LAMMPS MD simulator. A folded sheet of graphene
around a single-walled carbon nanotube was modelled in a 10nm × 10nm simulation box. This system was repeated periodically along the axis of the nanotube. All interactions were modelled using the AIREBO forcefield. The simulation was
equilibriated under the NPT ensemble at a temperature of 300 K and pressure of 1 bar. Temperature and pressure control were
managed using the Nose-Hoover thermostat and barostat. The system was first minimised using the conjugate gradient (CG)
algorithm and was then run at a timestep of 0.5 femtoseconds.
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REGULAR QUATERNIONIC FUNCTIONS AND THEIR APPLICATIONS
IN THREE–DIMENSIONAL ELASTICITY
Yuri Grigor’ev ∗
North-Eastern Federal University, Academy of Sciences of Republic Sakha (Yakutia), Yakutsk, Russia
Summary In the plane elasticity an effective method of using the holomorphic complex function theory is based on Kolosov-Muskhelishvili
formulae. For three–dimensional problems monogenic Clifford functions or regular quaternionic functions of a reduced quaternion variable
are used. We present some variants of three–dimensional Kolosov-Muskhelishvili formulae where elastic displacements and stresses are
expressed in terms of two arbitrary regular quaternionic functions. It is shown that in particular cases of plane and axially symmetric
deformations these representations go into the Kolosov–Muskhelishvili and Solov’ev formulae expressed in terms of two complex functions.
Some applications of quaternionic representations for elastic equilibrium problems are shown.

INTRODUCTION
In two-dimensional problems of the theory of elasticity the methods of complex variable theory are effectively used. In
plane problems the basis of this is the representation of the general solution of the equilibrium equations in terms of two
arbitrary analytic functions called the Kolosov–Muskhelishvili formulae. In axially symmetric problems different classes
of generalized analytic functions of complex variable are used. As a generalization of the method of complex functions in
multidimensional problems the method of hypercomplex functions are developed (see [1, 4] etc.). For three-dimensional
problems of mathematical physics such an apparatus is the Moisil–Theodoresco system theory, which is developed as the
theory of regular quaternion functions of reduced quaternion variable (see [3]). In [2, 5] one can find short reviews about
some results in using of hypercomplex functions in the three-dimensional elasticity. In this report we present the basis of
the theory of regular quaternionic functions of a reduced quaternion variable. Some variants of the quaternion KolosovMuskhelishvili formulae with the expressions for stresses are obtained. It is shown that in particular cases of plane and axially
symmetric deformations these representation goes into the Kolosov–Muskhelishvili and Solovyov formulae expressed in terms
of two complex functions. Some applications of quaternion representations for elastic equilibrium problems are shown.
THEORY OF QUATERNIONIC FUNCTIONS
Let i, j, k be the basic quaternions obeying the following rules of multiplication: i2 = j2 = k2 = −1, ij = −ji = k,
jk = −kj = i, ki = −ik = j. An element q of the quaternion algebra H we write in the form q = q0 +iqx +jqy +kqz = q0 +q,
q0 is the scalar part of a quaternion, q = iqx + jqy + kqz is the vector part of a quaternion q. The quaternion conjugation
is denoted as q̃ = q0 − q. Let x, y, z be the Cartesian coordinates in the Euclidean space R3 . A quaternion-valued function
f of a reduced quaternion variable r = ix + jy + kz ∈ R3 is a mapping f : Ω −→ H such that f (r) = f0 (r) + f (r)
= f0 (x, y, z) + ifx (x, y, z) + jfy (x, y, z) + kfz (x, y, z). The differential operator ∇ = i∂x + j∂y + k∂z is called the
generalized Cauchy– Riemann operator. A function f is called (left) regular if ∇f = 0. With the vector notations the
regularity condition is given as follows: ∇f (r) = −∇ · f (r) + ∇f0 (r) + ∇ × f (r) = 0, where ∇f0 , ∇ · f , ∇ × f are the
usual gradient, divergence and curl, respectively. This system in the Cartesian coordinates is called the Moisil–Theodoresco
system (MTS) and is a spatial generalization of the Cauchy-Riemann system. For quaternion functions analogues of the main
properties of the holomorphic complex functions have been established (see [1]–[4]).
The quaternion function F is called a primitive of a regular function f if ∇F = f . Because of a regular function f is a
harmonic function then a primitive function F is also harmonic and the function F is also called as a harmonic primitive.
THREE–DIMENSIONAL ANALOGUES OF THE KOLOSOV–MUSKHELISHVILI FORMULAE
The equation of elastic equilibrium is called the Lame equation and has the next form
Lu ≡ (λ + 2µ)∇(∇ · u) − µ∇ × (∇ × u) = 0.

(1)

If we introduce the next scalar function f0 and vector function f :
(λ + 2µ)∇ · u = f0 ,

−µ∇ × u = f ,

(2)

then the Lame equation (1) is transformed into the MTS, thus, the quaternion function f = f0 + f is regular.
∗ Email:
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The three-dimensional analogue of the Kolosov–Muskhelishvili formulae for a displacement is obtained in the next form
g − ψ(r),
g κ = − 3λ + 7µ = −7 + 8ν,
2µu(r) = κΦ(r) − rϕ(r)
λ+µ

(3)

where as Φ one can take any primitive of function ϕ, having subordinated ψ to the condition κΦ0 = r·ϕ+ψ0 ; ν is a Poisson’s
ratio. Thus, the vector of elastic displacement is represented in terms of two arbitrary regular functions ϕ, ψ and a harmonic
primitive Φ of a function ϕ. It is proved that the quaternion representation (3) is a general solution of the Lame equation (1)
in the cases of star–shaped domains or simply connected domains with a smooth boundary. Components of a stress tensor are
also expressed in terms of regular functions ϕ, ψ and a harmonic primitive Φ.
In the case of star–shaped regions we have other form of a quaternion representation:
 
 
Z 1
3λ + 7µ 1/2 1 1
r
1
2
α
I
− I f0 + ∇g0 , I f =
tα f (rt)dt,
(4)
u(r) = × I f + ∇ r
µ
4µ(λ + 2µ)
µ
0
where the regular function f is from (2); g0 is an arbitrary scalar harmonic function thus ∇g0 is a pure vector regular function.
It is shown that quaternion representations (3) and (4) are equivalent. It can be shown that in particular cases of plane and
axially symmetric deformations these representations goes into the Kolosov–Muskhelishvili and Solov’ev formulae expressed
in terms of two complex functions.
APPLICATIONS
From the quaternion representation (4) the new representation of a general solution of the Lame equation expressed in
terms of three harmonic functions is obtained. With the help of that representation solutions of each of four main problems
about an elastic ball’s equilibrium are expressed through solutions of three independent Dirichlet and Neumann problems for
the harmonic functions. Thus the solutions of these elastic problems are obtained in closed forms in quadratures and these
quadratures are expressed in terms of the Appell hypergeometric functions. For the solution of the first main problem of an
elastic equilibrium of an arbitrary body the three dimensional quaternion analogue of the Muskhelishvili integral equation is
obtained by means of the representation (3). Basics of the quaternionic boundary element method with the numerical example
are presented. The system of polynomial solutions of the Lame equation is obtained by means of the representation (4). As
application of an approximation theorem for the MTS the theorem about a polynomial approximation for the Lame equation
is established.
When it is necessary to reconstruct a stress field in a body from measurement data on a part of a boundary we must solve
the Cauchy problem for the Lame equation. In this case we have overdetermined data on a part of a boundary (all components
of the displacement and the stress vector) and unknown boundary conditions on the remaining part of a boundary. It is shown
that this problem is equivalent to the problem of an analytical continuation of a regular quaternion function from a part of a
boundary.
CONCLUSIONS
In this paper the theory of Moisil-Theodoresco system in terms of regular quaternion functions of reduced quaternion
variable is used. Two variants of a quaternion representation of the Lame equation solution are presented. One of them
was obtained in star–shaped regions with using radial integration operators, another one – in simply connected domains with
a smooth boundary. These two representations in star–shaped domains are equivalence. It is shown that the quaternion
representation in the case of plane deformation goes into the general Kolosov–Muskhelishvili solution and in the case of
axially symmetric deformation goes into the general Yu.I. Solov’ev solution. Applications of these representations for solving
three–dimensional elastic problems are shown.
This work was supported by RFBR grant 15-41-05081.
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ON CUSPED (TAPERED) PRISMATIC SHELLS
George Jaiani1
1
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Summary Well-posedeness of boundary value (BVP) and initial boundary value problems for elastic cusped (tapered) prismatic shells (i.e.
for shells with vanishing thickness at the boundary) claims non-classical setting of boundary conditions (BC). The present paper is devoted
to a concise up-dated exploratory survey of results within the framework of various models of prismatic shells, in particular, plates of
variable thickness (Kirchoff-love model, hierarchical models, multi-layer models, etc.). It also contains the non-published results of the
author concerning micropolar and classical (with microtemperatures) elastic cusped prismatic shells.

DEFINITION OF CUSPED PRISMATIC SHELLS
Let Ox1 x2 x3 be an anticlockwise-oriented rectangular Cartesian frame. We conditionally assume the x3 -axis vertical. The
(+)

elastic body is called a prismatic shell if it is bounded above and below by, respectively, the face surfaces x3 = h (x1 , x2 )
(−)

and x3 = h (x1 , x2 ), laterally by a cylindrical surface of generatrix parallel to the x3 -axis and its vertical dimension is
(−)
{
sufficiently small compared with other dimensions of the body [1]: Ω := (x1 , x2 , x3 ) ∈ R3 : (x1 , x2 ) ∈ ω, h (x1 , x2 )
(+)
}
< x3 < h (x1 , x2 ) , where ω := ω ∪ ∂ω is the so-called projection of the prismatic shell Ω := Ω ∪ ∂Ω, the thickness
(+)

(−)

h(x1 , x2 )
2h(x1 , x2 ) := h (x1 , x2 ) − h (x1 , x2 ) > 0 for (x1 , x2 ) ∈ ω, and 2h(x1 , x2 ) ≥ 0 for (x1 , x2 ) ∈ ∂ω. Let x3 = e
(−)
(+)
denote the middle surface of the prismatic shell, then 2e
h(x1 , x2 ) := h (x1 , x2 ) + h (x1 , x2 ). In the symmetric case of
(+)
(−)
h(x1 , x2 ) = 0) we have to do with plates of variable
the prismatic shells (i.e., h (x1 , x2 ) = − h (x1 , x2 ), therefore, 2e
thickness 2h(x1 , x2 ) and a middle plane ω (see Figures 1, 2). Prismatic shells are called cusped ones if a set γ0 , consisting of
(x1 , x2 ) ∈ ∂ω for which 2h(x1 , x2 ) = 0, is not empty.
GOVERNING EQUATIONS
The governing equations of cusped prismatic shells are equations and systems of partial differential equations (PDE)
with the order degeneration on γ0 . The order degeneration involves essentially different from the classical setting of BCs.
Degeneration of governing systems is caused by the complexity of the geometry of the 3D body (e.g., cusps, cuspidal edges).
Let us give as examples: (i) Kirchoff-Love bending equation (see [2], Chap. V, Sec. 40 and also [3])
Bw := (Dw,11 ),11 +(Dw,22 ),22 +ν(Dw,22 ),11 +ν (Dw,11 ),22 +2(1 − ν)(Dw,12 ),12 = q(x1 , x2 ),

(1)

3

2Eh
where w is the deflection, D := 3(1−ν
2 ) is the flexural rigidity of the plate, q is the lateral load, E is Young’s modulus,
ν is Poisson’s ration (indices after comma mean differentiation with respect to the corresponding variables, displacements
u3 (x1 , x2 , x3 ) = w(x1 , x2 ), uβ (x1 , x2 , x3 ) = −x3 w,β , β = 1, 2); (ii) the bending system of N = 1 approximation of
I. Vekua’s hierarchical models [4] (see also [1]):
[
]
0
(
)
1
µ(hv30,α ),α + 3µ(hvα1 ),α = −X3 , µ (h3 vα1,β ),α + (h3 vβ1,α ),α + λ h3 vγ1,γ ,β −µh(v30,β + 3vβ1 ) = −hX β ,
(2)

β = 1, 2,
(+)

x3=h(x1,x2)
(+)

x3=h(x1,x2)

g1

g2
x3

G0 = g

0

x2
x1

(-)

x3=h(x1, x2)

(-)

x3=h(x1,x2)

Figure 1: A cusped plate with sharp γ1 and blunt γ2
edges, γ0 = γ1 ∪ γ2 . ∂Ω is a non-Lipschitz boundary

Figure 2: A blunt cusped plate with the edge γ0 . ∂Ω
is a Lipschitz boundary
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where Einstein’s summation (Greek indices take values 1,2) convention is used, λ and µ are Lamé’s constants (for symmetric
shells u3 (x1 , x2 , x3 ) ∼
= 12 v30 (x1 , x2 ), uβ (x1 , x2 , x3 ) ∼
= 32 x3 vβ1 (x1 , x2 ), β = 1, 2,); (iii) governing system of N = 0
approximation
[
]
0
0
µ (hvα0,β ),α +(hvβ0,α ),α + λ(hvγ0,γ ),β = −X β , β = 1, 2, µ(hv30,α ),α = −X 3 ,

(3)

(displacements ui (x1 , x2 , x3 ) ∼
= 12 vi0 (x1 , x2 ), i = 1, 2, 3), unknowns vi0 , i = 1, 2, 3, vβ1 , β = 1, 2, are so called weighted
0

1

moments; X i = 1, 2, 3, X β , β = 1, 2, are expressed by tractions applied at face surfaces and by volume forces. Evidently,
equations (1)-(3) have the order degeneration on γ0 .
We consider both the single-layer and multi-layered cusped prismatic shells within the framework of classical and micropolar theories of elasticity and thermoelasticity without or with microtemperatures. Some principal results obtained are stated
in Conclusions.
CONCLUSIONS
1. Cusped bodies, in particular, cusped shells, plates, and bars are not possible to be fully investigated within the framework
of 3D Elasticity Theory, since its methods fail for bodies with non-Lipschitz boundaries.
2. Only by means of 2D and 1D models can be revealed the peculiarities of setting BCs for cusped bodies [1,3].
3. Within the framework of 2D models for cusped bodies (the presence of cusped edges implies order degeneration of the
governing 2D PDEs, see [1,3,5,6]): (i) both the cases of Lipschitz and non-Lipschitz 2D boundaries can be studied; (ii) BVPs
which fall outside the framework of 3D model can be set and solved; (iii) the sequence (N = 0, 1, 2, ...) of approximate solutions can be considered as a solution of the corresponding 3D BVPs (in particular, in the case of the Lipschitz 2D boundary
the above sequence can be replaced by its H 1 limit [5]).
4. If at cusped edges concentrated along a cusped edge (i.e., along a line) forces are applied then stresses become infinite
(since the area of loading equals zero) but integrated stress vectors are finite at the cusped edge.
5. In N = 0 approximation, when the cusped prismatic shell-like body projection is a half-plane x2 ≥ 0, the thickness
2h = h0 xκ2 , κ, h0 = const ≥ 0, and at the edge x2 = 0 integrated stress vector (either distributed but concentrated along the
cusped edge or concentrated at point of the cusped edge load) is applied, the problem is solved in the explicit form (in quadratures). For κ > 0 prismatic shell-like body is cusped one; for κ = 0 we have the plate of a constant thickness. The Flamant,
Ceruti, and Carothers type problems are solved in the explicit form, which contain as particular cases the classical Flamant,
Ceruti, and Carothers formulas [1] (see also [7]). Cusped edges cannot be clamped (fixed) or be simply supported in all the
cases of sharpening; e.g., let ω lies in x2 ≥ 0 and γ0 is a segment of the x1 -axis, then (see [1,3]) (i) in N = 0 approximation
γ0 can be fixed only if κ < 1 (blunt edge), while by κ ≥ 1 (cusped edge) γ0 should be free; (ii) for Kirchhoff-Love and
I. Vekua N = 1 models at γ0 : w and v30 can be prescribed only if κ < 2/3, while w,2 and vα1 , α = 1, 2, can be prescribed
only if κ < 1/3. If κ ≥ 2/3 (κ > 1/3), then BC on γ0 should be replaced by the boundedness of w, v30 (w,2 , vβ1 , β = 1, 2)
in right neighbourhood of γ0 . On ∂ω\γ0 all the classical BCs can be prescribed.
6. In the case of geometrically non-linear (von-Kármán-Föppl type) model in contrast to linear model shearing forces and
bending moments cannot be always correctly applied. The corresponding criteria are established [8].
7. Considering hierarchical models for cusped elastic prismatic shells with microtemeratures in addition to peculiarities of
setting BCs at cusped edges (see Point 5 of Conclusions) for displacement vector weighted moments the similar peculiarities
arise also for microtemperature vector weighted moments. The same is true for weighted moments of displacements and
microrotations in the case of hierarchical models of micropolar elastic cusped prismatic shells.
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DISCONTINUOUS SOLUTIONS OF THE NONLINEAR THEORY
OF VOLTERRA DISLOCATIONS
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Summary The paper studies different aspects of the cavity formation along the axis of screw dislocation and wedge disclination within the

framework of nonlinear elasticity of incompressible media. For some classes of elastic energy functions the necessary conditions for the
existence of discontinuous solutions were determined. Several boundary value problems on the formation of a cavity in a nonlinear elastic body
with isolated defects were resolved taking into account the microstructure of the material. For this purposes the theory of Cosserat continuum
has been used. It was shown that account of microstructure typically reduces the radius of the cavity until its complete elimination.

INTRODUCTION
Though the hole model of the dislocation core have been using in physics and mechanics of crystals since the concept of
dislocation was invented, real observations of cavities connected with dislocations were done much later [1]. Disclination
structures containing cavities were found in the cobalt nanowires in 2008 [2]. As to the mathematical modelling of
cavitation in solids the pioneer work of J. Ball [3] should be mentioned. He showed that the problem of the expansion of the
isotropic sphere can have a solution that describes the formation of a cavity in the center of the ball. The existence of
discontinuous solutions of the problems of the formation of dislocation and disclination in nonlinear elastic bodies was for
the first time shown in the works of L. Zubov et al [4–5].
The studying of mechanical fields of the isolated defects is based in this work upon the semi-inverse representations
describing the dependence of the radius-vector of the body point in the deformed state upon its position in the reference
(non-deformed) configuration:
(1)
R  P(r ),    , Z  a  z
for screw dislocation with Burgers vector of the length 2a , and
R  P(r ),   , Z  z
(2)
for wedge disclination with Frank vector proportional to   1 .
CLASSICAL CONTINUUM
General equilibrium equations and boundary conditions
Boundary value problem for the cylinder with isolated defect consists of equilibrium equations div D  0 for Piola
stress tensor D , boundary conditions on free surface n  D  0 and constitutive relations D   pF 1  S T , where F –
deformation gradient, and S can be expressed in terms of potential energy function W by S  W / F . Existence of
dislocations can be accounted by some extra relations [4] or in the semi-inverse representation of the solution (1) or (2). In
latter case boundary conditions on the ends of the cylinder are satisfied in the integral (Saint-Venant) sense.
For compressible materials the problem above is reduced to the nonlinearly (generally speaking) second order boundary
problem relative to P(r ) function describing the radius of the cylinder in the deformed configuration. In the case of
incompressible materials this function can be determined analytically from the incompressibility condition det F  1 :
P( r )  



1
2

r 2  A2 .

(3)

Discontinuous solutions
The cavity formation near the defect line corresponds to discontinuous solution for solid cylinder when constant A in (3)
is not equal to zero. The equation for this constant can be obtained by direct analysis of boundary value problem when solid
cylinder is considering as a limiting case of the hollow one, or by energy approach thus calculating extreme value of
potential strain energy with respect to “cavity” parameter A . Both approaches lead to the same equation
r1



1

( P'2 SrR  S )dr  0

(4)
r A
Conditions of the existence of nontrivial solutions of Eq. (4) are in turn the necessary conditions of existence of the
discontinuous solutions of the original problems. In particular for strain energy function depending upon primary invariants
of Cauchy-Green strain measure I1 , I 2 these conditions can be written as W  const I11  , I1  ; W  const I 21  ,
0

a)

2

2
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I 2  ;   0. The state with the hole is preferred from energetic point of view. In can be shown both numerically and
analytically that the total energy of the cylinder with the cavity is always less than the energy of the solid cylinder. That
means that the hole formation is energetically advantageous.
CONTINUUM WITH MICROSTRUCTURE
In the model of Cosserat’s continuum [6–7] each particle of the media has the degrees of freedom of absolutely rigid
body. The particle’s position in deformed configuration is described by radius-vector R and properly orthogonal tensor H
(tensor of micro-rotation). The elastic potential W is the function of two tensors of the second range – measure of





deformation Y  FT  HT and the tensor of bending strain L , determining from the equation div H  HT  L  I . To
analyse the problems of dislocations and disclinations one should add one extra assumption to the semi-inverse
representations (1) or (2), namely the presentation of H tensor. For the problem of disclination following form is suitable:
H  cos  (er e R  e e )  sin  (er e  e e R )  e zeZ
where  (r ) – angle function that describes the proper rotation of the particle, not associated with the strain of the continuum;
for the problem of dislocation this presentation is similar.
To study the possibility of the hole formation in the Cosserat media energy approach is more suitable and the equation
for determining the radius of the cavity similar to (4) can be obtained. The results of its numerical investigation in the case
of dislocation for the energy function W  2 tr(Y  I)  m 1 tr L

m

are presented at the figures below where dependence

of the hole radius upon the dislocation parameters is depicted (solid line corresponds to the classical nonlinear elasticity).

m 1

m  1.4

CONCLUSIONS
In the framework of the nonlinear theory of elasticity for incompressible media an equation for determining the radius of the
cavity which can be formed around the axis of the wedge disclination and screw dislocation was formulated. Necessary
conditions of the cavity existence were obtained as the limit relations of specific potential energy function. It was shown that the
state with the cavity (in the case of its existence) is energetically favourable. It was shown that this existence or non-existence is
not related with well-known Hadamard inequality of nonlinear elasticity. For an incompressible nonlinear elastic Cosserat
continuum it was shown that for a screw dislocation microstructure effect of accounting is not univalent. Typically, this
consideration leads to a decrease in the radius of the cavity up to its complete elimination. At the same time there are models of
materials and range of material and geometric parameters for which the radius of the cavity in the Cosserat medium surpasses the
similar value of the classical theory of elasticity.
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ANALYSIS FOR ARBITRARY MISFIT DISLOCATIONS CONSIDERING INTERFACE
PROPERTY
Hideo Koguchi1
Department of Mechanical Engineering, Nagaoka University of Technology, Nagaoka, Niigata, Japan

1

Summary Misfit dislocations occur at the interface under a combination of materials with different lattice lengths. When a external force is
applied to materials, and Burger's vector of the misfit dislocation varies. Then, a solution for an arbitrary misfit dislocation is needed. For this
problem, a model for incoherent interface is proposed and equations for the displacement and stress fields around the misfit dislocation are
derived incorporating the interface stress and the interface elasticity. The stress distribution along the interface is investigated precisely. The
effect of the interface properties, such as the interface stress and the interface elasticity, on the singular stress field around the misfit dislocation
is clarified.

INTRODUCTION
Recent advanced electro-mechanical system and electronic devices are manufactured using nanotechnology. A nanoscaled bump or wire can be built on a substrate using such as atomic layer epitaxy and molecular beam epitaxy technologies.
When the crystal structure in the bump is different from that in the substrate, mismatch dislocation occurs at the interface. It
is known that interface stress generally exists at the interface like the surface stress. In a nanoscale, the interface properties,
such as interface stresses and interface elasticity, influence on the stress and displacement field near the interface. In the
present paper, an arbitrary misfit dislocation is introduced to a coherent interface to calculate the stress and displacement
distributions in an incoherent interface. The stress and displacement fields are analytically derived and the influence of
interface properties on the stress fields near the interface is discussed.
ANALYSIS METHOD
Anisotropic elastic material is considered, and a rectangular Cartesian coordinate system is used.
A model for analysis is two half-anisotropic materials joined at x3 = 0. The upper region ( 0 ! x3 ) is material 1 and the
lower region ( x3 < 0 ) is material 2. Here, solutions for two regions considering the conditions for u = 0 and t = 0 as

x3 ! " and misfit dislocation are set at the interface as:
1) 0 ! x3 for material 1
u! (1) (!1 , !2 , x3 ) = A(1) e"ip*

(1)# x3

q(1) , t! (1) (!1 , !2 , x3 ) = "i # B(1) e"ip*

(1)# x3

q(1)

(1)

2) x3 < 0 for material 2

u! ( 2 ) (!1 , !2 , x3 ) = "A( 2 ) e"ip*

q( 2 ) , t! ( 2 ) (!1 , !2 , x3 ) = i # B( 2 ) e"ip*

( 2 ) # x3

( 2 ) # x3

q( 2 )

(2)

Here, the superscripts (1) and (2) for A , B and p! denote materials 1 and 2, q(1) and q( 2 ) are unknown vectors to be
determined from the boundary conditions.
Boundary condition for interface
A model for interface is proposed to incorporate the interface properties. Here, a region referred to as an interface zone
is supposed between materials 1 and 2. The positions of atoms at the interface do not match in materials 1 and 2. So, the
traction vector acting on each material may be mismatch as shown in Fig.1. Now, a traction vector t ( int ) is introduced as a
traction in the interface zone. This traction originated from atomic structures near the interface is different from the traction
in bulk and depends on the interface properties in a view of continuum mechanics. Then, an equilibrium condition at the
interface zone is derived. The unknown vectors, q(1) and q( 2 ) , are determined using the following Eqs.(3) and (4).
1) Boundary condition of misfit dislocation
(3)
u! (1) ! u! ( 2 ) = A(1)q(1) + A( 2 )q( 2 ) = "!u dis
2) Boundary condition of traction
t! (1) ! t! ( 2 ) ! " 2 F1u! (1) + F2 u! ( 2 ) = !i " B(1) + i " F1A(1) q(1) ! i " B( 2 ) + i " F2 A( 2 ) q( 2 ) = 0
(4)

(

)

(

)

(

)

where !!u dis represents the Fourier transformed misfit dislocation, and matrices, F1 and F2, are consisted of the interface
properties in materials 1 and 2.
1)
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Solutions
Here, an arbitrary misfit dislocation is considered. Furthermore, an oblique coordinate system,

( x̂1, x̂2 ) , is introduced at

the interface to express a network of dislocation. The coordinates are related to Cartesian coordinates following a
relationship.
x̂1 = h11 x1 + h12 x2 , x̂2 = h21 x1 + h22 x2
The arbitrary misfit dislocation can be expressed within a range of period, L, as:
"

"

n=1

m=1

(5)

!u dis ( x̂1 , x̂2 ) = a 0 + # ( a n cos !1n x̂1 + b n sin !1n x̂1 ) + # ( c m cos ! 2 m x̂2 + d m sin ! 2 m x̂2 )

(6)

where !1n = n! L1 and ! 2 m = m! L2 .
The displacements and stresses in a real space are derived by applying the inverse Fourier transform to the equations of
Eqs.(1) through (2), into which the relationship of Eq.(6) are substituted.
1) 0 ! x3 for material 1

A (jk1)ŴDkl
2!

'
'
1
1
1
1
1
)
,
"2 ! ip( ) x
"2 ! ip( ) x
"2 ! ip( ) x
"2 ! ip( ) x
"2 ! ip( ) x
*a0l e k 3 + ( #$ anl e k 3 cos k1n + bnl e k 3 sin k1n %& + ( #$ cml e k 3 cos k2 m + dml e k 3 sin k2 m %& n=1
m=1
+
.
where k1n = ( h11 x1 + h12 x2 ) n! L1 and k2 m = ( h21 x1 + h22 x2 ) m! L2 .

u (j1) =

(7)

x3 < 0 for material 2

2)

u (j2 ) = !

A (jk2 )ŜDkl
2"

where Ŵ =

Ŝ =

{(A

(1)

)

!1

'
'
2
2
2
2
2
)
,
!2 " ip( ) x
!2 " ip( ) x
!2 " ip( ) x
!2 " ip( ) x
!2 " ip( ) x
*a0l e k 3 + ( #$ anl e k 3 cos k1n + bnl e k 3 sin k1n %& + ( #$ cml e k 3 cos k2 m + dml e k 3 sin k2 m %& n=1
m=1
+
.

{(A( ) )
2

(

!1

(

A(1) ! B( 2 ) + 2" iF2 A( 2 )

A( 2 ) ! B(1) + 2" iF1A(1)

) ( B( ) + 2" iF A( ) )}
!1

1

1

1

) ( B( ) + 2" iF A( ) )}
!1

2

2

2

!1

!1

( )

, ŴD = Ŵ A( 2 )

( )

and Ŝ D = Ŝ A(1)

!1

!1

(8)

,

.

Expressions for stress fields can be derived in the same way as the displacement fields.
Results
Material properties used in the calculation of displacement and stress fields are obtained from the MD analysis.
Figs.1(b) and 1(c) demonstrate the distributions of the displacement, ux, along the x-coordinate at z=-0.40 nm in Cu and z
=0.40 nm in Au. Curves for different magnification of the interface properties are plotted. For instance, dotted line
represents the result for classical boundary condition. Blue line indicates the distribution for a magnification of 2. The
displacement, ux, in Cu increases with the increase of the magnification. At lower magnification, the direction of
displacements in Cu and Au is opposite, however, as the magnification increases, displacements are the same direction. This
is attributed to the increase of stiffness in the interface.

Figure 1: A model of interface zone in two-phase materials (a), results of analysis (b) and (c)
CONCLUSIONS
In the present paper, the expressions for displacement and stress fields near an interface with arbitrary misfit
dislocations were derived using Stroh's formalism and the boundary condition with the interface properties, such as the
interface stresses and the interface elasticity. It was found that the displacements and the stresses increase with the increase
of the interface properties.
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ON THE CONSTITUTIVE MODELLING OF ELASTOMERIC FOAMS
Attila Kossa a)
Budapest University of Technology and Economics
Department of Applied Mechanics
Budapest, Hungary
Summary. Accurate modelling technique of the mechanical behaviour of elastomeric foams is presented. The finite strain elastic behaviour is
represented using the Ogden-Hill’s compressible hyperelastic material model. A novel biaxial compression fixture was developed in order to
capture the material behaviour in equibiaxial compression. A new accurate algorithm is proposed for the parameter fitting process.

1.

INTRODUCTION

Polymeric foams are highly compressible materials due to their cellular (either open-celled or closed-celled) structure.
An effective approach to model the material behaviour of these foams is the application of a suitable hyperelastic material
model proposed for highly compressible (in volumetric sense) materials. The most widely-used hyperelastic foam material
model is the Ogden—Hill’s compressible foam material, which is termed as “hyperfoam” model in the commercial finite
element software ABAQUS [1]. Hill [2] proposed a volumetric strain energy function for the Ogden’s compressible
hyperelastic model [3]. A generalized representation of this combined model was presented by Storåkers [4]. A slightly
modified version of this model is the hyperfoam model in ABAQUS. However, it should be noted that in [4] the strain
energy function is written in a series form, where the material parameter related to the volumetric deformation is the same
for each term in the series representation. The strain energy function implemented in ABAQUS allows to use multiple
material parameters (𝛽𝑖 ) for the volumetric term:
𝑁

𝑁

𝑖=1

𝑖=1

2𝜇𝑖 𝛼
2𝜇𝑖
𝛼
𝛼
𝑊 = ∑ 2 (𝜆1 𝑖 + 𝜆2 𝑖 + 𝜆3 𝑖 − 3) + ∑ 2 (𝐽−𝛼𝑖𝛽𝑖 − 1)
𝛼𝑖
𝛼𝑖 𝛽𝑖
where 𝛼𝑖 , 𝛽𝑖 , 𝜇𝑖 are material parameters, 𝑁 is the model order, whereas 𝐽 defines the volume ratio. The principal
stretches are denoted by 𝜆1 , 𝜆2 , 𝜆3 . In order to obtain material parameters, which accurately represent the material behavior,
various test experiments should be performed, such as the uniaxial tension/compression test, simple/pure shear tests, biaxial
tension/compression test, volumetric compression test. Among these tests, the biaxial compression test is a crucial one for
the parameter fitting process. A new biaxial compression fixture was developed to perform this type of test. The device is
illustrated in Figure 1 [5].

Figure 1: Photo of the biaxial compression fixture

2.

STRETCH – STRESS RELATIONSHIPS

The principal nominal (engineering or 1st Piola-Kirchhoff) stresses (𝑃1 , 𝑃2 , 𝑃3 ) can be easily obtained from the strain
energy potential (𝑊) as
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𝑁

𝜕𝑊
2𝜇𝑖 𝛼𝑖−1
−𝛼𝑖 𝛽𝑖
𝑃𝑘 =
=∑
(𝜆
− 𝜆−1
).
𝑘 𝐽
𝜕𝜆𝑘
𝛼𝑖 𝑘
𝑖=1

For isotropic uniaxial extension the volume ratio equals to 𝐽 = 𝜆𝜆2𝑇 , where 𝜆 is the stretch along the loading direction,
whereas 𝜆 𝑇 represents the transverse stretch. In case of biaxial expression, 𝐽 = 𝜆2 𝜆 𝑇 . Therefore, the nominal stress
solutions can be expressed as
𝑁

𝑃

𝑈𝐴

1
2𝜇𝑖 𝛼𝑖
= ∑
(𝜆 − (𝜆𝜆2𝑇 )−𝛼𝑖𝛽𝑖 ),
𝜆
𝛼𝑖

𝑁

𝑃𝑇𝑈𝐴

1
2𝜇𝑖 𝛼𝑖
=
∑
(𝜆 − (𝜆𝜆2𝑇 )−𝛼𝑖𝛽𝑖 ),
𝜆𝑇
𝛼𝑖 𝑇

𝑃𝑇𝐵𝐴

1
2𝜇𝑖 𝛼𝑖
= ∑
(𝜆 − (𝜆2 𝜆 𝑇 )−𝛼𝑖𝛽𝑖 ).
𝜆𝑇
𝛼𝑖 𝑇

𝑖=1
𝑁

𝑃𝐵𝐴

1
2𝜇𝑖 𝛼𝑖
= ∑
(𝜆 − (𝜆2 𝜆 𝑇 )−𝛼𝑖𝛽𝑖 ),
𝜆
𝛼𝑖
𝑖=1

𝑖=1
𝑁

𝑖=1

In the above expressions, superscript UA refers to the uniaxial extension, whereas BA refers to the biaxial extension.
Subscript 𝑇 indicates the transverse direction. Due to the stress-free boundary the transverse stress must be zero, 𝑃𝑇 = 0.
It is very important to emphasize that the transverse stretch cannot be eliminated from these expressions if the model order
is greater than 𝑁 = 1. Consequently, the stresses are functions of the stretches along the loading (𝜆) and along the
transverse (𝜆 𝑇 ) directions. If the material would be incompressible, then the transverse stretch could be eliminated using
the incompressibility constraint 𝐽 = 1. However elastomeric foams exhibit large volumetric change during the deformation,
thus 𝐽 ≠ 1.
3.

PARAMETER FITTING
𝑈𝐴𝑒𝑥𝑝

𝑈𝐴𝑒𝑥𝑝

𝐵𝐴𝑒𝑥𝑝

𝐵𝐴𝑒𝑥𝑝

The uniaxial and biaxial extension tests provide the experimental data pairs (𝜆𝑞
, 𝑃𝑞
) and (𝜆𝑟
, 𝑃𝑟
), where
𝑞 = 1,2,3 … 𝑄 and 𝑟 = 1,2,3 … 𝑅 are the captured data points. In order to fit the stress solutions to the experimental data,
the transverse stretches (𝜆 𝑇 ) must be provided for the optimization routine. The most simple approach to take into account
the transverse stretches is to neglect them, thus letting 𝜆 𝑇 = 0 (see [6,7] for instance). In this case, the constraint 𝑃𝑇 = 0
is automatically satisfied. This method can be used only for foam materials, where the transverse deformations are
negligible (mostly open-cell elastomeric foams). A more realistic approach is to determine the lateral stretches from the zero
lateral stress constraint (see [8,9] for instance). This method involves the solution of a nonlinear equation (to obtain 𝜆 𝑇
from 𝑃𝑇 = 0) at every iteration steps in the minimization algorithm. Using this method may result that the predicted lateral
stretches have poor accuracy compared to the test data.
Here, a new algorithm is proposed, where the measured transverse stretch values are used in the error function. The
proposed error function is defined as
𝑄

𝑄

𝑅

𝑅

𝑞=1

𝑞=1

𝑟=1

𝑟=1

1
1
1
1
2
2
𝑈𝐴𝑒𝑥𝑝
𝐵𝐴𝑒𝑥𝑝
𝑈𝐴𝑚𝑜𝑑 2
𝐵𝐴𝑚𝑜𝑑 )2
Φ = ∑(𝑃𝑞
− 𝑃𝑞𝑈𝐴𝑚𝑜𝑑 ) + ∑(𝑃𝑇𝑞
) + ∑(𝑃𝑟
− 𝑃𝑟𝐵𝐴𝑚𝑜𝑑 ) + ∑(𝑃𝑇𝑟
𝑄
𝑄
𝑅
𝑅
In the expression above superscript mod refers to model response. Consequently, the zero transverse stress constraint is
enforced via the error function, which has to be minimized to find the material parameters.
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MODELING OF BIAXIAL RESPONSE OF POLYVINYLEDENE FLUORIDE (PVDF)
1,2

Harish Lambadi1, Lakshmana Rao C 2
Department of Applied Mechanics, Indian Institute of Technology Madras

Summary Polyvinylidene Fluoride (PVDF) is a piezo polymer and exhibits both sensor and actuator effects for different
potential applications in industries. In this study the experimental and modelling results of monotonic biaxial response of PVDF
will be presented. A non contact speckle monitoring method was used to monitor point wise finite deformation in the specimen.
A hyper elastic constitutive model using four invariants was used to capture the anisotropy in the mechanical response. A paper
reports a good correlation between the proposed model and the observed experimental data.
INTRODUCTION
Polyvinylidene Fluoride has a basic building block of -CH2-CF2- monomer. The microstructure of the PVDF is semi
crystalline. In the manufacturing process, the PVDF polymers have been stretched in one direction and a high electric field
is applied in the thickness direction to amplify the polling and improve the piezoelectricity to the PVDF. The PVDF film
sheets are transparent have silver coating on top and bottom of the film to capture and transmit the conduction of electric
charges across the material. The mechanical behavior of the PVDF film sheets has been addressed in literature using
conventional tensile test setup to see mechanical response. Vinogradov et al. [1] have observed the mechanical anisotropic
on to the PVDF film. Due to a mechanical stretch applied at the time of manufacture time, the PVDF has been observed to
have a high strength in that direction compared to orthogonal (unstretched) direction. Due to semi crystalline nature and
alignment of fiber in direction of stretch, we assume PVDF as a transversely isotropic in the direction perpendicular to the
poling direction. A detailed investigation of the nature of anisotropy in finite deformation and its modeling is attempted in
this paper.
In this study, 128µm thin metalized PVDF sheets were used to do biaxial tests. The samples were cut into cruiceform
shape to do biaxial static tests and a black speckle was markers on these white films to track the displacements locally. The
biaxial test setup has been used to carry out the experiment and measure the strains locally using a stingray digital camera,
which is fixed in a direction orthogonally to the testing sample. The stress-strain plots which were observed from the image
displacements were observed to yield better estimates of the stress-strain plots compared to the plots that are generated by
using data from cross head movement of the test setup. In this study we attempt to do constitutive model of the nonlinear
elastic response using a transversely isotropic finite deformation constitutive model.
BIAXIAL TESTING
The Bi-axial monotonic static tests were carried out using a biaxial test machine. Cruciform shaped samples are cut as per the
dimensions shown in Figure1 (a). Black speckle mark points are applied on the sample to monitor the displacements using a non
contact optical measurement technique as shown in the figure 1(b). A low speed camera has been used to capture the images
while conducting the experiment at 15fps (frames per second). The black mark dots on the captured images are tracked using a
MATLAB code that was written for this purpose. Strains and stretches are calculated by measuring the displacements of the
markers. Nominal stress was calculated from the loads by using the cross sectional area of the specimens. The stress-strain plots
were made for the biaxial experiment (under equi biaxial loading) at a cross-head displacement rate of 0.5mm/sec. The stressstrain curves obtained using the speckle method yield a more accurate point wise strains, in comparison to the average strain
estimates that were obtained by many researchers [1] using cross-head movement data. The stress-strain plots of the material are
plotted in Figures 2(a) and (b). The difference between the two graphs clearly establishes the anisotropy in the mechanical
response at finite strains in this material.

a

b

Figure 1: (a) PVDF cruciform specimen and corresponding dimensions (b) One of the captured image to measure the strains
using black marks.
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CONSTITUTIVE MODELLING
Usually PVDF will undergo moderate to large deformation (finite deformation) which also vary non-linearly with
stresses, as observed in other uniaxial or biaxial tests. Hence a hyper elastic model was used to capture the mechanical
response under monotonic loading of the material. With the transversely isotropic assumption and incompressibility
constraints, we can choose a polynomial expansion for the strain energy density function, as suggested Humphrey [2] for
transversely isotropic materials undergoing finite deformations. The strain energy function is proposed by Humphrey to be a
function of the strain invariants I1 and I4 and is of the form given below.

W ( I1 , I 4 )  C1





2

I 4  1  C2





I 4  1  C3  I1  3  C4  I1  3
3





I 4  1  C5  I1  3

2

Where I1 is trace of the stretch ratios in the three directions, and I4 is square of the stretch ratio in the polling of stretch
direction, C1 to C5 are the parameters which can be found using optimization of the experimental data and modal stress
components.
From the continuum literature [4], stress tensor is a partial derivative of strain energy function with respect to right Cauchy
green deformation tensor (C). After simplification and using the chain rule of the derivative the following stress strain
relations were derived by Humphrey[2] for transversely isotropic materials.

𝝈 = −𝑝𝑰 + 2𝑊1 𝑩 + 2𝑊4 𝑭𝑒 ⊗ 𝑒𝑭𝑇
Where p is a Lagrangian multiplier, W1 and W4 are partial derivative of W with respect to I1 and I4 invariants, bold letters
refers to second order tensor, e is a unit vector in the polling of stretched direction.
RESULTS
Levenberg-Marquardt algorithm [3] has been used to optimise the parameters. Differences between model and
experimental stresses are found as an error and sum of the squares of the error is considered as an objective function to carry
out this optimization. The optimised parameters obtained using the above algorithm, stress- stretch curves are obtained and
are plotted as shown in the figure 2(a) and 2(b). The optimised parameters are given below.
𝐶1 = 1.6 × 105 , 𝐶2 = −2.1 × 105 , 𝐶3 = 684, 𝐶4 = −43808, 𝐶5 = 40590,

a

b

Figure 1: Biaxial test plot (a) in a polling of stretched direction (b) in an orthogonal direction or longitudinal direction
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MECHANICS AND OPTICS OF ARTIFICIAL COMPOUND EYE CAMERA
Zhengwei Li and Jianliang Xiaoa)
Department of Mechanical Engineering, University of Colorado Boulder, Boulder, Colorado, USA
Abstract Compound eye-inspired imaging devices can find vast applications due to their remarkable imaging characteristics,
such as extremely large field of view angle, low aberrations, high acuity to motion and infinite depth of field. Recently,
researchers have successfully developed a digital camera that resembles the structure and functions of apposition compound
eyes of arthropod, by combining an elastic array of microlenses with a stretchable array of photodetectors. Designing an
elastomeric microlens array that can be mechanically stretched to very large extent without deteriorating the optical
performance is critical to this development. In this work, mechanics and optics of the stretchable microlens array is studied.
The results show that proper designs are critically important to meet both mechanical and optical requirements
simultaneously. This study solved critically important designing issues of artificial compound eye cameras, and the results
can have very important implications in developments that require stretchable optical elements.
INTRODUCTION
The in-depth understanding of light-sensing organs in biology provides opportunities for the development of digital
cameras with operational features beyond the existing technologies [1-2]. For example, compound eyes, commonly seen in
insects has attracted great interest, due to their unique imaging characteristics that are very different from vertebrate eyes
and existing commercial cameras, such as extremely large field of view angle, low aberrations, acute sensitivity to motion
and infinite depth of field [3-5]. These features can have huge potential in medical, industrial and military applications.

Figure 1. Schematic illustration of stretchable microlens array for artificial compound eye camera [1].
a)
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Recently, Song et al. [2] have successfully developed a digital camera that resembles the structure and functions of
apposition compound eyes of arthropods. Figure 1a schematically illustrates the fabrication processes. To fulfill such a
digital camera, they firstly combined an array of elastic microlenses and a stretchable array of photodetectors into a twolayer design, and then transformed both layers into a hemispherical shape by hydraulic actuation. Figure 1c shows an optical
picture of the artificial compound eye camera. Figure 1b shows cross-sectional view of the compound eye camera before
and after deformation, with key parameters illustrated. During the geometrical transformation, very large strains are
introduced into both the optical and optoelectronic elements. Therefore it’s critically important to design both systems such
that the strains don’t deteriorating their optical and electronic performances, respectively. In this study, we analyze the
strain and deformation of the microlens under both uniaxial and equibiaxial strains by using finite element simulations.
Effects of different ratios of supporting post height versus the base membrane thickness are studied. The influence of
microlens deformation on the optical performance is also investigated by optical ray tracing simulations.
RESULTS AND DISCUSSION
When the microlens array is deformed from flat geometry to hemispherical shape, microlenses at the periphery are
subject to uniaxial strains due to the constraint from the circular fixture, microlenses at the center are subject to equibiaxial
strains, and the other microlenses are subject to biaxial strains. Therefore, in this study, uniaxial and equibiaxial strains are
applied to microlenses to investigate the mechanics of stretchable microlens array. Finite element analysis (FEA) is adopted
to simulate microlens deformation. A unit cell (an artificial ommatidium) that contains a microlens, supporting post and
base membrane, as shown in the bottom frame of Fig. 1b, is chosen for FEA simulation, and periodic boundary conditions
are applied to the side walls of the base membrane. Eight-node, hexahedral brick elements are used to discretize the
geometry. The results show that the strain and deformation of the microlens can be dramatically reduced when the
supporting post is introduced between the microlens and the base membrane. As the height ratio, i.e. supporting post height
versus membrane thickness increases, the strain and deformation in the microlens reduces rapidly. Once the height ratio
reaches 1, the effect of strain in the microlens is negligible. In addition, the surface profile of the microlens is also studied
since it directly affects the optics of the microlens. Results show that as supporting post is introduced, the influence of the
stretching in the base membrane on the surface profile of the microlens is greatly reduced. When the height ratio h/t reaches
1, this influence is negligible.
The optics of the microlens unit cell subject to strain is also studied by optical ray-tracing simulation. Herein, the light
beam is kept parallel to the optical axis. And we use collimated light beam of radius 0.3mm for the optical simulations. Our
optical results show that when the supporting post is introduced, the focal length decreases rapidly with increasing height
ratio. Once when the height ratio reaches 1, the focal length is equal that of the undeformed microlens. In addition, the
image spot shape and size are also studied, which can be important for designing the photodetector. Under equibiaxial
tension, tensile strain stretches the microlens uniformly in horizontal plane, the shape of microlens keeps hemispherical;
therefore, the shape of the image spot also keeps circular. But spot size is much larger since the microlens becomes oblate.
However, under uniaxial tension with height ratio 0, i.e., no supporting post, the microlens is deformed to an ellipsoid. This
shape change is also reflected in the image spot shape. The majority of the light rays are focused into an ellipse. When the
height ratio reaches 1, the spot shape changes to be a circle which is equal to that of the undeformed lens.
CONCLUSIONS
The mechanics and optics of the stretchable elastomeric microlens array under uniaxial and equibiaxial tension are
studied. The results show that the strain and deformation of the microlens can be dramatically reduced when the supporting
post is introduced between the microlens and the base membrane. As the ratio of the supporting post height to the base
membrane thickness increases, the strain and deformation in the microlens reduces rapidly. Once the height ratio reaches 1,
the effect of strain in the microlens is negligible. Ray tracing simulations illustrate how the deformation in the microlens
affect the optical properties of the microlens, such as focal length, spot shape and size. This study provides critical
information for designing artificial compound eye cameras or other systems that require microlens arrays to be
mechanically stretchable without affecting the optical properties. The results could also have important implications on
applications that require tuning of optics through mechanical means.
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A GENERAL SOLUTION FOR THREE-DIMENSIONAL PROBLEMS OF ANISOTROPIC
ELASTICITY
1,2

Li-Wei Liu∗1 and Hong-Ki Hong2
Department of Civil Engineering, National Taiwan University, Taipei 10617, Taiwan

Summary Clifford algebra and Clifford analysis, which are the m-dimensional extensions of complex algebra and complex analysis are
applied to solve three-dimensional problems of anisotropic elasticity. Using the coordinate transformation as what is done in the Lekhnitskii
formalism or the Stroh formalism for two-dimensional problems, we convert the governing equations of three-dimensional elasticity of
anisotropic materials into eigenvalue problems taking values of Clifford numbers. After solving the eigenvalue problems with the aid of
Clifford analysis, we obtain a truly three-dimensional general solution of anisotropic elasticity.

INTRODUCTION
Due to the developments of composite materials and smart materials, anisotropic elasticity attracts attention of scholars and
engineers more and more recently . In two dimensional problems, the Lekhnitskii formalism [1] and the Stroh formalism [2]
are two well-documented approaches to solve all material symmetries (anisotropic, orthotropic, transversely isotropic, cubic,
isotropic) or all crystal systems (triclinic, monoclinic, orthorhombic, trigonal, tetragonal, hexagonal, cubic) systematically.
Both approaches convert a problem of finding solution for partial differential equations into an eigenvalue problem with a
sixth order characteristic equation. They can be recognized as certain methods of coordinate transformation in two dimensional
spaces.
There exist a small number of three-dimensional problems such as an infinity domain containing a concentrated point force
or a dislocation or a half-space including a surface concentrated force for which the transformation domain is two dimensional
are solved [3, 4, 5]. For the half-space problems with the traction varying linearly in one surface coordinate, the solution can
be constructed by a sequence of partial integrations [6].
In the approaches, the theory of complex algebra and complex analysis provides a powerful tool and enables one to attack
two-dimensional problems. However, it is not comfortable for complex analysis to treat three-dimensional problems. A more
natural way to treat three-dimensional problems is the usage of Clifford analysis [7, 8, 9, 10, 11, 12, 13]. The authors [14]
used Clifford analysis to find the general solutions of isotropic elasticity in three-dimensional problems. In this paper, we
apply Clifford analysis to solve three-dimensional elasticity of generally anisotropic material.
CLIFFORD ALGEBRA AND CLIFFORD ANALYSIS
Consider m-dimensional Euclidean space Rm with orthonormal base vectors e1 , e2 , . . ., em , and further define the Clifford
algebra multiplication rule of the base vectors:
ek el + el ek = 2δkl , k, l = 1, 2, . . . , m.
In this paper we take three-dimensional spaces into consideration. Let e1 , e2 , and e3 be orthonormal base vectors and define
the multiplication rule of base vectors
e21 = e22 = e23 = 1, e1 e2 = −e2 e1 , e1 e3 = −e3 e1 , e2 e3 = −e3 e2 .
Then the basis {eα } of Clifford algebra C`3 (R) can be constructed as follows:
eφ , e1 , e2 , e3 , e1 e2 , e1 e3 , e2 e3 , e1 e2 e3 .
The 0-vector eφ is the scalar basis which is identified with and hence plays the role of the unit element e0 ≡ 1. The 1-vectors
e1 , e2 , and e3 are the orthonormal base vectors. The 2-vectors e1 e2 =: e12 , e1 e3 =: e13 , and e2 e3 =: e23 are the base
bivectors which are geometric product of ei and ej representing a unitary oriented area of square with sides ei and ej where
i, j = 1, 2, 3, i 6= j. The 3-vector e1 e2 e3 =: e123 is a pseudo-scalar which e123 e123 = −1. Thus an element (multivector) a
of Clifford algebra C`3 (R) is represented as follows:
a = a0 + a1 e1 + a2 e2 + a12 e12 + a13 e13 + a23 e23 + a123 e123 .
Also, the Clifford-valued C`3 function can be represented as follows:
f = f0 + f1 e1 + f2 e2 + f12 e12 + f13 e13 + f23 e23 + f123 e123 .
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ANISOTROPIC ELASTICITY AND ITS GENERAL SOLUTIONS
Three-dimensional problems of anisotropic elasticity are governed by the following equations.
0=

3 X
3 X
3
X
j=1 k=1 l=1

Cijkl

∂ ∂
uk , i = 1, · · · , 3,
∂xl ∂xj

(1)

where uk denotes the displacement field and the elasticity tensor Cijkl satisfies the symmetry conditions Cijkl = Cklij , and
Cijkl = Cjikl .
Via conducting the coordinate transformation as what were done in the Lekhnitskii formalism and the Stroh formalism
and the derivation, we convert the governing equation into an eigenvalue problem as follows:





 

C11 0
0
C12 I 0
C13 0 I
a
 C21 −I 0  + P12  C22 0 0  + P13  C23 0 0   b  = 0,
(2)
C31 0 −I
C32 0 0
C33 0 0
c
where a, b, and c denote three vectors, P12 and P13 are Clifford algebra valued, and the matrices
(C11 )ik = Ci1k1 , (C12 )ik = Ci1k2 , (C13 )ik = Ci1k3 ,
(C21 )ik = Ci2k1 , (C22 )ik = Ci2k2 , (C23 )ik = Ci2k3 ,
(C31 )ik = Ci3k1 , (C32 )ik = Ci3k2 , (C33 )ik = Ci3k3 .
After solving the Clifford algebra valued eigenvalue problem, we can obtain a general solution for three-dimensional
elasticity of anisotropic materials in the following.
u = ΦaI fI ξI + ΦaII fII ξII ,

(3)

where the matrices ΦaI and ΦaII are related to the eigenvectors or the generalized eigenvectors of the problem (2), the vectors
fI and fII consist of the complex functions whose independent variables are related to the eigenvalues, and ξI = 21 (1 + e3 )
and ξII = 21 (1 − e3 ). This general solution can be used to solve the problems whose domain can not be transformed into
two-dimensional spaces.
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Delanghe R., Sommen F., Souček V., Brackx F., Constales D.: Clifford Algebras and Spinor-Valued Functions, a Function Theory for the Dirac
Operator, Kluwer, Dordrecht, The Netherlands, 1992.
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A CIRCULAR INCLUSION WITH CIRCUMFERENTIALLY INHOMOGENEOUS
IMPERFECT INTERFACE IN HARMONIC MATERIALS
1

D.R.McArthur1, L.J.Sudak1a)
Department of Mechanical Engineering, University of Calgary, Alberta, Canada

Summary Complex variable methods have been employed extensively to model inclusions in linear elasticity but have not yet seen a similar
degree of success in the finite regime. With the advent of Fritz’s harmonic materials [1] and more recently the work of Ru [2], a concise
framework has been established for approaching inclusion problems using complex variable techniques in finite elasticity. From these
foundations, a number of inclusion problems in finite elasticity have been studied in recent years including but not exclusive to; elliptical
inclusions with uniform stress fields, partially de-bonded circular inclusions, three phase circular inclusions, and a circular inclusion with
homogeneously imperfect interface. Of these works, none have incorporated the concept of a circumferentially inhomogeneous imperfect
interface. This is an important distinction because in general, interfacial damage does not occur homogeneously and it is thought that this
could have a significant impact on the stress fields within the inclusion.

FUNDAMENTAL EQUATIONS OF HARMONIC MATERIALS
In the following analysis it is assumed that the matrix, given by an infinite domain 𝐷2 , and inclusion, given by a simply
connected finite domain 𝐷1 which is embedded in the matrix 𝐷2 , are a particular class of harmonic materials characterized
by the following
(1)

𝑊(𝐼, 𝐽) = 2𝜇[𝐹(𝐼) − 𝐽], 𝐹𝑖𝑗 =

𝜕𝑦𝑖
𝜕𝑥𝑗

, 𝐹 ′ (𝐼) =

1
4𝛼

[𝐼 + √(𝐼 2 − 16𝛼𝛽)],

where 𝑊is the strain energy function, 𝐹𝑖𝑗 are the components of the deformation gradient tensor, 𝛼, 𝛽 are material constants
and 𝐼 and 𝐽 are the scalar invariants of 𝐹𝐹 𝑇 given by
(2)

𝐼 = 𝜆1 + 𝜆2 = √𝐹𝑖𝑗 𝐹𝑖𝑗 + 2𝐽, 𝐽 = 𝜆1 𝜆2 = det[𝑭],

and 𝜆1 , 𝜆2 are the principal stretches. According to Ru [2], the deformation map and Piola stress function can be given in
terms of two complex potential functions 𝜙𝑘 (𝑧) and 𝜓𝑘 (𝑧), 𝑘 = 1,2 ( where subscripts 1,2 refer to the inclusion and matrix,
respectively) as follows
̅̅̅̅̅̅ +
𝑖𝑤𝑘 (𝑧, 𝑧) = 𝛼𝑘 𝜙𝑘 (𝑧) + 𝑖𝜓(𝑧)

(3)
(4)

𝛽𝑘 𝑧
′ (𝑧)
𝜙𝑘

𝜒𝑘 (𝑧, 𝑧) = 2𝑖𝜇𝑘 [(𝛼𝑘 − 1)𝜙𝑘 (𝑧) + 𝑖𝜓𝑘 (𝑧) +

,

𝛽𝑘 𝑧
′ (𝑧)
𝜙𝑘

] , 𝑘 = 1,2.

It can be shown that (3), (4) gives rise to the following rectilinear expressions for the Piola stress and displacement
(5)

𝑤𝑘 (𝑧, 𝑧) − 𝑧 = (𝑢1 + 𝑖𝑢2 )𝑘 , 𝜒𝑘 (𝑧, 𝑧),2 = (−𝜎21 + 𝑖𝜎11 )𝑘 , 𝜒𝑘 (𝑧, 𝑧),1 = (𝜎22 − 𝑖𝜎12 )𝑘 , 𝑘 = 1,2.

In order to facilitate the problem into a tractable form, let us consider the case where the first Piola stress is symmetric. In this
way, equation (5) takes the following polar form for stress and displacement
(6)

𝑅
𝑧

𝑤𝑘 (𝑧, 𝑧) − 𝑅 = (𝑢𝑟 + 𝑖𝑢𝜃 )𝑘 , 𝜒𝑘′ (𝑧, 𝑧) = (𝜎𝑟𝑟 + 𝑖𝜎𝜃𝑟 )𝑘 , 𝑘 = 1,2,

where a (′) prime denotes differentiation with respect to 𝑧.
FORMULATION
We assume that the interface is inhomogeneously imperfectly bonded and adopt the following imperfect interfacial
boundary conditions
(7)

||𝜎𝑟𝑟 + 𝑖𝜎𝑟𝜃 || = 0 , 𝑧 ∈ 𝜕𝐿,
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(8)

𝜎𝑟𝑟 = 𝑚(𝜃)||𝑢𝑟 ||, 𝜎𝜃𝑟 = 𝑛(𝜃)||𝑢𝜃 ||, 𝑧 ∈ 𝜕𝐿,

where 𝑚(𝜃) and 𝑛(𝜃) are two non- negative imperfect interface parameters and ||. || = ( . )2 − ( . )1 represents the jump
across the interface. Through the use of the technique of analytic continuation, and by limiting the analysis to the case of an
interface where 𝑚(𝜃) = 𝑛(𝜃) two ordinary differential equations with variable coefficients are developed for the potentials
𝜙𝑘 (𝑧), 𝑘 = 1,2 from which the following expressions are obtained for a specific class of interface
𝛾𝜆

(9)

𝛾𝜆

𝑧

𝛾𝜆

𝛾𝜆

− −1
𝑚
𝑚
𝑧 𝑚 1 −𝑚
𝑡 𝑚
𝑡 𝑚
𝑡 𝑚 1 𝑚 −1
2 𝑧 𝑚
[( ) − 𝜌∗ ] [( ) − ∗ ]
∫ ( ) 𝐺(𝑡) [( ) − 𝜌∗ ]
[( ) − ∗ ]
𝑑𝑡, 𝑧 ∈ 𝐷1 ,
𝜙1 (𝑧) =
𝑅
𝜌
𝑅
𝑅
𝑅
𝜌
𝑏𝑚 𝑅
𝑅𝜌∗

𝜂𝜆

(10)

𝜂𝜆

𝑧

𝜂𝜆

−𝜂𝜆
−1
𝑚

−1
𝑚
2 𝑧 𝑚
𝑚
𝑧 𝑚 1 −𝑚
𝑡 𝑚
𝑡 𝑚
𝑡 𝑚 1
𝜙2 (𝑧) =
[( ) − 𝜌∗ ] [( ) − ∗ ]
∫ ( ) 𝐹(𝑡) [( ) − 𝜌∗ ]
[( ) − ∗ ]
𝑏𝑚 𝑅
𝑅
𝜌
𝑅
𝑅
𝑅
𝜌

𝑑𝑡, 𝑧 ∈ 𝐷2 .

𝑅
𝜌∗

In (9) and (10) 𝐹(𝑡) and 𝐺(𝑡) are artifacts of the analytic continuation process, 𝛾, 𝜂 are exponents comprised of material
parameters and are strictly positive, 𝜌∗ characterizes the degree of interface imperfection and 𝜆 is a function of 𝜌∗ and the
other interface parameters. We may then present an example for a specific case of the exponents
𝑚 = 𝛾 = 𝜂 = 1,𝜆 = −1 and study the ratio of the inhomogeneous to homogeneous imperfect interface mean stress

Figure1. Mean stress ratio for a circular inclusion with various values of the inhomogeneous interface parameter 𝜌∗ subject
∞
∞
∞
to remote loading 𝜎11
= 1 , 𝜎12
= 0, 𝜎22
= 0.
CONCLUSIONS
Figure 1 clearly shows that the circumferential inhomogeneous interface parameter 𝜌∗ has a pronounced effect on the
estimation of the mean stress inside the inclusion and, at its peak, the discrepancy between the inhomogeneous mean stress
and homogeneous counterpart reaches 60 percent. This signifies, for the first time in finite elasticity, that in circumstances
where the inclusion interface may have circumferentially non-homogeneous imperfections, the homogeneously imperfect
interface model is insufficient in determining the mean stress.
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PARAMETER IDENTIFICATION VIA A MODIFIED CONSTRAINED MINIMIZATION
PROCEDURE
Yue Mei1, Sevan Goenezen1a)
1
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Summary This paper introduces a modified formulation of the objective function to solve the inverse problem in elasticity posed as a
constrained and regularized minimization method. Hereby, the displacement correlation term in the modified version of the objective function is
weighted spatially with a strain dependent function and the regularization term is post adjusted from the prior solution. We test this novel
procedure using a well-chosen 2D numerical example and compare it with the solution from the conventional formulation. We observe that the
modified formulation has significantly reduced sensitivity towards altered boundary conditions and the shear modulus contrast improves
drastically while preserving overall smoothness. The problem is then generalized and analyzed with a 1D analogue, elucidating the observations
in the 2D continuum problem.
INTRODUCTION
Characterizing non-homogenous material properties of soft tissues has importance in biomedical imaging. For instance,
breast tumors, prostate cancer, skin cancer, etc. could be detected by their stiffness contrast. To determine the nonhomogeneous elastic property distribution it is essential to measure the deformation field from imaging techniques such as
ultrasound, MRI, or CT scan. The inverse problem here is posed as a minimization problem under the constraint of the
equilibrium equations in elasticity. The conventional objective function for this optimization problem is given in Eq.(1) and
has been thoroughly discussed in[1, 2]. In this paper, we introduce a modified objective function (Eq.(2)), weighted by a
strain field and a prior computed shear modulus distribution, and show that it reduces sensitivity to varying boundary
conditions and improves the reconstructed contrast.
METHODS
To simplify the analysis, the objective function is shown for only 1 acquired displacement field in Eq.(1) and (2) for the
conventional and modified objective function, respectively.
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The shear modulus is denoted by  and is introduced as nodal unknowns in the finite element mesh. The first term in the
objective function is the displacement correlation term, where u ym is the measured displacement field and is the computed
displacement field, obtained by solving the forward problem for the current estimate of  .We assume we only know y
displacement component. The displacement correlation term in Eq.(2) is weighed by the strain field [3]. The second term is
the regularization term to penalize oscillations in the reconstructed solution. Further,  is the regularization factor that
controls the smoothness of the final solution and is selected based on Morozov’s discrepancy principle or a smoothness
criteria, and c is a small constant to avoid singularities. Note that  in previous works was chosen to be a constant. In
Eq.(2), however, a spatially varying regularization factor  is introduced with    /  . The optimization problem is
solved using the limited BFGS method and the reader is referred to references in [1, 2] for more details on the solution process.
RESULTS AND DISCUSSIONS
In this paper, the measured displacement fields are acquired by solving the finite element forward problem with a target
shear modulus distribution shown in Figure 1(a), where the circular inclusions represent two theoretical breast tumors of
similar stiffness and the soft background represents normal tissue. The stiffness ratio between tumor and normal tissue is 5:1.
We apply a linearly changing displacement boundary on the top and restrict the vertical motion of the bottom edge. To
avoid rigid motion, we fix the center node of the bottom edge. The 2D model is in plane strain and the tissue is assumed to
be incompressible. To mimic experimental data, we add 3% white Gauss noise to the simulated data and only minimize the
vertical displacement field [1, 3]. We observe that the conventional approach results in ambiguous reconstructions in that the
left inclusion appears to be softer than the right inclusion (Figure 1(b), while the spatially weighted displacement correlation
addresses this issue (Figure 1(c)). The reconstructions of  using the spatially weighted displacement correlation term and
the spatially varying regularization factor further improve the overall contrast while avoiding oscillations due to noise. To
understand these observations, we consider in Figure 1(e) a simplified one-dimensional model to represent the 2D
continuum model. In particular, two elastic bars are modeled in parallel and coupled by a rigid plate. The grey part in the
bars represents the inclusions and the white surrounding denotes the background. The relationship between the
reconstructed shear modulus value of the left and right inclusions can be obtained by fundamental physics and calculus [3].
a)
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We then define a measure of error and compute the error for the reconstructed shear modulus in the left inclusion over the
exact modulus reconstruction in the right inclusion  in2 while fixing the exact shear modulus in the left inclusion  1in for
values ranging from 3 to 10 for both the conventional (Figure 2(a)) and new approach (Figure 2(b)). We obverse that the
reconstruction error with the new approach is significantly smaller than with the conventional method.

Figure 1(a) Target (exact) shear modulus distribution; (b) Reconstruction with the conventional mthod; (c) Reconstruction
with the spatially weighted displacement correlation term; (d) Reconstruction with the spatially weighted displacement
correlation term and spaially varying regularization factor; (e) The schematic of a 1D simplified model.

Figure 2 Error plot of the reconstructed shear modulus in the left inclusion over the prescribed shear modulus in the right
inclusion ;(a) conventional method; (b) spatially weighted method.
CONCLUSIONS
We have presented a modified objective function to solve the inverse problem in elasticity, where the displacement
correlation term is weighted by a strain dependent function and the regularization factor is weighted from a prior computed shear
modulus distribution. We have successfully shown that the new method reduces ambiguity in the reconstructed results and
significantly improves the overall contrast. Finally, we have developed a 1D simplified analogous model to analyze
mathematically the observations with the 2D model and to validate this model for a wide range of target shear modulus values.
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MATHEMATICALLY JUSTIFIED REFINED THEORIES FOR THIN STRUCTURES
1
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Summary The uniform approximation approach is a dimension reduction procedure. It can be applied to derive analytical theories for thin
structures from the settled theory of three-dimensional linear elasticity without the use of a-priori assumptions. In the talk, we show how the
approach can be extended by arguments from duality theory, in order to proof its approximation property, which provides the mathematical
justification for the approach. We treat the specific example of an isotropic, linear elastic beam with constant rectangular cross-section. The
first-order approximation coincides with the Euler-Bernoulli beam theory, whereas the second-order approximation is new. Timoshenko´s
beam theory can be transformed to an equivalent theory, if a specific shear-correction factor is used.

INTRODUCTION
Classical theories for thin structures like the Euler-Bernoulli beam and the Kirchhoff plate theory were developed by
the use of disputable a-priori assumptions already in the 18th and 19th Century. They provide reasonable results for practical
applications, if the structure under consideration is sufficiently thin. In the present century, rigorous mathematical justifications
for these theories are available as well. These justifications make use of comparatively new mathematical tools like, e.g., Γconvergence, which proof the classical theories to appear as a limit of the three-dimensional theory of elasticity, if the thickness
of the structure tends to zero.
Driven by practical needs of the engineering community, the development of refined theories, i.e., theories for moderately
thick structures, or higher precision, started long before the classical theories were justified already in the middle of the 20th
century. Nowadays refined theories are still an open topic which is under intensive development. Mathematical justifications
for refined theories are missing - even for the most established theories like the Reissner-Mindlin plate theory.
THE UNIFORM APPROXIMATION APPROACH
The uniform approximation approach for the a-priori assumption free derivation of theories for thin structures from the
three-dimensional theory of linear elasticity goes back to pioneer treaties of Naghdi [4] and Koiter [3]. Kienzler [2] interprets
the approach as a truncation of the elastic energy after a maximum power of a characteristic parameter that describes the
relative thickness of the structure. We extend his ideas by truncating the associated dual energy as well, in order to provide a
mathematical justification for refined theories by the use of arguments from the duality theory of functional analysis.
By extending a standard result from duality theory towards general anisotropy, the square error of an arbitrary admissible
displacement field v from the (weak) solution of three-dimensional elasticity can be estimated via
1
2
λmin cKorn kv − ukX ≤ Epot (v) − Epot (u) − (Edual (µ) − Edual (σ)) ,
2
where λmin is the minimum eigenvalue of the stiffness tensor, cKorn is the constant from the classical Korn inequality, σ denotes
the stress-field solution of the dual problem (Edual (σ) = Epot (u)) and µ is an arbitrary admissible stress field.
By using a dimensionless formulation and series expansions in thickness direction for the displacement field, the potential and dual energy appear as infinite power series in parameters describing the relative thickness of the structure. When
truncating both series after a certain power, a finite set of field equations and stress-boundary conditions can be derived from
the Euler-Lagrange equations of the potential energy, whereas the dual energy’s Euler-Lagrange equations deliver matching
displacement-boundary conditions. This generates a hierarchy of theories with regard to the truncation power. By virtue of the
mentioned theorem, the error of the N th-order approximation theory decreases like the (N + 1)th power of the characteristic
parameter. Therefore, any solution of an N th-order theory converges to the three-dimensional solution, if the thickness tends
to zero. Furthermore, a considerable gain of accuracy is achieved by increasing the approximation order, which finally proofs
the approximation property of the approach.
If smooth solutions are available, one is enabled to reduce the number of unknown displacement coefficients in a certain
theory by successive elimination. This leads to the classical theories for thin structures for first-order approximations and to
new refined theories for higher-order approximations.
We already applied the approach for the derivation of a refined monoclin plate theory, cf. [9], which turns out to be
equivalent to the Reissner-Mindlin theory for the special case of an isotropic material. For a comparison to other established
higher-order theories we refer to [6].
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REFINED BEAM THEORY
In the talk we illustrated the approach by deriving theories for an isotropic, linear elastic beam (length l) with constant
rectangular cross-section (width b, height h). The error of the N th-order approximation decreases like
2(N +1) !

h
b
2
.
k kvN − ukX ≤ O max √ , √
12l
12l
It should be noted that in general, a refined definition is needed for the beam load case, in order to be able to decompose
arbitrary three-dimensional load cases on a quasi one-dimensional structure into independent subproblems, cf. [7]. For
the simple case of the classical beam load, i.e., symmetric pressure in hight direction, the first-order approximation equals
the Euler-Bernoulli beam theory. This is not surprising with regard to other results from literature derived by the use of Γconvergence. However, the second-order beam theory for the classical beam load case only coincides with the most established
beam theory, i.e., Timoshenko’s beam theory, if the shear correction factor in this theory is chosen as


1
β2
ν
3 5ν + 8
2 ν
−β
+
,
K=
20 1 + ν
1 + ν 4 β2 + 5 1 + ν
| {z }
Olsson, [5]

where β = hb denotes the cross-section aspect ratio and ν denotes Poisson’s ratio. Indeed the limit value for β = 0 is a known
shear-correction factor. The (most probably) most cited paper on shear correction factors [1] dedicates the factor to Olsson,
cf. [5]. However, in this article Olsson states that he “concluded” the factor from the work of [10]. The factor for β 6= 0 is
not known from literature to our best knowledge. It covers weakening from shear deformations as well as stiffening effects
for plate-like beams.
It has to be noted, again, that the uniform second-order approach does not introduce any correction factors nor any others
a-priori assumptions - The shear correction factor is derived by a vis-a-vis comparison of the resulting ordinary differential
field equation with Timoshenko´s equation.
Peer-reviewed papers with the presented results are in preparation. In the meantime, we refer the interested reader to [8].
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Summary The uniform approximation approach is a dimension reduction procedure. It can be applied to derive analytical theories for thin
structures from the settled theory of three-dimensional linear elasticity without the use of a-priori assumptions. In the talk, we show how the
approach can be extended by arguments from duality theory, in order to proof its approximation property, which provides the mathematical
justification for the approach. We treat the specific example of an isotropic, linear elastic beam with constant rectangular cross-section. The
first-order approximation coincides with the Euler-Bernoulli beam theory, whereas the second-order approximation is new. Timoshenko´s
beam theory can be transformed to an equivalent theory, if a specific shear-correction factor is used.

INTRODUCTION
Classical theories for thin structures like the Euler-Bernoulli beam and the Kirchhoff plate theory were developed by
the use of disputable a-priori assumptions already in the 18th and 19th Century. They provide reasonable results for practical
applications, if the structure under consideration is sufficiently thin. In the present century, rigorous mathematical justifications
for these theories are available as well. These justifications make use of comparatively new mathematical tools like, e.g., Γconvergence, which proof the classical theories to appear as a limit of the three-dimensional theory of elasticity, if the thickness
of the structure tends to zero.
Driven by practical needs of the engineering community, the development of refined theories, i.e., theories for moderately
thick structures, or higher precision, started long before the classical theories were justified already in the middle of the 20th
century. Nowadays refined theories are still an open topic which is under intensive development. Mathematical justifications
for refined theories are missing - even for the most established theories like the Reissner-Mindlin plate theory.
THE UNIFORM APPROXIMATION APPROACH
The uniform approximation approach for the a-priori assumption free derivation of theories for thin structures from the
three-dimensional theory of linear elasticity goes back to pioneer treaties of Naghdi [4] and Koiter [3]. Kienzler [2] interprets
the approach as a truncation of the elastic energy after a maximum power of a characteristic parameter that describes the
relative thickness of the structure. We extend his ideas by truncating the associated dual energy as well, in order to provide a
mathematical justification for refined theories by the use of arguments from the duality theory of functional analysis.
By extending a standard result from duality theory towards general anisotropy, the square error of an arbitrary admissible
displacement field v from the (weak) solution of three-dimensional elasticity can be estimated via
1
2
λmin cKorn kv − ukX ≤ Epot (v) − Epot (u) − (Edual (µ) − Edual (σ)) ,
2
where λmin is the minimum eigenvalue of the stiffness tensor, cKorn is the constant from the classical Korn inequality, σ denotes
the stress-field solution of the dual problem (Edual (σ) = Epot (u)) and µ is an arbitrary admissible stress field.
By using a dimensionless formulation and series expansions in thickness direction for the displacement field, the potential and dual energy appear as infinite power series in parameters describing the relative thickness of the structure. When
truncating both series after a certain power, a finite set of field equations and stress-boundary conditions can be derived from
the Euler-Lagrange equations of the potential energy, whereas the dual energy’s Euler-Lagrange equations deliver matching
displacement-boundary conditions. This generates a hierarchy of theories with regard to the truncation power. By virtue of the
mentioned theorem, the error of the N th-order approximation theory decreases like the (N + 1)th power of the characteristic
parameter. Therefore, any solution of an N th-order theory converges to the three-dimensional solution, if the thickness tends
to zero. Furthermore, a considerable gain of accuracy is achieved by increasing the approximation order, which finally proofs
the approximation property of the approach.
If smooth solutions are available, one is enabled to reduce the number of unknown displacement coefficients in a certain
theory by successive elimination. This leads to the classical theories for thin structures for first-order approximations and to
new refined theories for higher-order approximations.
We already applied the approach for the derivation of a refined monoclin plate theory, cf. [9], which turns out to be
equivalent to the Reissner-Mindlin theory for the special case of an isotropic material. For a comparison to other established
higher-order theories we refer to [6].
∗ Corresponding

author. Email: pasch@uni-bremen.de

1976

REFINED BEAM THEORY
In the talk we illustrated the approach by deriving theories for an isotropic, linear elastic beam (length l) with constant
rectangular cross-section (width b, height h). The error of the N th-order approximation decreases like
2(N +1) !
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It should be noted that in general, a refined definition is needed for the beam load case, in order to be able to decompose
arbitrary three-dimensional load cases on a quasi one-dimensional structure into independent subproblems, cf. [7]. For
the simple case of the classical beam load, i.e., symmetric pressure in hight direction, the first-order approximation equals
the Euler-Bernoulli beam theory. This is not surprising with regard to other results from literature derived by the use of Γconvergence. However, the second-order beam theory for the classical beam load case only coincides with the most established
beam theory, i.e., Timoshenko’s beam theory, if the shear correction factor in this theory is chosen as
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where β = hb denotes the cross-section aspect ratio and ν denotes Poisson’s ratio. Indeed the limit value for β = 0 is a known
shear-correction factor. The (most probably) most cited paper on shear correction factors [1] dedicates the factor to Olsson,
cf. [5]. However, in this article Olsson states that he “concluded” the factor from the work of [10]. The factor for β 6= 0 is
not known from literature to our best knowledge. It covers weakening from shear deformations as well as stiffening effects
for plate-like beams.
It has to be noted, again, that the uniform second-order approach does not introduce any correction factors nor any others
a-priori assumptions - The shear correction factor is derived by a vis-a-vis comparison of the resulting ordinary differential
field equation with Timoshenko´s equation.
Peer-reviewed papers with the presented results are in preparation. In the meantime, we refer the interested reader to [8].
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Summary: The study develops a higher order beam theory based on the principle of stationary complementary energy. The
theory successfully captures transverse shear stresses and transverse and longitudinal normal stresses. The predicted
displacements and stresses are shown to agree well with the theory of elasticity solution and 3D FEA analysis.
INTRODUCTION
Beam theories have been widely developed based on the commonly used principle of stationary potential energy
(Conventional Treatment) [e.g., 1]. Less common is the principle of stationary complementary strain energy [e.g., 2]. A
description of both methodologies is depicted in Fig. 1. The present theory adopts the stationary complementary strain energy
principle to develop a higher order beam theory. While the conventional treatment overestimates the stiffness of the beam,
the present treatment has the desirable conservative feature of underestimating the stiffness while converging to the elasticity
solution when enough higher order terms are taken.
Conventional Treatment
Present Study
Assume strains satisfying compatibility –
typically by postulating displacement fields

Assumes tresses –
Exactly satisfying equilibrium
Principle of complementary strain energy
in terms of stresses

Principle of stationary potential energy
in terms of displacements
Force Boundary
Conditions

Approximate equilibrium equations
in terms of displacements

Recover smaller
displacement

Approximate compatibility
equations in terms of stresses

Recover stresses

Recover stresses

Displacement
Boundary Conditions

Recover larger
displacements

Figure 1. Comparison of present methodology and conventional treatment.
FORMULATION
n

The longitudinal normal stresses are assumed to take the form σ z ( y, z ) = ∑ y i −1 Fi ( z ) (1) where Fi ( z ) are unknown
i =1

functions. As an example, the formulation is presented here for a simply supported beam with a rectangular cross-section for
the simplest case n = 3 (Fig. 2). The beam is subjected to a transverse uniform traction on top surface σ ( h1 ) = σ and

τ=
( h1 ) σ=
( h2 ) τ=
( h2 ) 0 at top and bottom surfaces. Given the symmetry of the structure, only half of the beam is considered.
From Eq. (1), by substituting into two equilibrium equations ∂τ yz ∂y + ∂σ z ∂z = pz , ∂σ y ∂y + ∂τ yz ∂z = p y where pz ( y, z )
and p y ( y, z ) are longitudinal and transverse body forces, respectively, and enforcing the traction boundary conditions at top
and bottom surfaces, the expressions for the three transverse shear and normal stresses can be shown to take the form:
τ yz ( y, z ) = ( − y + 4 y 3 h 2 ) F1′( z ) + 6σ z ( h 2 4 − y 2 ) h3 + 6Q ( 0 ) ( h 2 4 − y 2 ) bh3

)

σ y ( y, z ) =
( − h2 16 + y 2 2 − y 4 h2 F1′′ ( z ) + 2 (1 − 3 y h + 4 y3 h3 )σ

(2a-c)

σ z ( y, z ) =
(1 − 12 y 2 h2 ) F1 ( z ) + 12 y  yN ( 0 ) + zQ ( 0 ) + M ( 0 ) bh3 + ( 6 yz 2 h3 )σ
=
in which N ( 0 )

σ ( y, 0)dA; Q ( 0 ) ∫=
τ ( y, 0)dA; M ( 0 ) ∫ yσ ( y, 0)dA are stress resultants at z = 0 . Given the stress∫=
strain relations =
ε (σ − µσ ) / E , =
ε (σ − µσ ) / E , γ = τ / G , in which E , G and µ are elastic modulus, shear
z
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modulus and Poisson’s ratio, respectively, the total complementary strain energy of the system is expressed in term of F1 ( z )
and the stationarity conditions are evoked to recover the compatibility equation
a1 F1′′′′ ( z ) + a2 F1′′ ( z ) + a3 F1 ( z ) − a4 N ( 0 ) =
0

(3)

E ; a2 2bh3 ( 2 µ G − E ) 105 EG ; a3 = 4bh 5 E ; a4 = 4 5 E ; and b and h are width and depth of the
in which a1 = bh5 630
=
cross-sectional section. Also, the following seven boundary equations are recovered.
′ ( L 2 ) 0 ( 6 ) ; a6 F1′ ( L 2 ) + a1 F1′′′=
=
F1 ( 0 ) 0 ( 4 ) ; =
M ( 0 ) 0 ( 5 ) ; F1=
( L 2 ) 0 7; a1 F1′′ ( 0 ) + a7 F1 ( 0 ) + a8 N ( 0 )
=
− σ 240 EI 0 ( 8 ) ;

∫

L 2

0

 a4 F1 ( z ) + a8 F1′′ ( z ) + a9 N ( 0 )  dz + ( 3µσ L 2 E ) − W (=
0 ) + W ( L 2 )  0 ( 9 ) ;

2
3
 2

0 (10 )
( z EI + 6 5Gbh ) Q ( 0 ) + ( z EI ) M ( 0 ) − 6σ z ( µ 5 Eh + z Eh + 1 5Gh )  dz − V ( 0 ) + V ( L 2 ) + Lθ ( L 2 )  =
where W ( z0 ) , V ( z0 ) , θ ( z0 ) ( z0 = 0 or L 2 ) are the longitudinal and transverse displacements and rotation, respectively (Fig.

∫

L/2

0

=
a6 8 I ( µ G − E ) 35
EG ; a7 8µ I =
=
35G ; a8 µ h 2 =
70 E ; a9 9=
5 Ebh ; I bh3 12 have been defined.
2) and coefficients
EXAMPLE
Consider the case h = 1 m , h b = 100 , L h = 2 , σ = 10 MPa , E = 200 GPa and µ = 0.3 . The deflection at mid-span is
presented in Table 1 and comparisons are provided with the conventional Euler-Bernoulli beam (EB), Timoshenko beam
(TB), theory of elasticity (Timoshenko and Goodier 1970) [3]. Solutions based on the present study are presented for n =
3, 4,5 . The deflection based on EB solution underestimates the deflection by 36.2% compared to the converged value. The
TB solutions without a shear correction are 3.6% smaller. When using a shear factor of 5/6, the difference reduces to 3.1%.
The longitudinal stresses (Fig. 3) based on n = 3 is linear in manner consistent with EB or TB. When n ≥ 4 , the longitudinal
stress profile is cubic in a manner consistent with the theory of elasticity solution. Unlike the EB and TB theories, the vertical
normal stresses (Fig. 4) are nonzero and resemble those based on the elasticity solution.
Table 1. Deflection at mid-span
Solution
Deflection (mm)
Difference (%)***
n=3
0.198
1.0
Present
n=4
0.196
0.0
Study
n=5
0.196
0.0
Elasticity
0.196
0.0
EB*
0.125
36.2
TB*
0.190
3.1
TB*+
0.203
3.6
* Conventional Treatment; +Shear correction factor 5/6 is applied;
*** % Difference of a solution is compared to converged value (0.196 mm)
0.5

Figure 2. Beam profile and cross-section

Normalized depth (y/h)

Normalized depth (y/h)

0.5
0.3
0.0
Elasticity
Present Study, n=3
Present Study, n=4

-0.3

0.3
0.0
-0.3

Elasticity
Present Study, n=3

-0.5

-0.5
-40

-20
0
20
Longitudinal Normal Stresses (MPa)

Figure 3. Longitudinal normal stresses at mid-span

40

0.0

1.3

2.5

3.8

5.0

6.3

7.5

8.8

10.0

Transverse Normal Stresses (MPa)

Figure 4.Vertical normal stresses at any cross-section

CONCLUSIONS
A higher order theory which captures transverse shear and vertical normal deformations was developed based on the
principle of stationary complementary strain energy. Deformations obtained from present study are higher than the exact
solution.
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University Paris-Saclay - Laboratoire de Mathématiques de Versailles, UMR8100, Versailles, France

Summary Some recent theoretical results, obtained using the polar formalism and concerning special orthotropies, anisotropy of planar
damage, anisotropy of special materials, anisotropic rari-constant materials and interaction between geometry and anisotropy, are briefly
presented.

GENERALITIES ABOUT THE POLAR FORMALISM
The use of anisotropic materials is one of the ways to tackle some modern problems of structural engineering. Their use
is today almost compulsory in aircraft design or in the fabrication of sport devices etc. The most attractive property in the use
of anisotropic materials is to dispose of stiffness and strength where it is needed; the idea, tacitly understood, is that in doing
so, the structure will be lighter.
The mechanics of anisotropic materials, this is the price to pay for the designers, is much more cumbersome than that of
classical isotropic, e.g. metallic, materials, which renders the whole process of design sometimes a true puzzle for engineers.
There is a simple reason for that: the Cartesian representation of anisotropic elasticity is not effective when elastic moduli are
frame-dependent.
The use of an alternative formalism for anisotropic elasticity should hence be interesting per se and for applications,
especially for design purposes.
In the planar case, this is possible thanks to the polar formalism, [1], [2]; originally, this is just an algebraic method, based
upon a complex variable transformation, to find all the invariants of a planar tensor of any rank.
In the polar formalism, the elastic tensor C is represented using exclusively invariants and angles, which can be very
helpful in some situations, typically, for design problems and for theoretical developments:

Cxxxx (θ)=T0 +2T1 +R0 cos 4 (Φ0 −θ) +4R1 cos 2 (Φ1 −θ)





C
xxxy (θ)=R0 sin 4 (Φ0 −θ) +2R1 sin 2 (Φ1 −θ)



 C
xxyy (θ)=−T0 +2T1 −R0 cos 4 (Φ0 −θ)
(1)

Cxyxy (θ)=T0 −R0 cos 4 (Φ0 −θ)





Cxyyy (θ)=−R0 sin 4 (Φ0 −θ) +2R1 sin 2 (Φ1 −θ)



Cyyyy (θ)=T0 +2T1 +R0 cos 4 (Φ0 −θ) −4R1 cos 2 (Φ1 −θ)

In fact, the very characteristics of anisotropy is the dependence, for all the quantities, upon the direction: no Cartesian
component is a constant and their dependence upon he direction is cumbersome (it depends actually upon the tensor’s rank).
So, disposing of a representation of elasticity using only invariants and angles, that appear explicitly in the equations, like in
eq. (1), can be very helpful.
In the above equation, the invariants of C are the moduli T0 , T1 , R0 , R1 and the difference of the two polar angles Φ0 − Φ1 .
It is apparent that T0 and T1 are the isotropy invariants, while R0 , R1 and Φ0 − Φ1 are the anisotropy invariants: in the polar
formalism, the representation of elasticity is naturally split into its isotropic and anisotropic part, which is very useful in
different theoretical and design problems. In addition, it can be proved that T0 and T1 actually are a generalization of the
classical shear and bulk moduli of isotropic elasticity.
The polar formalism puts in a new light all the theory of anisotropic bodies. Namely, another, more general, algebraically
based classification of anisotropy, comprehending also particular cases never seen before, can be given; in such a classification,
six algebraically distinct plane orthotropies can be enumerated, all of them corresponding with a particular value taken by one
of the polar invariants, [3], [4].
Thanks to the polar formalism, a deep and new insight can be given into the anisotropy of specially elastic layers, i.e. layers
whose elastic tensor has a different set of index symmetries. In particular, the cases of elastic materials not possessing the
major or minor symmetries have been considered; in such a case, we can see the link existing between the index symmetries,
i.e. the algebraic structure of the elastic tensor, and the material symmetries, namely, the number and types of orthotropies,
[5].
Also, the old, long-lasting debated case of rari-constant materials has been considered and some new results found; in
particular, it has been shown that there are two mutually exclusive cases of rari-constant materials, [6]. A simple way to
realize such rari-constant materials is also given.
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Figure 1: Bounds for the damaged elastic tensor C
Some physical effects, coupling in a strange way geometry and elasticity, can be found thanks to the polar formalism,
showing that in some cases an anisotropic structure can behave like an isotropic one, [7].
The use of the planar formalism has also allowed to solve another theoretical problem: what are the bounds on the elastic
properties for a layer that, being initially isotropic, becomes anisotropic because of the damage induced by the applied loads?
Using a classical representation of damage, described by a fourth-rank tensor D having the symmetries of elasticity, it has
e and for D, see Fig. 1, [8].
been possible to find an analytical expression of the bounds for the damaged elastic tensor C
CONCLUSIONS

The polar formalism is an effective algebraic representation of anisotropy based upon the use of tensor invariants and
angles; some classical and more recent results, concerning special orthotropies, interaction between geometry and anisotropy,
specially elastic materials, rari-constant materials and damaged anisotropic materials are briefly presented in this communication.
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Summary In this contribution, a micromechanical model is proposed to capture quasi-static response of all types of rubber-like materials.
Accordingly, the rubber composite is decomposed into a pure rubber network considered to contribute to the deformation-induced network
rearrangement, and a polymer particle network in charge of the network damage. The numerical integration over the unit sphere is avoided
by using a generalized analytical network-averaging concept. The free energy of polymer chains is developed on the basis of a closed-form
of Rayleigh’s exact non-Gaussian distribution function. The inelastic effects in filled rubbers are elucidated by three deformation-induced
mechanisms: network damage, network recovery, and network rearrangement. The proposed model includes very few physically motivated
material constants and demonstrates good agreement with multi-dimensional experimental data of both unfilled and filled rubbers. The
result confirms that the concept of numerical integration over the unit sphere is not crucial for both isotropic and anisotropic constitutive
modeling.

NETWORK DECOMPOSITION
In the general case of filler reinforced elastomers, the rubber composite is decomposed into an elastic rubber network
(CC) containing polymer subnetworks with cross-links at both ends, and an inelastic polymer particle network (PP) containing
polymer subnetworks attached to two filler particles [2]. Accordingly, the strain energy of the whole composite is written as
Ψ = ΨCC + ΨP P . Recent wide-angle X-ray experimental studies revealed a pronounced alignment of polymer chains in
the stretching direction. Thus, in contrast to the previous works (see e.g. [2]), the CC network is considered in our model to
contribute to the deformation-induced network anisotropic rearrangement, and the PP network is responsible for the network
damage.
MOLECULAR STATISTICAL BASIS OF A POLYMER NETWORK
The pure rubber network is considered as a composition of several one-dimensional subnetworks dispersed in different
directions in a unit sphere. The conformational probability density function of a polymer chain with n segments and normalized end-to-end distance r can be considered as a non-Gaussian probability of a random walk chain. By means of quantum
mechanics, a closed-form Pc (n, r) of Rayleigh’s exact distribution function [1] for non-Gaussian chains can be derived. Thus,
the non-Gaussian free energy ψc (r) can be obtained.
GENERALIZED NETWORK-AVERAGING
A probability distribution of the polymer subnetworks in space is developed, taking the deformation-induced spatial alignment of polymer molecules into account (Fig.1)
ρ (u) =

P

τ ∈( −∞,t]

[F (τ )] ,

(1)

where u is an arbitrary direction, the response function P denotes a mapping the deformation history into the spatial distri-

(a)
Figure 1: Rearrangement of the spatial distribution of polymer chains during a uniaxial tension.
bution of polymer chains, F is the deformation gradient, τ denotes a point of time in the past, and t is the current time.
The energy of the full network is evaluated from the mean field free energy of the subnetworks over the unit sphere by
means of a generalized network averaging concept. In our model, the mean field quantity can be derived analytically, so
numerical integration over the unit sphere is not applied here.
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MECHANISMS OF THE MULLINS EFFECT AND HYSTERESIS
We assume that there exist two types of adsorption sites (areas for the adsorption of polymer chains on the filler particles)
on the aggregate surface: irreversible adsorption and reversible adsorption sites. Polymer chains connected to irreversible
adsorption and reversible adsorption sites are referred to as irreversible and reversible chains, respectively. The stress softening
between the initial loading and the subsequent reloading can be explained by permanent debonding of molecular chains from
the irreversible adsorption area. The hysteresis is elucidated by failure and recovery of polymer chains connected to the
reversible adsorption sites. By means of statistical mechanics, the number of irreversible chains NPir P and reversible chains
NPrvP can be calculated. Thus, the free energy of the PP network can be obtained as ΨP P = NPir P ψc (r) + NPrvP ψc (r).
RESULTS
In this section, we first validate the performance of the proposed model by comparing it to various sets of multi-dimensional
experimental data of unfilled rubber [3, 4] (see Fig.2). In the next step, the model is further compared to uniaxial tension
Treloar [1944]
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Figure 2: Prediction of the proposed model in comparison with the multi-dimensional experimental data of unfilled rubber: in
uniaxial tension, pure shear and equibiaxial tension [3] (left), and in a series of biaxial tensions [4] (right).
experimental data of 50phr carbon black filled polychloroprene (Fig.3).
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References
[1] Lord Rayleigh, J. W. S., 1919. On the problem of random vibrations, and of random flights in one, two, or three dimensions. Philosophical Magazine
37 (6), 321–347.
[2] Govindjee, S., Simo, J., 1991. A micro-mechanically based continuum damage model for carbon black-filled rubbers incorporating Mullins’ effect.
Journal of the Mechanics and Physics of Solids 39, 87–112.
[3] Treloar, L. R. G., 1944. Stress-strain data for vulcanised rubber under various types of deformation. Transactions of the Faraday Society 40, 59–70.
[4] Kawabata, S., Matsuda, M., Tei, K., Hawai, H., 1981. Experimental survey of the strain energy density function of isoprene rubber vulcanizate.
Macromolecules 14, 154–162.

1983

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

THICKNESS-SHEAR VIBRATIONS OF CIRCULAR QUARTZ CRYSTAL PLATES
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Summary The thickness-shear vibrations of quartz crystal plates are of interests in the analysis and design of quartz crystal resonators which
usually have complications because of structural configuration. Due to the material anisotropy, vibrations of circular plates of quartz crystal
are no longer axisymmetric and solutions are not available from analytical solutions. By approximating the equations for the thickness-shear
vibrations with the reduced couplings with the flexural mode only, we obtained the simplified equations of the only fundamental harmonics
terms of angular dependence. The differential equations are solved by the Frobenius method with solutions in infinite power series for the
thickness-shear and flexural mode shapes and frequency spectra.

INTRODUCTION
Vibrations of elastic plates have been the major topic of structural analysis with a long and rich history. Earlier efforts
have been on the analysis of flexural vibrations of thin plates with the classical plate theory which considers the flexural
mode only at relatively lower vibration frequency. However, even in simple cases like isotropic plates, analytical solutions
are only scarcely available and the finite element analysis also tends to be difficult due to the higher frequency of the
thickness-shear mode and the refined mesh which result in a larger eigenvalue problem.
With the objective to establish systematic equations of vibrations of circular elastic plates at the thickness-shear mode,
we start with the derivation of the Mindlin plate equations in the polar coordinate for circular plates. By following the
procedure demonstrated by Mindlin for rectangular plates in Cartesian coordinates, we obtained similar equations in polar
coordinates and some results for infinite plates to validate the equations are obtained as before [1, 2]. Then, equations with
truncation are used for the coupled vibrations of thickness-shear and flexure of isotropic finite circular plates. The results
from this analysis are used for the in-depth understanding of thickness-shear vibrations in finite plates [2]. For anisotropic
materials like quartz crystals, the equations are even more strongly coupled, and solutions will no longer be axisymmetric
for further simplification due to the angular dependence of elastic constants. The simplification has to be done with all
complications considered. Our study of quartz crystal plates vibrating in the vicinity of thickness-shear mode starts from
the calculation of elastic constants to obtain their expressions including the angular variable. It is natural to expect that the
solution should also have trigonometric terms, but the way to obtain such solutions have to be explored. The accurate
solution can often be obtained from such differential equations with the Frobenius method for power series solutions.
GENERAL EQUATIONS FOR THICKNESS-SHEAR VIBRATIONS OF QUARTZ CRYSTAL PLATES
By following the standard procedure for the development of Mindlin plate equations based on the power series
expansion of displacements with both Cartesian and polar coordinates, we have derived the Mindlin plate equations for
circular plates of isotropic and anisotropic materials [2]. As we know, the Mindlin plate equations are a set of differential
equations with infinite number of vibrations modes with couplings through material anisotropy. For applications, the
equations have to be truncated based on targeted modes and frequencies [3]. For example, quartz crystal resonators of
overtone modes such as the fifth have to be studied with the fifth-order Mindlin plate equations [3]. Upon simplification
and truncation, the Mindlin plate equations for the thickness-shear vibrations with the normalized frequency Ω
𝛺=

𝜔
𝜔0

, 𝜔0 =

𝜋
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√

𝑐66
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,
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𝑢𝑧,𝑟 = 0,

(2)

with the assumption that displacements are axisymmetric. This is obviously not true because material constants in above
equations are angular dependent and so are the displacements. However, a careful examination of the constants revealed
that terms associated with the angular variable cos 2𝜃 are generally much smaller than constant terms, and their effect on
the angular distribution of displacements can be better represented with the combinations of two terms. For demonstration,
the elastic constants of AT-cut quartz crystal with the consideration of angular dependence are
𝐶1 = 1.17 − 0.17cos2𝜃, 𝐶2 = 1.17 − 0.5cos2𝜃, 𝐶3 = 4.46 − 0.28cos2𝜃, 𝐶4 = 6.87 − 0.56cos2𝜃, 𝐶5 = 6.87 + 0.56cos2𝜃. (3)
(0)
By eliminating 𝑢𝑧 from Eq. (2), we obtain the fourth-order differential equation for the thickness-shear vibration as
a)
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Now the task is to solve this fourth-order differential equation and obtain both thickness-shear and flexural
deformation for the calculation of frequency and mode shapes.
APPROXIMATION AND SOLUTIONS
For analytical solutions of equations given in the above section, further approximation and simplification are needed.
First of all, we need to assume the vibrations are still axisymmetric even the material itself may not be axisymmetric in
terms of material elastic constants. This is to suggest that we can eliminate the angular depended for the axisymmetric
solutions, and effects of angular variables will not the neglected completely because parameters containing angular variable
are still there to affect the solutions which are still angular dependent.
With above assumption, Eq. (5) can be further separated into two parts as
𝐿0 (𝑢) + cos 2𝜃 𝐿1 (𝑢) = 0,
(6)
Then it is natural to assume the solutions will be in the form of
𝑢 = 𝑢0 + 𝑢1 cos 2𝜃,
(7)
where 𝑢0 and 𝑢1 are the displacements from 𝐿0 (𝑢) and 𝐿1 (𝑢), respectively. With actual equation, solutions can only
be obtained with the Frobenius method as functions in infinite power series, as we do for Bessel functions and other
transcendental solutions and functions of similar equations. The boundary conditions will also be decomposed to a form
similar to Eq. (7) and further approximation can be made accordingly.
EXAMPLES AND NUMERICAL RESULTS
With the Frobenius solutions in infinite power series, we can evaluate these solutions and utilize the boundary conditions
to obtain frequency and mode shape solutions. For quartz crystal resonators, usual boundary conditions are traction-free,
which are used to realize and maximize the energy trapping effect. With solutions outlined above, we found the thicknessshear vibration frequency of relatively larger plates is approaching to the thickness-shear frequency of infinite plates. This
is a reasonable validation of the approximate equations and solutions. The results are shown with spectra (frequency
versus radius) and mode shapes. These results usually are needed for the design of quartz crystal resonators.
CONCLUSIONS
With approximation and simplification regarding the Mindlin plate equations for thickness-shear vibrations of circular quartz
crystal plates, we have obtained vibration solutions of the strongly coupled thickness-shear and flexural vibrations. The
frequency and mode shapes are important in the analysis and design of quartz crystal resonators of circular types. Although the
solutions are from the simplified equations with assumptions like the axisymmetric solutions, they can offer simple and quick
results needed in the design evaluation. It is always a good start of the design process of complicated devices like quartz crystal
resonators which challenge the vibration analysis with features like higher vibration frequency and coupled vibration modes
involving finite elastic solids of anisotropic materials.
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Summary Nonlocality may arise in modelling the overall thermomechanical properties of heterogeneous media or in solving
thermomechanical problems at small scales. This paper presents the nonlocal peridynamic equations of generalized thermoelasticity that
couples together the ordinary state-based peridynamic non-Fourier heat conduction theory and the peridynamic equation of motion. Based on
irreversible thermodynamics, the equations are derived by introducing the concept of phase lags of time into the peidynamic framework, which
considers nonlocal mechanical effect and non-Fourier heat conduction simultaneously. Numerical procedures are proposed to solve the integrodifferential equations, and the results are in good agreement with available experimental data of two examples. Compared with classical
generalized thermoelasticity, the peridyanmic generalized thermoelasticity can be easily applied to multidimensional media containing
discontinuities.

INTRODUCTION
Heat is found to propagate at a finite speed in more and more cases, such as self-heating in micro-electronic devices and
the situations at very low temperature near absolute zero, whilst the diffusive parabolic heat conduction equation based on
the Fourier law results in an infinite speed of heat propagation. The simulation of non-Fourier heat conduction has attracted
much attention. Many models of non-Fourier heat conduction have been proposed, such as the wave model with a
hyperbolic heat conduction equation[1], the two-process model[2], the Dual-Phase-Lag (DPL) model[3] and so on. Following
these non-Fourier models, some generalized thermoelastic theories are developed, such as the L-S theory proposed by Lord
and Shulman[4], and the G-L theory proposed by Green and Lindsay[5]. These models including non-Fourier heat conduction
give a finite heat propagation speed, but do not address the nonlocal effect.
Nonlocality is inherent in the transfer of thermal energy, since heat conduction requires sufficient collisions among
energy carries, such as phonons and electrons, which collide with each other and bring energy from one point to another. In
the last decades, invalidity of local formulation has been found in more and more situations, for instance, emergency
cooling and rapid transient heating in modern industry, and heat conduction in nanostructures. As the characteristic length is
comparable to, or less than, the mean free path of the carriers, the nonlocality needs to be taken into account. On the
mechanical side, the peridynamic theory [6] replaces the conventional differential equation of motion with an integral
formula, leading to a strongly nonlocal theory that accounts for long range interactions among material points. Thus, the
peridynamic framework provides a unified platform that includes the mechanical nonlocality and the nonlocal heat
conduction.
Considering the above developments, we present a non-Fourier heat conduction model and a framework of generalized
thermoelasticity based on state-based peridynamics, which considers the mechanical nonlocal effect and non-Fourier heat
conduction simultaneously.
THEORETICAL MODEL
Based on the framework of stated-based peridynamic thermal diffusion[7], peridynamic non-Fourier heat conduction
equations are derived by introducing the phase lags  q and  T which are proposed in the DPL model[3] as follows
q x, t   q   q    x, t   T 

(1)

where q is the peridynamic heat flow state and  is the temperature state, and x and t represent the position of a material
point and the moment of time, respectively. This model includes the effect of finite relaxation time through the phase lags in
the heat flow state and temperature state, where the time lag  q is caused by micro-structural interactions such as phonon
scattering, and the  T is interpreted as the relaxation time due to fast-transient effects of thermal inertia. In addition, with
the assumption of bond-based peridynamics, bond-based peridynamic heat conduction equations can be obtained.
The previously developed fully coupled peridynamic thermomechanics[8] utilizes a thermal equation based on the
Fourier law which may become invalid in many cases as discussed in the introduction. The PD-DPL model provides a
method to overcome this problem. Then the coupled thermomechanical theories that admit a finite speed of heat
propagation are developed in this paper, and these theories are referred to as peridynamic generalized thermoelasticity. The
derivations of state-based peridynamic generalized thermoelasticity equations are based on irreversible thermodynamics. In
view of the widespread application of the classical L-S theory and the G-L theory, we develop two kinds of peridynamic
a) a)Corresponding author. Email: jxwang@pku.edu.cn.
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generalized thermoelasticity, i.e., the peridynamic L-S theory and the peridynamic G-L theory. Derivations are briefly
summarized as follows.
First, the equations of the peridynamic L-S theory are derived by introducing only one relaxation parameter  0 into the
heat conduction equation (1), which leads to
 cv (   0 )  Q  B  (Y   0 Y)   ( sb   0 sb )
(2)
where  , cv and sb represent the mass density, the specific heat capacity and the prescribed volumetric heat generation
per unit mass, respectively. B is the thermal modulus state, Y is the deformation state, and

Q   ( h(x' , t ) x'  x  h(x, t ) x  x' )dV' is the rate of heat energy in which h is the heat flow scalar state and H is a
H

neighbourhood determined by the peridynamic horizon. The heat conduction equation (2) is a special case of the PD-DPL
model. For the deformation field, the equation of motion of the peridynamic L-S theory is the same as that of the fully
coupled peridynamic thermomechanics.
Then, the derivation of the peridynamic G-L theory is obtained as follows. As in the classical G-L theory, by
introducing a relaxation parameter 1 into the heat conduction equation and with a series of derivation, we obtain the heat
conduction equation of the peridyanmic G-L theory
 cv (   1)  Q  B  Y   sb
On the other hand, introducing a relaxation parameter  2 into the equation of motion leads to the peridynamic force state
T of the peidynamic G-L theory as

T  Ts  B(   2 )
The part of the force state Ts includes only the structural deformation. The equation of motion of the peridynamic G-L
theory can be finally expressed as
(3)
 u(x, t )   T(x' , t ) x'  x  T(x, t ) x'  x  dV  b(x, t )
H

where u(x, t ) and b(x, t ) represent the displacement and body force fields at time t . We also obtained and discussed the
bond-based peridynamic generalized thermoelasticity and the numerical procedure.
RESULTS
The PD-DPL model is used to investigate the temperature field of a thin metal film irradiated by an ultrashort-pulse
laser. The results are compared with the available experimental data. For two values of the thickness of the film, the results
of the PD-DPL model agree well with the experimental data[9]. Furthermore, the PD-DPL model is applied to problems with
discontinuities, such as cracks and composite materials. Then, the bond-based peridynamic L-S theory and G-L theory are
used to solve a one-dimensional thermoelasticity problem of a semi-infinite bar subjected to a thermal shock at the end. The
temperature field and displacement field are calculated. It is shown that the two kinds of generalized thermoelasticity
predict the characteristics of wave propagation, with the positions of the wave front and the turning points of the
displacement field being clearly captured.
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2

Summary This paper improves the bi-modulus elastic constitutive equation employed in the bi-modulus finite element numerical method

(FEM). The new elastic matrix model is proposed based on Ye’s principal strain criterion with the assumption that the Poisson ratio maintain
constant whenever in tension or in compression, and the elastic matrix is symmetric by equivalent transmitting. The shear modulus expression
of this elastic matrix model is derived to enable the elastic matrix completely and improve the convergence of the FEM calculation. The
statically indeterminate bi-modulus beam is analysed by means of FEM employing the proposed elastic matrix model. The effects of the tensile
modulus to compressive modulus ratio and the boundary condition on the stress and deflection of the bi-modulus beam is studied.

INTRODUCTION
Bi-modulus materials exhibit the different modulus in tension and compression. The value of elastic modulus and
Poisson ratio of every point in the bi-modulus elastic body not only depend on the material itself, but also the stress state
and the strain state of the point. The uncertainty and nonlinearity of the elastic constitutive relation result in that the bimodulus elastic problem is the complicated nonlinear problem. Due to difference between tensile and compressive elastic
modulus, the line is not smoothness in mathematically. The relationship curve presents continue but not smooth at origin
point. This point gives much trouble at investigation on the mechanical behaviour of structures made of this kind of material
[Yao 2004].
Most of structures are complex and indeterminate. Bi-modulus finite element numerical method is a good solution to
structural analysis [He 2009, Yang 2014]. Ambartsumyan[1965] put forward finite element method of bi-modulus elasticity
early stages. The value and positive-negative sign of elastic modulus of every point in the bi-modulus elastic body
depends on the material itself, but also the boundary conditions and loads [Ye 2001]. Criterion for elastic modulus positivenegative signs and values of elastic matrix model is the focus of bi-modulus finite element method.
Johns[1977] and Vijayakumar[1987] modified the relationship between constants of elastic matrix to improve the finite
element method. Ye[1997] proposed the modified elastic matrix based on the criteria of principal strain.
THE CRITERIA OF PRINCIPAL STRAIN
As for the elastic matrix of FEM for bi-modulus elasticity, in order to obtain symmetry of elastic matrix, the assumption
 t / E t   c / E c was given. However, this assumption is not necessarily proper for all the bi-modulus materials. Ye[2001]
proposed “the criteria of principal strain”, based on which a new elastic matrix was given. The assumption
 t / E t   c / E c was abandoned and a new assumption was proposed that the Poisson ratio for compression and tension is





the same, kept as    t   c / 2 , which is more correspond with the actual.
Ye[2001] proposed “the criteria of principal strain” to judge the elastic coefficients of elastic matrix model are tensile
or compressive, shown as eq.(1):
    d11 d12 d13    
  
 
eq.(1)
    d 21 d 22 d 23    
  d


    31 d 32 d 33    
where, if  i  0, d il  d il , contrary d il  d il . Whether the elastic coefficient is tensile or compressive depends on the
principal strain is tensile or compressive.
IMPROVEMENT OF ELASTIC MATRIX MODEL
As seen in eq.(4), the elastic matrix model is unsymmetrical. In order to obtain symmetry of elastic matrix, the method
of equivalence is used as follows.
[ D I ]  ([ DI ]  [ DI ]T ) / 2
eq. (2)
By completeness, the improved bi-modulus elastic matrix expressing the relation of principal stress and strain is as eq.
(3)
 d11 d12 0 
~
DI  d 21 d 22 0 
eq. (3).
 0

0 d 33 
a)
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The expression of element d33 of the bi-modulus elastic matrix, refers to bi-modulus shear modulus Gxy can be expressed
as eq. (4).
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eq. (4)
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 E t    2   E t  E c 1   

 

  is called accelerating convergence factor, and   



1
1   2

. When E t  E c , the expression of bi-modulus

E
.
21   
As for the bi-modulus elastic matrix with completeness, when E t  E c , it is the same as the Classical elastic matrix. It
can be seen that regression test is passed.
As for the computation of FEM of bi-modulus structures, the flow chart can be given. Initially, the first calculation is
conducted under the consideration of the same modulus. Tensile and compressive areas are obtained attentively. E t ,  t and

shear modulus G xy 

E c ,  c are used for the 1st kind of areas where all the principal strain are tensile and compressive, respectively. As for the

2nd kind of area, E  E  ( E t  E c ) / 2 and     ( t   c ) / 2 are used temporarily. The stiffness matrix of each
element is obtained based on these elastic constants. And then, the calculation results can be treated as the initial stress,
strain, and displacement of the structure.
Consequently, according to the principal stress and strain of each node, new elastic matrix of each node, with
symmetricity and completeness by equivalent modification and shear modulus introduction as previous section stated, can
be obtained. And then the iterating calculation continues by this rule until the difference between adjacent iterations satisfies
the precision requirement.
CONCLUSIONS
According to the finite element numerical simulation of the bi-modulus beans, the deflection errors for three boundary
conditions are larger than zero when n  1 , and they increase as n decreases, which indicates that the deflections
obtained by classical elasticity are smaller than the real results and the errors increase as n decreases when n  1 . The
deflections obtained by classical elasticity are larger than the real results and the errors increase as n increases when
n  1 . Deflection errors by classical elasticity of simply-supported, fixed-freely supported, and clamped-clamped beam are
exceed 5% when n <0.9, 0.88, 0.86 or n >1.12, 1.13, and 1.3. More attention should be paid to these situations.
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1

Summary Based on the surface piezoelectricity model, surface effects on the dispersion characteristics of Rayleigh waves in a piezoelectric
nanofilm combined with an elastic substrate are investigated. The existence of surface stresses and surface electric displacements exerting on
the boundary conditions is taken into account through incorporation of the surface piezoelectric constitutive theory and the generalized YoungLaplace equations. The partial wave technique is employed to derive the analytical expressions of wave fields and electric potential, and the
dispersion relations with surface effects are expressed in an explicit closed form. The impacts of surface piezoelectricity, residual surface stress
and film thickness on the propagation properties of Rayleigh waves are analyzed in detail. Numerical results show that the dispersion behaviors
in the current nanostructure are size-dependent, and there exists a critical film thickness above which the surface effects may vanish.
INTRODUCTION
Since Wang’s group successfully synthesized the nanobelts of semiconducting oxides [1], various piezoelectric
nanomaterials (e.g. ZnO, ZnS, PZT, GaN, BaTiO3, etc.) have received tremendous attention from the research community.
The enhanced piezoelectric effect, excellent resilience and unique semiconducting properties make them strong candidates
for applications as sensors, resonators, generators and transistor in the nanoelectromechanical systems (NEMS) [2]. To
better realize the applied mechanisms of these advanced devices and improve their performances, the prediction of their
electromechanical coupling effect and electroelastic responses to external loads becomes a critical issue.
It is well-known that high surface-to-volume ratios are introduced unavoidably when the dimension of a material or
structure shrinks down to nanoscale, and thus the energy stored at the surface becomes comparable with that in the bulk,
which is the physical origin of surface effects. Many theoretical and experimental results have demonstrated that surface
energy is one of the major factors responsible for the size-dependent physical and mechanical properties of nanomaterials
[3]. To adequately describe the surface effects in continuum mechanics, Gurtin et al. established a general mathematical
framework of surface elasticity [4,5]. Later, this theory was widely applied as a simple and effective method to study the
mechanical responses of elastic nanostructures with various configurations. For piezoelectric nanomaterials, it is believed
that in addition to the surface elasticity, the surface piezoelectricity could also play an important role in determining their
overall electroelastic properties. Yu’s group first proposed a surface piezoelectricity model through extension of the surface
elasticity theory, and found that the piezoelectric surface layers have obvious influence on the stress and electric fields of a
piezoelectric nanotube [6,7]. In past years, increased efforts have been directed toward the research of static and dynamic
responses of piezoelectric nanostructures by using the surface piezoelectricity model.
As piezoelectric nanofilms are often attached to an elastic substrate of different physical properties in much practical
application, it is very urgent to investigate the mechanism of wave propagation in layered piezoelectric nanostructures. With
the consideration of surface effects, the present study aims to analyze the size-dependent properties of Rayleigh waves
propagating in a half-space elastic substrate carrying a piezoelectric film of nanoscale thickness. Numerical examples will
show the influence of surface-related parameters on the dispersion curves with different film thicknesses.
RESULTS AND DISCUSSIONS
In this section, surface effects on the dispersion behaviors of Rayleigh waves in a piezoelectric nanofilm on an elastic
substrate are examined. As an illustration, the substrate and piezoelectric film are chosen as diamond and PZT-5H,
respectively. The non-dimensional circular frequency K=h/csh and phase velocity c/csh are introduced for the sake of
brevity, in which csh is the shear wave velocity of the piezoelectric bulk.
The dispersion curves with the modes of orders 1 to 6 for both the macroscopic and nanoscale piezoelectric film are
shown in Fig. 1. In the presence of surface effects, one can see that the magnitude of phase velocity decreases considerably
in the almost entire frequency bandwidth, which results in an obvious deviation of the dispersion curves from the classical
case. As the frequency increases, the first mode reduces from a constant, which is equal to the Rayleigh surface wave
velocity of diamond. For conventional piezoelectric film, it is asymptotic to the Rayleigh surface wave velocity of PZT-5H
as K. However, due to the existence of the surface effects, the phase velocity of the first mode decreases continually
with increasing the frequency. Accordingly, it is likely that the surface wave occurring with the non-classical boundary
conditions is dispersive. Other high-order modes exist only above individual cut-off frequencies where c. With the
increase of frequency, the phase velocities of these wave modes descend rapidly from infinity, and then approach the shear
wave velocity of PZT-5H. However, the second mode with consideration of the surface effects is the exception. Its phase
velocity continues to drop slowly after it reduces to the magnitude of csh.
a)

Corresponding author. Email: zhanglele1010@163.com.

1990

The variation of the dispersion curves of the second mode with different film thicknesses are plotted in Fig. 2. It is well
known that the classical dispersive behaviors are independent of the size of the piezoelectric film, that is to say, there is only
one dispersion curve for different film thicknesses. However, the existence of the surface effects leads to the distinct sizedependent dispersive response once the film thickness reduces to nanometers. For a given frequency, it is evident that the
smaller film thickness results in the lower phase velocity. This phenomenon implies that the surface effects become more
prominent with decreasing the thickness of the nanofilm. Additionally, one can be concluded that the surface effects may
vanish when the thickness of the piezoelectric nanofilm increases to a critical value.
The dispersion curves of the first mode with different residual surface stresses are compared in Fig. 3. It is clear that the
corresponding phase velocities show slight difference with the variation of residual surface stress at lower frequencies,
while the difference becomes more pronounced at higher frequencies. Another important finding is that the positive residual
surface stress increases the magnitude of phase velocity and the larger the positive residual stress, the higher the phase
velocity. Conversely, the negative residual surface stress induces the decrease of the phase velocity and the larger the
negative residual stress, the lower the phase velocity.

Fig. 1. Dispersion curves of the first six modes for a
piezoelectric nanofilm on an elastic substrate.
Solid lines indicate the case of the classical
piezoelectric film, and dashed-dotted lines
indicate the case of the piezoelectric nano-film
with surface effects (h=2nm), respectively.

Fig. 2. Dispersion curves of the second mode
for different film thicknesses.

Fig. 3. Dispersion curves of the first mode for
different residual surface stresses.

CONCLUSIONS
In this paper, the surface piezoelectricity model is employed to study the surface effects on the propagation
characteristics of Rayleigh waves in a layered nanostructure consisting of a nanosized piezoelectric film and a semi-infinite
elastic substrate. The dispersive equation with the influence of surface piezoelectricity and residual surface stress is
provided. Owing to the existence of the surface effects, the magnitude of phase velocity decrease considerably for a given
frequency and the dispersive modes exhibit obvious size-dependent behaviors. The pronounced difference between the
results obtained from the current formulation and the classical theory indicates the significance of considering surface
effects for accurately modelling the physical properties of piezoelectric nanostructures.
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AN ARBITRARILY ORIENTED CRACK PROBLEM FOR A FUNCTIONALLY GRADED
COATING-SUBSTRATE STRUCTURE
1
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Summary Functionally graded materials (FGMs) are typical nonhomogeneous materials which have been used significantly in many engineering

fields. Functionally graded coating-substrate structure attracts great attention because of its excellent properties for extreme working conditions.
Currently most analytical models of crack problem for functionally graded coating-substrate structure focus on situations that the crack is parallel
or perpendicular to the gradient direction [1]. The work of this dissertation provides an analytical model for a functionally graded coating-substrate
structure with general properties and an arbitrarily oriented crack in the coating. In this model the coating layer’s property is described by a general
piecewise-exponential model (GPE model) while the substrate layer is homogeneous. The mixed-mode crack problem is turned into solving a
group of singular integral equations after which mixed-mode stress intensity factors (SIFs) can be obtained.

DESCRIPTION OF THE PROBLEM
The geometry of the crack problem is shown in Fig.1. Layer 1 is functionally graded coating and Layer 2 is homogeneous
substrate. H1 and H 2 denote the thicknesses of both layers, respectively. The mechanical properties keep continuous at

the interface. In the global coordinate system

xoy , the shear moduli of Layer 1 and Layer 2 are defined by

 01 ( x )  G ( x )

 02 ( x )  02

0  x  H1

(1)

H1  x  H1  H 2

Here, G ( x ) is a general known continuous function which may be obtained from actual tests. G(0)=01 and G( H1 )=02 .

01

and

02

are known material parameters of the graded coating and the substrate. The gradient direction of the

functionally graded coating is parallel to x axis. In the local coordinate system

x0o0 y0 , the x0 axis is arranged along the
crack line and o0 is at the midpoint of the crack.  is the angle between x axis and x0 axis, and the x0 coordinates
of the two crack tips are a0 and b0 in x0o0 y0 coordinate system. The load on crack surface can be expressed as
T

 y0 y0 ( x0 ,0)  p1 ( x0 )
 T

 x0 y0 ( x0 ,0)  p2 ( x0 )

(2)

a0  x0  b0

Fig.1 Geometry of functionally graded coating-substrate structure with an arbitrarily oriented crack in the coating.

In order to describe the mechanical property of the functionally graded coating more precisely, a general piecewiseexponential model (GPE model) is used. Layer 1 is divided into M layers and the thickness of nth layer is equal to
hn  hn 1 , while h0  0 and hM  H1 . The shear modulus of each layer is assumed to be varying exponentially within
its thickness and is defined as

n ( x)  nen x , hn1  x  hn , n  1,2,..., M .Here n (hn )  n1(hn ), n  1,2,..., M  1

and

n (hn ) and  n are known material parameters of the graded coating.
a) Corresponding author. Email: guolc@hit.edu.cn.
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ANALYTICAL SOLUTION OF THE PROBLEM
According to Hook’s law, the constitutive relation of each layer in the functionally graded coating and the substrate can
be expressed by Eqs. (3) and (4), respectively
 T
 n ( x, y )
u T ( x, y )
vT ( x, y )
[(1   ) n
 (3   ) n
]
 nxx ( x, y ) 
 1
x
y
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The displacement components in the x -direction and y -direction are defined as un , u02 and vn , v02 . n denote nth layer
in the coating and “02” denotes the substrate. The equilibrium equations are
T
T
T
  nxx
  02
 T ( x, y )
( x, y )  nxy ( x, y )
xx ( x, y )

0
 02 xy
0
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y
x
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 T
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T
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y
x
y
x
After some mathematical derivation, the following group of singular integral equations can be obtained
b
b
4
 x
a (Cn11  Dn11 ) f1 (s)ds  a (Cn12  Dn12  (1   )( sn  x0 ) ) f 2 (s)ds  2 e p1 ( x0 ) n  1, 2,..., M a0  x0  b0 (6)
b
b
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 x
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where only

T

T

T

n 0

n 0

f1 (u ) and f 2 (u ) are unknown functions to be solved and all the rest functions or expressions are known.

The above singular integral equations can be solved by numerical methods. Then the stress intensity factors can be solved.
CONCLUSIONS

Comparing with previous analytical models of FGMs, the present model is more practical for crack problems of
functionally graded coating-substrate structure with general properties and has larger application range. As the expansion of
the application of FGMs, there will be more new crack problems in engineering which can be solved by the present GPE
model, such as in thermal barrier field and magneto-electro-elastic media field. In order to verify the present model, a series
of calculations are conducted. The results show the influence of the length and orientation of the crack and variations of
material properties on fracture behaviour of the crack.
ACKNOWLEDGEMENTS
This work is sponsored by NSFC(11322217).
References
[1] Zhihai W., Licheng G., Li Z.: A General Modelling Method for Functionally Graded Materials with An Arbitrarily Oriented Crack. Philosophical Magazine
94: 764-791, 2014.

1993

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

STANDARDIZED COMPLIANCE MATRICES
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Abstract The compliance matrix for a general anisotropic material is usually expressed in an arbitrarily chosen coordinate system, which

brings some confusion or inconvenience in identifying independent elastic material constants and comparing elastic properties between
different materials. In this paper, a unique stiffest orientation based standardized compliance matrix is established, and 18 independent
elastic material constants are clearly shown. During the searching process for the stiffest orientation, it is interesting to find from our
theoretical analysis and an example that a material with isotropic tensile stiffness does not definitely possess isotropic elasticity. Therefore
the ratio between the maximum and minimum tensile stiffnesses, although widely used, is not a correct measure of anisotropy degree.
Alternatively, a simple and correct measure of anisotropy degree based on the maximum shear-extension coupling coefficient in all
orientations is proposed.

The definition and characteristics of a standardized compliance matrix for general anisotropic materials
When comparing the forms of compliance matrices for anisotropic and orthotropic elastic material, there is some
inconsistence between them. The compliance matrix for orthotropic elastic material is usually expressed in a special
coordinate system accounting for the intrinsic orientational symmetry and is called a standardized compliance matrix in this
paper, which provides convenience in comparing the elastic properties among different materials and clearly shows 9
independent elastic material constants. But the compliance matrix for general anisotropic elastic materials is expressed in an
arbitrarily chosen coordinate system and shows 21 independent elastic material constants [1, 2]. Hence, such a straightforward
and easy-use standardized compliance matrix for general anisotropic elastic materials is needed and should be included in
textbooks or handbooks for students and engineers.
The definition of a standardized compliance matrix
To exclude the orientational arbitrariness of a coordinate system and obtain a unique standardized compliance matrix, a
special coordinate system based on the material intrinsic orientation is needed. The material intrinsic orientation with extreme
stiffness is used in establishing a standardized coordinate system xˆ1  xˆ2  xˆ3 , and the specific rules or conditions are
suggested as follows.
Condition I The x̂1 -axis makes S11 reach the global minimum, i.e. the stiffest direction in the whole orientations;
Condition II The x̂2 -axis makes S 22 global minimum within the plane perpendicular to x̂1 -axis;
Condition III The x̂3 -axis complies with the right-hand coordinate system rule;
Condition IV S14 and S 25 reach their minimum values under above conditions.
The coordinate system xˆ1  xˆ2  xˆ3 satisfying Condition I-IV is named as the stiffest orientation based standardized
coordinate system, or STF standardized coordinate system for abbreviation. The corresponding compliance matrix in this
coordinate system is named as the stiffest orientation based standardized compliance matrix, or STF standardized
compliance matrix for abbreviation, and denoted as Ŝ .
The characteristics of a standardized compliance matrix
Under the STF standardized coordinate system, there will be three vanishing components, i.e., Sˆ15  Sˆ16  Sˆ 24  0 , which
can be proved not only in an analytical way (which is not proved here for the length of this paper), but using proof by
contradiction. As shown in Fig.1, if the deformed RVE under  11 becomes a parallelogram, the direction rotating
anticlockwise slightly from x̂1 -direction (denoted as a dotted line) is less stretchable and therefore has a larger tensile
stiffness, which is contradictory to the condition that the global maximum stiffness is achieved in x̂1 -direction. Hence the
deformed RVE must be a rectangle as shown in Fig. 1(b), which implies that the  11 along the x̂1 -direction cannot lead to

the shear strain  12 , i.e. Sˆ16  0 . Similarly, Sˆ15  Sˆ 24  0 . It can be revealed that there are only 18 independent elastic material
constants in the standardized compliance matrix, which looks different from 21 independent ones appearing in most textbooks.
Some researchers [3, 4] had pointed out that the 21 independent elastic constants in Kelvin notation are consisted of 6 Kelvin
moduli, 12 stiffness distributors and 3 orientation angles. The advantage of using Kelvin notation is the reflection of
a) Corresponding author. Email: liubin@tsinghua.edu.cn.
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mathematical essences of an elastic constitutive tensor. However, the independent elastic material constants based on the
components of a standardized compliance matrix proposed in this paper have more straightforward physical meaning.
σ11

x̂2

θ3

×
σ
11

σ11

x̂2

11

x̂1

x̂1

(a)

σ11

√
σ
x3

σ11
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x2

Fig. 1 The deformation of RVE subject to a uniaxial
tensile stress  11 along the x̂1 -direction:

x1

Fig.2 The deformation of a cuboid RVE subject to a
uniaxial tensile stress  11 .

(a) deformed RVE in parallelogram shape;
(b) deformed RVE in rectangle shape.
A SIMPLE AND CORRECT MEASURE OF ANISOTROPY DEGREE
During the searching process for the stiffest orientation, it is interesting to find that a material with isotropic tensile
stiffness does not have isotropic elastic properties (which will be only proved in the presentation to save the length of paper).
Figure 2 shows a schematic example, a cuboid RVE subject to a uniaxial tensile stress  11 . From the interpretation context
related to Fig.1, we know S 15  S 16  0 , since every direction is the stiffest direction when the RVE possesses isotropic
symmetry of tensile stiffness. However, a non-vanishing shear deformation  23 normal to the tensile stress  11 cannot be
excluded by those conditions, resulting in a non-vanishing compliance component S 14 and anisotropy of the material.
However, many researchers have incorrectly adopted the ratio between the maximum and minimum tensile stiffnesses as
the measure of anisotropy degree [5, 6]. In this paper, we therefore propose the maximum ratio between the shear and tensile
strain under uniaxial tension in all orientations, i.e. the maximum shear-extension coupling coefficient, as a simple measure
of anisotropy degree,



 max  max  normal , in  plane  for all orientations


tensile 
 tensile
where  normal and  in  plane are shear strains normal to and in the plane of the uniaxial tensile direction, respectively, and

 tensile is the tensile strain. When a material subject to uniaxial stretcthing in any direction has no shear deformation,  max
is zero, and it can be proved that the material has isotropic elaticity. Therefore, no shear-extension coupling is the most
essential feature of isotropic elasticity, not isotropic tensile stiffness.
CONCLUSIONS
In this paper, standardized compliance matrices for general anisotropic materials and a new measure of anisotropy degree
have been proposed and discussed. The following conclusions are achieved.
1 For a general anisotropic material, a unique stiffest orientation based standardized compliance matrix is proposed, which
clearly exhibits 18 independent elastic material constants and makes it convenient to compare the elastic properties
between different materials.
2 It is important to find that the ratio between the maximum and minimum tensile stiffnesses is not a correct measure of
anisotropy degree. The maximum shear-extension coupling coefficient in all orientations is proposed to serve as a simple
and correct measure of anisotropy degree. Therefore, the most essential feature of isotropic elasticity is no shear-extension
coupling, not isotropic tensile stiffness.
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POLYNOMIAL STRESS FUNCTIONS FOR PIEZOELECTRIC PROBLEMS AND THEIR
APPLICATION IN ATF METHOD
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Abstract In this paper, the analytical trial function method for the 8-node hybrid element (ATF-Q8) is generalized to piezoelectric plane
problems. Based on generalized Lekhnitskii’s formalism, systematic schemes are given to determine all the n-th independent polynomial stress
functions for piezoelectric problems, and the results can be degenerated to the case of anisotropic problem and isotropic problem. Complete
polynomial stress functions are introduced as the trial functions of the generalized ATF method for analysis of piezoelectric problems. Unlike
the isotropic case, the trail polynomials are related to the material constants. In the end, the new explicit polynomial stress functions are
implemented in the ATF-Q8 element method to solve some numerical cases to test the accuracy of this approach.

Keywords: polynomial stress function, piezoelectric plane problem, analytical trial function
INTRODUCTION
Based on the polynomial stress functions, Fu, et al.(2010) proposed a hybrid-‘stress function’ plane element, denoted as
analytical trial function (ATF-Q8), which is shown to provide excellent performance and to be capable of avoiding usual
direction dependence and interpolation failure through several numerical examples. In their work 15 polynomial Airy stress
functions are introduced as the trial functions of the 8-node element for analysis of plane problems. The key to implement
the ATF-Q8 element is to construct all the independent polynomials for arbitrary n-th order homogenous polynomial stress
functions. Systematic schemes to determine the polynomials for isotropic elastic solids are proposed by Wang, et al.(2011).
Their results show that there are three independent polynomials for the Airy stress function of the second order
homogeneous polynomial, and four independent polynomials for the Airy stress function of the n-th order homogeneous
polynomial (n>3). Their conclusion is generalized to anisotropic case for plane problems by Zhao et al.(2011). The general
expressions of all the n-th order polynomials for anisotropic plane problems are presented and tested by some numerical
examples. But how to construct all the independent polynomials of the n-th order polynomials for piezoelectric problems
has not been reported. Based on the generalized Lekhnitskii’s theory(1968) of piezoelectric materials, general expressions
are obtained in explicit forms for all the possible independent polynomials of arbitrary n-th order homogenous polynomial
stress functions for piezoelectric plane problems. With these polynomials, ATF elements of piezoelectric problems are
developed.
THEORITICAL RESULTS
For piezoelectric plane problems, the stress function U(x1 , x2 ) of the n-th order (n ≥ 4) homogeneous polynomial of
piezoelectric material can be expressed in the following form, for μ1 ≠ μ2 ≠ μ3 , as
U 2 Re  a0 z1n + b0 z2n + c0 z3n 
=

n
n
n
= 2 Re ( A + iB )( x1 + µ1 x2 ) + ( C + iD )( x1 + µ 2 x2 ) + ( E + iF )( x1 + µ3 x2 )  ,



where μ1 , μ2 , μ3 are the roots of one character equation determined by the governing equations of piezoelectric problem.
The expression shows that there are only eight constants,A, B, C, D, E, F, to be determined in stress function U(x1 , x2 ), and
the polynomials multiplied by these six constants can define the respective polynomials. In another words, an n-th order
polynomial stress function has at most six independent polynomial terms. Also one may find the polynomials contain
material constants, which is different from the isotropic case.
NUMERICAL RESULTS

Using the principle of minimum mechanical enthalpy, the element stiffness matrix for piezoelectric problems can be
expressed in term of polynomial stress functions. Then the ATF method is generalized to piezoelectric materials. In the
following typical numerical example, the domain is meshed by only 5 elements. It shows that the results are accurate
enough (the error is less than 0.2%) if the stress field is linearly distributed, which can be called the first order accuracy. The
a) Corresponding author. ytzhao623@bit.edu.cn
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small errors may be caused by that we use several approximate rational numbers instead of irrational roots μi when
computing.

Numerical example: Pure bending of a piezoelectric cantilever beam
CONCLUSIONS
Polynomial stress functions of piezoelectric plane problems are provided in this work. The maximal number of independent
polynomial terms of the stress function is determined, and the general forms of the polynomial stress fields can be expressed.
This approach is used to develop ATF-Q8 element for piezoelectric plane problems. The validity and outstanding accuracy of
this approach have been demonstrated through a typical numerical example.
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Summary A new variational formulation for the general theory of thick anisotropic shells is proposed. The dimensional reduction approach
is combined with the Lagrangian formalism of analytical dynamics of continua. The shell model is defined on the two-dimensional manifold
and consists in the configuration space with a set of field variables, the Lagrangian density, and the constraint equations. Here the field
variables of the first kind are defined as biorthogonal expansion coefficients of the displacement vector with respect to the normal coordinate,
the dimensional reduction of Lagrangian volumetric density results its surface density, and the constraint equations are derived from the
boundary conditions on shell’s faces. The equations of motion are formulated as Lagrange equations of the second kind. The low-order
theories are constructed using the presented formalism, and their correspondence with the classical theories is shown.

INTRODUCTION
Refined shell theories are nowadays required to model high-frequency vibrations and a wave propagation [1]; a deformed state, oscillations and a stability of heterogeneous thin-walled systems or functionally graded shells [2]; and to model
shells with internal microstructures or phase transitions. The refinement consists in the accurate approximation of a threedimensional stress and strain state near boundaries, wavefronts, etc. One of powerful approaches, the dimensional reduction
method [3] allows one the approximation of three-dimensional solutions in various norms as well as the construction of the
hierarchy of various order theories [4] that can be efficiently combined with the finite element modeling [4, 5].
A new formulation of the high-linear order thick shells theory combining the variational approach of analytical dynamics
of continua [6, 7], the dimensional reduction, and the biorthogonal expansion was presented in [8, 9]. The proposed shell
model consists in the set of field variables and the Lagrangian density defined on the two-dimensional manifold. It was
also shown that the boundary conditions on shell’s faces transform to the supplementary constraints for a two-dimensional
continuum system [10]. An improved variational formalism of the analytical dynamics of shells is now presented.
LAGRANGIAN FORMALISM OF THE ANALYTICAL DYNAMICS OF ELASTIC SHELLS
Parametrization of shell geometry
Let the shell be a three-dimensional body V ⊂ R3 , ∂V = S± ⊕ SB with faces S± 6= ∅ and a lateral surface SB :
∀M? ∈ V

R(M? ) = R(ξ α , ξ 3 ) = ξ α rα + ξ 3 n;

rα (ξ α ) = ∂α r(ξ α ) ≡ ∂α R(ξ α , 0);

∂i ≡ ∂/∂ξ i , i = 1, 2, 3;

ξ α ∈ Dξ ⊆ R2 , α = 1, 2 are curvilinear coordinates on the base surface S, ∂S = S ∪ SB ; ξ 3 ∈ [h− (ξ α ), h+ (ξ α )] is a normal
coordinate, ∀M ∈ S ξ 3 = 0; r(ξ α ) are base vectors in the tangent fibration TM S, and n is a normal unit vector.
For an elastic shell with the displacement field u the volumetric Lagrangian density LV can be written as follows [8]:
LV = [ρu̇ · u̇ − (∇ ⊗ u)T : C : ∇ ⊗ u]/2 + ρF · u,

−1
∇ = rβ Aγ·
n∂ζ ,
·β (∂γ + hγ ∂ζ ) + h

u = uα rα + u3 n,

(1)

ρ is the mass density, and C is the symmetric elastic constant tensor. Here 2h = h+ − h− , 2h̄ = h+ + h− , hγ = −∂γ (ln h),
[−1, 1] 3 ζ = (ξ 3 − h̄)/h is the dimensionless normal coordinate [8, 9], and Aα·
·β denotes the parallel shift tensors [3].
Dimensional reduction technique in terms of the Lagrangian formalism of analytical dynamics of continua
As usually, the shell geometric model consists in the base surface S characterized by the covariant metric aαβ and the
curvature tensor bαβ [8, 9]. The Lagrangian formalism of analytical dynamics of continua [6, 7] allows one to introduce a
configuration manifold Ω with a set of generalized coordinates q (k) : Dξ × R+ → TM S, k ∈ N. Therefore u = u(q (k) ), and
the tangent fibration Tq Ω with the base vectors p(k) = ∂u/∂q (k) can be defined. For linear systems Ω can be considered as
an euclidian space; the model reduction consists in the projection of Ω onto its subspace ΩN (k = 0 . . . N ) [8]. To construct
the shell theory, the biorthogonal system of scalar base functions p(k) (ζ), p(k) (ζ) has to be used [9], and the generalized
coordinates q (k) are field variables of the first kind: u(k) = (u, p(k) )1 [7]; here the vector u is defined in the basis rα , n, its
components ui (ξ α , ζ) are supposed to be square integrable over [−1, 1] 3 ζ, and (u, v)1 is the univariate scalar product [8, 9].
∗ Email:

zhavor71@mail.ru
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Accounting (1), the surface and contour densities of Lagrangian can be formulated as follows [9]:


R
R h 1 (m) i
(k)
(k) ¯
(k)
(k)
(m)
(m)
(·k) (n)
(k)
i3jγ ¯
i3j
1
i
L(ui , u̇i , ∇
C̄(km)
∇γ uj + C̄(km)
uj
D(n·) ui +
− 2h
α ui ) = ∂S qB(k) ui dΓ + S 2 ρ(k) u̇(m) u̇i
 αβjγ


(·k)
(n)
(k)
(k)
¯
i
¯ β u(k)
¯ (m) + C̄ αβj u(m) ∇
+F(k)
ui − 12 C̄
−
α + Hβ(n·) uα − bαβ u3
(km) ∇γ uj
(km) j


i
(m)
(k)
(·k)
(n)
(k)
(m)
3βj
1 ¯ 3βjγ ¯
α
¯ βu + H
∇
dS, i, j = 1, 2, 3; α, β, γ = 1, 2,
− 2 C̄ (km) ∇γ uj + C̄(km) uj
3
β(n·) u3 + bβ uα

(2)

¯ α denotes the covariant derivative on TM S; ρ(m) are inertia coefficients; q i
here ∇
B(k) are expansion coefficients of the resultant
(k)

(·k)
(·k)
(·n)
(·k)
force vector at SB , and Hα(m·) , D(n·) , Z(m·) are linear operators [8]; e. g. D(n·) = dp(n) /dζ, p(k) 1 . Thus the twodimensional continuum system is defined on TM S within the configuration space ΩN with N + 1 field variable u(k) and the
Lagrangian density L. Finally, the dynamics boundary conditions on S± become the constraints on TM S [10], i, j = 1 . . . 3:

 iβ3 

(·k)
(k)
(k)
(·k)
(m)
(·k) (m)
i3j
(k)
(m)
α (k)
¯ iαβ ∇
¯
¯
¯
C̄
u
+
H
u
−
b
u
+
C̄
∇
u
+
H
u
+
b
+ C̄±(k)
h−1 D(m ·) uj −P±i = 0. (3)
u
β
αβ
β
±(k)
α
±(k)
β α
3
3
β(m ·) α
β(m·) 3
Here the generalized stiffness coefficients are introduced following [8, 9], where i, j = 1 . . . 3; δ, γ, ν, µ = 1, 2, and


 iγjβ

¯ iβj = C̄ i3jβ |
¯ iγjβ |
¯ iγjβ = C̄
¯
¯ iγjβ = Aγ· Aβ· C iνjµ , . . .
C̄
C̄
p(k) , p(m) , C̄
ζ=±1 + ∂γ h± C̄
ζ=±1 p(k) (±1);
±(k)
(km)
·ν ·µ
1

Two-dimensional problem’s statement for the N’th order theory of variable-thickness heterogeneous anisotropic shells
Now the Lagrange equations of the II’nd kind (4) for the continuum system (2, 3) as well as their natural boundary
conditions (5) can be using the formalism [10] obtained and followed by the initial conditions (6) and the constraints (3):

 iαjβ
(m)
¯
¯ iαj λ± − C̃ ijβ ∇
¯ (m) − C̃ ij u(m) + C̃ ij λ± + P i ;
¯ (m) + C̄ iαj u(m) − C̄
¯ α C̄
(4)
ρ(k) üi(m) = ∇
±(k)
(km) ∇β uj
(k)
j
(km) j
±(k) j
(km) β uj
(km) j

i
h iαjβ
(k)
¯ iαj λ± ν − q i
¯
¯ (m) + C̄ iαj u(m) − C̄
= 0;
(5)
C̄
α
±(k) j
(km) ∇β uj
B(k) δui
(km) j
∂S

ui(k)

=
t=t0

i
U(k)
;

u̇i(k)

=
t=t0

i
V(k)
,

(6)

˜ αjβ
ij
ij
¯ iγj
here λ±
j are Lagrange multipliers. The formulae for C̄ (km) , C̄(km) are presented in [9]; for C̃ (km) , C̃(km) , . . . we have
(·n) ¯ αγjβ
αjβ
−1 (·n) α3jβ
α ¯ 3γjβ
D(k·) C̄(nm) , . . .
C̃(km)
= Hγ(k·) C̄
(nm) + bγ C̄ (km) + h

(·n) ¯ αγj
αj
−1 (·n) 3αj
α ¯ 3γj
D(k·) C̄±(n) , . . .
C̃±(k)
= Hγ(k·) C̄
±(n) + bγ C̄ ±(k) + h

CONCLUSIONS
A Lagrangian formalism of analytical dynamics of shells is developed. The proposed approach does not require any
supplementary degrees of freedom, e. g. the series residuals (see [3]), to satisfy the boundary conditions on shells’ faces.
It can be shown that, for instance, the second-order theory result the Kirchhoff one if the boundary conditions are taken
considered as the constraints (3). The higher-order theories account both transverse shear and normal deformation following
Koiter’s concept [11]. The obtained short formulation of the N’th order shell theory (3–6) is invariant from the basis p(k) and
allows one to use compact base functions as well as Legendre polynomials (see [3, 4, 5]). The derivation of the equations
(3, 4) can be fully automated using computer algebra software. Some solutions of dynamical problems obtained using the
proposed formalism are presented, their accuracy is analyzed, and various high-order theories’ applications are shown.
Author is supported by the Russian Foundation for Basic Researches under grant No.16-01-00751-a.
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Summary A general isotropic strain gradient theory with independent material length-scale parameters (MLSPs) is presented that differs

from the established models. The strain gradient theory is reformulated by introducing two different orthogonal decompositions of higherorder metrics to characterize strain gradient behaviors. Just by reformulating constitutive relations, no extra conditions needed, the
number of independent MLSPs is theoretically proved to be only three for isotropic linear elastic materials. The new theory can be
directly reduced to the established models when some of the components of strain gradients are ignored. The analytically solutions of
several simple problems reveal the availability of the present theory with independent multi-MLSPs to describe size effects in
microstructures.

INTRODUCTION
Many experiments have shown the size-dependent deformation behaviors in micro scale structures. Classical elasticity
theories fair to describe such a behaviors in microstructures. Strain gradient elasticity theories, such as, the general model
[1], the modified model [2], the simple model [3], and the geometrically nonlinear model [4], which introduce MLSPs into
constitutive relations, have been used to predict the size effects of microstructures. The both general theory and nonlinear
model involve five MLSPs in the strain energy density for isotropic materials besides Lame constants. We can recognize
that the five MLSPs are not independent due to the energy density relation contains cross terms for strain gradients.
Although the modified model removes the cross terms and reduces MLSPs to three from five by applying the equilibrium
conditions for a moment of couple vectors, the mechanics effect of conditions is unable to be comprehended for the free
character of couple vectors. Up to now, it is unclear that the number of independent MLSPs is theoretically needed for
isotropic materials within strain gradient elasticity (SGE).
The purpose of this work is to discuss the number of independent MLSPs needed for isotropic materials within SGE and
to reformulate the general isotropic SGE theory with independent MLSPs.
DEVELOPMENT OF INDEPENDENT HIGHER-ORDER METRICS
In order to remove cross terms for strain gradients in the strain energy density, two sets of independent higher-order
metrics are developed by introducing two different orthogonal decompositions of a strain gradient tensor, of which one is
based on a symmetric/anti-symmetric splitting, the other on a hydrostatic/deviatoric splitting. For the symmetric/antisymmetric splitting, the strain gradient tensor  ijk is decomposed into a set of four components by splitting the tensor into
symmetric and anti-symmetric parts  ijks and  ijka , and then splitting the symmetric and anti-symmetric parts into a trace
part ijk(0) and a traceless part  ijk(1) and into the symmetric and anti-symmetric parts ijkas and ijkaa , respectively. While, for the
hydrostatic/deviatoric splitting, the strain gradient tensor is decomposed into different set of four components by splitting
the tensor into the hydrostatic part  ijkh and the deviatoric part  ijk , and then splitting the deviatoric part into three parts
following the strategy of Fleck et al [5]. The two sets of independent components have
(1)
ijk  ijks  ijka  ijk(0)  ijk(1)  ijkas  ijkaa , ijk  ijkh ijk  ijkh  ijk(1)  ijkas  ijk(2)
The first term and fourth term in the first relation are associated with the hydrostatic strain; the first term in the second
relation is dependent only on the hydrostatic strain. The relationships ijk(1)  ijk(1) , ijkas  ijkas and ijk(0)  ijkaa  ijkh  ijk(2)
between these components can be confirmed. The higher-order stresses work-conjugated to these components can be
correspondingly defined. The expressions of the components can be obtained based on their decomposing relations.
REFORMULATION OF CONSTITUTIVE RELATIONS
For linear elastic isotropic materials, the strain energy density w depends on both strains and strain gradients in manner
w  12 Cijkl  ij  kl  12 Fijkpqrijk pqr
(2)
where Cijkl is the four-order isotropic elasticity tensor (IET), Fijkpqr is a six-order IET obeying the symmetry Fijkpqr  Fpqrijk and
Fijkpqr  Fikjpqr  Fijkqpr . The part for strain gradients in the strain energy density (2) also can be expressed in terms of two sets
of independent components, respectively, as
s
s
a
a
(3)
wh  12 Fijkpqr
ijks  pqr
 12 Fijkpqr
ijka  pqr
h
h
wh  12 Fijkpqr
ijkh  pqr
 12 Fijkpqr
 ijk pqr

a)

(4)
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a
a
a
a
s
s
s
s
Here, Fijkpqr
and Fijkpqr
obey the major symmetry Fijkpqr
and the major anti-symmetry Fijkpqr
 Fkijpqr
 Fjkipqr
0,
 Fkijpqr
 Fjkipqr
h
d
d
respectively, while Fijkpqr is symmetric in indices (j, k) depending on  jk , and Fijkpqr has a property Fijkpqr  0 , in addition,
they have the same symmetry as Fijkpqr . These IETs can be read as linear combinations of their basic tensors, which are
derived from a general sixth-order isotropic tensor by applying their symmetric conditions [6]. We have results of that
s
a
and Fijkpqr
require different two basic tensors containing two
Fijkpqr needs five basic tensors involving five constants, Fijkpqr
h
d
constants, respectively, while Fijkpqr needs only one basic tensor and one constant, and Fijkpqr
has three basic tensors and
three constants. The constitutive relations of higher-order metrics can be obtained from Eqs. (2)-(4), respectively, as
s
s
a
a
h
h
d
(5)
, ijka  Fijkpqr
, ijk  Fijkpqr
 ijk  Fijkpqr pqr， ijks  Fijkpqr
 pqr
 pqr
， ijkh  Fijkpqr
 pqr
 pqr
Applying the decomposing relations and orthogonal properties of higher-order tensors, we have the results
s
a
h
d
(6)
Fijkpqr  Fijkpqr
 Fijkpqr
 Fijkpqr
 Fijkpqr
From the above relations, the restriction relationships between constants involved in the constitutive relations Eq. (5) can be
obtained. Applying these relationships, we prove that there are only three independent MLSPs in the constitutive relations
expressed in terms of whether the strain gradient tensor or its independent components. The constitutive relations is
expressed in the form of the components as
(7)
 ijk  2[l02 (ijkh  ijk(2) )  l12ijk(1)  l22ijkas ] ,  ijk  2[l02 (ijkh  ijkaa )  l12ijk(1)  l22ijkas ]
where l0, l1, l2 are three MLSPs introduced. The first relation in Eq. (7) can be reduced to that of incompressible materials
by assuming the term  ijkh associated with the hydrostatic strain to be zero; while the second relation in Eq. (7) can be
reduced to that of couple stresses by ignoring the terms ijk(0) and  ijk(1) associated with the symmetric part of strain
gradients. The equilibrium equation and boundary conditions in the form of independent components will be obtained by
virtual work principles.

SOLUTIONS TO SIMPLE PROBLEMS AND DISCUSSION
The size-dependent model of a plane-strain cantilever beam with an applied force at the free-end is developed based on
the present theory. The model is compared with other theory models and experimental results. Fitting the experimental data
[2] of epoxy polymeric beams to the present model gives a MLSP 6µm when assuming l0=l1=l2, while, the modified model
under same assuming and the simple model give 8µm and 9µm, respectively. When taking the same MLSPs for each theory,
the predicting deflection at the free-end of cantilever from large to small is orderly by the simple model, the modified model
and the model of the present theory. Results indicate that those theories ignoring some components of strain gradients will
underestimate size effects from strain gradients.
Further, three simple problems, such as torsion of bars, shearing of fixed-end layers, and pure bending of micro-beams,
are analyzed using the present theory and the simple theory with one length-scale parameter l , respectively. In order to
facilitate comparison between two theories, we introduce an equivalent scale parameter (ESP), which is defined as the scale
parameter under identical gradient effects from two theories. In the torsion problem, the ESPs of l2 and 1/3l are obtained for
the new theory and the simple version, respectively. This result shows that identical gradient effects from two theories
would be expected by l=3l2. Nevertheless, the factor is difference in both shearing and bending problems. For instance, in
the shearing problem, the new theory ESP is (109 l02  158 l12  12 l22 )0.5 , while the simple version is l. The problem-dependence of
factor indicates the necessity of using the multiple parameter theory to predict size effects in microstructures.
CONCLUSIONS
Two sets of independent components of the strain gradient tensor are developed by applying two different orthogonal
decompositions. It is theoretically proved that there are only three MLSPs needed in the general isotropic SGE theory. The
general SGE theory with three independent MLSPs is proposed for isotropic materials. The new theory can be reduced to
that of incompressible materials and the couple stress model by assuming the terms associated with the hydrostatic strain
and by ignoring the symmetric parts of strain gradients, respectively. Analytically solutions of simple problems reveal the
availability of the new theory with independent MLSPs to describe size effects in micron scales; while the existed theories
underestimate the effects.
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AN ELASTICITY THEORY WITH DEFECTS
1

Wennan Zou1
Institute for Advanced Study, Nanchang University, Nanchang, P.R. China, 330031

Abstract: Defect, scale effect and couple stress are obviously different but all inevitable in extending the classical theory of elasticity, just like
different aspects of a thing. In this paper, based on the "micro-finite element" model of continua, an elasticity theory with defects is constructed
through some relaxation of geometric constraints in deformation. The equilibrium equations are derived from the virtual work principle.
INTRODUCTION
In the previous paper[1], the constituent micro-finite element, instead of material particle, was proposed to model the
continuous media. Thus, the intrinsic state of the microelement, including the internal deformation and external motion, are
described by stretch V or mass measure b  V 1 and velocity v, respectively. And on the body as a differential manifold,
the space-time connection  ij , defined by Dei  ij e j with  ij  ikj dx k  ij dt , is necessary to indicate the isomorphism
relation between adjacent microelements. The change between two arbitrary line-elements on the same microelement can be
determined from the metric tensor G, given by G  g ij ei  e j , g ij  g i  g j  bki bkj . The relative rotation compatible to the
stretch is expressed by wki   ipsVqs   q bpk   k bpq   12  pst bikVqsVrt  r bpq , whose attitude rotation is then calculated with the





Homotopy operation as R pq  exp  ipq 0  xk  xk0  wki r0    r  r0   .
Some auxiliary properties are available if no defect exists or forms during the inhomogeneous elastic deformation. Since
two adjacent microelements could be overlapping, the rotation R other than the rigid rotation must be introduced to keep
the geometrical compatibility between adjacent microelements such that it is realizable to past these microelements together.
Then a general unloading transformation is indicated by ei  g i  e j Rkj bki , where the base ei is used as the representation
1

of the line element along the direction ei at the present state. Combination of V and R yields the deformation tensor
F  VR . If the connection is completely determined by the metric tensor and curvature-free, the rotation R is equally the
attitude rotation such that w i  wki dxk  12  ipq Rlp dRlq and the isomorphism relation is exactly expressed by  ij  Fjn dFni1 .
The completely compatible deformation also implies that the 1-form vector Fij1dx j is a perfect differential, capable of
indicating unstressed line-elements. Such an understanding gives the differential formula of the velocity as dv  F F 1dx .
i

ik

kj

j

All properties in this paper are referred to fixed Cartesian system, which is attached to the real body until Section 2.1
and hereafter to the virtual body.
STATE DESCRIPTION OF ELASTIC BODY WITH DEFECTS
Three sources of defects
Real materials are complex and their deformations may be inelastic or irreversible. Prior to the elastic process that the
body can restore it to its original state if the external force is no longer applied, some constraints must be prescribed. The
connection has three sources. (1) The Q-tensor, defined by Q  DG   dgij  gil lj  g jl li  ei  e j , indicates the
distribution property of inner product of directional line-elements. The materials with null Q-tensor, namely the invariance
of inner product, are called simple media, which are homogeneous in the state free of loading, and such a simplicity is in
general heritable during the deformation. (2) The dislocation can be measured by the closeness of the four line-elements:
two line-elements ej and ek from a point and their isomorphism counterparts from each other's ends. Such a property is
called the torsion tensor T jki , expressed by T jki  ikj  ijk . (3) The third source of the connection is the metric tensor.
Using  jki  gil  ljk and the Schouten notation ijk   jki  kij  ijk , we can derive the decomposition of the connection[2]
as ijk 

1
2

 g

ij , k



 Tkij  Qijk .

According to differential geometry[3], the connection itself is not a tensor, e.g. one can always construct a transformation
(deformation) to make the connection vanish at a point. The topological property of the connection is characterized by the
curvature tensor Sil  Dil , where Sijkl   j lik   k  lij   lmj  ikm  lmk  ijm . If the curvature tensor vanishes, the elastic body
can be represented by the Euclidean domain, and the displacement description becomes available.
Local unstressed state
a)
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In the present state, the connection is expressed as a mixture of the stretch and the objective defects. In order to clarify
different factors, we first assume that the solid bodies mentioned below are simple (initially homogeneous). Then imaged
that every microelement in the body is unstressed, namely experiencing a unloading deformation b, to restore it to its natural
state, a virtual state of the body occupying the same space is called its local unstressed state. Obviously, the overlapping
microelements are in general incompatible to each other if the stretch is inhomogeneous.
Now, moving the Cartesian coordinate system from the real body to the virtual one, we harvest the following properties:
(1) The metric tensor becomes G   ij ei  e j while the connection has expression ij  W  j i , W  Ak dxk   dt ,
where  i j is the generator of SO(3). (2) The curvature tensor has expression Sij  D ij   Bk dak  H k dxk  dt   j i , with



Bk   lmk   l Am  12  
Al Am  and H k   k    t Ak   
Ak  where  
is the structural constants of SO(3):

j
j l
j l
    i    l   i    l   i . (3) The mass measure b can be recognized as a 1-form vector field attached on the virtual body
b  ei bij dx j , where ei is associated with the line-element of the virtual body in reason.

Defects associated with the stretch
One should realize that the inelastic process accompanies the topological change and the one-to-one correspondence of
microelements is destroyed. Based on the local unstressed state, we may build up a description instead of the twoconfiguration one. From the 1-form variable b, the covariant exterior-differentials   Db  ei   k bij  Ak  l i blj  dxk  dx j
and   DDb  ei  pi bpk Bk dx1  dx2  dx3 are referred to as the 2-form (dislocation) and 3-form (disclination) variables.
Hence we obtain the following four categories: (1)   0,  0 , (2)   0,  0 , (3)   0,  0 , (4)   0,  0 .
Case (1) is just the classical elastic deformation. Considering that the case (3) is a special case and the case (4) is rather
complex, we will confine ourselves to the case (2), where the stretch is somehow the only inwardness.
The velocity v and the angular velocity  will be used as virtual qualities attached to the present body in equilibrium.
The differentials of bij and Ak with respect to the time could be associated with virtual qualities in such a way:

Dt b  0  dvi  Vik bkj    l k blj dx j , and H k  0  A k   k    
Ak   .





EQUILIBRIUM EQUATIONS
The equilibrium equations of elastic bodies can be derived through the principle of virtual work. We now consider that
any part of the elastic body occupies at the present state the region V with the closed surface S, denoting by X the body force
referred to unit mass and by Y the body moment; the surface force and moment on a unit area with normal n are given by p
and m, respectively. Let  be the density and e the stored energy of the elasticity per unit volume, the virtual work
     X v  Y  i  dV    p v  m  i  dS . Then the variation with respect to
principle can be expressed by E    edV
V

V

i i

i

S

i i

i

virtual qualities results in the equilibrium equations  j  bik     q bik B j 
0
ij

i



2
q

  X

k

,  l i blj  i q B j  2q  Y , and the

boundaries n j  bik ij0   i q bik Bj  2q   pk , 0  m , respectively, where ij0   e0 bij , i2   e2  i . Together with
the continuity equation    0 det b , we are able to solve the stretch. Finally, comparing with the definition of Cauchy

stress, we get its formula in the frame of the new theory as     b   de0 db   b   0 .

CONCLUDING REMARKS
Based on the "micro-finite element" model of continua, a general frame of elasticity theory with defects is proposed. For
the special case with deformation-compatible defects, the virtual work principle is used to derive the equilibrium equations
where the couple stress and scale parameter could be naturally expected to emerge. The difference between the present
theory and the previous theories is quite obvious[4], though the former could be equivalent with the latter in the context of
the classical elasticity[1]. Starting from the present frame, more complex theories involved irreversible processes are also
expectable in the future study.
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Summary We present a simple one-parameter macroscopic model of distributed damage and fracture of soft matter that is amenable to a
straightforward and efficient numerical implementation as introduced in [6]. The failure model is motivated by post-mortem fractographic
observations of void nucleation, growth and coalescence in an elastomeric polymer stretched to failure, and accounts for the specific fracture
energy per unit area attendant to rupture of the material. Furthermore, it is shown that the macroscopic model can be rigorously derived, in
the sense of optimal scaling, from a micromechanical model of chain elasticity and failure regularized by means of fractional strain-gradient
elasticity. In addition, the scope and fidelity of the model is demonstrated by means of an example of application, namely Taylor-impact
experiments of polyurea rods. Hereby, optimal transportation meshfree approximation schemes using maximum-entropy interpolation
functions are employed.

INTRODUCTION
The use of polymers as structural materials is critically limited by their tendency to degrade by distributed damage or to
fail by fracture, sometimes in a brittle manner. Damage in polymers deformed under tensile loading often takes the form
of distributed voids [2, 1]. Voids nucleate heterogeneously from flaws or inclusions, Fig. 1a, and subsequently grow under
tension, Fig. 1b, resulting in softening – or loss of bearing capacity – of the material. Likewise, fracture in polymers can
often be traced to the formation of crazes, which are thin layers of highly localized tensile deformation. The craze surfaces
are bridged by numerous fine fibrils, themselves consisting of highly oriented chains, separated by connected voids. Crazes
undergo several stages along their formation, including nucleation, growth and final breakdown, resulting in the formation of a
traction-free crack, or fracture. Craze initiation is likely the result of heterogeneous cavitation at flaws loaded under conditions
of high triaxiality. Craze propagation has been linked to a meniscus instability resulting in the formation of fibrils. This
analogy is immediately suggestive of some role played by surface energy or other similar physical properties not accounted
for by bulk behavior. Eventually, crazes break down to form cracks. Owing to its engineering importance, polymer damage
and fracture have been the focus of extensive modeling. The connection between micromechanical properties and polymer
fracture however, and specifically any scaling laws thereof, has defied rigorous analytical treatment and characterization.
Of special interest is the identification of optimal scaling laws relating the macroscopic behavior to micromechanical and
loading parameters. Such optimal scaling laws are established by producing upper and lower bounds of a power-law type
with matching exponents for all parameters in both bounds. Optimal scaling methods were pioneered by [7] as part of their
seminal work on branched structures in martensite, and have been since successfully applied to a number of related problems,
including shape-memory alloys, micromagnetics, crystal plasticity, and others.

Figure 1: Surface profiles (height measured from the deepest point) of a polyurea specimen tested in uniaxial tension [1]. a)
Initial profile showing initial porosity. b) Profile after fracture showing proliferation of voids.
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OPTIMAL SCALING ANALYSIS AND TAYLOR-IMPACT SIMULATIONS
In the present work, we posit that fracture in polymers results from a competition between distributed damage, due to
progressive chain failure, and fractional strain-gradient elasticity. Thus, we assume that the material behavior has two components, local and nonlocal. The local behavior is characteristic of large material samples deforming uniformly and it represents
the configurational statistics of a polymeric chain network in the thermodynamic limit. A principal aim of the present work is
to derive rigorous optimal scaling laws for the macroscopic fracture energy from the micromechanical model just described.
Such optimal scaling laws are established producing upper and lower bounds of a power-law type with matching exponents
for all parameters in both bounds. In order to facilitate the analysis, we assume that the effective deformation-theoretical
energy is additive in the first and second deformation-gradients, with zero growth of the former and linear growth of the latter.
The specific problem considered concerns a material sample in the form of an infinite slab of finite thickness subjected to prescribed opening displacements on its two surfaces. Under these conditions, we derive optimal scaling laws for the dependence
of the effective energy on cross-sectional area, micromechanical parameters, opening displacement and intrinsic length of the
material as
1
1
σ
σ
(1)
cL kL ` 1+σ δc1+σ ≤ Gc ≤ cU kU ` 1+σ δc1+σ .
In particular, the upper bound is obtained by means of a construction that mimics, in a particular simple manner, the crazing
mechanism. The scaling laws thus derived supply a rigorous link between micromechanical properties and macroscopic
fracture properties of polymers. In particular, they reveal the relative roles that surface energy and chain elasticity and damage
play as contributors to the specific fracture energy of the material. The macroscopic fracture model that results from the
optimal scaling analysis is characterized by a single parameter, namely, the critical energy-release rate Gc . This simple
structure greatly facilitates material characterization. By way of illustration, and in order to calibrate subsequent calculations,
we estimate Gc for polyurea 1000 from the uniaxial-tension test data of [1]. Another appealing aspect of the macroscopic
fracture model is that it is amenable to a straightforward numerical implementation based on material-point erosion [4, 3].
We demonstrate the scope of the resulting numerical model by means of an example of application: The Taylor-impact
experiments of Mock et al. on polyurea 1000 specimens [5]. Figure 2 depicts snapshots of a Taylor-impact simulation and
the state of damage in the recovered specimen at high impact velocity as computed and as observed post-mortem in tests. The
experimental figure shows the recovered specimen after impact, wherein the extent and distribution of damage can be clearly
discerned optically. These simulations additionally furnish a modicum of validation of the fidelity of the failure and fracture
model.
v = 424 m/s
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Figure 2: Snapshots of a Taylor-impact simulation at v = 424 m/s impact velocity (left) and comparison of the recovered
target after shot btw. experiments and simulations (right)
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FRACTURE PATTERNS IN EXPLODING BALLOONS
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Sébastien Moulinet∗1 and Mokhtar Adda-Bedia1
Laboratoire de Physique Statistique, Ecole Normale Supérieure, UPMC Paris 6, Université Paris Diderot, CNRS

Summary In this paper, we describe the formation of different fracture patterns observed in exploding rubber balloons. Thanks to a device
using latex sheets, the patterns are obtained in a controlled manner. High-speed video allows monitoring the trajectory of the crack as well
as the deformation of the stretched membrane. The first pattern is a tree-like crack network that yields the fragmentation of the balloon.
Such a network develops through a succession of crack tip-splitting when the crack tips reach a limiting velocity. The second pattern is
the occurrence of abrupt 90◦ turns in the crack trajectory. The phenomenon is observed when the cracks propagate perpendicularly to the
retraction of the membrane. The turns occur when the membrane stretch become locally isotropic. Our observations indicate that the cracks
maintain a trajectory perpendicular to the direction of the strongest stretch.

PATTERN FORMATION IN EXPLODING BALLOON

a.

blade (2)

air inlet

"equator"

By examining the fragments of a toy balloon after it had exploded, one can see a large variety of shapes. In some
situations, the membrane has split in two, while in others, it has turned into numerous elongated shreds. Sometime, some
fragments display oscillating cracks. Other fragments reveal that a crack had made an abrupt 90◦ turn during its propagation.
Two dimensional pattern formation due to fracture is well understood when the dynamic is quasi-static, i.e. when the stress
field can be considered anytime as at equilibrium. For a bursting balloon, this assumption is wrong as the crack velocity can
be compared to the sound celerity and as the surrounding material is relaxing with characteristic velocity comparable to the
speed of the crack itself. In this paper, we will show how we have reproduced this phenomenology in a controlled manner.
We demonstrate that the pattern formation is governed by dynamical aspects of the crack propagation.
In order to work with a more controlled system than toy balloon, we developed a setup to burst latex sheets of known
thickness (from 350 to 1100 µm). The initially flat membrane is clamped to a circular frame (Fig. 1.a). The front side of the
frame is opened to allow the expansion of the membrane while the closed rear side is connected to a compressed air inlet.
When air is injected, the sheet stretches, taking the form of a growing axisymmetric balloon, until it hits an acute indenter
(X-ACTO blade) that triggers the explosion. By choosing the position of the indenter, we define the inflation state of the
ballon when it explodes, as well as the initial puncture position of the membrane. Using a fast camera (Photron APX RS) the
explosion of the membrane is recorded at a frequency of 30 000 fps or 60 000 fps.

b.

c.

blade (1)

"pole"
membrane
frame

5 cm

Figure 1: a. Cross-section of the experimental setup. The dotted line represents the initial flat state of the latex sheet before its
inflation. The two positions of the blade correspond to (1) fragmentation experiment and (2) “Pac-Man” experiment. b. Axial
views of the balloon fragmentation at different stages. The duration between the first and the last image is 300 ms. The dark
disc in the center of the images is the circular frame, its inner diameter (52 mm) sets the scale. c. Example of post-mortem
sample.
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FRAGMENTATION
If the blade is placed on the axes of the balloon (position 1 in fig. 1.a), two situations are observed. For a moderate tension
of the membrane, a single crack splits the balloon into two large fragments. By increasing the distance between the the blade
and the frame, we intensify the tension of the membrane at time it explodes. As a result, the velocity of the cracks increases
as well. Although, if the blade is far enough, or if the balloon explodes spontaneously, the tensile stress in the membrane
exceed a threshold value and the balloon fragmentizes into elongated shreds. The final number of cracks then increases with
the membrane tension. As seen on the post-mortem sample, fig. 1.c, the cracks form a tree-like network that originate from a
single seed-crack. The Y-shape of the junctions indicates that new branches are created through the splitting of the crack tip.
During the growth of the network, the cracks propagate at a limiting velocity vl = 570 ± 15 m/s, proving that the branchings
are a consequence of a dynamical instability [1].
THE “PAC-MAN” FRAGMENTS
A different kind of pattern is observed when the blade hits the balloons near its “equator” (position 2 in fig. 1.a). As
depicted in fig 2.a, after the puncture, two cracks propagate on the membrane parallel to the frame. Then after having
cut approximately five sixths of the perimeter, the cracks suddenly turn toward the “pole”. Eventually, the two cracks meet,
yielding the separation of a fragment. Fig. 2.b shows the resulting fragments whose shape ressembles the video game character
Pac-Man, the two corners of the mouth resulting of the swift turns.

a.

b.

Figure 2: a. Side view of successive steps in the formation of a “Pac-Man” fragment. In chronological order : t = 0: the
fracture is initiated on the other side of the balloon, t = 0.47 ms the cracks are about to turn, t = 0.67 ms: the turns have
happened and t = 0.97 ms: the cracks meet and a fragment is detached. The balloon has an initial diameter of 152 mm.
b. Post-mortem fragment (from a different experiment without ink spots). The diameter is 23 mm. The cross indicates the
position of the initial puncture, the arrows illustrate the crack trajectories.
In order to understand how the trajectory of the cracks are coupled to the relaxation of the membrane, we have deposited
ink spots as tracers on the membrane. We used them to monitor the evolution of the membrane’s stretch, with a specific
focus on the points where the turns occur. Initially the longitudinal stretch is higher than the transversal stretch. This can be
understood as an intermediate situation between the pole of the balloon where the stretching is isotropic, and the clamping
where it is uniaxial. Even before the turn, the retraction of the membrane is visible: the cracks are propagating inside a
relaxing medium. The turn coincides with the moment when the two stretch components become equal. Another observation
confirmes that the turns occurs when the membrane become isotropically stretched: prior to the turn, a crack path oscillates
with increasing amplitude and wavelength. According ref. [2], anisotropic stretch is needed to maintain a straight crack,
otherwise the crack oscillates with diverging amplitude and wavelength as the ratio of the components tends to 1. One good
rule of thumb to understand the crack patterns for quasi-static fracture is “a crack propagates perpendicularly to direction of
the strongest stress”. Surprisingly, the rule appears to apply for dynamic cracks in a relaxing medium as well.
Dynamic fragmentation and fracture of relaxing medium are not specific to rubber membranes, they can occur in a large
variety of material such as glasses, minerals, ceramics. . . The large deformations it can withstand and its relatively low sound
celerities makes the latex membrane an excellent model system to study dynamical fracture. The mechanisms of pattern
formation we have described might be applied to other brittle materials.
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DYNAMIC CRACK PROPAGATION IN RUBBER
Martin Kroon1
Malmoe University, Malmoe, Sweden

1

Summary The dynamic energy release rates in rubber are investigated by use of a numerical model. The model is calibrated by use of
experimental results, and the dynamic crack tip energy release rate is calculated. The outcome is found to be in good agreement with previous
experimental results.

INTRODUCTION
Rubbers may be characterized as viscoelastic, which means that viscoelastic dissipation contributes to the total fracture
toughness of the material. Hence, there are at least two different sources for energy consumption at an advancing crack tip in
rubber. The first source is associated with the innermost region at the crack tip, where cavities form, polymer chains are pulled
out, and polymer chain bonds are broken. This process is mainly governed by the basic molecular structure and strength of
the material. The second source is the viscoelastic dissipation in the polymer in front of the crack tip. Possibly some amount
of damage may also be involved. On the basis of these observations, it is to be expected that the tearing energy of rubber will
depend strongly on both temperature and crack velocity. In the present work, a computational framework is proposed for
analyzing high-speed crack propagation in biaxially stretched rubber sheets under conditions of steady-state and plane stress.
The main purpose of the study is to shed some more light on the contributions from local surface energy at the crack tip and
bulk viscoelasticity and possible damage processes to the total work of fracture required to propagate a crack.
OBJECTIVES AND METHODOLOGY
The problem that is analyzed is illustrated in Figure 1 [1]. Consider a crack that propagates through a rubber solid at a constant
speed and under steady-state conditions. The problem is analyzed using the FE method.

Fig.1. Problem to be analyzed.

RESULTS AND ANALYSIS
a) Corresponding author. Email: martin.kroon@mah.se
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The model is calibrated using experimental results, and the dynamic energy release rates are predicted, see Figure 2. The open
symbols in Figure 2 denote experimental results from other studies, and the filled symbols denote the numerical predictions
from the present study. As can be seen, the present predictions are well in line with previous results.

Fig.2. Predicted energy release rates vs. crack velocity.

CONCLUSIONS
The dynamic energy release rates in rubber has been assessed numerically, and the results were found to agree well with
experimental findings.
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EFFECT OF SOLVENT DIFFUSION ON FRACTURE OF HYDROGELS
Nikolaos Bouklas,a Chad M. Landis & Rui Huang
Department of Aerospace Engineering & Engineering Mechanics, University of Texas, Austin, TX 78712, USA
Summary This paper presents a thermodynamically consistent method for calculating the transient energy release rate for crack growth in

hydrogels based on a modified path-independent J-integral. The transient energy release rate takes into account the effect of solvent diffusion,
separating the energy lost in diffusion from the energy available to drive crack growth. Numerical simulations are performed using a nonlinear
transient finite element method for center-cracked hydrogel specimens, subject to remote tension under generalized plane strain conditions. The
transient energy release rate is predicted as a function of time for two types of chemical boundary conditions with distinct behaviours due to
solvent diffusion. It is found that the stress singularity near the crack tip depends on both the far-field strain and the local solvent diffusion.

INTRODUCTION
Mechanical properties of hydrogel-like soft materials are important for many applications, ranging from biomedical
devices to soft robotics. Fracture of hydrogels has been studied by many, both for understanding the fracture mechanisms
and for characterizing the fracture properties such as toughness. The reported fracture toughness values for hydrogel-like
soft materials range widely from ~ 1 J/m2 for gelatin gels [1] to ~1000 J/m2 for cartilage [2] and ~9000 J/m2 for a hybrid
alginate–polyacrylamide gel [3]. Several studies have noted the rate dependence of the fracture toughness, suggesting
kinetic processes associated with fracture of hydrogels. Two primary suspects for the kinetic processes in hydrogel-like soft
materials are polymer viscoelasticity and solvent diffusion. While fracture mechanics of viscoelastic materials has been
studied extensively, the effects of solvent diffusion on fracture of hydrogels have received little attention until recently [47]. In this paper, we focus on the effects of solvent diffusion on fracture of hydrogels and ignore the effects of
viscoelasticity.
THEORY AND FORMULATION
Hydrogels in their simplest form consist of two components, long crosslinked polymer chains that form a three
dimensional network structure and small solvent molecules that can migrate within the network. The nonlinear transient
behaviour of hydrogels with coupled deformation and solvent diffusion has been studied by many. The general formulation
by Hong et al. [8] is adopted in this study. There are two ways to do work to the hydrogel aggregate. One is by the
application of mechanical forces, including body forces and surface tractions. The second is the exchange of solvent
molecules through the source or the surface flux. The total potential energy of the aggregate system can be written as a sum
of the internal stored energy and the work of the external mechanisms, and then the rate of the total potential energy is
dx
dx
d
dU
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dV   bi i dV   Ti i dS    rdV   idS
V
V
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The rate of energy dissipation associated with solvent diffusion can be written as

d
(2)
  J K
dV
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X K
dt
where J K is the nominal flux of solvent and µ is the chemical potential.
Define the total energy of the system as:      . By this definition, the total energy is conserved throughout the
transient stage (without crack growth for the moment).
Next we derive the energy release rate for quasistatic crack growth in a hydrogel, where the inertial effect is negligible
and the crack growth is slow in terms of the time scale of solvent diffusion. Growth of a crack in the hydrogel is
accompanied by deformation of the polymer network and migration of the solvent molecules. As a result, the change of
total potential energy includes a conservative part and a dissipative part. The driving force for crack growth is the release of
the total energy Ψ, which is the conservative part of the potential energy. Following a standard procedure [7], we obtain the
transient energy release rate in form of a modified J-integral as
 ˆ
xi 

(3)
J *    UN
CdV
 dS  V0
1  siJ N J
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X
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1 
1
where Uˆ  F,    U  F, C   C. It can be shown that, for a domain containing a crack tip, the modified J-integral is pathindependent, whereas the standard J-integral is path-dependent for hydrogels.
For an accurate numerical calculation of the J-integral, it is advantageous to convert the surface integral to a volume
integral by the domain integral method [9]. A specific material model [8] is employed for the hydrogels, and a nonlinear
finite element method is developed to solve initial boundary value problems, similar to that in a previous study [10].
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RESULTS AND DISCUSSION
We consider a hydrogel specimen with a center crack (Fig. 1a), subject to remote tension by Mode I displacement
controlled loading under generalized plane strain conditions. Different boundary conditions are used to simulate hydrogels
either immersed in a solvent or not-immersed. By symmetry, only a quarter of the rectangular domain is modelled with a
two-dimensional finite element mesh. A sharp crack model is used for the cases with infinitesimal to moderately large farfield strains, whereas a rounded notch model is used for the cases with large far-field strains.
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Figure 1. (a) Schematic of a hydrogel specimen with a center crack. (b, c) Temporal evolution of crack opening profiles for
immersed and not-immersed hydrogel specimens subject to a small remote strain (ε∞ = 0.001). (d) J * as a function of
time.
Subject to a small far field strain, the stress field around the crack tip can be compared to linear elastic fracture
mechanics (LEFM). The numerical results confirmed the square root stress singularity ( s ~ r -1/2 ) near the crack tip for a
small far-field strain (ε∞ = 0.001). The crack opening displacements are shown in Fig. 1. The instantaneous opening profiles
for both cases agree closely with LEFM. For the immersed case (Fig. 1b), the crack first opens up and then gradually closes
in. For the not-immersed case (Fig. 1c), the crack opens up continuously and attains an equilibrium profile different from
the LEFM prediction. Figure 1d shows the evolution of J * . While the J-integral increases monotonically with time for the
not-immersed specimen, it increases and then decreases for the immersed case. This behaviour is similar to crack opening.
In addition, the effect of the specimen size is shown for the immersed case, where the peak J * increases with increasing
specimen size. After a long time, the J-integral saturates at an equilibrium value, which is lower than the instantaneous limit
for the immersed specimen but higher for the not-immersed specimen. The monotonic increase of J * for the notimmersed case could lead to delayed fracture of gels as observed in experiments [5].
Under a relatively large far-field strain (ε∞ = 0.5), the stress field near the crack tip is no longer square-root singular. The
instantaneous response is similar to that of a hyperelastic material, for which a stronger singularity ( s ~ r -1 ) has been
predicted previously [11]. The numerical result at a very short time shows a transition from the square-root singularity to the
stronger singularity. Furthermore, another transition is revealed at a smaller distance, where the stress singularity becomes
much weaker. This may be explained as a result of solvent diffusion [7]. Therefore, the stress distribution near the crack tip
under a relatively large far-field strain is influenced by both hyperelasticity and solvent diffusion in the hydrogel specimen.
The evolution of the modified J-integral is qualitatively similar to the small strain behavior, but the calculated J * is
considerably lower than the LEFM prediction for both the immersed and not-immersed specimens.
CONCLUSIONS
A modified J-integral is derived for calculating the transient energy release rate for crack growth in hydrogels. Numerical
simulations show that the transient energy release rate is a function of time for hydrogel specimens due to solvent diffusion. It is
found that the stress singularity near the crack tip depends on both the far-field strain and the local solvent diffusion. Ongoing
work of this study includes development of a methodology for the experimental evaluation of the critical energy release rate.
Further study is also underway to consider steady state crack growth in hydrogels.
References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]

Forte, A.E., D'Amico, F., Charalambides, M.N., Dini, D., Williams, J.G., Food Hydrocolloids 46, 180-190 (2015).
Simha, N. K., Carlson, C. S., Lewis, J. L., Journal of Materials Science: Materials in Medicine 14, 631–639 (2003).
Sun, J.-Y., Zhao, X., Illeperuma, W. R. K., Chaudhuri, O., Oh, K. H., Mooney, D. J., Vlassak, J. J., Suo, Z., Nature 489, 133-136 (2012).
Hui, C. Y., Long, R., Ning, J., Journal of Applied Mechanics 80, 021014 (2013).
Wang, X., Hong, W., Soft Matter 8, 8171-8178 (2012).
Zhang, J., An, Y., Yazzie, K., Chawla, N., Jiang, H., Soft Matter 8, 8107-8112 (2012).
Bouklas, N., Landis, C.M., Huang, R., Journal of Applied Mechanics 82, 081007 (2015).
Hong, W., Zhao, X., Zhou, J., Suo, Z., Journal of the Mechanics and Physics of Solids 56, 1779-1793 (2008).
Li, F. Z., Shih, C. F., Needleman, A., Engineering Fracture Mechanics 21, 405-421 (1985).
Bouklas, N., Landis, C.M., Huang, R., Journal of the Mechanics and Physics of Solids 79, 21-43 (2015).
Bouchbinder, E., Livne, A., Fineberg, J., Journal of the Mechanics and Physics of Solids 57, 1568–1577 (2009).

2014

HYDRAULIC FRACTURE IN POROUS MEDIA
Tao Wang, Zhanli Liua) & Zhuo Zhuang
Applied Mechanics Lab., School of Aerospace Engineering, Tsinghua University, Beijing, China
Summary Hydraulic fracture in porous media which involves fluid flow/diffusion and solid deformation is a complex multi-physic process

frequently observed in the nature world and engineering application. In this paper the coupled extended finite element method (CXFEM) is
developed to study the hydraulic fracture in permeable rocks. In CXFEM, the fluid flow in the fracture and interstitial flow in the medium are
solved in a unified framework by assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside
the fracture. The biggest advantage of this computational model is that it is very convenient to deal with the fluid flow inside the complex
fracture network. The dynamic effect and the influence of the permeability on the hydraulic driven fracture problems are studied.

INTRODUCTION
The hydraulic driven fractures in porous media needs consider (i) the mechanical behaviors of the solid skeleton, fluid
bulk phases and their interaction; (ii) the fracture propagation on arbitrary paths; (iii) the extra fluid flow in the developed
fractures. The fluid flow in a deforming porous medium was first studied by Terzaghi [1] for one-dimensional consolidation
problems, which is called Terzaghi one-dimensional consolidation theory, and extended to a three-dimensional
consolidation theory that includes Darcy's law of fluid transport by M.A. Biot [2]. Since these pioneering works, it has
attracted many researchers’ interests due to its abundant practical applications. The fundamentals and applications of the
mechanics of porous medium have been illustrated by many researchers. The Darcy-Biot approach to porous media may be
deemed to an extension of the standard materials, especially for soils and rocks, attributed to H. Ziegler et.al [3] and M.A.
Biot el.al, to the coupled problems of fluid transport in deforming solids.
In this work, the fluid flow in the fracture and interstitial flow in the medium are solved in a unified framework by
assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside the fracture.
The biggest advantage of this computational hydraulic fracture model is that it is very convenient to deal with the fluid flow
inside the complex fracture network and the porous matrix. Based on this idea, a fully coupled hydraulic fracture problem is
solved by coupling the traditional extend finite element method and the Biot theory of the porous medium..
COMPUTATIONAL HYDRAULIC FRACTURE MODEL
Hydraulic fracture in porous media is a strong coupled problem between the deformation of solid and the fluid flow. The
interaction between solid and fluid contains the following several aspects: (i) the pore pressure in the medium can cause the
expansion or contraction of solid; (ii) the fluid in the fracture can open or propagate the fracture; (iii) the deformation of
solid can affect the interstitial flow in the medium; (iv) the fracture opening can affect the fluid flow in the fracture. In order
to solve this strong coupled problem, some basic assumptions are introduced: (i) the media is permeable, elastic and brittle,
which is governed by the Biot constitutive relation and characterized by fracture toughness, Young’s modulus, Poisson’s
ratio, Biot constant and undrained poisson’s ratio; (ii) the driving fluid is incompressible and has a constant dynamic
viscosity; (iii) the fracture is a special type of porous media and the fluid flow inside the fracture obeys Poiseuille-type flow;
(iv) the fluid transport in the interstitial space can be described by the well-known Darcy’s law; (v) gravity is neglected in
the fluid transport equation.
The coupled hydraulic fracture model proposed in this paper is the combination of extend finite element method with
Biot constitutive relation and the interstitial flow in the porous medium (including the fracture), as shown in Fig. 1.

Fig. 1 Schematic of the hydraulic fracture in porous media
PERMEABILITY EFFECT ON THE HYDRAULIC FRACTURE
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Consider a square domain which is shown in Fig. 2 with a = 8 m. The domain has a notch of length a in its center [4]. A
constant fluid volume flux Q0  4 104 m3 / s is injected into the fracture. The deformation at all sides is fixed, and the
sides are assumed to be permeable, i.e. p = 0 Pa.

Fig. 2 Hydraulically induced fracture driven by fluid volume injection. (a) All sides are mechanically constrained and are
assumed to be permeable (p = 0 Pa). (b) Inlet fluid pressure p in the fracture over the total injected time
Next, let us consider the effect of the permeability of the medium on the hydraulic fracture process. Fig. 3 shows the
fracture surface and the contour of pore pressure under different medium permeability at time t = 5s. We can find that if the
permeability is large enough, the fracture will not propagate under a given injection rate, as shown in Fig. 3(a). If the
permeability is small enough, the fluid is almost inside the fracture, as shown in Fig. 3(d). Furthermore, if the permeability
is appropriate, the fracture will propagate for some time, and then may arrest when the fluid leak-off rate is equal to the
injection rate as the infiltrating area becomes larger.

Fig. 3

Hydraulically induced fracture driven by fluid volume injection under different medium permeability at time t=5s:
(a)-(d), the permeability of the medium is [2.0e5, 2.0e4, 2.0e3, 0.2]md
CONCLUSIONS

In this paper the coupled extended finite element method (CXFEM) is developed to study the hydraulic fracture in permeable
rocks. In CXFEM, the fluid flow in the fracture and interstitial flow in the medium are solved in a unified framework by
assuming that the fracture is a special type of porous media and introducing Poiseuille-type fluid flow inside the fracture. The
influence of the permeability on the hydraulic driven fracture problems are studied.
References
[1] Terzaghi K.: Erdbaumechanik auf bodenphysikalischer Grundlage, 1925.
[2] Biot M.A.: General Theory of Three‐Dimensional Consolidation. Journal of Applied Physics. 12:155-164, 1941.
[3] Ziegler H.: Some extremum principles in irreversible thermodynamics, with application to continuum mechanics. Swiss Federal Institute of Technology,
1962

[4] Miehe C., Mauthe S., Teichtmeister S.: Minimization principles for the coupled problem of Darcy–Biot-type fluid transport in porous media linked to phase
field modeling of fracture. Journal of the Mechanics and Physics of Solids 82:186-217, 2015.

2016

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

OVERCOMING BRITTLENESS THROUGH BIO-INSPIRATION AND
MICROARCHITECTURE
Francois Barthelat a)
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary: Architectured materials contain specific structural features which are larger than what is typically considered microstructure but
smaller than the size of the component. More specifically dense architectured materials are made of stiff blocks which can slide, rotate, separate
or interlock collectively, provide a wealth of tunable mechanisms mediated by the interfaces between the blocks. This strategy is also observed
in hard biological materials such as bone, teeth or mollusk shells, which now serve as models for new materials with superior properties. To
explore these concepts in synthetic materials we used a three-dimensional laser-engraver to carve arrays of microcracks with well-defined
geometries and toughness within the bulk of glass. This bio-inspired glass not only shows how the powerful toughening mechanisms observed
in nature can be harnessed in synthetic materials, but it also shows a pathways to making bio-inspired composite materials by “fabricating”
weak interfaces within stiff materials.

OVERVIEW
Ever increasing requirements for structural performance are driving the research and the development of stronger, tougher
and lighter materials. Specific microstructures, heterogeneities or hybrid compositions are now used in modern materials to
generate high performance structures [1]. The structural performance
of hybrid materials (stiffness, strength, toughness) is governed by
their mechanics of deformation and failure, which in turn is largely
governed by their microstructure. Optimized performance can
therefore be attained with tight control over the size, topology,
arrangement of the microstructure, an idea which can be exploited to
the extreme in architectured materials. To introduce and define
“Architecture” in materials [2] it is useful to consider Fig. 1, which
shows different levels of structural elements with their characteristic
length scales (i.e. the size of their main geometrical features) and the
degree of control and geometrical fidelity that current fabrication
techniques provide. “Architectural” features bridge component and
microstructure and have an intermediate length scale, which allows a
very high control over the morphology and a high dimensional
fidelity. Interestingly, structures and mechanisms at intermediate
length scales are prevalent in biological materials, and in particular in
high-performance structural materials such as bone, mollusc shells or
wood [3].

THE MECHANICS OF DENSE ARCHITECTURED MATERIALS
The examination of engineered and natural
architectured materials reveals common
characteristics in terms of structure,
mechanics and performance. In dense
architectured materials, the building blocks
are made of stiff and hard materials: rigid
polymers, metals, engineering ceramics or
biominerals. The deformation of individual
blocks remains small and within the limits of
linear elasticity, even in the case of large
deformations and extreme loadings. The
shape and arrangements of the building
blocks vary from simple multilayered to
layered-segmented to more complex threedimensional arrangements. Fig. 2a shows a
a)
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generic force-deformation curve for a brittle monolithic material and for an architectured material based on the same
constituent. In architectured materials individual blocks do not deform significantly. Instead, large deformations are
generated by the collective motion of the blocks relative to each other, in a fashion similar to grain boundary sliding in
polycrystalline metals. The mechanical response is therefore largely governed by the structure, composition and mechanics
of the interfaces. Architectured materials can also give rise to powerful toughening mechanisms, and a critical requirement
to trigger these mechanisms is that the crack must follow the interfaces instead of propagating through the building blocks.
Once the cracks are “trapped” into the weaker interfaces, they can trigger a second line of toughening mechanisms which
can involve crack deflection, interlocking, friction, pullout or a combination of the above. As the crack progresses along the
interfaces, the architecture of the material therefore forces the cracks into configuration where further propagation is more
difficult. As a result, the overall toughness of the materials can rise to levels which can be significantly greater than the
monolithic materials (Fig. 2b).

EXAMPLES OF BIOINSPIRED, ARCHITECTURED MATERIALS
To explore the concepts of architecture and weak interfaces in synthetic materials we used a three-dimensional laserengraver to carve arrays of microcracks with well-defined geometries and toughness within the bulk of borosilicate glass
slides. The microcracks, positioned along specific surfaces within the material, coalesce upon application of an external load
and guide large cracks following the concept of “stamp holes”. Using this approach we engraved curved interfaces with reentrant features ahead of an incident crack in glass, defining jigsaw-like building blocks (Fig. 3a) [4]. After initial crack
propagation along the weak
interface, the jigsaw features
produced a tremendous
amount of toughness by
pullout and interlocking,
dissipating
energy
by
friction.
This
powerful
nonlinear
failure
mechanism, inspired by
natural nacre, amplified the
toughness of glass 100
times.
Infiltrating
the
interfaces with polyurethane
generated
additional
toughening mechanisms by
ligament bridging, similar to
the mechanics of proteins in hard biological materials [5]. This additional step led to a material made of about 95% of glass
but 200 times tougher, as stiff as plain glass but displaying non-linear deformations and failing at strains in excess of 3%.
Another bio-inspired architectured materials we fabricated and tested is a laminated glass augmented with nacre-like laser
engraving in each of the glass layer (Fig. 3b) [6]. Specific arrangements of the patterns across layers generates a nacre-like
staggered arrangement of glass tablets bonded by a soft adhesive. This bio-inspired architecture profoundly changed the
mechanisms of deformation and failure of the material. Architecture in materials therefore offers a powerful pathway to
tailoring mechanical behaviour and to combine mutually exclusive properties. Nature is far ahead of engineers in this
respect, and therefore materials like bone, nacre or wood can continue to inspire new designs for high-performance
structural materials in years to come.
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FRACTURE AND INDENTATION IN SINGLE METAL CRYSTALS
Jeffrey W. Kysar ∗1
1

Department of Mechanical Engineering, Columbia University, New York City, New York, USA

Summary Cracks in elastic-plastic single crystals offer an opportunity to develop a fundamental understanding of plasticity under the
extreme conditions of high plastic strain and plastic strain gradients. The asymptotic deformation fields near a crack tip in an elasticplastic single crystal adopt an angular sector structure centered at the tip that are strikingly different for stationary and quasistatically
growing cracks. Herein we extend Prandtl’s analogy between a flat punch and a stationary crack to an angled indenter and quasistatically
moving crack. Specifically, the angled indenter impinging into a material can be modeled asymptotically as a quasistatically closing crack.
We present analytical asymptotic solutions to this boundary value problem and demonstrate that they are consistent with the predicted
deformation state associated with the overall indentation deformation fields. Finally, we show that the predicted deformation state is
consistent with experimental results of lattice rotation fields and associated densities of geometrically necessary dislocations.

INTRODUCTION
In one of the earliest studies of fracture mechanics in plastically deforming materials, Prandtl [1] employed plane strain
slip-line theory and an analogy between a stationary crack and a flat punch impinging into a surface to predict the deformation state near a crack tip within a rigid-ideally plastic isotropic material. This type of analysis predicts that the stress and
deformation fields near a stationary crack tip exhibit a “centered-fan” type of field whereby one family of slip lines consists
of straight lines emanating radially from the crack tip (or analogously from the corner of the punch) and the other family of
slip lines necessarily consists of concentric circular arcs. The analysis of the asymptotic fields of a quasistatically growing
crack, however, is complicated by the necessary presence (i.e. [2]) of an elastic unloading angular sector centered at the crack
tip. In order to account for the unloading sector, Rice [3] extended the theory of conventional isotropic slip line theory for
a rigid-ideally plastic material to an elastic-ideally plastic isotropic material, which Drugan et al. [4] employed to derive the
asymptotic fields for a quasistatically growing plane strain crack under pure Mode I conditions.
Rice [5] as well as Booker & Davis [6] extended isotropic rigid-ideally plastic slip line theory to account for rigid-ideally
plastic materials with arbitrary anisotropy under plane strain conditions. Rice [5] applied this theory to derive the slip line
fields beneath a flat punch impinging into a material with a polygonal yield surface such as that associated with a single crystal
NaCl-type ionic crystal. Just as for isotropic materials, the asymptotic fields consist of angular sectors for which slip lines
extend radially from the stationary singular point (i.e. the punch corner or analogously the crack tip). However it is important
to note that in single crystals the slip lines correspond to physical slip systems. Thus there is a finite number of slip lines that
intersect the singular point, each of which coincides with either a unit vector in the direction of plastic slip or a unit normal
vector to the slip plane. These radial slip lines serve as the boundaries between the angular sectors and correspond in stress
space to the edges of the polygonal yield surface. The stress state within a plastically deforming angular sector is at a vertex
of the polygonal yield surface. Hence, in general two plastic slip systems are activated within each angular sector. In going
from one angular sector to another, the stress state must traverse an edge of the polygon thus introducing a stress discontinuity
across sector boundaries. Rice [7] noted that asymptotic fields associated with a stationary crack tip are the identical—except
for sign—to those of the flat punch in the same anisotropic rigid-ideally plastic material.
In order to analyze quasistatically growing cracks in single crystals, Rice [7] extended anisotropic rigid-ideally plastic slip
line theory to account for an elastic-ideally plastic anisotropic material necessary to include elastically-unloading angular sectors in the asymptotic solution. Rice [7] demonstrated that the asymptotic deformation fields of a quasistatically moving crack
tip consists of a combination of plastically-deforming angular sectors and elastically unloading angular sectors. Importantly,
for quasistatically propagating cracks an angular sector boundary corresponds physically to a ray of plastic deformation emanating from the crack tip. Furthermore, the stress state varies smoothly across a sector boundary, but it does admit a velocity
discontinuity in a radial direction. Rice [7] employed the general framework to derive the elastic-plastic asymptotic fields for
quasistatically growing Mode I cracks in specially oriented face-centered cubic (fcc) and body-centered cubic (bcc) elastic
plastic metals.
Shield & Kim [8] examined the deformation fields near the tip of a crack in an iron-silicon single crystal and Kysar &
Briant [9] measured the lattice rotation fields near the crack tip of an aluminum bicrystal. Their experiments confirmed the
existence of many of the key predictions by Rice [7] regarding the structure of the deformation fields. However no experiments
to date have investigated directly the asymptotic fields associated with a growing crack tip in a single crystal.
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INDENTATION EXPERIMENTS AS AN ANALOG TO QUASISTATIC FRACTURE EXPERIMENTS
The Prandtl [1] analogy relates the boundary value problems of a stationary crack to a flat punch. This analogy breaks
down for angular indenters (such as a wedge indenter under plane strain conditions) because the singular point where the
indenter first comes into contact with the surface moves quasistatically along the surface as the indenter impinges further into
the material. Thus Prandtl’s analogy can be extended to relate the boundary value problems of a quasistatically closing crack
with that of an angled indenter. Herein we focus on this extended analogy to treat the problem of quasistatic crack growth in
a single crystal from both an analytical as well as experimental perspective.
DISCUSSION
We discuss the analytical solutions for the asymptotic deformation fields near the singular point of a wedge indenter
impinging into specially oriented single fcc and bcc crystals under plane strain deformation conditions. We demonstrate [10]
that the solution consists solely of angular sectors separated by rays of plastic deformation for the case of a nearly flat wedge
for which lattice rotation can be neglected. Furthermore, we demonstrate [11] that the asymptotic deformation field near the
singular point dictates the form of the deformation field throughout the overall deformation field under the wedge indenter,
and that the overall structure of the deformation field is maintained even when the indenter induces large lattice rotations.
We present detailed experimental measurements using the methodology in [12] that characterize the deformation fields
under a wedge indenter in a nickel single crystal. The lattice rotation accompanying the elastic-plastic deformation is measured
using High-Resolution Electron Backscatter Diffraction (HR-EBSD) from which we infer a multiple length scale description
of the spatially-resolved Geometrically Necessary Dislocation (GND) density—fully characterizing both the edge and screw
components of the GND density on individual slip systems. We demonstrate that the aforementioned predictions of the
asymptotic singular and overall indentation deformation fields are consistent with the experimental measurements.
CONCLUSIONS
We investigated indirectly the asymptotic deformation fields of a quasistatically growing crack in an elastic-plastic single
crystal by focusing on the analogous fields in the material under a wedge indenter. The experimental results demonstrate
unambiguously that elastically deforming regions separated by instantaneously plastically deforming rays sweep through the
crystal in a geometrically similar manner. Analytical predictions of the deformation state based upon a slip line theory for
elastic-ideally plastic anisotropic single crystals undergoing plane strain deformation are consistent with the experimental
measurements. Furthermore we demonstrate that some of the features of the measured deformation fields are sensitive to the
plastic work hardening rate, and that the experiments provide a sensitive means of experimentally validating single crystal
elastic-plastic constitutive relationships.
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Summary The aim of this work is to develop a framework to engineer crack paths by controlling the distribution of second phase particles in
a manner so as to increase the materials ductile crack growth resistance. We carry out analyses of ductile crack growth with voids nucleating
from discretely modeled particles so as to introduce a characteristic length. Crack growth resistance curves and fracture surface roughness
measures are computed for various distributions. The results indicate that by suitably designing the particle distribution, a material’s ductile
crack growth resistance can be significantly increased.

BACKGROUND
Ductile fracture limits the performance, safety, reliability and manufacturability of a variety of engineering components
and structures; for example, the crash worthiness of automobiles, the integrity of pipelines, the blast resistance of ships and
airplane cargo holds, and the manufacturability of sheet metal components. The mechanism of ductile fracture in engineering
metals and alloys involves the nucleation, growth and coalescence of micron scale voids. An engineering possibility that stems
from quantifying the relation between a microstructural effects on porosity evolution and ductile crack growth resistance is the
use of this knowledge to design more fracture resistant materials. Furthermore, these same microstructural effects manifest
themselves in the fracture surface roughness, which suggests that there is the possibility of a direct relation between fracture
surface roughness and ductile crack growth resistance.
The microstructure of a variety of structural alloys, can be idealized as involving two size scales of void nucleating
particles: larger particles that nucleate voids at relatively small strains and smaller particles that nucleate voids at larger
strains. Microstructures with randomly distributed void nucleating particles (as in ferrous and aluminum alloys) has been
modeled in a variety of 2D and 3D ductile fracture analyses. In particular, in recent work, [1, 2], ductile crack growth in this
type of microstructure was computed to a sufficient extent and detail to characterize the crack growth resistance in terms of
both JIc (a measure of crack initiation toughness) and TR (the tearing modulus) as well as to quantify the fracture surface
roughness statistics. The theoretical framework used in [1, 2] was based on the modified Gurson constitutive framework for
progressively cavitating ductile solids generally referred to as the GTN relation. Predicting fracture requires a theory that
incorporates a length scale and a Gurson-type constitutive relation incorporated does not contain a length scale. However,
discretely modeling the microstructure as in [1, 2] introduces a length scale.

(a)

(b)

Figure 1: (a) Height-height correlation functions of the fracture surface roughness for seven realizations with particle volume
fraction of 2.4%. (b) Variation of JIc with the cut-off length ξ for particle volume fraction varying from 1.2% - 19%. From
[1].
Advances in the description of complex scale invariant geometries have made quantitative statistical fractography possible.
The hope since than has been to relate the roughness of fracture surfaces via the exponents characterizing their scale invariance
properties to the materials crack growth resistance. However, it has been suggested that the value of the roughness exponent
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is not only independent of the materials crack growth resistance but also of the material considered, as long as the failure
mechanism remains the same, e.g. [3, 4]. The fracture surfaces obtained in [1, 2] were analyzed using a similar procedure to
that in [3, 4]. The statistics of the fracture surface roughness were calculated in the direction of crack growth. Fig. 1a shows
log-log plots of the correlation function ∆h(δx) for seven realizations with a 2.4% volume fraction of discretely modeled
particles. The Hurst exponent β was determined by fitting a straight line through the log-log plot of the correlation function in
Fig. 1a. The average value of β for the computed fracture surfaces was found to be essentially universal and was in very good
agreement with experimental results. Power law behavior was found to hold for nearly two orders of magnitude of size scale
and then to break down for δx = ξ with a saturation value of ∆hs . It was found that ξ serves a characteristic length that, in
certain circumstances, can be quantitatively related to JIc as seen in Fig. 1b.
CURRENT WORK
The aim of our analyses is to isolate the key features of a distribution of void nucleating particles and to quantify the effects
on the material’s fracture surface roughness and crack growth resistance.

(a)

(b)

Figure 2: (a) Comparison of curves of J versus ∆a and (b) comparison of height-height correlation functions of the fracture
surface roughness for random distribution of particles from [1] and sinusoidal distribution of particles with mean particle
spacing l0 = 8.41ex.
The scaling of the crack growth resistance measures and fracture surface roughness measures in [1] suggests that for a random distribution of particles ξ is a characteristic length scale (of course with statistical variation). In order to clearly identify
the key length scales and, in turn, key microstructural parameters calculations of ductile crack growth in microstructures with
controlled distributions of particles are being carried out. Sinusoidal distributions (characterized by amplitude, A, and wavelength, λ) of particles are being analyzed. Initial calculations are for a mean particle spacing of l0 = 8.41ex corresponding to
≈ 2.4% volume fraction (ex is a length unit). The values of A are chosen to be close to ∆hs /2 and λ is taken to be ≈ 2 × ξ.
For a random distribution with l0 = 8.41ex in [1], ∆hs was ≈ 9.2ex and ξ was ≈ 17.5ex. The results for l0 = 8.41ex
together with the results of a random distribution of particles are shown in Fig. 2. As seen in Fig. 2a, the value of J at crack
initiation is the same for the random and the controlled distributions, but the slope of the J versus ∆a curve for the controlled
distribution is much greater than the random distribution. As noted in [1], ∆hs and ξ can be related to the amplitude and the
wave length of the larger zig-zag excursions of the crack path and by controlling these excursions (sinusoidal in this case),
Fig. 2b, the crack growth resistance can increase significantly.
Our results indicate that by suitably designing the particle distribution one can significantly increase a material’s crack
growth resistance. Developments in material processing, in particular additive manufacturing, may make it possible to control
such distributions in engineering materials.
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MICROMECHANICAL MODELING OF VOID COALESCENCE IN DUCTILE SOLIDS
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Summary Recent extensions of an analytical micromechanics-based model for the coalescence of micron scale cavities in ductile materials
are reported. For predominately tensile loading, two improved upper-bound models are obtained by considering alternative velocity fields in
the limit analysis approach. For combined tension and shear loading, an extension of the original model employing a discontinuous velocity
field is presented. Finally, a framework is laid out to develop macroscopic yield criteria for porous ductile solids accounting simultaneously
for void growth and coalescence. Here again, solutions are obtained for axially symmetric tensile as well as non-axisymmetric loadings.
In all cases, model predictions are compared with supposedly exact results obtained by an efficient method of finite-element based limit
analysis.

INTRODUCTION
Benzerga and Leblond developed a closed-form solution to the problem of void coalescence in the form of an associated
yield criterion [1]. Their limit analysis solution is valid for axisymmetric loadings and mimics the post localized response of
an elementary cylindrical unit cell [2]. It also presents the first rigorous analytical solution to the problem initially posed by
Thomason [3]. In doing so, the authors in [1] used kinematically admissible velocity fields that were discontinuous within the
elementary volume, Fig. 1a. A void coalescence state is defined as one where the deformation of the unit cell has shifted to
pure uniaxial extension due to the formation of rigid zones above and below the cavity. Such zones correspond to regions of
elastic unloading in actual finite element (FE) cell calculations as in [2]. In the model developed by Benzerga and Leblond
[1], the (tangential) discontinuity occurs precisely at the rigid-plastic interface.
Here, several extensions of the criterion in [1] are presented. In the first, see [4], attention is limited to tensile axisymmetric loadings. Two theoretical estimates of the limit load required for internal necking are obtained using two new sets
of velocity fields. A family of generalized discontinuous fields is developed which considers the shape of the plastic/rigid
interface as a parameter, Fig. 1b. A second family of continuous velocity fields is also used, Fig. 1c. The objective is to assess
the improvements brought by these more refined velocity fields. In the second proposed extension, see [5], non-axisymmetric
loadings are considered and a continuous shear velocity field is superposed onto that of Fig. 1a. The resulting criterion is also
an elaboration of a recent model [6] where the microscopic velocity fields responsible for void expansion were not explicitly
specified. Finally, a yield criterion is presented which unifies void growth and coalescence theories. Conventional void growth
theory assumes that plastic flow is diffuse within the elementary cell. On the other hand, void coalescence theory assumes
states of post-localized plasticity wherein flow is restricted to intervoid ligaments. The new theory accommodates both scenarios through some appropriate choice of velocity fields. Here again, solutions are obtained for both axially symmetric tensile
loadings [7] and for non-axisymmetric loadings [8]. An important implication for actual evolution problems is a seamless
transition from void growth to void coalescence. This is in contrast with previous “hybrid” approaches, e.g. [9], whereby
abrupt transitions are associated with the presence of unavoidable corners in the effective yield surface.
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Figure 1: Trial velocity fields (arrows) and their associated equivalent strain rate (colors) (a) Benzerga and Leblond’s [1], (b)
generalized discontinuous [4], (c) continuous [4]. The non-axisymmetric model [5] as well as the unified models [7, 8] build
on the field in (a).
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GENERAL FRAMEWORK
The elementary cell Ω used in the micromechanical analyses consists of a cylinder about the x3 axis containing a coaxial
cylindrical void of finite height. It is characterized by the void aspect ratio, W , the ligament parameter, χ, and the cell aspect
ratio, λ. The matrix is modeled as rigid, ideally plastic obeying the associated von Mises criterion with yield stress σ̄. The
classical inequality of limit analysis reads:
∗
∀ D, Σ : D ≤ Π(D) ,
Π(D) = inf ⟨ sup σij
dij ⟩Ω
(1)
v∈K(D)

σ ∗ ∈C

where Σ and D are the macroscopic stress and rate of deformation tensors, defined as the volume averages of their microscopic
counterparts σ and d, and Π(D) is the effective plastic dissipation, ⟨·⟩Ω stands for averaging over Ω, C is the microscopic
reversibility domain, and K(D) is the set of kinematically admissible incompressible velocity fields. If the velocity field
is discontinuous across the rigid-plastic interface S then a surface term must be added to (1)2 , see [5]. In that case, the
effective yield criterion cannot be obtained using the usual parametric form by differentiation of Π(D). Graphical solutions
to inequality (1)1 can then be used [5, 7]. Boundary conditions of the coalescence type mean D11 = D22 = D12 = 0. Trial
velocity fields that satisfy these for use in (1)2 are shown in Fig. 1 in the axisymmetric case.
RESULTS
Fig. 2a shows quasi-exact FE solutions to (1) for axisymmetric loadings without imposing the coalescence boundary
conditions. The inclined flat parts correspond to coalescence and are well modeled using the criterion in [1] or variants thereof
[4]. Fig. 2b shows the comparison of the coalescence model under combined tension and shear with FE results. Details may
be found in [7] and [5], respectively.
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Figure 2: Effective yield loci under (a) axisymmetric loading for W = 1 and λ = 1 and two values of χ: unified model (solid),
hybrid model (dashed) and FE results from [4] (points) after [7]; and (b) combined tension and shear loading for W = 1 and
two values of fb ≡ χ2 : coalescence model (solid) and FE results from [6] (points) after [5]. Note σ0 = σ̄.
CONCLUSIONS
The availability of an anlytical solution to the problem of void coalescence by internal necking [1] has enabled several
improvements. When supplemented with evolution equations for the microstructural variables, the results can be used in
simulations of ductile fracture that are more physically based with fewer parameters than currently practiced.
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Summary Void behavior of a ductile solid subjected to deformations with low or negative triaxiality (void collapse) is different from that
with high triaxiality (void coalescence). We examine the critical strain-to-onset of void collapse and void coalescence via homogenizationbased micromechanics analyses. Cells are subjected to a full range of the Lode parameter L and triaxiality T are obtained. Numerical results
show that the loci are discontinuous functions of T , with the existences of transition zone separating loci of strain-to-onset of void collapse
and that of void coalescence; within the zones neither of the two void behaviors is predicted at low triaxiality. Stress state dependence of
void collapse and void coalescence are investigated and presented in the form of charts, analogous to phase diagrams; they illustrate and
distinguish clearly, in the T − L space, regions in which void collapse, void coalescence and neither of the two are possible.

MICROMECHANICS MODEL
Following the works of many researchers [1–7], A material body is subjected to three principal macroscopic stresses,
characterized by the isotropically invariant stress triaxiality T and Lode parameter L. Preexisting voids are assumed to be
present in the body and the process of void nucleation is not considered in this study. From statistical averaging, we assume
that the voids are uniformly dispersed in the material, thereby allowing us to describe the microstructure using a periodic array
of unit cells, each containing a centrallylocated spherical void of initial radius R0 . In this study, we confine the analysis to
a planar layer of such cells. The cell has dimensions 2ℓ × 2ℓ × 2ℓ and is subjected to macroscopic principal stresses on its
deformed boundaries. A Cartesian coordinate system (X1 , X2 , X3 ) is adopted in which the origin is located at the center of
the void. The cell has an initial void volume fraction f0 = πR0 3 /6ℓ3 . The matrix material is taken to be voidfree, and its
plastic response is characterized by a finite strain J2 flow theory with isotropic hardening.
On the numerical aspects, the micromechanics and the numerical frameworks implemented in this work are analogous to
those in Wong and Guo [8]. Boundary conditions of a cubic representative volume element (RVE) or unit cell are prescribed
under proportional stressings such that the macroscopic stress ratios, φ1 = Σ1 /Σ3 and φ2 = Σ2 /Σ3 where Σ1 , Σ2 and
Σ3 are the macroscopic principal stresses, remain constant throughout the loading history. Both φ1 and φ2 parametrize the
isotropically invariant stress triaxiality T and the Lode parameter L. In order to uniquely define a stress state for any given T
and L, a constraint of ordered macroscopic principal stresses is imposed such thatΣ1 ≥ Σ2 ≥ Σ3 . Formulation and numerical
implementation of proportional stressings are applied via a homogenization-based unimodular transformation matrix.
TRANSITION ZONE BETWEEN VOID COLLAPSE AND VOID COALESCENCE
We employ the energetics behind void coalescence and void collapse and present an energybased criteria for the determination of the onsets of these events. The motivation for examining void coalescence (and void collapse) from the energetics
perspective stems from the phenomenological descriptions of coalescence mechanisms by Pardoen and Hutchinson [6], where
the mechanisms have been described as the localization of plastic deformation between neighboring voids within a band, with
material off this band undergoing elastic unloading. Using these criterion, we systematically examine the effects of stress triaxiality T , Lode parameter L, and the initial void volume fraction f0 on these critical strains. We use Ee∗ to denote collectively
the critical strains Eev and Eec in the figures where applicable.
Fig. 1a plots the variation of critical macroscopic strain Ee∗ over a range of T for L = 0 and f0 = 0.01. In effect, the
figure displays the loci of Eev and Eec in a single plot. The filled circles denote the critical macroscopic strains for onset of void
collapse Eev , while the open circles for the onset of void coalescence Eec . For the range of T considered, Ee∗ (specifically Eev )
increases with increasing T for 0.33 ≤ T ≤ 0.43, and Ee∗ (specifically Eec ) decreases with increasing T , for 0.52 ≤ T ≤ 2.
This display of non-monotonic dependence of Ee∗ on T bears semblance to the straintofailure results of experimental works
[1, 2]. However, a noticeable difference stands out between the current results and of those cited. While the latter results have
reported the presence of cusps in the strain-to-failure responses of the different materials concerned, results in Fig. 1a have
shown otherwise; the loci of Eev and Eec is not continuous and do not culminate to a cusp. Instead a finite “gap” exists in
the region 0.43 < T < 0.52 which separates the loci of Eev and Eec ,as represented by the hatched area. We term this gap as
“transition zone”.
Focusing on the transition zones displayed by each level of L considered, it is apparent that the Lode parameter greatly
influences the transition zones. In order to demonstrate this influence and gain insights to the stress state dependence of void
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between void collapse and void coalescence is represented by the hatched region. (b) Stress state dependence of void collapse
and void coalescence in T − L space for f0 = 0.01. The hatched region represents the transition zone for which neither void
collapse nor void coalescence occurs.

collapse and void coalescence, we present Fig. 1b. It charts, in the T −L space, the demarcated regions for which void collapse
and void coalescence is possible for any given stress state described by the range of T and L considered. The hatched region
clearly separates the two regions of void collapse and void coalescence, as shown demarcated by the blue and red boundaries
respectively, and it represents the stress states for which neither void collapse nor void coalescence is present. Defining the
span or width of the hatched region as the difference between the maximum and minimum values of T for which void collapse
and void coalescence respectively are possible, one can see that it varies with L. The span is widest at L = 1, narrowing as L
increases and at L = 0, at its narrowest. It widens again as L increases beyond zero. In short, for a dominant tensile state of
stress (L = 1), void collapse is not anticipated. From Fig. 1b, it would appear then that if the span is zero, it is conceivable
that a cusplike feature will emerge in the corresponding Ee∗ versus T . This leads to the question of what may result in the
narrowing of the span. It is well-known that, in addition to material properties, microstructural variations such as initial void
size, initial void spacing etc, have significant effects on the macroscopic and voids response to loads [4]. For tractability and
to keep within the scope of this paper, we have also examined the effects of initial void size on the transition zone in this work.
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CRACK TIP FLIPPING UNDER MODE I/III TEARING
1
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Summary Crack tip flipping, where the fracture surface alternates from side to side in 45◦ shear bands, seems to be an overlooked propagation mode in Mode I sheet tearing often disregarded as “transitional” or tied to randomness in the material. In fact, such observations
rarely make it to the literature. However, crack tip flipping is a true propagation mode, but unlike those already established: i) it never settles
in a steady-state as the near tip stress/strain field continuously change, and ii) the mechanism governing failure evolves behind the leading
crack tip. Recent research has revealed new insight into this intriguing behavior of a crack propagating by the void nucleation and growth
mechanism, and the work presented compiles both published and unpublished experimental and numerical findings. E.g. in a recent attempt
to gain control of the flipping crack a slight Mode III was imposed with interesting results.

INTRODUCTION
The fracture surface morphology that results from Mode I tearing of ductile thin sheet metals depends heavily on both the
elastic-plastic material properties and the micro-structure. Low strength/low strain hardening metals typically display severe
tunneling of the advancing crack, and favor a cup-cup (bath-tub like) propagation mode, whereas tearing of high strength
sheet metals is governed by the shear band failure mechanism (slanting). However, most fracture surfaces display a mixture of
morphologies. Slant crack propagation can be accompanied by large shear lips near the free sheet surface or a complete shear
band switch – seemingly distributed randomly on the fracture surface (Rivalin et al., 2001; Simonsen and Törnqvist, 2004;
Gruben et al., 2013). However, it has become clear that the occasionally observed shear band switch of Mode I slant cracks, in
relation to ductile thin sheet tearing, is far from random as the crack can flip systematically from one side to the other in roughly
45 degree shear bands (El-Naaman and Nielsen, 2013). The “flipping” action of a slanted crack remains to be fully understood
and the work presented serves to share details on the phenomenon – partly through unpublished experimental observations,
and partly from detailed numerical modeling. Nielsen and Gundlach (2016) recently exploited X-ray tomography scanning
to access the sheet interior and study the very tip of a slanted crack where a flip is underway. From their study it has become
clear that the crack tip flipping initiates by the formation of shear-lips near the outer surface behind the leading tip.
What sets the formation of such shear-lips remains to be fully understood. However, it is obvious that once plastic flow
localizes into a single shear band, and the crack propagates in a slanted manner, the symmetry of the system is lost. Thus, an
asymmetry in the near tip stress/strain field arises, and a slight Mode III loading develops. It is this out-of-plane action which
the authors believe to set of the crack tip flipping. So why not deliberately induce a small Mode III loading to investigate its
effect? By doing so, one might even be able to provoke a flip! The present work focuses on ductile tearing in double edge
notch tension specimens (DENTs), but with an added torque (see Fig. 1b).
EXPERIMENTAL PROCEDURE AND FINDINGS
Samples that primarily display slant crack propagation to one side only, under Mode I loading, was first created so that
any flip later on can be tied to the applied Mode III. This was achieve by cutting DENT samples from 3 mm rolled 6082-T6
aluminum sheets (the rolling direction was found to have no significance), and through repeated heat treatments develop a
material with the striven behavior (heated at 180◦ C for 16 hours from the super-saturated solid solution state and quenched).
Standard tensile testing was then performed for DENT samples, both with/without a slight torque to induce a Mode III on the
crack tip. The experimental set-up essentially mimics the out-of-plane behavior that is expected to set of the crack tip flipping.
Test results for monotonic proportionally increasing tension/torque are displayed in Fig. 1a. By applying the torque clockwise (CW) on the lower part consistent slant crack propagation to one side is obtained, as depicted on the figure, whereas it
was found that by altering the direction of the torque slanting occurs to the opposite side. What is important is that only a very
small change in the twist of the sample is needed to alter the direction of the shear localization. This has also been confirmed
in a simplified 2D plane strain Gurson type model (Gurson, 1977), along the lines of Nielsen and Hutchinson (2013), which
easily captures the shift in localization. These modeling results indicate good reason to believe that a full 3D Gurson type
model will capture the provoked flipping behavior.
Subsequently, experiments were performed by changing the direction of the introduced torque mid-way through the test,
see Fig. 1b. This particular test is carried out by: i) initially adding loading through tension (1 mm/min) and clock-wise torque
(1◦ /min), while, ii) a counter-clock-wise torque (3◦ /min) is started after crack propagation has initiated (final axial strain of
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(a)

(c)

(b)

Figure 1: Axial displacement 1 mm/min. (a) 1◦ /min CW twist, (b) 1◦ /min CW twist followed by 3◦ /min CCW twist,
(c) Mesh for numerical analysis at initial condition indicating axial displacement and clock-wise (CW) twist of lower part.
0.02). Clearly, the change in the torque (hence the change in Mode III) gives rise to a provoked flip of the crack face. In fact,
by simply observing the fracture surfaces it is hard to tell the difference between this artificially flip and a “natural” one –
leading the authors to believe that both have been triggered by the out-of-plane action.
MODELING EFFORTS
The modeling effort aims at accurately describing the full sequence of events that comes with the ductile tearing process
in thin sheet metals. Here, employing the micro-mechanics based Gurson material model that rests on void nucleation and
growth to coalescence. The computational task is by no means trivial as the Gurson model outputs a mesh dependent result,
and hence an accurate resolution of the fracture process itself requires the mesh to scale with the dominant void spacing
(e.g. 50 − 100 micron). That is, an accurate model requires on the order of 50 elements through the plate thickness (Nielsen
and Hutchinson, 2012). To approach the challenge, an in-house explicit finite element program has been developed and
is massively parallelized using the Message Parsing Interface (MPI) library. The program allows for 3D transient analysis
and takes into account finite strains/displacements with the use of 20-node iso-parametric elements using reduced Gauss
integration. Eventually, the individual elements may reach a critical level of damage after which it is removed completely by
an element erosion technique. A schematic of the model set-up in Fig. 1c.
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MATHEMATICAL DIFFICULTIES IN COHESIVE FRACTURE EVOLUTION
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Summary There has been significant success over the past fifteen years in the mathematical analysis of models for Griffith fracture evolution
(though the main questions are still open). However, for cohesive (Barenblatt) models, there are actually no existence results on models
that predict the crack path. In this talk, I will explain why cohesive fracture is much more difficult, as well as some recent progress in
overcoming these difficulties.

THE MAIN ISSUE: STABILITY OF UNILATERAL MINIMALITY
The main difficulty in showing existence for quasi-static (globally minimizing) Griffith fracture evolution was to show that
for sequences of displacements that are unilateral minimizers for the Griffith fracture energy, if they converge to some limiting
displacement, then that limiting displacement is also a unilateral minimizer. Showing the corresponding result for cohesive
fracture has been the main sticking point in proving analogous existence results in that setting. In fact, this result turns out
to be false. I will explain exactly (and simply) what the essential difference is between Griffith and cohesive. I will also give
an explicit example of a sequence of unilateral minimizers that converges to a displacement that is not a unilateral minimizer.
However, there is a weaker version of unilateral minimality that holds for these limits, and the proof will be outlined. Finally,
I will also explain why there is still hope for existence for quasi-static cohesive fracture evolution.
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A PHASE-FIELD MODEL FOR FLUID DRIVEN CRACKS IN POROUS MEDIA
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Summary Over the last two decades, the phase-field approach to fracture has been shown to be a useful tool for modeling complex crack
evolution. This work demonstrates how phase-field methods can be applied to the problem of hydraulic fracture. The application of
hydraulic fracturing involves the injection of fluid into a perforated wellbore with the intention of fracturing the surrounding reservoir and
stimulating its overall production. This process involves the coupling of fluid flow with material failure. A continuum framework for fluid
flow through a damaging porous medium able to represent the processes and interactions that occur during hydraulic fracturing will be
presented. Several benchmark solutions will be discussed to verify the expected behavior and accuracy of the method and a few interesting
problems will be presented in order to demonstrate the ability of the method to respond to various complexities.

ITRODUCTION
The propagation of fractures by hydraulically pressurized fluids is prevalent in many engineering applications, most of
which reside in the field of geology. The most notable of these is the stimulation of oil and gas wells. The advent of massive
hydraulic fracturing and horizontal drilling in recent decades has made the extraction of oil and gas from unconventional
reservoirs, particularly shale, economically viable. Conventional modeling approaches to hydraulically fractured systems assume symmetric, planar, bi-wing crack geometries. Analytical 2D models were developed in the 1960s that made simplifying
assumptions based on fracture height. Later, planar three-dimensional and pseudo-three-dimensional computational models
were developed that incorporate anisotropic fracture properties of rock layers to predict more complex fracture height, length,
and width growth and several commercial production codes in use today are based on these ideas. More recently, additional
works, most notably by Detournay and co-workers, have carefully investigated the crack tip behavior and propagation regimes
of hydraulic fractures for the KGD and penny-shaped fracture geometries. These asymptotic analyses provide valuable insights into some of the fundamental behaviors of fluid driven fractures[1].
Recently, however, research efforts have largely shifted towards the modeling of more complex fracture geometries. In
particular, induced hydraulic fractures interact with pre-existing natural fractures and other anisotropies and inhomogeneities
in the rock. Additionally, the implementation of horizontal drilling and the propagation of several fractures, either in sequence
or simultaneously from a single well bore have added more complexity to the evolution and shapes of hydraulic fractures.
Non-planar propagation can have numerous adverse effects on the desired outcomes of the fracture operation. Due to the
low permeability of unconventional reservoirs, a proper understanding of fracture evolution is paramount in evaluating and
ensuring the desired production of the well.
THE PHASE-FIELD APPROACH TO HYDRAULIC FRACTURE
A number of different methods have been developed and used to predict complex fracture propagation. Two of the more
prevalent approaches are boundary element methods and the extended finite element method. One commonality of several
of these works is that cracks are treated as discrete lines or planes which requires growth laws for crack propagation and
potentially extra constitutive rules for other topology changes like crack branching or intersection. In order to address, and in
fact avoid, some of the difficulties that can arise in the development constitutive rules for crack growth, this work enhances
the phase-field or variational approach to fracture[2-3] by coupling the physics of flow through porous media and cracks with
the mechanics of fracture. Instead of treating the cracks as a sharp discontinuity in the displacement field, as is done in the
boundary element methods or in XFEM, the phase-field approach treats the crack as a diffuse zone of damage wherein the
crack faces and crack tips are not explicitly tracked or identified. The method has been shown to recover Griffiths theory for
brittle fracture. The modeling challenge addressed in this work is on how to allow for the flow of fluid and the pressure of said
fluid within the diffuse representation for the cracks.
We have developed a continuum thermodynamics framework for fluid flow through a damaging porous medium that is
able to represent the processes and interactions that occur during hydraulic fracturing. In the absence of phase-field fracture,
the model reduces to the classic mixture theory developed by Coussy[4]. The model presented is capable of simulating both
Stokesian flow through cracks and Darcy flow through the porous medium. The flow is coupled to the deformation of the bulk
solid medium and the evolution of cracks within the material. Additionally, a finite deformation framework is utilized in order
to capture the opening of the fractures, which can have substantial effects on the pressure profile within the material. A fully
coupled non-linear finite element formulation is developed that utilizes the displacements of the bulk, the fluid pressure and
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Figure 1: Comparisons between the phase-field model presented and the analytical solutions developed by Detournay et al.
of the time-dependent crack growth and injection pressure variations for a plane strain center crack in an isotropic, linearly
elastic, impermeable material. The phase-field simulation was conducted with an initial center crack of half-length 5`0 . The
left plot has material constants and injection rate such that the crack propagates in the toughness dominated regime. The right
plot has material constants and injection rate within the viscosity dominated regime. The crack lengths shown are normalized
by the phase-field length scale parameter `0 and the pressure is normalized by the characteristic
stress, which is related to the
p
fracture surface energy, the length scale parameter, and the elastic modulus as σ0 = Gc E/`0 .
velocity relative to the bulk, and the phase-field order parameter as nodal degrees of freedom. Several benchmark solutions
will be presented to verify the expected behavior and accuracy of the method. The most encapsulating study, shown in
Figure 1, compares the model to analytical results for the plane strain KGD fracture geometry of an impermeable medium.
This problem illustrates the two major dissipative mechanisms involved in the hydraulic fracture problem. The first is the
growth of cracks and the creation of new surfaces. This is typically referred to as the large toughness regime of propagation
and is characterized by small injection rates, small viscosities, and short cracks. The pressure profile along the length of
the crack is nearly uniform and cracks propagate according to the linear elastic fracture mechanics solution for a uniformly
pressurized center crack. The second mechanism of dissipation is the viscous flow of the fluid in the crack. This regime,
referred to as the viscosity dominated regime, is characterized by high injection rates, highly viscous fluid, and long cracks.
Figure 1 demonstrates that the model compares favorably with the time-dependent analytical results for the two dominant
propagation regimes. It is worthwhile to mention that this result, particularly for the viscosity dominated regime, would
not be possible without accurately modeling the flow profile within the crack and its proper dependence on crack opening
displacement. Additionally, a few interesting problems have been investigated that demonstrate the ability of the method to
respond to various complexities like multiple cracks interacting with one another.
CONCLUSIONS
The phase-field or variational approach to fracture can be utilized to accurately represent the processes and interactions
that occur during hydraulic fracture. Due to the generality and simplicity of the approach, the model has the potential to
provide insight into how hydraulic fractures behave in complex three-dimensional settings.
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Summary We discuss peridynamic formulations for dynamic brittle fracture problems and fatigue facture. In particular, we focus on dynamic

fracture in Functionally Graded Materials (FGMs) where we show how the crack path is influenced by the dynamic loading conditions. Results
compare well with those from experimental tests found in the literature. For fatigue cracking, we validate the peridynamic formulation for a
modified compact tension test which leads to curved crack paths that sink in a hole or avoid it depending on the location of where the hole is
placed. The model is then applied to simulate fatigue crack growth in a two-phase composite with multiple crack initiation points and cracks
that interact in complex ways. We emphasize the role nonlocality plays in the peridynamic modelling of damage evolution.

DYNAMIC BRITTLE FRACTURE IN FUNCTIONALLY GRADED MATERIALS
Elastic deformations in Functionally Graded Materials (FGMs) have been studied in the past using homogenization
methods. The success of such methods for modelling fracture is not guaranteed, because fracture is inherently a nonlinear
phenomenon while homogenization methods are usually based on arguments of linearity. In [1] we have shown that a
locally-homogenized peridynamic model for FGMs in which the inclusions are spherical and small relative to the sample
size, is able to correctly predict fine details of the dynamic fracture behaviour reported in the experiment reported in [2,3].
The bond-based peridynamic formulation introduced is based on computing the bond properties by averaging the elastic
modulus and the fracture energy at the two end-points of the bond. The density is a nodal quantity and does not require any
changes. The model is valid as long as the nonlocal region size used (the peridynamic horizon) is small relative to how fast
the effective properties change in the FGM. We study the dynamic fracture behaviour by using a test with asymmetric
dynamic loading described by the experiments in [2,3]. The functionally graded plate has a monotonically varying volume
fraction of reinforcement and the mixed-mode loading is imparted by eccentric impact relative to a pre-crack. We study the
influence of material gradients, elastic waves, and of contact time and magnitude of impact loading on the fracture
behaviour in terms of crack path geometry and crack propagation speed. The peridynamic simulations agree very well,
through full failure, with the experiments in [2,3]. While the experiments in [2,3] provide only partial information of the
conditions in which the experiments were conducted, our investigation allows us to determine some of these conditions by
conducting a number of loading scenarios and observing the crack paths and their crack propagation speed. For a certain
loading contact time, these computational outputs match extremely well those presented in the experiments (see Fig. 1). We
discuss advantages offered by the peridynamic model in dynamic fracture of FGMs compared with, for example, FEMbased models.

Figure 1. Damage maps (left column) show crack paths for different variations of material gradation (bottom row is for
homogeneous sample) (from [1]) and corresponding experimental results (right column), reproduced from [2].

a)
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PERIDYNAMIC MODEL FOR FATIGUE CRACKING
While most applications of peridynamics have been to dynamic brittle fracture problems, the model holds promise in fatigue
cracking as well, especially for difficult cases in which the crack paths are complex, or the microstructure leads to a
multitude of crack initiation points and subsequent coalescence of cracks. We extend the peridynamic fatigue model
introduced in [4] by introducing a set of two critical damage parameters that improve computational efficiency and maintain
stability in the numerical solution process. The range for these parameters is determined via convergence studies of fatigue
crack growth for a standard compact tension (CT) test. We then test the peridynamic fatigue crack model for curved fatigue
crack growth by using some modified CT tests that have been employed in the literature (see [5]). In these modified CT
tests, the location of a hole determines whether the fatigue crack sinks into it or by-passes it. The peridynamic model
replicates the sensitivity of the experimental tests to the location of the extra hole in the sample (see [6]). We further
formulate a peridynamic fatigue crack growth for a two-phase composite in which several crack initiation points exist due to
the material heterogeneity. The peridynamic approach, because it does not require tracking of cracks and does not need to
distinguish between localized crack and diffuse damage, is able to resolve the evolution of damage and cracks in such
material systems (see Fig. 2) without an increase in algorithmic or computational complexity compared with the case of a
single crack in a homogeneous material.

Figure 2. Damage maps showing the evolution of fatigue cracks in a two-phase composite with a microstructure shown to
the left (reproduced from [6]).

CONCLUSIONS
The peridynamic approach to modelling of damage and fracture evolution under dynamic or fatigue-type conditions offers
significant benefits compared to classical approaches. There is no conceptual difference in the peridynamic treatment of a single
crack, or of a combination between a multitude of cracks and diffusive damage.
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Summary In the frame of nuclear safety research program of the french ‘Institut de Radioprotection et de Sûreté Nucléaire’ (IRSN), a
micromechanical approach is developed to predict the fracture of concrete containment structures in nuclear power plants. A problem in
studying crack propagation within these structures is the computational cost related to spatial discretization of each relevant scale. A way
to reduce the computational cost without any significant loss of accuracy is to perform local adaptive refinement. The refinement method
presented in this paper is called CHARMS, and is based on the splitting of elements in a region of interest of an existing mesh. This
refinement method is applied to the recent ‘Eigen-Erosion’ method allowing crack propagation based on a killing element-type method with
respect to the Griffith’s criterion.

Adaptive mesh refinement devoted to crack propagation problems rely on an adjustment of the spatial resolution in the
region of interest of the discretized domain in order to achieve higher accuracy. Two main issues arise from such a spatial
refinement: increase of the computational cost and possible decrease of the shape quality of some elements located in the
coarse-to-fine transition region. A solution consists in adjusting the density of the mesh by performing local refinement (resp.
unrefinement) of an existing mesh. In this work, the CHARMS method (Conforming Hierarchical Adaptive Refinement
MethodS [1]) is investigated to perform such a refinement and coupled to the recent ‘Eigen-Erosion’ method proposed by
Pandolfi and al. [2] to simulate crack propagation.
The refinement method (CHARMS) is based on the refinement (resp. unrefinement) of the basis functions rather than the
refinement of the finite elements and thus allows non conformities. These non conformities are geometrical and not linked
to spatial discretization: the approximation spaces remain H1 -conform. The fundamental property of this method is, given
that the approximation spaces are nested, XJ ⊂ XJ+1 with J ≥ 0, any basis function in the approximation space basis Bj ,
j ∈[[1, J ]], can be written as a linear combination of finer basis functions in Bj+1 (see Figure 1). These linear combinations
define child-parent relationships between basis functions of two consecutive refinement levels.
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Figure 1: Example of refinement equations for a linear Q1 element, ϕ represents the basis functions of refinement level [0]
and [1].
The ‘Eigen-Erosion’ method is based on energetics criteria and enables to simulate crack propagation using an accurate
killing-element technic. This method relies on a variational approach of fracture mechanics and offers two main advantages:
a low computational cost and a mesh independent crack path [3].
The CHARMS method and the ‘Eigen-Erosion’ method have been implemented in the software Xper [4] and enable to
simulate the crack propagation in refined regions. The test case presented in Figure 2 has been performed by using a simple
geometrical criteron to refine the region of interest. Other refinement criteria may be used.
Figure 4(a) shows that the cracks obtained with a fine uniform mesh (blue crack) and with a refined mesh (red crack) are
similar, and both cracks are comparable to the one obtained by the experiment in Figure 4(b). The difference between the two
simulations is the computational cost.
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Figure 2: Example of a three holes bending beam proposed by [5] and using a geometrical criterion for refinement. The red
rectangle is the region selected for refinement and where the crack will propagate and the black one shows the transition region
for each meshes in Figure 3.

(a)

(b)

Figure 3: Transition regions for (a) the fine uniform mesh and (b) the refined mesh where we can see the geometrical nonconformities.

(a)

(b)

Figure 4: Cracks obtained by (a) the simulation and (b) the experiment in [5]. In (a), the blue crack is obtained with a fine
uniform mesh in 14H (1 087 710 cells) and the red one with a refined mesh in 1H (195 976cells). The element size of the fine
uniform mesh is the same than the one of the refined region.
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[1] Krysl P., Grinspun E., Schröder P.: Natural hierarchical refinement for finite element methods. International Journal for Numerical Methods in Engineering, 56, pp. 1109-1124, 2003.
[2] Pandolfi A., Ortiz M.: An eigenerosion approach to brittle fracture. International Journal for Numerical Methods in Engineering, 92, pp. 694-714, 2012.
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Abstract The work presented here explores the fracture mechanics of very thin films and 2D materials when transferred from one substrate to

another by dry transfer. Finite element simulations in ABAQUS as well as beam theory models are developed to study the role of material
properties and traction separation relations in determining the interface of crack propagation. For mode-independent transfer of 2D materials,
the results indicate that interface selection is strength driven. We explore the effect of shear to understand the shift from strength driven to
fracture energy driven fracture under mixed-mode conditions. In the case of thin films (thinner than the substrates), simulations indicate a shift
from fracture energy driven behavior to interface strength driven mechanics based on initial crack lengths, elastic modulus of the thin film as
well as its thickness.

INTRODUCTION
Transfer printing is a fabrication technique for microelectronics and other applications where a patterned or printable
layer is transferred from a host substrate to a target device substrate by taking advantage of the difference in adhesion of the
thin layer to the two substrates. This technique has been studied for the case of few microns thick layers [1] and has also
been demonstrated to work for transferring 2D materials like graphene [2]. Transfer printing has the potential to enable low
cost manufacturing of flexible electronics and understanding the mechanics of this process is critical to improve the
manufacturing methods.
Tucker, Hines and Li [1] performed ABAQUS simulations to study the effect of interface crack lengths and device
substrate’s elastic modulus on competing fracture in thin films. They identified the regions of successful and unsuccessful
transfer based on these parameters. Kim-Lee et. al [3] also analysed the effect of thin film geometry on transfer and
compared their simulation results with experimental data. Fracture toughness, energy release rates, crack lengths and device
substrate’s elastic modulus were the parameters discussed in these works. We have extended their analysis to include
cohesive zone modelling for selective delamination, and we look at the effect of elastic modulus of the thin film as well as
traction-separation relation parameters (interaction strength and range) in addition to crack lengths. We have also developed
models for 2D material transfer to understand the underlying mechanics of dry transfer of graphene which are different from
micron-thin film separation.
METHOD
Cohesive zone models are used to describe interface interactions in finite element simulations and beam theory models.
The finite element model schematics for thin film separation and graphene transfer are shown in Fig. 1. We use cohesive
elements for the two interfaces (polymer-thin film and thin film-copper) between the layers. Since 2D materials are one
atom thick, we do not have an intermediate layer for the case of graphene transfer in Fig 1b. Beam theory models are
developed for both systems by considering the interactions as distributed stresses along the polymer layer similar to the
approach developed in [1] and [4].
a)

b)

Δ
Fig. 1 a) Model schematic for thin film transfer from a copper foil to a polymer. The thin film is the dark layer in the
middle. The layers immediately above and below represent the cohesive zones, which are much thinner than any of the
layers but enlarged here. b) Model schematic for graphene transfer. The graphene is an infinitesimally thin layer
sandwiched between the two cohesive zones.
Thin Film Transfer
We varied the film-copper crack length while keeping polymer-film interface crack fixed at 1mm. Both polymer and
copper are displaced at the end by Δ=0.3 mm. A bi-linear traction separation relation (TSR) reported by Na, et al.[5] is used
for the interaction between the film and copper and the TSR for the polymer-film interface is varied to understand modea)
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independent fracture. In the simulations, Young’s modulus and Poisson’s ratio of the polymer are EP = 2.5 GPa and υP =
0.34, respectively, and those of the copper layer are EP = 110 GPa and υP = 0.32, respectively. For the thin film with varying
Young’s modulus, ET = 2.5 GPa, 110 GPa and υT = 0.2. Finite element simulations in ABAQUS are performed under plane
strain to study the effect of varying crack lengths, thin film modulus and TSR parameters. All materials are considered
isotropic.
Graphene Transfer
Plane strain ABAQUS simulations are performed with model geometry as shown in Fig. 1b. Mixed-mode transfer is
simulated to understand the effect of relative interface TSR parameters on the success of graphene transfer. It has been
observed for mode-independent transfer that success of graphene transfer depends only on the relative strengths of the
interfaces (Fig. 2a). We will study the effect of mixed-mode transfer mechanics on success of graphene transfer in
ABAQUS as well as develop a beam theory model for the same.
PRELIMINARY RESULTS
For a fixed TSR of both interfaces where subscript t is used for top interface and subscript b is used for bottom interface,
fracture energy (Γ) ratio is Γt/Γb = 0.67 and interface strength (σ) ratio is σ t/σb = 2. Even though the fracture energy ratio
favors crack propagation along the top interface, some of the simulations show fracture along the bottom interface
suggesting strength driven fracture in certain cases. The effect of variation in notch length Lb (for fixed Lt = 1 mm), thin
film thickness (h) and thin film elastic modulus ET on fracture has been studied.
For a thin film thickness h = 10 μm and E T=2.5GPa, simulations show fracture along the top interface for Lb/Lt < 1 and
fracture at the bottom interface for Lb/Lt ≥ 1. This indicates a transition between fracture energy driven and strength driven
mechanics at Lb/Lt = 1. As the thickness of the thin film increases, this transition point shifts to higher values of L b/Lt. A
fracture map summarizing these observations is shown in Fig. 2b.
a)

b)

Fig. 2 a) Fracture map for graphene transfer where σP is the interface strength of polymer-graphene interface and σC is the
interface strength of copper-graphene interface. b) Fracture map for thin film transfer for ET=2.5 GPa, Γt/Γb = 0.67 and σt/σb
= 2. There is a clear linear separation between strength driven and fracture driven fracture.
Simulations for variation in thin film elastic modulus indicate that there is a critical elastic modulus above which
competing fracture is always fracture energy driven. For ET = 110 GPa, cracks always propagated along the top interface.
We will run more simulations to find the critical elastic modulus at which the transitioning behaviour occurs.
CONCLUSIONS
Thin film transfer simulations indicate that for a 2D material like graphene, interface fracture is predominantly governed by
interface strength and not fracture energy. Mixed-mode transfer could introduce some deviations from this behaviour and results
will be presented. However, for thin films with thickness of the order of microns, there is a clear shift from strength driven
fracture to fracture energy driven crack propagation based on film thickness, film elastic modulus as well as initial crack lengths.
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Summary The universal meshes is an efficient way to handle problems with evolving domains or discontinuities by only perturbing a
fraction of vertices of a fixed background (universal) mesh at every time step. In particular, it was adapted to problems with a simple
propagating crack in an earlier contribution. In this work, we have generalized the formulation to the case of a branched crack with one or
multiple triple junctions. This generalization will be useful for simulating dynamic crack propagation such as that generated by an impact.

INTRODUCTION
One of the challenges to simulate crack evolution with the finite element method is the need for a conforming mesh to the
evolving geometry, since the brute-force way of generating a new mesh for each crack propagation step is costly. The universal
meshes method was proposed by Rangarajan and Lew [1] for a closed domain and then adapted to crack problems with a simple
crack by Rangarajan et al. [2] This method avoids both the costly step of mesh re-generation and the cumbersome evaluation
of enrichments in enrichment techniques such as the extended finite element method. In this contribution, we extended the
method in [2] to the case of a crack with one or multiple triple junctions.
THE PROCEDURE
The case of one junction This section devotes to introducing the main idea of the algorithm for the case in which the crack
has exactly one junction, such as the example shown in Figure 1a. The algorithm includes three steps:
1. Move nodes to coincide with the junction and tips. For the junction and both crack tips, we find the nearest node (in
case of multiple nodes, we pick any one) and move it to coincide with the junction (crack tip). To maintain the quality
of the mesh, we also move the nodes within a certain radius (2h in our example, where h denotes the mesh size), see
Figure 1.

(a)

(b)

Figure 1: (a) The original mesh (fixed for each stage of crack propagation). (b) The mesh after step 1.
2. Determine a specific set of nodes to be projected to their respective closest points on the crack. This step has two
sub-steps: (a) Determine, among the neighboring nodes of the junction node, which three should be moved to the crack
(each to each branch). The principle is to minimize the angles of rotation of the relevant edges resulting from such
movement, see Figure 2a. (b) Determine more nodes to be projected for each branch, until the crack tip. The main idea
is to, for each branch, first choose nodes only on one side, so that they form a series of edges topologically equivalent to
the branch of interest. Then we adjust some of the chosen nodes to reduce element distortion, according to the criterion
and procedure given in Rangarajan and Lew [3]. Finally we will ensure no triangle whose all nodes are chosen. The
finally chosen nodes are shown in Figure 2b.
3. Project nodes onto the branched crack and relax the neighboring nodes. We project the nodes onto their closest point in
the crack and simultaneously relax the neighboring nodes to get the final mesh, see Figure 2c.
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(a)

(b)

(c)

Figure 2: (a) The neighboring nodes of the junction marked with circles and the chosen nodes marked with stars to be projected
to the three crack branches. (b) All nodes to be projected to their closest points on the crack marked with circles. (c) The final
mesh after projecting the chosen nodes and relaxing their neighboring nodes.
The case of multiple junctions The method can be generalized to the case of multiple triple junctions. An example is
shown in Figure 3.

(a)

(b)

Figure 3: Example with multiple triple junctions: (a) The crack and the original mesh (fixed for each stage of crack propagation). (b) The final mesh.

CONCLUSIONS
A method to obtain a conforming mesh from an evolving crack with triple junctions is developed. This method can be
used to simulate problems such as dynamic crack propagation under impact.
ACKNOWLEDGMENT
This work is supported by the Natural Science Foundation of China grant #11402146 and the Young Thousand Talent
Program of China.
References
[1] Rangarajan R., Lew A.J.: Universal meshes: A method for triangulating planar curved domains immersed in nonconforming meshes. Int. J. Numer.
Meth. Engng 98(4):236–264, 2014.
[2] Rangarajan R., Chiaramonte M.M., Hunsweck M.J., Shen Y., Lew A.J.: Simulating curvilinear crack propagation in two dimensions with universal
meshes. Int. J. Numer. Meth. Engng 102(3–4):632–670, 2015.
[3] Rangarajan R., Lew A.J.: Parameterization of planar curves immersed in triangulations with application to finite elements. Int. J. Numer. Meth. Engng
88(6):556–585, 2011.

2039

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

CRACK GROWTH AT NONUNIFORM SPEED
BENEATH THE BOUNDARY OF A HALF-PLANE
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Summary A semi-infinite crack propagates at sub-Rayleigh piece-wise constant speed in a homogeneous isotropic half-plane in the direction
parallel to the half-plane boundary. Freund’s approximate algorithm for the problem on a semi-infinite crack propagating in the whole plane
is generalized for the half-plane case. The implementation of the method requires successive solution of two coupled Volterra convolution
equations admitting a closed-form solution. The kernels of the system are the four weight functions of the transient problem on a semiinfinite crack propagating at constant speed parallel to the boundary and subjected to certain loading. By the Fourier and Laplace transforms
the model problem reduces to an order-2 vector Riemann-Hilbert problem. A method of partial factorization and convolution integral
equations for its numerical solution is proposed. The dynamic Griffith criterion for the determination of the piece-wise speed is applied.

PIECE-WISE CONSTANT SPEED
The elastic medium Π = {|x1 | < ∞, −∞ < x2 < δ} through which the crack propagates comprises an infinite strip
{|x1 | < ∞, 0 < x2 < δ} and a half-plane {|x1 | < ∞, −∞ < x2 < 0} bonded together. The bonding is not perfect, and it
is assumed that along the interface there is a semi-infinite crack. The faces of the crack are subjected to plane strain loading,
while the boundary of the body Π, {|x1 | < ∞, x2 = δ}, is free of traction. The Lamé constants λ and µ and the density ρ
of the strip and the half-plane are assumed to be the same. Under the action of the loads applied at time t = 0 the crack starts
moving, and its position at time t is described by l(t), a continuously differentiable, nondecreasing function such that speed of
propagation is less than the Rayleigh speed, V (t) = l0 (t) < cR . The presence of the weak interface encourages the crack to
propagate parallel to the boundary {|x1 | < ∞, x2 = δ} rather than deviate towards it (Fig.1). The ultimate goal of this study
is to analyze propagation of a semi-infinite crack in a half-plane at nonuniform speed in the direction parallel to the boundary,
determine the propagation speed and study the boundary effects. The steady-state model problem for a semi-infinite crack
propagating at constant speed beneath the half-plane boundary was solved by the authors earlier [1].
Following the Freund scheme [2] developed for nonuniform growth of a semi-infinite crack in a whole plane we approximate the curve l(t) by a polygonal line with the vertices (tk , lk ), lk = l(tk ), t0 = 0, l0 = 0, and denote Vk =
(lk+1 − lk )/(tk+1 − tk ) the corresponding constant speed during the time tk < t < tk+1 . Initially, as 0 < t < t1 , the crack
0
0
extends at speed V0 = const by negating stresses σ12
(x1 , 0) and σ22
(x1 , 0) for x1 > 0. They are determined from the solution
of the static problem, P−1 , on a semi-infinite crack parallel to the boundary of a half-plane. This problem provides the starting
point for a complete description of the nonuniform motion of the crack. A method of matrix Wiener-Hopf factorization for
a homogenous static problem was presented in [3]. On employing their method it is possible to derive the exact solution of
the inhomogeneous static problem for general loading and determine the stresses everywhere in the body including the line
x2 = 0 ahead of the crack. It is accepted that the solution to Problem P−1 is already available.
The next step of the procedure is solving the problem on a moving crack that suddenly stops at time t = t1 at the point
1
1
x1 = l1 , x2 = 0. Some stresses, σ̃12
(x1 , 0) and σ̃22
(x1 , 0), are radiated out along the line x2 = 0, x1 > l1 . These stresses
are unknown a priori and must be determined. To continue its motion, the crack negates these unknown stresses and results
in vanishing the SIFs when x1 = V0 t > l1 ,
KI (t; V0 ) = 0,

KII (t; V0 ) = 0,

V0 t > l1 ,

(1)

and a necessity of solving a transient problem, P0 , arises. For this problem V ≡ V0 = const and the boundary conditions on
the faces of the crack read
0
1
σj2 = −σj2
(x1 , 0)χ(0,l1 ) (x1 ) + σ̃j2
(x1 , 0)χ(l1 ,V0 t) (x1 ),

−∞ < x1 < V0 t,

x2 = 0± ,

1
where χ(a,b) (x) = 1 if x ∈ (a, b) and vanishes otherwise; σ̃j2
(x1 , 0) are be recovered from equations (1) as follows. On
solving and analyzing the solution of the transient model P0 it is possible to prove the remarkable property of the transient
weight functions for a semi-infinite crack propagating beneath the half-plane boundary at constant speed V , Wi,j (x0 , t; V ) =
Wi,j (0, t − x0 /V ; V ), i, j = I, II, and eventually represent the SIFs in the form

KI (t; V0 ) = −K 0 (t; V0 ) +

Z

V0 t
1
1
[WI,I (0, t − x1 /V0 ; V0 )σ̃22
(x1 , 0) + WI,II (0, t − x1 /V0 ; V0 )σ̃12
(x1 , 0)]dx1 ,

l1
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Figure 1: A semi-infinite crack propagating parallel to the boundary and the functions wi,j (0, t) = 12 πV tWi,j (0, t) (i, j =
I, II) versus time t when ν = 0.3, δ = 1 m, V = 0.5cR m/s, cl = 1 m/s (cs ≈ 0.5345 m/s, cR ≈ 0.4957 m/s).
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where K (t; V0 ) and K (t; V0 ) are known functions. These relations, when substituted into the conditions (1), yield a system
of two Volterra convolution equations solvable by the Laplace transform in closed form.
1
In addition to nullifying the stresses σ̃j2
(x1 , 0), j = 1, 2, the solution for a suddenly stopped crack has to generate zero
displacement jumps through the line x2 = 0 on the segment l1 < x1 < V0 t. In contrast to the whole plane problem, when this
is possible to verify analytically for the sub-Rayleigh speeds [2] and for the transonic regime [4], in the case of a half-plane,
it is not visible how it can be done without deploying computer based computations. That is why this condition needs to be
tested numerically when the algorithm is applied. Following the pattern established above, this procedure can be continued
further up to any period of time (tk , tk+1 ). It gives an approximate solution of the problem on motion of a semi-infinite crack
beneath the boundary at piecewise constant speed V = Vi , t ∈ (ti , ti + 1), i = 0, 1, . . . , k, that approximates the original
smooth function V (t). The solution of this model problem, P , is obtained by summing up the solutions of all Problems Pi
(i = −1, 0, 1, . . . , k). As for the speeds Vi themselves, they are determined by applying the dynamic Griffith criterion and
solving a certain transcendental equation associated with each step of the algorithm.
CONSTANT SPEED: THE WEIGHT FUNCTIONS FOR THE TRANSIENT PROBLEM
The procedure for nonuniform growth of a semi-infinite crack parallel to the boundary of a half-plane requires the knowledge of the weight functions associated with the transient problem for the crack propagating at constant speed V when the
upper boundary {|x1 | < ∞, x2 = δ} of the half-plane is free of traction, and the crack faces are subjected to general timeindependent loading. By the Laplace and Fourier transforms with respect to t and x = x1 − V t, respectively, the model
problem reduces to a vector Riemann-Hilbert problem on the real axis not solvable in closed form by the methods available in
the literature. We propose a new approximate method based on splitting of the matrix coefficient into a discontinuous diagonal
matrix and a continuous matrix, factorization of the discontinuous part and rewriting the vector Riemann-Hilbert problem as a
system of two convolution equations on the segment −∞ < x < 0. We derive the Laplace transforms of the weight functions
needed for the problem on nonuniform crack growth in terms of the solution of the convolution equations at the point x = 0.
The Laplace transform is inverted numerically. We have obtained numerical results for the SIFs when concentrated loads
are applied to the crack faces (at time t = 0 at the crack tip). This model problem generates four weight functions Wi,j ,
i, j = I, II. It is discovered that during a certain initial period of time, 0 < t < 2tl , before the longitudinal wave reflected
from the boundary strikes the crack, the off-diagonal weight functions Wi,j , i 6= j, approximately equal zero, and the diagonal
functions do not change their values (Fig.1). When the first longitudinal wave reflected from the half-plane boundary reaches
the crack surface moving at speed V (t) < cR , the boundary substantially affects the weight functions.
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Summary. Under plane stress loading conditions, the stress concentration factor determined from a finite element analysis of a plate with a

slot having rounded ends in the shape of a Riabouchinsky roulette is compared to an analytical expression for the stress concentration factor
obtained by a complex variable method. Good agreement is obtained between the two analyses for uniaxial tensile loads applied at infinity in
a direction perpendicular to the longitudinal slot axis. When the maximum stress of this particular slot solution is further compared to two
analogous hole problems, the elliptical and ovaloid holes, the new stress concentration factor is shown to be lower for identical aspect ratios of
principal axes. This would indicate that when stress is critical in a component requiring a slot, this special shape may prove useful.

INTRODUCTON
The linear elastic solution for a crack in a plate [1] subject to a remote uniaxial tension was originally obtained as a limiting
case of an elliptical hole problem [2] where the eccentricity of the ellipse approaches one. Similarly, rounded crack tip
problems often rely on the same elliptical geometry or some slight perturbation of it such as a parabola (M. Creager, P.C. Paris in
[3]) for analytical solutions near the crack tip. Naturally, the machining of an infinitesimally thin line crack in a plate is
impossible physically and experimentalists must consequently rely on some variation of a slotted plate as an initial geometry for
their test specimens. However, in terms of mathematical analyses, the differences between a linear elastic solution for an
elliptical hole and a corresponding solution for a rounded slot may be quite large. Nevertheless, finding an exact mathematical
solution of a true slot problem having flat and parallel surfaces with rounded ends has proven elusive. This difficulty arises in
part because the most powerful solution scheme for plane elasticity problems, the Kolosov-Muskhelishvili [4] method, is
restricted to use of conformal mapping functions that are rational functions of the complex variable. Further, most functions
that will map a slotted plane geometry onto a circle to facilitate solution are transcendental functions, most notably, elliptic
integrals. These integrals will typically appear whenever the Schwarz-Christoffel transformation is used in mapping a straightedge boundary onto a circle.
The shape of the slot geometry shown in the insert in Figure 1 was originally derived in a fluid flow context by D.
Riabouchinsky, see [5], in regard to free streamlines around two flat plates perpendicular to a uniform flow at infinity. In
[6] it was recognized that the free streamline problem in hydrodynamics is analogous to the linear elastic-perfectly plastic
antiplane slot problem provided the plastic zone is confined to the curved portions of the slot, whose boundary is entirely
traction-free, and where the remote load is applied in the direction of the uniform flow. However, the antiplane problem
involves solution of Laplace’s equation; whereas, the plane problems in elasticity theory require solution of the higher-order
biharmonic equation [7], which places severe restrictions on the mapping function in order to guarantee solution.

Figure 1.
a)

Comparison of Stress Concentration Factors for Various Openings in Plate.
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An alternative representation of the mapping function presented in [6] is given by
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This particular function maps the Riabouchinsky oval onto the interior of a circle. Upon the introduction of polar
coordinates,    exp i , the boundary of the slot maps onto the circular boundary,   1.
Using residue theory, an integral (79.7) of [8] is evaluated to determine the complex potential  ( ) of [4, 8]. Because
the mapping function (1) is not a rational function of  singularities are discovered in the solution. However, it is still
possible to glean useful information away from these singularities to determine an approximate solution for the stress
concentration factor K t , which corresponds to the locations of  max in the insert of Figure 1. The stress concentration factor
 max /   for the Riabouchinsky oval is found in this manner to be
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where the aspect ratio AR and various parameters related to the modulus of the elliptic integrals [9] employed in (1) are
given by
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Note that an additional relationship for the stress concentration factor that corresponds to  is also plotted in Figure 1
min

for the Riabouchinsky oval. This particular result agrees well with the corresponding stress concentration factor for the
elliptical hole, which is plotted and is exactly -1 for all aspect ratios. Data points obtained from finite element solutions of
the Riabouchinsky slotted plate using the software Ansys® 14.5 are also shown for various aspect ratios with circular
markers.
To further test the validity of (2) this relationship is compared with the analysis of [10] for the ovaloid. The ovaloid is
defined here as a slotted hole with semi-circular ends. Bowie and Freese performed a detailed hybrid of analytical and
numerical analyses to obtain solutions for the ovaloid. A curve fitting their data points by the present author using a
simple parabolic relationship is also displayed. One finds that a design based on the Riabouchinsky oval would be
conservative relative to the ovaloid as the stress concentration factor is always lower. This is anticipated as the ovaloid has a
smaller radius of curvature than does the Riabouchinsky at the location of maximum stress, while having parallel faces
similar to those of the Riabouchinsky oval.
CONCLUSION
The analytical expressions derived in this work (2)-(3) may serve as a useful guide for determining maximum stresses in
slotted plates subject to remote tensile tractions.
References
[1] Griffith, A.A.: The Phenomena of Rupture and Flow in Solids, Trans. R. Soc. London, 221A,163-197, 1920.
[2] Inglis, C.E.: Stresses in a Plate Due to the Presence of Cracks and Sharp Corners, Trans. Inst. Naval Architects, 55, 219-241, 1913.
[3] Tada, H., Paris, P.C., Irwin, G.R.: The Stress Analysis of Cracks Handbook, 3 rd edn, 8-10, ASME Press, New York, 2000.
[4] Muskhelishvili, N.I.: Some Basic Problems of the Mathematical Theory of Elasticity, Kluwer, Dordrecht, 1977.
[5] Milne-Thomson, L.M.: Theoretical Hydrodynamics, 5th edn., 322-324, Dover, Mineola, NY, 1996.
[6] Unger, D.J.: Linear Elastic Solutions for Slotted Plates. J. Elast. 108: 67-82, 2012.
[7] Unger, D.J.: Analytical Fracture Mechanics, Dover, Mineola, NY, 2011.
[8] Sokolnikoff, I.S.: Mathematical Theory of Elasticity, 2nd edn., p. 293, McGraw-Hill, New York, 1956.
[9] Ambramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables, NBS, Series 55, U.S.
Government Printing Office, Washington, DC, 1964.
[10] Bowie, O.L., Freese, C.E.: Analysis of Notches Using Conformal Mapping, Mechanics of Fracture 5, Stress Analysis of Notch Problems, ed. Sih,
G.C., Noordhoff, Alphen aan den Rijn, 69-134, 1978.

2043

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

EXPERIMENTAL AND NUMERICAL INVESTIGATION OF HOLLOW SPHERES
SUBJECTED TO FRACTURE
Arthur Coré *, Jean-Benoı̂t Kopp, Philippe Viot, Jean-Luc Charles, and Frédéric Dau
Arts et Métiers ParisTech, I2M-DuMAS, UMR 5295 CNRS F-33405, Talence, France
Summary This paper deals with the characterization and the numerical modeling of a new core structure developed to absorb energy during
a bird strike on an airplane cockpit. This technology is based on the inclusion of composite hollow spheres in a sandwich structure. An
experimental crushing analysis is conducted on a single hollow sphere to quantify the energy dissipated by dynamic fracture. A numerical
model based on the Discrete Element Method (DEM) is investigated to take into account the brittle behavior of the constitutive material.
The DEM used shows an original approach to correctly describe the dynamic fracture of a spherical and thin structure.

INTRODUCTION
Hollow sphere structure (HSS) belongs to cellular solids that have been studied recently for its multiples properties [1].
In our case, HSS aims to absorb soft impacts energy on an airliner cockpit. HSS is investigated through the SAMBA (Shock
Absorber Material for Bird-shield Application) project because of its promises in term of specific energy dissipated (J.kg−1 )
during impact. Hollow spheres can easily fill a sandwich structure to be placed in front of the plane. Hollow spheres studied
in this study are made of epoxy resin and are subjected to dynamic fracture. The formalism of Linear Elastic Fracture
Mechanics (L.E.F.M.) is therefore used to estimate the dynamic energy release rate GIDC . In the interest of studying the rapid
crack propagation (RCP) on polymer hollow spheres, a numerical model is investigated. It is based on the Discrete Element
Method. It reveals to be an interesting way to model the mechanical behavior of brittle materials.
DYNAMIC CRUSHING OF A SINGLE COMPOSITE HOLLOW SPHERE
Experimental investigation
First of all, quasi-static to dynamic (v = 5 mm.s−1 to v = 2 m.s−1 ) compression tests are conducted at room temperature
on a single sphere (φ = 30 mm). The material of the sphere appears to behave in a brittle manner. In fact, RCP is observed to
be predominant at macroscopic scale, see Fig. 1. The elastic energy stored in the structure at failure is evaluated. This energy
reported to the surface (typically the width b times the crack length ∆a) is known as the quasi-static energy release rate GI0 .
The crack tip location is measured during the crack propagation using a high speed camera (60,000 frames per second). The
critical dynamic energy release rate GIDc is finally estimated with taking into account inertial effects [2, 3]. Both fracture
energies at quasi-static and dynamic (v = 5 mm.s−1 and v = 2 m.s−1 ) solicitations are deduced and compared.

Figure 1: Dynamic compressive test on a hollow sphere (top) and the DEM model (bottom). Captures of the crack propagation
versus time
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Discrete Element Method
A model based on the discrete element method (DEM) is chosen to simulate the single sphere crushing. This method
is well adapted for high strain, dynamic solicitations and fracture. Indeed, the DEM simulates naturally the propagation of
cracks by breaking the bonds between each element. 3D simple Bernoulli beams are used as bonds to reproduce the behavior
of continuous materials [4]. The principal stress criterion is applied for the crack initiation and propagation. The geometry of
the hollow sphere is created by ensuring that the number of discrete element is adequate to represent a continuous material,
typically more than 10 000 elements. The numerical sphere is then compressed at different velocities (v = 1 m.s−1 to v = 100
m.s−1 ). Numerical results are confronted to the previous experiments of crushing spheres, see the force displacement curve
in Fig. 2 and the crack initiation and propagation in Fig. 1.

Figure 2: Dynamic compressive test on a composite hollow sphere at v ≈ 2 m.s−1 . Comparison between experimental and
numerical results

CONCLUSIONS
The fracture behavior of hollow sphere under quasi-static and dynamic compression tests were investigated using an
experimental and a numerical approach. Experiments have been conducted at room temperature and at different compressive
velocities (quasi-static to dynamic regime). For the studied material the more the impact velocity the more the crack tip
velocity. And the more the crack tip velocity the more the critical energy release rate. GIDc values have been estimated with
experimental data to vary from 2.5 ± 0.2 kJ/m2 in quasi-static to 6.2 ± 1.2 kJ/m2 in dynamic. The numerical model using
DEM that has been developed to simulate the brittle behavior of the hollow sphere is in good agreement with the experimental
data. The crack tip velocity computed is 182 m.s−1 with the DEM compared to 217 ± 9 m.s−1 measured experimentally. The
fracture energy values are both estimated experimentally (GIDc = 6.2 ± 1.2 kJ/m2 ) and numerically (GIDc = 6.15 kJ/m2 ).
The Discrete Element Method used shows an original approach to correctly describe the dynamic fracture of a spherical and
thin structure and can be applied to study the interaction between two or more hollow spheres.
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PLANE STRAIN FRACTURE WITH SURFACE MECHANICS: NON-LOCAL BOUNDARY
REGULARIZATION
Jay R. Walton∗1 and Mallikarjunaiah Muddamallappa2
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Summary The subject of this talk is a classical fracture problem: a single, finite plane strain crack subjected to combined mode I (out-ofplane) and mode II (in-plane shear) loading in the setting of linearized elasticity. It is now well understood that the square-root crack-tip
singularities in stress and strain predicted by the classical solution can be removed by augmenting the boundary value problem with a highergradient surface mechanics model. However, naive implementation of the resulting boundary condition into standard weak formulations
leads to unstable numerical algorithms. It is shown that the boundary value problem can be reformulated using non-local boundary operators
to produce a numerically stable weak formulation.

INTRODUCTION
Classical Linear Elastic Fracture Mechanics (LEFM) is arguably one of the most successful theories in applied mechanics
despite its well-known logical inconsistency by which it predicts strain singularities at crack edges while being a first-order
asymptotic approximation to finite elasticity predicated upon infinitesimally small strains. It has been long understood that this
logical inconsistency is due to the failure of classical LEFM to take proper account of nano-scale processes (bond breaking,
crazing, dislocation motion, etc) at work near fracture edges. More generally, classical LEFM ignores the complex physical
behavior associated with material interfaces even though recognition of its importance in understanding the mechanics of
material bodies goes back at least to pioneering work of Gibbs [3] who modeled interfacial mechanics through the notion
of a dividing surface endowed with excess physical properties (mass, momentum, internal energy, entropy, stress, etc) that
separates distinct material phases.
One of the first and still most popular modeling strategies for augmenting LEFM to prevent crack-edge strain singularity
predictions is the notion of cohesive zone as articulated by Barenblatt [1]. The cohesive zone model, in effect, modifies
the traction-free boundary conditions on crack surfaces assumed in classical LEFM. More specifically, a fracture surface is
viewed as consisting of two portions—a fully separated section on which traction-free boundary conditions are imposed and
a damaged section on which cohesive tractions are imposed.
More recently there has been increasing interest given to augmenting classical LEFM by viewing fracture surfaces as
dividing surfaces (in the sense of Gibbs [3]). One of the most popular approaches to modeling the mechanics of fracture
surfaces has been the surface elasticity paradigm proposed by Gurtin and Murdoch [4]. A key feature of this approach to
fracture is that the classical LEFM traction-free boundary condition on fracture surfaces must be replaced by one resulting
from the jump momentum balance relation that holds on dividing surfaces. Several of the early studies making use of the
Gurtin-Murdoch surface elasticity theory to model fracture asserted that the resulted boundary value problems predicted
bounded crack-tip strains. However, it was shown in [6] that while the Gurtin-Murdoch surface elasticity model does prevent
the strong, square-root, strain singularity at crack-edges predicted by classical LEFM, it still predicts a weak, logarithmic
strain singularity.
In a different approach to modeling the mechanics of fracture surfaces [5], the surface stress tensor is assumed to be
Eulerian, consisting only of (scalar) surface tension. However, surface tension is modeled constitutively to be a function of
the surface deformation. More specifically, it was shown in [5] that for pure mode I loading (plane-strain, opening mode) of a
classical Griffith crack, modeling surface tension to have a linear dependence on linearized (deformed) crack-surface curvature
gives a theory that predicts bounded crack-tip strains and stresses. It was subsequently shown [9] that for the corresponding
plane-strain problem for a curvilinear crack, this surface tension model, in certain cases, predicts the same weak logarithmic
strain singularity at the crack-edge seen with use of the Gurtin-Murdoch theory. More generally, it was shown in [7] that the
feature leading to the weak logarithmic strain singularity at a crack edge is whether it is subjected to mixed mode I/mode II
loading. When mixed-mode loading occurs at a crack-edge, it was shown in [7] that strain and stress remain bounded at the
crack-edge if the surface tension has a linear dependence upon both linearized (deformation based) curvature of the fracture
surface and higher-tangential-gradients of the (tangential) crack-surface strain tensor. An analogous result for the simpler
anti-plane strain (mode III) crack problem was shown in [2] in which the out-of-plane crack-surface curvature plays no role;
surface tension on the crack-surface need only depend upon the (surface) gradient of the (surface) strain tensor within the
fracture surface.
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WEAK FORMULATION AND DIRECT NUMERICAL SIMULATION
This talk addresses the issue of implementing the surface mechanics models studied for plane-strain fracture studied in
[5]and [7] into finite element based direct numerical simulations. A central challenge encountered to that end is the wellposedness of the weak-form of the fracture boundary value problem corresponding to the surface tension models discussed
above. In particular, the surface tension models depending upon higher tangential gradients of the fracture-surface strain
tensor give rise to weak formulations of the boundary value problems that include tangential gradients of the crack-surface
trace of the bulk strain tensor. The theory developed in [5] and [7] includes regularity results guaranteeing that the boundary
traces of the bulk strain tensor has the required tangential smoothness for the weak formulation to make sense. However, it is
evident from attempts to do finite element numerical simulations based upon these weak formulations that the standard finite
element algorithms are not stable. A way forward was first studied in the simpler setting of a finite-length anti-plane shear
crack [2].
Anti-Plane Shear Fracture with Surface Tension
The model studied in [2] models considers a single, anti-plane shear crack lying along the interval −1 ≤ x1 ≤ 1. Surface
tension is modeled by:
γ̃(x1 ) = γ0 + γ1 u3,11 (x1 , 0+), −1 ≤ x1 ≤ 1
(1)
in which u3 (x1 , 0+) is the out-of-plane displacement of the upper crack surface and u3,11 (x1 , 0+) denotes its second-order
tangential derivative. The jump-momentum balance on the upper crack surface leads to the boundary condition:
∞
u3,2 (x1 , 0+) = −γ1 u3,111 (x1 , 0+) − σ23
,

−1 ≤ x1 ≤ 1

(2)

∞
with σ23
denoting the far-field anti-plane shear loading. The third-order derivative in (2) leads to a direct implementation
of (2) based upon the associated weak formulation that is numerically unstable. It was shown in [2] that appealing to the
anti-plane shear Dirichlet-to-Neumann map and making use of a particular surface Green’s function, one can transform the
boundary condition (2) into an equivalent (surface) non-local form:
Z 1

1
∞
k(x1 , q)u3,2 (q, 0+) dq + σ23 g(x1 ) , 0 ≤ x1 ≤ 1
(3)
u3,2 (x1 , 0+) =
γ1
0

in which k(x1 , q) are g(x1 ) are explicitly given functions. It was then shown that the non-local boundary condition (3) leads
to a stable finite element numerical scheme.
Plane Strain, Mixed-Mode Loading
In [7], it was shown that the following model for surface tension leads to solutions of the fracture problem with bounded
crack-tip strains and stresses:
γ̃(x1 ) = γ0 + γ1 u2,11 (x1 , 0+) + γ2 u1,1 (x1 , 0+) + γ3u1,111 (x1 , 0+).

(4)

The associated (linearized) boundary conditions are:
∞
σ22 (x1 , 0+) = −γ0 σ22
∞
σ12 (x1 , 0+) = −γ2 u1,11 (x1 , 0+) − γ3 u1,1111 (x1 , 0+) − γ1 u2,111 (x1 , 0+) − σ12
.

(5)
(6)

Generalizing the strategy leading to (3) for the anti-plane shear problem leads to boundary conditions replacing (5) and (6) by
a system of non-local integral operators and results a stable finite element algorithm.
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INTERTWINED SPIRALING CRACK PATH IN PERFORATED SHEETS
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Summary When a brittle sheet is indented by a rigid cone, a radial fracture pattern is usually observed (“petalling”). We show experimentally
here that when the number n of cracks is smaller than 4, a spiraling pattern is observed instead of the petalling mode. In the limit of very
thin and very brittle sheet, we do find solutions where the crack path are intertwined logarithmic spirals, and compute the corresponding
perforation force. Both the geometry and the force agree well with experiments.

We study experimentally and theoretically the crack patterns arising from the quasi-static perforation of a thin brittle sheet
by a rigid cone. We use polypropylene sheets, in which crack initiation and splitting are not possible for the typical stresses
that develop during perforation. Starting from a large number n of initial radial notches, cracks are observed to propagate

2γ

Figure 1: Indentation of a brittel thin sheet by a rigid cone.
along straight radial lines. But for a sufficiently small number n, we observe tears that spontaneously swirl one around each
other.

Figure 2: Top view of experiment. Four cracks leads to radial propagation (left); three cracks: intertwined spirals (right).
The same pattern has been reported by Vermorel [1] but not studied so far. This unexpected behaviour challenges numerical
and theoretical modeling which usually assume that cracks propagate radially leading to petalling patterns [2]. We also observe
a similar multiple spiral pattern when pulling the flaps of material perpendicularly away from the sheet, as in [3].
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Although spiral fracture patterns have been observed in coatings under residual tensile stresses [4, 5, 6, 7] the spirals
reported here are of a very different nature, since they involve the interaction of several cracks through large out-of-plane
bending.
We give a theoretical description of the crack path based on basic principles of fracture mechanics in very thin brittle
sheets [8]. This leads us to a purely geometrical problem where the existence and shape of multiple spiral cracks can be
explained in terms of a delayed crack interaction. We examine the maximum number of spiral arms, and compare the measured
and predicted tearing forces for the spiral and radial modes [9].
We find that spiral mode cannot develop for a number of crack larger than 4, which suggest that only the radial solution
exists in these cases. For n < 4, radial as well as spiral patterns may compete, and it remains to be explained why the radial
solution is unstable in this case.
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CRACK TIP BLUNTING AND CLEAVAGE UNDER DYNAMIC CONDITIONS
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Summary Because many structural materials comprise two or more phases, fracture often involves growth of cracks from one phase to
another. Researchers have hypothesized that dynamic effects are important in these processes, and can promote brittle failure in engineering
alloys. We assess this hypothesis of “dynamic embrittlement” using molecular dynamics (MD) simulations. We focus on whether dynamics
affects the energy barriers for crack tip dislocation emission or cleavage, and what happens in the dynamically overloaded situation, when
both processes are energetically possible. In the MD simulations, we employ a novel potential, with a tunable energy barrier for dislocation
emission, and a novel simulation technique, termed a “dynamic cleavage test.” Our simulation results indicate that the competition between
cleavage and emission—i.e., the intrinsic ductility of the material—is unaffected by dynamics. Finally, we discuss the implications of this
finding for understanding the micromechanisms of fracture in engineering alloys.

INTRODUCTION
Tough structural metals are often composed of a ductile matrix phase and brittle inclusions or precipitates. Cracks initiate
in the brittle phase and should be arrested when they encounter the ductile phase. Since such cracks run dynamically in the
brittle phase after initiating from pre-existing flaws, the dynamic response of the system may govern the macroscopic “quasistatic” toughness. One important example is mild steel, where cracks develop within grain boundary carbides and propagate
dynamically toward the primary α-ferrite grains. At sufficiently low temperatures, these cracks are often observed to cleave
through the ferrite, resulting in an undesirable, low-toughness, transgranular mode of failure [Lin et al.(1987)]. One model
for this process postulates that brittle failure arises because of dynamics, which suppresses dislocation emission and crack
blunting, thereby causing the crack tip to remain atomically sharp [Lin and Thomson(1986), Lin et al.(1987)]. In this work,
we assess this hypothesis. We pose two questions. First, how does dynamics affect the competition between brittle (cleavage)
and ductile (dislocation emission) modes of crack tip deformation (i.e., the “intrinsic ductility” of a material)? Second, is it
possible that cleavage is preferred over dislocation emission in an “overloaded” dynamic condition, where G exceeds both the
Griffith cleavage value (GIc ) and the dislocation emission value (GIe ), even though dislocation emission is preferred under
quasistatic conditions?
This paper is organized as follows. We describe a set of molecular dynamic simulations, termed “dynamic cleavage tests,”
in which a crack initiates within a brittle material and runs dynamically into a second material (typically ductile). In these
simulations, we employ a novel set of interatomic potentials, for which the (quasistatic) intrinsic ductility can be tuned while
leaving the surface energy and elastic constants unchanged, to avoid effects of elastic mismatch. The simulations reveal that
dynamics cannot embrittle a ductile material; that is, if a crack tip at rest emits dislocations, then the same crack tip in motion
will also emit dislocations. Finally, we explore the implications of this finding for understanding brittle failure in engineering
alloys.
SIMULATION OF DYNAMIC CLEAVAGE
We conduct dynamic cleavage simulations in both 2D (hexagonal lattice) and 3D (FCC lattice) using molecular dynamics
(MD). The simulation, illustrated schematically in Figure 1, uses a bi-material strip geometry. One part of the strip (Material
1), containing the initial crack, is described using the most brittle material (highest GIe /GIc ) while the other part of the
strip (Material 2) contains a more ductile material into which the initial crack will be driven. Using the strip geometry, a
prescribed energy release rate (G) can be delivered to the crack. To describe interatomic interactions, we use a new flexible pair
potential, developed for both 2D (hexagonal) crystals and 3D (FCC/HCP) crystals [Rajan et al.(in press)]. In these potentials,
the unstable stacking fault energy can be changed independently of the surface energy or elastic constants. Therefore, these
potentials differ only in the value of GIe , which can be tuned over a wide range, spanning the transition between brittle
(GIe > GIc ) and ductile (GIe < GIc ) materials.
RESULTS
In 2D, dynamic cleavage tests were run at an applied load of G/GIc = 1.61. The normalized crack velocity v/cR vs.
crack position is shown in Figure 2. As seen, dynamic cracks encountering the more brittle materials (GIe /GIc = 1.72, 2.10,
2.53) grow dynamically into the second material while remaining atomically sharp. Dynamic cracks encountering the more
ductile materials (GIe /GIc ≤ 1.37) emit one or more dislocations, and then blunt and arrest at the interface. Thus, the critical
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Figure 1: Strip geometry for dynamic cleavage test.
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Figure 2: Crack velocity in 2D dynamic cleavage test. The second material has varying ductility (GIe /GIc = 0.56 − 2.53).
Applied load is G/GIc = 1.61.
energy release rate for dynamic dislocation emission appears to be close to that in the quasistatic case, GIe ; dynamics does
not appear to affect the energetics of this process. In the overloaded case, even if cleavage is kinetically favorable relative to
dislocation emission, ductile crack tip behavior will ultimately prevail as long as a single emission event can occur. This is
because such an event irrevocably changes the competition between brittle and ductile crack tip behavior, arresting the crack
and causing it to blunt. Subsequent behavior of the crack then depends on the critical quasistatic GIe and GIc in the blunted
configuration, which generally also favors dislocation emission, at least for intrinsically ductile materials. We also find similar
results for 3D FCC and HCP crystals (see [Rajan et al.(submitted)]).
CONCLUSIONS
Our central conclusion is that there is no evidence that dynamic effects can embrittle a material, at least in terms of altering
the local crack tip behavior. The energy barrier for dislocation emission is unchanged by dynamics, and, in the overloaded
situation, ductile crack tip behavior ultimately prevails. Thus, explanations for (semi-)brittle fracture in engineering materials
should not rely on the dynamic embrittlement hypothesis. A fruitful path for further investigation may be provided by multiscale methods that couple atoms to dislocations, enabling both micro-scale (dislocation elasticity) and atomic-scale (crack
tip deformation) phenomena to be taken into account. Regardless, the present study points to the importance of understanding the small-scale mechanisms of fracture in semi-brittle materials. These will help to elucidate the role of dynamics in
embrittlement, and may ultimately hold the key to designing tougher steels and other engineering alloys.
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Summary Fracture surfaces have been a preferred field of investigation for understanding material failure as their roughness
encodes the crack growth mechanisms. But the challenge is to decipher this information in terms of failure processes. Here, we
analyze the roughness of several fractured materials like concrete, ceramics and metallic alloy and show that they share the same
statistical structure: Below some length scale ξ, the slope amplitudes are uncorrelated and the surface is mono-affine while above
ξ, long-range spatial correlations lead to a multifractal behavior, reminiscent of turbulent flows. These features reveal a common
growth mechanism of cracks that propagate through damage coalescence at small scale and resembles to an elastic line at large
scale. The crossover length ξ characterizes the extent of the crack tip damaged zone. Its measurement from the statistical analysis
of fracture surfaces provides a way to measure the toughness of a material after its failure.
INTRODUCTION
After thirty years of research, it is now well established that fracture surfaces exhibit robust, universal fractal statistical
properties [1]. For purely brittle failure, the roughness exponent is reported to be ζ ≈ 0.45 whereas for materials that
undergo damage during failure, ζ ≈ 0.75. It has been conjectured that these exponents are signatures of the fracture
mechanism above and below the process zone size [2]. We address here the question of the co-existence of these two
regimes on fracture surfaces and provide tools that highlight their differences beyond the value of the roughness exponent.
THE COMMON STATISTICAL STRUCTURE OF FRACTURE SURFACES
Three materials are considered, an aluminum allow, a mortar and a ceramic, representative of different failure behaviors to
elicit roughness properties common to a large range of materials. The topography h(x)=h(x,z) of the fracture surface is
shown on Fig. 1 together with the distribution Pδr of height variations δh = h(x+δx) - h(x) where the sampling is done on all
admissible positions x and δx such as δr = |δx|. We focus here on the height variations at different scales δr and treat fracture
surfaces as isotropic maps. An interesting property of the family of distributions Pδr is that they follow a Gaussian behavior
at large scales δr >> ξ while they exhibit fat tail statistics at small scales δr << ξ as evidenced from the comparison with
parabolas characteristic of Gaussian distributions in the semi-logarithmic representation of Fig. 1.
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Figure 1: The top panels show the
height maps of three fracture
surfaces characteristic of three
main failure mechanisms, namely
ductile failure (aluminum alloy),
8 quasi-brittle failure (mortar) and
brittle failure (ceramics). The
bottom
panels
show
their
distributions of height variations
computed at different scales
δr=|δx|: It shows a Gaussian
behavior for δr >>ξ against fat tail
behavior for δr << ξ where ξ is a
material dependent length scale
measured in Fig. 2.
200

To measure the crossover length scale ξ between fat tail and Gaussian statistics, we introduce the following operator
(1)
ω(x) = 1/2 < log(δh(x, δx)2 >|δx|=ε - Ωε.
It transforms the original height map h(x) into a map ω(x) of the local roughness amplitude that is defined from an average
of the height variations over a circle of radius ε centered in x. The constant Ωε is chosen such that <ω(x)>x = 0. The fields ω
a)
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computed for the three fracture surfaces considered are shown in Fig.2. The patterns that emerge on the fracture surfaces
through this transformation correspond to steep cliffs and reveal complex correlations of the height variations. Their
characteristic size is reminiscent of the length scale ξ evidenced from the variations of Pδr with δr.
The spatial correlations of ω are studied through the function C(δr) = <ω(x)ω(x+δx)>x,|δx|=δr that is represented in Fig. 2 as a
function of δr for different values of ε; C(δr) is independent of ε whenever ε << δr. For the three materials considered, we
observe two regimes: At small δr, ω shows strong spatial correlations which decay logarithmically as C(δr) ~ -log(δr/ ξ) and
extrapolates to zero for δr = ξ. For larger distances, these correlations are zero within statistical noise. ξ corresponds to the
characteristics size of the patterns of the ω-fields shown in Fig.2.
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The presence of two ranges of length scales with distinct statistical properties on the surfaces of these materials is clear: For
δr << ξ, the height fluctuations are strongly correlated and display non-Gaussian statistics while for δr >> ξ, the roughness
follows a Gaussian behavior with no spatial correlation of the ω-field. The presence of these regimes is confirmed by the
value of the roughness exponent that characterizes the scaling properties of the fracture height map h(x): For δr << ξ, the
surface is multi-affine and ζ ≈ 0.75 while at larger scales δr >> ξ, the surface is mono-affine and ζ ≈ 0.45 [3].
THE STATISTICS OF FRACTURE SURFACES AS A PARADIGM FOR CRACK GROWTH PHENOMENA?
What is the physical interpretation of these observations? We believe that the presence of spatially correlated steep cliffs on
short length scales δr << ξ is a strong indication that at these scales, fracture proceeds through the nucleation and
coalescence of microcracks. On the contrary, for scales larger than ξ, the mechanism of crack growth is essentially brittle,
and the surface is the trace left by an elastic line propagating in a random medium. As a result, the statistical properties of
fracture surfaces recover the traditional text-book picture for crack propagation: Damage localizes at the crack tip vicinity
while Linear Elastic Fracture Mechanics applies at larger distances from the crack tip where the material behaves
elastically. But it actually goes beyond this classical description as fracture surfaces do display universal statistical features
at small scale too. This suggests that the process of damage coalescence taking place within the process zone is common to
many materials.
Within this scenario, the length ξ is a measurement of the extent of the damaged region near the crack tip where dissipation
takes place. This observation paves the way to the measurement of the toughness of materials from the analysis of their
fracture surfaces. We will show the various benefits of this approach as it allows the post-mortem characterization of the
material failure properties that is relevant in failure analysis [4]. We will also illustrate how this approach can be used to
achieve an improved characterization of the material failure properties, at it provides not only the material resistance at the
structure scale, but also its toughness at the local scale, like for example at the microstructure scale.
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Summary: Fracture investigation for plate structures is important for many industrial applications (e.g. marine, automotive, aerospace, oil
& gas). Quantification of the energy dissipated during the fracture process can lead to not only better predictive capabilities but also to
possible improvements in the material processing and joining technology, e.g. welding. This is especially relevant for undermatched welds,
where the weld metal and/or heat affected zone are significantly weaker than the parent metal (e.g. aluminum welds, some high strength
steels). This strength reduction, caused by welding, results in localization of plastic deformation in the weld and HAZ which negatively
affects structural performance. A comparative study of energy dissipated during ductile fracture of two aluminum plates, one welded and
one unwelded is presented here. The analysis results show that the effect of welding can be very significant for the energy of fracture both
in the fracture process zone and away from the crack.

INTRODUCTION
We investigate fracture in two large scale aluminum plates subjected to mode I tensile loading. A numerical, comparative
study of the unwelded Al6080-H116 and friction stir welded Al6061-T6 is conducted using shell finite elements with cohesive
zone representing the details of the fracture process that cannot be reliably captured by the discretization level that is realistic
for structural applications. A brief discussion of the cohesive zone calibration method is provided. The presented study
indicates that while welding in considered Al6061 plate causes significant strength reduction of the heat affected zone (HAZ)
material, it also leads to significant ductility increase. This results in very high relative toughness of the HAZ material in
reference to the parent metal. A comparative study between the welded and unwelded plates also shows that, in the unwelded
plate, significant energy dissipation occurs outside of the fracture process zone while plastic dissipation in the welded plate
is confined to the weld and heat affected zone.
EXPERIMENTAL SETUP AND ANALYSES RESULTS
Mode I fracture in two aluminium plates is investigated here. The first plate under consideration is a pre-notched, 10mm
thick, unwelded Al5083-H116 plate tested by Simonsen and Tornqvist [5]. The notch tip is blunt which was accomplished by
drilling a 5mm diameter hole at the initial tip. The plate was tested under mode I tensile loading with a force-displacement
response measured during the test, as shown in Figure 1 (left side). The plate was modelled using shell elements with in-plane
dimension larger than thickness. A significantly more detailed discretization level, involving 3D elements with an advanced
constitutive model, such as shear-modified Gurson model [2] is prohibitive for large scale structural applications. Cohesive
zone model was used to represent the details of the fracture process which cannot be captured by shell elements. The cohesive
zone calibration methodology was based on detailed plane-strain strip simulation performed by Nielsen and Hutchinson [4]
as discussed in greater detail by Woelke et al. [13]. The calibrated, position-dependent cohesive traction-separation
relationship allowed capturing not only the measured force-displacement response and overall behaviour of the plate, but also
the crack growth resistance curve (R-curve). The results of the analyses indicate that only about 30% of the total energy
dissipated during the plate deformation, was dissipated in the cohesive zone (i.e. the fracture process zone). Nearly 70% of
the plastic dissipation occurred outside the cohesive zone, i.e. in the plate away from the crack, which indicates a large scale
plasticity, as shown in Figure 1.
The second plate discussed here is an extruded, friction stir welded Al6061-T6 plate subjected to mode I tension. The
extrusion walls were 3mm thick, as was the weld thickness joining the two sides together. Welding aluminium is problematic,
since the heat introduced into the material during welding basically removes the effects of hardening returning the metal (in
the weld/HAZ zone) to nearly annealed condition (low strength and high ductility state). This effect is especially pronounced
for heat-treatable aluminium alloys, such as 6xxx series. Thus, we expect that the weld and HAZ zone areas will be
significantly weaker than the parent metal, which will affect the energy dissipation. As previously, a shell finite element model
was developed to represent the plate behaviour, with cohesive zone representing the weld and HAZ. The cohesive zone was
calibrated based on the coupon level tensile test performed by Zheng et al. [14]. The simulated response matched very well
the overall plate behaviour as well as the measured force displacement response. The investigation of the energy dissipation
indicates that the heat affected zone is significantly more ductile than the parent metal. The steady-state toughness of the
weld/HAZ, achieved after the crack has propagated several thicknesses is significantly higher than the parent metal away
from the weld. It is also significantly higher than the corresponding steady-state toughness calculated for the unwelded
Al5083-H116 plate discussed above. This is quite remarkable considering the fact that the nominal plane strain toughness of
27 /
vs. Γ
unwelded Al5083-H116 is more than twice that of unwelded Al6061-T6 (Γ
12 / ). In the same time, the HAZ is also significantly weaker than the parent metal which results in localization of
plasticity in the weld and HAZ, limiting plastic dissipation outside of cohesive zone. A comparison of the plastic strain
contours in the unwelded Al5083-H116 and welded Al6061-T6 plates, given in Figure 1 clearly show significant reduction
of the overall plastic dissipation in the case of the welded plate.
a)
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Figure 1 – Mode I ductile tearing of large plates: a) Al5083-H116 plate tested by Simonsen and Tornqvist [5] with
corresponding finite element solution, and b) Al6061-T6 welded extrusion tested by Zheng et al. [14] with corresponding
finite element solution
CONCLUSIONS
The presented study shows that the ductile fracture behaviour of large plates can be successfully represented by carefully
calibrated cohesive zone model. This modelling approach allows approximate quantification of the energy dissipation in
considered plates both in the fracture process zone and away from the crack. The analyses results presented here show that, for
considered materials, strength reduction associated with welding aluminium is accompanied by significant ductility increase.
Unfortunately, lower strength of the HAZ leads to localization of plasticity in that zone. This suggest that careful optimization of
the size of the HAZ formed during welding can result in significant overall performance improvement for structures with
undermatched welds.
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Summary We investigated how coherent interfaces, between f.c.c./h.c.p. systems, affect large strain deformation and fracture modes in h.c.p.
zircaloy aggregates with f.c.c. hydrides. We derived 36 unique transformations related to coherent interfaces between f.c.c. and h.c.p. systems.
We then used these ORs with a dislocation-density crystalline plasticity formulation, a non-linear finite-element and a fracture approach that
account for crack nucleation and propagation. We investigated how these ORs affect crack nucleation and propagation, dislocation density and
inelastic slip evolution, stress accumulation, lattice rotation, and adiabatic heating. The predictions indicate that the physical representation of
ORs affect local deformation and fracture behavior, and are, therefore, essential for accurate predictions of behavior at different physical scales
in heterogeneous crystalline systems.

MULTIPLE-SLIP CRYSTAL PLASTICITY DISLOCATION-DENSITY BASED FORMULATION
The multiple-slip crystal plasticity rate-dependent constitutive formulation and the derivation of the mobile and
immobile dislocation-densities are briefly outlined. The dislocation-density crystal plasticity constitutive framework used in
this study is based on the formulation developed by Zikry [1, 2]. It is assumed that the velocity gradient is decomposed into
a symmetric deformation rate tensor, Dij, and an anti-symmetric spin tensor Wij. Dij and Wij can then be additively
decomposed into elastic and inelastic components and the inelastic parts can be defined in terms of the crystallographic sliprates. These slip rates can be then related to immobile and mobile dislocation densities, and it is assumed that, for a given
deformed state of the material, the total dislocation-density, 𝜌 (!) can be additively decomposed into a mobile and an
(!)
(!)
immobile dislocation-density, 𝜌! and 𝜌!" . Furthermore, the mobile and immobile dislocation-density rates can be
coupled through the formation and destruction of junctions as the stored immobile dislocations act as obstacles for evolving
mobile dislocations.
ORIENTATION RELATIONS (ORS) BETWEEN F.C.C. AND H.C.P. PHASES
The polycrystalline zircaloy-2 aggregate consists of the h.c.p. matrix and the f.c.c. hydrides. Hence, For 24 slip
systems in h.c.p. and 12 slip systems in f.c.c., ORs are needed to account for the coherency between the crystalline phases.
The lattice parameters of these two phases are such that the (111) f.c.c. plane is identical to the (0001) h.c.p. plane [4]. When the
two crystalline phases are along their close packed planes and directions, the resultant interface is fully coherent. This
coherency results in an ORs between the two crystalline phases, such that the slip planes and directions are parallel for the
systems of (111)! //(0001)! and 110 ! ∕∕ 1120 ! , where 𝛼 denotes an f.c.c. system and 𝜅 denotes an h.c.p. system
[3,4,5]. Based on this, 36 unique ORs can be obtained for the parallel directions and planes between the f.c.c. and h.c.p.
phases. Furthermore, the hydride f.c.c. orientations have to be related to the global orientation, and, therefore, two
transformations are needed. The first transformation, [T]1, relates the hydride f.c.c. (α) OR to the parent h.c.p. (κ) Euler
grain orientations. The second transformation, [T]2, relates the h.c.p. Euler grain orientation to the global coordinates. These
transformations are given by [X]Global = [T]2 [T]1∗ [X]! .
COMPUTATIONAL APPROACH
!
The total deformation rate tensor D!" and the plastic deformation rate tensor D!" , are needed to update the material
stress state. The method used here is that developed by Zikry [1] for rate-dependent crystalline plasticity formulations, and
only a brief outline will be presented here. For quasi-static deformations, an implicit FE method with BFGS iteration is
used to obtain the total deformation rate tensor D!" . To overcome numerical instabilities associated with stiffness a hybrid
!
explicit-implicit method is used to obtain the plastic deformation rate tensor D!" . The hybrid approach is based on using
explicit Runge-Kutta, and an implicit Euler method, when numerical stiffness is encountered. Numerical stiffness can be
encountered when due to different rate changes along slip systems, slip-rates, resolved shear–stresses, and dislocationdensities can vary widely.
RESULTS AND DISCUSSION
The multiple-slip dislocation-density-based crystal plasticity formulation, and the overlap fracture method were
used to investigate the microstructural failure behavior of zircaloy-2. The parent h.c.p. zircaloy-2 grains and the f.c.c.
hydrides are assumed to have random low angle misorientations, where the maximum misorientation was assumed to be
less than 5°. In this investigation, it is assumed that the hydride volume fraction is approximately 3%, which is physically
representative of zircaloys [6-9]. A convergent plane strain FE mesh of 6000 elements, with a model size of 4mm×5mm,
with symmetric boundary conditions, was subjected to tensile loading for a dynamic nominal strain rate of 5000 s-1 .
a)
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We then investigated how a crack in an aggregate subjected to a nominal strain-rate of 5000/s. We, again,
examined two cases, one case with the ORs and one case without the ORs. The crack length was taken as a/w=0.1, and it is
an edge crack. As noted earlier, the crack would dynamically propagate when the maximum fracture stress is exceeded on
one of the cleavage basal planes.
At a nominal strain of 4%, the maximum lattice, with and without the ORs are shown. As it can be clearly seen, the
fracture behavior is different for both cases. For the case with ORs, the propagating crack is non-planar, and it deviated
around the hydrides. Furthermore, cracks also nucleated at the bottom and at the top for both cases, and these cracks
nucleate due to the reflecting inelastic waves. For the case without the ORs, the crack is planar, and the lattice rotations
were significantly higher by approximately 60%. These higher lattice rotations were due to not physically representing ORs.
Furthermore, the deviation of the cracks, for the case with ORs, is consistent with experimental observations pertaining to
zircaloys with hydrides that show that cracks deviate around the hydrides. Hence, these results clearly indicate the necessity
of accurately accounting for f.c.c./h.c.p. interfaces. (Figures 1 a-b)

(a)
(b)
Fig. 1: Lattice rotation at 20% (a) no ORs (b) with ORs at 4% nominal strain
CONCLUSIONS
We have presented a dislocation density based multiple slip crystal plasticity formulation that accounts for ORs
between f.c.c. and h.c.p. systems. We investigated the effects of ORs for an aggregate with and without cracks subjected to
dynamic loading conditions. We obtained 36 unique ORs between parallel directions and planes between the relevant f.c.c.
and h.c.p. systems. The ORs significantly affected local behavior, in aggregates without cracks, such as shear slip
accumulation, dislocation-density evolution, lattice rotation, thermal and stress buildup. For the case with a preexisting
crack, the ORs had a significant effect on crack paths and orientations. The edge crack curved around the hydrides for the
aggregate with ORs, and for the cases without ORs, the crack path was planar. This crack deviation and nonplanar behavior
was due to the ORs and the higher stresses ahead of the crack front. For the aggregates with ORs, there was higher
dislocation-density accumulation along the pyramidal plane due to lattice rotation in comparison with the case without ORs.
These crack orientations are also consistent with experimental observations. This study underscores the need to represent
the coherency between f.c.c. and h.c.p. interfaces in heterogeneous crystalline systems for accurate predictions of local
behavior.
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Summary The effect of thermomechanically-induced phase transformation on the fracture response of Shape Memory Alloys (SMAs) is
investigated by means of the finite element method. The prototype center-crack problem is analyzed numerically during thermal cycling
under isobaric loading conditions. This thermomechanical loading path is an idealization of typical loading paths that utilize SMAs as
actuators. Results show that during cooling under constant load, the driving force for crack growth can increase drastically, an order of
magnitude for specific material systems, and stable crack growth may be triggered resulting eventually in SMA actuators’ ultimate failure,
in accordance with experimental evidence.

INTRODUCTION
The forthcoming commercial use of SMA actuators in aeronautics, automotive, and energy conversion and storage is
expected to drastically increase the technological importance of fracture in SMAs under combined thermomechanical loading.
As of today, most studies on the fracture resonse of SMAs, as reviewed in [1], are devoted to isothermal fracture of SMAs and
little to no evidence is provided regarding non-isothermal fracture.
Owing to their unique thermomechanical properties, fracture response of SMAs is more complex than that of traditional
structural metals and metallic alloys due to reversible phase transformation, detwinning and reorientation of martensitic variants, transformation-induced plasticity, and the strong thermomechanical coupling.
The present work is a first attempt to explore the fracture of SMAs during actuation, i.e., under thermomechanical loading.
As recently observed U-notched NiTi specimens may fail during cooling under a constant applied tensile load that is lower
than the isothermal strength at the beginning of cooling [1]. For the U-shape notched specimens tested, failure by the formation
of an unstable crack during cooling was observed for bias load levels as low as 50% of the isothermal bias load needed for
failure at the beginning of cooling. This is an intriguing response that, from an energetic point of view, seems in disagreement
with the general view of dissipative processes such as phase transformation resulting in an enhancement of fracture toughness.
FINITE ELEMENT ANALYSIS OF ACTUATION-INDUCED FRACTURE IN SMAS
An infinite center-cracked SMA plate subjected to thermal
cycling under plane strain constant applied loading
∞
∞
∞
is assumed. The SMA plate is subjected to far-field inplane uniform uniaxial tensile load, in the direction norx2
x1
mal the crack line as shown in Fig. 1. The load is applied
at a nominal temperature higher than the austenitic-finish
cooling
heating
temperature, Af , and a region of transformed material is
a a
formed near the crack tip. Maintaining the tensile load at
the boundary constant, the entire cracked SMA specimen
is then subjected to thermal cycling, i.e., alternate cool∞
∞
∞
ing and heating between the high temperature at which the
at temperature Tc
at temperature Th
at temperature Th
(end of cooling)
mechanical load is applied and a low temperature that is
(end of heating)
smaller than Mf (to ensure that the bulk of the specimen
Figure 1: Boundary value problem for an infinite center-cracked SMA plate completely transforms between pure austenite and martenin initial austenite phase subjected to a constant far-field uniaxial tensile loadsite).
ing and thermal cycling. Martensite regions are shown in red color and austenThe incremental response of the material inside the
ite ones in blue.
fully transformed zone surrounding the crack tip is linear
elastic at all times, and the fields are characterized by a crack-tip energy release rate, GI . A finite element mesh of 8-node,
isoparametric quadrilateral elements is constructed in ABAQUS to represent the center-cracked SMA specimen with a finer
mesh density in front of the the crack-tip. The VCCT capability of ABAQUS, which is an extension of the classical crackclosure technique based on Irwin’s crack closure integral is employed to calculate GI .
transformation zone
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Driving force for crack growth prior to crack advance
During cooling, the thermomechanically-induced
“global” scale phase transformation, i.e., transformation
extending to infinity, results in stress redistribution near
the crack that substantially increases the crack-tip energy
release rate, an order of magnitude for some material systems [2]. The evolution of normalized crack-tip energy
release rate, GI /G∞ , during a thermal cycle is shown in
Fig. 2 under the assumption that the critical crack-tip energy release rate value required for crack growth is never
reached, where G∞ represents the energy release rate resulting from the applied mechanical load prior to thermal cycling. GI /G∞ first increases during cooling owing to “global” phase transformation occurring in a fan
ahead of the crack tip where the transformation strains
have an anti-shielding effect and reaches a peak. It then
decreases, as a result of phase transformation occurring
in regions behind the crack tip, before attaining a constant value at temperature T = Mf , at which the entire SMA specimen has fully transformed into martensite.
During heating, the energy release rate starts increasing
at T = As , which marks the beginning of reverse phase
transformation behind the crack tip, reaches a peak, and
decreases before attaining a constant value.

crack tip

crack tip

Figure 2: Normalized energy release rate, GI /G∞ , versus normalized
temperature, CM (T − Ms )/σ∞ , and martensite volume fraction, ξ, during cooling. The martensite volume fraction distribution during heating is
similar to the one during cooling for the same values of GI /G∞ .

Toughness enhancement associated with crack advance
Crack growth is assumed to occur when the crack tip energy release
rate reaches during cooling the material specific critical value. Stable
crack growth arises due to stress redistribution caused by the transformation deformations left in the wake of the growing crack that shields
the crack and thus further cooling is required for maintaining a critical
stress field at the advancing crack tip [3]. Eventually, once the crack
advances a distance comparable to its initial length, the increment of the
loading parameter, i.e., temperature, needed to achieve a given increment of growth diminishes and the crack approaches nominally steadystate growth at a constant temperature. In Fig. 3, temperature vs crack
growth results are plotted for different bias load levels, σ∞ , resulting in
Gcrit /G∞ equal to 3.25, 3.75, and 3.9. For sufficiently high values of
Gcrit /G∞ (= 3.75 and 3.9), i.e., sufficiently low bias loads, the mateFigure 3: Normalized temperature, CM (T − MS )/σ∞ , rial is capable of sustaining multiple cooling/heating cycles before crack
vs. normalized crack growth, δa/a, for varying bias loads, growth reaches nominally steady state conditions.
Gcrit /G∞ .

CONCLUSIONS
A numerical analysis of static and advancing cracks in SMA actuators during thermal cycling under constant bias load
levels is performed. The numerical results show that during cooling “global”-scale forward phase transformation produces an
anti-shielding effect on the crack, raising the driving force for crack growth at the tip. Stable crack growth is numerically observed due to transformation toughening, which is quite similar to the one observed in pseudoelastic SMAs or other dissipative
material systems, and can extend over several heating-cooling cycles before resulting to structural failure.
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1

Summary In this work, a modelling procedure was developed so that it should be applicable to the analysis of crack growth in materials

with various microstructures under biaxial fatigue. Microstructures of two different polycrystalline materials were modelled by using
Voronoi-polygons as grains. Then, the crack initiation was analysed as the slip plane separation in an individual grain, and the number of
cycles required for the separation was calculated by using a dislocation pile-up model. In the crack propagation stage, the crack growth
was analysed as a competition between the growth by crack coalescence during crack initiation and propagation stages and the
propagation of a dominant crack as a single crack. Cracking morphologies and failure lives simulated by using the proposed model were
compared with experimental results, and it was found that good correspondences were seen between them.

INTRODUCTION
It is recognized that crack growth in low cycle fatigue is affected by two factors; i.e., material microstructure and stress
state. By considering difficulty in conducting experiments for various combinations of these factors, some theoretical
approaches incorporating the two factors with themselves are required in order to describe crack growth behaviour, which
determines fatigue life influenced by such factors. However, any appropriate procedure is not established. In this work, a
simulation procedure based on theoretical model are developed, and simulated fatigue life are discussed statistically.
THEORETICAL MODELING AND SIMULARION PROCEDURE
Theoretical modelling is developed so that it should be applicable to the analysis of crack growth in materials with
various microstructures under biaxial fatigue. Microstructures on component surface are modelled with Voronoi-polygons.
Figure 1 presents examples of modelled microstructures with different morphologies, in which a grain is expressed as one
Voronoi-polygon. In the modelled microstructure, the crack initiation is analysed as the slip plane separation in an
individual grain having the slip-band length d which is equivalent to the length 2a of a crack initiated in the grain. It is
assumed that a crack is initiated when a resolved shear stress τξη exceeds the critical shear stress τc to make a slip active and
the number of cycles passes up to Ni to be required for the separation as follows.
2 G Wc
τξη > τc and Ni =
2
π (1 − ν ) d (τ ξη − τ c )
Ni is calculated by using a dislocation pile-up model [1], and G, ν and Wc are respectively the shear elastic modulus,
Poisson’s ratio and the fracture surface-energy, all of which are material constants.
The crack growth is analysed as a competition between the growth by crack linkage during crack initiation and
propagation stages, and the propagation as a single crack which is expressed as a power function of J-integral range ∆J as
da/dN = C (∆J)m
A schematic illustration of the crack growth model proposed in this work is shown in Fig. 2. In the present study,
simulations are iterated fifty times for a material under a given condition of loading by using different series of random
numbers. The fatigue life is defined as the number of cycles at which a dominant crack grows to have a specified length.
Consequently, fifty different cracking patterns and fatigue lives are obtained for the material under the loading condition.

(a) (α+β) Ti-alloy
(b) β Ti-alloy
Fig. 1. Examples of modelled microstructures

Fig. 2. Competition modelling for fatigue crack growth.

a) Corresponding author. Email: hoshide.toshihiko.5c@kyoto-u.ac.jp
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ANALYTICAL RESULTS AND DISCUSSIONS
Analytical results simulated by using the developed model were compared with experimental results in fatigue tests
which had been carried out by using notched specimens of (α+β) and β titanium (Ti) alloys [2]. Simulations were conducted
for two Ti alloys. Examples of simulated cracking morphologies in (α+β) Ti alloy are depicted in Fig. 3, in which bold lines
represent dominant cracks. It is clarified that the results shown in Fig. 3 almost coincides with experimental observations.
In Fig. 4, the experimentally observed fatigue lives are compared with scatter-bands of simulated lives, which are
depicted as error-bars. The actual fatigue lives under axial and combined loading are almost covered within a scatter of
factor of 3. Under torsional loading, however, the simulated fatigue life has a large dispersion, and the actual lives are
almost covered within a scatter of factor of 10, which is larger than the scatter under the other two loading modes.
Table 1 summarises statistical parameters presenting the scatter in simulated lives, in which Nf,ave and CV are
respectively average lives and coefficient of variation. Parameters, α, Nf.S and Nf.L, are respectively shape, scale and location
parameters, which constitute Weibull distribution function. Since larger CV or smaller α imply larger scatter, it is confirmed
that the largest dispersion appears in fatigue life distribution under torsional loading mode especially.

(a) Axial loading

(b) Combined loading

Axial direction

(c) Torsional loading
Fig. 3. Simulated cracking morphologies in (α+β) Ti alloy.

Fig. 4. Comparison between actual and simulated lives.

Table 1. Statistical characteristics of fatigue lives simulated for middle level of applied stress.
Statistical
Two-parameter
Three-parameter
parameters
Weibull dist. function
Weibull dist. function
Material
Loading mode
Nf,ave
CV
Nf,S
Nf,S
Nf,L
α
α
Axial loading
1560
0.1147
10.43
1635
3.203
625.5
1000
(α+β)
Combined loading
5356
0.1486
8.030
5678
2.851
2490
3140
Ti alloy
Torsional loading
13650
1.835
1.095
10850
0.6978
9373
939.2
Axial loading
1699
0.5094
2.199
1898
1.566
1565
298.5
β Ti
Combined loading
9013
0.5435
1.902
10160
1.878
10090
60.45
alloy
Torsional loading
54570
0.9555
0.6929
50320
0.7348
50590
-200.2
CONCLUSIONS
In this work, microstructures of two different polycrystalline materials were modelled by using Voronoi-polygons, and a
theoretical procedure for analysing crack growth in a modelled microstructure was proposed. By comparing simulated and
experimental results, good coincidences were seen between them. It may be concluded that the proposed procedure is
applicable to the analysis of crack growth affected by microstructural variation and stress biaxiality.
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Summary Weibull distribution has been widely used to determine the probability of material fracture. However, its role has been primarily

confined to fitting fracture toughness data rather than providing predictive insight of material fracture toughness and its magnitude of scatter.
Besides, the Weibull parameters which are obtained through curve fitting carry little physical significance. In this paper, a multiscale framework
is developed to predict material fracture toughness of composite materials in a statistical sense. The Weibull distribution parameters are
correlated with the statistical measures of microstructure characteristics and the statistical characterization of the competition between crack
deflection and crack penetration at matrix/reinforcement interfaces. The established correlations are useful for material sensitive design.

INTRODUCTION
Fracture toughness of a composite material is not a deterministic property. This is primarily due to the stochastic nature
of its microstructure as well as the activation of different fracture mechanisms during the crack-microstructure interactions
[1-3]. Prediction of material fracture toughness as well as its scatter is one of the biggest challenges in material sensitive
design. The crack interactions with microstructure can result in different failure mechanisms which ultimately determine the
variation of fracture toughness [4, 5]. Most of the existing probabilistic models for fracture toughness prediction only
consider near crack-tip stress states [6-8]. Information regarding microstructure characteristics and failure mechanisms
associated with the crack propagation process is not explicitly included in the model formulations. This is due to the fact
that the material heterogeneities at the microstructure level and the interaction of a propagating crack with phases in a
microstructure are hard to quantify. Both of them are very random and complicated. Li and Zhou [5] developed a semiempirical model which allows fracture toughness of Al2O3/TiB2 ceramic composites to be predicted. Although this
quantification lends itself to the establishment of relations between the statistical attributes of microstructure, fracture
mechanism and the fracture toughness of the material, the material fracture toughness is predicted in an average sense from
the CFEM (Cohesive Finite Element Method) simulations in Li and Zhou [2]. Based on the previous work, a modified
multiscale model is introduced which allows the possible range of fracture toughness values to be predicted as function of
microstructure. The Weibull distribution parameters are directly correlated to the two-point correlation functions as well as
the quantification of fracture mechanisms. These relations can be used for material reliability design by controlling the
fracture toughness scatter through microstructure tailoring.
MODEL FORMULATION
For Al2O3/TiB2 ceramic composites, a crack can propagate into Al2O3 matrix, TiB2 reinforcements or along the interface in
between. Our attention is primarily focused on the last two scenarios since they are the two competing fracture mechanisms
when a crack interacts with reinforcements. He and Hutchinson [9, 10] first proposed an energy based criterion which
quantifies the competition between crack deflection and crack penetration when a semi-infinite crack is perpendicular to an
infinite planar interface. This criterion is only valid for isotropic bi-material which is symmetrically loaded. Based on the
previous work, Li and Zhou [5] further extend He and Hutchinson’s criterion by including the effects of finite reinforcement
size s , reinforcement shape  and distribution in a two-phase composite material. The criterion is parameterized by
U 

1 

2

 a2 
 



 c 2  h 2  2 Re  ch    a1 e s   in ,

a0 1    
p

(1)

to determine the activation of the two competing failure mechanisms. Specifically, interface debonding, which is activated
by crack deflection, is predicted when U  0 . Otherwise, crack penetration induced reinforcement cracking will be
activated instead.
Two-point correlation functions are employed to statistically parameterize the probability of crack interactions with
randomly distributed particles in the microstructure. For example, P01  D  quantifies the probability of a crack which is
a)

Corresponding author. Email: Yan.Li@csulb.com.
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initially in the matrix phase 0 to encounter the reinforcement phase 1 within propagation distance D . Based on the
physical implications of two-point correlation functions, the crack length associated with interface debonding, matrix
cracking and particle cracking, which are denoted as Lin , L p and Lm , are calculated by considering the crackmicrostructure interactions in a statistical sense.
Fracture toughness K IC is predicted through the calculation of energy release rate J IC , which is a function of Lin , L p
and Lm . Microstructures with non-overlapping circular reinforcements are considered in this study. The probability of
fracture Pf is calculated as
  K m 
Pf  1  exp   
 .
  K 0  

(2)

Here, K and K 0 are the fracture toughness value predicted using the developed model and the normalization factor,
respectively. m is the shape factor which quantifies the magnitude of fracture toughness scatter. Calculations carried out
here consider microstructures with systematically varied particle radius ( R  20 μm , 30 μm and 40 μm ) and volume
fraction ( f  10%, 15%, 20% and 25%). m is predicted for each combination of particle size and volume fraction. It is
found that the most effective way to improve the fracture toughness of two-phase composite material is to increase crack
tortuosity by promoting interface debonding. This can be achieved by introducing refined second-phase reinforcements with
adequate volume fraction. It should be noted that the decrease in reinforcement size and increase in volume fraction also
enhance the sensitivity of the material system as larger fracture toughness scatter is observed at the same time.
CONCLUSIONS
A multiscale model is developed to predict the scatter of fracture toughness of two-phase composite material as
functions of microstructure attributes and fracture mechanisms involved during the failure process. The Weibull parameter
m , which quantifies the scatter of fracture toughness is quantitatively correlated to the geometric attributes of the
microstructure as well as the proportion of interface debonding and particle cracking associated with the entire crack path. It
is found that increase of interface debonding can result in higher fracture toughness. This fracture mechanism can be
promoted by decreasing the reinforcement size and increasing its volume fraction in the dilute situation ( f  35% ).
Although this type of microstructure tailoring can lead to improved fracture toughness, the material system becomes more
sensitive as a larger fracture toughness scatter is observed. The upper and lower bound of fracture toughness scatter
predicted here can provide insight to selection of materials and microstructure tailoring without doing repeated testing. The
approach allows the upper and lower limit of fracture toughness to be predicted by considering microstructure attributes and
fracture mechanisms involved in the failure process.
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Summary The transition paths during nanovoid growth in Aluminum (Al) single crystals under triaxial load at different strain rates and
finite temperature have been studied using the HotQC method. Our analysis reveals that after an initial plastic regime, dislocations interact
between each other and promote a strain hardening regime that increases the peak stress during the simulation. This behavior is of remarkable
importance since it might help to increase the spall strength of pure Al under high velocity impacts.

INTRODUCTION
Spallation is a failure mechanism that is observed in materials subject to dynamic loads typically applied at very high
velocities, like in high energy impacts and explosions [1, 2]. Therefore, understanding the mechanisms that dominate this
catastrophic failure mode is of great interest for many applications including defense applications, nuclear reactors, aerospace,
etc.. Spallation happens when two release waves collide together after a shock compression load. The collision of the waves
promotes a tensile stress that increases very quickly in a narrow plane, usually called the spall plane, inside the material.
The tensile stress acts on defects like vacancies or cluster of vacancies and promotes nucleation, growth and coalescence of
nanovoids that end-up with a macroscopic crack in the material that compromises the structural integrity of the specimen
[3, 4, 5]. In this work we have applied the HotQC method [6, 7] to the study of void growth by dislocation emission in Al to
shed light on the mechanisms that dominate dynamic failure driven by nanovoids growth and coalescence.
METHODOLOGY AND RESULTS
HotQC [6, 8, 7] is a nonequilibrium finite temperature multiscale modeling technique that provides coarse-grained description of atomistic systems in both time and length scales. The time coarse-graining is achieved using the maximum-entropy
principle [9] and mean-field approximations [7] to generate temperature-dependent thermodynamic potentials. By treating the
atomic thermal oscillations in a statistical sense, HotQC makes possible to perform spatial coarse-graining using the cluster
version of the Quasi-Continuum (QC) technique [10]. Finally, in applications where the inertial effects are important the
HotQC method solves the meso-dynamic equations of motion (the evolution of macroscopic positions and momenta) by using
a explicit Newmark method. This allows larger time steps than MD making possible to access strain rates that can be achieved
experimentally [11].
Our simulations consist in a single Al-crystal of 432a0 × 432a0 × 432a0 , (where a0 = 4.032 Å is the lattice parameter
of Al) or 0.17μm3 . The material is simulated using the interatomic potential developed by Mishin et al. [12]. An initial full
atomistic zone of 16a0 × 16a0 × 16a0 is provided at the center of the computational cell and then, the atomic description is
coarsen with the distance to the center of the computational cell obtaining 36,000 repatoms in the initial stage. A nanovoid of
diameter 12a0 (4.8 nm) is initially generated. A Finite Element (FE) mesh is performed over the repatoms and it is adaptively
refined using the second invariant of the Lagrangian strain tensor as a metric of the distortion of the elements. At the final stage
of our simulations, the samples contained about 1,000,000 repatoms near the center of the cell providing enough resolution to
describe all dislocations emitted from the void.
The simulation cell is initially relaxed at 300K by minimizing the canonical free energy with respect to the atomic position
and frequencies. Then, the meso-dynamic of the system is integrated using an explicit Newmark method for strain rates
between ˙ = 107 − 1010 s−1 . For ˙ = 105 s−1 the inertia effects are not important and the equilibrium configurations are

Table 1: Simulated strain rates, critical volumetric deformation and stress for void cavitation.
˙ [s−1 ]
volc [%]
σc [GPa]
∗ Corresponding

author. Email: mpariza@us.es

Sim. 1
105
13.4
13.1

Sim. 2
107
13.6
13.7

Sim. 3
108
13.2
15.1

Sim. 4
1010
18.46
18.55
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found by energy minimization followed by a heat conduction step. The heat conduction introduces a time scale that allows
for larger time steps compared to the dynamic cases. The load is applied by using a homogeneous deformation gradient to
impose a hydrostatic tension. We carried out simulations at different strain rates specified in Table 1.
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Figure 1: Virial stress and void volume as function of volumetric deformation vol for different strain rates.
We now proceed to describe the evolution of the virial stress and the void volume as a function of the volumetric deformation evaluated as vol = V (t)/V (t = 0) − 1, where V (t) means the volume of the sample at a time t. The evolution is
shown in Figure 1. For all simulations we have observed three different stages. For convenience, the three stages have been
delimited by vertical dashed lines in Figure 1 only for the strain rate of ˙ = 105 s−1 . A first stage (stage I) is observed where
the deformation is purely elastic, no dislocations are observed and the deformation is reversible. The void fraction increases
linearly with the volumetric deformation. This elastic range extends until volc indicated on Table 1 for different strain rates.
When the deformation reaches volc , the void starts the cavitation process, then, a second stage (stage II) of plastic deformation
is followed. Dislocations are emitted from the void surface to accommodate the deformation and the void increases its volume
at a very high rate. The virial stress curve grows monotonically with the volumetric deformation, but at a much smaller slope
than in the elastic regime. After the initial plastic regime, a secondary plastic regime (stage III) is observed due to deformation
hardening, and consequently, the virial stress increases until the peak stress is reached. Once the peak stress is reached, the
void grows quickly and a crack propagates almost instantaneously ending with the failure of the specimen.
CONCLUSIONS
In conclusion, we have studied the stress-strain deformation path attendant to nanovoid growth in Al. Our study reveals that
there are three main stages in the process of nanovoid growth, an initial reversible linear elastic regime (stage I), a primary
plastic stage where dislocations are emitted and the deformation is not longer reversible (stage II) and finally, a secondary
strain hardening plastic regime where dislocations interact between each others and promote an increase in the peak stress.
This behavior has been observed for all strain rates and is a clear evidence of the nonlinear mechanic behavior of the material
under dynamic loads.
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Summary Graphene has exhibited ultra-high Young’s modulus and tensile strength, but very low fracture toughness which is close to that of
an ideally brittle solid. As a typical example of 2D materials, the feature of the atomic thin thickness of graphene preserves flexibility for outof-plane topological design so as to improve its mechanical and physical properties, such as fracture toughness. Here, we propose a novel
methodology based on phase field crystal method to construct a curved graphene which conforms to a targeted arbitrary 3D surface, and
in which topological defects (pentagon-heptagon pairs) are generated spontaneously to comply the surface curvature. Aiming at improving
fracture toughness by introducing effective energy dissipation mechanisms, two patterns (strip and blister) are systematically designed
and studied. The results show that (i) the fracture toughness of the designed graphene is increased significantly, and (ii) the underlying
toughening mechanisms come from crack tip blunting/trapping, daughter crack bridging, and dislocation sheltering.

INTRODUCTION
Graphene has been attracting remarkable attention over the last decade due to its outstanding mechanical and physical
properties, as well as its representation for the studies of two dimensional (2D) materials. Although the elastic modulus and
theoretical strength of graphene have been reported as high as 1T P a and 130GP a respectively [1], the fracture toughness
has been recently measured as low as 16J/m2 [2]. The intrinsically brittle nature of graphene has highlighted fracture as one
of the most prominent concerns for practical applications. The most promising and inexpensive approach for deposition of
reasonably high quality graphene is chemical vapor deposition (CVD), yet randomly distributed defects including dislocations
and grain boundaries are still inevitable. These distributed defects have been found to play a crucial role in improving
and/or altering mechanical and physical properties of graphene [3,4], and result in wrinkled configurations as validated by
both simulation and experiment [5]. These results suggest that the distributed defects can be utilized to control the 3D
geometrical configuration and further tune the properties of graphene sheet. Then, fundamental questions arise as: (i) Can
fracture toughness be enhanced by introducing desired topological defects? (ii) How to introduce toughening mechanisms to
toughen brittle graphene? (iii) Is it possible to design a curved graphene with arbitrary topological features? In this work,
phase field crystal (PFC) method and atomistic simulations are integrated dynamically for the topological design of graphene
with enhanced fracture toughness.
METHODS
Previous studies have employed geometrical methods and Monte Carlo simulations to search for the positions of atoms on
a curved surface, which are unfortunately difficult to apply for a large system with complicated geometry feature. Recently,
phase field crystal (PFC) method has been developed to model self-organization and pattern formation in crystalline materials
with over-damped conservative/diffusive dynamics. As a case study, a sinusoidal graphene ruga has been successfully built
using PFC method and leads to twice increment of fracture toughness compared with flat defect-free graphene [6]. The
formulation of PFC model starts from the free-energy functional in the well-known Swif t − Hohenberg(SH) form:
Z
1
φ
(1)
F = [ (− + (1 + ∆)2 )φ + φ4 ]dx,
2
4
2

2

∂
∂
where ∆ = ∂x
2 + ∂y 2 is the Laplace operator in 2D, φ is the reduced density and  is the reduced temperature. If the dynamics
of density evolution is assumed to be dissipative, the governing equation can be derived as:

∂φ
= ∆{(− + (1 + ∆)2 )φ + φ3 },
∂t

(2)

The above high-order partial differential equation can be solved by Finite Element Method (FEM). The numerical scheme is
based on a mixed formulation of FEM, with the introduction of two new variables to reduce the highest order in the spatial
derivative. The software platform FEniCS is used for the implementation of PFC. Figure 1 describes the basic procedure of
using PFC to build the full-atom configuration of a wrinkled graphene with designed topological features. First, PFC was
performed on a given manifold surface (Fig 1a) to search for density distribution pattern with minimum energy. Identifying
wave crests as vertices converts the density pattern (Fig 1b) to a discrete triangular lattice network (Fig 1c). Then, full-atom
configuration (Fig 1d) is extracted from Voronoi construction on the triangular lattice, and it will serve as a building block for
the preparation of large testing sample (Fig 1e) where an area of two assembled unit cells (Fig 1f) is enlarged. MD simulations
were carried out via Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS).
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RESULTS AND CONCLUSIONS
The strip pattern (as shown in Fig 1e) and blister pattern (as shown in Fig 2) are systematically designed and studied.
For the strip pattern, the design variables include ratio of length between flat part and wavy part (κ), height of the wavy part
(Hwavy ), and width of the unit cell (Wcell ). The fracture toughness can be improved to 96J/m2 , six times of the pristine case,
when κ = 0.8, Hwavy = 18Å, and Wcell = 50Å. For the blister pattern, the design variables are even more, including radius
of the representative blister, packing density of blisters, blister shape (circular, ellipse, etc.), and combination type of different
blisters, as shown in Figure 2b (type I to type V). Figure 2a plots the stress-strain curves of a 80nm ∗ 160nm specimen with a
36nm edge crack under uni-axial tension loading, packing with small, medium and large blisters respectively. It can be seen
that the critical strain is effectively increased in blister graphene cases compared with pristine case (black line in Fig. 2a),
while the Young’s modulus are decreasing as the increasing of blister radius. The main toughening mechanisms are cracktip blunting/trapping, daughter crack bridging, and dislocation sheltering. More results and underlying mechanisms will be
discussed further during the talk. The proposed methodology has a great potential to be extended to the studies of broader 2D
materials, and the resulting conclusions may shed a light on the fabrications of 2D materials with enhanced mechanical and
physical properties.

Figure 1: Basic procedure of using PFC to build the full-atom configuration of wrinkled graphene.

Figure 2: Blister graphene: (a) uniaxial tension tests of blister graphene with edge crack; (b) design patterns.
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CRACK PROPAGATION MECHANISMS IN AMORPHOUS LiSi ALLOYS:
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Summary Despite apparent promise of silicon as anode material for lithium-ion batteries, the fracture characteristics of lithiated Si are largely

unknown. Here, we report an atomistic study of the fracture toughness of lithiated Si for
compositions of = 0.5, 1.0, 1.5. We measure
similar near-steady-state fracture toughness for all compositions, with void nucleation and coalescence observed to be the main mechanism of
crack growth. With increasing Li content, the plastic flow stress decreases but the material becomes more susceptible to void nucleation and
growth. To gain more insight, simulations of plane-strain expansion of uncracked samples provide complementary information on the void
nucleation and growth, consistent with the fracture simulations. We also investigate the effect of discharging and show that the increased structural
disorder generated by discharging decreases the flow stresses but expedites void nucleation and growth, indicating that the flow and fracture of
lithiated silicon depends on the history of charging/discharging.

INTRODUCTION

Silicon is among the highest Li-storing anode materials in Li-ion batteries, but the large capacity is accompanied by large
volume expansion that causes mechanical failure. Recent experimental studies have been performed on the fracture of
lithiated silicon, with conflicting results [1,2]. However, at present, there is no mechanistic model for the fracture of these
materials, which motivates our systematic atomistic simulation of fracture in lithiated silicon. In pure K fracture tests, we
observe plastic flow around the crack tip followed by void nucleation and growth, leading to crack extension, with the
development of an R-curve over 100s of Angstroms of crack growth. The fracture toughness does not vary significantly with
lithium composition
for = 0.5, 1.0, 1.5, due to two competing effects. Increased lithium decreases the flow stress of
the material but makes the material more susceptible to void nucleation and growth. To complete the direct crack propagation
simulations, we perform simulations of plane-strain expansion, which corroborates the evolution observed ahead of the crack
tip as a function of alloy composition. We then study materials that have been discharged from higher x to lower x. Recently,
we have proposed a theory for plasticity in amorphous lithiated silicon which accounts for history of loading and
charging/discharging, and leads to a history dependence of the flow stress in terms of excess internal energy relative to the
initial relaxed material at the same composition (as quenched material) [3]. In the plane-strain tests on discharged materials,
we find both decreasing flow stress and increasing susceptibility for void nucleation with increasing degree of discharging,
indicating that the fracture toughness in lithiated silicon will be a function of the charging/discharging history of the material
as well as the loading rates (imposed or induced by volumetric expansion/contraction).
SIMULATION RESULTS
Fracture toughness simulations
In order to model fracture in atomistic simulation we use a box of the size = 970, = 20, = 650 . The sample is
periodic along the line of the crack in the direction in order to model plane strain conditions. The sample size in and is
large enough to accommodate the full plastic zone development around the crack tip inside the sample and away from the
boundaries, so that small-scale yielding remains valid. Samples are created by quenching the desired Li-Si composition from
the melting point to 0
at a rate of 3000 / . To model fracture, we apply displacement boundary conditions
corresponding to the desired mode-I K field on the boundaries of the MD cell, increasing KI in increments of 0.01
√ .
After each loading step, the boundary atoms are fixed and other atoms are relaxed in MD at = 1 for sufficient time to
achieve near-equilibrium, i.e. convergence of the total energy.

a)

a)

b)
Figure 1: a) Crack growth versus applied load in the specimen, b) Mechanism of crack growth in different compositions.
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Fig. 1a shows the crack growth versus applied K-field for three different compositions (Li Si with x = 0.5, 1.0,1.5). As
seen in the figure, the critical K values for different compositions are not very different, although their yield stress is quite
different. Figure 1b shows the crack growth mechanism of void nucleation, growth, and coalescence with the main crack
occurring in all three compositions, but with increasing void size/spacing with increasing Li composition that is associated
with the lower plastic flow stress for higher Li compositions.
Plane-strain expansion simulations
As shown in our direct simulations, the main mechanism of crack growth in lithiated silicon is void nucleation and growth.
Thus, we set up plane-strain expansion simulations for a complete range of compositions. For as-quenched materials (i.e. fully
relaxed on the timescale of MD), the plane-strain stress-strain curves are shown in Figure 2a, which show the onset of plastic
flow and then abrupt at a critical strain due to void nucleation and growth (not shown). The material with higher Li content
shows much lower flow stress, and high failure strain, while the intermediate composition shows intermediate flow stress and
failure strain. These variations correlate with the fracture toughness, although a more detailed analysis using ductile fracture
theory remains to be done. We also study material that have been discharged from an initial high Li content to a final lower
Li content, which leads to final materials with more excess energy and lower flow stress than the as-quenched material at the
same composition. Fig. 2b shows the volumetric loading for samples with final composition = 0.5 but prepared by
removing atoms from samples with initial concentrations
= 1.5 and 1.0 in an incremental process of removal and
relaxation that simulates fast discharging of the battery. The effects of charging/discharging on plasticity are discussed in our
recent work [3]. Results in Fig. 2b show that the discharging history decreases both the flow stress and the failure strain,
which should result in lower fracture toughness of the discharged materials. If the discharged samples were relaxed for a long
time before testing, however, they would relax to the state of the as-quenched material and the flow stress and failure strain
would be increased. Thus, crack propagation and fracture toughness in lithiated silicon are both composition and historydependent processes, in general. There exists a dynamic competition between the changing in composition, the relaxation
time of the glassy material, the rate of charging/discharging, and the rate of loading. With our new model for plastic flow [2]
and guidance from simulations on the critical failure processes as a function of composition and discharging, we will apply
ductile failure models such as the Gurson model [4] to establish a theory for lithiated silicon fracture.

a)

b)

Figure 2: Volumetric stress versus strain for a) as quenched relaxed structure samples, b) samples with
material at higher compositions .

= 0.5, but discharged from relaxed

CONCLUSIONS
In this research we have performed systematic atomistic simulation of crack propagation in lithiated silicon. Unexpectedly,
despite of vastly different yield stresses, the critical fracture toughness is relatively constant for different compositions. In
order to clarify this point, we analysed the mechanism of fracture which was shown to be void nucleation and coalescence for
all compositions. To complete the analysis, we performed series of plane-strain expansion tests in which volumetric stress
versus strains show expedited instability for higher concentrations. Thus although the yield stress of higher compositions is
higher and we do expect further fracture resistance, the material became unstable sooner in front of the crack under high
volumetric stress. Charging/discharging history also has the same effect. We conclude that the fracture of lithiated silicon is
happening based on a dynamic competition between change of composition, loading and speed of charging/discharging.
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2
Department of Mechanical Engineering, Columbia University, New York, New York, United States

Summary Current continuum models of graphene do not specifically include grain boundaries properties. Through molecular dynamics
simulations of graphene bicrystals we develop cohesive zone models of graphene grain boundaries. This atomistic to continuum scale
bridging, based on local averages of atomic quantities raises issues regarding the quantitative aspect of the derived laws due to the influence
of the size of the volume elements. We address this issue and deal with the energetic consistency of the derived law by estimating the
fracture toughness of the grain boundaries through a global energetic analysis. The two high angle grain boundaries investigated show
fracture properties comparable to that of pristine graphene.

INTRODUCTION
In a previous work [1], a continuum constitutive law of pristine graphene has been developed and validated against
nanoindentation experiments on graphene membranes. For the purpose of extending that continuum model to polycrystalline
graphene we develop cohesive zone models (CZM) for some idealized grain boundaries (GB). Since intergranular fracture
takes place at the nanometer scale, we perform molecular dynamics (MD) simulations to compute the GBs’ CZMs. To derive
the continuum traction-separation laws (TSL) from atomistic quantities, we use a method [2] of local average over elementary
volumes encompassing a few atoms.
MOLECULAR DYNAMICS TO COHESIVE ZONE MODEL
We focus our study on two high angle GBs (with tilt angles of 27.8◦ and 30.0◦ ) that have been experimentally observed in
chemical vapor deposited polycrystalline graphene. As a reference, we also consider fracture in the bulk of pristine graphene.
To derive the traction-separation laws of the GBs, we perform MD simulations of crack propagation along a GB such as
depicted on Figure 1. To achieve a controlled crack propagation, opposite vertical displacements are prescribed on the left end
and fixed boundary conditions are applied on the right end.

(a)

(c)

y
x

(b)

(d)

L y = 10 Å

k th cohesive zone
volume element

atomic stress
S yy (N/m)

L x = 8.9 Å
-20
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Figure 1: Double cantilever beam simulation domain for the computation of the traction-separation law. (a) and (b): relaxed
configuration. (c) and (d): during crack propagation
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Figure 2: GB with tilt angle 27.8◦ : (a) Traction-separation MD computations and bilinear TSL fit. (b) Global energetic
quantities evolution along the crack propagation.
Carbon-carbon interactions are modeled with the REBO2+S interatomic potential of Pastewka et al. [3]. During the crack
propagation we compute the edge separation and interfacial traction by averaging over volume elements the atomic positions
and atomic stresses respectively. To this end, we use the Virial definition of atomic stress. Figure 2(a) reports a bilinear
traction-separation law fit to MD computation for the 27.8◦ tilt angle GB that is suitable for incorporation in a finite element
method simulation. The work of separation wsep corresponds to the area under the bilinear fit.
QUANTITATIVE ANALYSES OF THE LAWS
Energetic consistency
The energetic consistency of the traction-separation laws lies in the equality of the work of separation and the fracture
toughness of the grain boundary. Unlike the local approach used for the TSLs, we perform a global computation to derive
the fracture toughness of the GBs. In the Griffith approach to fracture, fracture toughness corresponds to the critical energy
release rate Gc that equals the energy release rate G in the case of equilibrium crack propagation. We compute G from the
knowledge of the potential mechanical energy Π of the system that is equal to the elastic energy Uel = Uint − Uedge , with
Uint the internal energy and Uedge the edge energy associated to crack extension as obtained from MD (Figure 2(b)). The
TSL’s work of separation and the globally computed fracture toughness are in good agreement, which demonstrates internal
consistency of the derived TSL.
Determination of the volume element size
As one may guess from Figure 1(b), the size of the volume elements where quantities are averaged affects the quantitative
aspect of the traction-separation law. To determine the appropriate size of the volume elements we compare the peak traction
of the TSL (which is strongly dependent on the averaging size) to the intrinsic strength of the GB as computed from uniform
tensile simulations of flawless bicrystals.
CONCLUSION
In the present work, we have computed from molecular dynamics simulations, traction-separation laws that describe the
cohesive zone model of some graphene grain boundaries. The consistency of the TSLs has been validated by comparing the
work of separation dissipated by the TSL to the fracture toughness of the GB. Size effects have been addressed through a
comparison of the peak traction to the intrinsic strength of the GB. Our results show little difference between the fracture
properties of the high angle GBs and pristine graphene.
References
[1] Wei X., Kysar J. W.: Experimental validation of multiscale modeling of indentation of suspended circular graphene membranes. Int J. Solids Struct
49:3201-3209, 2012.
[2] Yamakov V., Saether E., Phillips D. R., Glaessgen E. H.: Molecular-dynamics simulation-based cohesive zone representation of intergranular fracture
processes in aluminum. J. Mech Phys Solids 54:1899–1928, 2006.
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Summary A fundamental understanding of the fracture toughness of the LixSi alloys is crucial for the rational design of Si based high-capacity
and failure-resistant electrodes. In this study, a chemo-mechanical model, which involves the bi-directional strong coupling between lithiation
kinetics and stress, is adopted to demonstrate that the classic Rice's J-integral becomes path-dependent when both chemical and mechanical
driving forces are present concurrently. However, our newly proposed electro-chemo-mechanical J-integral is shown to be path-independent
under such combined multiple driving forces when the electrodes undergo large lithiation-induced elasto-plastic deformation. Based on the
algorithm of the path-independent electro-chemo-mechanical J-integral, molecular dynamics (MD) simulations are conduced to investigate the
fracture toughness of LixSi alloys. Good agreement is achieved between the obtained results and the limited published data derived from the
experimental measurements. According to the calculated fracture toughness, the critical sizes of different Si anode nanostructures are finally
discussed.

INTRODUCTION
Rechargeable lithium-ion batteries (LIBs), due to their high energy density and design flexibility, are widely used as power
sources in portable electronics and electric vehicles. Currently, the commercialized LIBs widely adopt graphite as anode
material. However, graphite suffers low specific charge capacity (372 mAhg−1), which will obviously hinder the application
of LIBs in new generation electronic devices. It is well-known that silicon (Si) stands as the leading candidate anode
material owing to its highest theoretical capacity (4200 mAhg−1). Nevertheless, inherent to the high-capacity electrodes,
lithium (Li) insertion-extraction cycling induces huge volumetric change and stress inside the Si anode, leading to fracture,
pulverization, electrical disconnectivity, and ultimately capacity loss. Therefore, a fundamental understanding of the
degradation mechanisms in the Si anode during lithiation-delithiation cycling, especially the mechanics of damage initiation
and propagation in the Si anode, is crucial for the rational design of next-generation failure-resistant Si based electrodes.
Currently, the fracture toughness of LixSi alloys, which is essential to assess the damage initiation and propagation in the Si
anode, is rarely investigated experimentally. This might be due to the difficult to prepare the LixSi alloy specimens with
various Li concentrations based on currently available experimental techniques. Computationally, due to the large amount
of atoms involving in the cracking initiation and propagation simulation, the first-principle based approach is also not
feasible due to the huge computational cost. Consequently, the molecular dynamics (MD) simulation with a robust
interatomic potential is emerged as an appropriate method to assess the fracture properties of LixSi alloys. In addition, as Li
insertion/extraction always induces large elasto-plastic deformations in the Si anode, a reliable non-linear fracture
mechanics based algorithm should be adopted to derive the fracture properties of LixSi alloys from the pertinent MD
simulation results.
CHEMO-MECHANICAL MODEL & MD SIMULATIONS
The previously developed finite strain chemo-mechanical model is adopted in this study [1, 2]. In this model, the concurrent
chemical reaction and diffusion processes are simulated in a unified manner by a non-linear diffusion model, despite the
difference in interfacial reaction and bulk diffusion. Therefore, the classical diffusion equation is used to describe Li
transport in the Si anode:

∂c

(1)
= −∇ ⋅ J F , J F = − D∇µ , µ (F, c) = µ0 (c) + τ (F, c)
∂t
where, c is the Li concentration, D is a diffusion constant, J F if the Li flux, which is related to the chemical
potential of Li, µ , in Si. The µ 0 (c ) and τ (F, c ) are the stress-independent and stress-dependent parts of the chemical
potential, respectively, and F is the deformation gradient. It should note that the electrostatic potential in this study is
assumed to be 0, therefore, its effect on the chemical potential is ignored here. For the mechanics part of the model, the
following equilibrium equation
(2)
∇ ⋅σ = 0
is solved with corresponding boundary conditions. All the material properties are Li concentration dependent. Using the
implicit coupled temperature-displacement procedure in ABAQUS/Standard with user subroutines, the corresponding Li
concentration and stress-strain fields are updated incrementally. Meanwhile, contour integrations are conducted for both the
classic Rice's J-integral and the electro-chemo-mechanical J-integral [3].
In the MD simulations, a second nearest neighbor MEAM (2NN MEAM) of LixSi alloy [4] is used to simulate the
single edge crack propagation in the specimens with different Li concentrations under tension loading. The stress
a) Corresponding author. Email: Jianmin.Qu@tufts.edu.
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distribution information at the critical moment that the crack starts to propagate is used to calculate the fracture toughness
based on the electro-chemo-mechanical J-integral algorithm.
RESULTS
As shown in Fig. 1, a LixSi alloy specimen with an edge crack is adopted for the chemo-mechanical modelling. Initially, Li
is uniformly distributed in the specimen, which is indicated by the uniform color in Fig. 1(a). During the simulation,
uniaxial tensile loading is applied along the vertical direction, leading to the stress concentration and subsequently stress
gradient around the crack tip. The stress gradient will further act as a dominant driving force for Li to migrate from far field
to the crack tip till the new equilibrium state is reached [5], as shown in Fig. 1(b), where, the red color indicates high
concentration, blue low concentration. Integrations of the classic Rice's J-integral and the electro-chemo-mechanical Jintegral are conducted along three different contours around the crack tip. The classic Rice's J-integral, which is shown in Fig.
1(c), becomes path-dependent when both chemical and mechanical driving forces are present concurrently. However, the curves
in Fig. 1(d), which are generated from our newly proposed electro-chemo-mechanical J-integral, are almost overlapping with
each other, showing that the electro-chemo-mechanical J-integral is path-independent under such combined multiple driving
forces when the electrodes undergo large lithiation-induced elasto-plastic deformations.

Figure 1. Chemo-mechanical simulations of a LixSi alloy specimen with an edge crack under tensile loading along the
vertical direction. (a) Li distribution before loading; (b) Li re-distribution driven by the stress gradient around the crack tip;
(c) Integrations of the classic Rice's J-integral along three different contours around the crack tip; (d) Integrations of the
electro-chemo-mechanical J-integral along the contours around the crack tip.
CONCLUSIONS
In this study, a chemo-mechanical model, which involves the bi-directional strong coupling between lithiation kinetics and
stress, is adopted to demonstrate that the classic Rice's J-Integral becomes path-dependent when both chemical and mechanical
driving forces are present concurrently. However, our newly proposed electro-chemo-mechanical J-integral is shown to be pathindependent under such combined multiple driving forces when the electrodes undergo large lithiation-induced elasto-plastic
deformations. Based on the algorithm of the path-independent electro-chemo-mechanical J-integral, MD simulations are
conduced to investigate the fracture toughness of LixSi alloys. Good agreement is achieved between the obtained results and the
limited published data derived from the experimental measurements. According to the calculated fracture toughness, the critical
sizes of different Si anode nanostructures are finally discussed.
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1

Summary In the process of lithiation and delithiation, the destruction of silicon electrode in lithium ion battery always begins with the crack

initiation. We performed atomistic simulations for the crack propagation in amorphous LixSi alloy, and found that fracture mechanism changes
from intrinsic nanoscale cavitation to shear bandings in front of the crack tip. The observed mechanism transition can be understood from
changing ratio between critical stresses for cavitation and plastic yield as lithium concentration increases.

INTRODUCTION
As an anode material, the silicon has a theoretical charge capacity of 4200 mAhg-1, much higher than the conventional
anodes used currently. However, silicon suffers ~280% volumetric expansion during lithiation-delithiation process, which
significantly fades the capacity and eventually destroys the battery after hundreds of cycles. To mitigate this adverse effect,
nanostructured silicon have been used since they have nano-sized structures which enables fast Li transport and rapid strain
relaxation1. During cyclic charge-discharge, the fracture of nanostructured silicon electrode is the most common failure
mode, which significantly reduces the battery life. Therefore, there have recently been numerous studies on deformation and
fracture mechanisms during lithiation of nanostructured silicon, mostly from experimental and theoretical aspect. In this
paper we investigate to the fracture behaviours of lithiated silicon by using molecular dynamics (MD) simulations. The
results from MD simulations show that there exists a brittle-to-ductile transition with the variation of lithium concentration.
Methodology and results
All MD simulations are carried out via LAMMPS. After the first lithiation, the silicon electrode becomes amorphous, so all
simulated samples are set as amorphous phases. Six types of Li-Si mixtures are picked. Interatomic interaction is described
by a modified embedded atom method (MEAM) potential2.
The initial lithiated silicon models go through a melting-and-quenching process to reach amorphous state. The simulated
samples have the same size of ~200 nm × 122 nm × 2 nm but different Li concentrations, containing about 3 million atoms.
An edge crack with length of 60 nm is created in the middle of samples. Mode I loading is applied to the samples with a
constant strain rate of ~5 × 108 s-1.3

Figure 1. Snapshots of crack propagation
Figure 1 show the details of crack propagation at atomic scale in different samples. The atoms are painted by von Mises
strain, which is averaged in the range of cut-off radius. In samples with lower lithium concentrations, nanosized voids
spontaneously nucleate ahead of the crack tip, then gradually grow and eventually coalesce with the main crack, as
illustrated by Figures 1a-1b. The coalescence of these nanovoids leads to fast crack propagation. In contrast, for samples
with higher lithium concentrations, no cavitation is observed throughout the simulations, rather some shear bands are seen
to form near the crack tip, as shown in Figures 1c-1e. As the applied strain increases, the crack tip becomes blunt due to
extensive shear banding around the crack tip. The simulation results shown in Fig. 1 indicate that as the lithium
concentration increases, there exists a brittle-to-ductile transition in lithiated silicon at a critical lithium concentration, due
a) Corresponding author. Email: Huajian_Gao@brown.edu.
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to a switching of fracture mechanism from nanoscale void nucleation to extensive shear banding. The cavitation will form if
the local hydrostatic stress reaches the cavitation stress. We obtained the range of cavitation stress by conducting
hydrostatic-dilatation simulations. The maximum and minimum values of cavitation stress are shown in Figure 2 and
indicated by two red lines. We also compute the local hydrostatic stress in front of crack tip at the moment when the first
cavitation is about to nucleate. It can be seen from Figure 2 that the maximum crack-tip hydrostatic stress falls within the
range of cavitation stress at relatively low lithium concentrations, suggesting an activation of nanoscale cavitation
instabilities ahead of the crack tip. In contrast, at higher lithium concentrations, the local hydrostatic stress falls always
below the minimum cavitation stress, in which case cavitation is suppressed.

Figure 2. Variation of local hydrostatic stress

Figure 3. Ratios of cavitation stress to shear strength

To further complement our simulations, we conducted a theoretical analysis on the competition between cavitation and
plastic deformation ahead of a crack tip in amorphous lithiated silicon. Based on the small-scale yield hypothesis, the
maximum hydrostatic stress can be expressed as  hmax
.4 We assume a simple stress-based criterion that the
-tip    ,  Y , N  Y
void nucleates only when the hydrostatic stress is beyond the critical cavitation stress, i.e. h≥c. The cavitation criterion
can be re-written as  c /  Y    , Y , N  . The classical Prandtl slip-line theory shows =1+. We subsequently calculated 
using the maximum crack-tip hydrostatic stress from MD simulations, as Figure 3 shows. This prediction is consistent with
the observations of fracture-mechanism transition from our atomistic simulations, indicating that the transition from brittle
fracture induced by nanoscale cavitation to ductile fracture due to plastic deformation in amorphous lithiated silicon can be
characterized by the ratio of cavitation stress to shear yield stress.
CONCLUSIONS
In summary, we have revealed atomistic mechanisms of fracture in amorphous lithiated silicon with different lithium
concentrations using large-scale MD simulations. At relatively low lithium concentrations, brittle fracture occurs due to
spontaneous nucleation and coalescence of nanovoids ahead of the crack tip. However, at high lithium concentrations, plastic
deformation contributes to the fracture process by the crack-tip blunting through extensive shear banding. Such fracturemechanism transition can be determined by a ratio of cavitation stress to shear yield stress of materials.
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Summary: This paper examines a modified cohesive zone approach to model crack kinking out of an interface. Here, for
the first time, cohesive zone models are shown to accurately predict crack kinking without any assumption of crack growth
direction. Key dimensionless mesh parameters are identified that control the critical initiation of a simulated crack, and the
results are shown to be in excellent agreement with the results of He and Hutchinson [1] in the limit of a refined mesh. The
simulation results correctly predict both the kink angle and critical ERR of the parent crack in the case of homogeneous
bulk/interface toughness. However, the simulations predict a different transition between kinking and interface delamination
for a non-homogeneous bulk & interface toughness. The method is applied to simulate the response of a film/substrate
system subjected to a femtosecond laser pulse, with the resulting failure mechanisms a natural outcome of the simulation.
INTRODUCTION & SIMULATION APPROACH
The transition between interface delamination and crack kinking has been a long standing problem in interfacial
fracture mechanics, and is highly relevant for brittle high temperature coating systems where multiple interacting failure
mechanisms are possible. The analysis of He and Hutchinson has provided much insight on the conditions for crack kinking
out of a brittle interface in terms of the material mismatch parameters and applied mode mixity and has been widely accepted.
Here we extend these concepts and show that they can be reproduced using a cohesive zone approach, a method previously
thought to be capable of analysing cracks where the crack path is known in advance [2]. It has also been shown that the
accuracy of the solution depends largely on the dimensionless mesh parameter controlling the number of elements per unit
length of the cohesive zone. We extend this concept and confirm it to be true for spontaneous crack paths as well, and
demonstrate the utility of the method through dynamic simulations of an oscillating film on a substrate.
To fully reproduce the mixed-mode loading conditions analysed in [1], we adapt a methodology similar to that of
Zavatierri and Bower [3]. A large disk is simulated, whose radius is much larger than any other characteristic length in the
problem, and the known LEFM Mode I and Mode II displacements are applied to the outer boundary of the disk as shown in
Fig. 1. Cohesive zones are placed in between every element pair. Explicit time stepping (dynamic) is used to avoid nonlinear root finding, but quasi-static conditions are enforced by slowly loading the specimen and selecting appropriate damping
parameters. A Delaunay triangulation is utilized for the mesh as it very well minimizes the tortuosity between any two mesh
nodes. The critical initiation energy release rate (Gc) is defined as the applied ERR of the parent crack that first causes at
least one cohesive zone to rupture. The dimensionless mesh density (EΓi/σ02he) is controlled within a focused region ahead
of the crack tip, and is the main variable modulated in the parameter study.
RESULTS
The results for critical ERR (relative to the bulk toughness Γb) of the parent crack are shown in Fig. 2. In the limit
of a highly refined mesh, the results are in excellent agreement with the maximum energy release rate established by He and
Hutchinson over a wide range of applied mode mixity (defined through the phase angle ψ) for Γi= Γb. The average kinking
angle (not shown here) is also in excellent agreement with the results predicted by He and Hutchinson, and agrees within 2%
for the range of phase angles presented. Results are also shown for the non-homogeneous case where Γi ≠ Γb in Fig. 3. In
this case, the simulation results overpredict the theoretical results of He and Hutchinson, but recover the correct initiation
ERR in the limit where Γi >> Γb and Γi << Γb. This can likely be explained by a non-linear interaction between the cohesive
zones along the interface and in the bulk near the transition region. Lastly, Fig. 4 shows a basic failure mechanism map for
a film under dynamic loading conditions where the crack is free to delaminate or kink into the film; the basic transition
boundaries are then identified as a function of system properties.
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Figure 1 - Schematic of virtual specimen used to
simulate kinking. Mode I and II displacements are
applied along outer boundary.

Figure 3 – Transition between interface delamination and
bulk kinking as a function of the phase angle, with the
toughness ratio plotted on the vertical axis

Figure 2 - Critical energy release rate of parent crack
as a function of mesh density in focused region rf

Figure 4 – Transition between various failure
mechanisms in dynamic oscillating film simulations
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Summary A finite element analysis of a polyimide matrix-carbon fibre microstructure has been carried out. Cohesive zone elements were used
to model the interface between fibre and matrix with the cohesive parameters obtained from previous research involving the atomistic-tocontinuum level modelling of the fibre-matrix interface. The microstructure model underwent transverse loading with the stiffness, strength,
and stress distribution calculated and compared to experimental results in the literature. The model was effective at predicting both stiffness and
strength with respect to changes in temperature and showed the validity of using cohesive parameters obtained from atomistic based multiscale
simulations.

INTRODUCTION
The transverse strength of composite materials is one of the limiting design criteria in composite structures. Fracture
due to transverse loading is often the result of fibre-matrix debonding where the fibre-matrix interface is subjected to high
local stress levels that increase the tendency for damage nucleation to occur near the bonding site. The incorporation of
cohesive zone elements into a finite element model of the composite microstructure in order to capture the fibre-matrix
debonding is increasingly being used [1]. The cohesive zone parameters are often obtained from experimental data fitting,
however this approach to calculating interfacial strength and fracture toughness are extremely time-consuming and
expensive. Thus, the ability to predict the interfacial strength of material interfaces has been a long desired goal. In the
research presented here, a finite element cohesive zone model is used to predict the temperature dependent material
properties of a polyimide matrix composite with unidirectional carbon fibre arrangement. The cohesive zone parameters
have been obtained from previous research [2] involving an atomistic-to-continuum multiscale simulation of the fibrematrix interface using the bridging cell multiscale method [3].
The cohesive parameters from this simulation were used to inform a cohesive zone model of the composite
microstructure. A microscale representative unit cell (RUC) was used to predict the properties of the macroscale composite,
including stiffness and strength, with respect to changes in temperature. The goal of the research presented here was to both
investigate the effect that temperature change has on the composite behaviour as well as to validate the use of cohesive
parameters obtained from atomistic-to-continuum multiscale modelling to predict fibre-matrix interfacial cracking.
MULTISCALE COHESIVE ZONE MODEL
The cohesive zone model approximates a traction-displacement relationship along a material interface by being
embedded into zero-thickness cohesive zone elements. In this study, a mixed-mode bilinear form of the cohesive zone
model is used. The mixed-mode bilinear model incorporates both normal and tangential cohesive tractions, with a region of
linear elastic loading followed by a linear softening region. To obtain the cohesive parameters, the previously developed
bridging cell method [3] is used to model the polyimide/graphite interface. As outlined in [2], the multiscale system was
deformed to produce both normal and tangential separation at the polymer/graphite interface. The cohesive zone parameters
obtained from the simulation are shown in Table 1.
Table 1. Cohesive zone parameters obtained from coupled atomistic-to-continuum simulation
Max Interfacial Shear
Work of Adhesion
Max Interfacial
Temp. (˚C)
Stress (MPa)
(mJ/m2)
Normal Stress (MPa)
21
46.82
40.10
120.50
204
35.29
34.09
100.35
316
25.84
24.22
78.55
MICROMECHANICS MODEL OF COMPOSITE MICROSTRUCTURE
The microstructure was represented by a periodic RUC of the unidirectional fibre reinforced composite. To produce
the finite element model of the RUC a random fibre distribution was created with a fibre volume fraction of 56% and fibre
diameter of 3 µm. The RUC, shown in Fig. 1(a), was modelled in ANSYS [4] with the matrix and fibre meshed using 10node tetrahedral elements (SOLID187). Between the matrix and fibre were 15-node cohesive elements (INTER204) based
on a bilinear traction-separation law. The polyimide matrix properties were nonlinear as obtained from experimental results
a)
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Fig.
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STRETCHABLE ELECTRONICS:
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Summary Stretchable electronics holds the promise of futuristic electronic devices close to or inside human bodies. Stretchable
electronics devices will be of hybrid nature, containing stiff application-specific integrated circuits embedded within a soft
highly-stretchable matrix. However, stretchability-induced interface failure limits device reliability. Here, first, a multi-scale
experimental analysis is presented that unravels how the microscopic delamination mechanisms result in the macroscopic
fracture toughness. With this, a remarkably high fracture toughness has been achieved, however, stretchability-induced interface
failure puts a limit to stretchable electronic technology relying on metal-substrate interfaces. It was realized, therefore, that the
way to leap forward is to completely remove the substrate underneath the metal interconnects. A novel micro-fabrication
process for completely free-standing interconnect structures was developed and interconnect structures were designed for
maximum reversible stretchability. An unprecedentedly high reversible stretchability is achieved, opening up a realm of
advanced future applications.
INTRODUCTION
Close integration of electronic devices with biological tissue enables a realm of ground-breaking (in-body) applications,
from surgical and diagnostic implements that naturally integrate with the human body, such as eye-implanted retina-shaped
photosensor arrays, electrode array probes for deep brain, heart, or nerve stimulation, and chips and sensors on the tip of
minimally invasive instruments, to numerous ex-vivo applications, such as sensory skin for robotics and prostheses.
The main challenge of such devices is to match their shape and mechanical properties such as flexibility, stretchability and
texture as closely as possible to that of the tissue. However, biological systems are soft, deformable, curved, whereas electronic
devices are hard, brittle, flat. This apparently intrinsic incompatibility is at the verge of disappearing. The near future will see
flexible devices such as bendable displays and rollable solar cells. Further into the future, electronics may even become
stretchable. Thus far though, as argued below, proposed solutions in literature are fundamentally limited in mechanical reliability,
manufacturability, and maximum stretchability. This calls for a paradigm shift in the approach towards stretchable electronics.
MULTI-SCALE EXPERIMENTAL ANALYSIS OF METAL–ELASTOMER INTERFACES
Stretchable electronics devices will be of hybrid nature, containing stiff application-specific integrated circuits (ASICs),
such as sensors, actuators, and microprocessors, embedded within a soft highly-stretchable matrix (e.g. silicone rubber).
Conductor wires connecting the microelectronic components are relatively stiff and brittle, but can be made stretchable with
inventive mechanisms that can convert small local strains in large global stretch. However, stretchability-induced interface
failure is a key reliability concern that limits device stretchability.[1] Surprisingly, early interface failure also occurs for large
elastic-mismatch interfaces that exhibit a remarkable high fracture toughness (Gc>2 kJ/m2).[2] Therefore, a multi-scale
experimental-numerical analysis was set up to bridge the gap between macroscopic fracture toughness to the microscopic
delamination mechanisms.
T-peel and shear-peel delamination tests, at a wide range of peel rates, were conducted on elastomer-copper interface types,
with different copper roughness (Ra
0.5/1.9 μm) and elastomer (TPU/PDMS), under in-situ optical and environmental
scanning electron microscopic observation to unravel the characteristic features of the mesoscopic and microscopic peel front,
see Fig. 1. Interface characterization at the macro-meso scale was achieved by matching optical deformation movies to FEM
crack propagation simulations (employing a cohesive zone interface model), showing a notably low (macroscopic) mode angle
dependency for both roughness types.[3] Real-time in-situ high-resolution ESEM movies revealed that 30μm-long fibrils are
formed at the microscopic peel front, and detailed analysis of the fibril shape/distribution/evolution showed that fibril nucleation
is caused by mechanical interlocking of the fibril basis in the copper roughness ‘valleys’, combined with cavitation at the
roughness peaks, as can be seen in Figure 1.
A multi-scale rate-dependent energy dissipation analysis was conducted, including a study of fibril debonding versus
rupture and post-mortem analysis (with a novel quasi-3D global DIC technique) that revealed permanent fibril deformation to be
negligible.[4,5] The high macroscopic fracture toughness was found to originate from dynamical release of elastically stored
energy in the fracture process zone upon fibril rupture. These insights give guide-lines for engineering interfaces with high
macroscopic toughness, by enhancing the microscopic heterogeneity of interface loads to initiate a fibrillation process.

Ĭ
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Fig.1. In-situ ESEM visualization of a delaminating peel front, showing a distinct difference in the micromechanisms between a
smooth and rough copper interface. The lower image strip shows the evolution of a fibril up to failure from the rough copper.
The numbers denote the image frame numbers, recorded at 1 frame per second. Guidelines have been added to mark the outline
of the fibril and the original adhesion point. Figure reproduced from [5].
From this detailed multi-scale experimental analysis of metal-elastomer interfaces it was concluded that stretchable
electronic technology relying on metal-rubber interfaces approaches its limits. It was realized, therefore, that the way
forward is to completely remove the substrate underneath the metal interconnects.
FREE-STANDING INTERCONNECT STRUCTURES
A novel fabraction process for completely free-standing interconnect structures was developed. Figure 2 shows an
examples of free-standing structures connecting the ASIC islands, which demonstrates that the production process has been
succesfully implemented. In an elaborate FEM campaign, interconnect structures were designed for maximum elastic, i.e.
reversible, stretchability. Preliminary results show that, using an interconnect design other than the one shown in Fig. 2, a
huge elastic stretchability is achieved, roughly an order of magnitude higher than wat is reported in literature. This opens up
a realm of advanced future applications in and outside the human body. The succesful interconnect design and the micromechanical origin of this huge elastic stretchability will be discussed at the ICTAM 2016 conference.

(a)
(b)
(c)
Fig.2. SEM images of successfully micro-fabricated free-standing interconnect structures, connecting ASIC islands.
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Summary In this work we consider delamination and debonding phenomena in bi-material interfaces through a general formulation for
two-dimensional (2-D) anisotropic elasticity while accounting for the interfacial structure by means of an interfacial elasticity paradigm.
The elasticity formulation considers the necessary and sufficient conditions for a non-oscillatory, 2-D crack-tip stress field based on the
Stroh formalism, while the interfacial mechanics is incorporated by employing a generalized interfacial elasticity formulation for coherent
and incoherent interfaces. This general formulation provides an insight on the physical significance and the obvious coupling between the
interface structure and the associated mechanical fields in the vicinity of the crack tip. The singularity of the crack-tip stress field will be
discussed in terms of the interface properties.

Many engineering materials ranging from metal matrix composites, cast aluminum alloys, or oxide dispersed strengthened
(ODS) steels all contain bi-material interfaces. Under certain loading conditions, delamination is most likely to occur along
these interfaces. The structural and chemical characteristics of the interface separating both phases greatly affect the delamination process. The corollary of such an assertion is then that any theoretical framework describing interface crack problems
shall strongly depend on the interface representation. So far, classical theoretical fracture mechanics studies considering the
two-dimensional (2-D) problem of a finite crack lying on an interface between two distinct semi-infinite media [1, 2, 3, 4, 5, 6]
neglect the effects of interfacial elasticity on the fracture of bi-materials. More recently, several studies have incorporated
an interfacial model consisting of an interfacial constitutive behavior linking the interfacial strain to the interface surface
stress [7, 8] into the classical fracture formulation. However these theories based on such a 2-D framework cannot account
for the interface flexural stiffness nor can they describe the transverse behavior of real bi-material interfaces or account for the
interfacial mismatch.
The purpose of the present work is not a discussion of the capabilities of the pre-cited mathematical formalisms but to
consider, by using the same 2-D finite crack configuration, a more physical description of the interface mechanics [9] that
accounts for the three-dimensional (3-D) nature of the interface and its state of coherency. The present formulation consists
of three components: (i) the first component is based the Stroh formalism and considers the resolution of the Navier-type
equation associated with the 2-crack problem in anisotropic elasticity; (ii) the second component describes the elastic behavior
of coherent and incoherent interfaces under general loading conditions based on the Gibbs dividing surface concept; and (iii)
the last component describes the boundary conditions at the interface while accounting for surface stresses.
(i) 2-D anisotropic elasticity formulation: Considering the 2-D crack problem schematically represented in Fig. 1, the
displacement vector u (x1 , x2 ) is the solution of the following Navier equation:
C : ∇.∇u (x) = C : ∇∗,S (x) ,

(1)

where the second order eigenstrain tensor ∗,S is defined as the interfacial structure eigenstrain tensor only defined in medium
“−” [9]. This tensor associated where the interface represents the interface components of the strain of medium “−” relative

Figure 1: Interface crack between two anisotropic media
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to medium “+”. It can be decomposed such that ∗,S (x) = 0,S + m,s g (x) , where the strain tensor 0,S is an eigenstrain
related to stress free configuration corresponding to the change in molar volume between medium “+” and medium “−” and
the spatial function g corresponds to the variation of the structural mismatch m,S over a few atomic layers and vanishes far
from the interface.
(ii) Interfacial constitutive behavior: A generalized continuum framework describing the elastic behavior of coherent
and incoherent interfaces [9] under general loading conditions based on the Gibbs dividing surface concept combined with the
so-called “T-decomposition” is used to describe the uncracked part of the interface such that:
ΣS = Γ(1) − Υ(2) : m,S + Γ(2) : S + σ ⊥ · H ,
⊥

(1)

∆ =Λ

(2)

+Λ

⊥

S

m,S

·σ −H: +K:

(2)

.

(3)

The interfacial tensors ΣS and ∆⊥ are the coherent surface stress and the transverse excess strain, respectively. They represent the thermodynamic driving forces of stretching the interface and can be expressed as a function of the interfacial in-plane
strain tensor, S , the structural mismatch m,S , and the transverse stress, σ ⊥ . The transverse stress and in-plane strain tensors
are both applied remotely. The quantities Γ(1) , Υ(2) , Γ(2) , H, Λ(1) , Λ(2) and K correspond to the residual surface stress,
the interface in-plane coherency stiffness tensor, the interface in-plane elastic stiffness tensor, the interfacial Poisson’s effect
tensor, the residual transverse interfacial deformation, the interface transverse compliance tensor and the interface transverse
structural interfacial mismatch tensor, respectively.
(iii) Boundary conditions with interface properties: While the boundary condition associated with the cracked region
−
+
⊥
is similar to the one considered by [4, 2, 6], i.e. σ ⊥
+ (x1 , 0 ) = σ − (x1 , 0 ) = t (x1 ), boundary conditions related to the
uncracked part and listed hereafter differ significantly such that:
JuK = ∆⊥ ,
n · JσK · n = 0 ,
P · JσK · n = −∇S ΣS .

(4)
(5)
(6)

The resolution of the Navier-type equation is then conducted by combining the Stroh formalism [10] with so-called “Tdecomposition” [4, 2]. It is noteworthy to mention that the displacement field obtained for the medium “−” consists of the
sum of a particular solution resulting from the presence of the eigenstrain and a homogeneous solution whose expression
depends directly on the structural characteristics of the interface. Through the resolution of this formulation, the singularity
of the crack-tip stress field will be discussed in terms of the interface properties.
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SSummary Inter--particle fracturee, specifically debbonding betweenn the active partiticle and binder, is a major causee of capacity fadde in Li-ion
bbatteries. We inteegrated the electrrochemical-mech
hanical model and cohesive zone model to investiggate the interfaciial debonding dur
uring lithium
iintercalation. Wee found that the mechanism
m
of faacture at the partiicle/binder interfface is different ffrom that inside a particle. The ddebonding at
tthe interface is caaused by the expansion of the parrticle that is closeely related to the ttotal amount of liithium intercalatiion, while the fraacture inside
a particle is caussed by the gradieent of lithium con
ncentration. As a result, debondinng at the interfacce is more likely to occur as the pparticle size
aand C-rate decreease, which is op
pposite to the treend of fracture inside
i
a particle that is more likkely to occur as the particle sizee and C-rate
iincrease. This un
nderstanding of debonding mechan
nism can guide th
he development oof more robust ellectrodes.

INTR
RODUCTION
N

Fracture in
n the electrode is known as on
ne of the majorr causes for de gradation in Li-ion batteries.. The effects innclude loss
oof electric con
ntact, isolation of active mateerials from the conductive m
matrix, and incrreased cell inteernal resistancee. Fracture
aalso increases the exposure of
o active materrials to the elecctrolyte, acceleerating side-reaactions and cappacity fade. Thhe fracture
bbehavior insidee a single partiicle has been addressed by seeveral works. H
However, inter--particle fractuure in electrodee materials
hhas rarely beeen addressed in
i theoretical studies. In an
n electrode, paarticles are connnected togethher by the binnder. Two
scenarios can possibly
p
happeen for inter-partticle fracture depending
d
on thhe locations: frracture in the m
middle of bindeer or at the
pparticle/binderr interface. Wiith atomistic siimulations we have shown tthat the cohesiive strength att the interface is weaker
tthan that insidee the binder, su
uggesting that inter-particle
i
fracture
fr
is moree likely to happpen at the partiicle/binder inteerface [1].
Here we reeport a study on
o the debondiing behavior between a grap hite particle annd a PVDF (polyvinylindenee fluoride)
bbinder associatted with the electrochemical--mechanical prrocesses duringg the operationn of a Li-ion baattery. Graphitte particles
aand PVDF aree commonly ussed as the anod
de material and
d the binder inn current comm
mercial batteriees. To capture fracture at
tthe interface, we
w have develo
oped an electro
ochemical-mecchanical modell that incorporaates the cohesiive zone approoach. First,
ddiffusion-induced stresses arre calculated by
y the electroch
hemical-mechaanical model. T
Then, the lithiuum concentratiion profile
iis exported to
o the cohesive zone model by
b thermal strress analogy. S
Since the cohhesive zone moodel can descrribe crack
iinitiation and its propagatio
on, the simulattion results can
n provide quaantitative insigght into the deebonding proceess during
llithium intercaalation and captture the creatio
on of new interrfaces that are eexposed to thee electrolyte.
MODELLING
M
OF COUPLE
ED ELECTRO
OCHEMICAL
L PROCESS A
AND DELAM
MINATION

An iterativ
ve two-step method
m
is used
d to study the interfacial ddebonding duee to lithium
iintercalation. We
W first calcullate the diffusion-induced strress in the partticle by couplinng the stress
ffield and Li-io
on diffusion, and
a then expo
ort the calculatted lithium cooncentration prrofile at any
specific State of
o Charge (SOC) and apply itt to the cohesiv
ve zone model to examine deebonding.
Electrocheemical-mechanical model: The stress--strain relatioon in the particle is
 ij  (1   ) ij   kk ij  / E  c ij / 3 , where  ij are strain
n components, E is Youngg’s modulus,

 is Poisson’s ratio,  ij are
a stress com
mponents,  ij iss the Kroneckker delta, c is the Li-ion

partticle

binder
Fig. 1. A paarticle with
binder at the boottom.

cconcentration and  is paartial molar vo
olume of Li-ions [2]. In the binder regionn the regular
nical boundary
y condition is ggiven by constrraining the dispplacements at tthe bottom
stress-strain reelation is applieed. The mechan
oof the binder, as shown in Fig. 1. The grad
dient of chemiccal potential ddrives Li-ion diiffusion. Both concentration and stress
ccontribute to the
t chemical potential,
p
leading to a diffusion flux of J   D  c  c h / RT  , w
where D is thee diffusion
ccoefficient off Li-ion, R iss gas constan
nt, T is absolute temperatuure, and  h is the hydroostatic stress given by

 h   11   22   33  / 3 . The time-dependen
nt lithium conccentration is ggiven by c / t    J  0 , w
with boundary cconditions

oof J  n  in / F , where n is the normal veector of the paarticle surface, in is the currennt density and F is Faraday’ss constant.
T
The current deensity at the paarticle surface covered by the binder is sett to zero. The ccurrent densityy at other regioons on the
pparticle surfacee is determined
d by the chargee/discharge C-rrate. Simulatioons are perform
med with COMSOL multiphyysics [3].
Cohesive zone
z
model: The
T cohesive zone model is developed uusing ABAQU
US, which is eequipped withh cohesive
eelements that COMSOL laccks [4]. We ad
dapt a bilinear traction-separration law, whhere the goverrning parameteers are the
m
maximum stress and the fraccture energy. Th
he fracture pro
ocess occurs onn the cohesive surfaces as folllows. The tracction stress
bbetween two cohesive
c
surfacces changes with
w the external loading. Whhen the tractioon stress reachhes the maximuum stress,
ddelamination of
o surfaces or fracture initiaates. Then thee crack evolvees until all of the fracture eenergy is dissiipated and
aa)
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eeventually, thee fracture proccess is compleeted with the appearance
a
off new surfacess, i.e. an advannce of the craack. Crack
ggrowth is capttured by trackiing the crack advance
a
step by
b step with thhe evolution off the external loading. In thee cohesive
zzone model, th
he parameters of the traction-separation law
w are critical. IIn this study, m
more accurate prediction is eenabled by
uusing the param
meters obtaineed from molecu
ular dynamics simulations [11]. The lithium
m concentrationn profile from C
COMSOL
iis loaded as a ‘temperature’’ field in ABA
AQUS. Cohesiive elements aare placed at tthe interface bbetween the paarticle and
bbinder. The co
ohesive behavio
or is defined by
y two ingredien
nts: “damage innitiation” and ““damage evoluution”. For the criteria of
““damage initiaation”, the max
ximum nominaal stress is presscribed in the nnormal and sheear direction. F
For “damage eevolution”,
tthe fracture en
nergy and a lineear degradation
n model with uncoupled
u
norm
mal/shear modees are prescribeed.
RESULTS
R
Figure 2 shows
s
the evo
olution of lithiu
um concentrattion profile duuring charging.. In the early
stage when lith
hium ions startt to diffuse intto the particle, the concentrattion gradient is fairly large.
A
After the particle is filled with
w more ionss, the concenttration gradiennt becomes sm
maller. For an
iisolated spherrical particle in the electro
olyte without any binder, the lithium cconcentration
t=1000s
t=100s
ddistribution is spherically iso
otropic with thee lowest conceentration at thee particle centerr. In contrast,
ffor the system
m studied here the lithium fllux from the surrounding
s
eleectrolyte is bloocked by the
bbinder at the particle/binderr interface. Th
he location of the lowest cooncentration apppears at the
t=1700s
t=3425s
bbottom of thee particle, rath
her than at th
he center. Affter t=1400s, a zone with high lithium
Fig.
2
Evolu
ution
of Li
cconcentration begins to appeear near the ed
dge of the bind
der due to stresss concentratioon. The stress
concentratioon (particle
to
geometric
concentr
ration
is
dev
veloped
due
(3DView)
radius: 5µm,, 1C-rate).
discontin
nuity at the edge, which drives local
Our simulationns (Fig. 3) show that debondiing begins
lithium accumulation.
a
to occurr at 85% SOC with a small aamount of debbonding near thhe edge of
85% SOC
89
9% SOC 95% SO
OC 100% SOC
the bind
der. As SOC iincreases, the debonding areea is graduallyy enlarged
Fig. 3 Debond
ding areas (red co
olor) at differentt
toward the
t center. Whhen the SOC reaches 95%, the binder is separated
SOCs. View frrom bottom. (5µm
m, 1C-rate).
entirely.
We investiigated the effecct of C-rate and
Figure 4 show
d particle size on the debondding behavior. F
ws the debondinng area for
tthe fully charg
ged state at diffferent C-rates and particle siizes. For the pparticle radius of 5µm, an enntire separationn occurs at
1C-rate. Howeever, at 5C-ratee only a small portion of sep
paration is obseerved near thee edge of the binder. When thhe particle
size increases from 5µm to 10 µm, an entiire separation also
a occurs at 1C-rate. Howeever, no debonnding is observved at 5Crrate. These ressults show that interface debo
onding is moree likely to happpen at a smalleer particle size and a lower C-rate. This
ttrend is opposiite to the fractu
ure behavior in
nside a particle,, where fracturre is more likelly to happen
aat a larger parrticle size and a higher C-raate. We attribu
ute the distinct fracture behaaviors at the
pparticle/binderr interface and
d inside a partiicle to differen
nt mechanismss of stress geneeration. For
iinterface debonding, the streess at the interfface mainly co
omes from the expansion of the particle
5µm, 5C
5µm, 1C
dduring lithium
m intercalation relative to thee binder. As th
he C-rate decreeases, it takes longer time
ffor the concen
ntration on the particle
p
surfacee to reach stoiichiometry or a certain SOC.. Thus there
iis enough timee for lithium io
ons to diffuse deeply
d
inside th
he particle, andd the concentrration inside
tthe particle is more
m
uniform. As a result, th
he total amoun
nt of lithium ionns intercalatedd is larger at
a lower C-ratee, leading to a larger volumee expansion an
nd strain at the interface. As the particle
10µm, 1C
10µm, 5C
size increases, more space iss available forr lithium ions to
t fill, which lleads to a smaaller volume
Fig.
4
Debond
ding
areas
eexpansion. Th
herefore, a larg
ger volume ex
xpansion at a low
l
C-rate wiith a smaller pparticle size
at 100% SO
OC with
ccauses a largerr stress at the interface, which leads to intterface fracturee more likely tto occur. In
different partticle radii
ccontrast, the mechanical
m
stresss inside a partticle is related to
t the gradientt of lithium conncentration.
and C-rates.
CON
NCLUSIONS
Debonding at the particle/b
binder interfacee was simulated
d using an integgrated electrochhemical-mechaanical model annd cohesive
zzone model. Th
he simulations show that fractture at the interrface occurs moore likely at a ssmaller particlee size and a low
wer C-rate,
w
which is oppossite to the tendeency of fracturee inside a particcle. The reason is that the interrface debondingg is caused by the overall
eexpansion of th
he particle, whille fracture insid
de a particle is caused
c
by the cconcentration grradient.
R
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A HOMOGENIZED APPROACH FOR DELAMINATION FRACTURE
IN LAMINATED STRUCTURES
Roberta Massabò
Department of Civil, Chemical and Environmental Engineering, University of Genova, Genova, Italy

1

Summary Progressive damage in multi-layered structures is dominated by delamination fracture at the layer interfaces. Current modeling relies
on cumbersome and computationally expensive discrete-layer models which represent the structures as an assembly of layers joined by
cohesive interfaces and where the number of variables depend on the number of layers and may be very large. In this paper, fracture of
laminated plates will be studied using a novel multi-scale homogenized model which has been recently formulated by the author. The model
depends on a limited number of global variables, equal to those of classical single layer theories, and account for the small-scale fields, e.g. zigzag displacements, jumps at the layer interfaces, through a homogenization technique. The model accurately predicts stresses and displacements
in multi-layered plates with continuous imperfect interfaces and delaminations subjected to thermo-mechanical loading. Here the accuracy of
the approach in deriving fracture parameters will be verified using some simple reference problems.

MULTISCALE HOMOGENIZED APPROACH
In this paper the potential of a novel homogenized structural theory to study fracture of multi-layered plates will be
investigated.The theory was recently formulated in [1,2] and based on the original works in [3,4].
The theory uses a multiscale approach and a homogenization technique and couples an equivalent single layer theory and a
detailed discrete-layer cohesive-interface model, in order to obtain efficient homogenized field equations while accounting
for the inhomogeneous material structure and for the presence of imperfect interfaces and cohesive or traction-free
delaminations. The equations depend on a reduced number of variables, which is independent of the numbers of layers or
imperfections and coincides with that of the coarse grained model (four in wide plates and beams; six in general plates),
Fig.1. The homogenized theory allows closed form solution of problems that would otherwise require numerical solutions if
treated using classical discrete-layer approaches. Global displacements and force and moment resultants are obtained
through the solution of the homogenized equations using solution techniques previously developed for homogeneous
structures, while the local fields, in the layers and at the layer interfaces, can be easily evaluated a-posteriori. The accuracy
and efficacy of the theory for the analysis of laminated wide plates and beams with imperfect sliding interfaces and
delaminations subjected to thermo-mechanical loads has been demonstrated in [5]. Figure 2 shows stress and displacement
fields in a thick highly anisotropic wide plate with imperfectly bonded layers and fully delaminated layers; the results are
compared with exact elasticity solutions.

Figure 1: Global displacements (single layer theory) and local perturbations in the two length-scales displacement field assumed
in the model in [1]. The local perturbations are derived, as functions of the global variables, through a homogenization technique.
FRACTURE ANALYSIS
The model in [2] will be used to define the fracture parameters in simple reference problems, e.g. beams with finite
length delaminations under mixed-mode conditions, in order to verify its accuracy in predicting crack tip force resultants
and local stress fields both for cohesive and traction free cracks. This verification is preliminary to the application of the
approach for delamination damage progression analyses.
Acknowledgements: Support by U.S. Office of Naval Research no. N00014-14-1-0229, administered by Dr. Y.D.S.
Rajapakse is gratefully acknowledged.
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Figure 2: Longitudinal displacements, transverse shear (at plate end) and bending stresses (at mid-span) shown through thickness
for a highly anisotropic simply supported thick, L = 4h, plate with three layers [0,90,0] subjected to a sinusoidal transverse
load,and deforming in cylindrical bending. The first column refers to a plate with partially bonded layers joined by linearly
elastic sliding-only interfaces with stiffness K S h / ET = 0.25 . The second column to a fully delaminated plate. Elastic constants:
ET ET (1 − ν LTν TL ) . (dashed curves refer to early solutions
ET = EL / 25 , GLT = EL / 50 , GTT = EL / 125 , ν=
ν=
0.25 , =
LT
TT

based on the homogenized approach which were not energetically consistent)
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EXTRACTING RATE DEPENDENT TRACTION SEPARATION RELATIONS FOR
INTERFACES
S. Palvadi1, K.M.Liechti1 & N. Lu 1
Center for the Mechanics of Solids, Structures and Materials
Aerospace Engineering and Engineering Mechanics
The University of Texas at Austin, Austin, Texas, U.S.A

1

Summary Extracting traction-separation relationships for cracks/interfaces in both viscoelastic and elastic media can be equivalently
described as solving a Cauchy inverse boundary value problem. In this work, for a given far field loading condition, a framework is
proposed to independently solve for the tractions and displacements governing the interactions between elastic media. The proposed
framework combines the field projection method [1] and an iterative method to solve Cauchy problems [2, 3], to obtain an optimization
scheme that can be utilized to measure tractions and displacements. An attractive feature of this framework is that it only utilizes the
displacement and load measurements made on a very small accessible part of the boundary, close to the loading point and far away from
the crack-tip. Both numerical and physical experiments were performed to conclusively demonstrate the efficiency of the proposed
framework.

OBJECTIVES
Current work elicits a methodology to extract traction
separation relationships from load-displacement and end rotation
data, measured from a delamination experiment carried out using
a double cantilever beam type geometry as shown in Figure 1. It
has to be emphasized that this framework does not make any
major a priori assumptions on the functional form relating
interfacial tractions and displacement quantities; this in turn
enables the user to apply a similar framework to characterize rate
dependent traction separation relations as well.

Figure1. Double cantilever beam, measured

P, ,

METHODOLOGY
In order to represent the current problem as a Cauchy problem, analysis is restricted to the elastic adherent, highlighted
by blue contour in Figure 1, with the effect of the cohesive zone now visible as unknown boundary conditions. This part of
the boundary can now be effectively marked as being under constrained and characterizing these unknown boundary
conditions constitute the immediate objective of this work.
As mentioned earlier, a nonlinear optimization was designed to solve this Cauchy problem and a complete statement for
a non-linear optimization scheme usually consists of three main components: a) objective function generation b)
linear/nonlinear constraints generation c) development of an initial guess. Briefly put, the objective function is developed in
such a way that a solution field, satisfying all the constraints, will lie at the minimum and represent the unknown quantities,
in this case tractions and displacements. The objective function was obtained by combining a condensation scheme [2, 3]
with the results from field projection concepts [1]. The resulting objective function was
 du 
I.    Enet u  FnetP Dnet   Tnet   0
(1)
 dx 
Where u is the nodal displacement vector in the cohesive zone, P  and  are the measured/applied forces,
displacement and end rotation. F , D , T and E net are known vectors/array that remain constant for a particular
geometry, and elastic properties. In other words nodal displacement values corresponding to actual displacement values will
minimize Equation 1. Despite creating an objective function which has a minimum corresponding to the actual solution, it
can be established, through trial and error, that there exist multiple local minima and the true solution exists at the global
minimum. In order to reach the global minimum using any search algorithm, additional qualitative information regarding
the traction separation relation has to be imposed as constraints for the system. In that vein, two sets of linear constraints
involving the general form of all traction-separation relations were formulated and imposed. The final component of this
optimization scheme was generating the initial guess. As a starting point, a linear traction-separation relationship is assumed
and the initial stiffness K is obtained through a simple linear iterative scheme which will be omitted here.
net

net

net

RESULTS AND ANALYSIS
a)
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Owing to the theoretical nature of this work, numerical experiments were carried out using ABAQUS and other custom
built finite element codes first to validate the scheme .Two different input traction-separation relations were chosen and
were back predicted using the current algorithm as shown in Figure 3:

Figure 3) Comparison of input traction displacement relation and calculated from P, ,
As seen above, the agreement in the calculated and actual traction separation relationship is in reasonable agreement,
which demonstrated that the current scheme can also be utilized in an experimental setting. Experiments were carried out
using a custom built loading device as shown below in Figure 4. Two polystyrene adherends were used with a PDMS
interlayer as the adhesive and the traction separation profile was characterized using the load, displacement and rotation
values measured while applying a step displacement. The crack front is tracked through the microscope and the crack length
is given as an additional input to the optimization scheme. Preliminary results from this set up are as shown below in Figure
5. Two immediate inferences can be established from experimental results; 1) Rate dependence can be very clearly observed
by tracking the maximum traction value and 2) the faster the rate of crack propagation, the “stiffer” the traction separation
relation.

Figure5: Rate dependent traction separation relationship

Figure 4: Loading device

CONCLUSIONS
A viable scheme based on the field projection method was developed to calculate traction separation relationships from
far field quantities. The proposed scheme converts the problem into Cauchy value problem and an optimization scheme is
established which shows good agreement with numerical experiments. In addition, experiments were performed to analyse
the interface of polystyrene and PDMS using the optimization scheme
.
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MODELLING AND ANALYSIS OF BRIDGING EFFECT FOR INTERFACE CRACKS
Robert Goldstein and Mikhail Perelmuter ∗
Institute for Problems in Mechanics of RAS, Prospect Vernadskogo 101-1, 119526, Moscow, Russia
Summary The multilevel model of bridged cracks for analysis of bridging effect for interface cracks is proposed and used. It’s assumed:
there are bonds of the different levels between jointed materials (the interface layer); a zone of weakened bonds in this layer is considered as
an interfacial crack with distributed nonlinear spring-like bonds between the surfaces of a crack (the bridged zone); the size of the interface
crack bridged zone is comparable to the whole crack size. The quantitative analysis of the bridging effect for interfacial cracks is performed
accounting for the influence of the boundary conditions of structures and gradation of mechanical properties of jointed materials.

INTRODUCTION
Models of a crack with interaction of its surfaces make it possible to combine approaches of mechanics, physics and
chemistry of fracture while analyzing a crack growth. Zones of crack surfaces interaction adjoin crack tips and they are
commonly related to crack parts where cohesion forces are applied to the crack surfaces and suppress the crack opening.
Different versions of such models (cohesive or bridged) for analyzing brittle, elastic-plastic and viscoelastic fracture were
proposed. In this paper to model the bridging effect and fracture toughness of interfacial junctions the multilevel crack bridging
concept is proposed and used. It is assumed within the concept: there are bonds of the different levels (intermolecular forces,
molecular bundles, fibers, particles) between joined materials (the interfacial adhesion layer); a zone of weakened bonds in this
layer is considered as the interfacial crack with distributed nonlinear spring-like bonds between the crack surfaces (bridged
zone). The bonds properties on the different material levels define the stress state at the crack bridged zone and, hence, the
fracture toughness of the interface junction. In the general case, the size of the interface crack bridged zone is comparable
to the whole crack length. In the case of the crack bridged zone of large scale the conditions of the limit equilibrium and
quasi-static growth of cracks must be reconsidered to model quantitatively the bridging effects. The quantitative analysis of
the bridging effect for interfacial cracks consists of the following main steps: 1) development of the bond deformation law;
2) evaluation of stresses along the crack bridged zone; 3) application of the non-local crack growth criterion to analyze the
fracture parameters of the interface junction taking into account fracture toughness of interface itself. Modelling the bridging
effects leads to new methods for adjusting the adhesion fracture resistance.
INTERFACE CRACK: BRIDGED MODEL AND CRACK GROWTH ANALYSIS
Interface crack bridged model. It is assumed within the model, that the fracture process zone can contain ligaments of
several levels acting on various scales of the crack length. For given crack length the total contribution to the fracture toughness
of ligaments of all levels, except of the last (largest), is constant, and the region of their influence is small, compared to the
whole crack size and the influence zone of the last level bonds, see Fig.1, two level ligaments. The total stress intensity factors
due to external loading and bonds traction are not assumed equal to zero. The notations ”bonds” and ”bridged zone” refer only
to bonds of the last level. This last level region (bridged zone) modelling is based on the following assumptions: 1) fracture
process is localized at the crack bridged zone, which is treated as a crack part and can be comparable with the whole crack
length; 2) distributed bridging traction depending on a crack opening are imposed to a crack surface in the bridged zone;
3) materials behind crack tip are considered as linearly-elastic and they are deformed together with fibers (or adhesion layer)
without loss of their continuity.
To describe mathematically the interaction between the
crack surfaces, we assume that there exist bonds with nonlinear
deformation law between the surfaces of the crack at the bridging zone [1]. The traction appeared in the bonds between the
interface crack surfaces under the external loads√action have the
normal qn and tangential qτ components, σ = qn2 + qτ2 is the
modulus of the traction vector. The surfaces of the crack are
loaded by the normal and tangential stresses, which are numerically equal to these components of the traction. Experimental
Figure 1: Two level ligaments, contribution of zone d1 to determining of bonds deformation law for materials junction is
1
2
fracture toughness is constant and δcr
≪ δcr
= δcr - COD. labor-consuming task. The combined approach to determining
such curves consists in phenomenological or micromechanical
∗ Corresponding
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definition of functional dependence between a crack opening and bridging stress for some groups or pairs materials and the
experimental determination of some parameters for stressed bonds to describe the curve mathematically [2].
Stresses analysis. The stresses at the interfacial crack bridged zone are analyzed for the given nonlinear bond deformation
law and accounting for the kinetic destruction of bonds due to elevated temperature and aggressive agent. The bonds kinetic
model is the union of the Zhurkov fluctuation model of bonds destruction and the interface crack bridged model [3]. The
mathematical background of the modelling is based on the singular integral-differential equations (SIDE) [1] and the boundary
element methods (BEM) [4]. The relations between bond tractions and displacements difference of the upper and lower crack
surfaces at the crack bridged zone are used in the following generalized form [1] qn,τ (x) = κn,τ (x, σ) un,τ (x) where qn,τ
and un,τ are the components of tractions vector and crack opening in the local coordinate system connected with the normal
n and tangential τ directions to the crack surface and κn,τ (x, σ) are the stiffness of bonds depending on distance from the
crack tip, σ is the tractions vector modulus at the current point x.
In the frames of the SIDE a straight crack with bridged zone between two semi-infinite plates under the external normal
and shear loading is considered. The size of the bridged zone can be comparable to the whole length of the crack. The BEM
approach is developed on the basis on the multi-regions technique and is used for modelling of arbitrary interfacial bridged
cracks in finite size structures with accounting influence of the structure boundary conditions and gradation of mechanical
properties of jointed materials. The supplement conditions of displacements continuity and tractions equilibrium along the
sub-regions boundaries without crack are used. If there is the temperature loading on the structure then the first step of the
problem solution is the consideration of the steady state or transient thermal problem. The special crack boundary elements
for modelling of displacements and stresses asymptotics are used near of the crack tips and the stress intensity factors are
computed. The values of the displacements of the crack surfaces are considered as unknown parameters at the bridged zone.
For nonlinear bond deformation law the iterative procedure is used. In the case of the bonds kinetics at each time step the
bonds compliance is assumed to be proportional to the density of unbroken bonds.
Nonlocal criterion of bridged crack growth. The non-local fracture criterion [1, 5] is used in the frames of the bridged
crack model to evaluate the fracture toughness and the critical external loading at the crack limit equilibrium state:
Gtip (d, ℓ) = Gbond (d, ℓ), u(x0 ) = ([ux (x0 )]2 + [uy (x0 )]2 )1/2 = δcr

(1)

where Gtip (d, ℓ) is the strain energy release rate at creation of a new crack surface and Gbond (d, ℓ) is the rate of the energy
absorption at the crack bridging zone, respectively. Within the model the rate of the energy absorption depends on the bridging
zone size and bond characteristics. The equilibrium bridging zone size is not assumed to be constant. The first equation in (1)
is necessary condition (this is insufficient for searching for a limit equilibrium state of the crack tip and the bridging zone) and
the second equation in (1) the sufficient condition of bonds limit stretching at the trailing edge of the bridging zone x0 ( δcr is
the bond rupture length). Based on these two fracture conditions the regimes of the bridged zone and the crack tip equilibrium
and growth are formulated and considered [5]: 1) the crack tip propagates and the size of the bridged zone increases without
rupture of the bonds if Gtip (d, ℓ) ≥ Gbond (d, ℓ) and u(ℓ − d) < δcr , where u(ℓ − d) is the crack opening at the trailing edge
of the bridged zone; 2) the size of the bridged zone decreases due to rupture of the bond without the crack tip propagation if
Gtip (d, ℓ) < Gbond (d, ℓ) and u(ℓ − d) ≥ δcr ; 3) the crack tip propagates with simultaneous bond rupture at the trailing edge
of the bridged zone if Gtip (d, ℓ) ≥ Gbond (d, ℓ) and u(ℓ − d) ≥ δcr . The last case corresponds to quasi-static crack growth
if equality for the both fracture conditions are fulfilled. The critical external loads, the bridged zone size and the adhesion
fracture resistance versus of the crack length can be determined from these conditions for quasistatic cracks growth.
CLOSING COMMENTS
The main features of the criterion (1) are the accounting of energy consumed by bonds during cracks growth and the
analysis on this ground of non self-similar cracks growth. This criterion implemented in the frames of the bridged crack
model with assumption of singularity at the crack tip, but it includes the cohesive model as the special case for a long crack.
The application of the proposed model for stress state and fracture problems of the interface bridged cracks are presented
and discussed. Possibilities for improving the adhesion fracture resistance by adjusting the bonding characteristics are considered. The case of the two-scale bridging is considered in details. Work was supported by Russian Science Foundation,
the project number is 14-11-00844.
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Summary A one-dimensional particle dynamics model has been developed to study the dynamic buckle-delamination process
of compressed thin films on substrates. The simulation results of the maximum dynamic buckling deflection agree with the
previous analytical solution. It is also found that the delamination propagation speed increases when the interfacial fracture
energy is decreased and that the dynamic delamination is more likely to propagate than in the quasi-static buckle-delamination
process.
INTRODUCTION
Buckle-delamination has been widely observed in compressed thin film/substrate systems. Most of previous studies
assume that the buckle-delamination occurs in a quasi-static manner and thus neglect the inertial effects of the film. For a
compressed thin film bonded onto a substrate with an initial interfacial defect, once the pre-strain exceeds the critical strain
the subsequent buckling process is inherently dynamic. By assuming that the dynamic buckling deflection has the same
sinusoidal form as the quasi-static buckling solution, Lee and Freund determined the maximum buckling deflection and found
the energy release rate of dynamic buckle-delamination is much larger than that of the quasi-static case, thus resulting in a
larger arrested delamination length [1]. The same problem was later studied by Chen and Leib and they found higher order
buckling-mode functions should be included in the post buckling deflection to obtain an accurate solution [2]. However, it is
difficult to decide which buckling-mode should be incorporated in the dynamic buckling deformation. In this paper, a onedimensional particle dynamics model has been developed to study the dynamic buckle-delamination process without any adhoc assumption about the buckling deformation.
THEORETICAL MODEL
Fig. 1(a)-(c) show the buckling-driven delamination process of a compressed thin film on a rigid substrate with a preexisting delamination zone 2𝑏0 . Here the film is uniformly discretized into a series of particles that are connected by axial
and rotational spring-damper elements [3], shown in Fig. 1(d). When the film is not under compression, the spacing between
two adjacent particles is 𝑎0 = 𝐿0 ⁄(𝑁 − 1) and the mass of each particle is 𝑚 = 𝜌𝑎0 ℎ𝑤, where 𝑁 is the total number of
particles, 𝐿0 is the natural length of the film, 𝑤 is the width and 𝜌 is the density. The initial spacing is set as (1 − 𝜀0 )𝑎0 to
represent the pre-strain 𝜀0 . Each particle is subject to axial elastic force 𝒇𝑎 and damping force 𝒇𝑑 , as well as bending force 𝒇𝑏
and viscous bending force 𝒇𝑣 , shown in Fig. 1(e) and Fig. 1(f). In this paper we adopt a bilinear cohesive zone model and
incorporate it into the current discrete particle system [4]. For each particle we introduce a substrate node i and connect it to
the corresponding particle i through a nonlinear spring which satisfies the cohesive law. Thus, the normal and tangential
cohesive forces 𝒇𝑐⊥ and 𝒇𝑐∥ applied on the particle are dependent on the relative separation distance between the particle and
the substrate node.
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Fig. 1: Schematic of buckle-delamination process (a-c) and discrete particle model (d-f).
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The forces applied on the particles can be calculated based on their locations and velocities. We use Newton’s equation
of motion to evolve the particle system:
𝒇𝑡𝑜𝑡 = 𝒇𝑎 + 𝒇𝑑 + 𝒇𝑏 + 𝒇𝑣 + 𝒇𝑐⊥ + 𝒇𝑐∥ = 𝑚𝒂.
(1)
Here we adopt the Semi-implicit Euler iterative algorithm for the advancement in time. Given the particle’s position vector
𝒓𝑡 and velocity 𝒓̇ 𝑡 at time t, the total force 𝒇𝑡𝑜𝑡 𝑡 applied on the particle i can be calculated, which directly gives the
acceleration 𝒓̈ 𝑡 = 𝒇𝑡𝑜𝑡 𝑡 /𝑚. Then the particle’s velocity and position at time 𝑡 + Δ𝑡 are:
𝒓̇ 𝑡+Δ𝑡 = 𝒓̇ 𝑡 + 𝒓̈ 𝑡 Δ𝑡,
(2)
𝒓𝑡+Δ𝑡 = 𝒓𝑡 + 𝒓̇ 𝑡+Δ𝑡 Δ𝑡,
(3)
where Δ𝑡 is time step. The semi-implicit Euler algorithm converges quickly and shows good stability at low computational
cost. This algorithm also conserves the system’s energy.
Results and Discussion
The one-dimensional buckle-delamination process is simulated by the current model. The parameters are chosen as 𝐿0 =
100ℎ , 𝑏0 = 10ℎ , 𝑁 = 501 and 𝑎0 = 0.2ℎ . We have shown that when the particle spacing 𝑎0 is reduced to 0.2h, the
numerical results are independent of the mesh size. Random deflections of the order of 10−6 ℎ are added to the particles to
facilitate the onset of buckling. When the compressive strain 𝜀0 exceeds the Euler strain 𝜀𝐸 = 𝜋 ℎ ⁄12𝑏0 , the particles within
the debonded region become unstable and move to relax the strain energy. Here we remove the damping in the system to
neglect the viscosity. As a result, after buckling the film vibrate about the equilibrium position. Fig. 2(a) shows the maximum
dynamic buckling deflection as a function of the pre-strain. Our simulation results are in close agreement with the analytical
solution [1]:
8

= ℎ√ (

𝜀0

3 𝜀𝐸

(4)

− 1)

Fig. 2(b) shows the behavior of the potential energy in the film during the dynamic buckling process. There is a slight
discrepancy between the simulation result and the previous analytical solution. This is because the dynamic buckling shape
𝜋𝑥
does not match the buckling form
[1 + cos( )] assumed in the analytical solution, as shown in the inserted figure.
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Fig. 2: (a) Maximum dynamic buckling deflection as a function of strain. (b) Behavior of potential energy of film during buckling.
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ANALYSIS OF CRACKING IN CANDIDATE ENVIRONMENTAL BARRIER COATINGS
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Summary The desire to increase the operating temperatures of turbine engines has led to the exploration of silicon carbide composites as
a replacement for nickel based superalloys. The combustion environment is very harsh and will lead to failure if parts are not protected.
This protection comes from a multilayer environmental barrier coating (EBC) which must provide resistance against corrosive species and
be compatible with the substrate. In some candidate EBC systems, vertical channel cracks have been observed bifurcating and turning into
horizontal delamination cracks in multiple material systems. This complex cracking phenomena has been studied using a high throughput
FEA tool to model the likelihood of crack advancement. A discrete element approach was also used to model crack growth after initiation.
The property ranges for a coating system that are resistant to this type of cracking behavior are shown.

HIGH THROUGHPUT FINITE ELEMENT ANALYSIS
The coating systems needed to protect silicon carbide composites are quite complex and have multiple layers as shown
in the schematic of Figure 1. Each layer serves a different function from protection against foreign species or mechanical
compatibility. The varying properties of this coating system can lead to various failure methods. One of the most common is
a through-thickness channel crack forming after cooling due the residual stresses in the layers. In multiple systems, channel
cracks have been observed turning into horizontal delamination cracks as well as branching. In order to study this specific
phenomena, a high-throughput finite element analysis has been designed which calculates the energy release rate for a channel
crack of any depth with a kink of any angle. The tool is automated so that the layer system can be changed in order to test the
effects of different layer dimensions and properties. The code runs through the thousands of combinations quickly, producing
a large dataset consisting of the energy release rate and mode mixity at the crack tip. An output of the code can be shown in
Figure 2. This is a map of the energy release rate for different depths and angles of a double kink crack. It shows there is
a high likelihood of a channel crack to kink at a certain depth and angle. However, this method does not allow the study of
crack growth.
DISCRETE ELEMENT MODELS OF FRACTURE
To study crack growth, a discrete element model was used. In this method, conventional elastic finite elements were tied
together with cohesive elements. These cohesive elements are governed by a traction-separation law and can model fracture
progression as well as initiation without any a priori assumptions. In this study, a channel crack was slanted an angle θ from
vertical in a simple two layer coating with tensile stress in the top layer and compressive stress in the bottom layer. It was
placed on a stress free substrate. The discrete element method was able to capture the crack turning as well as branching,
shown in Figure 3. A full range of initial crack tip depths and angles were run and the results allow the construction of a
failure mechanism map, shown in Figure 4. This map was created by running simulations at each slant angle and depth and
then looking at the behavior of the crack at the end of the simulation. The plotted behavior was what was seen a set distance
along the crack path. Cases that did not reach this growth distance were marked as not advancing. The map shows that if
the initial crack is deep enough and the crack close to vertical, it is less likely to grow. Likewise, if the slant angle is high,
the crack will not grow either. Of particular interest is the behavior in the middle where a crack with either turn horizontal
or grow up. There is a specific depth, controlled by the layer thicknesses and residual stresses, that the cracks want to grow
towards. Incidentally, this depth coincides with the depth at which the energy release rate for a delamination crack becomes
greater than that of a channel crack.
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Summary The problem of a crack at the interface between dissimilar materials in presence of thermodiffusion is formulated in terms of
boundary integral equations by means of an original approach based on generalized Betti’s theorem and weight functions. Integral identities
relating the applied loading, the temperature, mass concentration, heat and mass fluxes on the fracture surfaces and the resulting crack
opening are derived and accompanied by some examples of applications. The proposed approach can represent a powerful tool for studying
the effects of temperature and heat flux distributions on fracture processes at the interface between different components in energy devices
possessing multi-layered structures, such as solid oxide fuel cells.

GEOMETRY OF THE MODEL
A static semi-infinite crack between two dissimilar isotropic linear elastic materials in presence of thermodiffusion is
condidered, the geometry of the system
is shown in Fig.1. No body forces, heat and mass sources are assumed. The crack

is situated in the half-plane R2− = x = (x1 , x2 , x3 ) ∈ R3 : x1 < 0, x2 = 0 , general non-symmetric loading applied to the
crack faces is assumed, and perfect interface conditions ahead of the crack tip are considered.

Figure 1:

Geometry of the model.

RECIPROCITY THEOREM AND WEIGHT FUNCTIONS
In absence of body forces, heat and mass sources, the static Betti’s reciprocity formula for linear thermodiffusive solids
takes the form:
Z 
Z 


σ (1) n · u(2) − σ (2) n · u(1) dS +
b(1) · u(2) − b(2) · u(1) dV +
∂V

+γt

Z 

V



θ(1) ∇ · u(2) − θ(2) ∇ · u(1) dV + γc

V

Z 


χ(1) ∇ · u(2) − χ(2) ∇ · u(1) dV = 0,

(1)

V

where ∂V is any surface enclosing a region V within which both the sets of fields {u(1) , θ(1) , χ(1) } and {u(2) , θ(2) , χ(2) }
satisfy the uncoupled governing equations of a static linear thermodiffusive medium, with corresponding stress states σ (1)
and σ (2) , and n denotes the outward normal to ∂V .
We assume that u(1) = u and σ (1) = σ are respectively the physical displacement and stress fields, associated with
the crack loaded at its surface, whereas θ(1) = θ and χ(1) = χ represent the physical temperature and mass concentration
fields. Similarly to the approach proposed in several boundary element formulations of thermoelasticity, for the auxiliary
solutions system we assume θ(2) = χ(2) = 0. The displacement field u(2) is represented by the non-trivial singular solution
of the homogeneous traction-free crack problem, commonly known as the weight function [1], defined as u(2) = RU , and
the stress tension Σ associated with U is given by σ (2) = RΣR, where R is the rotation matrix. In order to trasform
the volume terms contained in the reciprocity identity (1) into surface integrals, the weight function is expressed using the
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Helmholtz’s decomposition theorem (see reference [1] for details). Applying the Betti’s identity (1) to both the upper and
lower thermodiffusive elastic half-spaces illustrated in Fig.1 and subtracting the derived integral expressions, we obtain
R[[U ]] ~ hσ 2 i(+) − RhΣ 2 i ~ [[u]](−) = −R[[U ]] ~ hpi − RhU i ~ [[p]]




∂Φγt
∂Φγt
−
~ [[θ]] −
~ hθi − hΦβt i ~ [[q1 ]] − [[Φβt ]] ~ hq2 i
∂x2
∂x2




∂Φγc
∂Φγc
−
~ [[χ]] −
~ hχi − hΦβc i ~ [[j2 ]] − [[Φβc ]] ~ hj2 i ,
∂x2
∂x2

(2)

where the symbol ~ denotes the convolution with respect to both x1 and x3 , and we used standard notations to denote the
average, hf i = 21 [f (x1 , 0+ , x3 ) + f (x1 , 0− , x3 )], and the jump, [[f ]] = f (x1 , 0+ , x3 ) − f (x1 , 0− , x3 ) of a function f across
the plane containing the crack, x2 = 0. The notation hσ 2 i(−) = hpi and [[σ 2 ]](−) = [[p]], indicates the symmetrical and
skew-symmetrical components of the mechanical load applied at the crack faces, q2 and j2 are the normal components of the
heat and mass fluxes, and Φγt = γt Φ, Φγc = γc Φ, Φβt = βt Φ, Φβc = βc Φ are the normalized potentials in the weight fuctions
space where U = ∇Φ. Finally, [[u]](−) and hσ 2 i(+) are respectively the crack opening and the traction fields ahead of the tip
associate to the loading distribution and to the temperature, concentration, heat and mass flux profiles on the crack surface.
[[u]](−) and hσ 2 i(+) are the two unknown physical quantities that we want to determine by means of the integral equation (2).
INTEGRAL IDENTITIES
Considering the case of plane strain deformations and substituting the weight functions matrices determined by Piccolroaz
et al. [3] and the corresponding Lamé potentials in equation (2), by means of a procedure based on Fourier transform, we
finally obtain the integral identities (see reference [1] for details):
(s−)

(s−)

(s−)

(s−)

hpi + A(s) [[p]] + G 1t [[θ]] + G 2t hθi + D 1t [[q2 ]] + D 2t
(s−)

(s−)

(s−)

(s−)

+G 1c [[χ]] + G 2c hχi + D 1c [[j2 ]] + D 2c
(s+)

hj2 i = B(s)

(s+)

hq2 i

∂[[u]](−)
,
∂x1

(s+)

(s+)

hσ 2 i(+) + A(c) [[p]] + G 1t [[θ]] + G 2t hθi + D 1t [[q2 ]] + D 2t
(c)

(s+)

(s+)

(s+)

+G 1c [[χ]](−) + G 2c hχi + D 1c [[j2 ]] + D 2c
(s+),(s−)

(s+),(s−)

(s+),(s−)

(s+),(s−)

(s+),(s−)

hj2 i = B(c)

(s+),(s−)

(3)

hq2 i
(−)

∂[[u]]
∂x1

(s+),(s−)

x1 < 0,

,

x1 > 0,

(4)

(s+),(s−)

where G 1t
, G 2t
, G 1c
, G 2c
, D 1t
, D 2t
, D 1c
, D 2c
are vectorial singular
operators, whereas A(s) , B(s) and A(c) , B(c) are respectively singular and compact matrix operators depending by the standard integral operator of Cauchy type [4, 5]. The solution of (3) by the inversion of the matrix operator B(s) provides crack
opening that corresponds to arbitrary loading configurations acting on the faces and arbitrary profiles of the thermodiffusive
quantities. The obtained expressions for [[u]](−) can then be used in (4) for evaluating the traction ahead of the crack tip.
CONCLUSIONS
Explicit integral identities relating the applied mechanical loading, the temperature, mass density, heat and mass flux
distributions at the interface and the resulting crack opening have been obtained for plane strain interfacial fracture problems
in thermodiffusive bimaterials. The solution of this system of singular integral equations provides explicit expressions for the
crack opening and the stress fields associate to any arbitrary harmonic temperature and mass density profile and self-balanced
heat or mass flux distribution at the interface. This original approach can have various relevant applications, expecially in the
modelling of fracture processes induced by thermal and diffusive stresses at the interface between different components of
multi-layered electrochemical devices such as solid oxide fuel cells.
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Summary The Virtual Crack Closure Technique (VCCT) was first presented in 1977 for cracks in linear elastic, homogeneous and isotropic
material. It was extended to cracks along an interface between two linear elastic, homogeneous and isotropic materials. In that case, the
modes I and II energy release rates were seen to depend upon the size of the virtual crack extension. Some attempts have been made to
remove this dependence. Nevertheless, in most cases, the accuracy of both the energy release rates and stress intensity factors was not
consistently good. In this study, the dependence of the energy release rates on the size of the virtual crack extension for interface cracks is
analytically accounted for so that the stress intensity factors may be accurately obtained when fine finite element meshes are used, together
with a virtual crack extension consisting of more than one element.

INTRODUCTION
The modes I and II energy release rates may be obtained from the Irwin (1958) crack closure integral. To calculate the
energy release rates for particular problems by means of the finite element method, a virtual crack extension is used. The
Virtual Crack Closure Technique (VCCT) was first presented by Rybicki and Kanninen (1977). In that study, one finite
element analysis was carried out with a crack of length a + ∆a and four noded elements. The nodal force was taken from
the crack tip. This will be larger than that for a crack of length a. The displacement was taken from the nodal point directly
behind the crack tip. Two problems were solved with a relative virtual crack extension of ∆a/a = 0.1. Stress intensity factors
differed by less than 0.5% with those obtained by means of the line J-integral.
Unfortunately, for interface cracks between linear elastic materials, it has been shown that the values of the energy release
rates GI and GII depend on the size of the virtual crack extension ∆a (see Sun and Jih 1987; Raju et al. 1988; Toya 1992;
Dattaguru et al. 1994; Mantic̆ and Parı́s 2004; Kruger 2004; Hemanth et al. 2005). This affects the accuracy of the obtained
stress intensity factors. Agrawal and Karlsson (2006) continued the work of Beuth (1996) seeking a dependable method for
extracting an energy release rate mode mixity for interface cracks. Many expressions were developed for various mode mixity
measures. It was shown that different expressions presented by previous investigators (Toya 1992; Chow and Atluri 1995;
Beuth 1996; Sun and Qian 1997; Bjerkén and Persson 2001) which look different are equivalent. It may be seen in Agrawal
and Karlsson (2006) that the difference between the mode mixity as calculated by the finite element technique with VCCT
and that obtained analytically was above 13%. Hence, Oneida et al. (2015) sought to improve on the methods previously
presented and extend them for treating cracks which also impinge on an interface. For calculating the modes I and II energy
release rates, as well as an interaction energy release rate, expressions were taken from Toya (1992), Chow and Atluri (1995)
and Agrawal and Karlsson (2006). One of the important contributions of Oneida et al. (2015) consists of the suggestion to
use many very small elements as part of the virtual crack extension ∆a.
In the next section, the basic equations related to an interface crack are presented. Those expressions for calculating
the energy release rates by means of VCCT are rederived so that all relations are analytic as opposed to most previous
investigations. Moreover, only two pairs of stress intensity factors are found. From the problems solved, it is concluded that
the VCCT may be used to accurately obtain stress intensity factors by means of fine meshes and virtual crack extensions
consisting of more than one element.
INTERFACE CRACK
The interface energy release rate is denoted as Gi where the subscript i represents interface. By means of Irwin’s crack
closure integral (Irwin 1958), it may be shown for plane problems that the energy release rate of an interface crack is given in
the form
)
1 ( 2
Gi =
K1 + K22
(1)
H1
where H1 is a Young’s modulus like parameter. For finite element analyses, the modes I and II energy release rates may be
written as
GI =
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GII =

N
1 ∑
Fxm ∆uxm′
2∆a m=1

(3)

where Fxm and Fym are the nodal point forces in the x and y-directions, respectively, at node m ahead of the crack tip. The
displacement jumps ∆uxm′ and ∆uym′ in the x and y-directions, respectively, are taken from node m′ behind the crack tip
and N is the total number of nodes which participate in the calculation.
It is possible to show that
√
K1 = ± H1 Gi cos ω
(4)
K2 = K1 tan ω

(5)

(
)
(
)
1 1−g
1
PI
1
cos−1
− tan−1
− ε ln ∆a .
2
C 1+g
2
PR
Thus, with eqs. (4) and (5) there are only two pairs of soluttions. In eq. (6)
where

ω=

(6)

GII
GI
and is found by the finite element method from eqs. (2) and (3),
√
cosh πε
C=
PR2 + PI2
π
(
) (
)
Γ 12 + iε Γ 12 + iε
(
)
P =
Γ 2 + 2iε
g≡

(7)

(8)

(9)

and ε is the oscillatory parameter. To obtain the correct K1 - K2 pair, the criterion ∆uy > 0 is imposed.
Several problems with known solutions were solved with stress intensity factor results within 0.5% of the analytical
solution.
CONCLUSIONS
The equations used for calculating the stress intensity factors for an interface crack between two linear elastic, isotropic
and homogeneous media have been rederived. All expressions are analytic and in a simpler form than expressions presented
by previous investigators. Most investigators present expressions in which numerical integration is required. Only two stress
intensity factor pairs are found with one eliminated on physical grounds. The key to obtaining accurate results is use of several
small elements as part of the virtual crack extension (Oneida et al. 2015).
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BRITTLE-DUCTILE TRANSITION IN NOTCHED NANOSCALE METALLIC GLASS
SPECIMENS
R. Narasimhan & I. Singh
Department of Mechanical Engineering, Indian Institute of Science, Bangalore 560012, India
Summary Tension tests on nano-sized metallic glass (MG) specimens have reported large ductility including considerable homogeneous
deformation followed by necking as opposed to failure by shear banding which is seen in bulk samples. The necking is triggered by shallow
notches present on the specimen surface. In this work, finite element simulations of tensile loading of nano-sized notched MG specimens are
performed using a non-local plasticity model to understand the deformation behavior from a mechanics perspective. It is found that plastic zone
size in front of the notch attains a saturation level at the stage when a dominant shear band (SB) forms. This size scales with an intrinsic
material length associated with the interaction stress between flow defects. Further, the ratio of the saturation plastic zone size to uncracked
ligament length governs the brittle-to-ductile transition.

INTRODUCTION
MGs have wide potential applications including micro/nano electro-mechanical systems owing to their attractive
mechanical properties such as high strength and good corrosion resistance. Plastic deformation in MGs occurs by operation
of shear transformation zones (STZs). The major drawback of MGs is their lack of tensile ductility due to unconstrained
propagation of a single dominant SB. However, MG samples with initial size below some critical dimension of the order of
100 nm have shown large tensile ductility in the range of 27-45% [1]. Guo et al. [1] reported that failure occurs in these
samples either by stable shear banding or necking. On the surface of specimens which failed by necking, they noticed
presence of shallow notches which served as stress concentrators and triggered necking. Li and Li [2] also noted necking
from their atomistic simulations of tensile loading on externally notched cylindrical and double-notched rectangular Ni-Zr
MG specimens. They observed that transition in deformation behaviour from quasi-brittle to ductile occurs when the
uncracked ligament length falls below a critical size governed by SB nucleus. In such a situation, plastic deformation
expands over entire ligament and no dominant SB forms. In this study, continuum simulations of tensile deformations of
nano-sized notched MG samples are performed to understand the mechanistic origin for the brittle-ductile transition and the
role of relevant length parameters.
MODELING ASPECTS
A rectangular plane strain tension specimen (48×96 nm), containing a semi-circular edge notch with depth D and radius R is
discretized using four-noded quadrilateral elements, and subjected to uniaxial stretching along the longitudinal direction at a
constant strain rate of 2×10-3 s-1. The material is assumed to follow the thermodynamically consistent finite strain non-local
plasticity model of Thamburaja [3] for MGs. The model has been shown to be capable of capturing length scale effects on
the mechanical response of MGs at temperatures well below the glass transition temperature [3]. It accounts for free volume
production due to plastic shearing and hydrostatic stress, diffusion and annihilation. The plastic shearing rate, γ , is given
by:
1
⎧
p a
⎛
⎞
f
p
2
⎪⎪ 
γ = ⎨γ o ⎜ c ⎟ ( f = τ − τint − ζ (s2 (ξ −ξT ) + p) > 0), where τint = −ζ s1∇ ξ .
⎝ ⎠
⎪
( f p ≤ 0)
⎪⎩ 0

(1)

Here, γo is a reference strain rate, a strain rate sensitivity parameter and ξ free volume concentration. Also, ζ , ξT , s1
and s2 are material constants. Further, in eq. (1), τ is the equivalent stress, while rest of the terms in f p constitute a back
stress. In particular, τ int signifies the stress field arising due to the interaction between flow defects such as STZs.
Furthermore, p is hydrostatic stress, and c cohesion which is assumed to drop exponentially after commencement of plastic
yielding. A material length lc = s1 / s2 enters into the model which characterizes τ int and scales the shear band width [4].
The values of constants appearing in the model are taken from the work of Thamburaja [3]. Also, in order to trigger SBs,
initial cohesion is spatially perturbed by 1% around its mean value of 1 GPa. Various values of lc = 0, 3.25, 4.5, 7.3 and 12
nm are considered.
RESULT AND DISCUSSION
Fig. 1(a)-(d) display contour plots of free volume, ξ , corresponding to macroscopic nominal strain of 0.024 for fixed R = 8
nm, but decreasing ligament length B. These plots pertains to lc = 3.25 nm. A dominant band of ξ with noticeable shear
offset can be perceived for B = 32 - 12 nm in Figs. 1(a)-(c), respectively. On the other hand, Fig.1(d) shows that the entire
a)
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ligament experiences plastic deformation and undergoes necking in the specimen with deeper notch (B = 6 nm). However,
another simulation of tensile loading performed by setting lc = 0 for the same sample exhibits a distinct band (Fig. 1(e)).
Thus, the present continuum simulations suggest that B and lc are the important length scales which control brittle-to-ductile
transition in nano-sized MG samples.
In order to understand the mechanistic origin for the above transition, evolution of ξ and interaction stress τ int are
examined. It is observed that ξ (or STZ concentration) begins to develop in a semi-circular region at the notch root during
initial stage of loading. Subsequently, it begins to spread along two lobes (or incipient bands) emanating at േ45o to the
loading axis from the above embryonic plastic zone. The spatially varying free volume concentration gives rise to the
interaction stress which is positive within the plastic zone at the notch root and the inclined lobes, but negative farther ahead
on the ligament. It can be seen from eq. (1) that while τ int > 0 resists further plastic deformation, τ int < 0 assist it. Thus,
positive-valued τ int prevailing inside the inclined lobes retards strain localization. On the other hand, negative τ int ahead of
the notch tip plastic zone helps in advancing it along the ligament. As loading progresses further, the inclined lobes continue
to grow up to the farther edge of the specimen. Eventually, ξ gets localized in one of the lobes resulting in formation of a
dominant SB in the specimen with sufficiently large B (Fig. 1(a)-(c)). It is noticed that the SB propagates concurrently with
the expansion of the plastic zone along the ligament. Once a dominant SB forms, elastic unloading takes place in the
ligament and further plastic strain is accommodated primarily inside the SB. This causes plastic zones size ahead of the
notch root to attain a saturation level rsp .
Further, when lc is enhanced, magnitude of τ int as well as the size of the region of negative τ int farther ahead of the
notch tip increases [4]. In other words, increase in lc delays shear localization in a dominant SB and promotes the expansion
of plastic deformation along the ligament, thereby enhancing rsp . Indeed, rsp scales with lc, and is around 2.15 lc (≈ 7 nm
for lc = 3.25 nm) corresponding to R = 8 nm. It is important to note that while B > rsp in Fig. 1(a)-(c), it falls below rsp in
Fig. 1(d). Thus, plastic deformation expands over entire ligament ahead of the notch tip resulting in necking before ξ
begins to localize in a dominant band (Fig. 1(d)). However, in the absence of an intrinsic material length that scales rsp , a
distinct band of ξ forms in Fig. 1(e) resulting in brittle response.

(a)
(b)
(c)
(d)
(e)
Fig. 1. Contour plots of free volume, ξ , pertaining to macroscopic nominal strain of 0.024 corresponding to R = 8 nm with
(a) ligament length B = 32 nm, (b) B = 28 nm, (c) B = 12 nm, (d) B = 6 nm for lc = 3.25 nm and (e) B = 6 nm for lc = 0.
CONCLUSIONS
The present continuum simulations of tensile loading on nano-sized notched MG specimen have shown that interaction stress
between flow defects plays a central role on the evolution of plastic strain. Also, at the stage when a dominant SB forms, the
plastic zone ahead of the notch tip attains a saturation level rsp which scales with an intrinsic material length lc associated with
interaction stress. Finally, the ratio of the ligament length B to rsp governs the transition from shear banding to necking.
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FAILURE OF AN AUSTENITIC STAINLESS STEEL UNDER LINEAR
AND NON-LINEAR LOADING PATHS
Yannis P. Korkolis1a), Peter W. Ripley1 & Paul Knysh1
Department of Mechanical Engineering, University of New Hampshire, Durham, NH, USA

1

Summary The failure limits of 304L austenitic stainless steel are measured under linear and non-linear loading paths. The experiments involve
inflation of microtubes under axial load and internal pressure. Depending on whether the axial or the hoop stress is greater, the tubes fail by an
axial or a circumferential rupture, respectively. The limits of uniform elongation were seen to exhibit significant anisotropy. The non-linear
loading paths probed the path-dependence of failure, which was clearly found to be present not only for the strains, but also for the stresses at
failure. The results can be used to inform numerical analyses of tube forming processes.
INTRODUCTION
The accurate numerical modelling of material forming processes requires the use of appropriate material models for the
plasticity and failure (necking, fracture, bursting, etc.). Since the plastic deformation is path-dependent, the same can be
expected for the failure. Hence these models need to be informed from both linear (aka radial or proportional) and non-linear
loading paths. In this short paper, we report some first results from linear and non-linear paths on microtubes from the 304L
austenitic stainless steel. It is seen that the tubular geometry plays a role in which instabilities are allowed to develop, and
hence in the failure limits observed. Furthermore, the path-dependence of the failure limits is assessed.
EXPERIMENTS
The experiments were performed on microtubes from the austenitic stainless steel SS-304L. The tubes were received in
the annealed state and had an outside diameter of 2.38 mm and a (nominal) wall thickness of 0.16 mm. Using standard
metallographic techniques, it was determined that the average grain size was approximately 10-12 μm, so that there were
approximately 12-15 grains through the tube-thickness [1]. When tested in uniaxial tension, the material exhibits a yield stress
of about 470 MPa, a UTS of about 660 MPa and a uniform elongation of over 45%.
The experiments were performed on the custom axial load – internal pressure apparatus that was developed by the authors
[2]. The apparatus consists of a mesoscale tensile stage of 2 kN load capacity and 50 mm of stroke and a high-pressure pump
of 1,390 bar pressure capacity and with 67 ml of pressurized fluid available. The two systems are fully coupled, so that
arbitrary paths on the nominal stress space (axial-hoop) can be realized, as described below.

Figure 1: Linear paths prescribed in the nominal stress space.

Figure 2: Induced nominal strain paths. Identified is the
limit of uniform deformation.

The experiments reported here fall under two extreme categories: radial tests and corner tests. The fact that the apparatus
can perform these tests is an indication that any other multilinear path in between them can be implemented, too. For the
radial paths, to maintain the axial and hoop nominal stresses proportional throughout the experiment, the ratio of internal
pressure to axial load must be maintained constant. On the other hand, it is advantageous for the experiments to be performed
a)
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under volume-control. In that sense, the response of the tubes past the pressure maximum can be observed and recorded. In
the apparatus developed, the inflation occurs under volume-control, the induced pressure is measured with a pressure
transducer, and that signal is used as the input to the mesoscale tensile stage, which is run under force-control. A comparison
of this approach vs. the pressure- and displacement-control is discussed in [2].
The corner experiments performed here fall under two categories. In the first, the microtubes are loaded in uniaxial tension
up to a prescribed axial nominal stress. Then, the tubes are inflated so that a hoop stress develops, while keeping the axial
stress constant. The inflation continues until failure. In the second category, the tubes are inflated under pure hoop tension,
i.e., no axial stress is allowed to develop. After reaching the preset hoop stress, the tubes are loaded axially to failure, while
keeping the hoop nominal stress constant.

Figure 3: Corner paths prescribed in the nominal stress
space

Figure 4: Induced nominal strain paths. Identified is the limit
of uniform deformation.

Due to the size of the specimens, the full-strain-field was acquired during the experiments using the non-contact 3D Digital
Image Correlation (DIC). The DIC system used was VIC-3D from Correlated Solutions, Inc. To facilitate these measurements,
the microtubes were painted with a random pattern of black speckles on a white background. Two 2.0 Megapixel digital
cameras (Point Grey Research, Inc., Vancouver, BC) with 17 mm Schneider-Kreuznach Xenoplan lenses were used for the
3D DIC.
RESULTS AND DISCUSSION
The radial paths that were performed are shown in Fig. 1. It can be seen that the paths are exactly linear, which validates
the performance of the apparatus that was developed. The corresponding strain paths in Fig. 2 are slightly curved, which
indicates that the material has deformation-induced anisotropy. Also marked on this figure are the strain at the pressure
maximum, which correspond to the limit of uniform deformation during the inflation. These limits are seen to be quite
anisotropic, which is attributed to the tubular geometry of the tubes [3], as well as the fact that the tubes fail in two different
modes (axial or circumferential rupture), depending on which stress (hoop or axial, respectively) is greater. The corner path
experiments revealed that not only the strains, but also the stresses at failure are path-dependent.
CONCLUSIONS
Experiments on 304L austenitic stainless steel using microtubes inflated under axial load and internal pressure, and following
both linear and non-linear paths, revealed that: a) the strains at the limit of uniform deformation are anisotropic, and b) the stresses
and strains at failure are path-dependent.
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MICROMECHANICAL MODEL FOR DUCTILE POROUS MATERIAL UNDER DYNAMIC
LOADING
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Summary The goal of this research is to propose a constitutive model to describe the behavior of porous ductile materials at
high loading rates. This model accounts for void shape and micro-inertia effects. The proposed modeling is based on a
multiscale. It will be shown that analytical results compare favorably to finite element calculations for porous materials
containing spheroidal voids subjected to axisymmetric loading.
The effect of dynamic loading is observed to generate drastic changes in the flow surface. This effect is enhanced at large stress
triaxiality. A key point of the present work is that the model is able to handle prolate and oblate voids. Void shape was
previously illustrated in the literature only for quasi static conditions.
Based on the present work, we can conclude that micro inertia and void shape effects are crucial aspects to be accounted for
when modeling damage evolution in porous materials subjected to dynamic loading.
INTRODUCTION
For many applications, related to the aeronautics, automotive or military industries, a precise understanding and description
of the fracture mechanisms of engineering materials is necessary. In the present study, we focus on ductile materials. One of the
first works on the modelling of ductile damage is the Gurson theory [1]. In this approach, the author proposed to model the
growth of a spherical void embedded in a rigid matrix. From this seminal study, many works have investigated the void growth
process to describe ductile fracture. It has been shown that void growth is dependent on different parameters. Among them, the
shape of the voids and the loading rate have to be considered. The influence of the loading rate can be related either on the
intrinsic strain-rate sensitivity of the matrix material (viscoplastic effect) or to inertia effects caused by the acceleration of the
material in the vicinity of the surface of the growing voids (micro-inertia effects). Unfortunately, very few studies in the
literature have proposed a model which integrates the combined contributions of void shape and micro-inertia. The development
of such model is the goal of the present work. The theory and some results for porous material with prolate voids can be found in
the recent work of Sartori et al. [2]. New results for oblate voids will be presented.
MODEL DEVELOPMENT
The modelling is based on the averaging method proposed by Molinari and Mercier [3]. The representative volume element
(RVE) is composed by two confocal spheroids, as in Gologanu et al. [4]. The inner spheroid represents the void surface.
Homogeneous strain rate boundary conditions are prescribed at the outer spheroid of the RVE.
The matrix is assumed rigid perfectly plastic (the yield stress is denoted by ). As in Molinari and Mercier [3] (where only
the dynamic mechanical response of a porous material containing spherical void was considered), micro inertia effect is included
in the model. The macrostress is defined as:
(1)
where

stands for the volume average operator,

being the volume of the RVE domain.

is the mass

density of the material (
in the void). and are respectively the position vector and the acceleration of any point
within the RVE. denotes the Cauchy stress tensor, solution of the dynamic problem. Such definition is not well
appropriate for analytical derivation. So as in Molinari and Mercier [3], the use of the virtual work principle is proposed and
is seen to be very convenient for an analytical characterization of the macrostress. Indeed, an approximation expression for
the macrostress can be obtained by using an admissible velocity field. In the present work, the trial velocity field of Gologanu
et al. [4] suitable for both prolate and oblate shapes is adopted.
As in Molinari and Mercier [3], the macroscopic stress is the sum of a static contribution and a dynamic contribution. The
static contribution is derived from the work of Gologanu et al. [4]. Via the use of the trial velocity field, a semi analytical
formulation of the dynamic contribution is finally proposed for oblate and prolate voids:

a)
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(2)
(3)
The coefficients
are defined as simple integral term which depends on the geometry of the RVE, see [2] for a precise
definition. The dynamic part of the macroscopic stress is a quadratic function of the strain rate
and a linear function of
. The matching of the dynamic stress obtained for spheroidal voids with previous

the time derivative of the strain rate

results for spherical voids has been checked. As a consequence, the model is able to capture void evolution from prolate
shape to oblate shape.
MODEL VALIDATION AND ANALYSIS
The model has been validated by comparison with finite element computations, carried out with Abaqus/Explicit software.
Flow surfaces predicted by the model and by numerical simulations are plotted in Fig. 1, in the normalized mean stress
versus the normalized deviatoric stress
part of the dynamic macroscopic stress (
(

plane. Validation is decomposed in two stages: (i) validation of the linear
, Fig. 1a) (ii) validation of the quadratic part of the dynamic macroscopic stress

, see Fig. 1b). A good agreement between model and numerical results is shown. Under loading at constant time

derivative of the strain rate (Fig 1a), a dilatation of the flow surface is observed as the loading magnitude increases. Under
loading at constant strain rate, a lack of convexity of the flow surfaces is observed for large triaxiality loading, in both
compression and tension. It is shown that this phenomenon is due to a transfer of microscale kinetic energy which promotes void
growth in tension or equivalently reduces the stress necessary to activate void growth. The reverse trend is observed in
compression.
In the present talk, a comprehensive parametric study is further presented with a particular attention paid to the effects of
porosity and void shape. The problem of the evolution of the porosity under dynamic loading will be also discussed.

FIG. 1 - Flow surfaces for various dynamic loadings, from Sartori et al [2]. Porous materials containing prolate voids with
an aspect ratio of 5 are considered. The porosity is set to f = 0.1, mass density of the matrix is
, the yield
stress is
. a) Dynamic loadings with
and
. b) Dynamic loadings with
and
.
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MULTIPLE NECKING DURING BIAXIAL LOADING OF THERMOVISCOPLASTIC
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Summary In this work we have investigated the inception and development of necking bands in ductile plates subjected to dynamic (inplane) biaxial loading. For that task we have developed two different methodologies (1) a 2D linear stability analysis accounting for stress
triaxiality effects and (2) finite element simulations.

ABSTRACT
Diffuse or localized dynamic necking of a sheet metal is a major issue in high speed forming processes, leading to unacceptable thinning and even failure if fully developed, or in the dynamic behaviour of metallic structural elements of small
thickness used for energy absorption purposes. This process is frequently related to the collective development of localization
bands resulting in a necking pattern which depends on the sheet properties and the loading conditions.
In this work we have investigated the inception and development of necking bands in ductile plates subjected to dynamic
(in-plane) biaxial loading. For that task we have developed two different methodologies. The first one is a linear stability
analysis, following the original methodology proposed by Dudzinski and Molinari [1, 2] now including inertial effects and
stress triaxiality due to strain localization, which permits to identify a dominant instability mode whose wavelength is related
to the necking-band spacing. The second is a fully 3D finite element model aiming to systematically verify and complement
the outcomes of the aforementioned theoretical approach. In agreement with the stability analysis, the loading conditions
are constant velocities applied at the edges of the plate. In order to avoid the spurious propagation of waves along the plate,
specific initial conditions consistent with the boundary conditions were imposed. The calculations have shown that multiple
necking bands are formed and developed in the plate, following the orientations predicted by the linear stability analysis.
The loading path has been shown to play a major role in the necking pattern, with unevenly spaced necking bands with
variability in their rate of development as this path deviates from plane strain conditions. Likewise, the effects of material
properties (strain rate sensitivity, material density), sheet geometry (thickness) and thermal coupling on the stability of the
deformation process and on the distance between necking bands have been examined. The calculations predicted a strong
delay in the onset of necking with increasing material rate sensitivity for all the loading paths investigated. Both the linear
stability analysis and the finite elements have been used to show that increasing the rate sensitivity enlarges the neck spacing
and helps to develop more regular localization patterns. Increasing the plate thickness retards plastic localization for all the
loading paths explored. Further, the necks spacing is diminished as the plate thickness decreases. Regarding density, the
analysis predicted that increasing its value leads to a slight delay in the necking inception, whereas neck spacing is largely
insensitive to this material property. Finally both methodologies demonstrated that the thermal coupling shorten the neck
spacing, also leading to a substantial decrease in the necking strain, irrespective of the loading path considered.
The systematic confrontation and combination of results obtained from the linear perturbation analysis and the finite
element calculations has allowed to provide new insights into the specific localization patterns that emerge under dynamic
biaxial loading. We claim that this investigation sets a theoretical framework that can be used for design and optimization
of high speed metal forming operations, with the ultimate aim of predicting the limits in material ductility which impose
important restrictions to this type of industrial processes.
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Summary The development of echelon crack patterns under mixed-mode I + III loading conditions is examined first through carefully designed
experiments performed on transparent specimens. These experiments present a direct visual evidence of the mechanisms involved in the formation
of the echelon pattern of cracks and aid in the development of a model for their formation. This model is finally established through direct
numerical simulations of mixed-mode I + III within the framework of phase-field methodology for fracture.

INTRODUCTION
Mixed-mode I+III fracture in brittle materials presents spectacular, scale-independent pattern formation in nature and
engineering applications [1-3]; and it is one of the last remaining puzzles in linear elastic fracture mechanics. This problem
has received much attention in the literature over the past few decades both from experiments [4-7] and analysis [8-11], but
there are still open challenges that remain. Specifically, the existence of a threshold ratio of mode III to mode I loading below
which fragmentation of the crack front (formation of daughter cracks) does not occur, and the length scale associated with the
spacing of the fragments when they do occur are still under debate. We approach this problem through carefully designed
experiments to examine the physical aspects of crack initiation and growth. Based on these experiments, a model for the
formation of the echelon cracks is established. Finally, direct numerical simulation of crack initiation and growth is explored
using a phase-field model.
EXPERIMENTALLY DERIVED MODEL FOR ECHELON CRACK FORMATION
The growth of cracks under mixed-mode loading I+III has been examined experimentally. Specially designed specimen
configuration were used in order to examine the nucleation and growth of daughter cracks from a mixed mode I + III crack in
a brittle polymer. A combination of confining pressure and a wedge load allowed generating mixed mode crack growth, but
with significant confining compression in one orientation that allowed opening mode cracks to nucleate and grow.
Microscopic examination was used to identify the structure of the nucleated daughter cracks. Another set of experiments was
performed on a gelatin based hydrogel; the transparency of this material allowed good visualization of the development of
the daughter cracks, both during nucleation and growth. Based on these experiments we show that
- Daughter cracks (type A) oriented perpendicular to the direction of maximum tension are nucleated from the parent crack
when a critical loading condition is attained and are not formed through the growth of unstable modes from a smooth
extension of the parent crack.
- Daughter cracks (type B) perpendicular to the minor principal axis are not nucleated under the confined compressionshear loading or the edge-cracked tension experiments.
- Coarsening of the spacing between the type A cracks occurs through elastic shielding.
- Final failure that occurs through break-up of the bridging regions between the type A cracks.
Based on the collection of experiments, the sequence of events that govern the initiation and growth of cracks under mixedmode I + III is now clearly revealed to be composed of the following steps, illustrated in Figure 1:
- First, type A daughter cracks are nucleated from random defects in the vicinity of the parent crack (see Figure 1a); the
spacing between the daughter cracks is governed by the characteristic dimension of the parent crack.
- Second, fluctuations and elastic interactions result in shielding of some subset of the nucleated daughter cracks; these
daughter cracks are arrested (see Figure 1b).
- As the surviving daughter cracks grow farther, the parent crack, pinned at the original position, experiences increased
stress intensity factor and the bridging regions begin to crack and the parent crack front advances towards the daughter
cracks (see Figure 1c).
It is now possible to set up a new structure, where the leading edge is formed by the fragmented type A daughter cracks, while
the trailing edge is created by the fracture of the bridging regions between the type A daughter cracks. In the absence of any
mode II, there is no driving force to alter this picture, and the process can sustain itself and break the entire specimen creating
a system of echelon cracks under the combined mode I + III loading. It is required to incorporate this mechanism in the
analysis or simulation of crack growth under mixed-mode I + III conditions in order to generate a complete accounting of the
energy associated with crack growth and to capture the correct pattern generation.

a)
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(a)

(b)

(c)

Figure 1. Illustration for the model of crack growth under mixed-mode I+III loading: (a) Type A daughter cracks are nucleated from random defects in the
vicinity of the parent crack; (b) Growth and shielding of daughter cracks result in fewer daughter cracks growing; (c) Steady state growth where the leading
edge is formed by the fragmented type A daughter cracks, while the trailing edge is created by the fracture of the bridging regions between the type A
daughter cracks is established.

Figure 2. Phase-field simulation of formation of echelon cracks under pure mode III loading; formation is triggered by introducing defects in the vicinity of
the crack.

PHASE-FIELD SIMULATION OF FRACTURE
The phase-field model of fracture has been implemented in a parallel simulation framework for simulation of threedimensional linear-elastic fracture problems. The numerical code was verified for stationary crack problems by comparison
of the crack opening displacement with the analytical linear elastic singular solution and the Dugdale-Barenblatt cohesive
model solution. Validation of the numerical model was established through comparison to two-dimensional experiments. The
phase-field model was then used in the simulation for mixed-mode I+III problems. It was shown that the phase-field model
will predict the flat mode I crack path for mixed-mode I+III loading as well, since the energy release is maximum along this
path. But the failure mechanism for specific materials places an energy barrier which does not allow for such crack path.
Thus, we explored the introduction of defects and discrete nucleation in these problems. This allows the echelon cracks to
nucleate and grow, and coarsening as we observed in the experiments through elastic shielding. An example of the phase field
simulation of the formation of an echelon crack is shown in Figure 2.
CONCLUSIONS
Mixed-mode I + III crack initiation and growth is considered. It is shown through experiments on a brittle polymer and a
hydrogel that crack initiation occurs through the nucleation of daughter cracks, and further growth occurs through a sequential
development of coarsened daughter cracks and an eventual fracture of the parent cracks to reach a steady state. This model is
implemented in a phase-field numerical simulation.
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Summary Nominal toughness of materials is determined by structure and material composition, but actual toughness is strongly affected by
macroscopic three-dimensional instabilities of cracks. We will present novel experiments in brittle gels, probing the dynamics of crack fronts as
the fronts become unstable. By comparing the surface area created by unstable cracks to local velocity and curvature of the propagating crack
fronts that created the fracture surface, we test the validity of planar front perturbation theory to bulk 3D fracture.

INTRODUCTION
Catastrophic failure via dynamic propagation of cracks is the main mechanics for failure of materials and structures [2].
The nucleation and subsequent dynamics of the crack is conventionally understood in the context of 2D Fracture
Mechanics. In this description, fracture ensues from discrete cracks whose length exceeds a critical dimension determined
by the stress distribution in the sample. Crack motion is then determined by an energy balance between the elastic energy
flux into the crack tip and the intrinsic fracture energy needed for creating the new surfaces.
However, this 2D description is still a significant idealization of the actual fracture process. Real cracks break 3D
materials and their singular crack fronts generically possess non-trivial local structure due to either dynamic instabilities [34] of the crack front or interaction with imperfections within a material. For example, the micro-branching instability is
manifested by the nucleation and growth of localized microscopic cracks that branch off of the main crack front. These
instabilities increase the surface area created by the crack, thereby enhancing the effective toughness of the material.
In recent decades 2D Fracture Mechanics have been extended to 3D settings where the crack front is confined to a single
plane. A central result [5] provides the local stress intensity factor along a perturbed front

for a front propagating in the x direction and confined within the
plane. This result has been confirmed for fracture at
interfaces, leading to surprising discoveries of anisotropic toughness in patterned interfaces. However, the relevance of the
planar description to fully 3D fracture is still unclear.
EXPERIMENT
To investigate crack dynamics in 3D we visualize the crack front directly during propagation. We perform our
experiments by initiating Mode I fracture under uniform tension in brittle polyacrylamide gels (14% w/v AAm, 2.6%
MBAA, cR  5.2 m/s - the Rayleigh velocity). Gels are soft materials in which sound velocities are reduced by 2-3 orders of
magnitude compared to more conventional materials. In our setup drawn in Fig. 1, the transparent gel sample is illuminated
via collimated light directed parallel to the tensile (y) axis. Fracture of the sample ensues via a propagating crack front
traversing the mid-plane. By imaging the fracture plane during propagation using a high-speed camera (~48,000 fps), we
obtain shadow images of the propagating leading edge of the crack front in real time. After the fracture test we map out the
resulting fracture surface using an optical profilometer.

Fig. 1 Collimated light is shined through the gel sample along the tensile axis. The strong
curvature at the crack tip diverts any rays impinging on it from reaching the high speed camera.
This produces a shadowgraph image of the leading edge of the propagating crack front as it
traverses the fracture plane.
When increasing the crack velocity we observe a transition of fracture dominated by the cross-hatching [6], or faceting
instability to fracture dominated by the micro-branching instability. As seen in Fig. 2 the fracture surface at low velocities
a)
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appears to be composed of facets separated by discontinuous steps which propagate at ~40 0 angle to the crack propagation
direction. As the mean crack velocity increases above ~0.1cR micro-branches begin to appear, nucleating in chain-like
succession to form lines of directed micro-branches called branch-lines.

Fig. 2 Fracture surfaces formed by fronts with increasing velocity. Panel width is 10mm.
CRACK FRONT DYNAMICS DURING THE MICROBRANCHING INSTABILITY
As micro-branching unfolds the front develops a localized region of high curvature which exhibits rapid dynamics. The
front initially locally decelerates and curves due to the increase in energy dissipation associated with micro-branch
formation. The fronts then develop a cusp singularity in finite time which leads to micro-branch "death". Micro-branch
deaths release the elastic energy stored by the front curvature and result in spatially local prominent velocity overshoots.
These overshoots are shown to be well-correlated with K(z) along the front.

Fig. 3 Edge-detected fronts overlaid on top of the corresponding fracture surface. On the
surface is a branch line consisting of six-seven microbranches.
CRACK FRONT DYNAMICS DURING THE FACETING INSTABILITY
At very slow velocities cracks can support single steps. Fig. 4 shows an example of a single step crossing the fracture
surface for crack velocity of v = 0.005cR = 24 mm/s. While both surface height and local velocity are discontinuous across
the step, the two discontinuities are virtually constant during crack propagation. These remarkably stable steps can divide
the crack into segments that propagate at different speeds, and their angle of propagation appear to be indifferent to
perturbations that slow down the crack.

Fig. 4 Stability of a faceted crack front propagating at v = 0.005cR. (a) The fracture surface. Panel width is 3
mm. (b) The velocity profile and the height profile along the red dashed line in (a). Both profiles show a
discontinuity at the step. (c) The two discontiuities appear to be constant during crack propagation.
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Summary We performed a set of cleavage fracture experiments of brittle silicon crystal specimens and compared the energyspeed relationship with continuum-based Freund equation of motion and atomistic simulations. Surprisingly, the continuumbased theory well described the energy-speed relationship at the low energy speed regime. We further performed new set of
molecular dynamics simulations and explain why atomistic simulations are still inadequate to describe this relationship.
Finally, we suggest a new approach for better atomistic simulations.
It is generally believed that cracks in brittle crystals initiate at high energy and high speed. Atomistic-based theoretical
studies and massive atomistic simulations at all levels are in accord with this intuition, as they show that over 60% of the
theoretical Griffith barrier of 2γs is required to initiate a crack, followed by crack 'bursting' to a speed of 2000 m/sec [1].
The atomistic simulations suggest a 'lattice trapping' effect [2]: the atoms along the crack front are presumably trapped in
the potential-well and require higher energy to overcome the barrier and to initiate. This behaviour has been confirmed by
past cleavage fracture experiments [3,4].
Freund equation of motion (FEqM) of cracks [5] is continuum-based theory for a solid containing a crack loaded by time
independent stresses; the energies in the solid are at equilibrium. The theory relates between the quasi-static strain energy
release rate (SERR), G0, and the resultant crack speed, V. The solution does not include crack wave reflections. Denoting
G(V) as the dynamic energy release rate, the accepted energy-speed relationship is:

V
G=
(V ) G0 1 −
 CR

,



(1)

where CR is the Rayleigh free surface wave speed, the upper bound for crack speed. In the most general form, crack
initiation and propagation take place when G(V)=Γ(V), where Γ(V) is the velocity-dependent material resistance for crack
initiation and propagation. For ideal brittle crystals Γ(V)=2γs (Eq. 1), hence:
 2γ 
V
(2)
= 1- s 
CR



G0 

The fundamental aspects arise from Eq. (2) are that cracks initiate at the Griffith barrier of 2γs and can propagate at speeds
0<V<CR.
We employed our coefficient of thermal expansion mismatch experimental method [6]. Briefly, the specimens were
glued to an aluminum loading-frame by two thin layers of epoxy resin. These layers serve as a compliant agent that reduces
energy flux rate to the crack tip. The SERR, G0, was calculated by quasi-static finite element analysis (FEA), and crack
speed was evaluated by the Wallner-lines technique. Silicon crystal specimens served here as a model material.

Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

The nominal energy-speed relationship (Fig. 1) demonstrates that cracks can propagate at much lower energies and
speeds than predicted by atomistic calculations; FEqM well describes the energy-speed relationship at the labelled speeds;
the kinetic energy is the most significant energy consumption mechanism up to the measured speeds; reflected stress wave
is less significant than expected, presumably since the external stresses are slowly applied, their magnitude is low (~10
MPa), and V<0.35CR.
We then studied the fracture surfaces of our cleaved silicon specimens by optical confocal microscope; these clearly
show surface markings depicting curved crack front patterns (Fig. 2), generated during cycles of initiation, propagation, and
nearly arrest. The only topological rationale for the curved profile is that of planner atomistic steps in form of numerous
a) Corresponding author. Email: dovsherman@post.tau.ac.il
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kinks. The numerus kinks existing along the curved front raise the question how much energy is required for kink advance.
This issue was recently analysed [7], and it was shown that when kinks are considered, the trapping effect becomes only
about 20% in energy followed by crack bursting to nearly 1,000 m/sec, and is mainly due to kink formation. This is still
higher than our experiments show.
We turned to a new class of MD calculations; the typical cracked long strip specimen model contained 70 atoms through the
thickness, where the periodic boundary conditions were removed. The MD model consists of up to 12 million atoms. A modified
Stillinger-Weber interatomic potential was used. Snapshot of the crack front is shown in Fig. 3, exposing the curvature. We
examined farther the effect of free surfaces and curved crack front on the energy-speed relationship by analysing four different
atomistic models, with fixed specimen height and length of 24.6 and 123 nm, respectively, and various thicknesses. While
thickness has a certain effect on the energy-speed relationship, and the energy is reduced for a prescribed speed, the effect is still
small (Fig. 4).
Our experiments reveal a different view of ‘how brittle crystals break’: crack front is curved and composed of enormous
planar atomic-scale steps, or kinks; atoms along the crack front break by kinking mechanisms; cracks initiate near the Griffith
barrier and can propagate at low speeds; and cracks are 3D in nature. The most significant conclusion is that atomistic models
must follow the physical problem at hand, with no assumptions made, as in fracture mechanics theory. Non-physical boundary
conditions may change the energy scheme required to stretch the atomic bonds along the crack front to failure. We therefore
suggest using multiscale modelling in the form of quasicontinuum modeling [8], where very large models are to be constructed
of atoms along the entire crack front and vicinity and continuum elements as the rest of the body. These issues and more will be
discussed in the talk.
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APPROACHES FOR DYNAMIC FRACTURE SIMULATION:
R-ADAPTIVE MATERIAL FORCE AND PHASE-FIELD METHOD
1
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Summary The numerical crack approximation in finite element simulations may be categorized in discrete and
smeared approaches. The discrete approach models a crack as free edges in the meshing with an actual separation
of the elements along the crack surface. The smeared approach represents the crack by a modification of the relation
of stresses and strains in the elements in the vicinity of the crack. This contribution presents the application of state
of the art approaches of each category to dynamic fracture simulations and a detailed comparison of both methods by
evaluation of the simulation results. In respect of the discrete approaches, an r-adaptive node duplication technique
triggered by the evaluation of the “material force“ at the crack tip is introduced. The smeared approach employs
the phase-field method. Both methods are presented and applied to characteristic dynamic fracture examples for
evaluation and comparison of their capabilities.
INTRODUCTION
The first and major step to a comprehensive theory of fracture mechanics was the linking of the formation of a
crack Γ to the dissipation of strain energy by [3]. Furthermore, the knowledge of the material dependent amount
of energy necessary for the formation of a crack allowed the evaluation of strain states of structures in respect of
the propagation of cracks and led to the development of the theory of “material forces“ and their interpretation as
a driving force for crack propagation. With the criterion for crack propagation at hand, the modification of the
spatial discretization led to discrete crack approximation approaches for finite element simulations as described e.g.
in [4].

Figure 1: Continuum Ω with smeared crack approximation Γl and sharp crack Γ
Another approach emerged recently out of the pioneering work of [2]. The formation of cracks, including initiation,
propagation and branching, is embedded into the framework of energy minimization. The additional field parameter
“phase-field“ p(X, t) is introduced and interpreted as the regularized approximation of the crack’s surface Γl . The
relation of the surface energy to the regularized size of the surface of the crack allows the consideration of an
additional dissipative contribution in a general energetic description of the problem. A comprehensive overview on
the existing formulations of the phase-field method is given e.g. in [1].
GOVERNING EQUATIONS
Phase-field method
The main ingredient of the phase-field method is the definition of the part of the strain energy, that is available
for the dissipation into crack surface formation. In this contribution, the spectral decomposition
ψS =

λ
2
2
· hε : 1i+ + µ · ε+ : 1
2

(1)

is employed. Here, the Lamé constants λ and µ, the strain P
tensor ε, the bracket operator hxi+ = x+|x|
and the
2
+
tensile part of the spectrally decomposed strain tensor ε = i hεi i+ ni ⊗ ni are utilized. The irreversibility of the
crack evolution is ensured by the use of a history variable for the crack driving force.
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Material force approach
The material forces are evaluated at the nodes of the finite element discretization and present a criterion for the
propagation of the crack. They are evolved from the local form of the simplified material momentum balance
T
∂ψlin
1
T
T
(2)
∇X · Σ = (∇X uT ) b0 − ρ(∇X uT ) ü − ρ(∇X˙uT ) u̇ − u̇ · u̇∇X ρ +
2
∂X exp
in a small strain formulation with the material gradient ∇X (•), the material divergence operator ∇X · (•), the
˙ the displacement vector u, the Eshelby stress tensor Σ, the body forces b0 ,
partial time derivative operator (•),
the density ρ and the free Helmholtz energy density ψlin .
NUMERICAL EXAMPLES
The first numerical example evaluates an experiment on a thin PMMA specimen. In a special setup, the crack
propagation velocity is recorded and can be compared to simulated results.
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Figure 2: Velocity of crack propagation with respect to the crack length
The second simulation is a purely numerical crack branching benchmark in 2D. A specimen with a pre-existing
crack under two-axial transient loading is studied with both approaches.

(a) Phase-field

(b) Material force

Figure 3: Final path of the crack
CONCLUSION
The presented simulations investigate and compare in depth the characteristics of both approaches in respect of
a realistic approximation of dynamic fracture.
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FRAGMENTATION AS AN AGGREGATION PROCESS
Nicolas Vandenberghe∗1 , Alexandre Vledouts1 , and Emmanuel Villermaux1
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Summary The fragmentation of a ring in radial expansion is a benchmark experiment to test our understanding of solid fragmentation.
We study a discrete version of it, using necklaces of cohesive spheres as an experimental model. After being communicated an initial
radial impulse, the ring breaks and the spheres separate from each other. The attractive forces between the spheres drive an aggregation
dynamics that proceed until a final state is reached. The time resolved observation of the fragment size distribution reveals that the process
is self similar. This study combines experiments and modeling to offer a new approach to fragmentation dynamics when fracture energy
is a relevant quantity and proposes the selection of the fragment size distribution as the results of the aggregation dynamics. The role of
inhomogeneities (i.e. material flaws) is also addressed as well as the energetics of the process.

INTRODUCTION
When severely impacted a sample of a solid material breaks into fragment. Fragmentation is ubiquitous in natural processes such as the disruption of asteroids or meteorite impact cratering and in industrial processes ranging from the mining
industry to crushing and grinding. Yet the complete description of the fragmentation of a 3-dimensional object remains a
task of considerable difficulty. Simplifications of the geometry and material properties are mandatory to make progress in the
field. The radial expansion of a ring has been proposed by Mott as a an experimental paradigm to study the fragmentation
of solid materials [1, 2]. It offers a great simplification because the stress field is uniform (before breakage) and because the
complexity associated with crack extension and branching is not present. Yet it reveals a rich dynamics.
We study the fragmentation of a necklace of N rigid spheres of mass m and diameter a linked together by attractive forces
(magnetic or capillary), see figure 1. For spherical magnets the attractive force between two spheres separated by z (center-tocenter distance) writes F (z) = F (a)(a/z)4 . The necklace is initially communicated a radial speed and the spheres separate
from each other. The uniform extension is unstable and the spheres start to aggregate and to form fragments. Consequently,
an aggregation dynamics proceed until the fragment size distribution is frozen.
b

a

t=0

t=1.33 ms

t=2.66 ms

t=4 ms

We = 7 10-3

We = 18 10-3

Figure 1: a. A necklace of spherical magnets of mass m = 0.50 g, diameter a = 5 mm with a contact force F (a) = 4.6
N stand on a cone which we let fall. When the cone hits the ground, each sphere is communicated a radial speed and the
ring expands. The spheres separate from each other and start to aggregate, driven by the attractive magnetic force. b. The
aggregation proceeds until the final mean fragment size n∞ is reached. n∞ increases for increasing Weber number.
The position of each sphere is extracted from movies of the experiment, and repeating the experiment, we obtain the
fragment size distribution (Figure 2). At the beginning of the dynamics, the fragments are small and the distribution is narrow.
As time goes, the mean fragment size increases and the distribution broadens. When plotted in units of the mean size hni the
fragment size distributions at successive times collapse indicating a self similar process.
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RESULTS
The Weber number W e = 3mU 2 /2aF (a) where U is the divergence speed related to the radial speed V through U =
2πV /N measures the ratio between the initial kinetic energy and the cohesion energy. To gain insight into the dynamics we
proceed as follows.
1. We consider that after initial rearrangements that occur concomitantly with the initial instability, the system is mixed
and fragments interact by pair. The fate of two fragments of size p and q can be determined by Newton’s equation for the
distance between the two fragments. This yields an aggregation time ta (p, q) that depends on the initial divergence velocity
U (p, q) and the fragment sizes: the aggregation time increases with increasing fragment sizes.
2. The evolution of the fragment size distribution can be computed through Smoluchovski’s model of aggregation [4] that
describes the evolution of the fragment size distribution when aggregation results from random encounter of fragments. In the
present case, the typical aggregation time between two fragments is ta (p, q) and the model can be solved with the assumption
that aggregation occurs for small fragments (i.e. light fragments for which the aggregation time is shorter). It results in a
self similar aggregation as observed in the experiments and the scaled measured p.d.f. f (x = n/hni) = N (n)hni2 /N where
N (n) is the number of fragments of size n, is well approximated by a Gamma distribution [5]
f (x) =

ν ν ν−1 −νx
x
e
Γ(ν)

(1)

Normalized p.d.f.
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3. The aggregation time diverges as the fragments grow (and become more massive) and their divergence increases
(because their number decreases). For two fragments of size n initially in contact (z(0) = a) and with a divergence velocity
nU , conservation of energy yields mnż 2 /4 − aF (a)(a/z)3 /3 = mn(nU )2 /4 − aF (a)/3 and the final fragment size obtained
for z → ∞ and ż → 0 is n∞ = (2/W e)1/3 in agreement with experiments and the classical law proposed by Grady [3].
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Figure 2: a Number of fragments N (n) of size n versus time (curves from left to right from t = 2 ms to 17 ms) at W e =
6.15 × 10−4 . At short times, the distribution is narrow and centerd on small sizes. As time increases, the mean fragment size
increases and the fragment size distribution broadens. b The normalized probability density functions f (x) = for the same
times collapse, indicating a self similar process. The p.d.f. are well fitted by a gamma distribution of order ν = 8. c The mean
final fragment size agrees with Grady’s law n∞ ∼ W e−1/3 .

DISCUSSION
The present study addresses the mechanism by which the fragment size distribution builds up in the limit of energy-limited
fragmentation (in Grady’s terminology) for which the energy required to break the sample is not negligible. In this case the
fragment size distribution is the result of an aggregation dynamics driven by the cohesive forces between the fragments.
The fragment size distribution is independent of the distribution of flaws in the material because the Gamma distribution
is attractive for the dynamics. The present model can be modified to account for material flaws for example by using a
distribution of interaction forces [6], leading to a broadening of the fragment size distribution.
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MODELLING IMPACT DAMAGE AND BREAKAGE OF A PARTICLE BED
USING SPH AND DEM
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Abstract This work aims to elucidate the impact breakage of a bed of particles in an environment similar to that found in comminution devices.
Smoothed Particle Hydrodynamics (SPH) and the Discrete Element Method (DEM) are used to simulate the impact of rigid steel spheres on the
particle bed. With SPH, continuum damage mechanics is used to simulate the extent of damage and (brittle) failure in the bed. For DEM, a MohrCoulomb law is applied to represent cohesive inter-particle forces and calculate the relevant failure criteria. The numerical simulations are
conducted concurrently with laboratory experiments in which the stress and energy absorbed during the impact event is measured by a load cell.
The rock progeny are also measured to assess the level of breakage. The SPH and DEM simulations are calibrated against experiment and
subsequently demonstrated to be a valuable means of studying the stress distributions which initiate crack propagation and failure.

PROJECT SUMMARY
It is a well-known challenge currently facing the mining industry that current practices are not sustainable in the long
term, largely due to increased constraints around energy requirements coupled with declining grades in ore bodies. Crushing
and grinding of ore, or comminution, typically utilizes the majority of the supplied energy to processing plants and is often
quoted[1] to be highly inefficient in its use. Fundamental research in the area of breakage is the most likely source from which
existing comminution devices can be further optimized, or groundbreaking new technologies can be developed.
The impact breakage of ore bodies under confinement is a common size reduction mechanism in many comminution
devices. Such devices are routinely characterized by aggressive internal environments which renders any meaningful
measurement of particle interaction and fracture impractical if not impossible. Breakage characterization tests at the laboratory
scale have thus been largely used as a means of studying the fundamental mechanisms of fracture[2]. A limitation of most
experimental techniques is that they do not capture the micro-scale fracture behavior of the ore particles such that any notable
trends can be exploited to improve traditional comminution devices.
In the last few decades, computational modelling has emerged as a valuable tool to glean new insights into the design and
operation of the systems used in various comminution processes. Such simulations have been able to examine how the microscale response of different materials under stress leads to the creation and evolution of cracks and eventual fracture[3].

Figure 1: A picture of the SILC breakage apparatus (left), along with an example of a particle bed used for experiments
(center) and a typical arrangement used for computational simulations (right)
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In this paper, computational simulations of a typical bed breakage test are used to investigate the effect of steel ball
diameter, drop height and bed depth on the strain energy absorbed and degree of crack propagation and failure. Experiments
are conducted with a Short Impact Load Cell (SILC) and designed to represent an environment common to comminution
devices. With the SILC, a steel ball of known mass is released by a pneumatic mechanism and falls vertically under gravity
on a bed of particles from a fixed height. The device consists of a long steel rod on which the particle bed rests and is fitted
with strain gauges to measure the load response, from which particle strength parameters and the amount of impact energy
absorbed can be determined[4]. A homogenous basalt ore and UG2 platinum ore are used for the tests, and particles are
constrained using rings of duct tape. A picture of the device and setup as described is given in Figure 1.
Simulations using both SPH and DEM are compared against SILC experiments. With either technique, ore particles are
assumed to take simple polygonal shapes. For SPH simulations, a continuum damage model is used to predict the rock damage
based on the local stress history and flaw distribution. For DEM simulations, each ore particle is modelled as an assembly of
indivisible spherical particles with adjacent particles connected by cylindrical linear elastic beams. These cohesive bonds are
broken when the inter-particle stress exceeds a specified limit.
Stress vs. Time plots generated from SILC experiments are compared against the numerical simulations which show good
agreement. The key physical behavior observed from both computational techniques is then used to study the utilization of
the impact energy in causing breakage. It is found that generally the energy absorbed by the particle bed is very low relative
to the impact energy (less than 10%). The bulk of the available impact energy is dissipated as kinetic energy in the movement
of particles rather than initiating crack propagation. The degree of breakage is found to increase with steel ball diameter,
largely because the increased epicenter of the impact zone leads to a wider distribution of stress into the particle bed and thus
greater propagation of micro-cracks. Increasing the impact energy by altering the drop height does not achieve as profound
an effect, and it is notable that the relative energy absorbed tends to decrease at higher drop heights. The energy absorbed and
degree of breakage are found to decrease with increasing bed depth. This is attributed to the increasing role played by the
porosity of the bed as particle layers increase. A greater number of particle layers leads to the dissipation of the impact energy
largely by rearranging of the particle bed rather than initiation and transmission of cracks through the bed.
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Summary Mechanical dynamic tests were performed on fluoride glass fibers and silica optical fibers to examine the mechanical strength
on ambient atmosphere and after aging in a vacuum desiccator with silica gel used as the desiccant. The tensile tests showed that
fluoride fiber elongation decreased with increasing velocity and the strength of silica fiber is nine times greater than that of fluoride

fiber and eight times greater in the case of bending tests. Aging in a desiccator decreases the residual water content and improves the
fluoride fiber strength.

INTRODUCTION
Fluoride glass fibers were first intensively developed for long distance telecommunication applications due to their ultralow theoretical optical loss (0.001 dB/km). The specific material used for this research was a fluorozirconate glass, which is
a subset of the Heavy Metal Fluoride Glasses family known as ZBLAN (ZrF 4, BaF2, LaF3, AlF3, NaF). Such fibers can be
doped with a number of rare earth ions for application in fiber lasers and amplifiers.
The main problem with this fiber is its poor mechanical strength. Degradation may be due to attack by atmospheric
moisture or stresses and cracks introduced into the fiber during drawing and spooling or to damage which was not removed
after drilling. The intrinsic strength of a core fiber, its real strength, depends on minor flaws. Considerable effort was made
to remove scratches.
Many studies were undertaken concerning optical and chemical properties of fluoride fibers, but very few studies have
been carried out on their mechanical behavior when subjected to bending or tensile tests due to their poor mechanical
strength.
In this work, tensile and two point bending tests were performed on fluoride and silica fibers for different displacement
velocities. Some fibers were aged in a desiccator before undergoing mechanical tests.
OPTICAL FIBERS USED
The multimode fluoride fiber of compositions (mol%) 53ZrF4-20BaF2-4LaF3-3AlF3-20NaF (Fig.1a) has an operating
wavelength between 0.3 m and 4.3 m. The combined coating diameter is 220 m with a diameter clad of 150 m and a
core diameter of 100 m. The operating temperature is from -180°C to 150°C. This fiber has a numerical aperture of 0.2
(NA value). Attenuation was ≤ 0.1 dB/m [3.4 - 3.6m].
The used multimode silica optical fiber has two acrylate coatings (primary and outer coatings) (Fig. 1b). This fiber has a
numerical aperture of 0.2 (NA value) with an operating wavelength of 850/1300 nm. The combined coating diameter is 245
m, the silica core has a diameter of 50 m and the clad diameter is 125m.
Coating

Two acrylate
coatings

Core

(a)
Cladding

100 m

Silica
clad

(b)

100 m

Fig. 1. Used optical fibers: a) Fluoride fiber; b) Silica fiber
TEST BENCHES USED
A two points bending bench is made up of a displacement plate which is mounted on an aluminium plate. A first thrust
block is movable and mounted on the displacement plate, while the second thrust block is fixed on a force sensor. The
optical fiber is positioned between the two thrust blocks in such a way that it forms a "U". To avoid slipping, the fiber is
positioned in the grooves of the thrust blocks.
A dynamic tensile test consists of subjecting fibers to a deformation under a constant velocity until rupture. The fiber is
a)
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rolled three times around two pulleys; the lower pulley is fixed and the upper pulley is movable with different velocities.
During the test, the tensile load was measured using a dynamometric cell (load sensor) while the fiber deformation was
deduced from the displacement between the fixed lower pulley and the mobile higher pulley.
RESULTS and DISCUSSION

Two points bending test
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Bending tests- Figure 2a shows the change of the failure load between the plates when the fluoride fiber was subjected to
the two point bending test for different faceplate velocities.
It is noted that the failure load between the two plates decreases according to their velocity. Indeed, the fluoride fiber is
very brittle and breaks for large curvature radii when placed between the two plates.
When placing the fluoride fibers in the desiccator for one week in order to maintain them in a dry atmosphere, some
residual water was removed and this leads to partial micro-crack closures. This allows the fiber to bend more and a smaller
failure distance between the plates was obtained. Thus, the failure fiber force for the desiccated fiber was a little higher than
that of an ‘as-received fiber’ (Fig. 2a). On the other hand, silica fiber can endure smaller curvature radii than the fluoride
fiber and therefore will break for loads which are 8 times higher (Fig. 2b).
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Fig. 2. Failure load for a): As received and dessicated fluoride fibers; b): Silica and fluoride fibers for different velocities

Failure load (N)

Tensile tests- Figure 3 compares the failure forces for silica and fluoride fibers submitted to tensile tests. The failure
strength of silica fibers was higher than that of fluoride fibers, even if the cladding diameter of fluoride fiber was greater
than that of the silica fiber. The failure load for the silica fiber was, on average, 9 times higher than that of the fluoride fiber
(Fig. 3): Young's modulus of silica fibers was higher than that of the fluoride fibers.
Tensile test
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Fig. 3. Failure load for silica and fluoride fibers for different velocities during tensile test

CONCLUSION
The difficulty for testing fluoride fibers was due to their fragility and their cost. Indeed, the fluoride fibers are more
expensive than silica fibers and one must take a lot of care to minimize sample losses during testing. Furthermore, their
fragility involves frequent breaking before the beginning of bending or tensile tests. Although the pulley diameters for the
traction bench were quite large, the winding of fluoride fiber around the pulley must be done slowly to avoid handling or
compression of another portion of the fiber already wound around the pulley. In addition, fluoride fibers have many intrinsic
defects that are not uniformly distributed. The number of testing experiments was quite high because many fiber failures
occur around the pulley and not in the middle of the part of fiber between the two pulleys during the tensile test. The silica
fiber, which is more flexible than the fluoride fiber, was easier to test. Finally, the tensile tests showed that fluoride fiber
elongation decreased with increasing velocity and their failure loads remained much lower than that of silica optical fibers.
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FRACTURE TOUGHNESS ANALYSIS BY THE MATERIAL CONFIGURATIONAL FORCES
IN TRANSFORMABLE MATERIALS
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1

Summary In the present paper, the crack-tip shielding from the residual strains which develop following transformable particles dispersed near
the crack tip is estimated from the reduction of the crack tip J-integral associated with the material configurational forces. Numerical results
show that the crack-tip shielding is dependent of the location and size of particles, and the radio of shear strain transformation and dilatant
transformation. Moreover, the crack deflection angle in inhomogenous materials induced by the phase transformation can be claimed that the
crack initiates along the direction which the potential energy release rate possesses a stationary (maximum) value in terms of the crack tip Jkintegral. The results show a significant non-symmetric stress distribution locally at the crack tip, causing the crack to deflect.
INTRODUCTION
It has been discovered that a second phase constituent which undergoes a stress-induced phase transformation could be
used to toughen composites[1]. The contribution of phase transformation on the fracture toughness can be demonstrated by
the material configurational forces associated with the Jk-integral. Recently, the configurational forces emerge as a strong
tool to deal with crack problems associated with damage evolution, or phase transformation. The significant of the material
forces is indeed to deal with material inhomogeneity such as dislocations, cracks, inclusions, cavities and nonhomogeneities, which, under suitable conditions, can move or be displaced within the deformable material body in which
they find themselves. In material space, the material forces are of specific interest as they are valuable to assess the failure
of structures in the present of defects. The material configurational theory seems to be an effective and reliable technique to
provide an accurate result for fracture toughness analysis induced by the transformable particles.
THE JK-INTEGRAL ELUCIDATED BY THE CONFIGURATIONAL FORCES
The material configurational stress tensor bji is introduced[2],
(1)
b j i  W ji  juk k , i
where, W denotes the strain energy density of the elasticity system; δji is the Kronecker delta; ζ jk is the Cauchy stress tensor;
uk,i are the first derivatives of the displacement. The corresponding material configurational forces gi, which originates from
the material inhomogeneity,
(2)
gi    W xi 
expl

(əW/əxi)expl denotes the explicit dependence of W on xi, and the equations of equilibrium are bji,j + gi =0.
Since the well-known Jk-integral integrating over a path enclosing the crack tip can be defined by the material
configuration theory,
(3)
J  J  b n ds  Wn   u n ds,
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J2  
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see Fig. 1, where Γ is an integral contour beginning at the lower crack surface and ending at the upper surface and nj refers
to the outside normal of the contour Γ. A new parameter named Jktip-integral, computed around the crack tip along a
vanishing small contour Γε as shown in Fig.1,

J ktip  lim  bkj n j ds   bkj n j ds   bkj n j dA 
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Fig.1. The geometric model of transformable materials
a)
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where Jk∞ denotes the remote Jk-integral in terms of the remote stress intensity factors as follows, dA is the differential
element of inhomogeneity and Gk (k=1, 2) denotes the total component of configurational forces given by integration of
increment value over the area of transformation zone A.
Moreover, claiming that if the crack has advanced under an angle α with respect to its plane as depicted in Fig. 1, the
direction of crack deflection can be claimed that the crack initiates in the direction along which the potential energy release
G(α) possesses a stationary (maximum) value, i.e., the crack deflection angle can be formulated as,
 G  J 2 
(6)
  arctan  y

G

J
1 
 x
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Fig.3. Non-symmetric stress contour with respect to
the crack surface by a cluster of particles in nonhomogeneous composites.

Fig.2. The variable tendency of J1 against the
location angle of one individual particle near the
crack tip influenced by transformation strain.

𝑇
Considering the phase transformation which involves a dilatation strain eT and a shear strain 𝑒12
, then the crack-tip J1integral disturbed by one transformable particle can be calculated by
3
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The tendency of J1 normalized by r-3/2eT 𝜋R2KI against the variable location of particle is plotted in Fig.2, where the
𝑇
ratio of 𝑒12
/eT changes from 0 to 5.0 and the specimen is subjected to the pure Mode I loading. It can be concluded from Eq.
(7) that the crack-tip shielding effect will be only dependence of the location angle of particle with respect to the crack face,
and the ratio between the transformation shear and dilation strain. It is shown from Fig.2 that there are some critical angles
of crack-tip shielding or anti-shielding. For instance, it can be illustrated as the particle has a shielding effect on the fracture
toughness when the location angle of particle in the extent of (40, 110) for =4.0 in Fig.2 accounting for one zirconia
(ZrO2) particle with a shear strain of about 16% and a dilatation of 4% dispersed in composites[3].
The phenomenon of crack deflection due to the transformation of dispersed particles can also be predicted and explained
by the non-symmetrical stress distribution around the crack tip. By FEM method, a strong non-symmetric stress distribution
with respect to the crack surface is found in Fig.3 as the transformable particle around the crack tip is non-symmetric with
respect to the crack plane by a cluster of particles in non-homogeneous composites. The present study is in the view of
energy to get some indication of how crack deflects as the crack may find a path which is energetically more favorable.
CONCLUSIONS
The theoretical framework given in this paper could provide a useful tool to deal with problems associated with the
fracture toughening and crack deflection occurred in the transformable material. The most important conclusion from the
analysis is that the crack-tip shielding effect is mainly determined by the location and size of the particle, and the ratio
between the shear and dilatation transformation strain components. A finite element approach is proposed to solve the
problem of multiple particles with non-uniform distribution embedded in composites.
References
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IMPACTS OF RESIDUAL STRESS ON J-INTEGRAL FOR CLAMPED SE(T) SPECIMEN
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1

Summary Three-dimensional (3D) finite element analyses (FEA) are performed on clamped single-edge notched tension (SE(T)) specimens to
investigate the impact of residual stresses on the average J-integral (J) evaluated over the crack front. The residual stresses are introduced by
two mechanical pre-loadings including tension and compression. The average J-integral corresponding to the specimens containing residual
stresses are evaluated and compared with those corresponding to residual stress-free specimens.

INTRODUCTION
As a key input to the structural integrity assessment of metallic structures such as pressure vessels and energy pipelines,
the fracture toughness resistance curve, e.g. the J-integral resistance (J-R) curve, is typically obtained from the single-edge
bend (SE(B)) or compact tension (C(T)) specimen as standardized in ASTM E1820-13 [1], BS7448-4 [2]. Recently, the use
of the shallow-cracked single-edge (notched) tension (SE(T) or SENT) specimen to determine the J-R curve has gained
significant research interests [e.g. 3, 4] in the energy pipeline industry largely as a result of the development of the strain-based
design and assessment methodologies. Figure 1(a) schematically depicts the configuration of a typical SE(T) specimen including
the width (W), thickness (B), crack length (a) and the daylight distance (distance between the clamped surfaces, H) of the
specimen. The fabrication and construction processes of pipeline inevitably introduce residual stresses [5]. It is generally
acknoledged the presence of residual stresses directly influences the evaluation of the J integral using SE(B) specimens [5].
The present study focuses on this topic with respect to the clamped SE(T) specimen.

Figure 1. Schematics of SE(T) specimen and pre-loading techniques

Figure 2. Configuration of a typical FE model

FINITE ELEMENT ANALYSES
Three-dimensional (3D) finite element analyses (FEA) are performed on the SE(T) specimen with W = 20 mm, H/W =
10, a/W = 0.2 and B/W = 1. Because of symmetry, only one quarter of the specimen with appropriate constraints imposed on
the remaining ligament is modelled. A typical FE model is schematically shown in Fig. 2. Both specimens with and without
residual stresses are analyzed. To generate the near-tip residual stresses, pre-loadings, e.g. pre-tension (PT) and precompression (PC) as shown in Figs. (1a) and (1b), are applied to the specimen prior to the primary tension loading, whereas
the primary loading is directly applied to the residual stress-free specimens. The commercial software ABAQUS 6.13 [6] is
employed to carry out the FEA. The 8-node 3D hexahedral elements with reduced integration (C3D8R) are used in the
analysis. Stationary cracks are assumed. A sharp crack tip is incorporated and the surfaces of the hexahedral elements are
collapsed to a line at the crack tip (see Fig. 2) to simulate the singularity condition. A spider-web mesh around the crack tip
is established with 40 concentric semicircles (i.e. domains) surrounding the crack tip. The radii of the smallest and largest
domain around the crack-tip are 0.01 and 3 mm, respectively. The model is equally divided into 20 layers over the half
thickness (B/2). An elastic-plastic constitutive model based on the incremental theory of plasticity as well as the small-strain
formulation [6] is adopted in FEA. The true stress () and true strain () relationship of the materials is characterized by the
following equation:
⁄
, ≤
⁄ =
(1)
( ⁄ ) , >
a)
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where σYS is the yield strength; ε0 = σYS/E with E denoting elastic modulus, and n is the strain hardening exponent. The
loading level is cherecterized by the reference load (PY = B(W - a)(YS + UTS)/2) where σUTS is the ultimate tensile strength.
In the present study, σYS, σUTS, E, Poisson’s ratio and n are assumed to be 510 MPa, 615 MPa, 207 GPa, 0.3 and 13
respectively. The load is applied based on the displacement control condition. The load P is calculated as the total reactions
of the nodes on the clamped surface. For PT and PC, three levels of pre-loadings corresponding to P/PY = 0.35, 0.5 and 0.8
are defined and denoted as (I), (II) and (III), respectively. The primary loading in the FEA is identical to PT. The final
applied displacement corresponding to P/PY = 1.0 – 1.3 is reached in each simulation. At each loading step, the values of J
in each layer along the thickness direction are calculated using the domain integral method [6] corresponding to the 40th
domain. Practical path-independence of the weighted average J value over the entire crack front is observed.
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RESULTS AND DISCUSSIONS
Figure 3 shows the line distribution of the opening residual stress, yy(R) (generalized by YS), within 0 ≤ x/(W - a) ≤ 0.1
at the specimen mid thickness. According to the figure, PT generally leads to compressive yy(R) at the crack tip whereas PC
yields tensile near-tip yy(R). The magnitude of the near-tip yy(R) increase as the level of the pre-loading increases. At each
level of the primary loading characterized by P/PY, the difference between the average J obtained from a specimen
containing residual stress (Jave) and the average J (Jave(NR)) obtained from the corresponding residual stress-free specimen is
defined as eJ = (Jave - Jave(NR))/Jave(NR). Figure 4 shows eJ values plotted against P/PY for specimens with different residual
stress states. Loading levels in terms of Jave(NR) are also indicated in the figure. The figure suggests that eJ depends strongly
on P/PY. The absolute value of eJ generally decreases as P/PY increases. eJ is sensitive to the the near-tip yy(R) only when
P/PY ≤ 1.1. It is observed that tensile near-tip yy(R) leads to positive eJ and vice versa. |eJ| generally increases as near-tip
|yy(R)| increases. eJ is approaching zero and is insensitive to the near-tip yy(R) for P/PY > 1.1.
CONCLUSIONS
Three-dimensional finite element analyses are performed to simulate pre-tension and pre-compression. PT and PC generally
produces compressive and tensile near-tip yy(R), respectively. The magnitude of the near-tip yy(R) increase as the level of the
pre-loading increases. A parameter, eJ, is evaluated to quantify the residual stress impacts on the average J. It is found that eJ
depends strongly on P/PY. eJ is sensitive to the near-tip yy(R) for P/PY ≤ 1.1 and shows independence of yy(R) for P/PY > 1.1.
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Summary Intermetallic compound formation is critical to the reliability of microelectronic interconnections,
especially for flip chip solder joints. It is well known that the presence of an intermetallic compound layer will
significantly affect the mechanical behavior of solder joints due to its brittleness, while the solder joints generally
exhibit ductile behavior. On the other hand, the thermal expansion coefficients of the intermetallic compound and
solder materials are different. In this research, a micromechanical damage model is developed to study the solder
joints combined with intermetallic compound layers based on the equivalent inclusion method. Taking the
intermetallic compound layer as an inclusion and the solder joints as the matrix, the relationship between these two
portions can be obtained by treating the intermetallic compound in this manner. The plastic strain, misfit strain and
thermal strain can be determined and are included in the developed model, as eigenstrains.
INTRODUCTION
Solder joint integrity is recognized as a key issue in the reliability of electronic devices. In the past decades, SnAgCu
eutectic based solders are replacing SnPb eutectic solders in the electronics industry. Although the Pb-free solder is
usually regarded as having a higher melting temperature compared with traditional Pb-Sn eutectic solder, solder
joints were generally operated at a high homologous temperature, and exhibit complex failure mechanism under
coupled loading. Previously, the prevalent failure mode in a solder joint was the ductile thermo-mechanical fracture
of solder material due to repeated thermal cycling. In addition to this mode of failure, the solder joints were also
found to fail by brittle fracture near the solder-intermetallic interface. In this paper, we focus on fracture mechanics
feature of the interface between the solder joint and the intermetallic. A micromechanical damage model is
developed to analyze the failure evolution caused by joule heating associated with micro-damages. The disturbed
stress field caused by the different coefficients of thermal expansion between the solder joint and intermetallic is
investigated. An analytical enhancement of interface crack-tip intensity factor is proposed considering that voids
exist in the intermetallic layer.
THE DISTURBED STRESS FIELD CAUSED BY THE JOULE HEATING
It is well known that a different thermal expansion coefficient between the solder joint and intermetallic is one of the
main reasons for interface shear failure. In the current work, we assume the intermetallic as one inclusion in the halfspace and define the thermal strain as the eigenstrain (stress free transformation strains) based on the Eshelby theory
[1]; the disturbance of the strain field can be expressed as:
 ij  S ijkl  ij*
(1)
where  ij is the disturbed strain field;

 ij* is eigenstrain; S is the Eshelby tensor.

The main problem is to solve the

Eshelby tensor for an arbitrary inclusion in the half space. It is noted that the final formulation for the solution is
given in a complicated form and the analytical solution is difficult to obtain. The Fast Fourier Transform (FFT)
algorithms [2] are adopted to obtain a numerical result, which enables efficient and accurate computation.
ENHANCEMENT OF INTERFACE CRACK-TIP STRESS INTENSITY FACTOR CAUSED BY THE
VOIDS AROUND THE CRACK TIP
In this part, the interaction between the interface crack and inclusion around the crack tip is studied. Many
experiments have shown that intermetallic layer is not stable under high current density. The height will continue to
grow and the voids or other inclusions will initiate, which will decrease the fracture strength to some extent. Based
on the result of part1 and transformation toughing theory [3] and Eshelby equivalent inclusion method [1], an
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analytical description for the crack tip stress intensity factor increment under the effect of the voids around is given.
The final analytic result for the crack tip stress intensity factor is expressed as follows:
E m 3 / 2
1
3
7
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3
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T
dk tip 
r
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(2)
Based on the Eshelby equivalent inclusion approach and thermal strain induced by the joule heating in the
intermetallics layer, the equivalent transformation strain eT is given by:

eT  [(Ci  Cm )S  Cm ]1 (Cm  Ci )(e A  e* )

(3)
where Ci and Cm are the elastic constants of the inclusion and matrix, respectively. For the void problem, Ci =0. eA is
the elastic strain caused by the crack which can be obtained from the classic solution; e* is the strain caused by the
disturbance of the intermetallic layer which obtained by using FFT method. The complete solution will need a
statistic algorithms such as Monte Carlo simulation, by which the quantity and distribution of the voids is taken into
account. In the current work, one unit void in front of the crack tip is studied, the average dKtip=1.23. For two voids
dKtip=1.30, which means that the void will give an enhancement of the stress strength factor and shows that the
Intermatellic layer becomes easier to fracture. It shows that the developed model is able to predict intermetallic layer
fracture with voids exist inducing by electromigraiton, compared with the experimental observations [4-7].
CONCLUSIONS
A micromechanical damage model is developed for solder joints with an intermetallic compound layer by using the
equivalent inclusion method. The proposed analytical method could predict how the voids in the intermetallic affect
the fracture toughening of the interface between intermetallic and solder joints. The fast Fourier transform method is
utilized to solve effectively the nonlinear problem. Case studies are conducted to explore the effects of the modulus,
yield strength and thickness of the intermetallic compound layer. Reasonable prediction is obtained compared with
experimental observations.
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PLASTIC ZONE AROUND A MOVING CRACK TIP IN VISCOPLASTIC POLYMERS
1
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Summary The plastic zone around a mode I moving crack tip in viscoplastic polymers is studied. A dynamic photo-elastic experiment system

is constructed to capture images during crack propagation. The plastic zone wake is observed by the optical microscope from the fractured
samples. A dynamic plastic zone model considering the viscoplastic effect is established to estimate the plastic zone size. Compared with the
rate-independent model, this model modifies the effect which overrates the plastic zone size in the rate-independent model and agrees with
experimental results well. A systematic study on the plastic zone is performed according to our model, which shows that the crack velocity has
an essential influence on the plastic zone.

INTRODUCTION
For most materials, fracture often initiates at small defects. Around these defects, high stress localization results in a
plastic zone although a lot of polymers fracture in a brittle manner. Strain gradient is high and the damage accumulation
takes place in this region[1]. A large number of microdefects are activated here and control the crack path and stability[2]. But
it is difficult to analyze the deformation field and stress distribution around a moving crack tip. The viscoplasticity of
polymers will be distinct under the dynamic conditions[3]. In the present work, we established a plastic zone model
considering viscoplastic effect to calculate the instantaneous plastic zone size of a propagating crack.
METHOD
The material used in the present investigation is polycarbonate (PC), which is a typical viscoplastic amorphous
polymer. The rate-dependent constitutive model of PC can be written as[4]


 p 

 0 

 s ( p )   0 1  A sinh 1 


q





By fitting the dynamic tensile experimental results at strain rates vary from10-1 s-1 to 103 s-1, the quasi-static yield stress  0
=46.01 MPa, the reference strain rate  0 =17.22s-1, and two undetermined coefficients A=0.47 and q=0.18.

FIG. 1 (a) a schematic view of dynamic photoelastic experiment. Samples are placed in a circularly
polarized green laser field. (b) an image of a plastic
wake obtained by the optical microscope from the
fractured samples. (c)-(f) photo elastic images.

FIG. 2 Schematic view of the plastic zone and its wake.
After the crack propagation, a plastic wake will be left.
The wake width h is just a half of the plastic zone.
is
the length of the plastic zone ahead of the crack tip.

Dynamic photo-elastic experiments(FIG. 1) were performed to capture the procedure of crack propagation. We
obtained the average crack velocity
of the time interval 40 s and the dynamic stress intensity factor K ID . The actual
plastic wake(FIG. 2) was obtained by observing the fractured samples using an optical microscope. In order to establish a
viscoplastic plastic zone model, we estimated the average strain rate in a moving polar coordinate(FIG. 2) at the crack tip as
a)
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, in which
̇

is the length of the plastic zone,

 cp

is the failure plastic strain and

v is the crack velocity.

Under the small scale yielding conditions, according to the analysis of linear elastic dynamic fracture mechanics[5], we can
get an equation
[

to describe the plastic zone size, where

KD
]2 [(  )2  2  2 ]  2 s 2 (rp , v)  0
2 rD(v)

and

are functions of crack velocity and coordinates.

RESULTS AND DISCUSSION
The predicted value of plastic wake according to our viscoplasitc plastic zone model and results from observation are
shown in FIG. 3. Yield stress in rate-independent model is the value at the strain rate 0 s-1 and keeps in constant. Values of
the rate-dependent model are much closer to the experimental results than that of the rate-independent model.

FIG. 3 Comparison between experimental results,

time-dependent model and time-independent model.

FIG. 4 Influence of the crack velocity on the

plastic zone. A shape factor =rp/h is defined to
describe the plastic zone’s shape.

A further discussion based on our model suggests that the plastic zone size of PC strongly relies on the viscoplastic
property. This property becomes more distinct with the increase of the crack velocity, which presents a significant
discrepancy of the plastic zone between rate-dependent model and rate-independent model. Furthermore, the shape and the
size of the plastic zone are all functions of the crack velocity(FIG. 4). The plastic zone’s profile changes with the increase
of the crack velocity and the head of the plastic zone tends to be smooth. A minimum value of the plastic wake is found as
increasing the crack velocity. It is a result of a competition between the mechanism which shrinks the plastic zone by
improving the yield stress and another mechanism which expands the plastic zone by enhancing the crack tip fields.
CONCLUSIONS
In order to analyze the plastic zone around a moving crack tip for polymers, a viscoplastic plastic zone model is
constructed to predict the plastic zone size, which is accurate sufficiently compared with the experiment results. The
viscoplasticity effect is significant in polymers, which affects both the shape and the size of the plastic zone deeply. As the
microdefects are activated at this point, the plastic zone plays an important part in understanding the fracture behavior and
the energy dissipation of polymers. Predicting the plastic zone accurately is meaningful for studying the stability of a
dynamic crack[6].
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1

Summary Adobe (or air-dried mud) brick is one of the earliest construction materials used around the world. It is still being used quite
extensively in some developing countries. Adobe structures are relatively simple and often designed only for gravity loads. When subject to
high shear force from settlement or earthquake effect, shear cracks often develop, thereby severely compromising the integrity of the structure.
This paper presents several methodologies for strengthening adobe structures. Nonlinear finite element used in conjunction with a pushover
analysis is employed to assess the behavior of these strengthened structural systems. The effectiveness of these strengthening schemes is then
compared and discussed. It is found that a strengthening system that makes use of both sheet and strap reinforcements is the most effective.
However, other strengthening schemes are also quite promising in increasing the lateral load and energy absorbing capacities of adobe
structures.

PROBLEM STATEMENT
Adobe structures are commonly used for conventional residential construction in developing countries, and for
construction in rural and remote areas in some developed countries. They are considered sustainable structures and carry
high traditional value. However, unreinforced adobe structures are relatively weak when subject to settlement and lateral
load, and are quite vulnerable to cracking and brittle failure as shown in Figure1.

Figure 1 – Cracking failure of Adobe Walls

Illampas et al. (2014), Varum et al. (2014) and Vint & Neumann (2005) have performed vulnerability assessment of
unreinforced adobe houses in their research [1-3]. The applicable experimental work involved static tilt testing on house
modules, displacement-controlled cyclic tests on I-shaped adobe walls as well as shake table tests on single story model
buildings. In all these cases, the response associated with the unreinforced model buildings was compared with those
reinforced by cane rods, geogrids, steel wire, fiber-reinforced polymer strips, tire straps, etc. It was shown that the
introduction of reinforcement noticeably enhanced the structural integrity of the adobe houses.
PROPOSED METHODOLOGY
In this paper four relatively simple strengthening methods for adobe structures are proposed and investigated. They are:
(1) adding a horizontal layer of synthetic nylon sheet in every 3 layers of adobe blocks; (2) vertically-tying the adobe wall
with straps made from these synthetic nylons [4]; (3) adding stanchions in the form of corner columns to strengthen the
wall, and (4) using both vertical straps and horizontal inter-layer synthetic nylon sheets. Figure 2 shows the model of a
typical adobe wall with openings as well as how the four proposed strengthening schemes are implemented.

Figure 2 - Adobe Wall Model Showing the Different Strengthening Schemes

ABODE WALL MODEL PROPERTIES
A high fidelity finite element model of the above adobe wall was created using ABAQUS [5] and nonlinear pushover
analysis was performed to determine the response of the strengthen structure. A damaged plasticity constitutive law was
---------------------------------------------------Corresponding author: Email: hataei@syr.edu
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adopted and experimentally-derived material data were used as input parameters [3]. To model the brittle behavior of the
adobe bricks, the concrete damaged plasticity constitutive model, which is a continuum, plasticity-based, isotropic damage
model that considers tensile cracking and compressive crushing as the main failure mechanisms was used. As shown in
Figure 3(a) and (b), each adobe block was modeled using 4 hexahedral 8-node linear brick element with reduced integration
(C3D8R) and the nylon sheets and straps were modeled using 4-node shell elements with reduced integration (S4R). A total
number of 4148 elements was used for modeling one-half of the adobe structure as illustrated in Figure 3(c). In the
tangential direction, finite-sliding formulation based on Coulomb friction theory with a friction coefficient of 0.7 was used
at the interface between the adobe and the ring beam. To simulate the described behavior, a hard contact pressure–
overclosure relationship was defined in the normal direction. When the contact pressure becomes zero, separation of the
surfaces takes place and no transfer of the tensile stresses will occur across the interfaces.

(a)

(b)

(c)

Figure 3 – Characteristics and Details of the Finite Element Adobe Wall Model

FINITE ELEMENT ANALYSIS RESULTS AND CONCLUSIONS
The maximum principal stresses (that correlate with the failure mode of the Adobe wall) calculated for an unreinforced
and a reinforced adobe wall using strengthening scheme (4) are compared in Figure 4. It can be seen that the use of
synthetic nylon sheets and straps help redistributes stresses in critical locations, thereby making the structure more resistant
to lateral load.

(a)

(b)

Figure 4 – Maximum Principal Stress Contours (psi) for (a) Unreinforced Wall, and (b) Reinforced (Straps + Sheets) Wall (1 psi = 48 N/m2)

In Figure 5, the pushover curve for an unreinforced adobe wall is compared with those using the four strengthening
schemes. It can be seen there is a noticeable increase in the lateral load capacity (as depicted by the peak point of the curve)
and energy dissipation (as measured by the area under each curve) of the wall using any one of the proposed strengthening
schemes.

Figure 5 – Pushover Curves for Unreinforced and Reinforced Adobe Walls (1 lb = 4.45 N, 1 in. = 2.54 cm)
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Summary Metal-ceramic composites with lamellar microstructure are a novel class of composites produced by infiltration of freeze-cast or icetemplated ceramic preforms with molten aluminium alloy. Due to the cost-effectiveness of production and relatively high ceramic content they
are attractive for automotive, aerospace and biomedical engineering applications. A hierarchical lamellar microstructure, with randomly
orientated domains in which all ceramic and metallic lamellae are parallel to each other, is the result of the ice crystal formation during freeze
casting or ice-templating of preforms from water-ceramic suspensions. In this paper, a single-domain sample of metal-ceramic composite with
lamellar microstructure is modelled theoretically using a combination of analytical and computational means. Stress field in the ceramic layer
containing multiple transverse cracks is determined using a modified 2-D shear lag approach and a finite element method. Degradation of
stiffness properties of the sample due to multiple transverse cracking is predicted using the equivalent constraint model.
INTRODUCTION
Metal-ceramic interpenetrating phase composites, in which ceramic preforms with open porosity are infiltrated with
molten metal or alloy to produce composites with two three-dimensionally interpenetrating constituents, possess
production-dependent ceramic content and exhibit highly sophisticated internal microstructures that depend on the preform
fabrication method. Several innovative methods have been developed to produce open-pore ceramic preforms. One of them
– freeze-casting – involves controlled directional freezing and subsequent freeze-drying of concentrated water-ceramic
suspension [1-3]. The resulting ceramic preforms exhibit a lamellar microstructure, with thin parallel and connected layers.
Damage mechanisms in metal/ceramic composites with lamellar microstructures have not been studied in depth yet.
Initiation and accumulation of damage within the ceramic lamellae, mainly in the form of transverse cracking (Fig. 1a), has
been observed under compressive loading [4, 5]. It is also expected to occur under tensile loading due to failure strain of
ceramics being less than that of the metal. In this paper, a single-domain sample of MMC with lamellar microstructure is
modeled theoretically using a combination of analytical and computational means.
THEORETICAL MODELLING
Consider a MMC sample consisting of a ceramic layer of thickness

2hc fully bonded between two metal layers of

thickness hm . Ceramic layer contains multiple tunneling cracks, assumed to be spaced uniformly with crack spacing
S = 2 s , spanning the full thickness of the ceramic layer and depth of the sample. The sample is referred to the co-ordinate
system x1 x2 x3 , with x1 axis parallel to the cracks (Fig. 1b) and subjected to biaxial tension σ 11 , σ 22 and in-plane shear
loading σ12 . Due to periodicity of damage and symmetry of the sample, only a quarter of the representative segment
bounded by two cracks needs to be considered (Fig. 1c).

Fig. 1: a) Transverse cracks in ceramic layer of MMC with lamellar microstructure; b) Schematics of a composite sample
with multiple tunnelling cracks in the ceramic layer; c) representative segment bounded by two cracks.
Stress field in the sample containing multiple transverse cracks in the ceramic layer is determined analytically using a
modified 2-D shear lag approach [6-8] and a finite element method. The Equivalent Constraint Model is then applied to
predict reduction of elastic properties of the sample due to multiple transverse cracking.
a)
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RESULTS AND DISCUSSION
Finite modeling of the metal-ceramic composite reveals that aass crack spacing becomes smaller, a region of compressive
stress in the ceramic layer emerges (Fig. 2a). From the distribution of shear stress σ 23 , shear layer thickness can be
estimated (Fig. 2b) and used as an input in the analytical model.

Fig. 2: Variation of: a) axial stresses; b) transverse shear stresses stresses.
Predicted reduction of in-plane elastic properties of the composite is shown in Fig. 3. The values of stiffness properties
for the composite with cracks are normalised by their respective values for the undamaged composite and are plotted as
reduction ratios against the relative crack density. Multiple cracking significantly reduces not only composite’s Young’s
modulus E2 (i.e. modulus in the direction normal to the cracks), but also shear modulus G12 and Poisson’s ratio ν 21 .

Material properties of the constituents:
Aluminium alloy Al-12Si
Young’s modulus 80 GPa,
Poisson’s ratio 0.33

Alumina Al2O3
Young’s modulus 390 GPa
Poisson’s ratio 0.24
Ceramic content 40%

Fig 3: Reduction of elastic properties of the metal-ceramic composite as a function of the relative crack density D = hc / s .
CONCLUSIONS
The cracked microstructure of single domain MMC sample is modeled by analytical and computational approaches. Stress
field is determined using a modified 2-D shear lag approach and a finite element method. Using FE modeling the shear layer
thickness for different crack spacings was calculated and used as input in the analytical model. The Equivalent Constraint Model
can be applied to predict degradation of stiffness properties of the sample due to multiple transverse cracking.

References
[1] Roy S, Wanner A. Composites Science and Technology 68: 1136-1143, 2008.
[2] Roy S, Butz B, Wanner A. Acta Materialia 58: 2300-2312, 2010.
[3] Ziegler T., Neubrand A., Piat R. Composites Science and Technology 70: 664-670, 2010.
[4] Roy S, Gebert J-M, Stasiuk G, Piat R, Weidermann KA. Materials Science and Engineering A 528: 8226-8235, 2011
[5] Sinchuk Y, Roy S, Gibmeier J, Piat R, Wanner A. Materials Scien
Science and Engineering A 585, 10-16, 2013.
[6] Kashtalyan M, Soutis S. Applied Composite Materials, 18: 31-43, 2011
[7] Katerelos DTG, Kashtalyan M, Soutis C, Galiotis C. Composites Science and Technology 68: 2310-2317, 2008.
[8] Kashtalyan M, Sinchuk Y, Piat R, Guz I. Archive of Applied Mechanics 86, 2016 (in press).

2134

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

GPU-BASED SIMULATIONS OF FRACTURE IN BIO-INSPIRED BRICK & MORTAR
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Summary: This paper examines the effect of microstructure on the macroscopic fracture properties of idealized brick and
mortar composites, which consist of rigid bricks bonded with elastic-plastic mortar that ruptures at finite strain. Specifically,
the effect of brick aspect ratio and non-uniform microstructures is studied. A simulation tool that harnesses the parallel
processing power of graphics processing units (GPUs) was used to simulate fracture in large virtual specimens, whose
microstructures were created by sampling a probability distribution of brick sizes. Quantitative connections between the
statistical parameters defining heterogeneous brick distributions and the statistics of initiation toughness are presented. The
results offer quantitative insights that can be used to identify microstructural targets for process development, notably specific
brick size distributions that still provide macroscopic toughening. Moreover, the simulation approach aids in the
development of bio-inspired composites by providing a virtual testing tool to connect microstructure to performance.
INTRODUCTION & SIMULATION APPROACH
Bio-inspired ‘brick and mortar’ composites offer promising pathways to high-strength and high-toughness synthetic
materials. Similar to their natural counterparts (e.g., nacreous abalone shell), these composites boast material properties (namely
fracture toughness) that are much higher than that of their constituents; a trait that can be attributed to their intricate ordered
microstructure. The ability to connect local microstructural features with macroscopic mechanical properties is a central
challenge in materials development, as such connections effectively define `processing targets' associated with acceptable
levels of heterogeneity. This challenge is particularly acute for quasi-brittle composites that exploit ordering of
microstructural features, as local disruptions to ordering can serve as defects that limit global performance [1]. Bio-inspired
`brick and mortar' composites are an excellent example of this [2,3], where the ideal microstructure has perfectly aligned stiff
features and achieves toughness through perfectly overlapping features that spread damage over large length scales.
However, the physical reality is that most high through-put processing routes invariably introduce heterogeneous distributions
of brick size and therefore overlap distances, which limit the effectiveness of the microstructure. The objective of this work
is to elucidate the statistical characteristics of macroscopic fracture properties that result from variations in local
microstructural features.
As illustrated in Fig 1b, the material is modelled using an idealized microstructure consisting of an overlapping grid
of comparatively stiff bricks bonded together by thin, compliant mortar sections (modelled with cohesive zones).
Heterogeneity is introduced by assigning a random width to each brick in the system and stacking them into a virtual fracture
specimen with a macroscopically applied energy release rate (Fig 1a). Quasi-static conditions are assumed, and the
governing equations are solved via parallel direct search energy minimization using the GPU. The critical ERR at crack
advance is defined as the initiation fracture toughness. The specific population sample of bricks sizes is controlled by a
microstructure seed, as shown in Fig. 1d. For a given average aspect ratio, several different microstructure seeds were
analysed and the resulting statistics in the fracture toughness were tabulated.
RESULTS
Fig. 2 shows the resulting stress and damage fields for two different levels of heterogeneity, as dictated by the
standard deviation in brick sizes. The equilibrium stress patterns are quite complex, but suggest a substantially lowered
composite strength as variability into the microstructure is introduced. Fig. 3 shows the averaged fracture toughness over
several microstructure seeds, for different average brick aspect ratios. As shown, there is a substantial reduction in average
toughness (nearly 50%) for realistic values of brick size variance. Fig. 4 shows the effect of the brick size standard deviation
on the resulting variability in toughness. As illustrated, the toughness standard deviation is maximized at about 1% deviation
in brick size. Combined with the results of Fig. 3, this implies that a trade-off exists between toughness and the variability
of the toughness. Above 1% deviation in brick sizes, higher toughness cannot be achieved without also increasing the
variability in toughness. For less than 1% deviation in brick sizes, no trade-off between toughness and its variability exist,
and both high toughness and low variability (both desirable traits) seem to be obtained simultaneously.
a)
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Figure 1 - Schematic of (a) Macroscopic Specimen and
loading; (b) brick parameters; (c) Probability density
function of brick size generation, and (d) example brick
layouts for various brick distributions

Figure 3 – Effect of brick width standard deviation on
the average fracture initiation toughness for various
average brick aspect ratios

Figure 2 – (a) Damage zone contours ahead of
dominant pre-crack for various brick size standard
deviations and (b) Vertical brick stresses ahead of
initial pre-crack

Figure 4 - Toughness standard deviation as a function
of brick size standard deviation, for several different
average brick aspect ratios
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CRACK GROWTH RATE VIA INCLUSION OF TIMESCALE DISTINCTION IN HYDROGEN
CRACKING
Gaurav Singh∗
Department of Mechanical Engineering, Birla Institute of Technology & Science, Pilani (Goa Campus), India
Summary Some alloys in mechanical and civil applications are observed to fracture easily in the presence of hydrogen. Many diffusionbased models have helped describe this phenomena based on a critical situation reaching ahead of the crack tip, thus facilitating crack
growth. However, diffusion and crack growth usually are assumed to occur at distinct timescales - diffusion being a much slower process.
In the present work, the hydrogen cracking model is revised, to consider diffusion and crack growth at distinct timescales. It is found that
the crack growth rate predicted is underestimated if timescale distinction between diffusion and crack growth is ignored.

INTRODUCTION
As a natural phenomena, hydrogen cracking is a catastrophic and complex process in which an object or structure fails
by the superimposed effects of applied load and hydrogen environment, earlier than it would have in an inert environement.
However, fractographic studies have given some insight into the process which has led to several models of hydrogen cracking
at various length scales. In the present work, a continuum-scale model [1] is revised considering distinct (slow and fast)
timescales for diffusion and crack growth. The crack growth rate, dependent on two distinct timescales, is found.
ASSUMPTIONS
Following [1], the considered solid metal is two-dimensional with a plane crack of time-varying length a(tf ), where tf
is the fast crack growth timescale. The cracked material is subjected to pure opening mode. Thickness effects are ignored
and hence no distinction is made between plane stress and plane strain. A quasi-static loading is applied so that dynamic
effects are neglected.
The
 small-scale
 condition (K-dominance) is maintained over the entire crack growth process,
 yielding

i.e. i = ∗i

y
x
K2 , K2

, σi = σi∗

y
x
K2 , K2

for i = 1, 2, 3 with respect to the moving crack tip, where i and σi are the

principal components of inelastic strain and stress respectively. The asterisks indicate that the material-dependent functions
are pre-determined.
The facilitation of cracking is due to the hydrogen concentration C(xc , ts ) at fracture sites located at xc distance from
the moving crack tip, ts being the slow diffusion timescale. This process is associated with a combined effect of mechanical
and diffusion effects. The critical concentration Ccr to cause crack growth maybe defined as a certain material-dependent
∗
(σi , i ). Sincethe stress and strain fields
function of appropriate components of the applied stress-strain field, as Ccr = Ccr
∗
are K-controlled, therefore, the critical concentration is also K-controlled as Ccr = Ccr

y
x
K2 , K2

.

Consider a cracklocated
 in the plane y = 0 with propagation in the x-direction, the criterion of crack growth is written
as C(xc , ts ) = Ccr

xc
K2

where a definite value of xc > 0, the critical location should be available. Since the level of

metal hydrogenation at the crack tip surface continuously remains in equilibrium with the near-tip environment, the constant
boundary condition taken is C(x, ts )|x=0 = Ce Ks |x=0 where the constant Ce is the equilibrium hydrogen concentration in
stress-strain free metal and Ks (x) = Ks (σ(x), εp (x)) is the stress-strain dependent hydrogen solubility coefficient in the
deformed metal.
In a coordinate system (x1 , x2 ) attached to the metal, the concentration of hydrogen varies as


∂C
D(εp )
= −∇.
XD C
(1)
∂ts
RT


C
where the vector of diffusion driving force is XD = −RT ∇ ln Ks (σ,
where D is the constant diffusivity, R is the
p)
universal gas constant and T is the absolute temperature. For the sake of convenience in analytical treatment [1], the crack
growth rate is taken as a continuous function v = da(tf )/dtf where the derivative of the crack length is taken with respect to
the fast time scale tf .
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CRACK GROWTH RATE
The assumptions outlined above will now be used to derive an expression for the crack growth rate. The diffusion equations
will now be changed with respect to a coordinate system (x = x1 − a(tf ), y = x2 ) which is attached to the moving crack tip.
The total time derivative of the hydrogen concentration C(x, y, ts ) is

 
∂C
∂C
∂C
D
dC
=
−v
=
= −∇.
XD − v C
(2)
dts
∂ts
∂x
∂ts
RT
where the vector v = vjx represents the crack velocity and is collinear with the x-axis.
 
The fictitious diffusion driving force vector is X∗D = XD −

RT
D

v = −RT ∇ ln

C
Ks


+

v
Dx



  
= −RT ∇ ln KC∗
s

since the crack growth rate varies only with time and where Ks∗ is the formal solubility-like term.
As the diffusivity is assumed to be constant, Equation 2 maybe reduced to
∂C
= D[∇2 C − M∗ .∇C − N ∗ C]
∂ts

(3)

where M∗ = ∇[ln Ks∗ (σ, εp , v)] and N ∗ = ∇2 [ln Ks∗ (σ, εp , v)]. As the near tip stress-strain field is K-controlled, the above
coefficients will in-turn be dependent on K and v, therefore M∗ = M∗ (K, v) and N ∗ = N ∗ (K, v). For slight variations in
velocity with time, it can be assumed that the coefficients M∗ and N ∗ are nearly time-independent [2]. Therefore, a candidate
approximate solution for diffusion near a moving crack tip may be obtained as






x
v(tf )
x
x erfc √
= Ce Ks (x; K)exp −
(4)
C(x, ts ; K, v(tf )) = Ce Ks∗ (x; K, v(tf ))erfc √
D
2 Dts
2 Dts
The revised criterion for crack growth at the critical point location xc and a critical value of concentration Ccr can be
written as C(xc , ts ; K, v(tf )) = Ccr (K, xc ) which gives the crack growth rate as


Ccr (K, xc )
D


(5)
v(K, tf ) = − ln
xc
c
Ce Ks (xc , K)erfc 2√xDt
s

which is positive (i.e. physically sensible) only after certain incubation time [2], assumed zero for simplicity.
RESULT
To understand the meaning of this result, symbols vt and vnt are used to denote the crack growth rate with and without
timescale distinction, respectively. Therefore




D
Ccr (K, xc )
D
Ccr (K, xc )




vt (K, tf ) = − ln
vnt (K, tf ) = − ln
(6)
xc
xc
x
x
c
c
Ce Ks (xc , K)erfc 2√Dt
Ce Ks (xc , K)erfc √
2

s

Dtf

where for vnt , it is assumed that the crack growth and diffusion simultaneously happen at the same timescale tf .
The difference between the predicted crack growth rates with and without the timescale distinction is

 √


c
 erfc 2√xDt

 erfc √γxc 



s
2 Dtf
D
D
D
x

 =

 ≈ − ln erfc p c
vt − vnt =
ln
ln
when γ → 0
xc
xc
xc
2 Dtf
xc
xc
√
√
erfc
erfc
2

Dtf

2

(7)

Dtf

by introducing the ratio γ asp
tf = γts and simplified approximation. As the range of the erfc always lies between 0 and 1 for
the positive argument xc /(2 Dtf ), the range of the logarithm will be negative and hence at any given time;
vt > vnt

(8)

will hold true as D/xc is positive. Thus, the predicted crack growth rate is under-estimated if the timescale distinction between
the crack growth and diffusion is neglected. This implies that the crack growth will be quicker than predicted. Moreover, the
error vt − vnt does not depend on the loading K.
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Summary: The influence of the non-linear behaviour of a crash optimized adhesive in its fracture properties is discussed. The

adhesive has been previously analysed by means of standardized TDCB (Tapered Double Cantilever Beam) and MMB (Mixed
Mode Bending) tests, which are based on the LEFM (Linear Elastic Fracture Mechanics) theory. In the present study, these tests
were modelled numerically. The non-linearity of the adhesive was integrated in the simulations using a spectral viscoelastic law.
Crack initiation and propagation were described using the Cohesive Zone Model (CZM) technique. Comparing with the
standardized analysis, the results of the simulations showed small decrease of the value of the fracture toughness (GC) when under
mode I load and considerable decrease while reaching the mode II load case. These results of the simulations for GC were also
used to predict the break force of specially designed specimens tested by means of the Arcan fixture.

INTRODUCTION
Adhesive bonding technology has several advantages over conventional types of mechanical joints based on
riveting, welding or screwing. Hence, adhesives are very frequently preferred in many joining situations. The
strength of the bonded structure can be predicted by measuring the GC of the adhesive based on the load state at the
end of the crack tip: the tensile opening mode (mode I), the in-plane shear mode (mode II) and the mixed mode I/II
case. This can be realized by means of standardized tests [1-5], whose evaluation relies on the LEFM theory
assuming that the adhesive material (as well as the substrates too) behaves as a linear elastic and isotropic solid.
Although this hypothesis is correct for brittle adhesives, it turns out to be insufficient for a certain number of
structural adhesives, as for example the crash optimized ones. For this type of adhesives a large zone of microfibrillation is formed ahead of the crack tip, and the use of the standardized procedures to calculate GC results to
extremely high values when moving towards the mode II load state.
MAIN PART
In the present study, the fracture properties of the crash optimized adhesive SikaPower®-498 are examined. This
adhesive has been previously tested in [6] by means of the TDCB test for the mode I load case (following the ISO
2517 standard [2]) and by means of the MMB test in the mixed mode I/II plane (following the ASTM D6671
standard [4]). The MMB test was performed at four different mode ratios GII/GI: 0.2, 0.4, 0.6 and 0.8 (with GI and GII
being the energy release rates under mode I and II respectively). It has been shown in [6] that the evolution of the GC
of the SikaPower®-498 adhesive in the mixed mode I/II plane can be adequately described by the BenzeggaghKenane failure criterion, with the fracture toughness under mode I (GIC) measured at about 3 N/mm and under mode
II (GIIC) at about 11 N/mm. Taking into account these results and considering also the low yield strength found for
this adhesive (at about 17 MPa see [7]), it can be concluded that the calculated GC by means of the LEFM theory
should include an important amount of the dissipated potential energy due to plasticity of the adhesive layer rather
than only to crack propagation, and this especially when moving towards the mode II load state.
The previous standardized TDCB and MMB tests were modelled numerically here using the AbaqusTM Ver.6.12-1
software. The substrates were simulated as linear elastic and isotropic solids. The non-linearity of the SikaPower®498 adhesive was represented by means of a spectral viscoelastic law, whose parameters have been previously
identified using Arcan tests [7]. Progressive damage and failure of the adhesive were simulated by means of the
CZM approach, which first requires the definition of the crack propagation path. For the model used here, this path
was set in the middle of the adhesive layer thickness and it was discretized by a thin layer of cohesive elements.
Their constitutive response was described using the bi-linear traction-separation law, which was preferred here due to
its simplicity. The onset and propagation of damage were simulated by means of the quadratic nominal stress and the
1st order power law criterions respectively. The approximation of the experimental curves was realized at the part
describing the crack propagation for both the TDCB and MMB tests. The results of the simulations showed a slight
decrease of the GIC of the SikaPower®-498 adhesive (at about 2.5 N/mm) and a considerable decrease of GIIC (at less
than 6 N/mm) compared to the corresponding values issued by the standardized tests.
In order to validate the previous results, two types of alternative tests (based on the Arcan test device), which were
also realized on the SikaPower®-498 adhesive, are used. The first type is the tests presented in [8], for which the
1)
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specimen geometry has been specially designed to allow for crack propagation inside the adhesive layer, by
fabricating substrates of increased width in their middle comparing to their two extremities. Hence, the specimens
were tested at different phase angles in the mixed mode I/II plane, and the evaluation of the results by means of the
LEFM theory showed good accordance with those issued by the standardized TDCB and MMB tests. The second
type of Arcan tests was realized using the specimen configuration shown in figure 1.

Figure 1: a) Specimen geometry used for the second type of Arcan tests, b) 3D detail of the “up” substrate
The substrates had a special geometry with a beak on all four sides in order to compensate for the edge effects (see
also [9]). The up substrate (see figure 1a) was cut on one extremity in order to impose a stress singularity on one end
of the joint. These specimens were also tested at different phase angles in the mixed mode I/II plane. Both types of
Arcan tests were modelled using the same technique as the one described above for the TDCB and MMB tests. The
values of the GC that have been previously calculated after subtraction of the energy dissipated due to plasticity of
the adhesive layer were used to predict the break force. At this point, it must be mentioned that, for all the
experiments performed here, the adhesive layer thickness was set at 0.5 mm. In addition, all substrates used were
made of aluminium except for the case of the MMB test where high limit of elasticity steel material was used.
CONCLUSIONS
In the present research the fracture behaviour of the SikaPower ®-498 adhesive in the mixed mode I/II plane was
examined, by taking into account the energy dissipated due to its plasticity when performing the standardized TDCB
and MMB tests. The results showed considerable decrease of the GC while moving towards the mode II load case.
These results were used to predict the break force of alternative tests (Arcan type). In order to pursue with the current
study, the influence of several other parameters than only material non-linearity must be examined in the
computations for the GC, as for example: the friction between the crack faces when under mode II load, possible
deviations of the crack path from the mid-line of the adhesive layer thickness or even interface cracks.
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TRANSITION IN A GURSON-TYPE MATERIAL
Johannes Wolf 1a), Patrice Longère 1, Jean-Marc Cadou 2 & Jean-Philippe Crété 3
Université de Toulouse, ISAE-SUPAERO, ICA (UMR CNRS 5312), Toulouse, France
2
Université Européenne de Bretagne, UBS, LIMATB (EA 4250), Lorient, France
3
Institut Polytechnique Grand Paris, SUPMECA, QUARTZ (EA 7393), Saint-Ouen, France
1

Summary The present work aims at the numerical treatment of the crack propagation in engineering materials whose failure results from void

initiation, growth and coalescence. With this aim in view, the objective is to describe the intermediate stage between more or less diffuse
damage and the initiation of a macroscopic crack. This transient stage of damage induced deformation localisation in a narrow band necessitates
a specific numerical treatment. An adapted extended finite element framework and its embedding into the existing formulation is presented and
tested in fundamental numerical tests.

INTRODUCTION
Nowadays, ductile materials are deployed in many industrial applications as e.g. metal-forming, the improvement of
automotive crash-worthiness or generally in the aerospace sector. When such metallic structures are subjected to large
plastic deformations, micro-voids start to form, grow and coalesce leading finally to the formation of a crack (see fig. 1). As
a result of damage evolution through void nucleation, growth and coalescence, the material resistance is subjected to
continuous degradation and subsequent softening leading to strain localisation. In the post-localisation stage, the finite
element analysis suffers from pathologic mesh dependency induced by the loss of uniqueness of the governing partial
differential equations. Non-local regularisation techniques can be applied to attenuate the pathology, but accurate results
require a very fine mesh at the scale of the microscopic localisation mechanisms. Particularly with regard to large
engineering structures, we rather aim at using large finite elements and embed the band of highly localised deformation into
the element formulation.
METHODOLOGY
The micromechanics-based Gurson-Tveergard-Needleman (GTN) widely used to reproduce the consequences of ductile
damage-plasticity coupling has been applied herein to describe the behaviour of the material in the pre-localisation stage.
Previous works (see Longère et al. [1]) have shown the interest of modifying the GTN constitutive model in order to
reproduce the void growth induced damage in shear loading, in addition to the combined effects of strain hardening, thermal
softening and viscoplasticity. This strongly non-linear model was implemented as user material (UMAT) within the
engineering finite element computation code Abaqus using an implicit integration scheme.
A modified eXtended Finite Element (X-FE) formulation has been retained to describe the strong discontinuity
kinematics of the crack which is the ultimate step of the localisation mechanism. Recent works have shown the feasibility of
a coupling between the Gurson-type damage-plasticity model and the X-FE method relying on an averaging of quantities
over an area (patch) located at the crack tip. In order to account for the history-dependent, strongly non-linear material, the
numerical integration in the enriched elements is performed by using 64 Gauss points – instead of using the integration by
sub-triangulation. The X-FEM and the coupling method were implemented as user subroutine (UEL) in Abaqus (see Crété
et al. [2]).
The localisation stage which is the transition phase between diffuse damage and cracking is described using an X-FE
method as well. A physics-based deformation profile can be represented with regularised enrichment functions allowing for
dealing with the strain-localisation induced weak discontinuity (see e.g. Benvenuti et al. [3] and Areias et al. [4] for similar
approaches). The characteristic length scale of the highly localized deformation band provides a regularization of the postlocalisation response and thus reduces the inherent mesh dependency. The orientation of the band of highly localised
deformation is determined by a bifurcation analysis (see Rice [5]) and involves considering quantities averaged over a patch
which is positioned within the localisation band/at the crack tip.
The entire model is implemented in a two-dimensional formulation assuming small deformations and plane strain
conditions.
The performance of the methodology is finally evaluated by numerical simulations of the tension loading of a notched
plate and compared with experimental data.
a)
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Fig. 1: Numerical methods for the stages of ductile failure
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Summary The depth extend of seismicity in the Earth’s crust is believed to be controlled by a temperature-dependent transition from
velocity-weakening to velocity-strengthening friction. Available experimental data on granite suggest a transition from unstable slip to
steady creep at temperature about 350 ◦ C. We present results of unconfined experiments on granite and gabbro at both dry and hydrated
conditions that show increasingly unstable slip (velocity-weakening behavior) at temperatures up to 600 ◦ C. We estimate the rate-state
friction parameters using velocity-stepping tests and by fitting the data to predictions of a 1-D spring-slider model. We find that the
“evolution” parameter b increases with temperature at a higher rate than the “direct effect” parameter a. We also find that the aging law
provides a better fit to our experimental data compared to the slip law. Obtained results may help explain anomalously deep crustal seismicity
in regions of active extension and convergence.

TEMPERATURE DEPENDENCE OF FRICTION AND SEISMICITY
The depth distribution of seismicity in the lithosphere is usually attributed to a transition from velocity-weakening to
velocity-strengthening friction [9, 4]. Indeed, laboratory measurements of the rate parameter (a − b) of rate-state friction[2, 7]
for Westerly granite showed a transition from negative (a − b) (velocity-weakening behavior, conditionally unstable slip)
to positive (a − b) (velocity-strengthening behavior, stable creep) at temperatures above 300-350 ◦ C [8, 1]. Assuming a
reasonable geotherm, this transition is expected to occur at depth of ∼15 km, in good agreement with the depth distribution
of earthquakes in California [1]. The temperature dependence of the (a − b) parameter is believed to control the depth range
of seismicity, as earthquakes would not be able to nucleate under velocity-strengthening conditions. This view, however, is
based on a relatively small number of experiments that were all done on the same type of experimental apparatus, the triaxial
machine [8, 3, 1]. In addition, seismologic observations indicate that earthquakes do occur in the lower continental crust in
various tectonic settings including regions of active extension and convergence in the temperature range at which existing
laboratory data imply stable creep. To investigate the transition from unstable seismogenic slip to creep we performed a series
of experiments on granite and gabbro using a heated direct shear apparatus.
EXPERIMENTAL SETUP
A direct shear apparatus consists of two steel sample holders that contain rock specimens with a total contact area of
2.64×103 square millimeters. The temperature of the samples is controlled using electric strip heaters connected to the sample
holders. Normal stress is applied to the top sample holder by a ram with a PID-controlled hydraulic pump. The specimens are
sheared at a constant velocity using a stepper motor. Experiments were conducted over a wide range of conditions including
temperatures between 20-600 ◦ C, load-point velocities 10−5 – 3×10−2 mm/s, normal stresses 5-40 MPa, on bare surfaces
and simulated gouge, and at both dry and hydrated conditions. Direct-shear experiments can achieve large total displacements
upon re-setting the sample multiple times. In case of stable slip, we performed velocity-stepping tests and directly measured
the rate-state friction parameters a, b, Dc , and µo . In case of time-dependent (unstable) slip, we applied a constant load-point
velocity and recorded the shear stress and sample displacement histories. The rate-state friction parameters were evaluated by
fitting predictions of a one-dimensional spring-slider model incorporating rate-state friction to the stress timeseries.
NUMERICAL MODELING
We assume the classic rate-state constitutive equation at the sliding interface [2, 7],
 


V
Vo θ
µ = µo + a ln
+ b ln
Vo
Dc

(1)

where µ is the coefficient of friction, V is the slip velocity, µo is the coefficient of friction at reference velocity Vo , a is the
direct velocity effect, b is the evolution effect, θ is the state variable, and Dc is the slip weakening distance. We have used
several evolution laws for the state variable θ, including the aging law [2], and the slip law [7]:


Vθ
Vθ
Vθ
θ̇ = 1 −
, Aging ; θ̇ = −
ln
, Slip
(2)
Dc
Dc
Dc
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The rate of change in shear stress τ̇ is given by
τ̇ = k(V ∗ − V )

(3)

∗

where k is the spring stiffness and V is the driving velocity. The best-fitting parameter values were chosen to be those that
rendered the smallest misfit between the data and the model predictions. This process was repeated for data from experiments
conducted at different temperatures. At high temperatures the best fit is obtained using the aging law. It reproduces the
relatively constant displacement during “stick” intervals, as well as large stress drops during slip events. This model does a
good job of reproducing the abruptness of slip events, although at the highest temperatures it still under-predicts the velocity
during slip events. The model incorporating the slip law, on the other hand, over-predicts creep during “stick” intervals
and under-predicts stress drops during slip events. The slip events predicted by this model are much less abrupt than those
predicted by the model incorporating the aging law.
EFFECT OF WATER ON SLIP STABILITY
One could argue that the presence of water may help stabilize slip at high temperature by enhancing creep rate at the
scale of micro-asperities[1]. Temperature and water content are expected to have similar effects on friction, as both factors
contribute to lowering the effective viscosity of the asperity contacts. However, there may be a competition between a possible
reduction in shear strength of the asperities, and an increase in the asperity size (and the true area of contact) [5]. To investigate
the effects of water, we performed a series of tests in which water was injected into the bottom sample holder at a constant
flow rate. We found that the injection of water into gouge samples at high temperature (300 and 500 ◦ C) promotes stick-slip
behavior. Slip events under hydrated conditions become notably larger compared to those under dry conditions.
MICRO-MECHANICAL INTERPRETATION
According to adhesion theory, the macroscopic friction coefficient is controlled by the area and the shear strength of
microscopic contact asperities. Contact area may increase at higher temperatures due to enhanced creep and flattening of
asperities [5, 6]. Modeling of stress histories associated with unstable slip using rate-state friction theory reveals that the
observed decrease in (a − b) with temperature occurs primarily at the expense of an increase in the “evolution” parameter b.
Parameter b characterizes the rate of healing of a slip interface, often attributed to a time-dependent increase in real contact
area due to creep at microscopic asperities [2]. Higher temperatures are expected to enhance frictional healing, resulting in
greater values of b[5, 6]. The observed tendency for more unstable slip at greater temperature indicates that the parameter b
is increasing with temperature at a greater rate than the parameter a. The effect of water on viscous flattening of the asperity
contacts is expected to be similar to that of temperature: both processes result in higher rates of creep at the contacts and the
concomitant frictional healing.
CONCLUSIONS
New high-temperature data on velocity dependence of granite and gabbro provide experimental evidence that friction of
common crustal rocks can be velocity-weakening over a wider depth range than previously believed, in particular under dry
conditions or low water fugacity. We note that these data are also relevant to the dynamics of earthquake ruptures. Our results
suggest that frictional heating during rapid coseismic slip will result in the enhanced velocity-weakening due to decreases in
the (a − b) paramater. Temperature dependence of (a − b) may thus contribute to dynamic weakening during seismic slip, in
addition to a number of mechanisms predicted by theoretical studies and inferred from high-speed rock friction experiments.
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Junle Jiang1a) & Nadia Lapusta1,2
1
Division of Geological and Planetary Sciences, California Institute of Technology, Pasadena, CA, USA.
2
Division of Engineering and Applied Science, California Institute of Technology, Pasadena, CA, USA.
Summary Using rate-and-state fault models with temperature and pore pressure evolution, we explore the effect of depth-dependent fault
properties, including permeability and shear-zone width, on earthquake slip and arresting depths as well as their variability which arise in
the long-term fault behavior. Our fault models are susceptible to enhanced co-seismic weakening at high slip rates due to flash heating of
micro-contacts and thermal pressurization of pore fluids. During large events, the along-depth behavior of dynamic earthquake rupture
affects their along-strike development, due to the positive feedback loop between the rupture and weakening processes, even though fault
properties are uniform along the strike. The non-uniform slip during one event leads to spatio-temporal complexity in subsequent events,
including large variations of depth extent with time. These characteristics suggest that dynamic effects during earthquake ruptures are
important factors which contribute to the complexity of earthquake slip and event patterns.

LONG-TERM FAULT MODELS WITH DEPTH-DEPENDENT PROPERTIES
Tectonic faults are characterized by depth-dependent frictional, hydraulic, and structural properties. Observationally,
faults are separated into seismogenic layers (SL) and deeper creeping regions based on either microseismicity or inferred
locking depth. Slip in large earthquakes is often assumed to be limited to the SL. Physically, this separation can be
explained by conventional rate-and-state friction laws [1], which interpret the shallower interseismic locked zone as areas of
velocity-weakening (VW) properties which allow for earthquake nucleation and the deeper creeping fault extensions as
areas of velocity-strengthening (VS) properties which inhibit earthquake slip. The transition from VW to VS fault behavior
could be associated with the onset of crystalline plasticity and the transition from brittle to semi-brittle deformation
mechanisms as proposed in conceptual shear-zone models [2]. Recently, laboratory and theoretical studies [3,4] have
revealed that enhanced dynamic weakening (DW) is a common phenomenon for rock friction at high slip rates. DW would
presumably work in highly localized shear zones appropriate for mid-seismogenic depths, and could also be potentially
active for the deeper VS fault extensions under conditions of high slip/strain rates, turning the stable fault areas into
‘seismic’ ones.
To study the long-term behavior of seismogenic faults, we develop 3D rate-and-state fault models [5] that incorporate
evolution of temperature and pore pressure with depth-dependent frictional properties, permeability, and shear-zone width.
Our fault models are governed by standard rate-and-state friction at low slip rates [1] and enhanced dynamic weakening at
high slip rates, including two common mechanisms: flash heating (FH) of micro-contacts and thermal pressurization (TP) of
pore fluids [4]. FH is effectively active only within the VW regions due to its inefficiency with the increase in ambient
temperature [6] and more pronounced slip partitioning in the deeper shear zone, while TP is potentially active throughout
the fault zone assuming that pore fluid is ubiquitous. The permeability on the fault decreases with depth as observed in the
laboratory experiments (e.g., [7]), which favors thermal pressurization; the width of shearing zone increases below certain
depth (as would be appropriate for delocalization caused by gradual transition from purely elastic to visco-elasto-plastic
behavior) [8] which lowers the temperature rise due to earthquake-induced shear heating and hence makes thermal
pressurization less efficient. Competition between the two properties, together with earthquake characteristics such as slip
and slip rate, determines the depth dependence of co-seismic weakening, and hence the arresting of earthquakes at depth.
SIMULATED EARTHQUAKE SEQUENCES AND EVENT COMPLEXITY
We explore the characteristics of earthquake rupture and arrest processes in the long-term behavior of these fault
models. We find that large earthquake ruptures can indeed penetrate below the conventionally defined seismogenic zone,
into the “stable” fault regions, in models with reasonable fault properties. As shown in Figure 1, the simulated earthquake
sequence in one of the models is characterized by large earthquakes that propagate across the fault with distance penetrating
into the deeper VS regions, and smaller events which occur predominantly at the two ends of the fault due to concentrated
loading from nearby creeping regions. There is variability in the arresting depths during large events, as dynamic rupture
develops along the strike and interacts with shear-heating mechanisms, setting up a positive feedback loop between the
dynamic process and fault weakening (Figure 1A). The complexity of single events leads to the spatio-temporal complexity
throughout the sequence including large variations of earthquake depth extent with time, even though the frictional
properties are uniform along the strike (Figure 1B).
Comparisons between the small and large earthquakes suggest that smaller ones fail to propagate over much of the
weakly-stressed VW region, while large events occur at a higher overall stress levels. For large events, with the increase of
event magnitude and associated slip, the penetration distance below the VW region increases in a nearly linear fashion,
a)
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which is expected for the case of a near-constant stress drop. While the maximum local stress drop is ~50 MPa for most
events, the energy-based slip-weighted estimates of stress drop produce smaller values (3-20 MPa), because a significant
fraction of slip occurs in the VS regions of negative stress drop (stress increase) when earthquake penetrates deeper. These
estimates are comparable to those of small events in the simulation and consistent with the range observed in seismology.

Z (km)

936.839 yr

936.839 yr

10

10

EQ09
20
−4

−30

−20

−10

0

10

30

20

EQ09
20

−30

−20

−10

0

10

20

10

20

10

20

30

Z (km)

1257.308 yr

10

10

20
−4

−30

−20

−10

0

10

30 40

20

20

EQ12
−30

−20

−10

0

30

Z (km)

1580.816 yr

10

10

20

20

0 −30

−20

−10

0

10

30

20

EQ15
−30

−20

−10

0

30

X (km)

X (km)

m

log(m/s)
−12 −11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1

fault slip rate

0

1

0

3

6

9

12

15

coseismic slip

Figure 1. Variability in earthquake slip and arresting depths in models with depth-dependent permeability and shear-zone
width. (Left) Snapshots of a large earthquake rupture (Event 9) with the slip rate in color on the logarithmic scale. (Right)
Spatial distributions of coseismic slip are shown for three consecutive earthquakes. The spatial extent of smaller
earthquakes that occur between the larger events (Event 9, 12 and 15) are indicated by black lines. The fault properties are
the same throughout the simulation. At depths of 10-20 km, the model features a hydraulic diffusivity of 10-4 m2s
(proportional to permeability) and a shear zone width which transitions exponentially from 10 mm (10 km) to 1 m (20 km).
CONCLUSION
To study earthquake rupture and arrest at depth, we develop 3D rate-and-state fault models that incorporate enhanced
dynamic weakening mechanisms – flash heating and thermal pressurization of pore fluids and feature depth-dependent fault
properties based on laboratory experiments or motivated by geological studies. In our models, dynamic earthquake rupture
couples with thermal pressurization, forming a positive feedback loop that enables penetration into the deeper VS regions,
suggesting that physical models with realistic fault properties can indeed produce deeper penetration of large earthquake
rupture. Our study demonstrates that dynamic processes during earthquake rupture can contribute significantly to slip
heterogeneity and event complexity. In future studies, such physical models can be used to investigate the relative roles of
fault property heterogeneity and earthquake dynamics in determining complexity of earthquake slip and patterns, and to
reproduce physics-based earthquake scaling relations of slip, length and depth over a range of event sizes.
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Summary Many large earthquakes are preceded by foreshocks, which are understood to occur within the nucleating region of the
mainshock. How are these precursory events able to occur without immediately triggering the larger event? In this study, earthquake
nucleation is investigated numerically via simulations of earthquake cycles with foreshocks occurring on a rate-and-state fault. Inspired
by the asperity interpretation of foreshock sources from laboratory observations, the models presented here have heterogeneous fault
properties with patches that are under higher compression and/or smoother. In this unique model, mainshocks occur in the larger-scale
velocity-weakening region and foreshocks can occur on the embedded patches. The results show that the rate-and-state models of
foreshock sources are suitable for producing isolated foreshocks under the right conditions of scale separation. In addition, despite the
wide variation in patch parameters implemented, remarkably, stress drops of the foreshocks are consistent with laboratory and field
observations and are approximately constant.

MOTIVATION
On both natural and laboratory faults, many large earthquakes are preceded by foreshocks (e.g., [1]), which are
hypothesized to occur within the nucleating region of the mainshock. However, the question remains: how are these
precursory events able to occur in such a region without immediately triggering the larger event? The overarching goal of
this project is to understand the physics of foreshocks and their relation to the nucleation of the mainshock. Investigation of
how earthquakes initiate is a fascinating problem that also has powerful implications for earthquake forecasting. In this
study, earthquake nucleation is explored by creating mechanical models of earthquake sources and numerically simulating
their behaviour over time.
METHODOLOGY
Frictional instability and nucleation
The simulated fault interface is governed by the Dieterich-Ruina rate-and-state friction law:
                  𝜏 = 𝜎 𝑓! + 𝑎ln

!
!!

+ 𝑏ln

!! !
!

with

𝜃 =1−

!"
!

;

and

∗
ℎ!"
=   

!

!"#

(1)

! (!!!)! !

where the shear resistance τ is related to the effective normal stress σ through a friction coefficient that depends on slip rate
V and the “state” of the interface θ via parameters a, b, f0, V0 and characteristic slip L. For a constant slip velocity V, the
state variable θ evolves to a steady-state value of L/V, thereby identifying the quantity 𝑎 − 𝑏 as the one governing the
rate dependence of the modeled interface. A velocity-weakening (VW) dependence, with 𝑎 − 𝑏 < 0, is required for
spontaneous slip instabilities (earthquakes) to develop, whereas a velocity-strengthening (VS) dependence, with 𝑎 − 𝑏 <
0, results in stable slip in response to slow tectonic loading. For dynamic instability, in addition to the VW dependence, the
size of the nucleating region needs to be large enough. This critical minimum size for dynamic rupture to develop has been
∗
,
estimated using 2D theoretical stability analysis of a quasi-static crack [2], and its 3D extension is given in (1) as ℎ!"
*
where µ is the shear modulus. As the estimate shows, the nucleation size h depends on the effective normal stress and the
fault frictional properties from the rate-and-state law. Furthermore, numerical studies have shown that there are additional
factors that can affect the nucleation size, such as the loading rate.
Model setup and approach
Inspired by the unique laboratory-scale earthquake proxy experiments of [3], here, we develop numerical simulations of
earthquake cycles with foreshocks using laboratory-relevant parameters. Due to the persistent locations of foreshock
sources in the experiments, these small seismic events are inferred to be occurring at asperities, i.e. bumps, on the fault
interface. In line with this asperity concept, the mechanical models of foreshock sources developed here consist of a largerscale seismogenic region (with corresponding nucleation size h*main) with embedded patches of elevated normal stress σ
(higher compression) and/or lower characteristic slip L (smoother interface) (Figure 1). Both a higher σ and lower L
contribute to decreasing the nucleation size on the patch, h*patch. In order to produce isolated smaller-scale events, i.e.
foreshocks that do not immediately trigger the mainshock, the two nucleation sizes in the model, h*main and h*patch, must be
sufficiently separated. Our simulation code enables the elastodynamic analysis of a 2D planar fault, with the aforementioned
heterogeneous properties, enclosed in a 3D homogeneous elastic bulk [4].
a)
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Slip velocity [m/s]
(Log10 scale)

RESULTS AND DISCUSSION

Nucleating
Seismic
Locked
Patch outline
Figure 1: Diagram of simulation process. (Left) 3D problem with a heterogeneous distribution of normal stress on the fault interface. (Right)
Representative snapshots of the slip velocity distribution in the seismogenic region, showing (a) mostly locked (black) fault zone; (b,d) small events (bright
yellow) occurring on highly compressed patches driven by the nucleation (red) of the large-scale event; (c, e) postseismic effects of the small events; and
(f) nucleation (yellow) of a larger-scale event.

Our simulations indeed produce isolated small events occurring within the larger-scale nucleation (Figure 1). For the
model to produce such isolated smaller-scale events, the nucleation sizes h*main and h*patch must be substantially different.
This factor of scale separation is at least 10 in the simulations so far, and potentially much more in future examples. This
separation of scales can be achieved by assigning high levels of compression on the patches. However, one would expect
unrealistically large stress drops for events on such patches, since friction and hence changes in friction scale with the
compressive stress. Remarkably, in this model, stress drops are approximately constant, despite a wide variation in patch
compression (Figure 2a). This is mostly due to dynamic rupture exiting from the patch into the surrounding low-stress-drop
region (Figure 2b). The resulting stress drops are consistent with inferences for both laboratory and natural faults.

Instability ratio 𝐷! /ℎ! ∗! = 0.8
Compression ratio 𝜎! /𝜎! = 10

§ Patch size
(𝐷! = 2  cm)
§ Rupture size
(𝐷! = 6.2  cm)

(a) Stress drops of patch-hosted events for varied simulations

(b) Exemplary comparison of rupture area to patch size

Figure 2: Summary of trends in stress drops from simulations
Current work is directed towards exploring whether the smaller events, occurring on highly compressed patches due to
nucleation-induced creep, have any observable differences from other seismic events, and hence whether they can be
identified as foreshocks before the mainshock event.
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Summary A complex experimental-theoretical approach to studying the problem of high-rate strain of soft soil media is presented. This

approach combines the following contemporary methods of dynamical tests: the modified Hopkinson–Kolsky method applied to medium
specimens contained in holders and the method of plane wave shock experiments. The following dynamic characteristics of sand soils are
obtained: shock adiabatic curves, bulk compressibility curves, and shear resistance curves. The obtained experimental data are used to study the
high-rate strain process in the system of a split pressure bar, and the constitutive relations of Grigoryan’s mathematical model of soft soil
medium are verified by comparing the results of computational and natural test experiments of impact and penetration to sand and clay.

INTRODUCTION
The dynamic properties of soft soils have been studied by many authors [1–2], but the range of pressures (< 50MPa) and
strain rates (<102 s−1) considered in these studies is insufficiently high. Only isolated attempts were made to study the
dynamic compressibility in the intermediate range of loads (50–500MPa) and strain rates (102–104 s−1). These attempts are
related to the modified Kolsky method with the use of split Hopkinson pressure bars (SHPB) and a confining holder. But the
possibility of using this method [3] to study the compressibility and plastic properties of soil media is restricted by the
elastic limit of the pressure bar and holder materials, and the range of considered loads does not exceed 0.5GPa. Higher
values of load amplitudes are attained under shock wave loading [4–8]. For the pressure ranges up to several gigapascals,
there are no experimental data of the shock compressibility because of severe methodological difficulties in measurements
of two components of the stress tensor. Plane wave shock or explosion experiments used in the field permit reliably
determining only the shock adiabatic (SA). Thus, at present there are no sufficiently developed efficient methods for
studying the physical-mechanical properties of soil media in a wide pressure range. It seems very promising to develop a
complex experimental-theoretical approach [9] to the study of the properties of soils under dynamic loading and plane wave
tests in combination with the data obtained by the modified SHPB method with the use of well-known soil models.
EXPERIMENTAL STUDIES OF DYNAMIC COMPRESSIBILITY OF SOIL MEDIA
The dynamic compressibility of soft soils can be studied experimentally in a wide range of strain rates by the following
two complementary methods. The modified Kolsky method combined with the use of the split Hopkinson pressure bar
(SHPB) is used for the strain rates 103 s−1 and loads up to 500MPa, and the plane wave shock experiment is used for higher
strain rates (greater than 104 s−1 and loads greater than 500MPa). In both methods, the same type of stress–strain states of
the specimen takes place, i.e., the one-dimensional strain εz and the bulk stress state with different stress tensor components
σz and σr. This approach [10] permits one to obtain data for the dynamic compressibility in the pressure range from dozens
of megapascals to several gigapascals.
The modified SHPB method allows one, in a single experiment, to determine the principal components of the stress
tensor and obtain the uniaxial strain σz–εz curves, the bulk compressibility p–ρ curves, the τ–p dependence of the shear
resistance on the pressure, and the lateral earth pressure coefficient ξ = σr/σz.
Figure 1 illustrates the averaged data
obtained in nine tests with sand of air humidity
and density 1.5 g/cm3 by the modified Kolsky
method at various load levels. The markers show
the shock compressibility (a) and shear resistance
(b) curves in GPa, and the solid lines are the
approximating dependencies.
The experiments aimed at determining the
shock compressibility of soils are based on the
reflection method. Tests performed at various
b
a
impact velocities allow one to obtain a SA for the
Fig.
1
material [5].
As was previously mentioned, the use of two complementary methods with the same type of the stress–strain state
allows one to construct unified σz–εz curves under the uniaxial strain conditions in a wide range of loading parameters.
a)
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In Fig. 2, the dark and light points present the results of plane wave and
reversed experiments in the form of stress (GPa) dependence on the density; the
solid and dashed lines present the approximating dependencies for the initial
densities of sand ρ0 = 1.5 and 1.72 g/cm3 respectively. The unified shock
compressibility curve (solid line) of sand soil with the density 1.5 g/cm3 (also see
Fig. 1 a) agrees well with the earlier obtained results [6] for sand of nearly the
same density. We also note that the SA curves of sand with various initial densities
approach each other for pressures greater than 1 GPa.
NUMERICAL VERIFICATION
The numerical calculations were carried out using the mathematical model of
dynamics of the Grigoryan soil medium [1], which is written in the cylindrical
Fig. 2
system of coordinates in the form of the set of differential equations expressing the
laws of conservation of mass, pulse, and maximal density achieved during the
active loading of the soil, and also the equations of the theory of plastic flow with
the von Mises condition of plasticity. The set is closed by the finite relations
determining the dynamic compressibility and resistance to shift of the soil medium.
The contact algorithm of “impermeability” along the normal with “sliding along
tangent with dry friction” is formulated according to the modified friction law.
Consider the problem of penetration of a cylindrical impactor with plane end
surface into sand soil with a constant velocity. Figure 3 illustrates the dependence
of the force (kN) of resistance to the impactor penetration with plane end surface
into sand at the quasistationary stage on the impactor velocity (m/s). The dark
markers correspond to experimental results, the light markers correspond to the
impact velocities V0 = 48, 100, 180, 275, 335 m/s and were obtained as averaged
over five tests, and the intervals show the error with the confidence probability
Fig. 3
equal to 0.95.
The solid, dashed, and dash-pointed lines correspond to the computation results obtained by using the nonlinear and
linear dependencies and of the yield point on the pressure and in the hydrodynamic approximation.
CONCLUSION
The paper deals with the complex experimental-theoretical approach to solving the problem of high rate strain of soft
soil media, which combines the contemporary method of dynamical tests, the study of the impact deformation processes and
obtaining the dynamical properties of soils on this basis, the choice of contemporary mathematical models and their
constitutive relations which adequately describe the basic effects of high-rate strain, the identification of the constitutive
relations by using experimentally obtained data, and their verification by comparing the results of computational and nature
test experiments on impact and penetration. The common experimental and computational studies permit significantly
increasing the reliability of the obtained results, which opens broad prospects in complex studies of nonlinear effects and
laws of dynamical deformation of soft soil media.
Experimental research was supported by the Russian Science Foundation (grant No. 14-19-01096), numerical simulation
was supported by RFBR (grants 16-01-00524, 16-08-00825).
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Summary Earthquake sources are frictional shear cracks inside the earth. They often interact by triggering one another. These
interactions and their governing physical mechanisms can be studied through physics-based elastodynamic modeling. Here we model the
interaction of repeating earthquakes in the framework of rate-and-state fault models using state-of-the-art simulation methods that
reproduce both realistic seismic events and long-term earthquake sequences. Our simulations enable comparison among several types of
stress transfer that occur between the repeating events. Our major finding is that postseismic creep dominates the interaction. Our findings
open a possibility of using interaction of repeating sequences to estimate friction properties of creeping segments. As we refine our model
and incorporate enhanced dynamic weakening mechanisms, we are able to reproduce realistic repeating earthquake sequences observed at
Parkfield, California.

INTRODUCTION
Interaction of frictional shear cracks is important for uncovering fault physics and quantifying seismic hazard. Most
explanations attribute this interaction to either static or dynamic stress changes caused by coseismic slip, although other
mechanisms of interaction exist, and the governing physical mechanisms remain unclear [1]. Repeating microearthquake
sequences are highly suited for studies of earthquake interaction due to their short recurrence time and known locations. For
example, the “San Francisco” (SF) and “Los Angeles” (LA) repeating sequences on the creeping section of the San Andreas
Fault in Parkfield, California are located close to each other and appear to interact. Here we aim at quantifying earthquake
interactions through small repeaters and applying our model to explain field observations.
METHOD
Our numerical simulations are based on a model of a fault surface embedded into an elastodynamic medium, which is
governed by laboratory-derived rater-and-state friction laws that have been successful in reproducing a number of
earthquake phenomena [2]. At steady state, when slip velocity (𝑉) is constant, the shear strength (𝜏!! ) is given by:
𝑉
𝜏!! = 𝜎[𝑓! + 𝑎 − 𝑏 ln ]
𝑉!
where 𝜎 is the effective normal stress, 𝑓! is the reference
Elastic medium
friction coefficient at the reference slip velocity 𝑉! , 𝑎 and 𝑏
Vpl
Vpl Surrounding
Patch II
Patch I
creeping
are rate-and-state parameters. An interface with 𝑎 − 𝑏 < 0
interface
has friction being velocity weakening (VW), while 𝑎 − 𝑏 > 0
indicates velocity strengthening (VS). In our fault model,
Separation distance
two VW patches are surrounded by VS areas (Fig 1); outside,
the long-term slip rate (Vpl) is imposed. Stresses, slips, and
Fig 1. Fault model set up
slip rates within the VW and VS regions are computed by
equating the fault shear stress given by elastodynamic relations with the fault strength given by the friction law [3]. Our
simulations produce realistic fault responses, including stick-slip behavior of the patches with aseismic nucleation processes,
seismic events, and postseismic slip. This model allows us to compare effects of static stress changes due to coseismic and
postseismic slip, as well as dynamic stress changes due to seismic waves.
To use the model to study earthquake interaction, we set up a quantitative measure of the interaction by assigning specific
initial conditions on the fault, such that the two VW patches, if not interacting, produce earthquakes as far in time from each
other as possible, i.e. half of their recurrence interval 𝑇! apart. If interaction exists, events on the two patches occur closer in
time. The difference 𝜁 between the simulated inter-event time Δ𝑇!"# and the non-interacting inter-event time 0.5𝑇! ,
normalized by 0.5𝑇! , can serve as the measure of the degree of interaction:
|Δ𝑇!"# − 0.5𝑇! |
𝜁=
0.5𝑇!
RESULTS
As expected based on intuition and prior studies, the two seismogenic VW patches behave independently when they are
far apart and rupture together if they are right next to each other. In the intermediate range of distances, ruptures on the two
patches cluster in time. Importantly, interaction exists at distances as large as 7 patch diameters, which is unexpected given
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Next we model the interaction of the SF and LA repeaters at Parkfield,
focusing on some intriguing observations, which include the inferred
stress drops of these repeaters higher than the typical range and these
sequences’ irregular interaction before the 2004 Mw 6.0 event. To
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CONCLUSIONS AND OUTLOOK
To summarize, the interaction of frictional shear cracks is studied using an elastodynamic fault model. Results show that
static stress changes due to postseismic slip may dominate the interaction of repeating earthquakes on creeping segments.
The associated propagating stress front causes the interaction to extend much farther than would be expected based on static
stress changes from coseismic slip alone. This finding allows using interaction of repeating earthquakes to determine
friction properties of the surrounding creeping regions. Our refined fault model with dynamic weakening can reproduce
field observation of the repeating sequences at Parkfield. Current work focuses on exploring the extent of heterogeneity
needed in our fault model in order to reproduce the irregular patterns observed at Parkfield, as well as fault models with
repeaters occurring on VW patches with higher normal stress.
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Summary In many locations beneath both Greenland and Antarctica, ice flows across deep valleys, potentially forming viscous eddies that
can lead to stratigraphic folds. We use a set up analogous to Moffatt [1], where our domain is a subglacial valley. We numerically solve
the non-Newtonian Stokes equations with a shear-thinning power-law rheology to determine the critical valley angle for the eddies to form.
Shear-thinning fluids allows for greater shear localization and, therefore, ice requires smaller valley angles (steeper slopes) to form eddies
than a Newtonian fluid. Due to the significant variation of temperature from the warm base to the cold surface of the ice, we analyze
eddy formation when the rheology is temperature dependent. The warmer basal ice is less viscous and eddies form in larger valley angles
(shallower slopes). Finally, we solve for the ice flow over topography from the Gamburtsev subglacial mountains and show Moffatt eddies
in the subglacial valleys.

INTRODUCTION
Complex structures that include large stratigraphic folds and basal freeze-on ice affect ice cores by contaminating the
horizontal layering [2, 3]. Long climate records can be recovered from deep ice if the original horizontal signature of deposition is preserved. For extensive overturning, reconstruction of climate records may not be possible. Here, we examine the
development of Moffatt (recirculation) eddies at the base of ice sheets.
The creep of ice over long periods of time can be described by the flow of a viscous fluid with a non-Newtonian rheology.
The most commonly used rheology in glaciology is a shear-thinning power-law rheology called Glen’s law [4]

where A is the ice softness, τE =

q
0 σ 0 /2 and ˙
σij
E
ij

˙E = AτEn ,
(1)
p
0
= ˙ij ˙ij /2 are the second invariants of the deviatoric stress σij
=

σij +pδij and strain rate ˙ij = [(∂ui /∂xj ) + (∂uj /∂xi )] /2 tensors respectively. The parameter n is the rheological exponent
and typically chosen to be 3 [4]. Moffatt eddies have been demonstrated in a power-law fluid [5, 6].
CRITICAL CORNER ANGLES IN ICE
In Moffatt’s formulation for corner eddies [1], a Newtonian fluid flows across a wedge and the onset of recirculation is
governed by a critical wedge angle αc . If the wedge angle is shallower than the critical angle, no recirculation occurs, while if
the wedge angle greater than the critical angle, then fluid recirculates indefinitely. For a fluid with a power-law rheology, the
two control parameters are the wedge angle α and the rheological exponent n. We determine αc as a function of n by solving
the non-Newtonian Stokes equations in a wedge with no slip boundary conditions applied along the base (Figure 1). For ice,
n = 3 [4] and, therefore, αc = 134◦ . Using this value, we examine radar data from the Gamburtsevs subglacial mountains
and determine valleys where slopes may be steep enough to form Moffatt eddies. We then model the flow over these valleys
using finite element simulations.
THERMOMECHANICAL EDDY SIMULATIONS
We use a temperature-dependent ice rheology in the non-Newtonian Stokes equations to examine the formation of valley
eddies in the Gamburtsev subglacial mountains. The ice softness A from Glen’s law (Equation (1)) is strongly temperature
dependent and commonly modeled as an Arrhenius exponential. We solve the internal energy and momentum equations
1

1

P e u · ∇T = ∇ · (κ∇T ) + BrA− n ˙En


1
1
−1
∇ · A− n ˙En ˙ = ∇p,

+1

,

(2)
(3)

where P e is the Péclet number, u is the velocity, T is the temperature, κ is the diffusivity, Br is the Brinkman number, and
p is the pressure. Figure 2 shows the result of a COMSOL simulation of these equations over the Gamburtsev subglacial
mountains, with no slip and fixed melting temperature boundary conditions along the base. Moffatt eddies can be seen in the
three deepest valleys.
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Figure 1: Critical corner angle αc at which eddies first appear with viscosity exponent n. Red dashed line is simulation results
from [5].

Figure 2: Comsol simulation of horizontal velocity over line 330 with temperature dependence: melting temperature and no
slip at base.

CONCLUSIONS
In this paper, we determine the critical angle for Moffatt eddy formation in ice and use this critical angle to determine
locations where Moffatt eddies may exist in the Gamburtsev subglacial mountains. We then model these locations using finite
element simulations and show Moffatt eddies in subglacial valleys.
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RATE AND STATE FRICTION LAW AS DERIVED FROM ATOMISTIC PROCESSES AT
ASPERITIES
1

Takahiro Hatano ⇤1
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Summary The RSF law describes rock friction quantitatively and therefore it is commonly used to model earthquakes and the related
phenomena. But the RSF law is rather empirical and the theoretical basis has not been very clear. Here we derive the RSF law starting
from constitutive laws for asperities, and give the atomistic expressions for the empirical RSF parameters. In particular, we show that
both the length constant and the state variable are given as the 0th weighted power means of the corresponding microscopic quantities: a
linear dimension and the contact duration of each asperity. As a result, evolution laws for the state variable can be derived systematically.
We demonstrate that the aging and the slip laws can be derived and clarify the approximations behind these two major evolution laws.
Additionally, the scaling properties of the length constant are clarified for fractal distribution of asperities.

BACKGROUND
The rate and state friction (RSF) law describes rock friction quantitatively [1] and therefore it is commonly used to model
earthquakes and the related phenomena. But the RSF law is rather empirical and the theoretical basis has not been very clear.
Particularly, the RSF law contains three empirical parameters, which dominate the degree of frictional stability/instability [2]
Due to the empirical nature of the RSF law, however, these parameters should be given only empirically but cannot be inferred
theoretically.
Among these parameters, the only dimensional parameter is the length constant L. The length constant is particularly
important because it scales the critical nucleation size prior to unstable rupture propagation. Conventionally, L is interpreted
as the typical size of asperity. This means that the RSF law could be scale-dependent, as the asperity size may depend on the
size of the frictional surface. But there have been no experimental study that addresses the scale dependence of L by preparing
samples of different size; there has not been any theoretical definition either.
Additionally, the definition of ”typical” is problematic if the size of asperity is distributed over a wide range. Actually,
the size distribution of asperity is a power law for rough brittle surfaces. Let us assume that the asperity size distribution ⇢(l)
is proportional to l ↵ with the lower and the upper cutoffs being Lmin and Lmax , respectively. These cutoff length constants
may be candidates of the typical length, but one cannot choose one and discard the other with legitimate reasoning because
there has not been a mathematical expression for the typical length. If 1 < ↵ < 2, the arithmetic average is proportional to
1 2 ↵
L↵
min Lmax and very sensitive to the value of ↵; it ranges from Lmin (↵ % 2) to Lmax (↵ & 1). As the exponent ↵ may
depend on the details of topography and may be time-dependent due to abrasion and healing, L may fluctuate in a very wide
range between Lmin and Lmax (i.e., from microscopic to macroscopic scales). If L were such a volatile quantity, one could
hardly expect that L is a good phenomenological parameter. Namely, there is a potential paradox if one interpret L as the
arithmetic average of a linear dimension of asperities. To resolve this paradoxical situation, we need a clear mathematical
expression for L.
To clarify the mathematical definition of L and to resolve the scale-dependent nature, one must derive the RSF law
theoretically and establish the connection between the empirical friction law and the microscopic physical processes. In doing
so, one can clarify the physical origin and the scaling properties of the parameters and provide them with the theoretical basis.
RESULTS
Throughout this paper, we assume that the covalent-bond reconnection at the asperities is a thermal activation process and
the rate of reconnection is described by the Arrhenius law. Additionally, we assume that the local shear rate at asperity is
proportional to the bond-reconnection rate.
Another essential assumption is aging of asperities. This is responsible not only for time-dependent increase of static
friction but also for the negative velocity dependence of dynamic friction. We assume here that the number of covalent bond
at asperity increases with time and adopt the logarithmic dependence.
By assuming several additional properties regarding atomistic parameters, we are led to atomistic expressions for the
parameters a, b, and L. We confirm that the expressions for a and b are consistent with the previously obtained ones [3, 4, 5]
However, they are not identical: our expressions may give the previous expressions only in a certain range of atomistic
parameters. Namely, our theory provides a constraint on atomistic parameters for the RSF law to be valid: particularly the
activation energy and the activation volume. We estimate that the activation energy E must range from 180 to 230 kJ/mol, and
the activation volume must be 4 ⇥ 10 29 m3 [3, 4].
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We also obtain an expression for the length constant:
L=

Y

L⇠i i ,

i

where Li is the linear dimension of asperity i. The exponential weight ⇠i is given as
Ai
⇠i = P
,
i Ai

where Ai is the area of asperity i. From this expression we can discuss the scale dependence of L.
In a similar manner, we are also led to an microscopic expression for the state variable ✓.
Y ⇠
✓i i ,
✓=
i

where ✓i is the contact duration of the asperity. From this expression we can derive evolution laws systematically: we will
demonstrate that the slowness law can be derived easily.
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Summary

We use fully dynamic simulations of long-term earthquake sequences on rate-and-state governed faults to investigate the
observed trend of magnitude-invariant stress drops in natural earthquakes as well as increasing breakdown energy with increasing event
size. We add in thermal pressurization as a dynamic weakening mechanism that allows events to continue to weaken as they generate
slip. We find that this mechanism is able to explain the magnitude-invariance of stress drops by allowing large events to nucleate at
lower average levels of prestress and then weaken further to lower final stresses, thus keeping the stress drops roughly constant through a
range of event sizes.

INTRODUCTION
Stress drops, a key characteristic used to describe natural earthquakes, have been observed to be magnitude-invariant
across events of all sizes [1]. In addition, theoretical studies and lab experiments indicate that dynamic weakening, such as
thermal pressurization, may be present on natural faults [2]. At first glance, one’s intuition may suggest that these two
observations are incompatible. We expect earthquakes to nucleate at similar levels of prestress, but larger earthquakes will
dynamically weaken more and should thus have lower final stresses. This would lead to a trend of increasing stress drop
with increasing event size, a trend that has not been observed. We hypothesize that dynamic weakening can be reconciled
with magnitude-invariant stress drops due to larger events having lower average prestress when compared to smaller events
(illustrated on the left side of Figure 1). Large events rupture a much larger area than small events and due to their greater
dynamic weakening, are more likely to encompass points with lower prestresses. When we average the prestress over the
entire ruptured area, larger events may have lower average prestresses than smaller events. The additional weakening
would thus allow both the average initial and final stresses to be lower, but the stress drops may be similar.
MODEL
To explore this hypothesis, we study long-term earthquake sequences on a rate-and-state fault segment using a fully
dynamic simulation approach [3]. Our seismogenic segment uses the aging form of rate and state friction and its properties
are uniform. Outside of this region, we impose velocity-strengthening properties that promote stable creep. We force the
edges of our model at the tectonic plate rate and allow creep to penetrate the velocity-strengthening regions. This loads the
seismogenic zone, leading to the spontaneous nucleation of seismogenic events (Figure 1, right).
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Figure 1: (Left) Illustration showing the intuitive view of the effect of dynamic weakening on stress drop (top) and our
hypothesis that larger events have lower initial prestresses which may lead to constant stress drops across events of all sizes
(bottom). (Right) Our model setup is shown with the seismogenic zone in green and the stable creeping regions in blue.
An example of an earthquake sequence is shown with accumulated slip along the vertical axis. The red dotted lines signify
seismic events and the blue lines signify slip accumulated during the interseismic periods.
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RESULTS AND CONCLUSION
Our results show that such models can explain both the stress drop magnitude invariance and observationally inferred
breakdown energy increase for a range of event sizes. Smaller events indeed have larger initial stresses than medium-sized
events, and we get approximately constant stress drops for events spanning up to five orders of magnitude in moment. These
events also have increases in breakdown energy consistent with observations. The variations in prestresses and final
stresses that lead to magnitude invariant stress drops are illustrated in Figure 2.
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Figure 2: Accumulated slip profiles and stress drops for 3 events of different sizes. The top three plots show accumulated
slip for a small, medium, and large event from a single earthquake sequence. The bottom three plots show average initial
and final stresses (colored stars) as well as the shear stress evolution with slip for 2 illustrative points in the ruptured areas.
We see that the smallest event has the highest initial shear stress but weakens less and thus also has the highest final stress.
The largest event has the lowest initial shear stress and weakens the most. However, the stress drops for all three events
are almost identical.
FUTURE WORK
We are working toward quantifying the robustness of these findings by exploring a range of fault properties, including
the efficiency of dynamic weakening. Note, however, that our largest, segment-spanning events tend to have larger stress
drops, possibly due to being contained by velocity-strengthening regions of the models rather than arresting due to
insufficient prestress. An important next step is to consider models of heterogeneous faults that eliminate frequent modelspanning events and may extend the magnitude-invariant stress drops to the largest events simulated.
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Summary. An explanation is proposed of the origins of travelling waves of stick and slip that have been observed between frictional sliding
surfaces. Such waves, at very different lengthscales, are thought to underlie both earthquakes’ source and the performance of mechanical
brakes and dampers. An idealised situation is studied of a long thin elastic plate, subject to uniform shear stress and frictional interaction
with a rigid flat surface. Seeking deformation that is uniform in the transverse direction, a nonlinear wave equation is constructed under
a long-wave assumption. Appearing from global homoclinic or heteroclinic bifurcations and under non-monotonic rate-and-state friction,
a rich variety of solution types is discovered at intermediate shear stress between pure uniform stick and uniform slip, including: periodic
stick-slip wave-trains, isolated pulses of stick or slip and detachment or attachment fronts. Careful consideration of the choice of the friction
model and interfacial state kinetics is necessary to capture the full richness of wave types.

PROBLEM FORMULATION
Inhomogeneous frictional sliding between solid bodies is ubiquitous and characterised by multiple spatio-temporal scales.
Practical and compelling examples include brake squeal and earthquake mechanics. The particular problem studied here is
motivated by the intricate nature and diversity of earthquakes which have been recorded over the past decade ranging from
aseismic events, episodic tremors, slow and fast earthquakes (e.g. [6, 5]). Another motivation comes from experimental
monitoring of friction rupture fronts controlling the onset of frictional slip [3] and the simulations of a brake pad in steady
sliding [1], in which various regimes of stick-slip travelling waves were observed for different values of normal load and
sliding speed.
Specifically, we consider a canonical problem of a thin elastic plate of arbritrary wide extent (thickness h, density ρ,
Young’s modulus E, Poisson’s ratio ν) and subjected to a uniform pressure σ̄, which is driven by a constant shear stress
τ̄ := µ̄σ̄ applied at its top and whose base slides on a flat and horizontal rigid foundation. Provided the wavelength of the
elastic longitudinal wave propagating in the plate is large compared to its thickness, the distribution of the longitudinal stress
and displacement components can be assumed uniform across the plate’s cross-section. The equation of motion of the plate
can then be derived from considering the balance of forces applied to a cross-section of infinitesimal width. Coupled with
rate-and-state friction [8], a ‘shallow layer’ approximation to the full three-dimensional elasto-dynamic equations is derived as
ζ(utt − uxx ) + µ(u,t , φ) = µ̄,

φ,t = −rG(u,t , φ),

(1)

where u(x, t) is the plate horizontal displacement and φ is an internal state variable which quantifies the interface resistance
to slip and whose time evolution is determined by some empirical state evolution law (1)2 relaxing over a timescale t∗ . The
slab’s longitudinal wavespeed reads c2 = E/[ρ(1 − ν 2 )]. Nondimensionlisation reveals the key dimensionless parameters,
ζ = (ρc)/(σ̄/V∗ ),

r = (h/c)/t∗

(2)

which characterise the interplay between the bulk elastic wave and frictional waves. Typically r  1 represents the ratio of the
perturbation propagation characteristic timescale over the characteristic interface rejuvenation timescale, whereas ζ ∝ σ̄ −1
is the ratio of the mechanical and interfacial impedances. We interpret the impedance σ̄/V∗ as the order of magnitude of the
friction stress that is required so that the interfacial slip rate is V∗ .
Within the travelling coordinate system z := r(t + x/V ) and denoting v := rdu/dz, the travelling-wave reduction of (1)
leads to the multiple timescale two-dimensional dynamical system
γ dv/dz = µ(v, φ) − µ̄,

dφ/dz = −G(v, φ),

(3)

whose bifurcation structure is sketched below as the key parameters, the applied shear stress µ̄ and the travelling wavespeed
parameter γ = rζ(1 − V 2 )/V 2 , are varied. A linear stability analysis about different possible uniform sliding states shows
that the wavelength of linear waves is consistent with the long-wave approximation.
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Figure 1: Numerical results for the spinodal friction law [7] of saddle-saddle connections (red line): (a) bifurcation diagram showing the growth of wavetrains from a Hopf bifurcation () leading to the homoclinic orbit (•) of slip pulse (b); examples of stick pulse (c) and detachment fronts (d). (Λ  1 is
the period). (e) Phase diagram of travelling wave patterns whose wave forms are summarised in (f-g). Nomenclature: loci of slip pulses (homsl ), stick
pulses (homst ), detachment fronts (hetd ), attachment fronts (heta ); Hopf bifurcation locus (hpf ); saddle-node bifurcation loci at the local extrema of
friction (sn); Stick-slip wave-trains (WT). Generic detachment (DF) and attachment (AF) fronts. Takens-Bogdanov bifurcation point (BT). Uniform slab slip
rates (vs , vc , vf ) solutions of µss (v) ≡ µ(v, φss (v)) = µ̄, G(v, φss (v)) = 0.

BIFURCATION STRUCTURE
Considering a friction model with non-monotonic velocity dependence [7], varying the applied shear stress between the
local extrema of the steady-state friction law, we find the occurrence of travelling self-healing ‘slip pulses’, reminiscent of
the pulses described by Heaton [4], arising from a homoclinic bifurcation of travelling periodic slip patterns born in a Hopf
bifurcation promoted by velocity-weakening friction. Such slip pulses are anchored at the equilibrium saddle point lying
on the low-velocity-strengthening branch of the steady-state friction curve. Interestingly, the existence of a high velocity
strengthening branch of the friction curve also allows the existence of ‘stick pulse’ which corresponds to a narrow travelling
‘stick’ zone. Along the bifurcated branch, travelling wave-trains of slip pulses develop from a canard explosion, which can
lead either to wave-trains of slip or stick pulses. Finally, heteroclinic connections corresponding to travelling ‘detachment’
(similar to [3, 2]) or ‘attachment’ fronts promoting the slab acceleration or deceleration are also possible. These saddle-saddle
connections exist on lines within a (V, µ̄) phase diagram (Fig. 1) and delineate domains of generic travelling fronts and wavetrains of different types. The precise topology of this bifurcation structure strongly depends on the mathematical details of
the friction model, in particular the state evolution equation. By contrast the classic monotonic Dieterich-Ruina laws [8] only
predict wave trains of slip-pulse solutions in a window of the applied shear stress µ̄ that is exponentially narrow.
CONCLUSIONS
This work shows how introducing a smooth rate-and-state interfacial friction model can explain the origin of slip pulses,
stick pulses, travelling wave-trains, detachment fronts and attachment fronts, all in the same mathematical formulation of
regional contact. Careful consideration of the choice of the non-monotonic friction law and the type of interfacial state
kinetics is necessary to capture the full richness of wave types. This plethora of behaviours strongly depends on the analytical
details of the friction model and may shed new light on the dynamics of earthquake ruptures, in particular with respect to
the recent field evidence that suggests seismic slip localizes along a fault patch that is partially locked during the interseismic
period [9]. Might a locked fault patch be a slow stick pulse? Finally we emphasise that this study shows that these slip patterns
can exist over a wide range of speeds of travelling wave. This may explain the large variability of earthquake duration and
frequency spectrum [6, 5]. Future work will study the stability of these localized slip structures and their physical selection.
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1

Department of Mechanical Engineering, Eindhoven University of Technology, PO BOX 513, 5600 MB Eindhoven

Summary We developed a partition of unity based numerical model for hydraulic fracturing. The discontinuity in the displacement field
due to the fracture is incorporated with the traditional Heaviside enrichment used in X-FEM. Poro-elastic effects are included by using
Biot’s theory. The pressure in the fracture is calculated by an additional degree of freedom that describes mass balance in the fracture.
Fluid leakage is incorporated with an analytical solution based on Terzaghi’s consolidation equation. The fracture process is governed by
a cohesive traction separation law. In this contribution we show recent advancements we made in investigating the influence of natural
fracture networks on the advancements of hydraulic fractures.

INTRODUCTION
Hydraulic fracturing is the process in which a fracture propagates by applying a high pressure inside the fracture. In geomechanics this process is used to stimulate oil and gas reservoirs by fracturing the underground rock formation. The induced
fractures remain open, due to the addition of a proppant to the fracturing fluid, and therefore greatly enhance the permeability
in the formation. Numerical models can be used to obtain more insight in the fracture process and may eventually be used
to optimize the fracture process [1]. We developed the Enhanced Local Pressure (ELP) model to simulate hydraulic fracture
patterns [2].
2σ0

σ0

σ0

y
x
2σ0

Figure 1: Scheme for the hydraulic fracturing example.

METHOD
The ELP is an X-FEM model based on the partition of unity property of finite element shape functions [3]. By exploiting
this property the discontinuous behavior of a fracture can then be incorporated in a finite element mesh by adding additional
degrees of freedom to the finite element nodes surrounding the discontinuity. The total displacement field of the solid skeleton
can, at any time t, be described by a regular displacement field û(x, t) and an additional displacement field ũ(x, t). For m
fractures we can write the displacement field as:
u(x, t) = û(x, t) +

m
X

HΓdj (x)ũj (x, t),

(1)

j=1

where x is the position of a material point and HΓdj is the Heaviside step function associated with fracture Γdj
∗ Corresponding

author. Email: e.w.remij@tue.nl
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HΓdj =

1
0

if x ∈ Ω+
j
if x ∈ Ω−
j

(2)

The pressure inside an opening fracture is different from the pressure inside the surrounding formation. The gradient of this
pressure difference quantifies the interaction of fluid flow between the fracture and the formation. We therefore assume the
pressure to be discontinuous across the fracture:
p(x, t) = p̂(x, t) + HΓdj (x)p̃j (x, t).

(3)

The pressure in the fracture is described by an independent variable pd
pd = p x ∈ Γdj .

(4)

The three variational forms for, the displacement field, the pressure field, and the pressure in the fracture are discretized
following the Bubnov-Galerkin approach. The pressure gradient due to leakage near the fracture surface is reconstructed
analytically, based on Terzaghi’s consolidation solution. With this numerical formulation we ensure that all externally applied
fluid flow goes exclusively in the fracture and avoid the necessity to use a fine mesh near the fracture to capture the pressure
gradient. The fracture surfaces are tracked by using two level sets for each surface.
EXAMPLE
We consider the propagation of three hydraulic fractures as shown in red in Figure 1. The hydraulic fractures are surrounded by natural fractures shown in black. The confining stress is 5 MPa in x-direction and 10 MPa in y-direction. Fluid
is injected separately in the center of each hydraulic fracture under a constant rate. The result after 150 s of fluid injection
is shown in Figure 2. The average stress criterion that we use for fracture propagation shows, as expected, growth in the
direction of highest confining stress (y-direction). The central hydraulic fracture interacted with two natural fractures. The
growth of the two hydraulic fractures at the sides was not influenced by the natural fractures. However, during fluid injection
the propagation of the central fracture in the positive y-direction inhibited fracture growth in this direction of the two fractures
at the side. Growing only in the negative y-direction than took over to be the favorable direction for these two fractures.

Figure 2: Result after 150 s of fluid injection. The pressure in the fractures is shown in the contour. We made the pressure in
the natural fractures -1 in the post-processing to visualize them. The deformed configuration is magnified 200 times.

References
[1] J. Adachi, E. Siebrits, A. Peirce and J. Desroches. Computer simulation of hydraulic fractures. International Journal of Rock Mechanics and Mining
Sciences, 44(5),739–757,2007.
[2] E.W. Remij, J.J.C. Remmers, J.M. Huyghe and D.M.J. Smeulders. The enhanced local pressure model for the accurate analysis of fluid pressure driven
fracture in porous materials. Computer Methods in Applied Mechanics and Engineering,286,293-312,2015.
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SHEAR DILATION USING THE EXTENDED FINITE ELEMENT METHOD
Endrina Rivasa), Robert Gracie
Civil Engineering, University of Waterloo, Waterloo, Ontario, Canada
Summary Microseismic monitoring is a tool used to determine the extent of the fracture network created by underground
fracture treatments. Shearing of natural fractures is thought to be the main source of microseismic emissions. Shear dilation
models have been implemented using the finite element method and discrete element methods, but not yet in the extended
finite element method. In this talk, a two-dimensional model of shear dilation along a natural fracture is implemented in the
extended finite element method. The simulations generated will model the formation and propagation of a shear
discontinuity along natural fractures and the propagation of the resulting p- and s-waves in the surrounding medium to
deepen the understanding of how microseismic emissions are generated.
BACKGROUND
The information provided from microseismic data is valuable in the design of fracture treatments and optimization of
reservoir productivity. Interpretation of the microseismic signals continues to be vague in the industry due to a need for the
understanding of how the microseisms are generated [1]. Shearing of natural fractures or other pre-existing planes of
weakness is assumed to be the major source of seismicity [2]. Shearing of discontinuities in rocks is accompanied by shear
dilation, or normal displacement that occurs along fracture surfaces. This mechanism is caused by surface roughness of the
joints, as depicted in Figure 1. Models such as the empirical model by Barton and Bandis [3] and simplified linear models
have been implemented in the traditional finite element method and discrete element method.

Figure 1. Fracture surface before and after shearing occurs.
The extended finite element method is an extension of the traditional finite element method which allows for
discontinuous deformations within an element by adding enrichments to the nodes surrounding the crack [4]. It has been
used to model multi-body physics, such as various types of contact and friction [5], but has not yet been implemented with
shear dilation.
METHODOLOGY
To understand the mechanism that generates microseisms, a two-dimensional simulation of a shear discontinuity along
natural fractures is performed using the XFEM.
Consider the equilibrium of a body Ω in motion, with a crack within its domain. Let Γ denote the boundary of Ω and ΓC+
and ΓC- denote the two sides of the crack surface. It is assumed that the body behaves according to a linear constitutive law
of the form 𝛔 = 𝐂: 𝛆 in which C is the fourth order elasticity tensor and ε is the infinitesimal strain. The dynamic motion of
the body is modelled using an explicit time integration algorithm.
Using the XFEM, the body is discretized spatially into elements and the approximation is given by

𝐮(𝐱, 𝑡) = ∑ 𝐍𝐼 (𝐱)𝐮𝐼 (𝑡) + ∑ 𝐍𝐽 (𝐱)𝛙(𝐱)𝐚𝐽 (𝑡)
𝐼

(1)

𝐽

where I is the set of nodes in the domain, J is the set of nodes of elements located on the discontinuity, NI are the
standard finite element shape functions, ψ(x) is the enrichment function, uI are the standard finite element nodal
displacements, and aJ are the additional degrees of freedom at the discontinuity corresponding to the enrichment
function.

a) Endrina Rivas. Email: endrina.rivas@uwaterloo.ca.
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Contact, friction, and dilation are modelled along the crack surface, and are satisfied by imposing constraints on the
standard finite element weak form for dynamic motion using a penalty method. The locations of discontinuities in the
medium are known a priori, which is consistent with the physical model of pre-existing natural fractures in a rock. A nodeto-node contact algorithm is implemented under the assumption of small displacements, such that the contact search is
limited to predefined node pairs.
Contact and shear dilation imposes the constraint along the discontinuity that
⟦𝐮⟧ ∙ 𝐧 ≥ 𝑤 𝑠 (𝐱, 𝑡)

(2)

where 𝑤 𝑠 denotes shear dilation at point x on the crack at time t, and n is the normal to the crack surface.
Figure 2 shows a two-dimensional frictionless domain that is sheared, with no dilation on the left, and a fixed dilation on
the right. Dilation introduces a normal displacement at the crack surface.

Figure 2. Shearing without dilation (left) and with dilation (right)
Frictional forces are applied along the discontinuity using a Coulomb friction model which states that
𝜏 ≤ 𝜇𝜎𝑛

(3)

where τ is the shear force acting on the discontinuity, µ is the coefficient of friction, and σ n is the normal force acting on
the contact interface.
CONCLUSIONS
Using the model described in the previous section, the formation and propagation of a shear discontinuity along natural
fractures will be simulated. The ensuing wave propagation in the surrounding medium will also be simulated and analysed
to understand the microseismic emissions from shear dilation along a natural fracture.
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DYNAMIC VISUALIZATION OF SUPERSHEAR RUPTURES
Vito Rubino1a), Ares J. Rosakis1 & Nadia Lapusta 2,3
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, USA
2
Division of Engineering and Applied Science, California Institute of Technology, Pasadena, USA
3
Division of Geology and Planetary Science, California Institute of Technology, Pasadena, USA
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Summary We report on unprecedented full-field measurements of spontaneous dynamic ruptures in a unique laboratory earthquake setup.
These measurements are enabled by the development of a new technique, which combines ultra-high-speed photography with the digital image
correlation method. Earthquakes are mimicked in the laboratory by dynamic rupture propagating along the inclined frictional interface of an
analog material, prestressed in compression and shear. This experimental setup has been successfully used in the past to study key rupture
features but the previous diagnostics was not capable of quantifying the full-field rupture behavior. In this paper, we discuss our experimental
measurements of full-field displacements, velocities, strains and stresses,obtained by using our novel methodology. One important application
of this technique is to image the evolution of dynamic friction and study its dependence on slip or slip velocity.

BACKGROUND
Earthquakes occur as dynamic frictional ruptures along pre-existing interfaces (or faults) in the Earth’s crust. Seismic
inversions together with other field observations have enhanced our understanding of earthquake physics. But detailed
inversions are often impossible due to limited data availability or limited knowledge of the structure and properties of the
crust. Numerical modeling of earthquakes helps to identify potential rupture scenarios but, in turn, requires a number of still
uncertain inputs.

Figure 1. Dynamic imaging of supershear laboratory earthquakes. Top left: Picture of San Andreas Fault (modified from
[7]). Top right: Schematics of the laboratory earthquake setup featuring a sample with an interface that mimics a crustal
fault prestressed both in compression and shear, and the ultra-high-speed camera system, whose images are processed with
the digital image correlation (DIC) method. Bottom row (right to left): Full-field maps at selected snapshots of the faultparallel displacement, fault-parallel velocity, and the shear stress for the case of a supershear rupture (P = 25 MPa, α = 29).
a)
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This reality highlights the need for laboratory experiments that reproduce some of the basic physics governing rupture
dynamics while preserving enough simplicity so that clear conclusions can be obtained. Studies of dynamic ruptures in our
highly instrumented experimental setup have addressed a number of important issues in earthquake dynamics, confirming
the possibility of supershear transition, demonstrating the change of rupture mode from crack-like to pulse-like with
decreasing fault prestress, investigating the importance of the bimaterial effect for rupture directivity, and studying off-fault
attenuation and damage [1-5]. These studies, however, were not able to obtain a spatially continuously mapping of
displacement, velocities, strains and stresses. Our first step in this direction was to obtain static measurements of dynamic
ruptures [6]. In this paper, we present the development of a new experimental technique that allows us to quantify the
temporal evolution of full-field displacements, velocities, strains and stresses.
PRODUCING AND IMAGING EARTHQUAKES IN THE LAB
Earthquakes are simulated in the laboratory by dynamic rupture propagating along the frictional interface of two
Homalite quadrilateral plates (Figure 1). The specimen’s interface mimics a fault in the Earth’s crust prestressed both in
compression and shear. The far-field loading P, together with the interface inclination angle α, determines the level of
resolved shear and normal stress along the interface. Dynamic ruptures are nucleated by the sudden local pressure release
produced by the electrical discharge of a NiCr wire embedded in the interface.
Earlier versions of this setup have been successfully used to study a number of key rupture features [1-5], as mentioned
in the preceding section. In those studies, the diagnostics used to capture the rupture behavior was based on high-speed
photoelasticity, a full-field technique to measure maximum shear stress, and on laser velocimetry, a pointwise technique to
measure particle velocity. While photoelasticity enables us to study rupture features by monitoring the evolution of the
maximum shear stress, it does not allow us to quantify individual stress components. Laser velocimetry provides a fine
temporal resolution of particle velocity components at selected locations but it has a sparse spatial resolution (up to three
measurement locations in one experiment).
A major innovation of this setup is the development of a full-field technique to image dynamic ruptures. The new
technique is based on a combination of ultra-high-speed photography and the digital image correlation (DIC) method. The
specimen is first coated by a white paint and is then decorated by a black speckle pattern to produce a characteristic texture
on the surface to be imaged. Typically, images are acquired at 1-2 million frame/sec. The images are processed with pattern
matching algorithms [8] to produce a sequence of displacement maps. The velocity and strain fields are obtained from the
displacement fields by temporal and spatial differentiation, respectively. The stress fields are computed from the strains by
using the known linear-elastic constitutive properties for the Homalite material.
To illustrate the potential of this new experimental technique, Figure 1 (bottom row) shows two snapshots of the faultparallel displacement, fault-parallel velocity and shear stress maps, produced by a supershear rupture. The fault-parallel
displacement and velocity maps are characterized by a discontinuity across the fault line, which shows the purely shear
(mode II) nature of the rupture. We have verified our full-field measurements by comparing particle velocities at selected
locations with simultaneous independent measurements produced by well-characterized laser velocimeters. Excellent
agreement between the measurements indicates the reliability of the ultra-high-speed DIC method. The stress fields also
provide an important characterization of the rupture behavior. For example, the shear and normal stress measurements along
the interface can be used to compute the evolution of frictional strength.
CONCLUSIONS
Our measurements produce unprecedented visualization and quantification of dynamic ruptures, which have been, until now,
possible only with numerical simulations. We have verified these measurements against well-established diagnostics, such as
laser velocimetry. Our ongoing and future work is aimed at quantifying the evolution of dynamic friction and exploring its
dependence with controlling variables such as slip and slip rate.
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THERMO-HYDRO-MECHANICAL PROCESSES
STABILIZING ANTARCTIC ICE STREAM MARGINS
James R. Rice1 1Harvard University, Cambridge, MA, USA
Summary Creeping flow of the Western Antarctic Ice Sheet is distinctly heterogeneous in a vast region bordering the
Ross Sea. In that region the sheet is of order 1 km thick. Broad streaks of the ice, called "ice streams" and having
horizontal width ranging up to several 10s of km, slide over their bed (which was seafloor in the last inter-glacial
period) at > 100 m/yr, whereas they are bordered laterally by ice ridges flowing at < 10 m/yr. Major issues addressed,
in studies with Thibaut Perol, John Platt and Jenny Suckale, are those of why does this flow streak morphology form,
and what does it mean for the overall rate of ice loss to the ocean. The paper reports studies on these issues. Our work
shows how shear heating of the ice, consequent formation of temperate ice zones that produce melt as they
continuously deform, and subglacial hydrological processes associated with Rothlisberger channels, can select the
shear margin location, leading to a smooth transition from a slipping to a locked bed at the base of the ice stream.

Creeping flow of the Western Antarctic Ice Sheet (WAIS) along the Siple Coast, bordering the Ross Sea,
is strongly heterogeneous in a vast region (of order103 km scale). The WAIS discharges into that sea as a
floating ice shelf, which ultimately melts or disintegrates into the surrounding Arctic ocean.
Flow of the WAIS in that region localizes into fast-flowing ice streams of 20-80 km width, moving at
speeds of 100s of m/yr as the streams approach the sea [1]. The streams, whose beds where sampled [2]
are typically at the pressure melting point, are bordered by notably colder ridges of nearly stagnant ice that
is apparently frozen to its bed. No topographic feature in the ice sheet bed (which was seafloor in the last
inter-glacial period) has been identified as guiding that width, which instead seems to be chosen
dynamically.
This paper summarizes studies with present Harvard co-worker Thibaut Perol, and with former
coworkers John D. Platt (now at Carnegie Institution of Science, Washington D.C.) and Jenny Suckale
(now at Dept. of Geophys., Stanford Univ.) on understanding the origin of this flow morphology.
Using theoretical thermo-mechanical modeling ranging from simplified thickness-averaged flow
models [3, 4] to large scale 2D antiplane flow models [5,6] in which distributions of downstream velocity
and temperature are solved for, we are seeking to understand the mechanical, hydrologic and thermal
processes active within the ice streams, and the origin of the stream morphology, in particular, to
understand what controls the margin locations of the fast-flowing ice. Such understanding may ultimately
help to understand how ice discharge from the West Antarctic Ice Sheet will respond to possible alterations
in atmospheric and ocean temperatures and precipitation.
Our thickness-averaged flow models [3,4], when fit to near-margin deformation rate data inferred for a
large group of WAIS ice streams [1], suggest that nearly all the ice stream margins studied have substantial
temperate zones, i.e., that the ice is at the melting point for several dozens to hundreds of meters above the
bed. (Ice at the melting point retains strength. E.g., based on data summarized in [7], the stress needed to
enforce a given strain rate on temperate ice at 0 deg C is about half of that needed at to enforce the same
strain rate at –13 deg C -- thought to be a representative average through-thickness temperature of ice in the
streams). Thus, deforming that marginal temperate ice requires work which, because the ice is temperate,
cannot raise its temperature and instead must generate melt which percolates through the (lowpermeability) ice.
These concepts from the 1D model were verified and refined by the 2D thermo-mechanical modeling of
Suckale et al. [5] and later Perol et al. [6], who focused on a particularly well-characterized ice stream
margin (that of Whillans stream B2), in that unusually deatailed surface deformation data is available for it
[8,9]. The feature added to the modeling in [6] is that the effect on the stress field due to meltwater
collection in a Rothisberger channel is explicitly modeled. The R channel operates at a fluid pressure much
below the ice overburden pressure, which frictionally strengthens the interface, an effect that extends well
outside the channel according to the hydrologic modeling developed for the interface zone, and allows the
ice to frictionally lock to the bed, thus forming the margin.
The studies were supported by the NSF- Office of Polar Programs, Award 1341499.
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DYNAMIC IMPACT-INDUCED FRACTURE DEVELOPMENT IN ICE SPHERES
Koji Uenishi1a), Naoyuki Shigeno1, Shintaro Sakaguchi1, Ryosuke Yano2 & Kojiro Suzuki2
Department of Aeronautics and Astronautics, The University of Tokyo, Bunkyo, Tokyo, Japan
2
Department of Advanced Energy, The University of Tokyo, Kashiwa, Chiba, Japan

1

Summary Ice may be commonly observed in our daily life, but its dynamic properties, especially those associated with inelastic collision and
fracture, have not been thoroughly clarified. Therefore, in our previous study, utilising a high-speed digital video camera system in our
laboratory and the numerical ED (Event-Driven) method, we have investigated the mechanical motion of ice spheres that impinge upon a plate
of ice and based on the observations, we have quantitatively evaluated the scale effect of the relative impact velocity on the collisional
behaviour of (a collection of) icy bodies as a granular material. In this contribution, we further perform laboratory experiments and threedimensional numerical simulations to mechanically understand the collision of ice spheres against a flat plate, now with much higher impact
energy, and try to comprehend the dynamic fracture process of ice spheres subjected to mechanical impact (dynamic collision).

INTRODUCTION
Icy bodies can be found at small scales as well as at larger scales, e.g. glaciers on the Earth and in the rings of Saturn in
space. In a ring system, energy loss during collisions of ice particles may determinate the mean free path between collisions,
the physical properties of the ring, the cooling rate in the system, etc., and quantitative information about the coefficient of
restitution is definitely needed for more precise estimation of such energy loss [1]. The coefficient of restitution depends
considerably on the relative impact velocity, but because of the inadequate amount of data sets related to this velocity
dependency, the coefficient is often presumed to be constant regardless of the impact velocity in the analyses of inelastic
collisions, energy loss and cooling in the system [2]. Hence, in our earlier investigation [3], we have studied the mechanical
properties of ice as a solid / granular material and also the scaling effect of impact velocity by observing free fall of ice
spheres (diameter 25 or 50 mm) impinging upon a plate of ice (thickness 60 mm) with a high-speed digital video camera
(Photron FASTCAM SA5) at a frame rate of 7,000 fps (frames per second). We have set 17 different falling distances
between 40 and 450 mm, without any rotation and fracture of the spheres, and from the experimentally recorded
photographs before and after the collisions of the spheres, we have plotted the variation of the normal restitution coefficient
and its fluctuations. Then, using the obtained data sets and the numerical ED (Event-Driven) method, we have simulated the
cooling process associated with collisions of 3,000 ice spheres in a two-dimensional square. The results have shown, for
example, that if we consider not only the velocity-dependent restitution coefficient but also its fluctuations, the final
temperature in the system becomes some 4 % lower than that without taking the fluctuations into account.
EXPERIMENTAL OBSERVATIONS OF FRACTURE IN ICE SPHERES
In the second series of our laboratory experiments, fracture of the impinging ice spheres is involved. Cracks may be
easily generated in icy bodies if they are abruptly immersed in warm water (due to thermal shock), but here, we have treated
only fracture induced by mechanical impact with the falling distances of ice spheres (diameter 50 mm) being between 2.15
and 2.7 m (7 different distances). We have recorded collisions of 200 ice spheres against a flat polycarbonate plate
(thickness 10 mm) by the same high-speed digital video camera, but at a frame rate of 150,000 fps. Figure 1 indicates the
two representative fracture patterns observed. In Fig. 1 (top), as briefly reported in [2] for ice sphere-ice plate collisions
with much smaller falling distance (700 mm), upon collision against the transparent polycarbonate plate, the sphere is
divided mainly into three or four large segments of similar size (like segments of oranges; here called “orange segments”
fracture pattern). On the contrary, in the sphere in Fig. 1 (bottom), prepared under the same (temperature etc.) conditions, only
the sections near the free surface in the lower hemisphere are fragmented upon collision and the relatively large top-shaped
part remains unbroken (“top” fracture pattern). We have recognised both fracture patterns repeatedly during the experiments,
and now we are trying to numerically visualise the dynamic wave-fracture interaction process occurring inside the linear
elastic spheres by employing our finite difference technique (Fig. 2) as well as ray-tracing (caustics) calculations and find
the physical reasons for the generation of the two distinct fracture patterns found in this series of experiments.
CONCLUSIONS
We have shown two representative fracture patterns - “orange segments” and “top” - related to the collision of an ice sphere
against a flat plate. In order to understand the fracture mechanics behind the generation of these fracture patterns and incorporate
fracture effect in the simulations of the cooling process of a granular system, for instance, more quantitative data about the
relation between the impact energy of the sphere and the distributions of sizes and masses of the fragmented segments and pieces
of ice as well as more rigorous evaluation of the wave propagation and reflection, crack development, etc., i.e. the timedependent evolution of stresses and deformations in the sphere, is required.
a)
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Fig. 1 Experimentally taken photographs illustrate representative dynamic fracture development in ice spheres (diameter 50
mm) upon collision against a transparent polycarbonate plate (side view). Although both ice spheres have been prepared under
the same conditions, the sphere shown on the top is split into several segments of comparable size (“orange segments” fracture
pattern) while that at the bottom is fractured only near the lower surface and the large part of the sphere is not broken (“top”
fracture pattern). The free-falling distance of the spheres is 2.3 m, and the leftmost pictures correspond to the stage just after
collision. The time elapsed after these leftmost pictures is 0.04, 0.5, 2 and 8 ms, respectively.
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Fig. 2 We are currently investigating histories of stresses and deformations in modelled linear elastic ice spheres and tracing
wave and fracture propagation using our finite difference scheme. Here, typical contours of normalised octahedral shear stress
(stress / maximum pressure generated due to collision) associated with a collision at the bottom of an ice sphere are indicated.
The normalised time (P wave speed u time / sphere diameter) after collision (normalised duration 0.8) is 0.4 (left) and 0.8 (right),
respectively, and here due to the symmetry of the problem only contours in the right half parts are shown (preliminary results; no
fracture involved).
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Summary We study rapidly accelerating rupture fronts at the onset of frictional motion by performing high-temporal-resolution measurements
of both the real contact area and the strain fields surrounding the propagating rupture tip. We observe large-amplitude and localized shear stress
peaks that precede rupture fronts and propagate at the shear-wave speed. These localized stress waves are initiated during the rapid rupture
acceleration phase and are capable of nucleating a secondary supershear rupture. The amplitude of these localized waves roughly scales with the
dynamic stress drop and does not decrease as long as the rupture front driving it continues to propagate. These experimental results are qualitatively
described by a self-similar analytical solution of a suddenly expanding shear crack. Quantitative agreement with experiment is provided by
realistic finite element simulations that describe both their amplitude growth and spatial scaling. Our results demonstrate the extensive
applicability of brittle fracture theory to fundamental understanding of friction.

INTRODUCTION
The onset of motion along a frictional interface entails rupture front propagation. These rupture fronts have long been
considered to have much in common with propagating cracks [1-4]. Recent friction experiments [6] have shown that the stresses
and material motion surrounding the tip of a propagating rupture are indeed quantitatively described by the linear elastic fracture
mechanics (LEFM) solutions for shear cracks.
Previous analytical work [3, 4] by employing self-similarity has shown that non-steady processes such as rapid rupture velocity
variations result in the generation of stress-wave radiation. These solutions, under shear loading (Mode II), predict a localized
shear stress peak that propagates ahead of the rupture tip at the shear wave velocity. Radiated shear stress peaks have, for decades,
drawn special attention, as they are thought to be an important vehicle for the nucleation of supershear ruptures, a class of ruptures
that propagate beyond the shear wave speed, ܥௌ . These ruptures surpass the Rayleigh wave speed, ܥோ , the classical “speed limit”
for rapid singular cracks [1, 2, 5]. Despite their importance, experimental studies of radiated stress-waves have been very limited.
Here we present direct measurements of the stress fields surrounding the tips of rapidly propagating ruptures and show how a shear
stress peak is formed. Supplementing experiments with finite-element calculations, we provide a detailed description of both the
scaling and space-time structure of this phenomena [7].
EXPERIMENTAL OBSERVATIONS
Two poly(methylmethacrylate) blocks are pressed together by an external normal force, (2-6 MPa nominal pressure). Shear
force is applied quasistatically until the transition from stick to slip occurs. The complete 2D strain tensor, ߝ , is measured at 19
locations along and ̱͵Ǥͷ݉݉ above the frictional interface separating the blocks. Each strain component is measured at rates of
1,000,000 samples/sec. Concurrent high spatial resolution measurements of the real area of contact, A(x,t) ( ݔbeing the coordinate
along the quasi-1D frictional interface), are obtained at 580,000 frames/sec by means of direct optical imaging of A(x,t) along the
entire ʹͲͲ݉݉ȱͷǤͷ݉݉ frictional interface.
The onset of frictional motion is marked by propagating crack-like rupture fronts that leave in their wake significantly reduced
A(x,t) [6]. A typical example of a rupture front, asymptotically accelerating to rupture velocities, ܥ ՜ ܥோ ሺ̱ͳʹ͵݉Ȁݏሻ, is
presented in Fig. 1A (top). The location of the rupture tip is defined as the point where a sharp reduction of A(x,t) occurs (orange
to blue boundaries in Fig. 1 A(top)).
Fig. 1A (bottom) presents temporal measurements of shear strain variations, ȟߝ௫௬ , at two spatially separated locations along
the frictional interface. It is evident that prominent peaks in the shear strain component precede the rupture tip arrival. Analysis of
peak arrival times (e.g. Fig. 1A(top)) reveals that they propagate at ܥௌ ሺ̱ͳ͵Ͷͷ݉Ȁݏሻ as they progressively distance themselves
from the rupture tips that created them. Furthermore, the measurements of A(x,t) reveal the sudden nucleation ( ݔൎ ͳͷͷ݉݉) of a
secondary supershear rupture front (propagating at ܥ  ܥௌ ). The synchronized measurements of ߝ௫௬ and ܣሺݔǡ ݐሻ provide
direct evidence that the supershear rupture was triggered by the arrival of the shear stress peak. This type of transition is not
uncommon.
Experiments [6] have shown that the strain components surrounding the tip of a propagating frictional ruptures, are welldescribed by the universal singular form describing propagating shear cracks. When ܥ ՜ ܥோ , however, the singular form fails to
adequately describe shear (ȟߝ௫௬ ሻ measurements ahead of the rupture tip (i.e. when  ݐെ ݐ௧ ൏ Ͳ), as demonstrated in Fig. 1B
(black line). To gain intuition for the explicit form of this radiation, we turn to a self-similar analytic solution that describes
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bilaterally expanding ruptures that initiate with zero initial length and propagate at a constant velocity (ܥ ൏ ܥோ ) under uniform
remote shear stress. The solution to the problem describes a singular (ȟߪ ̱ͳȀξ )ݎpropagating crack tip that is preceded by a
sharp and relatively localized shear stress peak.
Figure 1B shows that the self-similar solution of an expanding shear rupture, can describe all of the measured strain components

rather well. In particular, this solution can capture both the initial shear loading, ߝ௫௬
, as well as the propagating shear stress peak,
ௌ
ߝ௫௬
, far before the rupture tip arrival. This demonstrates the importance of the non-singular contributions to strains at finite
distances from the rupture front tip and highlights the underlying physical picture; rapid rupture front acceleration (mimicked by
infinite acceleration in the self-similar problem) results in radiation in the form of a localized shear stress peak propagating at ܥௌ .


What determines the shear stress peak amplitude? Fig. 1C indicates that the dynamic shear drop, ߝ௫௬
െ ߝ௫௬
, significantly
ௌ

affects the overall amplitude of the shear peak, ߝ௫௬ െ ߝ௫௬ . To make quantitative comparisons with the experiments, we performed
2D finite-element calculations in which the plane-stress hypothesis, block dimensions, their elastic moduli and fracture energy
correspond to the experimental system. The shear peak amplitude, as was originally shown in [2], grows with the propagation
distance. The amplitude of the shear peak is indeed consistent with the experiments. Shear peak growth effect, however, is difficult
to distinguish from experimental uncertainties.
While ruptures along natural faults are generally considered to be complex, we would expect, under certain simplified
conditions, to see evidence of the shear stress peak followed by the characteristic signature of the singularity at the rupture tip, as
the rupture passes by the measurement point. If so, measurements at small angles relative to the fault could provide hitherto
inaccessible information about both propagating earthquakes and their acceleration phase.
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Fig. 1. Prominent shear stress peaks due to accelerating frictional rupture fronts. (A, top) Real contact area, A(x,t), evolution (normalized
at nucleation time, t=0), along the quasi-1D interface due to a rupture front that nucleated at Ͳ̱ݔ, rapidly accelerated to ̱ܥோ and transitioned
to supershear at  ݔൎ ͳͷͷmm. (bottom) Shear strain variations, relative to the rupture tip arrival time, ݐ௧ , at the two locations, ݔଵ (red) and
ݔଶ (blue) denoted above, show prominent amplitude shear strain peaks preceding the rupture tip arrival. Successive measurements (black points
in upper panel) reveal that these peaks propagate at ܥௌ , and (in this case) trigger supershear rupture. (B) Comparison of ȟߝ measured at  ݕൌ
͵Ǥͷmm,  ݔൌ ݔଶ (blue) during a rupture event in (A) with both the singular LEFM predictions and the self-similar solution. The singular term of
the LEFM solution is plotted in black ሺܥ ൌ ͲǤͻܥோ ǡ Ȟ ൌ ͲǤܬȀ݉ଶ ሻ. While it captures ȟߝ௫௫ and ȟߝ௬௬ well, the singular term fails to describe
ȟߝ௫௬ for  ݐെ ݐ௧ ൏ Ͳ. Red - The corresponding self-similar solution (ܥ ൌ ͲǤͻܥோ ǡ ݈ ൌ ͳͲͲ݉݉ ) entirely captures all measured strain

components including the initial shear strain, ߝ௫௬
, and the shear stress peak far before the rupture tip arrival. (C) Scaling of the propagating
ௌ



shear stress peak. Experiments indicate that the shear peak amplitude, ߝ௫௬
െ ߝ௫௬
roughly scales with the dynamic shear drop, ߝ௫௬
െ ߝ௫௬
. Each
solid point corresponds to a single experimental event. Ȟ varies (see legend) with the normal load. Lines corresponding to the numerical growth
of shear strain peak amplitude in  ݔare superimposed. The spread of the measurements is wholly consistent with the growth.
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NEAR-FIELD EQUATION FOR QUANTITATIVE EVALUATION OF FLUCTUATIONS
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Summary Quantitative evaluation of fluctuations of Lamé constants in an elastic half-space is dealt in this paper. A near-field equation
developed by Fata and Guzina[1] is modified via the Lippmann-Schwinger equation so that it expresses the relationship between the fluctuation of the wavefield and scattered waves. Since the near-field equation uses Green’s functions from the probing points as the scattered
wavefields, evaluation of the fluctuation becomes also possible by means of the Green’s function from the probing points. As a result, an
algorithm for the evaluation of the fluctuations is free from the limitation of the finite number of grid points of the observation surface, that
was used to obtain the near-field operator. Several numerical calculations are carried out to examine the accuracy of the present method.

INTRODUCTION
A linear sampling method presented by Colton and Kirsch[2] is for the reconstruction of the supports of the scattering
object without the information of the type of the boundary conditions. Fata and Guzina extended the linear sampling method
to the problem of elastodynamics in a half-space by introducing the near-field equation[1]. In this paper, we use the near-field
equation not only to reconstruct the supports of the scattering object but also to reconstruct the quantitative evaluation of the
fluctuations of Lamé constants in an elastic half-space.
FORMULATION FOR THE METHOD
Figure 1 shows the concept of the scattering problem of an elastic half-space including fluctuations. There are source and
observation surfaces at the free surface of the wavefield denoted by Γ1 and Γ2 , respectively. Distributed loads are applied to
the source surface to cause the incident wave toward the fluctuations. The scattered waves are observed at the observation
surface. The near-field operator is constructed from the information of distributed loads and observed scattered waves. The
near-field equation for the scattering problem is expressed as
(
)
Fij τj (x) = gij (x, z)dj , (x ∈ Γ2 )
(1)
where Fij is the near-field operator, τj is the distributed load at the source surface, gij is the Green’s function for a homogeneous elastic half-space, z is the probing point and dj is the force vector. Note that the subscript index denotes the components
of the coordinate system for that the summation convention is applied. The near-field equation seeks the solution of the distributed load τj so that the scattered waves from the fluctuations at Γ2 become equal to the Green’s function from the probing
point. We use the Lippmann-Schwinger equation for an elastic half space(eg. [3][4]). Then, the left side of the near-field
equation can be modified into the following:
(
)
Mij qj (x) = gij (x, z)dj , (x ∈ ΓF )
(2)
where qj is the states vector describing the fluctuations of the wavefield[3], Mij is the operator mapping from the fluctuation
of the wavefield into the scattered wave field and ΓF is the whole of the free surface. The construction of the operator
Mij is possible via the Lippmann-Schwinger equation as well as τj as the solution of the near-field equation. Note that the
observation area in Eq. (2) is extended from Γ2 to ΓF due to the uniqueness of the scattered wavefield[1]. In this sense, Eq.
(2) is free from the limitation of the number of the grid points set at the observation surface. We expect that the reconstructed
results should be accurate in the area close to the probing points.
NUMERICAL EXAMPLES
The target model for the analysis is shown in Figure 2, in that two box-shaped fluctuations are both embedded at a depth
of 5 km, and they are in the form of cubes with a side length of 3 km. The source and observation surface are discretized by
grid points just above the fluctuations. For the background structure of the wavefield, the velocities of the S and P waves are
set at 1 km/s and 2 km/s, respectively, and the mass density is 2 g/cm3 . The fluctuations are expressed by the deviation of the
Lamé constants from the back ground structure of the wave field:
λ̃ = 0.1GPa, µ̃ = 0.1GPa
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Figure 1: Concept of the scattered wave field

Figure 2: Target model
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Figure 3: Reconstruction of the fluctuation of µ̃

where λ̃ and µ̃ are the fluctuations of the Lamé constants of λ and µ, respectively.
Figures 3 (a) and (b) shows the reconstruction of µ̃ in the horizontal plane at the depth of 4 km. The boxed areas (green
lines) show the locations of the fluctuations. Figures 3 (a) (b) are the solution of Eq. (2) due to different probing points.
For simplicity, the Born approximation is employed to construct the operator Mij in Eq. (2). In addition, the Tikhonov
regularization method is also employed to solve Eq. (2), where the regularization parameter was 1 × 10−5 . The reconstructed
fluctuations are 0.05 GPa in the areas close to the probing points. The amplitude is the 50% of the target model.
CONCLUSIONS
A possibility of the near-field equation is discussed for the quantitative evaluation of the fluctuations wavefield. The
near-field equation is modified so that the equation describe the relationship between the fluctuation of the wavefield and the
scattered waves that is expressed by the Green’s function from the probing points. As a results, mathematical formulation itself
is free from using the observed scattered waves at the limited observation points. The reconstructed results were expected to
provide accurate results in the area close to the probing points. The numerical results showed that 50% of the fluctuation
were reconstructed realized close to the probing points. Improvements of the accuracy is the task for the future. For example,
without the Born approximation, the construction of Mij in Eq. (2) is not very difficult. Effects of the Born approximation
will be further investigated.
References
[1] Fata, S.N. and Guzina. B.B.: A linear sampling method for the near-field inverse problems in elastodyamics. Inverse Problems 20, pp. 713-736, 2004.
[2] Colton, D. and Kirsch, A.: A simple method for solving inverse scattering problems in the resonance region. Inverse problems 12, pp. 383-393, 1996.
[3] Touhei, T, Hinago, T. and Fukushiro,Y.:Inverse scattering analysis of an elastic half-space by means of the fast volume integral equation method,.
Enginnering analysis with boundary elements 44, pp. 130-142, 2014.
[4] Touhei, T., Fukushiro, Y. and Tanaka, T.: A linear sampling method for detecting fluctuations of the wavefield in an elastic half space. International
journal of solids and structures, 72, pp. 26-37, 2015.

2175

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
XXIV ICTAM, 21-26 August 2016, Montreal, Canada

RUPTURE DYNAMICS ALONG BIMATERIAL INTERFACES:
A LENGTH SCALE FOR THE SHEAR-NORMAL STRESS COUPLING?
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Summary Faults often separate materials with different elastic properties. Understanding dynamic rupture along
bi-material interfaces is therefore a challenging issue for earthquake source dynamics. Numerical simulations of inplane rupture dynamics along a frictional bi-material interface were performed using the non-smooth Spectral Element
Method (SEM) to investigate the coupling between shear strength and normal stress perturbations during non-stationary
rupture propagation. In particular, we analyse numerically slip-weakening friction regularization, in which the shear
strength evolves continuously with time in response to an abrupt change of normal traction, both during the
acceleration and the asymptotic stationary phases of the rupture. This leads to a re-formulation of this regularisation
and to propose an extension in terms of a non-local regularization model with a dynamic length scale that is shown to
scale as the cohesive zone.

INTRODUCTION
Faults often separate materials with different elastic properties. This is even more evident for subduction
zones where oceanic plate subducts below an over riding continental plate down to the continental mantle.
Several analytical studies in the case of steady-state rupture propagation between different materials,
starting with the pioneering work by Weertman (1980), showed a break of symmetry that leads to an illposed problem for a wide-range of elastic material contrasts with classical friction law. Laboratory
experiments (Prakash & Clifton, 1993) revealed a not instantaneous response of shear strength in response
to an abrupt perturbation of the normal stress. Based on these experimental results, a experimental-based
regularization law was proposed originally proposed by Cochard and Rice (2000) and Ranjith and Rice
(2001) and further analysed numerically by Rubin and Ampuero (2007).
INVESTIGATION OF THE REGULARIZATION
The Prakash-Clifton regularization introduces a time delay between the normal stress perturbation and the
frictional shear strength response: the effective normal stress  , used in the friction law is forced to
smoothly vary as an effect of normal stress variations. This delay can be written as:
⎡
1
1⎤
σ eff ( x, t ) = ⎢α
+ (1 − α ) * ⎥ (σ n ( x, t ) − σ eff ( x, t ))
t ⎥⎦
⎢⎣ tdyn ( x, t )

tdyn ( x, t ) =

δl
δ v ( x, t )

(1)

where  and    represent a characteristic slip and the local slip rate respectively, whereas   is a
characteristic time scale. The delay depends on two time scales: the former (  ) is a dynamic time scale
that varies accordingly to slip rate, the latter (  ) is a constant time scale. This model is able to
regularize the problem both analytically and numerically, providing numerical solutions independent of
grid size. We investigate here numerically the physical meaning of both terms in (1) and their effects on
the numerical rupture dynamics, and the numerical convergence, through a parametric study.
For the dynamic time scale (𝛼=1), varying  in a range between  and  of  , the critical slip
weakening distance, we found that as  decreases, finer mesh discretization is required grid convergence.
Similar results are achieved for constant time scale (𝛼=0) as   decreases. For dynamic time scale, there
exists a critical value   below which the perturbations of  - and thus the dynamics of models – do not
depend on the regularization (Fig. 1a). For this critical   , the normal stress relaxation occurs for a slip
smaller than the critical slip distance .
We also propose a new regularization based on a non local criterion, with the introduction of a critical
dynamic length scale proportional to the actual size of the cohesive zone :
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σ eff =

(

1
σ n − σ eff
t*

)

t* =

β PZlength (t )
Vasymptotic

(2)

where the dynamic time scale is defined as the ratio between process zone length and the asymptotic
rupture speed   , for     . This regularization is shown to provide similar results as the
previous dynamic scale regularization, suggesting a critical length  below which the regularization no
longer affects the dynamics. This dynamic length scale is controlled and proportional to the process zone.
This length scale can be analyzed within the framework of singular fracture mechanics in the context of
interfacial crack in relation with the near crack-tip oscillatory behavior (Williams, 1959). This oscillatory
singularity induces complex Stress Intensity Factors (SIFs) requiring the definition of a nontrivial length
scale.

          
                 
            

CONCLUSIONS
Dynamic simulation of rupture propagation along bimaterial interfaces requires a frictional regularization
with a dynamic time scale. This time scale may be defined as the ratio between the critical slip weakening
distance and the slip rate. Other regularization can also be obtained by introducing a dynamic time scale
based on the ratio between the actual size of the cohesive zone and the asymptotic rupture speed. We argue
that a physical length scale governs the shear and normal stress coupling for rupture propagating along
interfaces between dissimilar materials.
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ON THE EFFECTS OF PLASTICITY IN HYDRAULIC FRACTURES
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Summary A yield surface composed of multiple yield functions, including tension cut-off and cap hardening modes, is proposed and
implemented in a peridynamic framework. The model is incorporated in a hydraulic fracture simulator, allowing the influence of inelasticity
in hydraulic fracturing to be investigated and compared to experimental observation.

INTRODUCTION
It is not uncommon for classical geophysical models to assume a linear elastic state throughout the duration of a highly
deforming, or fracture inducing simulation. This assumption may be conditionally supported by laboratory experiments, if
in-situ conditions are neglected. However, under geologic confinement, in-situ conditions may be great enough to produce
non-brittle response in geomaterials, resulting in inelastic behavior due to pore collapse and micro-crack coalescence. The numerical complexities required for such modeling is compounded by the limitations of classical local theories in incorporating
discontinuities, such as those found in fractured media. In response to such limitations, a new formulation of continuum mechanics, known as peridynamics, was introduced by Silling[1, 2]. This work expands on the description of non-local, ordinary
peridynamic inelastic behavior described by Mitchell[3], and Lammi[4], where a peridynamic constitutive model was related
to the classical Drucker-Prager plasticity model. A cap model is proposed, expanding on the current pressure dependent yield
model to include the hardening effects associated with inelastic dilatation. The model is compared to classical compaction
experiments, and further applied to in-situ hydraulic fracture applications, where confinement results in inelastic behavior,
resulting in enhanced modeling of additional yield regimes.
APPLICATION TO HYDRAULIC FRACTURE
In the effort to create new technology to enhance our ability to retrieve usable hydrocarbons, the technique of hydraulic
fracturing has shown to be extremely beneficial. This involves pumping fluids at high pressures to induce and propagate
fractures near the wellbore to stimulate production in otherwise low permeability reservoirs. In order to better understand
the physical processes involved, several models have been proposed with varying assumptions and applicability. Under the
description of classical continuum mechanics, discontinuities such as fractures introduce a singularity at the fracture tip where
stresses become infinite. This unrealistic behavior is explained by the effects of inelasticity, where permanent deformation is
occurring. Inelasticity introduces blunting at the crack tip, making the resulting stresses finite. However, incorporating such
effects is numerically challenging, as the equations may be highly non-linear and require additional numeric solvers. Due to
the complexities of these models, including strong fluid-solid coupling, it is often assumed that the mechanical behavior will
adhere to classical linear-elastic fracture mechanics. This assumption is adequate when inelastic regions are relatively small,
but even so, special conditions must be imposed at the fracture tips. As hydraulic fracturing models continue to advance, it is
becoming evident that the resulting fractures or fracture networks are much more complicated than a single planar fracture,
as is often modeled. This should be kept in mind when deciding the influence of inelastic behavior. It has been observed
that hydraulic fracturing models using the linear-elastic theorem may underestimate the net-pressures required to propagate
fractures [5]. This is especially true for the case of ductile soft or unconsolidated reservoirs, where plasticity has demonstrated
the ability to more accurately describe observed field and laboratory values of fracture geometry and the net-pressure required
to propagate fractures.
FORMULATION OF YIELD FUNCTIONS
The proposed model is composed of three yield surfaces, which may depend on the deviatoric force state, td , the peridynamic pressure, p, and a hardening parameter, pc . These yield surfaces, displayed in fig: 1, include a Drucker-Prager related
failure surface F1 (td , p), elliptical cap F2 (td , p, pc ), and tension cutoff F3 (p).
Here, a set of allowable scalar force states, N , within the set of all scalar force states, S, is defined by yield surface
functions, Fi , that define the yield surface.
N = {t ∈ S|Fi ≤ 0} f or i = 1, 2, 3
∗ Corresponding
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1

(td • td ) 2

F1 = 0
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F3 = 0
p
po

Y (pc )

Z(pc )

Figure 1: Yield Surface Diagram
The proposed elliptical cap F2 is defined as :
F2 (td , p, pc ) = Fcap (td , p, pc ) − (βp + to ), f or pc ≤ p ≤ Z(pc )

(2)

where
r
d

(td • td ) +

 β 2

[p − Y (pc )]2
(3)
R
In the above, β is an internal friction constant described in [4], to is a material strength parameter, R is a material parameter
describing the cap, and Y (pc ) is defined as:


pc if pc > 0
Y (pc ) =
(4)
0 if pc ≤ 0
Fcap (t , p, pc ) =
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DRIVING MECHANISMS OF DEEP GEODYNAMIC PROCESSES
Abay Baimukhametov*1, Anatoliy Egorov1, Kapal Koksalov1, Nikolay Маrtynov1, Murat Baimukhametov1,
Amanzhol Таnirbergenov1
1
Institute of mechanics and machine sciences, Almaty, Kazakhstan

Summary Deep geodynamics is determined by the spatial movement of the Earth: rotation around its own axis and orbital revolution
around the Sun in the Newtonian gravitational field interactions Moon, the Sun and the planets of the Solar System. These
interactions are the external forces of cosmic origin. The forces of inertia rotation of the Earth, along with the forces of interaction
between the inner layers and temperature gradients, apply to internal body forces. Taking into account forces operating to the Earth
driving mechanisms of deep geodynamic processes are constructed.

INTRODUCTION
In Kazakhstan, many problems in the mechanics of the Earth in its unified interpretation set by academician
Zh.S.Erzhanov and solved by his pupils [1-6]. In researches of deep geodynamics to the fore a problem with the study
of the structure and the processes occurring in the boundary between the mantle and the core layer [7]. The mechanism
of interaction between the internal and external layers of the Earth is based on the dynamics of the Earth's axial rotation.
Influences of endogenous processes apply to all external covers of the Earth. Geodynamo generates the Earth's outer
core magnetic field covers the entire planet. Uneven rotation of the inner solid core, caused by external factors,
manifested in the relief and seismicity of the Earth. The greatest influence on the Earth has a moon. The gravitational
effect of the sun is also one of the reasons for the solid tides, although on a smaller scale than the moon.
LAYERED VISCOELASTIC MECHANICS OF THE EARTH
Layered viscoelastic mechanics of the Earth where the source of its dynamic development, the force of inertia of the
internal asynchronous rotation and viscous forces from the spherical Couette flow in the liquid layers is constructed.
These forces determine the nature of the internal geodynamic pressure and tangential tensions. It was found that
depending on the difference between the angular velocities of the inner covers Earth can be under full compression or
expansion.
BIFURCATION VIBRATIONS DILATED MODEL OF THE EARTH
The dynamic buckling vibrations dilated model of the Earth, rotating in a force field due to the moon and the sun were
investigated. The main subcritical stress-strain state of the model of the Earth was found. Determined the disturbance
associated with fluctuations in the bifurcation model of the Earth. Were derived the boundary conditions for the stability
of oscillation. Were abstracted the frequency of bifurcation oscillations dilated model of the Earth. Was found a
measure of the dynamic susceptibility, depending on the frequency of the bifurcation of oscillations and the observed
frequency of free oscillations, which provides resonance phenomenon.
MECHANISM OF LOCAL CHANGES LITHOSPHERE THICKNESS
The mechanism of local changes of thickness of a lithosphere as a result of instability of deformation of an ellipsoidal
lithosphere cover of the Earth under the influence of the internal pressure and volume forces of inertia of rotation was
founded (Fig.1). Stability of deformation was investigated by a Leybenzon-Ishlinsky method. The main stress and strain
state is considered in the same form the boundaries of the body, and in view of the disturbed elements turns the borders
of the body in the process of transition to a related form of equilibrium. Was determined the asymmetric form of
disturbances that lead to loss of stability of an ellipsoid of revolution. There is an exponential growth of perturbations of
components in time, accompanied by vibration changes.

Fig. 1. Lines of the maximum thinning
*
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DYNAMICS OF EARTH'S INNER CORE
The dynamics of the Earth's inner core, taking into account the forces of viscous resistance of the outer core and its
own gravitational force was examined. Studied the oscillatory motion of the inner core on a small time interval in its
own gravitational field. Investigated the damping of the amplitude of the vibration motion of the inner core to the large
time interval in its own gravitational field (Fig.2). The conclusion was that the core has the property of eccentricity. The
motion of the inner core of the Earth in case of registration of the geomagnetic field was investigated. Was concluded
about the smallness of the magnetic field effect on the overall picture of the inner core. Investigated the oscillatory
motion of the inner core of the Earth in a Newtonian field of external center of attraction. Founded influence the
mechanical properties of the core and the outer center of attraction in its oscillatory mode. As an example, consider the
gravity field of the Moon and the Sun's gravity field.

Fig. 2. Fluctuations of the inner core on time intervals of two periods and 120 days
MECHANICS DEEP SALT DIAPIRISM
Based on the model Rayleigh-Taylor instability in the Boussinesq approximation with an exponential dependence of
viscosity on temperature is developed and justified a numerical model of the formation of the salt diapirs at great depths
the Earth's interior. Then conducted numerical simulation allowed us to estimate the basic parameters, patterns and
characteristics of the nonlinear stage of the formation of the deep salt diapirism. The carried-out then numerical
modeling allowed to estimating key parameters, regularities and features of a nonlinear stage of process of formation of
a deep salt diapirism (Fig.3). Was suggested method of estimating the possible areas of oil and gas traps. It has been
shown that hydrocarbon reservoirs are attached to areas of high temperature gradients.

Fig. 3. Spatial profiles of a deep salt diapirism in various time points
CONCLUSION
Described driving mechanisms complement a wide class of models of the motion of matter in the subsoil of the Earth,
the mechanism of the dynamic interaction of the components of the Earth in close connection with the evolution of the
Earth's interior tasks during the period of formation and development of Earth.
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MOVEMENTS OF EARTH’S SURFACE IN A SOURCE ZONES OF LITHOSPHERE
BY SATELLITE DATA
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Summary The experimental study of the modern movements of the Earth's surface was developed and based on the
processing and analysis of satellite GPS data from international center SOPAC. The slow crustal movements of the
Northern Tien Shan in tectonic faults was investigated using the methods of satellite radar interferometry and GPS data
processing [1-2]. Initial data for Almaty city, located in a high seismic activity, was selected from ENVISAT ASAR
archive. Satellite data from 2003 to 2010 totaled 90 images for the area of 100x100 km, covering the city area. A result was
performed with StaMPS software package. The study of slow tectonic motions on Nothern Tien Shan region based on GPS
data processing and analysis using GAMIT/GLOBK software package. Maps of the velocity distribution in tectonic faults of
the Northern Tien Shan for 2003-2014 in the reference system related to the Eurasian continent.
Seismicity of the mountain regions and surrounding flatlands of Kazakhstan is caused by their accessory to the
difficult Eurasian continent in the geodynamic relation within which orogenesis is a consequence of interaction of large
lithospheric plates. The Northern Tien Shan region characterizes with the greatest activity for the last 125 years where there
were strongest earthquakes. Urbanized agglomeration Almaty with a dense population is located in this seismic active area
[3]. All these listed factors define a relevance of this research.
Data of satellite measurements are actively used in study of the Earth’s surface movements at the present stage.
Intensity of tectonic Earth’s movements usually are measured by millimeters a year and to distinguish them from other
processes happening both on the Earth’s surface and in subsoil, it is possible only applying various tool methods and taking
high-precision long measurements. The modern movements come to light by complex application of various methods,
including geological, geomorphological, geophysical, geochemical, astronomical, geodetic.
For definition slow earths movements of the Northern Tien Shan in tectonic breaks zones there were used methods of
a spaceborne radar interferometry and processing of GPS data. The method of a satellite interferometry is based on the
effect of an interference of electromagnetic waves and mathematical processing of coherent amplitude-phase measurements
of several images on the same site on the Earth’s surface. For interferometric processing of Almaty city input data was
chosen images from the satellite ENVISAT ASAR.
Processing of GPS data was carried out by the GAMIT/GLOBK software. For comparison parameters of modern
movements of the Earth’s surface region were calculated in two reference systems, rather Eurasian continent and the Earth’s
center. For each GPS point of a network graph of annual temporary displacements were analyzed on each of three
components in the directions the South-North (SN), the West-East (WE), up-down (UP) with removal from the subsequent
calculations of abnormal deviations of the technogenic nature.
The studied region includes 30 stations of the International Ground Station (IGS) Network and 10 GPS stations of a
local network. Maps of the velocity field of movement of the Earth’s surface of the Northern Tien Shan for 2000-2014 were
processed in a geocentric reference system concerning the Earth’s center of gravity. Concerning the Earth’s center the
prevailing horizontal movement of the region is the movement in the direction the East North East at values of the velocity
of 1-6 mm/year for northern the SN components and 21-28 mm/year for east WE. In the vertical movement was established
the steady raising of the western part of the territory with a velocity of 1.5-3.0 mm/year and lowering east with velocity of
1.5-2.0 mm/year. The vertical displacement velocities of the Northern Tien Shan territory by GPS data don't conflict with
modern concepts of seismotectonic zoning and confirmed by the latest figures zoning epi-platformal orogens on motion
mode. Sign-variable sites of vertical velocities coincide with areas of uplift and subsidence (foothill and intermountain
hollows) of various temporary duration and reflect the modern active geodynamic movements of the territory.
As a result of the processing of the Persistent Scatterers method the map of vertical movements of the Earth’s surface
was received for the period from 2003-2010 according to SAR imaging on the territory of Almaty city. The resultant
product of processing of the PS method belongs to measurement of linear shifts and gives output values of height of
separate reflectors (points) [4]. The values of vertical movements of the Earth’s surface calculated on the PS method are
defined with millimeter accuracy.
The preliminary results received by data processing of SAR imaging on the territory of Almaty city showed that the
most part of the settling reflectors are located in foothill areas and surrounding territories. The map of vertical displacements
of the Earth’s surface of Almaty city for 2003-2010 years according to satellite radar imagery is shown in figure 1.
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Figure 1 – The map of vertical displacements of the Earth’s surface of Almaty city for 2003-2010
CONCLUSIONS
The analysis of spatio-temporal distribution of velocities and displacements of the Earth's surface of the Northern
Tien Shan from 2000 to 2014 was carried out by results of GPS monitoring on stationary points. The created maps reflect
the general trend of the direction of the movement of the Earth's surface in the region and confirm structurally tectonic
constructions according to geologic-geophysical data. The vertical movements of the earth surface in the region of Almaty
were studied based on radar images from satellite ENVISAT ASAR. Based on these maps of vertical displacements of the
Earth’s surface by satellite radar interferometry were noted intensive vertical movements in fault zones of the southern part
of the considered Almaty region.
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A CLOSED-FORM SOLUTION FOR THE ELASTOPLASTIC ANALYSIS OF
CIRCULAR OPENINGS IN ROCK MASS OBEYING THE GENERALIZED HOEK-BROWN
FAILURE CRITERION
Shailendra Sharana)
Bharti School of Engineering, Laurentian University, Sudbury, Ontario, Canada
Summary In this paper, a closed-form solution is proposed for the axisymmetric elastoplastic plane strain analysis of
displacements around circular openings in rock mass governed by the generalized Hoek-Brown failure criterion. Both associated
and non-associated plasticity are considered. The solution is obtained by linearizing the non-linear failure criterion piecewise
using the least-squares regression. The existing closed-form solution is based on a simplifying assumption that may result in
significant errors. Other analytical solutions require the numerical solution of a differential equation. By comparing the results
obtained by using the proposed solution with those obtained by using a numerical method for several cases, it is shown that the
proposed solution produces reasonably accurate results even if a bilinear or trilinear approximation is considered and any desired
level of accuracy may be achieved by using multilinear approximations.
INTRODUCTION
For many types of rock, particularly for a jointed rock mass, the conventionally used Mohr-Coulomb failure criterion
may not be suitable [1]. For such rock masses, the recently proposed generalized Hoek-Brown [2] failure criterion is more
appropriate. This failure criterion is expressed as follows:
𝜎1 = 𝜎3 + 𝜎𝑐𝑖 (𝑚𝑏

𝜎3
𝜎𝑐𝑖

+ 𝑠)

𝑎

(1)

where 1 and 3 are the major and minor principal stresses at failure, ci is the uniaxial compressive strength of the intact
rock material, and mb, s and a are material constants which depend upon the Geological Strength Index of the rock mass and
the degree of disturbance to which the rock mass has been subjected by blast damage and stress relaxation.
For the preliminary analysis and design of underground openings encountered in engineering projects such as
tunnelling, mining, hydroelectric power generation, disposal of nuclear wastes and underground storage, a closed-form
solution is preferred. If the material non-linearity and plasticity have to be considered, such solutions are generally feasible
for simplified axisymmetric problems only. For this reason, it is generally assumed that the rock mass is homogeneous,
isotropic and extending to infinity, the circular opening is ‘deep’ and a plane strain situation is valid.
Based on these assumptions, analytical solutions for stresses and displacements around circular openings in elastoplastic
and elastic-brittle-plastic rock masses governed by the generalized Hoek-Brown failure criterion were presented in [3-4].
These solutions require numerical methods for the solutions of a nonlinear equation to obtain stresses and a differential
equation to compute displacements. To circumvent this, approximate closed-form solutions were proposed for stresses in [5]
and for displacements in [4]. The solution for displacements was based on the simplifying assumption that the elastic strain
parts in the plastic zone are given by the elastic solutions for the plastic annulus [6]. As a result of this approximation, the
error in displacements could become significantly large [4] for some cases of dilating rock masses.
The objective of this paper is to propose an accurate closed-form solution for the axisymmetric elastoplastic analysis of
displacements around circular openings in rock mass governed by the generalized Hoek-Brown failure criterion considering
both associated and non-associated plasticity.
THE PROPOSED ANALYSIS
To derive the proposed solution for displacements in the plastic zone, the existing solutions [4-5] for stresses at the
elastic-plastic interface were used. The nonlinear generalized Hoek-Brown failure criterion was then linearized piecewise
within the existing range of the minor principal stress. For the ith linearization segment, the failure criterion may be written
as
𝜎1 = 𝑀𝑖 𝜎3 + 𝐶𝑖

(2)

where Mi and Ci are linearization parameters that may be expressed in terms of the equivalent cohesion and the angle of
internal friction of the rock mass for Mohr-Coulomb failure criterion. The linearization was done by using the least-squares
regression. Explicit expressions for Mi and Ci were thus obtained by solving the following systems of linear equations:
a)
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𝜎

2𝑀𝑖 (𝜎33𝑖 − 𝜎33𝑖−1 ) + 3𝐶𝑖 (𝜎32𝑖 − 𝜎32𝑖−1 ) = 6 ∫𝜎 3𝑖 𝜎3 𝑓(𝜎3 )𝑑𝜎3
3𝑖−1

𝜎

𝑀𝑖 (𝜎32𝑖 − 𝜎32𝑖−1 ) + 2𝐶𝑖 (𝜎3𝑖 − 𝜎3𝑖−1 ) = 2 ∫𝜎 3𝑖 𝑓(𝜎3 ) 𝑑𝜎3
3𝑖−1

(3a)

(3b)

where 𝜎3𝑖−1 and 𝜎3𝑖 are the minimum and maximum principal stresses in the i th linearization segment and f(3) = 1 is
given by Equation (1). The integrations in the above equations are carried out analytically.
The corresponding plastic potential function Qi for the ith linearization segment was assumed to be linear and given by
𝑄𝑖 = 𝜎1 − 𝑁𝑖 𝜎3

(4)

where Ni represents the dilatancy of the rock mass expressed in terms of the angle of dilation. Special cases of Ni = Mi and
Ni = 1for all segments correspond to the associated plasticity and a non-dilating rock mass, respectively.
An existing closed-form solution [7] for the piecewise-linear Mohr-Coulomb failure criterion was extended and then
applied to the present problem. The solution for displacements was then obtained in the form of a closed-form finite series.
Solutions for bilinear and trilinear approximations were then obtained as special cases.
NUMERICAL VALIDATION
In order to validate the solution thus obtained, several example cases were analysed by varying the mechanical
properties of rock mass, in situ stresses and the support pressure. Convergence tests were performed by increasing the
number of linearization segments. Results thus obtained were compared with ‘exact’ solutions computed by solving the
differential equation numerically.
The proposed closed-form solution was found to produce reasonably accurate results even if only a bilinear or trilinear
approximation was used and a high level of accuracy could be achieved by considering multilinear approximations.
CONCLUSION
An accurate closed-form solution was proposed and validated for the axisymmetric elastoplastic plane strain analysis of
displacements around circular openings in rock mass governed by the generalized Hoek-Brown failure criterion considering
associated and non-associated plasticity. Practically accurate results were obtained by using a bilinear or trilinear
approximation of the failure criterion and any desired level of accuracy could be achieved by using multilinear
approximations.
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ANALYSIS ON THE STRENGH OF ROCK MASS BASED ON FRACTURE FRACTAL
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Summary There are a large number of cracks in rock mass of the mine and tunnel, which affect the strength of the rock mass, and then affect
the stability of mine and tunnel engineering. With the fractal theory and statistical fracture mechanics method, the statistical strength of rock
mass under the rock mass fracture evolution is studied. The relationship between the rock mass strength and fractal dimension is established,
and the corresponding relation diagram is drawn. Analysis results show that the fractal dimension can be used as a parameter of rock mass
damage state, and the strength of rock mass decreases with the increase of fractal dimension.
INTRODUCTION
The rock mass is different from other materials because of the random distribution characteristics of the fractures, and it is
difficult to describe the irregularity by the traditional Euclidean geometry. On the basis of the former work, we improve the
way to analyze the statistical strength of rock mass. With the similar material model test and fractal geometry theory, we
give out its fractal evolution law. Based on different crack types, the relevant rules of the fractal dimension and the strength
of rock are explored, which provide a way to study the mechanical characteristics of the fractured rock mass by using the
nonlinear mathematical method. The study is useful for the analysis of the distribution of the rock mass cracks in the
underground engineering, and it can provide theoretical basis for practical engineering.
FAILURE MODE AND CONDITION OF FRACTURED ROCK MASS
By the analysis of the strength of fractured rock mass, we find the failure mechanism of the crack in rock mass. When the
crack size is much smaller than the size of rock mass and the lithology of rock mass is hard and brittle, the crack damage
can induce cracks and weaken strength of the rock mass, which can be analyzed by statistical fracture mechanics. Some
experts and scholars in the previous analysis were only considered a single crack influence, this paper uses two types of
crack analysis and consider the existence of multiple crack interaction.
TypeⅠ Failure criterion
With the help of fracture mechanics and the corresponding mathematical transformation:

2b
a
(1)
K 
a
tan

a
2b
In the above equation, 2b tan a is a correction factor. It indicates the effect of other cracks on K Ι .
a
2b
TypeⅡ Failure criterion
K ΙΙ 

τ
2b
πa σ1  σ2
πa
πa
tan

sin 2 θ 2 btan
α
πa
2b
2α
2b

(2)

RELATIONSHIP BETWEEN AVERAGE STRENGTH AND FRACTAL DIMENSION
The probability of fracture failure can be obtained through the Weibull hypothesis of the defect distribution and the weakest
link of the fault events:
(3)
The distribution function of the crack size is:
TypeⅠCrack analysis: Combine Eq.(1)(3)(4):
a)

(4)
(5)
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Take the average intensity of rock mass as Mathematical expectation of strength:
(6)
TypeⅡ Crack analysis: According to the weakest link of the fracture event:
(7)
Inserting Eq.(2) into (3), and consider the distribution of cracks. So:
D






2


 θ θ  
π

πa0
N 


exp 
σ   exp 
 dθ dσ (8)
2
0
 0
2W 2  
2αK ΙΙC 
2πW 

1



 2btan

2
2
2




σ
b
1

γ
sin
2θ




Through numerical analysis, the relationship curves are obtained ( Fig.1 ). From the Figure 1, type I and type II all showed
that the strength of rock mass decreases sharply with the increase of fractal dimension, tends to be stable value, and the
fractal dimension value can be used to describe the strength of rock mass.





Fig.1 The curve of mining fractured rock mass strength and the fractal dimension value

CONCLUSIONS
The failure criterion of type I and type II crack was analyzed by using Westergaurd method. The fractured rock mass strength
caused by type I crack and type II crack is analyzed, the relationship of rock mass strength and fractal dimension is established.
The analysis results show that the fractal dimension can be used as the parameters of rock mass damage state, the strength of
rock mass decreases with the increase of fractal dimension, and the strength of rock mass can be estimated by the fractal
dimension of fracture evolution.Through the analysis of the average strength of fractured rock mass under different types of
crack failure mode, the relationship between rock mass strength and fractal dimension is obtained by means of numerical
analysis. The analysis results show that the strength of fractured rock mass is related to the fractal dimension of fracture
distribution, and the fractal dimension can be used as the parameters of rock mass damage state, and the strength of rock mass
decreases with the increase of fractal dimension, the strength of rock mass can be estimated by the fractal dimension of fracture
evolution, and the distribution of micro cracks and cracks is introduced into. the micro mechanical model.
Acknowledgements: The project's supported by Qingdao Technological University (Cooperative Innovation Center of
Engineering Construction and Safety in Shandong Blue Economic Zone)and National Natural Science Foundation of
China(No.51374135, 51179080).
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HIGH-SPEED DAMAGE VISUALIZATION AND XRD IN MATERIALS UNDER IMPACT
Weinong W. Chen1a), Matt Hudspeth1, Ben Claus1, Niranjan Parab1, Kamel Fezzaa2 & Tao Sun2
1
Schools of Aero/Astro & Mat’ls Engr., Purdue University, West Lafayette, Indiana, USA
2
Advanced Photon Source, Argonne National Laboratory, Argonne, Illinois, USA
Summary Post-peak damage and failure of materials under impact loading is a critical aspect in impact energy dissipation, but challenging
to experimentally characterize, especially in opaque materials. We recently integrated Kolsky compression/tension bars with high-speed xray phase contract imaging (PCI) and simultaneous x-ray diffraction (XRD) capabilities to visualize the material impact damage at different
length scales in real time. The effectiveness of the novel union between these powerful techniques is demonstrated by a series of dynamic
experiments on a variety of material systems, including particle interaction in granular materials, fiber-matrix debonding in cruciform
specimens, ligament-bone junction damage, and microstructural evolutions in an aluminum and a shape-memory alloy.

PROBLEM DEFINITION
In impact applications, materials are desired to be used to withstand the impact load and to dissipate the impact energy
effectively. The total energy absorbed by the material is the proportional to the area under the stress-strain curve under
dynamic loading. Thus, the post-peak behaviour of the materials contributes significantly to the energy dissipation. It is
desired to understand the damage initiation and propagation in the materials, in addition to the stress-strain curves to
understand the damage and failure mechanisms and the associated amounts of energy dissipation. However, the damage
initiation and propagation are not visible in most materials that are opaque to optical high-speed cameras. Therefore, nonoptical based high-speed imaging methods are in demand.
EXPERIMENTAL SETUP
To visualize the dynamic microstructure evolution process,
both before and after peak load, inside opaque materials in real
time, we recently integrated a stress-wave loading technique,
namely Kolsky compression and tension bars, with synchrotron xray high-speed imaging and x-ray diffraction methods. In this new
experimental method, the illumination source of high-speed
imaging in stress-wave loading dynamic experiments is replaced
by a strong x-ray source for high-speed x-ray imaging. To ensure
proper contrast at the interfaces among material phases, phase
contrast imaging (PCI) technique is adopted. With the x-ray
illuminating the specimen, high-speed x-ray diffraction (XRD) is
a by-product. Both the x-rays from the direct PCI and diffraction
pass scintillators that convert the images from x-ray to visible
lights to be recorded by conventional high-speed cameras. Figure
1 shows a schematic of the experimental setup with simultaneous
high-speed x-ray PCI and XRD during a Kolsky bar experiment.
EXPERIMENTAL RESULTS
To evaluate the capabilities of this new experimental method,
dynamic experiments have conducted on a variety of material at
Figure 1. A schematic of the integrated Kolsky
Beamline 32 ID-B of the Advanced Photon Source (APS) at Argonne
bar with high-speed x-ray PCI and XRD.
National Laboratory in US. High-speed damage and failure processes
have examined in material systems include brittle particles under
compression, glass under cutting, fibers under tension, glass fiber and epoxy interface dynamic debonding, ligament and bone
interface tensile failure, and metallic samples under tension. Here we present two examples. Figure 2 shows the dynamic
tensile damage and failure process of ligament getting pulled off from the bone it was attached to. In each of the images, the
nearly vertical line dividing a darker area (the bone) on the right and a lighter region (the ligament) is the interface in between.
The dynamic tensile load is applied horizontally. The tensile damage in the ligament is clearly recognized with the
corresponding loading history displayed below the x-ray images. Figure 3 is the composition of a series of x-ray diffraction
images that were taken from a shape memory alloy under dynamic tension. The changes in the diffraction patterns are clearly
visible as the specimen is deformed under tensile loading, which induces phase transformation in the specimen. After the
a) Corresponding author. Email: wchen@purdue.edu.
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specimen fails under tensile loading, the diffraction pattern become similar to these recorded before the dynamic loading,
indicating a reverse transformation in the specimen.

Figure 2. High-speed x-ray PCI images of dynamic damage in a ligament with corresponding loading history.

Figure 3. High-speed x-ray diffraction history in a shape memory alloy under dynamic tension.

CONCLUSIONS
The integration of Kolsky bars with high-speed x-ray phase contrast imaging and x-ray diffraction enables a new angle in
impact experiments. Real-time visualization of damage processes in most materials becomes feasible. High-speed x-ray diffraction
further enables the high-speed measurement of elastic crystal straining and material phase transformation. Two examples of the
application of this new experimental method are presented in this paper to illustrate the feasibility and capability of the technique.
Experimental results on other material systems under stress-wave loading will be presented at the conference.
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DYNAMIC BEHAVIOUR OF SINGLE CRYSTALLINE SILVER MICROCUBES
Ramathasan Thevamaran1,a), Olawale Lawal1, Sadegh Yazdi1, Seog-Jin Jeon2, & Edwin L. Thomas1,a)
1
Department of Materials Science and NanoEngineering, Rice University, Houston, Texas, USA.
2
Department of Polymer Science and Engineering, University of Massachusetts, Amherst, Massachusetts, USA
Summary We present the high-velocity impact response of nanoscale face centred cubic metals, using defect-free single crystalline silver
microcubes as model materials. A laser induced projectile impact test (LIPIT) apparatus accelerates the microcubes as projectiles at velocities
between 300 and 1000 ms-1, and the microcubes directly impact a rigid target along different crystal symmetry directions. We use scanning
electron microscopy (SEM) and transmission electron microscopy (TEM) techniques to characterize the dynamic deformation mechanisms. We
explore the deformation textures resulting from different impact directions, and aim to develop a fundamental understanding of how the crystal
structure of single crystalline nanoscale metals evolves due to extreme strain-gradient and strain-rate.

INTRODUCTION
High-velocity impacts and shock compression of matter occur in various circumstances including, automobile and
aircraft crashes, collision of space debris and micrometeorites with spacecrafts, particle impacts on turbines, and armour
penetrations. A fundamental understanding of material behaviour in extreme environments—of high pressure, temperature,
strain, and strain-rate—is crucial to develop materials for protective shields and functional engineering components. Recent
advances in nanoscale mechanical characterization techniques have enabled us to investigate the intrinsic material
properties at small-scales and discover the novel scaling laws that emerge at these scales—for example, the strengthening
effects with decreasing crystallite sizes [1]. However, most of the studies on nanoscale metals so far has been limited to
quasistatic loading rates ([2,3] and references therein) due to the difficulties in conducting fast timescale experiments.
Generating shockwaves using lasers has recently been used [4,5] to probe into material responses at small lengthscales and
fast timescales. In this study, we use a laser induced projectile impact testing technique to study the high velocity impact
response of face centred cubic metals, using single crystalline silver microcubes as model materials.
MATERIAL AND METHODS
Material. We synthesized the single crystalline silver micro/nanocubes
through a moderate control of oxygen in the reaction environment in a seedgrowth process [6]. This bottom-up synthesis process results in mono-dispersed,
nearly defect-free, single crystalline silver micro/nanocubes in large quantities. By
controlling the reaction duration, we were able to synthesize silver
micro/nanocubes over a broad size range from 100 nm to 2.5 µm (size is defined
along the face-diagonal). Detailed descriptions of the synthesis technique and the
sample’s morphological characterizations can be found in [6]. The 2 µm sized
silver microcubes (Fig.1(a)) are used in this study to investigate the effects of
impact direction and velocity on the resultant deformation mechanisms.
Mechanical Testing. The LIPIT setup built in our laboratory [7] allows
selective launching of a projectile at controlled velocities between 300 ms-1 to
Fig.1: SEM images of a (a) pristine, (b) [100]
1000 ms-1, and measurement of its in-flight velocity. It consists of four main
impacted, (c) [110] impacted, and (d) [111]
components: (i) an Nd: YAG pulse laser (λ=1064 nm) and optical components for
impacted single crystalline silver microcubes.
to launch the projectile by laser ablation, (ii) launch pad—a glass substrate that is
coated first with a 50 nm gold film and then a 20 µm polydimethylsiloxane (PDMS) layer, in which the gold layer absorbs
laser energy and vaporizes causing the PDMS to rapidly expand and launch the projectile at velocities proportional to the
laser energy, (iii) rigid target—a silicon substrate coated with 100 nm gold film, and (iv) in-situ imaging of projectile inflight by a CCD camera with microscopic lens that is illuminated by three coherent pulses at 32.5 ns intervals from another
Nd: YAG laser (λ=532 nm). The setup is also equipped with another CCD camera with microscopic lens and LED
illumination to visualize and align the projectile to the focal point of the ablation laser on the launch pad. The silver
microcube samples preserved in ethanol are drop-cast on top of the PDMS layer and air-dried on the launch pad before
LIPIT.
Post-impact Characterizations. We perform high resolution SEM analysis of the impacted samples in a FEI Helios
NanoLab 660 DualBeam system. We also prepare thin lamella in the Helios NanoLab system for subsequent TEM study.
The TEM-lamella is prepared by first, coating the sample with platinum to prevent damage from focused ion beam (FIB)
milling; then, cutting trenches and performing in-situ lift-out and attachment to a TEM half-grid; finally, thinning down of
the sample to below 100 nm using low current FIB milling. It is then analysed in FEI Titan Themis3 Scanning/Transmission
Electron Microscope (S/TEM). We perform both selective area diffraction (SAD) analysis in TEM-mode and convergent
beam electron diffraction (CBED) analysis in STEM-mode to investigate the nanoscale deformation mechanisms.
a)
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RESULTS AND DISCUSSIONS
The impacted silver microcubes exhibit impact-direction-sensitive
deformation characteristics. As shown in Fig.1 (b-c), the samples
impacted at ~400 ms-1 appropriately along [100], [110], and [111]
crystallographic directions exhibit 111 110 slip systems that are
governed by Schmid’s law, which states that the critically resolved
shear stress is equal to the stress applied on the material multiplied by
the Schmid’s factor—the multiplication of the cosines of the angles,
the loading direction makes with glide plane, and the glide direction.
The slip system with the highest Schmid’s factor is the first one to get
activated, and as it can be seen in Fig.1 (b-c), dislocation avalanches
exit the crystal leaving surface steps on the faces of deformed cube.
Moreover, impacts along different crystallographic directions result in
unique deformation symmetries (Fig.1 (b-c)). The direct impact at
very high strain-rates (>108 s-1) also causes extreme strains on the
impacted side, generating plastic flow of material, while the top freeFig.2: TEM and SAD patterns of a thin section of an
surface experiences minimal strains. Large strains in the impacted
impacted silver microcube. (a) An SEM image of the sample
side of the sample are also evident from the wrinkle-like deformation
indicating the direction of TEM-section, (b) FIB crosscontours that are visible on the FIB cross-section (indicated by arrows
section of the sample as seen at 520 tilt in SEM, and (c) the
bright-field TEM image of the sample with regions (c-1) and
on Fig.2(b)). The high nominal strain gradient resulted from impact
(c-2) showing the SAD patterns obtained at the locations
suggests extreme changes in the crystallographic structure of the
indicated on (c).
material.
The SAD analysis clearly shows the effects the impact had on the initial defect-free single crystalline structure of silver
microcubes. The top corner of the sample that appears undeformed in SEM image (Fig.2 (a)), and indicated as (c-1) on
Fig.2, displays a single crystalline diffraction pattern (Fig.2(c-1)). In contrast, the highly deformed region on the impacted
side, indicated as (c-2) on Fig.2, shows a diffraction pattern (Fig.2(c-2)) that almost resembles that of a nanocrystalline
material. Such drastic changes in the crystallographic structure have not been found previously in quasistatic compression or
shock compression of single crystalline materials. We believe that the extreme strain-rates and the nearly adiabatic
compression in an extremely short timescale (~10 ns), and the subsequent rapid cooling of the small volume of sample may
have resulted in dynamic recrystallization, leading to a nanocrystalline structure within the highly deformed region of the
sample. The role of strain gradient is also evident from these diffraction patterns. Furthermore, the compression wave
generated during impact, and its successive multiple reflections as tensile waves off the free-surfaces of the small sample,
has generated a significant amount of dislocations throughout the crystal. Such dislocations were observable on the darkfield TEM images, even in the regions that remain single crystalline.
CONCLUSIONS
We have shown the role of crystal symmetry on the high strain-rate deformation symmetries of single crystalline face centred
cubic metals, using silver microcubes as a model material. The extreme strain gradients and the high strain-rates caused during
the direct impact in LIPIT results in creation of a nanoscale crystallographic structure. Further studies are in progress to
understand the deformation mechanisms that are employed by the crystal in undergoing plastic deformation and large shape
changes, and their sensitivity to the strain-rate. Our studies also suggest pathways to making stronger nanocrystalline metals with
gradient-nanostructure that provides more ductility, which will alleviate catastrophic brittle failure observed in nanocrystalline
metals [8].
Acknowledgements
We acknowledge Dr. Siddartha Pathak (University of Nevada, Reno) and Dr. Nathan Mara (Los Alamos National Laboratories) for conducting quasistatic
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EXPERIMENTAL INVESTIGATION OF THE DYNAMIC BEHAVIOR OF METACONCRETE
Christian Kettenbeil1, Guruswami Ravichandran1
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, California, US

1

ABSTRACT
This study investigates the dynamic material behavior of a new type of concrete called Metaconcrete. Instead of sand,
stone and gravel, the concrete mortar is filled with spherical lead aggregates that are encapsulated by a soft coating. This
locally resonant metamaterial exhibits bandgaps that lead to the attenuation of applied stress waves at the inclusion’s
eigenfrequencies. Plate-impact experiments are being conducted to prove the viability of the underlying physical concepts for
the attenuation of elastic waves. To reduce the effects of porosity and inhomogeneity, the mortar material is substituted by an
epoxy matrix. Strain gauges on the specimen surface are used to evaluate the performance of the Metaconcrete microstructure.
Initial conditions were varied with respect to impact velocities (18 m/s - 100 m/s) and flyer plate thickness (0.8 mm – 25.4
mm). The elastic waves were attenuated by 43% - 72%, showing the potential of Metaconcrete in the dynamic loading regime.
EXPERIMENTAL PROCEDURE
Specimen Design
Previous numerical investigations of Metaconcrete [1], showed that the Young’s modulus of the soft coating should be one
order of magnitude lower than the modulus of the matrix phase. This stiffness ratio was found to be a good compromise between
impeding oscillations and transferring energy to the resonant aggregates. Since the mortar was substituted by an epoxy, a softer
inclusion coating made from Polyurethane was selected. The specimen design is shown in Figure I.

Figure I. Dimensions and composition of Metaconcrete specimen
The stiffness and geometry of the soft coating was tailored such that the resonance frequency of the heavy cores falls well
within the frequency content of the applied stress waves. For frequencies above resonance (f > fres), a negative effective mass is
obtained due to the out of phase motion of the heavy aggregates, which results in favorable wave attenuation properties. The
resonance frequency fres can be approximated by a one dimensional, analytical framework that considers the Young’s modulus Ec
and the thickness t of the soft coating as well as the radius Rl and density ρl of the lead aggregates [2]. A frequency range of 10 –
14 kHz is obtained for the studied Metaconcrete microstructure, depending on the value of Ec, which is different for tensile and
compressive loading.
Experimental Setup
In order to create stress waves containing frequency content that is representative of impact events, the Plate-Impact
technique was employed. An Al 7075 flyer plate (thickness 0.8 - 25.4 mm) is accelerated in a 25.4 mm diameter gas gun to
impact the Metaconcrete specimen. The flyer plate is attached to a low density foam sabot to guarantee a planar impact.
Propagating stress waves are measured using three strain gauges that are applied to the specimen surface centered between
two inclusions. A Phantom v310 high-speed camera (78,000 frames per second) was used to measure the projectile velocity,
confirm a planar impact and observe fracture patterns during the experiment. Additonal experiments were carried out to extract
frequency information from the oscillating heavy cores. For this purpose, the high-speed camera was used to record images
of a speckle pattern that was applied to the lead spheres before the coating process. Digital image correlation (DIC) is
employed to measure displacements using a 49x49 pixel correlation window. Complicating refraction effects due to the nonplanar geometry of both the inclusions and the specimen mean that only a small area, close to the aggregate’s center, can be
used for correlation. However, this information is sufficient for the extraction of the sphere’s rigid-body motion and its
associated eigenfrequencies.
a) Corresponding author. Email: ravi@caltech.edu
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RESULTS AND DISCUSSION
Figure II shows the strain gauge readings for the impact of a 2.3 mm thick aluminum flyer plate. As a reference, an
identical experiment was conducted on a homogeneous epoxy specimen. Even though the impact velocity for the
Metaconcrete specimen was 10% higher (48.8 m/s vs. 44.6 m/s), a reduction of 63% in maximum strain, compared to the
epoxy specimen, was obtained after the 3rd inclusion.

a)
b)
Figure II. Comparison of the (a) Epoxy and (b) Metaconcrete specimen strain attenuation under plate impact with a 2.3 mm
thick Al-flyer plate at 44.6 m/s and 48.8 m/s, respectively.
Additional experiments with equal impact energies have been carried out to study the effect of the flyer plate thickness.
The thickest, tested flyer (25.4mm) only reduced the maximum, longitudinal strain in the specimen by 43% compared to a
homogeneous epoxy specimen. In contrast, the thinnest flyer reached an attenuation of 72%. Since the frequency content
should not depend strongly on the flyer thickness, the results suggest that a longer stress wave duration has a negative impact
on the Metaconcrete performance.
Experiments with higher impact velocities (100 m/s) lead to fracture processes in the specimen. Nevertheless, a reduction
in the maximum, longitudinal strain of 49% could be observed. This result is of great importance considering possible
applications in impact shielding using a mortar matrix, which is prone to brittle fracture.
Based on the results of the DIC measurements, distinct oscillatory modes could be identified. The frequency of the first
mode (11.15 kHz) falls well within the range given by the analytical approximation (10-14 kHz). This shows that the energy
absorption mechanisms are well understood and can be characterized using simple, analytical models. Thus, Metaconcrete
microstructures can be tuned to be effective in a given frequency range.
CONCLUSION
The work presented here proves the viability of locally resonant metamaterials for structural applications involving stress wave
loading. It has been shown that an appropriately structured Metaconcrete can attenuate the maximum strain experienced by the
matrix material by more than 70% after only three oscillating inclusions. This favorable material behavior persists in the presence
of fracture, which encourages the use of this microstructure for brittle materials such as concrete mortar.
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FRQGLWLRQVRIVKRFNZDYHORDGLQJDWYDULRXVWHPSHUDWXUHV7KHPHDVXUHPHQWVDUHEDVHGRQWKHDQDO\VLVRIGHFD\RIHODVWLF
SUHFXUVRUZDYHVDQGRQWKHPHDVXUHPHQWVRIWKHULVHWLPHVRISODVWLFVKRFNZDYHV
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)LJXUH  SUHVHQWV WKH H[DPSOHV RI PHDVXUHG IUHHVXUIDFH YHORFLW\ KLVWRULHV RI ³DVUROOHG´ DQG DQQHDOHG WLWDQLXP SODWHV RI
WZRGLIIHUHQWWKLFNQHVVHV$OOWKHUHFRUGHGYHORFLW\KLVWRULHVFRQWDLQDGLVWLQFWHODVWLFSUHFXUVRUZDYHIROORZHGE\DSODVWLF
VKRFN ZDYH 7KH VKRFN FRPSUHVVLRQ RI ³DVUROOHG´ WLWDQLXP RFFXUV PRQRWRQLFDOO\ DQG WKH SDUDPHWHUV DW WKH HODVWLF
SUHFXUVRUZDYHUHPDLQDOPRVWXQFKDQJHGDVWKHZDYHSURSDJDWHV7KHDQQHDOLQJGHFUHDVHGWKHGHQVLW\RIGLVORFDWLRQVLQWKH
PDWHULDO%HFDXVHRIWKDWKLJKHUGLVORFDWLRQVSHHGVDQGFRUUHVSRQGLQJO\KLJKHUVWUHVVHVDUHUHTXLUHGWRSURYLGHKLJKVWUDLQ
UDWHV$VDUHVXOWWKHUHFRUGHG+(/YDOXHWXUQVRXWWREHKLJKHUIRUWKHDQQHDOHGPDWHULDOLQVSLWHRILWVORZHUKDUGQHVV7KH
IROORZLQJSODVWLFGHIRUPDWLRQLVDFFRPSDQLHGE\PXOWLSOLFDWLRQRIGLVORFDWLRQVWKDWFDXVHVWKHVWUHVVUHOD[DWLRQDQGIRUPLQJ
RI D VSLNH LQ WKH IURQWDO SDUW RI WKH HODVWLF SUHFXUVRU ZDYH 7KH FRPSUHVVLRQ UDWH LQ SODVWLF VKRFN ZDYH LV SUDFWLFDOO\ WKH
VDPHIRUERWKPDWHULDOVWKDWSUREDEO\PHDQVWKHVDPHGHQVLW\RIPRELOHGLVORFDWLRQVDWWKLVVWDJHRIWKHFRPSUHVVLRQ
)LJXUHSUHVHQWVSODVWLFVWUDLQUDWHVDVIXQFWLRQVRIWKHVKHDUVWUHVVLQDFFRUGDQFH ZLWK WKHGHFD\UDWHRIWKHHODVWLF
SUHFXUVRU ZDYH 2YHU WKH UDQJH RI WKH ZDYH SURSDJDWLRQ GLVWDQFHV IURP  PP WR  PP LQ WKH DQQHDOHG PDWHULDO WKH
SODVWLFVWUDLQUDWHLQWKHHODVWLFSUHFXUVRUZDYHYDULHVZLWKWKHVKHDUVWUHVVDV J    W W    V ZKHUHW *3D 
)RU WKH ³DVUROOHG´ PDWHULDO WKH GHSHQGHQFH LV PXFK VWURQJHU )LJ  DOVR VKRZV WKH HVWLPDWHG VKHDU VWUHVVHV DQG SODVWLF
VWUDLQUDWHVLQWKHSODVWLFVKRFNZDYHV7KHFRPSDULVRQRIWKHGDWDVKRZVWKDWDWWKHVDPHOHYHORIWKHVKHDUVWUHVVWKHUDWH
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MODELLING LAMINATED FABRIC COMPOSITES UNDER IMPACT LOADS
1

Martin Schwab∗1 and Heinz E. Pettermann1
Institute of Lightweight Design and Structural Biomechanics, Vienna University of Technology, Vienna, Austria

Summary A multiscale modelling approach for predicting impact damage in fabric reinforced laminated composites is presented. Thereby,
the fabric topology of a multi-layered laminate is modelled at the level of individual tows for a sub-domain, which is embedded in a
region with a homogenised representation of the laminate. This way, inherent effects arising from the fabric topology are accounted for.
As an example, numerical simulations of a laminated plate in a drop tower impact test setup are conducted. The modelling approach
is verified against experimental data, where very close agreement between the predictions and the experiments is found. The predicted
energy absorption is compared to predictions of an equivalent ply-level model with a homogenised representation of the fabric plies, where
significant differences in the energy contributions of individual mechanisms are observed. Furthermore, the effect of different weaving
styles on the energy absorption of the laminate is investigated.

INTRODUCTION
Laminated fabric composites are widely used within the aerospace and automotive industries, as their high stiffness to
weight and strength to weight ratios are key features in lightweight applications. Impact on laminated composites represents
a complex, highly dynamic event involving nonlinear material behaviour. Various damage and failure mechanisms, i.e. fibre
rupture, matrix cracking, delamination or plasticity-like effects, occur during impact. Each of these mechanisms contributes
to the overall impact response and their interaction results in penetration or even perforation of the laminate, depending on
the actual impact scenario. Experimental testing of the impact behaviour of laminated composites is very time consuming
and expensive and, in most cases, only information on the overall impact behaviour is gained. Hence, predictive tools such
as simulations by means of the Finite Element Method (FEM) are needed for an efficient and detailed assessment of the
characteristics of laminated fabric composites subjected to impact loads.
The present paper presents a multiscale embedding approach (MEA) based on [1, 2] for simulating impact on multi-layered
laminated fabric composites, where the fabric topology is discretised at the level of individual tows. This way, inherent effects
arising from the fabric topology, such as fluctuations in the stress and strain fields, are accounted for. In order to assess their
influence on the impact response of the laminate, a ply-level based modelling approach with homogenised representation of
the fabric plies, cf. [3], is utilised for comparison. As an application example, numerical simulations of a laminated plate
consisting of eight carbon fabric reinforced plies in a drop tower impact test setup are conducted. The numerical simulations
are realised using the explicit FEM code Abaqus/Explicit v6.14 (Dassault Systemes Simulia Corp., Providence, RI, USA).
MODELLING APPROACH
A fabric reinforced laminate exhibits a complex topology. Each layer of such a laminate consists of interwoven resin
impregnated bundles of fibres (i.e. tows) and unreinforced resin zones (i.e. matrix pockets). The present approach utilises a
shell element based modelling strategy to model the fabric topology at the tow-level, cf. [1]. In order to maintain reasonable
computational efficiency, a multiscale modelling technique is utilised, cf. [2]. Thereby, the fabric topology is considered
within a sub-domain in the proximity of the impact zone, where a nonlinear material response is expected. This detailed
sub-domain is embedded in a region with a homogenised representation of the laminate.
Within the detailed sub-domain the fabric topology is discretised assuming typical geometrical idealisations, i.e. a perfectly
periodic weaving pattern, a piecewise linear tow undulation path and a rectangular tow cross-section which is uniform along
tows

matrix top layer

tows

matrix bottom layer

Figure 1: Schematic of a section of an eight harness satin fabric as modelled by the present approach [2].
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Figure 2: Comparison of the failure pattern predicted by the MEA-model (left) and the experimentally observed one (middle)
at the back face of the laminated plate [2]. Effect of the fabric topology on the energy absorption of the laminate (right).
the undulation path, cf. Fig. 1. Considering a single ply, each tow, as well as the matrix pockets are modelled by individual
layers of shell elements. As these individual shell layers within a ply are not connected directly, appropriate couplings
are introduced. A multi-layered laminate is modelled by stacking such plies with cohesive zone elements (CZEs) between
the surfaces of adjacent plies. The constitutive behaviour of the tows is modelled by an energy based continuum damage
mechanics (CDM) approach which also accounts for plastic deformation due to shear loads. This material model is available as
a built-in VUMAT in Abaqus/Explicit v6.14. The matrix pockets are modelled as isotropic elasto-plastic with isotropic strain
hardening. Damage and failure within the matrix pockets is accounted for by a ductile damage approach. The CZEs at the
interfaces between adjacent plies feature a traction-separation based constitutive law accounting for mixed-mode delamination
conditions. The surrounding (embedding) domain is considered as homogeneous orthotropic material and modelled using a
single layer of shell elements with layered section definition and linear elastic material behaviour. The elastic properties of the
plies within the embedding domain are identical to the homogenised properties of the plies within the sub-domain. The edges
at the transition between the two domains are coupled according to shell kinematics. A detailed description of this modelling
approach is presented in [2].
The differences of the present modelling strategy to typical ply-level based discretisations are evaluated by comparison to a
stacked shell modelling approach, cf. [3], where each ply of a laminate is considered as homogeneous material and discretised
by an individual layer of shell elements with CZEs in-between. This ply-level model features a CDM approach for modelling
damage and failure within the plies and accounts for plastic deformations due to shear. Delamination is modelled by the CZEs
in combination with a traction-separation based constitutive law.
APPLICATION EXAMPLE
As an application example, numerical simulations of a rectangular laminated composite plate with quasi-isotropic layup in
a drop tower impact test setup are conducted. The laminate consists of eight carbon fabric plies and is impacted by a spherical
rigid body with an energy of 400J. The MEA modelling approach is verified by comparing the simulation results of a laminate
with eight harness satin reinforcement to results from equivalent experiments. The spatial distribution of intra- and inter-ply
damage, as well as the amount of absorbed energy by the laminate are found to be in very close agreement, cf. Fig. 2 (left
and middle). Comparing the MEA-model and the equivalent ply-level model, a slight difference in the total amount of energy
absorbed by the laminate is observed, cf. Fig. 2 (right). Considering the energy contributions of individual mechanisms,
however, significant differences between these models are found. The capabilities of the MEA-model are demonstrated by
investigating the effect of three different weaving styles (plain, 2/2 twil, eight harness satin) on the impact behaviour and, in
particular, the energy absorption of the laminate. It is observed that the laminate with the most undulated reinforcement shows
the highest amount of absorbed energy, cf. Fig. 2 (right).
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HYPERVELOCITY IMPACT OF TI6AL4V ALLOY MATERIALS
Melissa Matthes1, Brendan O’Toole1(a), Mohamed Trabia 1, Cameron Hawkins2, Thomas Graves3, Robert Hixson3,
Edward Daykin2, Zach Fussell2, Austin Daykin2, Michael Heika2, Shawoon Roy1, Richard Jennings1, Eric
Bodenchak1, & Matthew Boswell1
1Department of Mechanical Engineering, University of Nevada, Las Vegas, Las Vegas, Nevada;
2National Security Technologies, LLC, North Las Vegas;
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This article presents a study of dynamic failure events in forged, layered, and additive manufactured (AM) titanium alloy subject to hypervelocity
impact. Experiments were conducted using a two stage light-gas gun, 0.22-caliber Lexan projectiles, and different types of titanium target plates.
A four-channel Photonic Doppler Velocimetry (PDV) system was used to study the free surface velocities to provide an understanding of the
different failure mechanisms in these materials. The experimental measurements were used to validate computational simulations, which describe
the behavior of these materials under shock. It was determined that AM, forged titanium, and multi-layered stacks produce similar velocity profiles
during the early stage of impact, with the AM targets exhibiting spall at lower velocities and the multi-layered stacks exhibiting vibrations between
plates. Simulations of solid and layered forged materials provide a good match to experimental data.

INTRODUCTION
The Electron Beam Additive Manufacturing process is currently being used in industry and a quasi-static analysis showed
only a 3%-5% reduction in mechanical properties compared to a forged titanium counterpart. The different microstructural
morphology influences the damage and fracture behavior of the AM parts, potentially making it more brittle-like and causing
early onset of damage [1]. This study compares damage mechanisms between forged and AM target plates under impact
conditions. The complex microstructure of the AM materials is difficult to model computationally. Layered target plates made
from forged titanium were also studied to provide an intermediate level of complexity for validating simulations.
Impact experiments were designed to produce large deformations on the back surface of targets without allowing full
penetration of the projectile. Time domain velocity profiles measured on the rear surface can be used to infer shock
propagation information during impact. Deformation geometry and velocity profiles were used to validate LS-Dyna
computational simulations.
EXPERIMENTAL METHODS
A series of hypervelocity impact experiments were conducted with a two-stage light gas gun, which uses a powder breech
to fire a plastic piston into a pump tube filled with hydrogen. The gas is compressed as the piston moves through the pump
tube and a petal valve that separates the pressurized gas for the launch tube ruptures, causing the projectile to accelerate down
the launch tube and into the experimental tank [2]. The projectile is a Lexan cylinder with a 5.6 mm diameter and 8.61 mm
length. Impact velocities ranged from 4.8 to 6.9 km/s. Target configurations included a) solid forged titanium alloy, Ti6Al4V,
12.7 mm thick, b) two layers of forged titanium alloy, with 6.35 mm layer thickness, c) four layers of forged titanium alloy
with 3.175 mm layer thickness, and d) three variations of EBAM titanium alloy with 12.7 mm thickness. A four-channel laser
interferometry system, Photon Doppler Velocimetry (PDV), was used to record the basic dynamic failure mechanisms in these
complex structures. PDV is a heterodyne interferometer that gathers velocity data constructed by measuring displacement
using optical fiber probes [3].
COMPUTATIONAL METHODS
Computational simulations of the solid and layered forged targets being impacted by a 0.22-caliber Lexan projectile were
performed using a Smooth Particle Hydrodynamics (SPH) code in LS-DYNA. Johnson-Cook material models with MieGrüneisen equation of state (EOS) were utilized [4]. Two dimensional axisymmetric models were created for projectiles and
targets and no boundary constraints were applied. Particle spacing for these models was 0.1 mm. This modelling approach
was verified for homogeneous materials in previous studies [2 & 5].
RESULTS AND DISCUSSION
Differences in deformation and failure of six types of titanium were documented for three different impact velocities.
The AM, forged titanium, and multi-layered stacks produced similar velocity profiles during the early stage of impact, with
the AM targets exhibiting spall at lower velocities and the multi-layered stacks exhibiting vibrations between plates. Figure
1(a) compares target back surface velocity profiles for six target configurations. The forged computational model compared
a) Brendan O’Toole. Email: Brendan.otoole@unlv.edu.

2200

with experimental data is shown in Figure 1(b). Figure 2 shows the experimental results of the multi-layered target plates
compared with the computational model. The multi-layer simulations still require some validation, however the simulations
are able to capture the basic damage of the plates. The EBAM targets are extremely challenging to model because of the
microstructure, porosity, and quasi-static property differences and have not been included in this work.

(a)

(b)

Figure 1. Velocity traces: (a) PDV data forged, layered, and AM material and (b) Experimental vs. simulation for forged titanium

(b)

(a)

Figure 2. Experimental vs. simulation velocity traces: (a) two layers of forged titanium and (b) four-layers of forged titanium

.

CONCLUSIONS
The 4-channel PDV experiments were successfully completed to explore the dynamic behavior of forged titanium, stacked
forged titanium, and AM titanium target plates. Differences in deformation and failure of six different types of titanium were
documented for three different impact velocities. The AM material shows more damage than the forged plate for similar impact
velocities and observations from these experiments indicate that the penetration velocity would be lower for the AM targets.
Computational models were developed to simulate projectile-target interaction for the forged and multi-layered titanium plates.
Reasonable agreement was found with experimental data. Additional microstructural geometry details and material property
variations are needed in order to develop models for the AM titanium.
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THE LAVRENTIEV-ISHLINSKY PROBLEM OF TRANSVERSE VIBRATION OF RODS
Alexander Belyaev 1, 2, Nikita Morozov 1, 2a), Peter Tovstik 1, & Tatyana Tovstik 2
1
St. Petersburg State University, St. Petersburg, Russia
2
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Summary The problem of the stability of a direct rod loaded by longitudinal impact force is considered. Lavrentiev and Ishlinski studied the
simplified variant supposing that the external load expanded instantly and discovered some new effects. The given investigation presents the
complicated variant with impact loading having wave character expansion. Application of the Bubnov-Galerkin approach results in a system of
ordinary differential equations with periodic coefficients, which is reduced to Mathieu equations. The instability zones for different set of
parameters are studied, which gives some unexpected results. In particular some specific characteristics of initial period of vibration process are
investigated.

The problem of the axial compression of rods has a rich history. It begins with the works by Euler [1] who addressed
two static limiting problems: (i) in the linear approximation the critical load and the possible buckling modes were found
out and (ii) in the framework of nonlinear approach the various buckling modes of the rod were determined. This statement
is referred now to as the Euler elastica.
The presentation is concerned with study of dynamics of rod which is subjected to a suddenly applied constant
longitudinal load. This is a celebrated problem that was first stated by Michail Lavrentiev and Alexander Ishlinsky in 1949.
The paper by Lavrentiev and Ishlinsky [2] dealt with the case in which the compressive load was much higher than the
Euler force. It was found that the maximum growth rate of amplitude of the transverse deflection corresponds to a higher
buckling mode rather than to the proper buckling mode provided that the inertia force of transverse motion is considered.
The further studies [3-11] took into account both the inertia forces of transverse motion of the rod and propagation of the
longitudinal waves. The short-term impact on the rod generating parametric resonance in the linear approximation was
considered in [6-8]. In the framework of the nonlinear approach these resonances produce beats accompanied by exchange
of energy between the axial and transverse vibration, cf. [9] In the case of long-term axial load application the evolution of
the shape of elastic line from the harmonic shape by Lavrentiev-Ishlinsky-with a large number of half-waves to a stable
Euler elastics was traced in [10]. The possibility of buckling under a load whose magnitude is smaller than the critical Euler
load was reported in [11].
A linear statement of the problem is assumed and both axial and bending vibrations are considered. The result is a
system of linear differential equations for the bending vibration with the coefficients which are periodic functions of time.
The appearance of the time-dependent periodic coefficients is due to the fact and the axial vibration affects the bending
vibrations. Application of the Galerkin procedure leads to an infinite system of coupled ordinary linear differential
equations with time-dependent periodic coefficients. This system of coupled equations can be reduced a system of infinite
uncoupled equations by determining the principle terms. It leads to a system of Mathieu equations. Each Mathieu equation
is known to have a number of instability regions, among which the main instability regions being more dangerous. These
regions are studied in detail.
A special analysis is carried out with the intent to determine the sets of rod parameters resulting in instability under the
axial load of the magnitude less than the first Euler critical force. It is shown that it is possible if one takes into account the
combinational parametric resonances. In particular, on a specific example we demonstrate that a flatter instability occurs
under the jump axial load with the magnitude of 95% of the first Euler critical force.
A special attention is paid to dynamics of rod subjected to a suddenly applied constant longitudinal load at the initial
stage of motion in the linear approximation. Under the initial stage we understand the double time path of the longitudinal
wave along of the rod length. At any fixed time instant the compressed part of the rod is considered and its static stability is
proved. As a result the time instant of the buckling is determined and its value turns out to depend on the length of this part.
The growth of a given initial curvature coinciding with the shape of possible buckling is investigated at the initial stage of
motion. The deflection was found to increase proportionally to the square of time as time progresses. However the previous
studies were not sufficient to answer the question as to how large can be the transverse deflection at the initial stage of
motion. The problem is reported to be solved in the linear approximation, and for this reason the ratio of additional
deflection of buckling to the amplitude of the initial deflection is taken as a measure of instability. Two variants of the
boundary conditions are considered and the solution is constructed in the form of a Fourier series in terms of the
eigenfunctions.
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WAVE PROPAGATION IN LATTICE METAMATERIALS
WITH VISCOELASTIC INERTIAL RESONATORS
Andrea Bacigalupo1 & Luigi Gambarotta2a)
School for Advanced Studies IMT, Lucca, Italy
2
Department of Civil, Chemical and Environmental Engineering, University of Genoa, Genoa, Italy
1

Summary The present paper is focused on the acoustic behavior of periodic beam-lattices metamaterials containing local
viscoelastic resonators and deals with two different aims. A first issue concerns the assessment of the influence of the
dynamic and viscoelastic properties of the resonators on the acoustic behaviour of the metamaterials. A further issue
concerns the formulation of a high-frequency homogenization technique in micropolar generalized continua equivalent to the
discrete model. The validity limits of the micropolar model with respect to the complex spectrum are assessed by comparing the
dispersion curves of the model in the irreducible Brillouin domain with those obtained by the discrete model.
INTRODUCTION
It is well known that the propagation of elastic waves may be strongly affected by periodic arrangement of scatterers in the
material microstructure. This has spurred many researches on new materials such as phononic crystals and metamaterials for
the control of dispersive waves [1,2]. In fact, the periodicity of the material microstructure may lead to destructive
interferences inducing attenuation of the amplitude of the travelling waves for some bands of frequencies called acoustic
wave spectral gap or band gaps. In this respect, the complex band structure associated to damped Bloch wave in periodic
materials is analysed in [3], a high-frequency homogenization in micropolar generalized continua for chiral metamaterials
have been proposed in [4] and optimal design of auxetic hexachiral metameterials are investigated in [5].
In present paper a simplified model of periodic beam-lattice metamaterials containing local viscoelastic resonators has
been formulated to obtain a better understanding of the influence of the dynamic characteristics of the local resonators on
the acoustic behaviour. The beam-lattice models are made up of a periodic array of rigid heavy rings, each one connected to
the others through elastic slender massless ligaments and containing an internal resonator made of a rigid disk in a soft
viscoelastic annulus. The band structure and the occurrence of low frequency band-gaps are analysed through a discrete
model. For both the quadrilateral and the triangular beam-lattice, the complex Floquet-Bloch spectrum is determined and six
complex modes are identified. Its real part and its imaginary part characterize the attenuation and propagation modes of
dispersive waves, respectively. The influence of the dynamic characteristics of the resonator on those modes is analyzed
together with some properties of the band structure. By approximating the ring displacements of the discrete model as a
continuum field and through an application of the generalized macro-homogeneity condition, a generalized micropolar
equivalent continuum has been derived, together with the overall equation of motion and the constitutive equation given in
closed form. The validity limits of the dispersion functions provided by the micropolar model are assessed by a comparison
with those obtained by the discrete model.

(b)
(a)
Figure 1: (a) beam-lattices metamaterials and periodic cells; (b) inertial resonator.

DISCRETE AND CONTINUUM MODELS
Let us consider the 2-D quadrilateral and triangular beam-lattices metamaterials characterized by periodic cells shown in
Figure 1(a). Each cell is made up of a ring with mean radius r and n (=4,6) slender ligaments of length l, section width w
and unit thickness, rigidly connected to the rings. A heavy disk with external radius R shown in Figure 1(b) (in dark grey),
is located inside the ring through a soft viscoelastic annulus (in yellow). This inclusion plays the role of low-frequency
a) Corresponding author. Email: luigi.gambarotta@unige.it.
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resonator. The Young modulus of the ligaments is denoted by Es , while the translational and the rotatory inertia of the rings
are M 1 and J1 , respectively. The soft viscoelastic coating inside the resonator is characterized by the relaxation functions

kd ( t ) and kθ ( t ) . The translational and rotatory inertia mass density of the internal resonator are M 2 and J 2 , respectively.

The motion of the rigid ring is denoted by the displacement vector u and the rotation φ , respectively, while the motion of
the internal resonator is denoted by the displacement vector v and the rotation θ .
The equation of motion of the reference cell are written as a system of six integral-ordinary differential equations taking
the form
2
2
 t

at 
d
 w  n  
t 
 =
(1)
Es   ∑  ( di ⊗ di ) +   ( t i ⊗ t i )  ( ui − u ) −   t i (φ + φi )  + ∫ kd ( t − τ ) ( v − u )d τ − M 1u
0,
−∞
τ
l
l
2
l
d
  i =1  
 
 



a
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a2
l2
d
⋅
−
−
+
+
t
u
u
φ
φ
(φi − φ ) + ∫−∞ kθ ( t − τ ) ( θ − φ )d τ − J1φ = 0 ,
(
)
(
)

∑
i
i
i
4
dτ
12
i =1  2

t
d
∫−∞ kd ( t − τ ) d τ ( v − u )d τ + M 2 v = 0 ,
t
d
∫−∞ kθ ( t − τ ) d τ ( θ − φ )d τ + J 2θ = 0 ,
where the unit vector di represents the i-th ligament orientation, t=
e3 × di is the unit vector normal to di and ui , φi
i
the displacement and the rotation of the adjacent i-th ring, respectively.
 w
Es  
l 

3

n

(

Applying the Laplace transform () = ∫

+∞

−∞

(2)
(3)
(4)
are

)

()e st dt to the equation of motion (1)-(4) and imposing the Floquet-Bloch

conditions in the Laplace space (  ( ui ) −  ( u )= uˆ eik ⋅xi − 1 ,  (φi ) ±  (φ )= φˆ eik ⋅xi ± 1 with xi the vector position of
the centre of i-th ring and û , φˆ the displacement and rotation in Bloch-Laplace space) the generalized Christoffel equation
is obtained in terms of the complex angular frequency s and wave vector k . The Floquet-Bloch spectrum s ( k ) is obtained
by solving the transcendental characteristic equations associated to the generalized Christoffel equation, from which six
dispersive branches are obtained in the irreducible Brillouin zone. The real part Re  s ( k )  and the imaginary part

Im  s ( k )  of the complex angular frequency characterize the attenuation and propagation modes of dispersive waves,

respectively.
It is observed that the equation of motion in the Laplace space obtained by replacing the Laplace transform of the
viscoelastic terms kd ∗ ( v − u ) and kθ ∗ θ − φ (where ∗ is denoted the convolution product) with their first order Taylor



polynomials  ( kd ( t ) ) s ( v − u ) ≈ kd0 + kd1 s + O ( s )  ( v − u ) and  ( kθ ( t ) ) s ( θ − φ ) ≈ kθ0 + kθ1 s + O ( s )  ( θ − φ ) is

(

(

)

)

(

)

equivalent to that obtained by a discrete model with classical viscous damped [2, 3].
An approximation to the description of motion of the discrete model is obtained by introducing continuous fields of
displacement and rotation to describe the generalized displacement of rings and resonators. The displacement vector and the
rotation of the ring of the i-th neighbouring cell may be approximated through a second-order Taylor expansion in terms of:
i) the first and second macro-displacement gradient H = ∇u and ∇H ; ii) the curvature χ = ∇φ and the gradient of the
curvature ∇χ . Substituting the second-order Taylor expansion of the generalized displacement of the i-th ring in the
Laplace transform of the equation of motion of the discrete model (1)-(4), the macroscopic equation of motion of a
generalized micropolar continuum is obtained. Finally, the overall mechanical properties of the beam-lattice metamaterials
are analytically obtained in terms of the geometric and mechanical properties to the micro-scale.
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TRANSITION RADIATION IN CONTINUA EXCITED BY A MOVING LOAD
1

Karel N. van Dalen∗1 and Andrei V. Metrikine1
Department of Structural Engineering, Delft University of Technology, Delft, The Netherlands

Summary Transition radiation is emitted when a perturbation moves along a straight line at constant velocity in or near an inhomogeneous
medium. Transition radiation of elastic waves is emitted, for example, by train wheels due to track inhomogeneities. Such radiation was
analyzed using several 1-D and 2-D elastic systems, but few fundamental studies focus on elastic continua. In this study, we consider a
continuum consisting of two elastic layers coupled at a vertical interface. Both layers are in plane strain, have a rigid bottom, and are subject
to a load that moves along the upper surface and crosses the layer interface; the upper surface is either stress free or connected to a thin
flexible plate. Using semi-analytical solutions, we study the characteristics of the excited free wave fields. Results show peculiar angular
distributions of the associated energy flux, which strongly depend on the load velocity and the contrast in material parameters.

INTRODUCTION
Transition radiation is emitted when a perturbation source, which does not possess an inherent frequency, moves along a
straight line at a constant velocity in an inhomogeneous medium or near such a medium. This phenomenon was described for
the first time by [1], who analyzed radiation of electromagnetic waves by a charged particle crossing the boundary between
an ideal conductor and a vacuum. In these early studies concerned with transition radiation, it has already been explained that
this phenomenon is universal from the physical point of view, meaning that it occurs irrespective of the physical nature of the
source (e.g., it can be an electric charge, an acoustic monopole, or a mechanical load).
Transition radiation of elastic waves is emitted, for example, by a train running on a railway track. The wheels of the train
excite elastic waves in the railway due to track inhomogeneities such as sleepers, non-uniform subsoil and bridge supports.
A review of the early studies on transition radiation of elastic waves in 1-D and 2-D elastic systems (i.e., strings, beams,
membranes and plates) can be found in [2]. Recently, the problem of a beam resting on an inhomogeneous Winkler foundation
again attracted attention due to the introduction of some new solution methods [e.g., 3]. Furthermore, non-linear springs
were incorporated aiming at a more realistic description of the railway track substructure [4]. Transition radiation was also
studied using 3-D finite-element or combined boundary-element and finite-element models for evaluating the effect of specific
measures to mitigate amplified responses in railways [e.g., 7]. Finally, transition radiation was explicitly addressed – apart
from possibly giving rise to vehicle instability and passenger discomfort – as one of the causes of track degradation due to the
associated amplification of stresses and strains [e.g., 4].
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Figure 1: A surface line load F moving over the interface of two semi-infinite homogeneous isotropic elastic layers at constant
velocity V . The layers are in plane strain. In the first model (a), the layers have a free surface, while there is a thin flexible
plate mounted on top in the second model (b). Γ is the surface through which the energy flux is considered (see Fig. 2).
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Transition radiation of waves in an elastic continuum was first theoretically described in [5]. Two elastic half-planes were
considered under the action of a constant, uniformly moving load that crosses the interface between the half-planes along the
path normal to this interface. Though the chosen model has no direct practical application, the study provided physical insight
into the mechanism of transition radiation in an elastic continuum. Compressional and shear waves as well as interface waves
(i.e., Stoneley waves) can be excited, while the energy radiation spectra of the former show peculiar directivities, which is due
to the coupling of the radiated waves at the interface. In another paper, the phenomenon of transition radiation was analyzed
in a more realistic continuum model consisting of two elastic layers that are coupled at a vertical interface [6]. Both layers
in this model have a free surface and are fixed to a rigid bottom, while the load is assumed to move along the free surface
and cross the layer interface (Fig. 1(a)). The most important difference compared to the above-discussed continuum model
is the presence of the free surface, which allows for the existence of surface waves. A semi-analytical solution was obtained
by expanding the transitional wave field in each layer (i.e., free fields) into a set of propagating and evanescent guided modes.
The free fields are coupled at the vertical interface, and the interface conditions were used to determine the modal coefficients.
In the current study, we show that the model introduced in [6] can be extended by mounting a thin flexible plate on top
of the layers, as shown in Fig. 1(b). In fact, this modifies one of the boundary conditions (at z = 0) and consequently the
properties of the guided modes, which are now modes of the combined system. However, the solution method is generic
and can still be applied. The semi-analytcial solution is used to study the characteristics of the free fields. In particular, the
influence of the plate on the directivity of the energy radiation spectra is analyzed.
PRELIMINARY RESULTS
We here give some initial results for the model shown in Fig. 1(a), similar as those presented in [6]. In particular, Fig.
2 shows the free-field contribution to the energy flux through the circular part of the surface Γ, as introduced in Fig. 1(a).
Clearly, the energy flux associated with the free fields has a peculiar angle dependence, and it is extreme in specific directions.
We can verify that the free-field contribution is extreme along the free surface, along the layer interface or into the medium,
depending on the contrast in material parameters and the load velocity. Furthermore, the free field can become powerful for a
large contrast and may even dominate the total energy flux for high load velocities, which confirms earlier findings.
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Figure 2: Free-field contribution to the total energy flux [J·s/m] through the circular part of Γ (Fig. 1(a)) versus θ (in degrees).
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EFFECT OF LARGE DEFORMATION PRE-LOADS ON LINEAR WAVE PROPAGATION IN
HEXAGONAL LATTICES
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Summary We study linear wave propagation in nonlinear hexagonal lattices capable of undergoing large deformations, under different
levels of pre-load. The lattices are composed of a set of masses connected by linear axial and angular springs, with the nonlinearity arising
solely from geometric effects. By applying different levels of pre-load, the small amplitude linear wave propagation response can be varied
from isotropic to highly directional. Analytical expressions for the stiffness of a unit cell in the deformed configuration are used to analyze
the dispersion surfaces under different levels of pre-load. Numerical simulations on finite lattices demonstrate the validity of our unit cell
dispersion analysis predictions and illustrate the wave steering potential of our lattice.

THEORETICAL BACKGROUND AND NUMERICAL METHODOLOGY
We focus on lattices undergoing large deformations which have been a subject of recent interest in developing tunable
metamaterials [1], smart morphing structures [2], deployable shells and structures [3], etc. We study the effect of pre-load on
wave propagation as a hexagonal lattice deforms and evolves to the topologically equivalent re-entrant configuration.
The lattices are a collection of nodes and edges with point masses located at the nodes, while the edges are massless. The
masses interact via two types of springs in the lattice: each edge acts as a linear axial spring, which resists change in its length,
while an angular spring between any two adjacent edges sharing a node resists the change in angle between the two edges.
The axial and angular springs’ stiffness are respectively, denoted as ka and kt and the undeformed length of an edge is L.
The angular stiffness kt is normalized and a non-dimensional lattice parameter η is defined as η = kt /ka L2 . The lattice is
located in the xy-plane and its degrees of freedom are the nodal coordinates, i.e., location of the point mass at each node. The
equation of motion of a mass at node i, subjected to an external force fi is ẍi + ∂P/∂xi = fi .
We study small amplitude wave propagation under various deformed configurations of the lattice. The deformed configuration is first obtained by solving the equations of motion quasi-statically under prescribed boundary conditions using a
Newton-Raphson procedure. Then the equations of motion are linearized about this deformed configuration and wave propagation is studied using the linearized system. By using superposition principle and Bloch-analysis on the linearized equations
of a single unit cell, the dynamic behavior of an infinite lattice are characterized.
LINEAR WAVE PROPAGATION IN INFINITE LATTICES: DISPERSION ANALYSIS
We study linear wave propagation in lattices which have been pre-loaded by applying uniform uniaxial tension or compression along the y-direction. The level of pre-load is quantified using the strain β. We examine the dispersion surfaces
associated with the first P -mode. The dispersion contours are plotted in the wavenumber (µx , µy ) plane. Figure 1(a) illustrates the dispersion contours for the lattice at a strain β = 0.33. The constant frequency contours are circular, which indicates
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Figure 1: Dispersion surface contours for the η = 6 × 10−3 lattice at strain levels: (a) β = 0.33 and (b) β = −0.1. Colorbar
denotes frequency ω.
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(a) η = 6 × 10−3 , β = 0.33

(b) η = 4 × 10−2 , β = −0.1

(c) η = 6 × 10−3 , β = −0.1

(d) η = 4 × 10−2 , β = −0.48

Figure 2: Contours of displacement amplitude for η = 6 × 10−3 lattice: (a) β = 0.2, (c) β = −0.1. For η = 4 × 10−2 lattice:
(b) β = −0.1 and (d) β = −0.48. The behavior changes significantly in both cases with increasing pre-strain.
that the wave propagation for this corresponding mode is isotropic. Figure 1(b) displays the dispersion contours at a strain
level β = −0.1. In contrast to the earlier case, the behavior is anisotropic, with most of the wave propagation along the
x-direction. Furthermore, the contours associated with high frequencies are parallel to the y−axis. This feature indicates the
existence of directional wave motion at these frequencies.
NUMERICAL SIMULATIONS ON FINITE LATTICE
We now demonstrate the behavior of finite lattices of 60 × 30 unit cells subjected to external dynamic loading. A constant
static force is applied on the boundary nodes of the pre-strained lattice to maintain the lattice in equilibrium in the deformed
configuration. The dynamic force amplitude is sufficiently small so that the effects of nonlinearity are negligible.
Strain induced Isotropic-to-boundary wave transition
We consider a lattice with non-dimensional torsional stiffness η = 6 × 10−3 under two levels of pre-strain: β = 0.2
(Fig. 2(a)) and β = −0.1 (Fig. 2(c)). The response of the leading wave is observed to be close to isotropic for a pre-strain
β = 0.2. In contrast, in the β = −0.1 case, the wave propagation is confined to the boundary, along the ±x directions. The
behavior in both cases is consistent with the dispersion surfaces observed in Fig. 1. Thus the wave propagation in the lattice
can be altered over a wide range from isotropic to only propagation along the boundaries by varying the amount of pre-strain.
Re-entrant lattice: Strain induced wave-focusing
We next consider a lattice with high η = 4 × 10−2 under two levels of pre-strain: β = −0.1 (Fig. 2(b)) and β = −0.48
(Fig. 2(d)) in which the lattices are in hexagonal and re-entrant configuration, respectively. At low strains, the waves are
focused along the x = ±y directions, while at high strains, they are focused along the y-axis and these waves correspond to
the first S-mode. Thus the level of pre-strain has a significant effect on the direction of wave propagation in a lattice.
CONCLUSIONS
The paper presents the analysis of small amplitude linear wave propagation in hexagonal lattices under various pre-load
conditions. Dispersion analysis on a unit cell and numerical simulations on finite lattices are presented to illustrate the effect
of pre-strain on the dynamic properties of the lattices. Our work also demonstrates the highly tunable nature of these lattices
by varying the level of pre-load and it has applications for wave steering.
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MODELLING AND SIMULATION OF ELASTIC WAVES IN PERIODIC MEDIA USING
PSEUDO-INCIDENT WAVE METHOD
Xiaodong Wang ∗, Chen Wang, and Zhengwei Li
Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada
Summary The multiple interaction of inhomogeneities in periodic elastic media subjected to inplane harmonic elastic waves is studied using
a pseudo-incident wave (PsIW) method, which combines the analytical solutions of single inhomogeneities with a numerical assembling
process to accurately determine local stress field caused by large number of inhomogeneities. Illustrative examples under different loading
and geometric conditions are presented to evaluate elastic wave propagation in such complicated media. The current method can also be
potentially used to study periodic elastic metamaterial systems.

INTRODUCTION
Elastic waves in inhomogeneous materials are receiving more and more attention because of their importance in advanced
structural applications, such as damage tolerance design against dynamic failure, the non-destructive evaluation, and the
potential filter and resonator applications associated with structural periodicity. For these applications, both local and global
responses play important roles and reliable modelling tools are needed to accurately evaluate the wave propagation. Because of
the complicated interaction involved, these problems are very difficult to deal with analytically, or numerically. To overcome
the difficulties, Pseudo-incident wave method has been used to study the dynamic interaction between inhomogeneities in
composite media [1], which provides a convenient way to handle multiple interaction by combining analytical and numerical
treatments. Recent application of this method to antiplane dynamic interaction problems in composite media showed very
promising results [2]. In the current study Pseudo-incident wave method will be applied to the interaction between multiple
circular inhomogeneities subjected to inplane elastic waves. As examples of application, the elastic wave interaction between
inhomogeneities with specific geometries will be simulated to evaluate the behaviour of waves in such media.
FORMULATION OF THE PROBLEM
The problem envisaged is the plane strain multiple interactions between inhomogeneities distributed in an elastic matrix,
subjected to harmonic inplane elastic waves. Without loss of generality each inhomogeneity in the medium can be considered to be a single one subjected to a pseudo incident wave, which consists of the original incident wave and unknown
scattered waves from other inhomogeneities. As a result, the analytical solution of the single inhomogeneity problem can be
obtained and used as a building block for the interaction problem, which will then be assembled based on the relation between
inhomogeneities to model interaction.
The fundamental solution of a single inhomogeneity problem
The displacements of an inhomogeneity and the matrix are controlled by two displacement potentials, which satisfy the
Helmholtz equation, or wave equation. The general solution of displacement potentials can be expressed as
ϕ=

∞
[
]
∑
Jn (kr) Bn einθ + Hn(1) (kr) An einθ ,

(1)

n=−∞

(1)

where Jn and Hn are Bessel and Hankel functions of the first kind, k is the corresponding wave number and An and Bn are
unknown constants to be determined from the boundary/interface conditions, with r and θ being the local polar coordinates
measured from the center of the inhomogeneity. k = kL or kT , kL = ω/cL and kT = ω/cT are the wave numbers, with cL
and cT being the longitudinal and shear wave speeds, respectively.
Modelling multiple interaction using pseudo-incident wave method
When multiple inhomogeneities are included and the system is subjected to an incident wave w0 , the concept of pseudoincident waves can be used to find the relation between different inhomogeneities [1], based on the continuity condition along
the interface. Using the analytical solutions of single inhomogeneities and considering the relation between inhomogeneities,
a set of linear equations for the expansion coefficients given in Eq. (1) can be obtained as
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Figure 1: Stress field σx : real and imaginary parts

Figure 2: Stress field σxy : real and imaginary parts
(k)

where the vectors w0 represent the original incident wave at the interface of kth inhomogeneity, and the matrices [I] are the
identity matrices, matrices [Q] are from single inhomogeneity solutions, and matrices [M ] relate to the geometry of interacting
inhomogeneities. The expansion coefficients can then be determined by solving these equations, from which the displacement
and the stress of the wave field in the matrix and in the inhomogeneity can be calculated directly.

Figure 3: A two-dimensional metamaterial system with local rotation
RESULTS AND DISCUSSION
Considered first is a soft matrix (rubber) and three hard inhomogeneities (aluminum, steel and lead), subjected to a horitontal P wave. The computed real and imaginary parts of stress component σx is shown in Fig. 1, from which multiple interaction
is clearly seen. Fig. 2 shows the shear stress field when a horizontal shear wave passes a matrix with 90 inhomogeneities.
At the frequency considered, most of the wave has been blocked by the inhomogeneities, showing a stop band effect. This
phenomenon is also observed in other geometries. The current method can also be used in more complicated interacting problems, for example, composites of metamaterials, which usually show abnormal properties such as negative apparent mass.
Since Pseudo-incident wave method can be used to easily assemble different inhomogeneities, the method can be extended
to handle such a new material system. Fig. 3 shows the displacement of a metamaterial system with local rotation, which is
suitable for the application of PsIW method.
References
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POREQST EXTENSION TO SHOCK-RELEASE HYSTERESIS OF GRAPHITE
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Summary Because of its thermal and shock-wave attenuation properties, porous graphite is widely used in the aerospace industry. No
residual compaction of this material after compression-release cycles has been experimentally observed that contradicts the usual numerical
dynamic porous models such as POREQST. We suggest to enhance the latter taking into account this phenomenon. The new model HPOREQST was tested for simulating plate impact experiments at moderate pressure onto porous graphite. It proved to be in far better
agreement with experimental data than the original model.

INTRODUCTION
EDM3 is a commercial grade of porous graphite similar to those used in C/C composites. It revealed no residual compaction after static compression (Fig. 1), a behavior also expected after a shock-release loading. Thus, there is a need of a
numerical model able to reproduce this mechanism. POREQST [1] has been chosen for being enhanced since investigations
on this model have already been conducted [2, 3, 4, 5] to shape a first set of parameters for EDM3.

Figure 1: Quasi-static uni-axial strain tests onto EDM3 adapted
from [2], an isotropic porous grade of graphite sintered by the company POCO (see www.poco.com). Dashed: simple confined compression test. Solid: cycled confined compression-release test showing no residual compaction. The initial density ρ0 is 1754 kg/m3
corresponding to a porosity of 22 %.

MODEL DESCRIPTION
Fig. 2(a) presents an overview (in the zero internal energy plane) of the POREQST model [1] that supplies constitutive
relations for porous materials under dynamic loading. Static experimental data (e.g. elastic moduli, compaction curve, etc.)
can be used as input parameters. Dense material is described by its own EOS and a pore re-opening curve defined via the
parameter σl is included. Without failure model, tension leads to low and inconsistent densities (dashed arrow). Thus, when
the pressure in a Lagrangian cell is located on the pore re-opening curve, pressure and stresses are annealed and the tension
strength is withdrawn setting σl to zero. The residual compaction predicted by POREQST after compression does not seem
realistic regarding EDM3. We suggest an enhancement named H-POREQST (Fig. 2(b)): a linear hysteresis curve is introduced
and defined by the parameter σh . Hence, pressure relaxation follows successively the intermediate and the hysteresis curves.
APPLICATION
An experiment have been performed consisting in a 2-mm copper plate impacting at 330 m/s a 3-mm plate of EDM3. The
rear surface velocity of the latter was recorded and is displayed in Fig. 3(a) (circles) along with computation results. All the
parameters were the same for the two models (except σh that does not exist in POREQST). H-POREQST clearly improves
the first velocity peak, the pull-back is quite well reproduced as well as the spall velocity. It confirms that hysteresis behavior
also occurs in the dynamic regime. It is well understood thanks to Fig. 3(b) that schematizes the P -u diagram of the target.
The target undergoes a compression following a path made of the initial elastic surface (1) and the compaction curve (2) up to
a maximum pressure (3). The shock break-out on the rear surface involves a pressure decrease (4) depending on the model. It
results in a maximum velocity higher for H-POREQST (Vh instead of Vo ).
∗ Corresponding
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(a) Original POREQST model [1].

(b) New H-POREQST model.

Figure 2: POREQST vs H-POREQST. Dashed arrows: typical compression-tension paths (without damage). σ is the stress,
P the pressure and ρ the density.

(a) Free surface velocity of the EDM3 target. Experiment vs 1D planar
simulations with Hésione, a Lagrangian hydrocode from CEA.

(b) Schematic and theoretical P -u diagram of the experiment. Comparison between POREQST and H-POREQST.

Figure 3: Comparison between POREQST and H-POREQST for a plate impact experiment on EDM3 with spallation.

CONCLUSION
We enhanced the POREQST model in order to reproduce the assumed density recovery of a porous graphite after a shockrelease cycle. Therefore, we introduced a new constitutive curve beside the original ones defined through a single parameter.
It was tested for a 1D impact experiment on a commercial graphite and clearly improved the target free surface velocity. It
thereby confirmed the existence of the hysteresis behavior under shock-release loading.
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STRONGLY NONLINEAR WAVES GENERATED BY IMPACT IN WEAKLY AND
STRONGLY DISSIPATIVE SONIC VACUUM
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Summary The discrete system of particles with strongly nonlinear interacting forces (no linear part is present) can be described as sonic vacuum
because long wave sound speed is equal zero. Plate impact on this system results in unique wave dynamics. In the nondissipative case it is
governed by strong nonlinearity and dispersion resulting in the solitary wave trains, number of solitary waves in the train depending on the ratio
of striker mass and mass of particles. Dissipation can dramatically change this behaviour. This paper presents results of numerical and
experimental research related to the nature of pulses generated by impact in nondissipative, weakly and strongly dissipative sonic vacua. Weak
dissipation results in decreasing of amplitude of emerging solitary waves or in the oscillatory shock like stress wave. Strong dissipation results in
single bell shape waves or in the monotonous shock like stress waves. The effective viscosity is introduced to separate these regimes.

INTRODUCTION
Granular beds composed from iron shots effectively mitigate contact explosion being supportive media in explosive
chambers. The simplest model of this media – one dimensional chains of elastic particles (e.g., steel beads) interacting by
Hertz law exhibit nonclassical strongly nonlinear wave dynamics. For example, it supports new type of solitary waves, shock
waves and periodic waves. In case of zero precompression these chains are characterized as “sonic vacuum” [1,2].
Important feature of this weakly dissipative system is fast transformation of incoming pulse into the train of solitary waves
due to the strong nonlinearity of Hertzian contact interaction and dispersive behavior caused by the chain periodicity.
There is no direct way to find the parameters of separated solitary waves in the train far away from the impact end based
on conservation laws. This presentation will explore the limits of the analytical approach to calculate the parameters of solitary
wave train generated by striker based on two conservation laws using imaginary scenario [2] and explore a role of dissipation
on the wave response of strongly nonlinear discrete systems.
IMPACT ON NONDISIPATIVE CHAINS
Numerical calculations and experiments were conducted to explore dynamic response of two strongly nonlinear discrete
chains composed from steel spheres and steel cylinders [3] and from steel cylinders and Nitrile O-rings [4]. Fig. 1 represents
result of impact by striker on the chain of steel spheres and cylinders with similar masses ms. From Fig. 1 it is clear that initial
pulse excited by striker with mass significantly larger than mass of particles in nondissipative chain is split into train of solitary
waves. Striker impact with smaller masses resulted in faster decrease of the amplitudes of solitary wave in the train. When
striker mass was equal or less than mass of particles only single solitary wave was generated.
Parameters of these solitary waves in far field can be found analytically based on imaginary scenario of striker impact
with mass equal mass of solitary wave similar to [5]. Conservation of linear momentum and energy in the sequential impacts
of the striker with the imaginary mass in rest with effective mass meff=1.3m (the striker mass mst > meff) results in the following
equation for linear momentum Pn of the n-th solitary wave generated by the n-th impact of the striker:

Pn 

2 P0 B  1
B  1n

n 1

,

(1)

where P0 is the initial linear momentum of the striker, B = mst/meff > 1, and number n corresponds to the n-th solitary wave.
In case if striker mass is smaller than effective mass of solitary wave (B = mst/meff < 1) then in the proposed scenario only
one impact event happened with the chain and linear momentum of generated single solitary wave P is

P

2 P0
.
B  1

(2)

The multiple impacts of striker and the mass equal to meff transfer all initial linear momentum and energy of striker into
the chain generating infinite number of solitary waves with decreasing amplitude without recoil of the striker if B > 1.
Comparison of analytical approach with numerical calculations for different masses of striker mst (0.1ms, 0.5ms, 2ms, 4.8ms,
18.8ms) demonstrated reasonable agreement of results for the parameters of the leading solitary waves with accuracy 12% or
better, less accurate agreement (16%) was obtained for striker mass 48 ms.
Striker’s behavior changes when its mass is close to 1.4ms: rebound of the striker from sonic vacuum at mass less than
1.4ms or gradual decrease of its velocity to zero at larger mass. This critical mass of striker is close to the effective mass of
a) Corresponding author. Email: vnesterenko@eng.ucsd.edu
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(a)
(b)
Figure 1. Waves generated by striker impact (mst =18.8ms) on nondissipative steel spheres/steel cylinders chain: (a) forces
inside 4th and 21st cylinders; (b)- and inside 120th cylinder. The curves are offset for visual clarity, zero time is arbitrary.
solitary wave supporting proposed scenario resulting in Eqs. 1-2. It reflects the striker interaction with collective of particles
near impacted end. This striker’s behavior is important when it is necessary to avoid its rebound.
IMPACT ON DISSIPATIVE CHAINS
Experimental profiles of forces in 4th and 21st cylinders are presented in the Fig. 2(a). It is clear that dissipation in
experiments in the system of steel spheres and cylinders can be characterized as weak dissipation because experimental
profiles are oscillatory as in nondissipative numerical calculations (Fig. 1(a)).

(a)

(b)

(c)

Figure 2. Experimental and numerical results in chains of steel cylinders and steel spheres: (a) experimental profiles, (b)
numerical calculations with effective damping coefficient 6 kg/s, and (c) 40 kg/s. Impact by striker with mst =18.8ms.
It is clear that dissipation can dramatically change the nature of propagating wave from the train of solitary waves to oscillatory
wave profile or to monotonous triangular pulse. The transition to the latter strongly dissipative regime was observed at critical
viscosity coefficient equal about ½ of critical viscosity corresponding to the transition from oscillatory to monotonous
stationary shock wave [6]. Strongly dissipative behavior was observed experimentally and modeled using effective viscosity
in the discrete, strongly nonlinear sonic vacuum composed from steel cylinders and Nitrile O-rings.
CONCLUSIONS
The simplified imaginary scenario for striker interaction with sonic vacuum provided a reasonable estimation for the amplitude
of the leading solitary wave in nondissipative chain and change of striker behavior depending on its mass. The critical value of
viscosity preventing splitting of the initial pulse into oscillatory shock wave was found in numerical calculations. Behavior of
weakly and strongly dissipative granular chains will be presented based on experiments and numerical calculations.
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SOLITONS AND SOLITONIC STRUCTURES – WHAT IS VISIBLE AND WHAT IS HIDDEN
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Summary Wave propagation in nonlinear dispersive media is studied in the present paper. It is well known that if there exist a certain balance
between nonlinear and dispersive properties of the media solitary waves, solitons, and solitonic structures can emerge. We analyze results
of numerical experiments carried out for different model equations and demonstrate how to detect hidden solitons in emerged solitonic
structures.

INTRODUCTION
Solitons were discovered by John Scott Russell in the middle of the 19th century in natural and physical experiments.
However, the soliton theory was extensively elaborated only in the second half of the 20th century after the celebrated paper
by Norman Zabusky and Martin Kruskal [1]. Classical soliton theory says that solitons must be related to integrable systems
and to infinite number of conservation laws. In the framework of this theory different analytical methods are worked out,
analytical solutions to solitonic equations are found, properties of solitons are determined etc [2]. The inverse scattering
method should be pointed out here as one of the most known analytical method in soliton theory [3]. Unfortunately analytical
methods work only under very strict assumptions of the classical theory of solitons. As a rule, in natural experiments one does
not have infinite number of conservative laws. Notwithstanding this fact, solitary waves that have soliton like behavior have
been frequently observed in nature as well as in many physical experiments (including experiments by John Scott Russell).
Corresponding equations that describe wave propagation in such natural systems are nonintegrable as well and therefore
besides analytical methods various numerical techniques are applied in order to detect solitonic behavior of nonlinear waves.
In the present study we do not care about the integrability and define soliton as a solitary wave that propagates at constant
speed and shape and interacts elastically with other solitons (i.e., they (almost) restore their shape and speed after the interaction). Such a definition is widely used by many authors, e.g. Drazin [2], and corresponds to wave tank experiments by John
Scott Russell as well as to numerical experiments by Zabusky and Kruskal. In addition, we define solitonic structure as two
or more nonlinear waves that behave like solitons.
STATEMENT OF THE PORBLEM AND NUMERICAL METHOD
We are interested in wave propagation in nonlinear dispersive systems. For that reason several model equations have
been solved numerically. Very often these equations can be considered as Boussinesq type or Korteweg–de Vries type wave
equations. The first type is known as two wave equation and the second as one wave equation or evolution equation. For initial
conditions harmonic, cnoidal and localized waves have been applied. The main goal of numerical experiments have been to
study formation and propagation of various wave-structures and to elucidate when the behavior of the wave-structure has
solitonic character and therefore can be called solitonic structures. In the present paper we demonstrate that some components
of solitonic structures can be considered as hidden solitons.
For numerical integration Discrete Fourier Transform (DFT) based pseudospectral method (PsM) is applied. Due to the
usage of the DFT boundary conditions are periodic.
HIDDEN SOLITON CONCEPT
If to analyze the behavior of solitonic structures, one can demonstrate that in many cases beside clearly visible solitons,
which interact with each other, there exist also solitons that either emerge in wave-profiles for a short time intervals (due to
the phase-shifted trajectories) or can be detected only by their influence to other solitons, i.e., by specific changes in amplitude
curves and in soliton trajectories. These are called hidden solitons [4].
Hidden soliton concept can be introduced as follows: (i) hidden solitons can emerge from periodic initial excitations and
they have the same physical background as visible solitons; (ii) hidden solitons can be detected in wave profiles for a shorttime interval only when several soliton interactions have taken place and the reference state is fluctuating; (iii) hidden solitons
cause changes, specific to soliton-type interaction, in amplitudes and trajectories of other solitons interacting with them.
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NUMERICAL RESULTS AND DISCUSSION
As an example we consider here an equation, which describes propagation of axisymmetric deformation waves in circular
cylindrical rods of compressible hyperelastic material:
uτ + σ1 uuξ + σ2 uξξτ + σ3 (2uξ uξξ + uuξξξ ) = 0.

(1)

Here u is a quantity measuring the radial deformation, dimensionless independent variables ξ and τ correspond to the moving
frame, parameters σ1 , σ2 and σ3 are related to the material constants and the initial stretch of the rod, and the last bracketed
term represents the coupling effect of the material nonlinearity and the geometric size of the rod. The model equation is
derived by Hui-Hui Dai, see [5] for details. Equation (1) is solved numerically under harmonic initial conditions. Numerical

Figure 1: Formation of a solitonic structure from initial harmonic wave. The left panel presents time-slice plot over two space
periods and the right panel amplitude curves (wave-profile maxima) against time variable τ .
results for σ1 = −0.3051, σ2 = −0.0022 and σ3 = −0.003 are presented in Fig. 1. Similarly to the KdV equation a train
of solitons forms from initial sine wave in the present case. However, in case of the KdV the higher the soliton the faster it
moves to the left, but here the highest solitons are moving to the right. The time-slice plot as well as the amplitude curves
demonstrate that train of seven solitons forms near τ = 10. According to our definitions these seven are called visible solitons
and the behavior of their amplitudes and trajectories can be easily traces in u − τ and ξ − τ planes respectively (trajectories
are not presented here). Rigorous analysis of these curves demonstrates that one more soliton must take part in the interaction
process. It causes phase-shifts in trajectories and minima in amplitude curves of visible solitons. According to introduced
definitions, this one is called hidden soliton. One can detect the hidden soliton in wave profiles for very short time intervals
only, e.g. near τ = 35, τ = 50, and τ = 100 (see the right panel in Fig.1).
We have carried out numerous numerical experiments with different model equations, which have demonstrated that in
case of periodic initial waves (e.g. harmonic or cnoidal waves) hidden solitons can be often detected in solitonic structures.
Detailed description of the procedure for detection of hidden solitons and more examples that demonstrate the existence of
hidden solitons will be given during the presentation.
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BULK STRAIN SOLITONS IN LENGTHY SOLIDS: FROM PHENOMENON TO A WORK
TOOL
1
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Summary The problems of nonlinear elastic bulk strain wave generation and observation in bars, plates and shells are considered. We
derived the governing equations, and have shown in both theory and experiments how the bulk solitary waves can be used in applications
to macro- and nanocomposites, impact mechanics, non-destructive testing, the 3d order elastic moduli estimation.

THEORETICAL BACKGROUND
Dynamical behaviour of lengthy and nonlinearly elastic structures is of remarkable interest for physics and engineering, and
the bulk solitary strain waves in nonlinearly elastic basic structural elements – rods, plates, shells - with variable
geometrical and physical parameters are widely studied now in both theory and physical experiments. We consider the
nonlinear elastic bulk long wave generation and observation in lengthy basic elements to demonstrate how the strain
solitons can be found as the mathematical solution, observed in genuine physical experiments and, eventually, how it can be
used in problems of non-destructive evaluation. Recently the studies of nonlinear guided long strain waves in lengthy
elements were encouraged due to the remarkably low attenuation of the waves proven in physical experiments, [1].
Moreover, the structural bulk elements used now in various technologies are quite often made of laminated composite
materials and are subject to delamination, which detection is not simple.
To derive the governing nonlinear wave equations we use the Hamilton principle, defining the action functional S
as an integral over time t and volume of a wave guide Q of the specific density of the Lagrange function per unit volume,
L(U, V, W;x, r, φ; t), which is equal to difference between specific kinetic (K) and potential (P) energy densities. The
displacements (U,V,F) are defined in (x,r,φ) coordinates, and torsion is neglected for simplicity (F=0) in absence of external
forces applied to a waveguide. The nonlinearity influence on the waveguide elasticity is dual: via the finite deformation
tensor C components (the so-called geometrical nonlinearity) and via the tensor C invariants, in which the potential energy
P should be expanded, say, according to the Murnaghan model (physical nonlinearity). Both types of nonlinearity are to be
taken into account simultaneously, and nonlinearity is balanced by spatial dispersion provided due to non-infinitesimal
transversal size of a waveguide. The Hamilton principle leads to two coupled Euler-Lagrange equations for two
displacement components (U,V). For bulk longitudinal waves in rods and plates we reduced the problem to the only
equation for U, the so called Doubly Dispersive Equation (DDE) for a new variable u=Ux in the form
𝑢!! − 𝑊 ! 𝑢!! = (𝛽𝑢 ! + 𝑎𝑢!! + 𝑏𝑢!! )!!
and obtained its solitary wave solution u=A cosh-2 (x-Wt), among others, while for nonlinear bulk waves in shells the
problem required further analysis and was not solved until recently [2]. For example, for bulk nonlinear wave in a
cylindrical shell we found similar solitary wave solution, too, and proved that the sign of the soliton amplitude A should
correspond to the sign of an integrative non-linearity coefficient β, namely, if β< 0, then A < 0 and only a compression
solitary wave may exist, while β > 0 corresponds to A > 0, i.e., to a tensile solitary wave. The solitary wave velocity W is
proven to be bounded also: 1 < 1/(1-ν2) < (W/c)2 < 1/[(1-2ν)(1+ν)], where ν is the Poisson ratio of solids, i.e., the bulk
soliton velocity in a tube is always greater than the linear sound velocity and is limited from above.
The nonlinear wave solutions were rigorously studied in
=0.5, E=0.5
=1.0, E=1.0
detail [2,3], that provided a proper background for physical
experiments and numerical simulations of complex problems.
x
-u
Numerical approach required a new version of conservative
V
finite difference scheme and led to the detailed description of
x
the solitary wave behaviour in dependence of elasticity and
-u
geometry variations [4], see, e.g., Fig.1, where an initial bulk
soliton
in a shell at x=10 propagates into another nonlinearly
x
-u
elastic material with the same linear wave velocity,
generating the secondary soliton and a reflected wave
x
package.
Fig.1
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BULK STRAIN SOLITONS IN REAL PHYSICAL EXPERIMENTS
Without genuine physical experiments the studies of bulk strain solitons would be incomplete. We started with experiments,
using nonlinearly elastic optically transparent lengthy polymer wave guides for generation and observation of bulk strain
solitons. The experimental schematic is presented in Fig.2. The experimental approach is based on the pulse laser generation
and subsequent optical holography recording of the waves under study. The strain soliton is formed in the uniform rod from
an initial shock wave generated in water nearby its input cross section via laser evaporation of the metallic foil. The rod (10
mm in diameter, 50 mm long) provides optimal conditions for the soliton formation and ensures that it is really the bulk
soliton entering the solids under study This rod is to be bonded to each wave guide under study, e.g., bar, plate, thin walled
shell, the two-layered bar etc, all made of PS, PC or PMMA, and some of them with layers containing nanoinclusions.
The interferogram processing includes measurements of fringe
shifts, calculations of bulk wave parameters, amplitude and length.
Various defects in interference fringes, discontinuities in particular,
complicate or even preclude automatic fringe tracking and
The wave pattern in Fig. 3 shows the formed soliton in the ‘bar’ part of the waveguide. The homogeneous bar was used
interferogram processing by means of available algorithms. We
for comparison with wave processes in layered waveguides. Note that formed soliton represents a bell-shaped
compression wave not followed by any tensile wave.
process holographic interferograms in finite width fringes using an
algorithm developed for reconstruction of off-axis digital
holograms [5]. This algorithm was applied for processing of
Air
interferograms of strain soliton evolution in various wave guides.
rpropromloommli
In Fig.3. we present a typical picture containing holographic
PMMA
interferograms (a), (b) and corresponding phase distributions (c),
(d) for the strain soliton moving from left to the right in a bar with
Air
bonded layers made of PS and PMMA at the distance 20-70 mm
(b)

(a)

Fig.2
Figure 3. Holographic interferogram (a), and corresponding phase distribution (b) of the formed soliton
in the homogeneous PMMA bar. Wave moves from left to right.
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(a,c) and 70-120 mm (b,d) from the layered part input. The
soliton parameters can be directly obtained from the fringe
Air
shifts on interferograms or from the reconstructed arrays of
PS
phase shift values, using direct and simple formuli, [1-4].
PMMA The wave patterns representing strain soliton behaviour in
Air
bonded and delaminated waveguides with layers made of
different materials are substantially different. In
delaminated layers solitons propagate independently
exhibiting wave parameters, specific for each material.
CONCLUSIONS

(d)

(c)

Figure 4. Holographic interferograms (a), (b) and corresponding phase distributions (c), (d)
for the strain soliton in a bar with bonded layers made of PS and PMMA at the distance 20-70 mm (a,c)
and 70-120 mm (b,d) from the layered part input. Waves move from left to right.

Fig.3

Bulk strain solitons in solids, unlike any linear bulk
wave, can propagate over lengthy wave guides without
remarkable decay, their parameters depend on the material
parameters, and waves carry various information about

impurities, inclusions and elasticity of material to holographic recording. Comparison of behavior of strain solitons in
three different wave guides made of the same material provides another instrument to study material properties of solids,
the 3d order elasticity
To sum up, we have shown that bulk solitary waves can be used in applications to
Downloadede.g.,
From: http://proceedings.spiedigitallibrary.org/
on 06/29/2015moduli.
Terms of Use: http://spiedl.org/terms
nanocomposites and impact mechanics, non-destructive evaluation, the 3d order elastic moduli estimation etc.
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STAGGERED MD AND MPM FOR MULTISCALE SIMULATION OF IMPACT RESPONSES
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Summary A particle-based multiscale simulation procedure is being developed to simulate composite structural responses and multiphase

(solid, fluid and gas) interactions under extreme loading conditions, in which molecular dynamics (MD) at nano scale is linked to dissipative
particle dynamics (DPD) at meso scale via a hierarchical approach while the DPD is combined with the material point method (MPM) at micro
scale within a concurrent framework. Since the DPD forcing functions are not well-developed for metals, it is proposed that a staggered MD
and MPM procedure be designed for concurrent simulation of impact responses between metal specimens. In the conference, preliminary
results will be presented to demonstrate the proposed procedure, and future research tasks will be discussed on the multiscale and multiphase
interactions involving failure evolution.

INTRODUCTION
To better simulate multi-phase interactions involving failure evolution without invoking master/slave nodes, the material
point method (MPM, http://en.wikipedia.org/wiki/Material_Point_Method) has evolved for more than twenty years
since the original MPM was published in 1994 [1]. The MPM is an extension from computational fluid dynamics to
computational solid dynamics. The essential idea of the MPM is to take advantage of both the Eulerian and Lagrangian
methods while avoiding the shortcomings of each. As can be found from the open literature, significant efforts have been
made by the international research community over the last twenty years to advance the MPM for promoting simulationbased engineering science (SBES). Recently, a particle-based multiscale simulation procedure is being developed to simulate
structural responses and multiphase interactions under extreme loading conditions, in which molecular dynamics (MD) at nano
scale is linked to dissipative particle dynamics (DPD) at meso scale via a hierarchical approach while the DPD is combined with
the MPM at micro scale within a concurrent framework [2 and 3, among others]. As illustrated in Fig. 1, the continuum body in
the MPM region is discretized into a set of material points with different levels of resolution. The constitutive law governing the
continuum element represented by a specific material point is evaluated at the material point position, which generates the
internal force vector to be mapped to the background grid nodes based on the distance between the material point and
corresponding grid nodes. There is no cutoff radius for the internal force vector. On the other hand, the continuum body in the
DPD region is discretized into a set of DPD particles. Although a uniform background grid is used in Fig. 1 for the illustration
convenience, the number of DPD particles inside a specific cell could be much more than that of material points in the
corresponding cell. Each DPD particle represents a given number of molecules via a hierarchical coarse-graining process that
smears out the thermal fluctuations as inherent in MD simulation. The discrete forcing functions in both MD and DPD have
different values of cutoff radius, with the DPD cutoff radius being at least one-order larger than the MD one. To provide a
seamless bridge between the MPM and DPD regions for concurrent simulation, the interface MPM particles inside the
intermediate region and within the cutoff radius of any DPD particle are treated as the DPD particles when any DPD particle
finds its discrete forcing function based on the cutoff radius. However, the internal force vector of an interface MPM particle is
mapped only to the corresponding grid nodes without being affected by any cutoff radius.

a)

Figure 1. Illustration of multiscale simulation scheme [3].
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PROPOSED PROCEDURE
Although only DPD particles are shown in Fig. 1, the multiscale simulation scheme should also be applicable to the
cases where MD, DPD and MPM particles concurrently occur in the single computational domain if the thermal fluctuation
in MD simulations could be appropriately handled. In addition, it has been found that the MPM mapping and remapping
procedure could effectively coarse-grain the DPD simulation details, as shown by Fig. 2(a) for the DPD-only simulation of
a copper target subjected to impact loading, and by Fig. 2(b) for the corresponding DPD-MPM simulation (in which the
DPD forcing functions are mapped onto the background grid nodes to solve the governing equations on the grid nodes).
Since the mapping functions are linear, the detailed dislocation pattern could be smeared out. The dislocation pattern could
be further coarse-grained with the increase of cell size, but the stress-strain relation of any DPD particle would converge
with the decrease of cell size and finally approach to that produced by the DPD-only simulation [2]. It should be noted that
the coarse-graining process in both spatial and temporal domains could be achieved at the same time because the time step
of the explicit time integration for the MPM depends on the cell spacing instead of particle spacing. Hence, a robust
concurrent procedure could be designed based on the recent findings [2, 3] for multiscale simulations of impact responses if
the size effects [4] are considered.
To deal with the thermal fluctuation in MD for the concurrent simulation with MD, DPD and MPM in a single
computational domain, a staggered MD and MPM procedure is proposed in this study in which the MD simulation box is
chosen along the MPM background grid cell boundary so that the interfacial treatment as illustrated in Fig. 1 could be easily
employed. In each MPM time step (much larger than a typical MD time step), the MD relaxation is performed inside the
simulation box while DPD or MPM particles (for which there is no thermal fluctuation) outside the box will contribute to
the nodal forces based on their discrete forcing functions or constitutive models, respectively. As a result, the molecular
details could be observed if required. In the end of the MD relaxation process, the discrete forcing function of each
molecule is mapped onto corresponding grid nodes for the concurrent simulation, and the updated nodal velocities are then
mapped back to corresponding molecules to update their positions in the same way as for the DPD or MPM particles. The
smoothed molecular dynamics method improved by alternating with molecular dynamics (AltSMD) [5] might be combined
with the staggered MD and MPM procedure to speed up the MD part, although the AltSMD need be further developed for
impact and wave propagation problems. The impact problem investigated with MD simulations [4] will be considered to
demonstrate the proposed procedure. Since the target corners play an important role in the size-dependent impact responses,
the corners and impacted surface will be simulated with MD while the other parts of the target will be handled via MPM in
order to better understand the size effects on multiscale impact responses involving failure evolution.

Figure 2. Coarse-graining of the MPM mapping and remapping procedure for a copper target under impact loading [2].
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Summary We numerically investigate the elastic wave propagation in hierarchical honeycombs that are constructed by replacing the cell walls
of regular honeycombs with hexagonal, kagome, and triangular substructures, respectively. We show that the hierarchically architected
honeycombs can exhibit broad and multiple phononic band gaps, which result from the multiple scatterings in the hierarchical architectures.
Our analysis reveals that the existence of these prominent wave attenuation features strongly depend on two geometric parameters, hierarchical
length ratio and number of substructures away from the central axis. Furthermore, the introduction of structural hierarchy also endows the
hierarchical honeycombs with enhanced stiffness. We predict that the proposed hierarchical honeycombs can realize unique combinations of the
prominent wave attenuation capability and enhanced specific stiffness, thereby providing opportunities to design lightweight phononic crystals.

INTRODUCTION
In recent years, phononic crystals have gained increasing research interests because their rationally designed periodic
architectures and constituent materials enable them to modify phononic dispersion relations, thereby providing avenues to
tailor group velocities and hence the flow of vibrational energy. When the structural periodicities of phononic crystals are
comparable to the wavelengths of propagating waves, multiple scatterings arise at the interfaces between constituent
materials. This mechanism gives rise to complete wave band gaps: frequency ranges where incident mechanical waves are
not allowed to propagate. This prominent property leads to a variety of potential applications, including wave filtering,1-3
waveguiding,4-7 and energy harvesting.8-10 However, the inherent architectures and constituent materials, if not designed
properly, could not generate desired phononic band gaps and even lead to undesired mechanical instability.
Recently, it has been explored the possibilities to manipulate wave propagation by harnessing multiscale characteristic
of hierarchical architectures.3,11-14 These rationally designed hierarchical architectures can give rise to multiple and
broadband phononic band gaps as well as low frequency band gaps. Moreover, the designed hierarchical architectures also
enable the coexisting of multiband wave filtering and waveguiding in an ultrawide frequency range. 14 Aside from these
prominent phononic properties, outstanding mechanical properties such as strength, stiffness, and fracture toughness can be
simultaneously achieved. Meanwhile, there have been great efforts to develop tunable phononic band gaps through
intriguing the structural instability thereby changing the lattice symmetries of phononic crystals.15
Despite these considerable efforts, challenges still remain. For example, to achieve the desired wave attenuation, soft
materials using thermally coupled dissipation mechanism are often employed in engineering practice. In this regard, the
wave attenuation capability strongly depends on the thickness of the materials, thus posing a great challenge to design
lightweight materials with strong wave attenuation ability. Further, conventional phononic crystals with periodic
architectures can only provide limited frequency band gaps since the Bragg scattering mechanism requires that the
wavelength must be comparable to the given structural periodicity. Lightweight phononic crystals with broadband and
multiband wave attenuation ability remain unrealized. Here we choose honeycomb lattices with hexagonal, kagome, and
triangular substructures as our model system to address the above challenges.
RESULTS
Figure 1 (a) shows a typical regular honeycomb lattice material. By replacing the cell walls with hexagonal
substructures, we obtain the hierarchical honeycombs (Figure 1(b)). Here we define two geometric parameters, hierarchical
length ratio and the number of hexagonal substructures away from the central axis, N, to uniquely describe the shape of the
hierarchical honeycombs. Subsequently, hierarchical honeycombs with kagome and triangular substructures are designed by
connecting the midpoints and vertices of the hexagonal substructures, respectively (Fig.1(c)-(d)). Note that the thicknesses
of cell walls in the designed hierarchical honeycombs are determined based on relative density equivalence between regular
honeycombs and hierarchical honeycombs.
Figure 2 shows the phonon dispersion relation of regular and hierarchical honeycombs. For the regular honeycomb, we
only observe one narrow band gap. By contrast, the introduction of structural hierarchy in the regular honeycombs leads to
much broader band gaps (Fig.2 (b)-(d)). Since the only difference between the regular honeycombs and the hierarchical
honeycomb is the structural hierarchy, we therefore conclude that structural hierarchy can be considered as an effective
approach to achieve broad and multiple band gaps.
We also simulate the mechanical responses of regular and hierarchical honeycombs. We note that hierarchical
honeycombs with hexagonal substructures have comparable yet slightly lower stiffness than that of regular honeycomb.
Remarkably, hierarchical honeycombs with kagome and triangular substructures show improved stiffness.
a) Corresponding author and presenting author. Email: lifeng.wang@stonybrook.edu.
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Figure 1(Left). (a) Regular honeycomb. l0 and t0 are the length and thickness of cell walls. (b)-(d) honeycomb with
hexagonal, kagome, and triangular substructure, respectively. (e) a schematic of cell wall with hexagonal substructure,
where l and t are the length and thickness of cell walls in hexagonal, kagome, and triangular substructure. N is the number
of substructures away from the central axis of the cell wall. (f) The associated first Brillouin zone.
Figure 2(Right). Phonon dispersion relations of regular and hierarchical honeycombs (a) Regular honeycomb; (b)-(d)
hierarchical honeycomb with hexagonal substructure, kagome substructure, and triangular substructure, respectively.
CONCLUSIONS
In summary, we have investigated the wave attenuation capability of hierarchical honeycombs with hexagonal, kagome,
and triangular substructures. We show that broad and multiple band gaps can be achieved by introducing structural
hierarchy in regular honeycombs, provided that the hierarchical length ratio and number of substructures are rationally
designed. Remarkably, hierarchical honeycombs with kagome and triangular substructures exhibit improved specific
stiffness as compared to that of regular honeycombs. Here we propose a new structural concept for designing phononic
crystals, that is, the introduction of structural hierarchy in regular honeycombs. It should be emphasized that the achieved
outstanding wave attenuation capability and enhanced mechanical property are solely dictated by the structural hierarchy,
and thus are material independent. The findings presented here will provide new opportunities to design lightweight
phononic crystals for applications including underwater wave mitigation in submarines and other structural vibration
mitigation in automobiles and aircrafts.
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Summary The phase velocity of flexural waves depends strongly on their frequency, which leads to the distortion of traveling broadband
pulses. This effect is used to focus strain energy at a particular location in a wave guide. Bending waves are excited at one end of a
glass beam and focus to a sharp peak at another location of the beam. The excitation is determined from a time reversed spectral element
simulation. The focusing of the bending waves in the glass beam is measured using a Laser Doppler vibrometer. Strong focusing was
observed.

INTRODUCTION AND THEORY
Introduction
Flexural waves in plates and beams show a strong dispersive behaviour [1]. This means that the phase velocity depends
on the frequency content of the wave package. Accordingly a broadband pulse is distorted as it propagates in a wave guide.
This effect has been exploited in previous work to locate defects in tubes with many circumferential measurements [2], as well
as in beams [3, 4] and plates [5] with a one point displacement measurement: The elastic waves originating from the defect
(e.g. acoustic emissions) are detected at one point of the structure. Subsequently their propagation path is retraced in a time
reversal simulation, where the distorted wave pulse refocuses at the location of the defect, which can thus be identified.
In this work the dispersive behaviour of flexural waves is used in a similar manner to focus strain energy in a glass beam:
One end of the beam is excited in such a way, that the propagating waves focus at a certain location of the beam and form a
sharp peak. Hence energy can be pumped into the beam over a longer amount of time and the effect of the transducer can be
amplified with the ultimate objective to induce enough strain energy to break the beam at the focal point of the guided waves.

Time Simulation

Time Experiment

Focal point
Transducer
Beam
Theory
In a first step the excitation signal for the transducer has
x
to be determined: Therefore the propagation of a sharp pulse
(here the second derivative of the Gauss curve was used) in
the glass beam is simulated using spectral elements as proposed by Doyle [6] and several reflections at the ends of the
beam are taken into account. The simulated displacement
Flexural wave
at the left end of the beam is time-reversed and adjusted according to the transfer function of the transducer to obtain
the excitation signal (see figure 1).
In a second step this signal is applied to the transducer,
which is mounted to the left end of the beam. It induces a Figure 1: The time reversal of the simulated flexural wave
series of dispersed guided waves, which focus - after several packages leads to a refocusing of the pulse in the experiment.
reflections - at the desired location of the beam.

EXPERIMENTS AND RESULTS
Experimental setup
The experimental setup consists of a circular Duran R glass tube (outer diameter of 5 mm, inner diameter of 3.4 mm,
length of 1406 mm), which serves as wave guide and is supported on two foam cushions. To one end of the tube a magnetic
sphere is glued with the polarisation pointing in radial direction. Thus a bending moment can be induced by applying a
magnetic field in axial direction. The deflection of the glass beam is measured with a Laser Doppler vibrometer. It is mounted
on a positioning stage, so that measurements at multiple locations of the beam can be carried out in subsequent experiments.
Measuring procedure
With the Laser Doppler vibrometer the deflection of the glass beam can only be measured at one point at a time. However
it is mandatory to measure the deflection all along the beam, as to be able to see the full dispersive behaviour of the flexural
waves. Hence a series of subsequent experiments is carried out, where several measurements are taken and averaged for a set
of positions on the glass beam. Putting all those measurements together one obtains a time-space diagram, in which the paths
of all wave packages can be retraced.
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Results
A first series of experiments was carried out with the glass tube and the transducer design described beforehand. The
resulting time-space diagram is shown in figure 2. As can be seen a total of 4 pulses are sent from the left side (x = 0 mm)
into the beam, with the earliest pulse undergoing 3 reflections before focusing on the desired location at x = 600 mm together
with the subsequent pulses. Because of the dispersive behaviour of the flexural waves, the pulses disperse again after having
focused on one spot. The maximum observed stress was 5.8 MPa. The stress was deduced from the deflection measurement
using Timoshenko beam theory.

Normalised bending moment

x = 0 mm
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Figure 2: Time-space diagram showing the focusing of the bending waves at the position x = 600 mm for t = 6.85 ms. The
bending waves are excited at the position x = 0 mm. The earliest wave package is reflected three times before reaching the
focal point. The time histories of the normalised bending moment at the positions x = 0 mm (excitation) and x = 600 mm
(focal point) are shown on the right hand side to illustrate the amplification of the transducer input. The bending moment is
derived from the deflection measurement.

CONCLUSION AND OUTLOOK
It has been shown that energy can be focused at one spot of a wave guide, by exploiting the dispersive behaviour of flexural
waves, thus amplifying the transducer input. In a first step the defocussing of a flexural wave pulse in a beam was simulated
using spectral elements. The resulting deflection was set as excitation boundary condition in an experiment, where several
wave packages were refocused and superimposed at one location, thus inducing an estimated stress peak of 5.8 MPa. It is
envisaged that with a more sophisticated transducer design breaking of the glass beam by dispersive wave focusing will be
possible.
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THE INFLUENCE OF TEMPERATURE AND CRYSTAL STRUCTURE ON HIGH STRAIN
RATE BEHAVIOR OF METALS
Eugene Zaretskya
Department of Mechanical Engineering, Ben Gurion University, Be'er Sheva, Israel
Summary The paper presents results of planar impact experiments conducted at ambient and elevated temperatures with the samples of pure
metals. The results show that the shock wave experiments deepen our understanding of high-strain-rate behavior of solids and provide
quantitative information for microscopic modelling of the behavior.
Shock wave experiments provide a valuable insight into microscopic phenomena accompanying the high strain rate
loading of solids. In particular, measuring the decay of the elastic precursor wave amplitude σel with propagation distance h
at different temperatures enables us to relate the precursor amplitude with the plastic strain rate γɺ at the initial stages of
plastic deformation and with the density ρm of mobile dislocations responsible of the material's inelastic response [1-3]. Our
recent studies of precursor decay in five BCC metals revealed the character of precursor decay unobserved previously [4, 5].
In the studied FCC metals the amplitude of strongly decaying precursor always follows a single dependence σel = s0h−α with
α ≈ 0.35÷0.7, Fig. 1(a, b) [1-3]. In BCC metals after 0.5 to 1 mm precursor traverse a similar, a strong one, dependence
σel(h) is substituted by much weaker one with the exponent α ≈ 0.1, Fig. 1(c, d).
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Figure 1. Sample free surface velocity histories recorded with typical FCC (Al, a) and BCC (Mo, c) metals and variations of
precursor amplitude in Al (b) and Mo and V (d) with propagation distance. The tel corresponding to 10-mm propagation distance (open
square, d) is taken from [6].

The change of the decay regime in BCC metals is associated with the change of the character of the dislocation motion
accompanying the decrease of the shear stress τel at the precursor top. At high strain rate γɺ (high τel , small propagation
distance h) the motion of dislocations is a glide over the summits of the Peierls relief (over-barrier glide) accompanied by
interaction of the dislocation core with the lattice phonons (phonon drag, PD, [7]).At lower strain rates (smaller τel, larger h)
the motion of the dislocations is controlled by generation and motion of the dislocation double-kinks which are thermally
activated (TA) [8]. At small propagation distances the high rate of deformation limits the time available for waiting of
appearance of a proper thermal fluctuation while the shear stress is high enough for continuous motion of the dislocation
over the potential barriers without a hold-up in the valleys of the potential relief. At this regime an average dislocation
velocity is proportional to the acting shear stress, v = τb/B, where b is the dislocation Burgers vector, and B is the
a)
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dislocation drag coefficient [7]. At lesser strain rates the waiting time becomes sufficient for thermally activated generation
of the double-kinks and for further widening of the kink bounded dislocation segment.
The transition from PD to TA regime takes place in a close vicinity of the material's Peierls stress (the height of the
Peierls relief). This transition is accompanied by the change of the dependence of dislocation velocity on the shear stress. In
the TA regime the dependence is v = v0(τ/τ0)n [8], where n = Hk/4kT, Hk is the kink activation energy, and v0 and τ0 are
constants [9]. In TA regimes the value of n varies between 2 and 20 [8]. Note that PD regime corresponds to n =1. Since the
exponent n decreases with temperature it is not impossible that at sufficiently high, T ≈ Hk/k, temperature the value of n will
approach to unit, At this temperature the thermal fluctuations are large enough to make the duration of stay of the
dislocation line at the potential valley negligibly small with respect of that above the potential summits. Respectively, the
two, PD and TA, dislocation glide regimes, and, as well, the rates of the precursor decay governed by the two mechanisms
should become indistinguishable as in the case of precursor decay in vanadium preheated up to 1100 K, Fig. 1d.
In the course of the studies of elastic precursor decay in BCC metals we found that in the case of Mo, Nb, and Fe in
which the PD-TA transition takes place at the propagation distances of about 0.5 mm it is possible to capture the power α
for both the regimes with reasonable accuracy. For all the three metals the αPD decreases while αTA increases with
temperature and should become equal at normalized temperatures θ∗ =T*/Tm ∼0.55÷0.65. Assuming that at T*n = 1 (and
keeping in mind a relatively large uncertainty of linear extrapolation of α for determination of T*) gives for the three metals
at room temperature: nNb = 6.1±1, nMo = 5.5±1, and nFe = 4.1±1. These figures are in a reasonable agreement with the values
of n obtained by etch pit technique at room temperature: nNb = 6.7 [10], nMo = 5.45 [11], and nFe = 2.89 [9]÷5 [12].
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Figure 2. Temperature variations of αPD and αTA (a) and of normalized transition stress τtr/τP0 (b) of five BCC metals.

Closeness of the measured values of the shear stress τtr corresponding to the change of decay regime to the zero-Kelvin
Peierls stress τP0 of the studied metals (Fig. 2b) confirms the role of the PD-TA transition in this change. Moreover, the
temperature variations of τtr/τP0 for all five metals follow a single curve and virtually coincide with the temperature
dependence of the stress at which thermally-activated and phonon-dragged dislocation velocities found by method of
Molecular Dynamics [13] become equal.
The presented results confirm the importance of the shock wave studies of different solids for better understanding of
the microscopic mechanisms responsible of their constitutive behavior.
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SHOCK WAVE STRUCTURES IN POROUS MEDIA ACCOUNTING FOR MICRO-INERTIA
EFFECTS
Christophe Czarnota∗1 , Alain Molinari1 , and Sébastien Mercier1
1
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de Lorraine, Metz, France

Summary The present work deals with steady shock waves propagation in porous media containing a homogeneous population of voids.
The matrix material is representative of some aluminium, assumed here non linear elastic viscoplastic, but the analysis is general and could
be applied to any porous metallic materials. The process is assumed quasiisentropic; the effect of the temperature is disregarded, so that
our approach is valid for shocks of moderate stress amplitudes. Quasi-static compression curves (no rate effect) are used to describe the
constitutive response of the porous medium under various stress levels. The Rayleigh line defines the shock path. Our results show that
micro-inertia effects bring an important contribution to the shock wave structure.

INTRODUCTION
The response of porous materials under shock wave is analyzed in the present work. This field of research is of particular
interest in numerous domains. It may concern the dynamic compaction of powders, development of blast mitigation strategies,
collision processes in the solar system...Few research contributions combine the role of the initial porosity, the balance between
viscous and micro-inertia effects during shock propagation [1]. Both effects bring a rate dependency that tends to delay the
void evolution. The present work provides a better understanding of how micro-inertia is controlling the compaction process.
Micro-inertia effects reveal that void radius appears as a key factor controlling the shock wave structure.
KINEMATIC AND CONSTITUTIVE EQUATIONS
Kinematic
Consider a porous medium, of initial porosity f0 , containing a homogeneous population of voids of initial radius a0 . It is
considered that a representative volume element (RVE) can be represented by a hollow sphere. The current porosity is f . The
matrix material, assumed plastically incompressible, of initial density ρ0 , has a non linear elastic/viscoplastic behavior.
The porous medium is subjected to plate impact experiment generating a propagating shock wave in the e1 direction. Beyond
a certain propagation distance, the wave becomes steady. A Lagrangian formalism is adopted. For these planar shock waves,
uniaxial strain prevails, and the macroscopic deformation gradient tensor has the form:
F = λ1 e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3

(1)

where λ1 is the longitudinal stretch. It is next assumed that changes in porosity are only related to the plastic deformation of
the matrix. The plastic part of the deformation gradient tensor is thus given by:
[(
]
)1/2
( p )−1/2
1 − f0
p
p
F = λ1 e1 ⊗ e1 +
λ1
(e2 ⊗ e2 + e3 ⊗ e3 )
(2)
1−f
Constitutive behavior of the porous solids
By definition, the Cauchy stress tensor Σ is related to the 1st Piola-Kirchhoff stress tensor T by T = Σdet(F)F−T :
Σ = T1 e1 ⊗ e1 +

T2
T2
e2 ⊗ e2 + e3 ⊗ e3
λ1
λ1

(3)

where T1 (resp. T2 ) is the component of the Piola-Kirchhoff stress tensor in the wave propagation direction (resp. transverse
direction). Based on previous works [2, 3] which have demonstrated the role of micro-inertia during dynamic processes, the
macroscopic Cauchy stress tensor Σ is the sum of a micro-inertia independent part Σ⋆ and a micro-inertia dependent part
Σdyn . Under shock loading, we also assume that micro-inertia acts only on the spherical part of the stress tensor. So the
Cauchy mean stress Σm = tr(Σ)/3 (tr denotes the trace operator) is given by:
]
(
)2/3 [ −1/3
f
− 1 ¨ − 61 f −4/3 + 2f −1/3 − 11
ρa20 1 − f0
⋆
6 ˙2
f+
f
(4)
Σm = Σm +
3
f0
(1 − f )5/3
(1 − f )8/3
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The micro-inertia contribution in Eq.(4) corresponds to the theory of Carroll and Holt [4]. The micro-inertia independent
part Σ⋆ is obtained from a GTN potential combined to an overstress formulation describing the viscoplatic response of the
matrix material. The elastic response of the porous medium and the matrix viscous behavior are based on Clifton [5] modeling
(see also [6]). The work [6] is dedicated to dense materials, and has been extended here to include the effect of porosity.
SHOCK STRUCTURE AND SHOCK WIDTH - RESULTS
For a steady shock wave, an observer may follow the wave propagation from a moving coordinate system ξ = X − Ct,
with C standing for the Lagrangian velocity of the plastic shock. Within this moving frame, the shock path is defined by the
relationship:
(
)
+
T1− − T1+ = ρ0 C 2 (1 − f0 ) λ−
(5)
1 − λ1
Eq.(5) defines the Rayleigh line. T1− , negative in compression, is the prescribed shock amplitude (corresponding stretch λ−
1 ).
T1+ , also negative, is defined by adopting the chord criterion (the chord is tangent to the quasi-static curve at one of its end
points, see Fig. 1), and is associated to the stretch λ+
1 . States (+) and (-) are thus identified here from isothermal quasistatic curves, following Clifton’s assumption that the deformation process is quasiisentropic [5], at least for moderate shock
amplitudes.
The porous material is representative of a 6061-T6 aluminium, see [5, 6]. Figure 1a shows quasi-static responses of porous
aluminium for various initial porosities. The efficiency of porous solids as shock absorber is clearly displayed. As f0 is
increased, the dissipated energy is increased. Some results are presented in Figure 1b by considering a porous material with
f0 = 0.03 and various initial
shock amplitudes are also tested. Figure 1b shows the evolution of the shock
[ void( radii. )Different
]
1/3
−
λp−
p
1−f
C
width we = − max Dp ln λ1p+ 1−f +
as a function of the shock amplitude −T1− . Deq
is the equivalent macroscopic
( eq )
1
plastic strain rate. It is shown that we is increased as a0 is larger. In addition, at a given void radius, a saturation of we value
is observed for very large shock amplitude −T1− . These results allow for optimizing the microstructure of porous metals to
enhance blast mitigation.
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Figure 1: a- Quasi-static compression curves for dense and porous aluminium. The Rayleigh line is also added for f0 =0.1,
−T1− =8GPa. -b) Shock width we vs shock stress −T1− for various initial void radii a0 .
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VOID COLLAPSE AND HOT SPOT FORMATION IN SHOCKED HMX: A LARGE-SCALE
MOLECULAR DYNAMICS STUDY
Tingting Zhoua), Huajie Song, Jianfeng Lou & Tao Hong
Institute of Applied Physics and Computational Mathematics, Beijing, China
Summary It has been suggested that crystal property such as internal defect and surface morphology plays key roles in the shock-induced hot

spot formation and initiation of detonation in energetic materials. We herein present a large-scale reactive molecular dynamics simulation of
shock initiation of HMX single crystal with void defect to investigate the void collapse and hot spot formation at the atomistic level. Results
show that shocked-induced jetting composed of the upstream HMX molecules travels across the void and collides with the downstream void
surface, leading to void collapse, greatly local temperature increase and hot spot formation, and subsequent chemical reaction initiation. The
effects of void size as well as geometry and shock strength on the dynamical process are also probed.

INTRODUCTION
Apart from chemical components, it has been experimentally suggested that the crystal property including grain size and
distribution, crystal internal defect, and crystal surface morphology has great influence on the mechanical strength,
sensitivity, and stability of energetic materials (EMs).[1-3] Particularly, it plays important roles in shock-induced hot spot
formation and initiation of detonation, thus affect the shock sensitivity of EMs. However, current experiment techniques are
unable to resolve the interior of shocked samples on the length scale of nanometer and time scale of picosecond, making it
impossible to directly measure or observe the hot spot formation, dissociation or formation of chemical bonds, or energy
release. The results from continuum hydrodynamic shock simulations are strongly dependent on material models such as
strength, viscosity, reaction kinetics, none of which is calibrated on the involved length scale and time scale.
Molecular dynamics (MD) simulation, which is capable of providing atomistic-level understanding, allows another way
to explore the role of crystal property on the responses of shocked EMs. Employing a reactive force field, the mutual
coupling of chemical reactions with mechanical deformations can be examined in a consistent manner. Recently, several
studies using reactive MD simulation have been reported pertaining to defect induced hot spot formation and reaction
initiation, shedding some light on these issues.[4-6] In this work, we perform a large-scale reactive MD simulation of a
realistic model of HMX single crystal with nanometer-scale void to explore the void collapse, hot spot formation, and
chemical reaction initiation subjected to shock loading. The effects of void size as well as geometry and shock strength on
the dynamical process are also examined.
COMPUTATIONAL DETAILS
The ReaxFF reactive force field as implemented in the Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) software package was used to model the shock dynamical process. The particular version of the force field used
here was developed for nitramines, including RDX, PETN, TATB, and nitromethane. [7] We first validated the accuracy of
the ReaxFF for HMX by comparing the equation of state under hydrostatic compression, the chemical reaction mechanisms,
and the Us-Up relation under shock to other theoretical and experimental results. Then, the simulation system was prepared
as follows. The structure of HMX starting from a unit cell with experimental structure is optimized using isothermalisobaric MD simulation at ambient conditions, leading to equilibrium structure very close to experimental result. The
optimized structure was then expanded to large supercell, and a spherical void with various diameters ranging from 4 to 10
nm was introduced by removing molecules whose centers of mass are within the radius of the void. We also introduced a
cylindrical void with the diameter of 8 nm to examine the influence of void geometry. After introducing the void, the crystal
was relaxed for 5 ps at a temperature of 300 K. Subsequently, periodic boundary conditions were removed to create a free
surface in the x-z plane, and again the system was relaxed for 4 ps. The dimensions of the system with an 8 nm spherical
void are 27.58  55.86  26.21 nm3 and contains 3.5 million atoms. A planar shock wave was initiated at the bottom (010)
surface by driving it against a rigid and reflective wall. Various particle velocities from 0.5 to 3 km/s were simulated to
explore the effect of shock strength on the dynamical process.
RESULTS AND DISCUSSIONS
For particle velocity Up = 1 km/s and void radius R = 4 nm, shock wave propagates into the crystal and reaches the
upstream void surface at 2 ps, after which the upstream molecules begin to travel across the void and form a jet with an
increasing velocity. The maximum velocity rises to 2 km/s after 4ps, and then decreases quickly due to the collision with the
downstream void surface, resulting in the closure of the void. This collision leads to the energy transformation from kinetic
energy to thermal energy, contributing to dramatic temperature increase and hot spot formation in the localized region.
a)
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Fig. 1 presents the spatial distribution of temperature in the shocked HMX crystal as a function of time. The temperature
is calculated by grouping atoms into small cubic bins based on their position, and the temperature of each bin is calculated
as the average kinetic energy of each atomic degree of freedom after subtracting the streaming velocity of all the atoms in
the bin. Temperature of the hot spot increases very quickly after the collision between the upstream molecules and the
downstream ones and approaches to the maximum value of 2000 K at 5 ps, and it drops quickly to 1750 K during the next
0.5ps because of molecular relaxation. After that, the hot spot temperature decreases gradually due to heat diffusion from
the inner to the outside, leading to the temperature increment of outside region.

Fig. 1 spatial distribution of temperature in the shocked HMX crystal as a function of time for R = 4 nm and Up = 1 km/s

The high temperature of the localized hot spot benefits the chemical reaction initiation. It is found that the N-NO2 bond
dissociation generating NO2 plays the leading role in the initial reaction mechanism, although other products like NO3,
HONO, O2, and C3H6N2 are observed. The onset of N-NO2 bond breaking begins at 4.7 ps, at which the void has
collapsed and the temperature of the hot spot is high enough. The position of NO2 is the center of the hot spot, validating
that it is the high temperature in the hot spot that promotes chemical reaction. The bulk temperature after shock compression
is only about 500 K, which is too low to ignite HMX crystal.
With the increase of void size, the velocity of HMX molecules traveling across the void gets higher, leading to stronger
impact with the downstream molecules. Thus higher hot spot temperature and larger hot spot area are formed, which result
in more dramatic chemical reactions. These phenomena are also observed with velocity increment, and the enhancing effect
is much more evident compared to that of the void size. Spherical void generates a hot spot that is more intense than that of
the cylindrical void of the same size due to the larger impact area. Although the temperature is lower for the cylindrical
geometry, the dynamical process leads to hot spot formation are qualitatively consistent with that occurring in the spherical
configuration.
CONCLUSIONS
Million-atom reactive molecular dynamics simulations of shock initiation of HMX crystal containing a void with various
sizes were performed. The dynamical process leading to hot spot formation includes shock induced jetting of the upstream
molecules, void collapse, and collision between the upstream molecules and the downstream. The collision greatly enhances
the hot spot temperature and thus chemical reaction initiation. With the increase of void size or shock strength, the
enhancement gets more obvious, leading to higher hot spot temperature and more violent chemical reactions. The dynamics
process is similar for the spherical void and the cylindrical void, although the latter leads to less intense hot spot.
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VIOLENT ELASTIC-PLASTIC WAVE INTERACTIONS
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Summary In isentropic compression experiments, millimetre thick metal samples are subjected to pressures on the order of 10 − 102 GPa,
while the yield strength of the material can be as low as 10−1 GPa. In such regimes the metal can be treated as a barotropic compressible
fluid in which the strength, measured by the ratio of the yield stress to the applied stress, is negligible to lowest order. We present a new
model of elastoplasticity which incorporates the effects of strength as a small perturbation to the leading order model based on barotropic
flow. We then consider the elastic/plastic waves that propagate through the metal sample and the consequences of their interactions on
obtaining equation of state information for the highly plasticised metal.

INTRODUCTION
To simulate the mechanical response of a metal undergoing violent elastic-plastic deformation, one must provide accurate
equation of state (EoS) information for the material under study. In recent times, so-called isentropic compression experiments
(ICEs) have become a standard method by which to extract equation of state information experimentally. A schematic of a
typical experiment is shown in Fig. 1. Using a magnetic pressure drive, a ramped compression wave is made to propagate
through the target material, and then detected at the rear face of the sample using velocity interferometry (VISAR) [1]. The
results from a typical experiment are shown in Fig. 2. Existing analyses to determine the EoS of the material under study from
this data have so far neglected the effects of shear strength, instead treating the metal as an inviscid compressible fluid [2, 3].
We present here a mathematical model which takes into account both the compressibility of the material and the small but
measurable effects of elastic strength.
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Figure 2: Boundary velocimetry data obtained
from the 3 MBar compression of lead.

Figure 1: Schematic of a ramped isentropic
compression experiment.

MATHEMATICAL MODEL
We focus our attention on one-dimensional, uniaxial strain where the specific volume ν, the velocity u and the deviatoric
strain ε are all functions of the Lagrangian variable X and time t. A uniformly valid model which captures the essential
phenomena of violent elastic-plastic deformation consists of the following three nonlinear, hyperbolic PDEs, namely
∂ν
∂u
−
=0
∂t
∂X


∂u
∂
2δG
+
ps (ν) −
ε =0
∂t
∂X
3ν
(


0,
if ε > −1
∂ε
2 ∂ν
δτ
−δ
= h(ε) =
3ν ∂t
∂t
ε + 1, if ε ≤ −1
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(conservation of mass),

(1)

(conservation of momentum),

(2)

(flow rule).
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The non-dimensional parameters in our model are: the relaxation time τ for the stress to relax back to the yield surface; and
the ratio δ  1 of the yield stress to the applied stress. In the limit δ = 0, the model reduces to the equations of barotropic
flow with EoS ps (ν). However, in regions where the strain is O(δ), the deviatoric and isotropic contributions to the strain
balance, and hence we expect elastic effects to be noticeable near the tails of propagating waves.
Numerical solutions
We simulate the response of a metal sample whose face at X = 0 is displaced by an imposed velocity U0 (t). The rear face
of the target is stress-free. The appropriate initial and boundary conditions are therefore
ν(X, 0) = 1,

u(X, 0) = 0,

ε(X, 0) = 0,

u(0, t) = U0 (t) = 1 − e−t ,

ps (ν) −

2δG
ε
3ν

= 0.

(4)

X=1

For comparison with the leading order barotropic flow model we use the ideal gas EoS: ps (ν) = ν −γ /γ.

Figure 3: Numerical solution of the model (1)–(4) for the deviatoric strain ε, with δ = 0.01, τ = 10, G = 2 and γ = 5/3.

Figure 4: Free-surface velocity u(1, t). Blue: our
model (1)–(3); red: barotropic flow.

Figure 3 shows an X–t plot for the deviatoric strain ε. Initially an elastic wave, labelled E, propagates ahead of a much
larger plastic wave, labelled P. When the elastic wave reaches the free surface X = 1, it reflects back toward the plastic wave.
During the interaction of the two waves (see the inset), part of the elastic wave is transmitted through the plastic wave, while
part is reflected back toward the free surface. The elastic wave thus reverberates back and forth until the eventual arrival of
the much larger plastic wave at the free surface. The velocity u(1, t) measured at the rear face of the target material is plotted
in Figure 4, and compared with the corresponding results for barotropic flow (i.e. δ = 0). A small elastic precursor arrives
ahead of the large plastic wave, and the reverberation leads to a staircase-like feature, with the velocity increasing through a
series of small steps. These significant features cannot be explained or resolved by barotropic flow alone.
CONCLUSIONS
We presented a mathematical model of elastoplasticity in the regime where the applied stress greatly exceeds the yield
stress, and used the model to analyse the interactions of elastic and plastic waves during the violent deformation of a metal
sample. We showed that key information is lost when elastic strength is neglected. It is the subject of current work to
understand the structure of the interactions described here mathematically and hence develop a more accurate method to
derive EoS approximations from real-life velocimetry data.
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BROKEN TIME-REVERSAL SYMMETRY IN BEAMS IN LONGITUDINAL MOTION
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Summary This work investigates the class of problems in which the material properties of the structures, i.e. the Young’s modulus E and
density ρ, are periodic functions of space and time. This periodic variation of the medium’s characteristics in space and time challenges
the notion of reciprocity of wave motion, leading to unidirectional wave propagation. Broken time-reversal symmetry is analytically investigated in beams in longitudinal motion and results presented in the form of band diagrams. Numerical simulations verify the theoretical
predictions. This study suggests a rigorous approach to study a new class of active periodic metamaterials with superior tunability features,
with applications in vibration and noise control.

MOTIVATION OF THE WORK
Metamaterials are structured media with exceptional wave propagation properties and applications in optics, acoustics and
mechanics, to name a few [1]. Several recent studies focused on enhancing the performance of such materials by endowing
them with tunable properties, for instance by inducing a structural reconfiguration through mechanical loading [2], in which
a modification of the spatial symmetry of the structure leads to dramatic changes in its wave propagation behavior. A further
step can be taken and a deeper control over the structure’s properties achieved by conveniently modulating the properties of
the structure not only in space, but also in time. As a result of that, the structure displays ranges of frequency for which wave
propagation is allowed in one direction only. Recent studies envision the possibility of exploiting unidirectional properties
to obtain backscattering-immune devices [4]. In the present study, we present a rigorous approach to study this new class of
metamaterials.
THEORETICAL BACKGROUND
We consider the case of propagation of longitudinal waves in beams in which the Young’s modulus E and density ρ are
functions of space and time, therefore the following expression for the equation of motion of the beam has to be considered:




∂
∂u(x, t)
∂
∂u(x, t)
E(x, t)
=
ρ(x, t)
(1)
∂x
∂x
∂t
∂t
We also assume that E and ρ are periodic functions of space and time, thus they write E(x, t) = E(x + λm , t + Tm ) and
ρ(x, t) = ρ(x + λm , t + Tm ), with λm and Tm spatial and time periods, respectively. We refer to this periodic variation of
the material properties as modulation. Periodicity allows us to express E(x, t) and ρ(x, t) in the form of the following Fourier
series:
+∞
+∞
X
X
E(x, t) =
Êp eip(ωm t−κm x)
ρ(x, t) =
ρ̂p eip(ωm t−κm x)
(2)
p=−∞

p=−∞

in which ωm and κm are the frequency and the wavenumber of the material properties modulation, respectively. Assuming
that a periodic solution of Eq.1 exists, it can be written in the form of the following Fourier series:
u(x, t) = e

i(ωt−κx)

+∞
X

ûn ein(ωm t−κm x)

(3)

n=−∞

By substituting Eq. 3 and Eq. 2 into Eq. 1 and by exploiting orthogonality, we obtain a quadratic eigenvalue problem (QEP)
to be solved for the frequency ω:

ω 2 L̂2 + ω L̂1 + L̂0 û = 0
(4)
in which the coefficient matrices L̂r , with r = 0, 1, 2, depend on the wavenumber κ and the coefficients Êp and ρ̂p . The
solution of the QEP gives the dispersion relation ω = ω(κ) for the structure, useful in any wave propagation problem and that
can be represented in the form of band diagrams [3].
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Figure 1: Band diagrams for non-modulated beam (red dash-dot line) and modulated beam (green dot line) (a) and the relative
transiet responses to narrow-band excitation centered at Ωext for non-modulated (b) and modulated beam (c). In the latter case,
due to modulation of the Young’s modulus, only the backward wave propagates, therefore one way propagation is realized.
RESULTS
q
0
We discuss the results for the simple case in which E(x, t) = E0 +Em cos(ωm t−κm x) and ρ(x, t) = ρ0 , with c0 = E
ρ0
ωm
wave velocity in the non-modulated medium and cm = κm modulation velocity. We define the dimensionless frequency,
tc0
m
wavenumber and time as Ω = ωλ
2πc0 , µ = κλm and τ = λm , respectively. Furthermore, we introduce the dimensionless
cm
modulation speed νm = c0 and the dimensionless modulation amplitude αm = EEm0 . As shown in Fig. 1a, when no moduµ
lation is applied, i.e. αm = 0 and νm = 0, the beam’s dispersion relation writes Ω = ± 2π
and it is represented in the band
diagram as two straight lines that are symmetric with respect to the frequency axis Ω, which means that backward-propagating
waves and forward-propagating waves have the same behavior, thus mechanical reciprocity holds. On the contrary, Fig. 1a
shows that, if modulation is applied with αm = 0.4 and νm = 0.15, the dispersion relation obtained by solving Eq. 4 produces a band diagram with different band gaps for forward-propagating waves and backward-propagating waves, therefore
mechanical reciprocity is violated. Indeed, the modulated beam allows forward-propagating waves only for Ω ∈ [0.36, 0.46]
and backward-propagating waves only for Ω ∈ [0.51, 0.61]. In order to verify our predictions, we use the commercial finite
element software COMSOL Multiphysics to compute the transient response to narrow-band excitation of longitudinal waves
in non-modulated and modulated beams of length 2L. In both cases, the excitation is imposed at the middle of the fixed-fixed
beam and a narrow-band signal centered at Ωext = 0.58 is used. Results are presented in the form of waterfall plots in Fig. 1b
and Fig. 1c for non-modulated and modulated beam, respectively. As expected, both backward waves and forward waves
propagate in the non-modulated beam, as shown in Fig. 1b. Conversely, backward-propagating waves only are allowed in
the considered frequency range if modulation is applied, as shown in Fig. 1c, thus one way propagation of elastic waves is
realized in the beam.
CONCLUSIONS
We suggest a fully analytical approach to investigate a new and promising class of metamaterials, which are able to violate
the principle of mechanical reciprocity and induce unidirectional propagation.
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INTERACTION OF DEFORMATION WAVES WITH INTERNAL STRUCTURES IN SOLIDS
Jüri Engelbrecht∗1 , Arkadi Berezovski1, Tanel Peets1 , and Kert Tamm1
1

Centre for Nonlinear Studies, Institute of Cybernetics at Tallinn University of Technology, Estonia

Summary Wave propagation in solids is strongly influenced by accompanying physical effects. The existence of the microstructure (internal
structure) of solids leads to dispersive and/or diffraction effects. Two cases must be distinguished: (i) disordered and (ii) regular microstructures. In the first case one-scale and two-scale models are analysed and it is shown that the dispersion together with nonlinearities may cause
the emergence of solitary waves. The existence of the negative group velocity is demonstrated in the two-scale model. A typical regular
microstructure is an embedded grating made of a different material. The diffraction pattern emerging after a wave passes through a grating
is analysed assuming that the matrix and the grating both are elastic. The possible energy localization in such a process is demonstrated.

MICROSTRUCTURE MODELS
Basic concepts
There is a growing interest to microstructured materials in contemporary engineering. The main reason for the wide usage
of such materials is related to possible enhancing the properties of materials under complicated loading conditions and to
possible design of materials using the emerging physical effects. Here the attention is paid to modelling of wave motion in
microstructured materials. In principle, the microstructures might be irregularly distributed (functionally graded materials,
alloys, crystallites, etc) or regularly localized (isolated inclusions, gratings, composites). In the first case the dispersive effects
are of importance, in the second case the diffraction is the leading process. Figure 1 shows these cases schematically.

Figure 1: (a) Disordered microstructure, (b) Diffraction grating.
The influence of the disordered microstructure on wave propagation in solids is modelled best if (i) microinertia is
taken into account, and (ii) the corresponding dispersion relation includes both acoustic (in-phase) and optical (out-of-phase)
branches. In the case of regular internal structure, the wave field can be simulated accurately by solving the elastodynamic
equations for the matrix and the scatterers respectively.
Disordered microstructure(s)
The mathematical models for wave motion are derived using the concept of dual internal variables which describes the
embedded microstructure(s) as internal fields [1]. A typical one-scale 1D wave equation is the following:




utt = c21 uxx + A utt − c22 uxx xx + B utt − c23 uxx tt ,
(1)
with material parameters A and B and velocities c1 , c2 and c3 . Here the role of dispersion is reflected by higher order
derivatives. This basic model can be generalized to describe nonlinear effects and the two-scale situation (a scale within
scale). The respective characteristics of waves are analysed including the deriving of governing nondimensional parameters
[2]. The two-scale model demonstrates also the existence of the negative group velocity due to the pre-resonant situation of
internal modes of close frequencies. The conditions for existence of the negative group velocity are derived [3]. A possibility
for the emergence of the negative group velocity exists also for waves in the wool felt. The similar modelling ideas are also
implemented for deriving the governing wave equations of biomembranes. In this case the nonlinearities are expressed in
terms of displacements rather than in deformations like in solids. This difference affects also the emergence of solitary waves.
∗ Corresponding
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Localized microstructure(s)
The main attention is focused to analysing the influence of properties of gratings on wave motion. In optics, the gratings
are considered as rigid, in case of solid mechanics both the matrix and the grating are elastic. In the latter case, wave motion
is studied numerically in the plain strain setting. Standard 2-D wave equation is solved by means of a finite volume numerical
scheme. The interaction of waves after passing through a periodically ordered elastic grating leads to a self-imaging Talbot
effect for the wave length equal or close to the grating size [4]. The effect of energy localization is observed at the vicinity of
the grating (see Figure 2).

Figure 2: Energy localization in the vicinity of an elastic grating
The optical, acoustic and elastic diffraction processes are compared and differences explained. The observed difference between acoustic and elastic cases is unavoidable and should be taken into account in the topological optimization of composites
for the controlling of elastic waves.
CONCLUSIONS
The mechanisms of interaction of waves with the microstructures (internal structure) in solids are analysed. The coupling of the macro- and microstructure leads to changes in velocities and wave profiles. The influence of the disordered
microstructure leads to strong dispersive effects including the possible negative group velocity. Such modelling opens vistas
for dispersion engineering of materials with specific properties. Numerical simulations of the elastic wave diffraction on elastic gratings show both similarities and differences with the case of a rigid grating where waves are not transmitted through
inclusions. The localized microstructure may cause energy localization in emerging wave fields.
Acknowledgements. This research was supported by the European Union through the European Regional Development
Fund and the Estonian Research Council (PUT 434).
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NONSMOOTH MODAL ANALYSIS OF PIECEWISE-LINEAR IMPACT SYSTEMS
1

Anders Thorin1 , Pierre Delezoide , and Mathias Legrand1
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada

Summary Periodic solutions of autonomous and conservative second-order dynamical systems of finite dimension n undergoing a single
unilateral contact condition are investigated in continuous time. The unilateral constraint is complemented with a purely elastic impact
law conserving total energy. The dynamics is linear away from impacts. It is proven that the phase-space is primarily populated by onedimensional continua of periodic solutions, generating an invariant manifold which can be understood as a nonsmooth mode of vibration
in the context of vibration analysis. Additionally, it is shown that nonsmooth modes of vibration can be calculated by solving only k 1
equations where k is the number of impacts per period. Results are illustrated on a mass-spring chain whose last mass undergoes a contact
condition with an obstacle.

MOTIVATION
Nonlinear modal analysis consists in calculating, in the phase space, two-dimensional manifolds which are continuous
families of periodic trajectories [1]. When dealing with nonsmooth systems, i.e. systems subjected to impact and friction [2],
the induced discontinuities are usually regularized [3]. The novelty of the proposed work here is to incorporate the discontinuities in the formulation to exhibit continuous families of periodic nonsmooth trajectories, thus leading to nonsmooth
modal analysis. The results hold for all autonomous linear dynamical systems subjected to a single contact condition modeled
through a unilateral linear sceleronomic constraint complemented with a perfectly elastic impact law.
FORMULATION
The vector of generalized coordinates x is an element of Rn where n is the number of dofs of the system. During free
flights, that is away from impacts, the dynamics is governed by MRx C Kx D 0 where M and K are the mass and stiffness
matrices. Introducing x D Œx> ; xP > > , this differential equation can be reformulated in the first-order form as xP D Ax hence if
no impact occurs in time interval Œt; t 0 , x.t / D S.t t 0 /x.t 0 / with S.t/ D exp.tA/. The signed contact distance (gap function)
is g.x/ D w> x C g0 . It is shown that the impact law, written in terms of normal contact velocities C D
, reads in terms
of as xC D Nx where N D M 1=2 .I 2rr> /M1=2 and r is the unit vector given by r> D Œ01;n ; M1=2 w.w> M 1 w/ 1=2 > 2
R2n . We introduce the times of impact t0 ; : : : ; tk with the convention t0 D 0 and period T D tk so that k is the number of
impacts per period (ipp). The dynamics is a succession of free flights of duration ti ti 1 and impacts at ti , i 2 J1; kK, so for
t 2 Œti 1 ; ti /:
x.t / D S.t ti /NS.ti ti 1 /N : : : NS.t t0 /x.t0 /:
(1)
This expression shows that there exists a linear mapping from a vector of initial conditions to the current state at t . Let u be
the endomorphism of matrix NS.tk tk 1 /N : : : NS.t1 t0 / in the canonical basis of R2n . The problem of finding periodic
solutions of the dynamics with impact times t1 ; : : : ; tk is formulated in three necessary conditions (NC) to be satisfied by x0 :
Given T 2 R and k 2 N , find x0 2 R2n and t1 ; : : : ; tk such that:
8
u.x0 / D x0
ˆ
ˆ
ˆ
< x determined by x using (1) is such that:
0
ˆ 8i 2 J1; kK; g.x.ti // D 0
ˆ
ˆ
:
8t 2 Œ0; T ; g.x.t //  0

NC1

(2a)

NC2
NC3

(2b)
(2c)

with g.x/ WD g.x/. Eq. (2a) enforces periodicity through a sequence of free flights over .ti 1 ; ti / punctuated by perfectly
elastic impacts at ti , i 2 J1; kK. Eq. (2b) guarantees that the impact law only applies when the separating gap is closed.
Ineq. (2c) is necessary to ensure that the unilateral contact condition is not violated during the free flights.
MATHEMATICAL RESULTS
We can show that there is an isomorphism ' between the invariant (maximal) subspace of u and the kernel of a known
skew-symmetric matrix … of size k  k and function of the impact times. This implies that NC1 is satisfied if and only if
there exists a  2 Rk such that ….t1 ; : : : ; tk / D 0, and then x0 can be retrieved using x0 D './. We also know that NC2
is satisfied by x if and only if †.t1 ; : : : ; tk /'.x0 / D g0 j where † is a symmetric k  k matrix and j D Œ1; : : : ; 1> 2 Rk .
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The expressions of …, † and ' are known explicitly but are not provided here; they depend only on M, K, g and t1 ; : : : ; tk .
Satisfying NC1 and NC2 reduces to finding t1 ; : : : ; tk and  such that … D 0 and † D g0 j. Then, † is generically
invertible so it suffices to find t1 ; : : : ; tk such that …† 1 j D 0, and then recover x0 D '. g0 † 1 j/. The non-generic cases
exhibit very specific properties which are not described here. If x0 satisfies NC1 and NC2, it is a solution iff it satisfies NC3.
This last condition has to be tested numerically.
It is then proved that if x0 is a solution for g0 ¤ 0 then, generically, it lies on a two-dimensional manifold of the phase
space. As opposed to smooth nonlinear modes, here the manifolds feature discontinuities, corresponding to the discontinuities
at impact times. The positions and velocities as a function of time emanating from the initial conditions x0 can then be
calculated. The results are summarized in Fig. 1.

S

D

g0 †

x0 D './

1 .s/j



x./

x0

xP n

tk

s



t2

t1

xn

xn
1

Nonsmooth periodic orbit

s j ….s/† 1 .s/j D 0
s belongs to a curve S

Figure 1: Summary of the mathematical results in the generic case with g0 ¤ 0. When s D .t1 ; : : : ; tk / travels along the red
curve S, the periodic solution describes a nonsmooth mode with k impacts per period.
APPLICATION TO A MECHANICAL SYSTEM
The mathematical developments prove the existence of nonsmooth modes yet also give a constructive way of calculating
them by solving k 1 equations (…† 1 j D 0) independently of the number of dofs. Results are illustrated on a simple
spring-mass chain whose free mass is subjected to an elastic Newton impact law, see Fig. 2. A nonsmooth mode with 7-ipp
m1
k1

m2

mn

k2

kn

mn

1

kn

1

Figure 2: Simple spring-mass chain whose free mass is subjected to impacts.
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4
6

1

8

position xn

was calculated following the methodology of Fig. 1 for this system with n D 5. The position of the last mass is represented
for two initial conditions on the nonsmooth mode in Fig. 3, illustrating the possibilities given by the derivations.

0

2

4
time t

6

2

0

2

4
time t

6

Figure 3: Two periodic trajectories with 7 ipp belonging to the same nonsmooth mode represented in .xP n ; t /. Dashed lines
correspond to impact times.
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MULTI-SITE DISCRETE BREATHERS IN FINITE VIBRO-IMPACT CHAIN
Itay Grinberg∗1 and Oleg V. Gendelman1
1

Faculty of Mechanical Engineering, Technion – Israel Institute of Technology, Haifa, Israel

Summary Exact solution of a discrete breather with multiple localization sites is derived for both conservative and forced-damped vibroimpact chain of finite size. The finite dimension of the chain also allows accurate stability analysis via Floquet theory without approximations. Two mechanisms of stability loss are revealed and numerically verified. Additionally, effects of chain length and localization sites
proximity is being investigated.

V(x)

W(x)

Localization in physical systems has been of increasing interest in recent years. Localization can be caused by some
defect in otherwise homogeneous media. However, a more interesting case is when it appears in disordered or purely homogeneous nonlinear media. This work focuses on the discrete breather (DB) – exponentially localized phenomenon appearing
in nonlinear lattices – sometimes referred to as Intrinsic Localized Modes (ILM) or Discrete Solitons.
The investigated system consists of a finite chain of linear oscillators. In addition to the linear coupling, each mass is
subjected to an on-site interaction – a linear spring and a pair of barriers inducing vibro-impact located at un = ±1 t where
un is the displacement of the nth mass.

-1

-0.5

0

0.5

1

-1

-0.5

x

0

0.5

1

x

Figure 1: Coupling (left) and on-site (right) potentials
The Hamiltonian of the can now be extracted:The Hamiltonian of the systems for (N + 1) masses is as follows:

 N −1
N


1 2
pn + V (un ) +
W (un − un+1 ) + W (uN − u0 )
H=
2
n=0
n=0

V (x)

⎧
⎨ γ1 2
x
=
⎩2
Impact

W (x)

=

γ2 2
x
2

|x| < 1

(1)

(2)

|x| = 1
(3)

where pn = u̇n is the momentum, γ1 and γ2 are the on-site and coupling stiffness respectively and V (x) and W (x) are
the on-site and coupling potentials respectively. The impact condition is un (tb ) = ±1, and the impact law is given by
u̇n (tb +) = −eu̇n (tb −) where e is the coefficient of restitution.
Based on works by Gendelman and Manevich[1, 2] an exact solution of a symmetric DB is obtained for both conservative
model, and more importantly, forced-damped model by means of Fourier series. Due to the complexity of the solution, the
localization is only verified numerically. However, One can clearly see the exponential localization around the DB sites when
N → ∞.
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Additionally, the zone of existence is determined and it’s stability is examined via Floquet multipliers[3], i.e. eigenvalues
of the Monodromy matrix that is described explicitly for an approximate finite system, hence the Fluquet multipliers are not
extracted numerically from the mapping as is usually the case but are derived directly from the Monodromy matrix. It is
important to note that since both models are VI models, producing the Monodromy matrix is not a simple task and must be
done separating the linear regime from the instance of the impact where one must use a saltation matrix [4].
The obtained solution is characterised by a strongly localized frame enveloping the synchronously oscillating masses. The
frame is presented in fig. 2 for two set of parameters of the Hamiltonian model.
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Figure 2: Comparison of the displacement amplitude of the masses between in-phase (black) and anti-phase (dashed gray)
2-site DB. Negative indices denotes the ith mass in the chain where i = N + 1 + (negative index) to better represent the
periodic boundary condition.
The stability analysis reveals two mechanisms for loss of stability as seen in the stability map in fig. 3. The first is the
Hopf bifurcation corresponding to some spatial modes of the linear chain and possibly related to resonance frequencies. The
second is the pitchfork bifurcation which appears to be of localized nature and corresponds to breaking of the DB’s symmetry
as demonstrated in fig. 4.
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Figure 3: Stability map for a 2-site Forced DB with sites
at 0 and 1 for N = 20, γ1 = 0.1, e = 0.9 and A = 1.5.

Figure 4: Analytic prediction (dashed gray) and numerical approximation (black) of the displacement of an impacting mass for N = 20 and γ2 = 0.07 with a 2-site
forced DB after breaking of the symmetry.
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NONLINEAR MODES OF VIBRATION OF VIBRO-IMPACT DUFFING OSCILLATORS
David Urman∗ and Mathias Legrand
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada
Summary The objective of this research is to develop numerical methods for finding periodic solutions to autonomous conservative
vibro-impact Duffing oscillators. The investigated model consists of serially connected masses the last of which collides a rigid wall. The
connecting stiffness are quadratic functions of the displacements. Dedicated Ritz methods and continuation algorithms are developed in order
to find families of admissible natural vibratory responses commonly named nonlinear modes of vibration.

MOTIVATIONS
Vibration analysis is critical for many common mechanical systems: jet engines, bridges, pistons, and acoustic resonators
are some examples of systems for which the study of vibration is crucial [1]. Within a linear framework, one way to understand
the behaviour of such oscillatory systems is by exploring their natural frequencies of oscillation in the vicinity of an equilibrium
state. Such behaviour is called autonomous vibration and its analysis aids in predicting more complex behaviours of the
investigated system. The analysis becomes much more challenging when the investigated mechanical system features smooth as
well as nonsmooth nonlinearities: two typical examples are cubic nonlinearities capturing large displacements and impacts
reflecting unilaterally constrained dynamics. Such a system, reduced to 2-degree-of-freedom (dof) vibro-impact Duffing
oscillator, is numerically investigated in the light of vibration modal analysis.
MODELLING AND GOVERNING EQUATIONS
The system of interest, depicted in Fig. 1, consists of two nonlinear cubic springs serially connecting two masses the last of
which impacts a rigid non-moving wall. Unilateral contact is mathematically expressed as a Signorini complementarity condition.
x1

x2
g

Figure 1: 2-dof vibro-impact Duffing oscillator: stiffnesses are nonlinear functions of x 1 and x 2 , see Equation (1a).
For discrete systems, an additional impact law has to be incorporated in the formulation for well-posedness purposes [6]. In this
work, the well-known Newton impact law with the restitution coefficient e = 1 is considered [3, 4]. One-impact-per-period
solutions only are targeted and the complementarity conditions are advantageously replaced by a simple numerical test on
the admissibility of the found solution [5, 7]. This simplified formulation tracks a subset of all possible admissible solutions.
Periodic solutions with one impact per period are assumed to exist but the period T is unknown. Without loss of generality, the
assumed impact occurs at t = 0 and the governing equations read:
• Free-flight ∀t ∈ ]0 ; T[:
"
#
! "
#
!
!
!
m1 0
ẍ 1
k1 + k2 −k2 x 1
(x 1 − x 2 ) 3
0
+
+ε
=
(1a)
0 m2 ẍ 2
−k 2
k2
x2
0
(x 2 − x 1 ) 3
• Continuity and impact condition

x i (0) = x i (T ), i = 1, 2
x 2 (0+ ) = g and ẋ 2 (0+ ) = − ẋ 2 (T − )

(1b)
(1c)

SOLUTION METHODS
When ε = 0, closed-form solutions to system (1) exist [5]. When the cubic springs are effective, the construction of an
approximation relying on the Ritz method is implemented. Ritz methods are designed to approximate the solution using a set of
known functions [1] which satisfy the boundary conditions of the formulation. In this research, the Ritz functions are defined in
the time-domain and should comply with the continuity and impact conditions (1b) and (1c). The two following families
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to approximate the displacement of the impacting mass and non-impacting mass, respectively. In Equation (2), ω is the frequency
of the motion when impact is ignored: this is an unknown of the formulation and is introduced to generate a discontinuity
ẋ 2 (0+ ) = − ẋ 2 (T − ) in a straightforward manner. The period of the unknown displacement (x 1, x 2 ) solution to (1) is T and
not 2π/ω. The approximate solution is then inserted into (1a) and a Galerkin Projection [1] is performed on the family ψi
(solely) to find the participation of the Ritz functions in the solution. As such, the formulation has always more one unknown
than the number of available equations: this can be understood as a generalized eigenvalue problem where the period and the
displacement have to be found. The solution set is intricate and organized as multiple co-existing one-parameter families of
periodic orbits, some of which can be tracked through continuation strategies starting from the linear solutions.
RESULTS

x2

101
100

Energy

102

Solutions were obtained for a 2-dof system but the proposed method extends to larger systems at the cost of an increased
computational effort. It was concluded, from numerous tests, that the developed Ritz method converges when a sufficient
number of Ritz functions is incorporated into the formulation. The admissibility of the found solution has to be continuously
checked as unexpected grazing trajectories might arise when the energy of the motion increases.
The effects of the impact is indicated in Fig. 2 [left] by the first change of slope in the Frequency-energy plot. The
well-known stiffening effect induced by the cubic springs is observed when ε is increased. Other branches were also found
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Figure 2: Left: Frequency-Energy plot of the first nonlinear vibration mode in the vicinity of the first natural frequency ω1
with ε = 0 [blue curve, linear oscillator with impact] and ε ∈ [0.0 ; 0.2] [brown curves from dark to bright]. Parameters
m1 = m2 = k2 = 1, k1 = 3, and g = 2. Right: Invariant manifold for ε = 0.2
in the neighbourhoods of the subharmonics of the system’s natural frequencies. Further work is currently undertaken on the
theoretical aspects of the existence of such manifolds. It should be noted that the internal resonances expected in the Duffing
oscillator (with no impact) will generate unexplored difficulties when impact is introduced. Finally, finding solutions with
multiple impacts per period is a direct extension to this work, yet much more challenging.
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PICK-UP, IMPACT AND PEELING
Harmeet Singh1 and James Hanna∗2
1,2
Engineering Mechanics Program, Department of Biomedical Engineering and Mechanics, Virginia Tech, U.S.A.
Summary We consider a class of problems involving a one-dimensional, inextensible body with a propagating discontinuity (shock) associated with partial contact with a rigid obstacle providing steric, frictional, or adhesive forces. This class includes the pick-up and impact
of an axially flowing string or cable, and the peeling of an adhesive tape. The dynamics are derived by applying an action principle to a
non-material volume. The resulting boundary conditions provide momentum and energy jump conditions at the shock. These are combined
with kinematic conditions on velocities and accelerations to obtain families of steady-state solutions parameterized by the shock velocity
and momentum and energy sources.
In our presentation, we will apply these findings to specific cases, compare with other results in the literature on chain fountains, falling
folded chains, and impulsively loaded cables, and examine the dynamics of the shock when steady-state solutions are perturbed.

Point discontinuities propagating in one dimensional flexible media, such as chains and strings, are ubiquitous in nature.
Physical examples of such moving discontinuities (shocks) are, lift off points of chains being picked up from a rigid surface,
points of contact of impacting chains, and peeling fronts of adhesive tapes. Figures 1 and 2 show two counterintuitive behaviors involving contact discontinuities.

Figure 1:
Snapshots
from an experiment
where two identical
chains were dropped
simultaneously.
The
chain on the right was
impeded by a table, and
accelerated faster than
the freely falling chain
on the left (video by
Rick Warner).

Figure 2: A chain fountain.
One end of a
heap of chain is dropped
from a parking garage
roof, causing part of the
chain to rise up in the
air. The pick up point of
the bucket is a shock that
enables the formation of
the fountain [1].

For a flexible inextensible string, parametrized by the arc length s and containing a moving discontinuity at s = s0 (t), the
following action is minimized to obtain the dynamics [2],
Z
A=

Z
dt

s0 (t)

ds L ,

(1)

where 2L = µ∂t X · ∂t X − σ(∂s X · ∂s X − 1), µ is the mass density, and σ is a Lagrange multiplier enforcing inextensibility
of the string. Assuming that the string does not break, a velocity compatibility condition, J∂t X + ∂t s0 ∂s XK = 0, must hold
at the shock, where JQK ≡ Q+ − Q− . The superscripts ‘+’ and ‘−’ represent field quantities on either side of the shock. A
spatial variation of (1) yields the bulk term µ∂t2 X − ∂s (σ∂s X) = 0, and the boundary condition
P + Jσ∂s X + µ∂t s0 ∂t XK = 0 ,

(2)

where P is the force injection (per unit area) at the shock, usually arising from the contact of the string with an external
obstacle. Similarly, the time variation of (1) leads to the jump condition
Ẽ + Jσ∂s X · ∂t X + 21 µ∂t s0 ∂t X · ∂t XK = 0 .

(3)

E = 14 ∂t s0 JσKJ∂s XK · J∂s XK .

(4)

The power injection (per unit area) is defined as the quantity E = Ẽ − 21 P · {∂t X}, where {Q} ≡ Q+ + Q− . A negative value
of E would imply dissipation. This particular definition of the power injection renders the energy equation Galilean invariant.
Using the velocity compatibility, the energy jump can also be written as,
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The force and power injections are not entirely arbitrary. Using the velocity compatibility along with (2), it can be shown that
the power and force jumps are related by the following expression,
E{∂s X} · {∂s X} = − 21 ∂t s0 P · {∂s X}J∂s XK · J∂s XK .

(5)

The formalism developed above may be applied to pick-up, impact, peeling, and other problems. Solutions for the pick-up
problem are presented here. As shown in Figure 3, a piece of string in contact with a surface and moving with axial velocity
T1 is connected by a discontinuity to a free piece of string moving with axial velocity T2 and a translational velocity V .
Using the velocity compatibility condition at the shock, the magnitude of the lateral velocity can be related to the axial
flows as V = T2 − T1 .
The steady state solutions for the shock velocity and
stresses in the vicinity of the shock are given by the following relations,
∂t s0 (t) = −T2 ,

(6)

P · J∂s XK
2E
σ − = µT22 −
+
,
J∂s XK · J∂s XK T2 J∂s XK · J∂s XK
2E
P · J∂s XK
−
.
σ + = µT22 −
J∂s XK · J∂s XK T2 J∂s XK · J∂s XK

(7)
(8)

These solutions have been obtained with the aid of (2), (4)
and the velocity compatibility only. The bulk equations have
not been invoked yet. The velocity V, if not parallel to the
Figure 3: A string being picked up from a frictionless solid surface string on the table, would affect the shock velocity. Quanwith a lateral velocity V. The axial velocities of the two parts sepa- tities like P and E would be affected indirectly through the
rated by the shock at s = s0 (t) are given by T1 and T2 . The direction shock velocity. Equation (4) shows that zero power injection (dissipation) must imply continuity of stress σ across
of gravity is given by the unit vector ĝ.
the shock, if the tangents are discontinuous. In the absence
of gravity, the bulk solution of part 2 of the string enforces σ + = µT22 . For no power injection (dissipation), the continuity of stresses implies σ − = µT22 , which in turn would lead to P = 0 from the momentum balance equation given by
P = −J(σ − µT22 )∂s XK.
In the presence of a gravity force µgĝ, the bulk solution for the picked up part yields,
p


a2 s20 + 1
+
2
σ = µ T2 + g
,
(9)
a
where a is a negative constant. In view of (9) above, and the momentum balance across the shock, it can be concluded that a
nonzero reaction force is now required to sustain the kink. Using (5), it can also be shown that if the only source of a reaction
force is a frictionless surface, i.e. P · ∂s X− = 0, a discontinuity in the tangents across the point of partial contact cannot exist.
Solutions for the impact problem can be obtained by reversing the signs of the axial flows T1 and T2 . To describe
the peeling of an adhesive tape, an additional term in the form of adhesion energy per unit length is incorporated into the
Lagrangian. The kinematics remain the same as those of the pick-up problem with no axial velocity on the contacting portion
of string, T1 = 0.
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ACCELERATION OF CAR CRASH SIMULATIONS
Jörg Fehr∗1 and Dennis Grunert1
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Summary The automotive industry is in need of fast crash test simulations. Instead of using faster hardware, a modern approach consists of
reducing the system size of the underlying equations while retaining important system properties and controlling the approximation error.
Linear variants of this so-called model order reduction are well explored and therefore used as much as possible. In a car crash scenario,
some parts of the automobile exhibit large deformations, whereas others experience mostly small vibrations. We therefore identify linear
behaving parts of the model and separate/reduce them with modern, improved Component Mode Synthesis approaches. The interface plays
a crucial role in the speedup, hence an interface reduction is also required. The application to a kart model delivers promising results.
Additionally, a workflow is developed, which can be adopted to a full car model consisting of more than one million degrees of freedom.

MOTIVATION
Unlike several decades ago, hardware crash tests are now commonly substituted by simulations in the development phase
of a new car. Usually, thousands of simulations are run for only one car to ensure its crash safety over all stages of the
development. Combined with detailed finite element (FE) models, this leads to a high demand of computing power and long
response time for the design engineer. For shorter response times, the automotive industry currently uses huge computer
clusters, which are costly and harmful to the environment. These problems can alternatively be solved by applying model
order reduction (MOR) to the underlying system, i.e., substituting it by a smaller system with preferably low approximation
error.
In structural mechanics, linear model order reduction is applied for a long time and well understood. Small reduction errors
and large acceleration of the simulation can be achieved with, e.g., modal reduction, Krylov methods or techniques based on
the singular value decomposition or Gramian matrices. While this is true for mechanical systems with small deformations, it
is certainly not the case in a crash test simulation with large deformations, nonlinear material behavior and complex contact
scenarios leading to nonlinear differential equations. Unfortunately, nonlinear reduction techniques are not yet as mature and
can be found rarely in industrial applications. Therefore, goals are the improvement of nonlinear reduction techniques in the
field of crash test simulations and the application of linear, mature methods whenever possible.
IMPLEMENTATION
Several ideas presented below are developed and implemented to accelerate car crash simulations. The 2001 Ford Taurus
model [4] of the National Crash Analysis Center and a simplified model of a racing kart serve as examples.
Identification of Nonlinear Parts
Instead of using nonlinear MOR for the complete car model, it is beneficial to separate it in parts which can be considered to behave linear and parts considered to behave nonlinear. Linear respectively nonlinear methods can then be applied
accordingly, cf. [3]. It is also possible to not reduce the nonlinear part at all to ensure correctness of the simulation. Since
our workflow should be easily applicable in the industry, we use the widely-used FE program LS-DYNA to simulate the
crash. Unfortunately, it is not only feature-rich but closed-source, therefore, the underlying, nonlinear differential equations
are not visible to the user. Thus, only heuristic identification remains. In [1], clustering algorithms are used to identify similar
behaving parts of the car within a set of simulation runs. This approach is adopted to our use case and improved after some
problems are identified. Exemplarily, a cluster crossmember of a frontal crashed Ford Taurus is depicted in Fig. 1. The green
area behaves ”probably linear” whereas the rest of the crossmember in red behaves ”probably nonlinear”.
Model Order Reduction with Interface Reduction
Once the model is separated in two parts as described above, the substructuring needs to be represented in the equations
of motion to allow an isolated treatment of each subbody. Since several decades, the Component Mode Synthesis (CMS) with
the Craig-Bampton method as its well-known special case is the default substructuring approach. CMS assumes a partition of
the degrees of freedom (DOFs) in boundary and internal DOFs and uses so-called component modes as ansatz functions for
the model order reduction. Craig-Bampton, for example, uses a combination of fixed-interface eigenmodes, i.e., the solutions
to the eigenproblem of the internal dynamics (the system restricted to only the internal DOFs) and static condensation modes,
which are resulting from deformations on only one boundary DOF each.
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An improvement of the Craig-Bampton method called CMS-Gram consists in replacing the fixed-interface modes by
ansatz functions resulting from input-output based reduction schemes like the Proper Orthogonal Decomposition, Krylov
methods or Balanced Truncation. Though this leads to an improvement in the convergence rate of the approximation error,
it still does not suffice due to the high number of interface nodes since each interface DOF leads to one static condensation
mode. The interface can then be reduced by a spectral decomposition, i.e., taking only the most significant modes into account
or by taking dominant deformation patters after an initial analysis of the model. All these methods are implemented in our
in-house reduction program Morembs1 .
There are a vast selection of nonlinear MOR methods available, including POD-DEIM and its variants, hyperreduction
with GNAT and local basis, Energy-Conserving Sampling and Weighting (ECSW), Trajectory Piecewise Linear (TPWL), etc.
So far, we gained experience with the first two methods in other projects. Unfortunately, they are not directly applicable to
LS-DYNA models since they need access to the underlying differential equation and sometimes even to the solver. In order
to overcome this problem, a co-simulation of the reduced model with a user-defined function in LS-DYNA is one possible
solution.
Results and Outlook
CMS-Gram enhanced with interface reduction is applied to a simplified kart model in [3] for a frontal crash scenario
against a rigid pole. The model is simple enough to choose the separation manually according to plastic deformation after a
few unreduced simulations, though an automatic detection is possible, too. The complete workflow consisting of the preparation of LS-DYNA input files for unreduced and reduced simulations, model reduction with CMS-Gram, interface reduction,
exchanging binary files with LS-DYNA and error analysis is implemented in the Matlab version of Morembs.
An initial frequency domain analysis shows that the type of interface reduction dominates the reduction error. All methods,
however, lead to small errors while resulting in a small system size with the exception of Craig-Bampton. Therefore, the
interface reduced models are used in the nonlinear car crash simulation yielding to a reduced system which is still consistent
with the original one. In Fig. 2, the deformed model and maximum plastic strain of the reduced, nonlinear kart model is
depicted. The deformation behavior and maximum plastic strain is very similar to the original system. While it was expected
that the Craig-Bampton method leads to a small time step and thus long simulation time, the computational effort of the other
reduction methods also doesn’t improve as expected from other projects.
One area of improvement is obviously the exploitation of the theoretically possible speedup, which is not yet achieved in
combination with LS-DYNA. In order to scale the workflow to the full car model, there also needs to be some improvement in
the code. Currently, the nonlinear behaving part is not reduced with LS-DYNA. Therefore, nonlinear reduction schemes can
be used with a restriction to those which can be implemented for proprietary simulation software used in the industry.

mean relative scatter
0.1045
0.3076

Figure 1: Crossmember clustered in ”probably linear” Figure 2: Deformed kart frame after crash against a pole
(green) and ”probably nonlinear” (red) parts.
with highlighted plastic strain.
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NEW CONCEPT OF PASSIVE ENERGY DISSIPATING SYSTEM BASED ON PLASTIC
BUCKLING
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Summary Thin steel tubes are characterized by a case-hardened surface of 15% of tubes outer surface for a certain depth with different
geometrical shapes via carbonitriding process. The patented idea [1] aims to enhance the resistance of the tubes against external loadings.
Different shapes of the treated surface are proposed: 4 different ring-shape configurations (2, 3, 4 and 5 rings), a shape with 3 uniformly
distributed vertical strips parallel to the axis of the tube and three helically treated cases with tilt angles of 30°, 45° and 60°. These tubes
are tested via a dynamic drop mass bench of a maximum impact velocity of 9.5 m/s showing their behavior during dynamic plastic
buckling. The obtained results reveal that the 4-ring case provides the best energy absorption enhancement of 65% compared to nontreated tube.
INTRODUCTION
In different transport vehicles, the thin-walled tubular structures are widely used as a passive safety concept (energy
dissipating device). Different studies reveal that the crushing process remains sensitive to several key parameters like
magnitude, type and method of application of loads, strain rates, deformation or displacement patterns and material
properties [e.g., 2-5]. Dynamic axial crushing of tube is an effective shock absorber device and is generally dependent on
the strain rate [2,3]. The plastic buckled tubes can dissipate a large amount of energy due to the bending and stretching
strains combination and its progress along the buckled tube which guarantees the participation of material in the absorption
of energy. The limit of the performance of axially crushed tubes can be enhanced using an innovated idea [1]. This is based
on the generation of local heterogeneities dictated by the two steel phases (hard and soft phase), where, hard phases
generated by carbonitriding heat treated surface of 15% of tubes outer surface with different shapes.
EXPERIMENTAL PROGRAM
This study uses the new concept [1]. Enhancement of the energy absorption capacity of tubes is considered through
different treated surface shapes under dynamic loading regime. Tubes of 40mm diameter, 1mm thickness and 140 mm
length are employed. The opportunity is therefore to give a careful choice in controlling the geometrical parameters (the
shape and the depth of the treated zone) via carbonitriding heat treatment for a depth of 0.4 mm. The different defined
shapes are: 4 different ring-shape configurations (2, 3, 4 and 5 rings noted respectively 2H, 3H, 4H and 5H), a configuration
with three uniformly distributed vertical strips parallel to the axis of the tube (noted 3V) and three helically treated cases
with tilt angles of 30°, 45° and 60° (designated respectively He30°, He45° and He60°) (Fig. 1). Tests are conducted under
initial impact velocity of about 9.5 m/s.

(a)
(b)
Fig. 1: (a) Scheme of the proposed configurations, (b) View of 3V, 3H and He45° configurations before heat treatment
EXPERIMENTAL RESULTS AND DISCUSSION
The typical example of load-deflection curve under dynamic loading situation is given in Fig. 2a for the 3H shape. In
fact, this curve is characterized by a noticeable peak collapse load appeared during the first plastic flow phase. Beyond this
peak load, the curve is defined by a load decrease and then a series of peaks with an evolutionary character (oscillatory
nature) about a mean post-buckling load, the peaks and troughs being directly related to the formation of buckles and
folding at various buckling levels. A typical example of axisymmetric deformation mode is given in Fig. 3b. It is well•
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known that the dynamic velocity decreases naturally and progressively during crushing process to join roughly the quasistatic state (Fig. 2b). For this reason and to give a maximum of objectivity to determine the mean collapse load for each case,
a value of axial deflections of 40 mm is chosen. The influence of the heat-treated zone shapes on the mean crushing load
(Fav) is presented in Fig. 3a. Actually, the shape effect on Fav under dynamic loading regime is pointed out. The
enhancement in Fav is determined with respect the as-received tube (As-R). Under dynamic load, the increase in the Fav is:
65% for 4H against 47%, 45%, 43%, 35%, 32%, 29% and 25% for He60°, He30°, He45°, 3H, 3V, 5H, 2H cases,
respectively. One can conclude that the recorded mean collapse loads provide a remarkable energy absorption enhancement.
Furthermore, results under quasi-static loading are considered to study the sensitivity of tube material to strain rate. Figure
3a shows the sensitivity of tubes to the strain rate as well. For example, in the He45° case, the sensitivity is quantified by a
value of 23%.
70

10
Dynamic- 3H

Dynamic- 3H

60

Impact speed, m/s

Collapse load, kN

8
50
40
30
20

6
4
2

10

0

0

0

10

20

30

40

50

0

10

20
30
Axial deflection (mm)

40

50

Axial deflection (mm)

(a)
(b)
Fig. 2: (a) Example of typical evolution of dynamic collapse load versus deflection (b) impact speed evolution during
crushing process
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Fig. 3 : (a) Histograms showing effect of the different heat treated shapes on Fav for an axial deflection of δ=40 mm; (b)
deformation mode of axisymmetric type in the case of 4H
CONCLUSIONS
The enhancement in the energy absorption of the used devices, notably in the case of 4-ring is confirmed and it is higher
than 65% for dynamic loading compared to the non-treated tube. Whatever the shape of the treated zone, the recorded
results show a noticeable sensitivity of the tube to the strain rate range.
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HYPERVELOCITY IMPACT DAMAGE IN COMPOSITE MATERIALS FABRICATED BY
FILAMENT WINDING
Aleksandr Cherniaev1, Igor Telichev 1
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Summary This paper investigates the behavior of composite materials fabricated by filament winding when subjected to hypervelocity impacts

(HVI) by orbital debris. Conducted experiments allowed obtaining the evidence of significant dependence of the HVI damage in the filamentwound composites from the following parameters: impactor energy, pre-loading and degree of interweaving of filament bands. Findings of the
study may be useful for the design of spacecraft components fabricated by filament winding, e.g. composite overwrapped pressure vessels.

INTRODUCTION
Composite materials are being extensively used in space applications, including carbon fiber composite overwrapped
pressure vessels (COPVs). These vessels are essential to spacecraft propulsion and attitude control systems, life support
applications, etc. Common manufacturing technique for COPVs is filament winding, which is characterized by mesoscale
inhomogeneity of the fabricated material in addition to microscopic inhomogeneity inherent to all types of composites [1].
The former feature results from multiple interweaving of filament bands forming a filament-wound composite part.
As parts of spacecraft systems, COPVs are exposed to orbital debris (OD) environment and, therefore, may be
subjected to hypervelocity impacts (HVI) by orbital debris particles. The behavior of composites under HVI has been
studied experimentally and numerically by many researchers, e.g. [2 - 4]. However, most of the reported work was confined
to the class of standard laminated composites, whereas no attention has been paid to the filament-wound materials.
Preliminary numerical studies conducted by Cherniaev and Telichev [5] indicated that HVI damage of filament-wound
materials may significantly depend on the degree (or “density”) of interweaving of the elementary filament bands. The
degree of interweaving, in turn, is a manufacturing parameter; and its value may vary in a relatively wide range due to the
flexibility of filament winding equipment. An example of winds with different degrees of interweaving is given in Fig.1.

Figure 1 – Helical winds with different densities of interweaving of filament bands (left) and test specimens fabricated from
them (right): LDI - “low” density; HDI - “high” density of interweaving
This paper presents results of experimental studies that assess the effect of the following parameters on HVI damage of
filament-wound composite: 1) impactor energy (in terms of projectile diameter); 2) pre-loading; and 3) degree of
interweaving («low» vs. «high», see Fig. 1).
EXPERIMENTAL STUDIES
Experimental model is an experimental representation of attributes of a real physical system that is being studied. The
experimental model employed in this study represents the following constituents of the physical system:
•
Environment: all tests were conducted in a vacuum chamber in order to represent conditions encountered in space.
However, some pressure (~30 Torr of nitrogen) was retained to assist in sabot separation during HVI tests.
•
Orbital debris: orbital debris was represented by aluminum spheres of two different diameters, namely 3.175 mm
and 4.763 mm with a nominal speed of 7.0 km/s. Aluminum projectiles represent the medium-density class prevailing in the
space debris population.
•
Composite pressure vessel:
a)
The front wall of a pressure vessel was represented by 3 mm-thick composite panels manufactured via filament
winding (see Fig. 1).
b)
Wall stresses created in a COPV by inflation pressure were represented via pre-loading of the composite panels. In
order to simplify the pre-loading apparatus, control and interpretation of measurements, the loading of the composite panels
was uniaxial, as compared to biaxial stress state generated by inflation pressure in a shell of a real COPV.
a)
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•
External OD shielding: pressure vessels pertain to the critical spacecraft systems of highest vulnerability to orbital
debris impacts, and therefore typically have to be protected from highly probable impacts of submillimeter debris. The
presence of such protection was modeled by placing a 0.8 mm aluminum bumper at a standoff of 23 mm from the
composite panels.

Figure 2 – Exemplary HVI damage of the composite specimen (left) and the total damaged areas of the specimens (right)
In total, 8 composite specimens (4 LDI and 4 HDI) were tested at different impact/pre-loading conditions. Inspection
of the visible and subsurface damage of the specimens revealed the following qualitative features:
1. Visible damage on the front side in all cases was represented by the entry crater only.
2. Peeling of the significant amount of material was observed on the rear surface of all LDI specimens. HDI specimens
revealed almost no rear surface material peeling at all or very limited amount of it.
3. Both photographs and obtained C-scan images reveal qualitatively different damage patterns for LDI and HDI specimens.
The following quantitative observations were made:
1. In all cases, damage zone area in the HDI specimens is smaller as compared with the LDI specimens. The difference
varies from 7 to 35%, depending on impact conditions.
2. In most cases, pre-loading leads to formation of a larger damage zone. This is especially the case for LDI specimens,
where damage zone area drastically increases (~15%, almost independent on impactor’s energy) with the introduction of
pre-loading. Primarily, it is associated with an increase of subsurface delamination area, whereas visible surface damage
remains almost the same for both pre-loaded and not pre-loaded LDI specimens. This trend remains for the HDI specimens
impacted with the higher energy (dp = 4.763 mm), where damage zone area demonstrates ~30% increase with application of
pre-loading. However, in this case its growth is associated with both delamination and increase of the surface damage. On
the contrary, HDI specimens impacted with the lower energy (dp = 3.125 mm) did not reveal noticeable sensitivity to preloading.
3. In most of the cases, impacts of smaller projectiles result in larger delamination area. This can be explained by different
energy absorption mechanisms dominating at different impact conditions. With smaller projectiles (dp = 3.125 mm), system
«aluminum bumper – composite specimen» is close to its ballistic limit. The dominating energy absorption mechanism in
this case is delamination. On the contrary, with larger projectile dominating energy absorption mechanism is fiber breakage
(larger energy of impact and, in general, larger individual fragments of the projectile).
4. The size of the perforated holes does not show dependence on the filament-winding pattern (although some fluctuations
exist). This result is expectable as properties of all panels are almost identical in the through-the-thickness direction.
CONCLUSIONS
Hypervelocity impact damage of a filament-wound composite is significantly dependent on filament winding pattern used in
its fabrication. Patterns with higher degree of interweaving of filament bands demonstrated the ability to better impede
propagation of HVI-induced damage, even in the presence of pre-loading. Pre-loading by itself may result in significant increase
of the area affected by impact damage. On the contrary, an increase of impactor energy may be a reason for the change of the
dominating energy absorption mechanism in the composite panel and result in a reduction of the area damaged by the impact.
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PROPAGATION OF ELASTIC WAVES IN CYLINDRICALLY STRUCTURED
CANCELLOUS BONES
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Summary A new theoretical approach to describe the propagation of elastic waves in fluid-saturated porous bones is proposed. We use the
asymptotic homogenisation method and the Floquet-Bloch theory. As an illustrative example, anti-plane shear waves in a cylindrically
structured cancellous bone are considered. The effects of damping and scattering are predicted and numerical results are given.

The problem of wave propagation in bone tissues has a great practical importance, in particular, for the development of
ultrasound techniques for a non-invasive diagnosis of osteoporosis. Measuring velocities and attenuation of acoustic waves
at different frequencies can provide us with additional information about the microstructure and to allow prediction of the
density and the porosity of the bone tissue. Generally, frequency-dependent dynamic properties of the bone may be
considered as a kind of “identification portrait”, which is unique for every sample. The larger is the explored frequency
range, the more accurate is the “portrait” that can be compiled. This should give a possibility to detect even very small
variations of the internal bone texture.
To date, many studies of acoustic waves in porous media were based on a continuum theory developed by Biot. Biot's
approach had a significant impact on the dynamics of porous media and allowed to receive important results in many
practical applications (for a comprehensive review of the subject we refer to de Boer [1]). Despite this, it cannot be
considered as a rigorous fundamental theory. Biot's models include a number of phenomenological parameters, which for
real materials remain unknown and are expected to be determined in a purely experimental way.
Another limitation is that Biot’s theory does not take into account the internal length scale of a heterogeneous medium.
Thus, it can be applicable only if the wavelength is considerably larger than the typical size of the microstructure. However,
for frequencies of about 1MHz (which are commonly used in experiments) the length of acoustic waves approaches the
diameter of pores in the bone tissue [2]. Therefore, the scattering of the wave field by the microstructure may become
significant.
We propose a new theoretical approach to model the propagation of elastic waves in fluid-saturated porous bones. Our
approach is based on the homogenisation method [3] (for a long-wave limit) and on the Floquet-Bloch theory [4] (for a
short-wave case). As an illustrative example, propagation of anti-plane shear waves through a cylindrically structured
cancellous bone is studied. The skeleton component is considered to be purely elastic and the pores are filled by a viscous
marrow. The obtained solutions predict both the effect of damping (caused by the viscosity of the marrow) and the effect of
dispersion (caused by the wave scattering at the microstructure). The numerical results for the dispersion curves, wave
speeds, and attenuation coefficients are evaluated.
A significant peculiarity of Biot’s theory is that it describes the appearance of two types of longitudinal waves (so called
fast and slow waves). The fast wave corresponds to an in-phase movement of the solid and the fluid component, while the
slow wave corresponds to an out-of-phase movement of the components. The slow wave can never be observed in
homogeneous media and its appearance in real materials was questioned many times. To our knowledge, Hosokawi and
Otani [5] were the first who provided a solid experimental confirmation of the existence of the slow wave. In the present
paper, we propose a theoretical justification of the slow wave using the Floquet-Bloch approach and considering different
types of the local solutions (periodic and anti-periodic) within the unit cell.
The developed approach can be extended to analyse different types of elastic waves in various porous media.
ACKNOWLEDGEMENT
This work has received funding from the European Union’s Horizon 2020 research and innovation programme under Marie
Sklodowska-Curie grant agreement no. 655177.
References
[1]
[2]
[3]
[4]
[5]
a)

de Boer R.: Theory of Porous Media. Highlights in Historical Development and Current State. Springer, Berlin, Heidelberg, 2005.
Steeb H.: Ultrasound propagation in cancellous bone. Arch. Appl. Mech. 80:489-502, 2010.
Danishevskyy V.V., Kaplunov J.D., Rogerson G.A.: Anti-plane shear waves in a fibre-reinforced composite with a non-linear imperfect interface. Int. J.
Non-Linear Mech. 76:223-232, 2015.
Andrianov I.V., Bolshakov V.I., Danishevskyy V.V., Weichert D.: Higher-order asymptotic homogenization and wave propagation in periodic composite
materials. Proc. R. Soc. A 464:1181-1201, 2008.
Hosokawa A., Otani T.: Ultrasonic wave propagation in bovine cancellous bone. J. Acoust. Soc. Am. 101:1-5, 1997.

Corresponding author. Email: v.danishevskyy@keele.ac.uk

2252

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A NEW TIME FRACTIONAL WAVE PROPAGATION IN A SOLID CYLINDER
Odunayo O. Fadodun1, Olawanle P. Layeni & Adegbola P. Akinola
Department of Mathematics, Obafemi Awolowo University, Ile-Ife, Nigeria
Summary This study considers radial vibration of transversely-isotropic solid cylinders with a view to model the mechanical diffusive waves
propagating in the bodies. The effect of finite deformation is investigated. The problem is described by state equation of motion taking into
account the Khalil et al. fractional order derivatives. The obtained time fractional wave equation and its solution generalize some results in
literature. It is shown that waves in finite deformation exhibit some additional term even in the absence of time fractional operator. Furthermore,
the obtained results degenerate to the classical waves in solid cylinders. Finally, this study reinforces the view that factional derivative helps
to apprehend processes in-between diffusion and wave propagation.

INTRODUCTION
It is known that waves attenuate in material which exhibits power-law frequency variation; and any time some
hereditary mechanisms of power-law type are present in wave phenomena, the appearance of fractional derivatives in time
is inevitable. Consequently, a time fractional wave equation governs the propagation of mechanical diffusive waves in
bodies which exhibit power-law frequency-dependent attenuation. In fact, there are many works in literature in which the
integer order differential equations, modelling classical processes such as relaxation, oscillation, diffusion, and wave
propagation have been generalized to fractional-order differential equation. In the context of small deformation, Mainardi
modelled a time fractional diffusion-wave equation by replacing the second-order time derivative with a fractional
derivative of order  , 0    2 . In his work, he used Reimann-Liouvile fractional derivatives. The obtained solution
reduces to classical wave and diffusion equations when   1,2 respectively [1]. The obligation to adopt finite
deformation approach in problems of solid mechanics is imposed by the fact that small deformation theory is a gross
approximation of the process modelled [2]. In this paper, we consider radial vibration of a solid cylinder undergoing finite
deformation. A conformable fractional derivative introduced by Khalil et al. is employed with a view to model the time
fractional waves propagation in solid cylinder. The cylinder is transversely-isotropic in structured, designed with the aid of
homogenized theory. It is made of a semi-linear material of John’s type.
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DYNAMIC CRUSHING PROPERTIES OF FUNCTIONALLY GRADED
HONEYCOMBS WITH DEFECTS
Tao Fan1a)
Department of Engineering Mechanics, College of Aerospace and Civil Engineering,
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Harbin Engineering University, Harbin ,150001, China
Summary Due to the superior properties on energy absorption, noise reduction, heat insulation, flame retardant and electromagnetic shielding,
honeycomb materials and structures are extensively applied to architecture, aerospace, biological engineering, packaging engineering, electrical
technique. In this paper, the in-plane impact characteristics of functionally graded honeycombs are studied with the consideration of defects.
The influences of the defect location on the dynamic crushing characteristics of the honeycombs are discussed. Based on a given relative
density, the dynamic deformation modes and energy absorption of the honeycombs with different density gradients are investigated. The results
show that the energy absorption abilities for the honeycombs with the negative density gradient are much stronger than those with the positive
ones. This paper is helpful for the design and analysis of the mechanical characteristics of the honeycomb materials and structures.
INTRODUCTION
In recent years, with the characteristics of light weight, good shock absorption capability and ease of fabrication, the
honeycomb structures have shown various potential applications such as aerospace, architecture, electrical techniques and
biological engineering [1, 2]. Therefore, both the theoretical and exponential works are carried out. Moreover, due to the
processing technique, it is rather difficult to avoid the defects in manufactured honeycombs. During the past several years, the
effects of defects on the mechanical property in honeycomb structures have been received a lot of attention.
In the other hand, functionally graded materials (FGM) have brought a new revolution in aerospace, nuclear, biological
engineering and many other fields. Recently, the concept of the FGM design has been applied to honeycomb structures.
However, as a new scientific topic, researches on honeycomb structures with functionally graded properties are rather limited. In
the present paper, with the functionally graded properties, the in-plane dynamic crushing of the triangular honeycombs with
defects is investigated.
ANALYSIS MODEL

v

I

III

l

l
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ƸL

(b)

l

IV
V
(a)

(c)

Fig.1. Analytical model: (a) the honeycomb structure with the impact plate, (b) the unit cell and
(c) the location of defects consisting of missing consecutive cell walls in every region (I to V).

As shown in Fig.1(a), the two-dimensional honeycomb structure is composed of equilateral triangular cells. The
bottom of the honeycomb model is fixed and the top side is impacted by a rigid plate with the velocity of 80m/s. The
material constants used in the calculation are the Young’s modulus E = 69 GPa, yielding stress σs=76MPa, the mass density
ρ =2700 kg/m3 and the Poisson ratio ν = 0.3. The relative density of honeycombs is given as
ρ∗
t
t
= C1 (1 − D1 )
ρs
l
l

,

(1)

where ρ* and ρs are the densities of honeycomb structures and the materials.
The side length of the unit cell is l=4.5mm. The thickness of cell walls t = 0.5mm for homogeneous honeycombs but is
a variable for functional graded honeycomb models on the basis of the same relative density. The density gradient γ is
γ =

ρ i − ρ i +1
ΔL

,

(2)

where ρi is the relative density of ith region shown in Fig. 1(a), ΔL is the height of every region. It should be noted that the
positive density gradient γ means the thicknesses of the cell walls decrease along the impact direction and the negative
density gradient γ denotes the thicknesses of the cell walls increase along that direction.
a)
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NUMERICAL RESULTS AND DISCUSSIONS
Deformation modes of functionally graded honeycombs with defects
Defects are introduced by missing some consecutive cell walls. In Fig.1(a), the honeycomb structures are divided into
5 equal regions along the impact direction. The thicknesses of cell walls in the same region are constant but follow the
relation shown in Eq.(2) in different regions, which denotes the functional graded characteristics of the honeycomb systems.
In order to study the influence of defects on the deformation modes and energy absorption ability of honeycomb structures,
the defects are located in different graded parts, which are shown in Fig.1(c).
local stiffness property

(a) defect: I

(b) defect: II

(c) defect: III

(d) defect: IV

(e) defect: V

Fig.2. Deformation modes for different defective locations in the honeycomb structures with γ = – 0.01
corresponding to the defects in region I to V at 40 % crushing.

In Figs.2(a)-(e) show that all of the first deformation bands for five cases occur from the impact sides. Then the second
deformation bands with isosceles-trapezoid-shape appear and develop illustrated in Fig.2(c). For defects in region IV and V,
the most important feature is that the second deformation bands with the upper half X-shape can be observed and the lower
side of the deformation bands are along the defects. Moreover, as shown in Fig.2(d), the cells in the upper half X-shape
behave nearly non-deformation. However the cells out of the area deform. This phenomenon is called local stiffness
property. Compared with the perfect honeycombs, the defect position plays an important role on the deformation modes.
Energy absorption of functionally graded honeycombs with defects
60
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γ = –0.01
γ = –0.02

Absorption energy (kJ)

50
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Compression strain (ε)
Fig.3. Energy absorption ability of honeycombs with different density gradients for defects in region III.

Fig.3 displays that the density gradient affects the energy absorption obviously. The energy absorption is almost the
same when the compression strain is smaller than 23.5% (i.e. ε < 0.235). However, with the compression strain increasing,
the energy absorption becomes distinct for different density gradients. For higher compression strains (i.e. ε > 0.235) of
honeycomb structures, the energy absorption abilities for γ < 0 are much stronger than those for γ > 0. It can be observed
that the ability of energy absorption for the homogeneous structure always rank in the middle in the whole crushing process.
CONCLUSIONS
In this work, the in-plane impact properties of functional graded honeycombs with defects are studied. Both effects of the
defect location and density gradient on the dynamic crushing characteristics are discussed. This paper could be useful for the
optimum design of the inhomogeneous honeycomb structures.
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SHOCK WAVES SCALING IN Al/W LAMINATES EXCITED BY IMPACT
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Summary Quasistationary shock waves generated by plate impact in Al/W laminate with different mesostructure were investigated using
numerical simulations. Different time/space scales have been identified in the relations to the establishment of a quasistationary shock wave and
its structure: distances travelled from impacted end to reach a quasistationary profile, and scales of leading front width, and width of the
stationary shock wave. It is shown that the mentioned spatial/time scales are related to the mesostructured, nonlinear and dissipative parameters
of components. The approach based on Korteweg-de-Vries equation allows approximation of the amplitude and the width of the leading front.

INTRODUCTION
In homogeneous materials, the width of the shock is determined by the dissipation and nonlinear behaviour of the
material [1-3]. The fourth power law, which relates maximum strain rate and stress behind the shock in the form 𝜖̇ = 𝛼𝜎 4 ,
was proposed in [1]. Based on experiments for laminate materials a different equation was proposed (𝜖̇ = 𝛼𝜎 2 ) [4].
In materials with various mesostructures incoming disturbances with different durations and amplitudes can generate
waves of different nature. Short incoming pulses in Al/W laminates result in attenuating solitary like waves or their trains
[5,6]. Here, we focus on the response of Al/W laminate to long incoming impulse created by impact of Al plate with the
thickness much larger than the cell size of the laminate. This impact results in an oscillatory shock profile.
Traditional approach for homogenous materials assumes a steady state behind the stationary shock [7-8]. We
demonstrate that at sufficiently wide impactor, a quasiequilibrium state behind the shock can be achieved only after
relatively long propagation distance, and a Hugoniot approach can predict the state of the loaded material behind the shock.
Main space/time scales were identified in the numerical calculations: propagation distance when shock excited by external
disturbance becomes stationary (it has achieved steady amplitude, oscillating profile and final state); shock front width
determined by the time difference corresponding to 0.1 of maximum stress amplitude and time when plastic deformation is
replaced by slowly decaying elastic reverberations (quasiequilibrium state); and leading front width determined by time
difference between points with 0.1 and 0.9 of maximum stress amplitude. The latter time difference determines the maximum
strain rate in the stationary shock.
NUMERICAL SIMULATIONS AND RESULTS
One dimensional numerical simulations were conducted using LS-DYNA, geometry and material data can be found in
[5]. The simulations correctly reproduce the dissipative properties of each material which play an important role in shock
formation. Wave structures in laminates with 0.5+0.5 mm, 1+1 mm and 2+2 mm Al/W layers generated by the impact of Al
plates with thickness 80 and 800 mm and velocity 2800 m/s were investigated.
Fig. 1 illustrates the example of the establishment of the stationary leading front (Fig. 1(a)), shock front (Fig. 1(b)), and
quasiequilibrium state behind shock with slowly attenuating elastic oscillations and saturated plastic strain (Fig. 1(c)) in 2+2
Al/W laminate impacted by 800 mm Al plate. The final state can be described by Hugoniot approach yielding a final stress
of 43.2 GPa, compared to the average stress of 43.42 GPa in our numerical calculations. A steady shock wave was also
established under the same impact conditions in the laminate with a refined cell sizes (0.5+0.5 and 1+1 mm).

FIGURE 1. Characteristic time scales related to the stationary shock profile in 2+2 laminate impacted by 800 mm Al plate.

A quasiequilibrium state behind shock wave in the 2+2 laminate is not reached in the wave generated by impact of 80
mm Al plate, though the leading front was already established (Fig. 2(a)). This state was reached behind shock wave in the
refined laminates (0.5+0.5 and 1+1 mm Al/W laminates) under the same conditions of impact.
a) Corresponding author. Email: vnesterenko@eng.ucsd.edu

2257

The characteristic space scales for the investigated 2+2 laminate are the following: distance to establish a stationary
leading front width is 8 cells, distance to establish stationary shock wave is 25 cells as shown in Fig. 2(b).

FIGURE 2. Nonstationary shock wave structure generated by impact of 80 mm Al plate (a) and stationary shock wave
excited by impact 800 mm Al plate (b) in 2+2 Al/W laminate. Both waves are shown after propagation of the distance 100
mm (25 cells) from the impacted end.
It is clear that practically identical leading parts of the shock wave were formed at the distance 100 mm (25 cells)
independently of establishments of the steady state behind shock wave.
Approximation of the leading front of the stationary shock wave
It was demonstrated in [5,6] that the KdV solitary wave provides a satisfactory description of the localized waves in the
Al/W laminate. The KdV equation with added dissipative term has a stationary shock like solution which is monotonous
(strongly dissipative case) or oscillatory with the leading front closely approximated by the shape of solitary wave (weakly
dissipative case) [9,10]. We found that shock like waves in Al/W laminates are weakly dissipative in the investigated case
of impact. Thus it is natural to explore if the leading part of the oscillatory shock wave in the Al/W laminate can be
described by the shape of solitary wave with appropriate materials properties. We found that it was indeed the case. Thus
the following equation can be used for the width of the leading front of the shock wave with the maximum strain 𝜉𝑚 ,
1

𝛥=

2
1.55𝑑𝐾𝑒𝑞

(1)

1

(2𝛼𝑒𝑞 𝜉𝑚 )2

d is the cell thickness, and the constants 𝐾𝑒𝑞 , 𝛼𝑒𝑞 represent the linear and nonlinear behaviour of the laminate components
can be found in [5]. This equation can be used to calculate the maximum strain rate in the shock. We would like to
emphasize that though dissipation is necessary to establish a stationary shock wave structure with the steady state behind,
the leading front is mostly determined by the balance of dispersive and nonlinear properties of the laminate.
CONCLUSIONS
Main time and space scales related to stationary shock wave formation in Al/W laminates have been identified. The KdV
solitary solution can be used to approximate the shape and leading front width of the shock wave relating these parameters to the
sound speeds of components and their nonlinear properties and geometry. The sound speeds, nonlinear properties of components
and their thicknesses determine the maximum strain rate in the investigated shock waves in Al/W laminates. It is natural to
expect that similar scaling will be observed for other weakly dissipative laminates at high amplitude of shock.
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BEM FOR 3-D WAVE SCATTERING IN GENERAL ANISOTROPIC FLUID-SATURATED
POROUS MEDIA
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Summary This paper presents a boundary element method for 3-D wave scattering in general anisotropic fluid-saturated porous media.
Biot’s model is used for describing dynamic effects in the porous media. The presented method is a frequency-domain one and wave
scattering by a cavity is solved. Scattered wave fields of displacement and fluid pressure are obtained and waves generated by the mode
conversion are confirmed near the cavity.

INTRODUCTION
Rocks under the ground include pores and aligned cracks which are saturated with fluid (e.g. groundwater and oil). These
materials can be considered and modeled as a fluid-saturated porous medium in numerical simulations. Wave analysis for the
porous media has been aggressively studied in the fields of seismology and geophysical exploration. These studies provide
importance of consideration of three wave properties in the porous media, i.e., anisotropy, dispersion, and dissipation. This
study develops a boundary element method for wave analysis in general anisotropic fluid-saturated porous media. A mechanical model presented by Biot[1] is used for describing dynamic effects of the porous media. The following sections present
boundary element formulation, numerical example, and conclusions. Throughout this paper, the summation convention is
valid for the repeated indices. In addition, the subscripts written by small and capital letters take the values from 1 to 3 and
from 1 to 4, respectively.
BOUNDARY ELEMENT METHOD APPLIED TO BIOT’S MODEL
Biot’s model
Biot’s model is a mechanical model for describing dynamic behavior of general anisotropic fluid-saturated porous media.
This model is defined as a two-phase model which consists of solid skeleton and pore fluid. With σij and p denoting total
stress components of the porous media and fluid pressure respectively, the constitutive equations are given as follows:
σij = Aijkl uk,l + αij M wk,k , p = −αkl M uk,l − M wk,k

(1)

where ui and wi are displacement of solid skeleton and flow of the fluid relative to the solid in the unit section, respectively.
M and αij represent Biot’s elastic modulus and effective-stress coefficients for general anisotropy, respectively. Moreover,
( ),i = ∂/∂xi and Aijkl = Cijkl + αij αkl M where Cijkl is the elastic tensor of solid skeleton. Dynamic behavior of the
Biot’s model is expressed by the following equations of motion:
σij,j + ρbi = ρüi + ρf ẅi , p,i + ρf ci = −ρf üi − mij ẅj − ηrij ẇj

(2)

where ρf and ρ denote densities of pore fluid and the porous media, respectively. The density ρ is given as ρ = (1−β)ρs +βρf
where β and ρs are porosity and density of solid skeleton, respectively. bi and ci are body force components of the porous
media and pore fluid, and (˙) = ∂/∂t. mij denotes mass matrix determined by geometry of pores. η is fluid viscosity, and rij
represents the flow resistivity matrix.
Properties of waves in general anisotropic fluid-saturated porous media are as follows: (1) Four body waves are generated
in porous media, i.e., a quasi-fast compressional wave (qP1), a quasi-slow compressional wave (qP2), and two quasi-shear
waves (qS1 and qS2). (2) Phase velocity and attenuation of the waves depend on not only propagation direction but also
frequency.
Boundary integral equations in frequency-domain
This section presents a frequency-domain boundary element method applied to Biot’s model. Boundary integral equations
for wave scattering as shown in Fig.1 are expressed as follows:
∫
∫
C(x)q̃I (x, ω) =q̃Iin (x, ω) +
ŨIK (x, y, ω)s̃K (y, ω)dS(y) −
W̃IK (x, y, ω)q̃K (y, ω)dS(y), x ∈ V1
(3)
S
∗ Corresponding

S

author. Email: furukawa.a.aa@m.titech.ac.jp

2259

qS2

qP1

qP1

Figure 1: Wave scattering by a spherical Figure 2: Scattered waves near the cav- Figure 3: Scattered waves near the
ity. (Real part of displacement compo- cavity. (Real part of fluid pressure
cavity in 3-D porous domain.
nent ũ1 /|uin |)
ap̃/(µ∗ |uin |))
where x and y represent observation and source points, respectively, and ω denotes an angular frequency. C(x) is a free
term. ŨIK (x, y, ω) and W̃IK (x, y, ω) denote fundamental solutions and their double layer kernels which can be derived
in a manner similar to the 2-D problem[2]. The boundary values q̃I and s̃I are given as q̃I = {{ũi }T , p̃}T and q̃I =
{{t̃i }T , p̃n }T , respectively. Note that (˜) appeared in these functions shows the Fourier transform of the corresponding timedomain quantities. t̃i and p̃n denote the traction component and the fluid flow through the unit section on the boundary S. In
addition, the notation { }T denotes the transpose of vector.
Introducing spatial discretization with constant shape function provides the following discretized boundary integral equations:
Ne [
]
∑
1
in
s̃
−
B̃
q̃
(4)
q̃M ;I = q̃M
+
Ã
M N ;IK N ;K , M = 1, 2, · · · , Ne
M N ;IK N ;K
;I
2
N =1

where Ne is the number of boundary element. The influence functions ÃM N ;IK and B̃M N ;IK are expressed as follows:
∫
∫
M
W̃IK (xM , y, ω)dS(y)
(5)
ŨIK (x , y, ω)dS(y), B̃M N ;IK =
ÃM N ;IK =
SN

SN

where xM denotes the center point of the boundary element S M . Prescribing appropriate boundary conditions for Eq.(4) and
solving the resulting equations, the unknown boundary values are obtained.
NUMERICAL RESULTS
As a numerical example using our proposed method, wave scattering by a cavity as shown in Fig.1 is solved. Infinite
sandstone domain V1 whose pores are saturated with brine[3] is considered, and the boundary conditions on the surface of the
spherical cavity are given as s̃I = 0. The radius of the cavity is a = 25 m, and the cavity is discretized into 1,334 boundary
elements. The incident wave q̃in is the plane qP1 wave propagating in the positive x1 -direction. The frequency of the incident
wave is f = 100 Hz. Figure 2 and 3 show scattered wave fields in terms of the displacement component ũ1 /|uin | and the fluid
pressure ap̃/(µ∗ |uin |) where µ∗ = C1212 , respectively. From these results, the scattered qP1 wave propagates in the negative
x1 -direction and the scattered qS2 wave is generated by the mode conversion.
CONCLUSIONS
This paper presents a boundary element method for wave scattering in anisotropic fluid-saturated porous media. The
formulation is based on Biot’s theory, and boundary integral equation is formulated in frequency-domain. Collocation method
is used for spatial discretization. Wave scattering by a spherical cavity is solved using our proposed method, and the scattered
qP1 and qS2 waves, which are generated by incident qP1 wave, are confirmed near the cavity.
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Summary: Past two decades have seen a significant amount of interest in understanding the mechanics of binary functional
reactive materials, their constitutive relations, effect of impact of shock waves and their exothermic reactions. In this paper,
the formulation of constitutive relations, propagation shock waves and shock induced chemical reactions are studied in the
frameworks of non-equilibrium thermodynamics and mixture theory. Numerical results include shock induced reactions in
binary material combinations of aluminum-nickel; and aluminum and iron oxide. The modeling included selection of internal
variables and thermodynamic fluxes. Because the mixture theory was in the framework of continuum framework and there
were only limited number of experimental results, determination of material reaction constants are discussed in the framework
of quantum mechanics based density functional theory.
INTRODUCTION
Usually motivation for selection of aerospace structural materials is to realize required strength characteristics and favorable
strength to weight ratios. The term strength implies resistance to loads experienced during the service life of the structure,
including resistance to fatigue loads, corrosion and other extreme conditions. Thus, basically the structural materials are single
function materials that resist loads experienced during the service life of the structure. However, it is desirable to select
materials that are capable of offering more than one basic function of strength. Very often, the second function is the capability
to provide functions of sensing and actuation. In this paper, the second function is different. The second function is the
energetic characteristics. Thus, the choice of dual functions of the material are the structural characteristics and energetic
characteristics. These materials are also known by other names such as the reactive material structures or dual functional
structural energetic materials [1-3]. Specifically the selected reactive materials include mixtures of selected metals and metal
oxides that are also known as thermite mixtures, reacting intermetallic combinations and oxidizing materials. There are several
techniques that are available to synthesize these structural energetic materials or reactive material structures and new synthesis
techniques for high density, high strength and large release of exothermic energy are open research areas .This paper is
addressed is to the characterization of multi-functional structural-energetic materials or reactive structural materials and their
shock induced or thermally induced reaction capabilities. Because the subject of studies of the characterization of these
materials and nonlinear shock or thermally induced chemical reactions of the two solids that comprise these reactive materials,
from first principles (or quantum molecular dynamics approaches), is a relatively new field of study it is necessary to identify
parallel fields of the ab initio or ab initio-molecular dynamics studies and mixture theory based continuum mechanics. The
specific approach in this paper is as follows.
PROBLEM FORMULATION
The governing system of PDE’s is formulated in the framework of irreversible thermodynamics and a mixture theory in which
the N components of the mixture are homogeneously distributed through the continuum. Transition state based chemical
reaction models are introduced and incorporated, along with the mixture constitutive models, with the conservation equations
to calculate and thus simulate the nonlinear shock induced chemical reactions. The energy that should be supplied to reach
the transition state has been theoretically modeled by considering both the pore collapse mechanism and plastic flow behind
the shock.
SOLUTION TECHNIQUE
The system of conservation equations, constitutive equations, and chemical reaction equations are integrated numerically
under one dimensional strain conditions. , by using a numerical method that is known as the MUSCL scheme that can
accommodate nonlinear system of equations with shock waves. This is the first application of the numerical scheme to study
shock induced chemical reactions in binary energetic materials. The choice of the MUSCL scheme was to reduce
computationally induced oscillations. Numerical results are for Fe-Al and Ni-Al
____________________________________________
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The results indicate that as the porosity and plastic flow increase, the temperature in the mixture also increases leading to the
transition state. The relaxation times associated with the pore collapse and chemical reactions are modeled as functions of the
state of the system.
NEED FOR AB INITIO METHODS & DENSITY FUNCTIONAL THEORY
The theoretical model, in the continuum state, requires parameters that should be determined experimentally. The
experimental studies have many challenges in measurement techniques and nano instrumentation. Thus, the required constants
are not available. An alternate approach to determine these parameters, through density functional theory based approaches
are used in this paper. Also the ab initio method for calculating chemical reactions are based on the thermally induced reactions
because shock propagation with density functional theory is not well understood
Some Results:
1.

Shock induced chemical reaction with new products and exothermic reaction:

2.

Ab Initio Calculation of Thermally Induced Chemical Reaction

CONCLUSIONS

mixture theory and density functional theories to study
mechanics of binary functional reactive materials. The studies can be significantly extended to enhance
and enrich the mechanics community,

This is only the beginning of the exploration of the

References:
1. S. Hanagud Final Report, AFOSR, 2008, 2.. D. Redding and S. Hanagud, J. Appl. Phys. 2009; 3 R. Zaharieva and S.
Hanagud, IJSET, 3, No.9, 1167-69, 2014
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NON-STATIONARY PROCESSES IN NIDAL ZONE AT SUDDEN APPEARANCE OF
BREAK
Alexandr Kim1a)
JSC "National Center of Space Research and Technology", Almaty, Kazakhstan

1

Summary An initial boundary problem of non-stationary processes in the tense environment at sudden appearance of a semi-infinite
break with a viscous contact of banks that simulates the process of earthquake’s occurrence was considered and analytically solved. It was
revealed that behind the front of seismic waves in the perturbed zone there is an inversion of acceleration, and the arrangement of the
inversion zones is connected with the break’s orientation. It was found that the contact interaction of the break shores has a significant
impact on intensity of acceleration in the environment and the size of seismic wave’s impact. It was found that in the presence of viscous
interaction between the shores of the break at the time of its occurrence, a partial discharge stress happens, as opposed to a complete reset
of stress on the break, banks of which do not interact.

Introduction
Currently, theoretical and experimental results that significantly advanced the solution of the problem on creating a
system of earthquake prediction have been achieved. The most significant of them are the phenomena in the ionosphere and
geomagnetic field that accompany earthquakes and precede them and that were found by both terrestrial and satellite
studies. Over the epicenters of strong earthquakes, the bursts of magnetic and electric field components of low-frequency
noise emissions several hours before the main seismic impact were recorded by the satellite data. Changes in electrical and
magnetic field components of low-frequency radiation, which are recorded on the satellite board at intersection of the
projection of his route over the deep faults of the lithosphere, have been detected. These emissions are caused by features of
non-stationary processes in the focal areas of the earth's crust.
Statement of the initial boundary problem
In the elastic isotropic pre-stressed space with uniformly distributed shear tension
at the moment of
time, there is an instantaneous break of the continuity of the environment along the half-plane
, when contact
conditions change immediately on the break. Assume that on the break for
viscous contact conditions suddenly
appear when the stress depends on the speed of mutual movement of break’s shores. In the context of longitudinal shear the
vector of the tension
which is valid for
in the axis z direction on the upper side of the cut
with the normal
has a non-zero component, which we define as in linear relationship, when
the tension inhibiting the movement effects on the upper edge

where
– coefficient of viscous friction of the contact;
– the value of the mutual displacements of the break;
– Lagrangian Cartesian coordinates; – time.
component of the stress vector is connected with components of the
stress tensor by the formula
, где
. Therefore, for
at
the break
,
condition is performed that specifies the conditions of viscous contact shores. The
nonzero component of the displacement vector satisfies the wave equation:

where
- density of the environment,
shear modulus.
The initial conditions in a tense environment at
for

have the form:

Conditions at infinity have the form:
Terms on line
.
At
at the break of continuity of the tense environment there are given instantly changing contact
conditions at
:
a)
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In continuation of the gap medium under consideration maintains the continuity of the state and condition of movement
continuity
It was assumed that at the axis origin, when
, the movements are equal zero, and the energy of elastic deformation
caused by
and
stress is finite in any limited volume.
Analytical solution of the initial boundary problem
The task can be regarded as marginal for the cases of instant break along the strip width , when the time
,
where
– is the speed of transverse waves. The oddness of the function
for
is sufficient to consider the halfspace
. With the help of superposition

the problem under consideration is given to the boundary, the solution of which in dimensionless form is received by the
method of Wiener-Hopf (later the index "cover" for dimensionless quantities is omitted) as

When

it is more convenient to use the following equivalent form of writing the function

Basic results got on the basis of analytical decision
Analytical formulas for speed, acceleration and moving of environment are obtained; the numerical analysis and
computer visualization of the process of seismic waves’ propagation is conducted; the intensity of the wave radiation,
depending on the orientation of the break and viscid interaction of its banks, is studied; non-stationary processes on the
break are explored. The task solution is generalized in case of transversely isotropic environment with the break in isotropy
plane and in case of viscoelastic break with the damping element of Voigt - Kelvin.
CONCLUSIONS
New possibilities of computer modeling, numerical-analytical calculations and visualization that appeared at present
time make the analytical formulas, which describe non-stationary processes and previously presented a difficulty for
application and analysis of geodynamic processes in the earth's crust during periods of seismic activity, relevant nowadays.
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AN ENRICHED FINITE ELEMENT METHOD FOR WAVE PROPAGATION ANALYSIS IN
DISCONTINUOUS DOMAIN
Mohammad Komijani1 and Robert Gracie ∗2
1,2

Department of Civil and Environmental Engineering, University of Waterloo, Waterloo, Ontario, Canada

Summary In this paper a numerical method has been developed in the context of Generalized Finite Element (GFEM) method to analyse
the wave propagation analysis in cracked media. The method combines the advantage of partition of unity finite element with phantom
node method to investigate the problem of mechanical wave propagation in cracked domains. The Phantom Node Methodology has been
implemented to specify the cracks (discontinuities) in the domain. Also, GFEM has been considered to eliminate the spurious oscillation
that appear in regular FEM analysis of transient wave propagations due to numerical dispersion and Gibb’s phenomenon.

INTRODUCTION
Finite element analysis has been considered as an effective tool in investigation of boundary value problems in mechanics.
However, consideration of the piecewise polynomials to interpolate the unknown objective functions through the element has
been found to be inappropriate in the problems in which there are sudden and abrupt variations in the objective functions.
For instance, In the case of transient wave propagation using regular finite element may result in spurious oscillations that
appear due to numerical dispersion resulting from the Gibb’s phenomenon [1]. These non-physical oscillations may impair
the results including the wave velocity as the wave travels far distance in the domain. To address this problem a noticeable
amount of research has been conducted in the framework of the spectral method, the spectral element method, and spectral
finite element method. The spectral method approaches are very likely to provide numerical solutions that are very close to the
actual solutions since they use harmonic functions as basis functions that indeed appear in the analytical solutions of waves.
Recently, some research works have been performed to include the concept of spectral method in the context of finite elements
by using harmonic enriched basis functions. Ham and Bathe [1] developed a new finite element method using trigonometric
enrichment functions to investigate the problem of wave propagation in general 3D case of continuous domain. In this paper
it has been shown that the spurious oscillations can be significantly suppressed by using a combination of harmonic functions
as enrichment basis functions.
In [2] a new representation of the local partition of unity finite element has been developed by Song et.al to model a
discontinuity in a domain. In this work, cracks are treated by adding phantom nodes to the original real nodes that already exist
in a mesh. In this essence the distribution of the unknown functions within a cracked element is represented by superposing
two completely regular elements with real and phantom nodes.
To the best of the authors’s knowledge no work has been reported on treating the numerical dispersion that can appear in
the analysis of wave propagation. To overcome this gap in the literature, in this work, a new computational implementation
has been developed on the basis of partition of unity FEM to assess the problem of wave propagation in cracked domains
based on a combination between the GFEM models that have been developed based on including harmonic basis functions for
wave propagation analysis and phantom node method to include the effect of discontinuity.
MATHEMATICAL FORMULATION
The weak form of the two-dimensional motion equation is considered as the governing relation of the problem.
The interpolation of the displacement field within the continuous elements are represented in the context of GFEM as [1]
u(x, y, t) =

∑

(
ψα u(α,0,0) +

α

n
∑

[cos(

kx =1
m
∑
ky =1

n
∑

2πkx x C
2πkx x S
)u(α,kx ,0) + sin(
)u(α,kx ,0) ]+
Λx
Λx

[cos(

2πky y S
2πky y C
)u(α,0,ky ) + sin(
)u(α,0,ky ) ]+
Λy
Λy

(1)

m
∑

2πkx x 2πky y C+
2πkx x 2πky y S+
[cos(
+
)u(α,kx ,ky ) + sin(
+
)u(α,kx ,ky ) +
Λx
Λy
Λx
Λy
kx =1 ky =1
)
2πkx x 2πky y C−
2πkx x 2πky y S−
cos(
−
)u(α,kx ,ky ) + sin(
−
)u(α,kx ,ky ) ]
Λx
Λy
Λx
Λy
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Fig. 1: Wave pattern obtained by regular FEM.
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Fig. 2: Wave pattern obtained by GFEM.

where ψα represents the regular FE shape function and α is the local element node number, and n and m are the cutoff
numbers for enrichment functions in x and y directions, respectively, and Λx and Λy are wavelengths.
As stated before, the Phantom Node Method is used to model a crack in the domain. In this approach, the discontinuous
element is replaced by two continuous elements with real and phantom nodes [2]. The signed distance function f (x, y) is
used to define the surface of discontinuity such that f (X) = 0 specifies the discontinuous surface.
Taking advantage of both GFEM and Phantom Node Method, the displacement field for cracked element can be represented as:
∑ ∑
∑ ∑
u(x, y, t) =
u1(I,J,K) (t)N(I,J,K) (x, y)H(−f (x, y)) +
u2(I,J,K) (t)N(I,J,K) (x, y)H(f (x, y)) (2)
I∈S1 J,K∈γ

I∈S2 J,K∈γ

S1 and S2 are sets of original and phantom nodes for superposed elements one and two, respectively, and γ is the set of
regular and enriched degrees of freedom as shown in Eq. (1), and N(I,J,K) represents the associated shape functions. H(x) is
the Heaviside function.
RESULTS AND DISCUSSION
Figures 1 and 2 depict the wave propagation pattern in a 0.5 × 0.5 m domain containing a vertical crack of length 0.3 m
based on regular FEM and GFEM, respectively. In this example a suddenly applied point force P = 100KN in X direction
is imposed at the centre of the plate. As seen, regular finite element analysis results in spurious oscillations that can affect the
accuracy of the solution. However, in the case of GFEM the mentioned non-physical oscillations are suppressed by including
the harmonic basis functions as enrichments. As expected, wave does not propagate across the crack faces.

CONCLUSIONS
Combining Generalized FEM and Phantom Node Method, a new computational implementation is developed in this work
to treat the numerical dispersion in the problem of wave propagation in elastic cracked domains.
References
[1] Ham S., Bathe K.J.: A finite element enriched for wave propagation problems. Computers and Structures 94-95:1-12, 2012.
[2] Song J.H., Areias P.M.A., and Belytschko T.: A method for dynamic crack and shear band propagation with phantom nodes. International Journal for
Numerical Methods in Engineering 67-95:868-893, 2006.
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INTERACTION OF CAVITIES, INCLUSIONS AND A CRACK
NEAR SEMI-CYLINDRICAL GAP
Hongliang Li1a), Yu Wang1
1
Department of Engineering Mechanics, College of Aerospace and Civil Engineering,

Harbin Engineering University, Harbin ,150001, China
Summary In natural medium, engineering composite materials, earthquake engineering, it can be found that there are some gaps at the edge of
the matrix, and shallow-buried cavity or inclusion structure near the gaps. When the matrix is impacted by dynamic load, defects could be
found around the cavities and inclusions. In this paper, Green’s function method and crack division method are used to investigate the problem
of dynamic stress concentration of multiple cavities, inclusions and a linear crack near semi-cylindrical gap for incident SH wave. The
expressions of the displacement and stress are given, and an example is provided to show the effect of cavities, inclusions and crack on the
dynamic stress concentration.
INTRODUCTION
In natural medium, engineering composite materials, earthquake engineering, it can be found that there are some gaps at
the edge of the matrix, and shallow-buried cavity or inclusion structure near the gaps. When the matrix is impacted by
dynamic load, scattering field will be produced because of the cavity or the inclusion, and it could cause dynamic stress
concentration at the edge of the cavity or inclusion. When the structure is overloaded or the load is changed regularly,
cracks emerge and spread near the cavities. Dynamic stress concentration could greatly decrease the bearing capacity of the
matrix, and reduce the service life of the matrix.
In this paper, the method of Green’s function is used to investigate the problem of dynamic stress concentration of
multiple cylindrical cavities, inclusions and a linear crack near semi-cylindrical gap for incident SH wave[1]. Multi-polar
coordinate system is used too.
MODEL AND GREEN’S FUNCTION
The model is shown as Fig.1, elastic semi-space containing a gap, multiple cylindrical cavities, inclusions and a linear
crack. The governing equation of W can be written as
 2W 1 2
 k W 0
zz 4

(1)

The Green’s function used in this paper is regarded as the displacement response to the elastic semi-space containing a
gap, multiple cylindrical cavities and inclusions impacted by anti-plane harmonic linear source force at any point. The
boundary conditions can be expressed as below:
 rz  0( where z  R0 ) ,   z  0( where   0 and    ) ,   z   ( z  zG ) ( z  zG ) ,
 rz  0( where z  c j  R j , j  1, 2,..., N ) , W  W ( sm) ( z  Ck  Rk , k  1, 2,..., M ) ,  rz   rz( sm ) ( z  Ck  Rk , k  1, 2,..., M )

The wave displacement due to the line source load  ( z  zG ) and

N





j 1 n  

Anj [ H n(1) (k z  c j )(

z  cj
z  cj

the scattering wave can be written as:

i
[ H (1) (k z  zG )  H 0(1) (k z  zG )]
4 0

G (i ) 

G (is )  

(2)

) n  H n(1) (k z  c j )(

z  cj
z  cj

M

)n ]  





k 1 n 

(3)

Bnk [ H n(1) (k z  Ck )(

z  Ck n
z  Ck  n
)  H n(1) (k z  Ck )(
) ]
z  Ck
z  Ck

where Anj , Bnk are unknown coefficients. c j represents the center of the cavity and

Ck

(4)

represents the center of the

inclusion.
The wave field G must satisfy the displacement and stress condition. By using the method of transferred coordinate,
when the origin of coordinate is cm , G can be written as:
N

G (is )  





j 1 n 

Anj [ H n(1) (k zm  d mj )(

where d mj  c j  cm ,

Dmj  Ck  cm

Substituting the wave filed

zm  d mj
zm  d mj

 )(
)n  H n(1) (k zm  d mj


zm  d mj
zm  d m j



z D
z  D
 Bnj [ H n(1) (k zm  Dmk )( zm  Dmk )n  H n(1) (k zm  Dmk )( zm  Dmk ) n ] (5)

k 1 n 

m

mk

m

mk

.
G

to the boundary conditions, it can be obtained that


N



 Anmn0   

n 0

By multiplying both sides of (6) with
a)

M

) n ]  

e imm

j 1 n 

M

j
Anjmn




 Bnkmnk  m

(6)

k 1 n 

and integrating in interval [ ,  ] ,it can be obtained that
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N



 An 0mn   

n 0

M

j 1 n 

j
Anj  mn




k
 m
 Bnk  mn

(7)

k 1 n 

Equation (7) is a set of infinite algebraic equation for determining the coefficients Anj , Bnk .
Substituting the coefficients Anj , Bnk to Expression (5), the total wave field G of this problem can be obtained.
EXPRESSION OF DISPLACEMENT AND STRESS FOR THE MODEL
Firstly, we consider the incidence of SH-wave to the infinite linear elastic semi-space containing a gap and multiple
cylindrical cavities, inclusions. The incident displacement field W (i ) harmonic to time can be written as follows[2]:
ik

W (i )

 W0e 2

( ze i  zei )

ik

 W0 e 2

( zei  ze i )

(8)

where  is the incident angle.
The scattering wave incited by cavities and inclusions can be written as:
N

W (s)  





j 1 n 

Cnj [ H n(1) (k z  c j )(

z  cj
z  cj

) n  H n(1) (k z  c j )(

z  cj
z  cj

M

) n ]  





k 1 n 

Dnk [ H n(1) (k z  Ck )(

z  Ck n
z  Ck  n
)  H n(1) (k z  Ck )(
) ]
z  Ck
z  Ck

(9)

where Cnj , Dnk are unknown coefficients.
By using the same method which is used to confirm the unknown coefficients of the Green’s function, the wave field
W ( z ) = W (i )  W ( s ) can be obtained.
We consider the scattering problem of incident SH-wave when multiple cylindrical cavities,inclusions and linear crack
exist at the same time. The space is separated along the crack and a pair of anti-plane opposite forces with the multitude
 ( zz) are applied to up and down section of the region where crack will appear, therefore the resultant force on up (or down)
section of the region is zero, which can be thought as crack. Hence, the total displacement and stress field can be written as
follows:
z2

z2

z1

z1

W  W (i )  W ( s )    ( zz) |z  z0 G ( z , zG )dzG ,   z   ( zz)    ( zz) ( z0 ) (Gz ) ( z , zG )dzG

(10)

EXAMPLE
In this paper, we pay attention to a representative kind of models. There are a cavity and an inclusion. The radius of the
gap, cavity and inclusion are 1, and the length of the crack is 2. The other parameters are shown in the figures. Fig.2 show
the variation of DSCF at the cavity edge as the incident angle of SH-wave is 60 . From the figure , it can be shown that the
interaction of multiple cylindrical cavities, inclusions and a linear crack should not be neglected.
CONCLUSIONS
In this paper, by using the technique of crack-division, a new method is given to solve the interaction problem of multiple
cylindrical cavities, inclusions and a Linear Crack near semi-cylindrical gap by incident SH-wave. By using the method an
example is solved. The method in the paper could be used to study some other correlative problem.

R0

R1
c1

YN

R1

RN
cN

XN

RM

CM

Fig.1. Model of the problem

Fig.2. Influence of crack to DSCF at the left cavity edge
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A NUMERICAL METHOD BASED ON THE THERMO-MECHANICAL COUPLED
MATERIAL MODEL FOR SIMULATING STEVEN TEST
a)

Jianfeng Lou , Tingting Zhou, Yangeng Zhang, Tao Hong
Institute of Applied Physics and Computational Mathematics, Beijing, China
Summary Steven test is an effective tool to study the relative sensitivity of various explosives. In this paper, we built the numerical
simulation method based on the thermo-mechanical coupled material model to simulate the Steven test. In the model, the stress-strain
relationship is described by dynamic plasticity model, the thermal effect induced by impact is depicted by isotropic thermal material
model, the chemical reaction is described by Arrhenius reaction rate law, and the effects of heating and melting on mechanical properties
and thermal properties of materials are also taken into account. The numerical model was validated by comparing the obtained
deformation of the target of Steven test and the ignition threshold for explosive reaction with the experimental data in the references. The
calculated results are in good agreements with the experimental data, which suggests that this method is capable of simulating Steven test.

INTRODUCTION
It is a great threat for either bare dynamite or shell charge when subjected to low velocity impact involved in traffic
accidents or charge piece drops. There are several main features of low velocity impact, such as, the impact velocity is
usually less than one hundred meters per second, the pressure high explosive suffered is between tens of MPa and hundreds
of MPa, and the duration is a little long, almost several hundred microseconds. So that the mechanism of impact ignition in
this kind of condition is different from that of the shock initiation.
The Steven test is an effective tool to study the relative sensitivity of various explosives. Chidester et al. preliminarily
designed the Steven test [1], which was then used to study the delay detonation (XDT) phenomenon. Subsequently, a series of
low velocity impact Steven tests on HMX based explosive were carried out [2-6]. The above-mentioned studies mainly
focused on intuitive observation of explosive reaction through the tests, and numerical calculations to study pressure and
strain rate variables, to investigate structural aspects of the experiment. However, the induced pressure by low amplitude
insult is low, so that it is difficult to simulate the thermal response of Steven test with conventional models. In this paper, we
built a numerical simulation method based on the thermo-mechanical coupled material model for simulating Steven test.
NUMERICAL MODEL FOR STEVEN TEST
Configuration for Steven test
The basic configuration of Steven test consists of a projectile and a target (See Fig.1). The target is an explosive disk
enclosed in a heavy steel cup-shaped holder with a cover plate. Fig.2 presents the initial configuration of the simulation
model, and Fig.3 shows the deformed state of the target impacted by projectile. Position A and B is the center of the cover
plate and the holder’s back plate, respectively.
1- Bolts
2- Retaining ring
3- Sample holder
4- Cover plate
5 Sample
6 Base plate
Fig.1 Basic configuration

Fig.2 Initial simulation model

Fig.3 Deformed state of target

Model of numerical simulation

In the model, the stress-strain relationship is described by elastic plastic with kinematic hardening model, the

 E

expression is   

 Et 

,

  s
, here, E is Young’s modulus and Et is Tangent modulus. The thermal effect induced
  s

by impact is depicted by isotropic thermal material model [7,8],  ij  Cijkl  kl   klT   ij dT , here, ij 

dCijkl
dT

1
Cklmn
 mn ,

Cijkl is the temperature dependant elastic constitutive matrix. The thermal strain can be obtained from this formula,

 klT  T  ij , here,  is the coefficient of thermal expansion,  ij is Kronecker delta. The chemical reaction is


Ea

described by Arrhenius reaction rate law[9], Q  HZe RT , here,  is density, H is heat of detonation，Z is
pre-exponential factor, Ea is Arrhenius activation energy, R is universal gas constant, T is absolute temperature. And
the effects of heating and melting on mechanical and thermal properties of materials are also taken into account.
a)
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VALIDATION OF THE NUMERICAL MODEL
To validate the numerical model, specific to the basic Steven tests at LANL in Ref. [4], the numerical model was built
with the finite element code LS-DYNA. The deformation of the cover plate and holder, together with the ignition thresholds
of PBX 9501 were obtained through a series of simulations, which were compared with experimental data.
Deformation of the cover plate and holder
In Table 1, the dent depth represented by the displacement of position A is compared with the data in Ref. [4]. The
maximum strain in the center (position B) of holder’s back plate calculated is 0.00295, which is comparable to the
experimental result (0.00284) [4]. The calculated defomation of the target is in good agreement with the experimental result.
Impacting velocity
( m/s )

TABLE 1. Comparison of dent depth in position A
Experimental data in Ref.[4] Calculated data in Ref.[4]
( mm )
( mm )

36.9

8.3

9.1

Calculated results in this study
( mm )

8.6

Comparison of reaction velocity predictions with experiments
Simulation models were built according to the configuration in Ref. [3]. Temperature and pressure profile at typical
time were obtained (See Fig.4). A series of simulations were performed to predict the impact velocities required to ignite
PBX 9501 (See Fig.5). Table 2 compares the reaction velocity of PBX 9501 predicted in this study with the results in Ref.
[3], suggesting that they are in good agreement.

TABLE 2. Comparison of reaction
velocity predictions with experiments
Experimental data [3]
54 ~ 56
( m/s )

Temperature profile

Pressure profile
Fig.4 Temperature and pressure profile
at typical time

Predicted by DYNA2D [3]
( m/s )

44 ~ 45

Predicted in this study
( m/s )

45 ~ 48

Fig.5 Temperature variation curve of
ignition point at different impact velocity

CONCLUSIONS
A numerical simulation method involving mechanical, thermo and chemical properties of Steven test based on the
thermo-mechanical coupled material model was built to simulate Steven Test. Specific to the standard Steven test, the
numerical model was validated by comparing the obtained deformation of the target and the critical impact velocities
required for reaction of PBX 9501 with the experimental data in the references. This study indicates that the model is
capable of investigating the thermal-mechanical responses of plastic bonded explosives to low velocity impact.
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COMPATIBILITY CONDITIONS IN MICROPOLAR THERMOELASTICITY
Evgenii V. Murashkin∗
Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow, Russia,
National Research Nuclear University MEPhI, Moscow, Russia
Summary The present report deals with the statement of boundary conditions on propagating wave surfaces of strong discontinuities in
micropolar (MP) thermoelastic (TE) continua. An approach attributed to field theory is used to study the problem. A natural density of
thermoelastic action and the corresponding variational least action principle are stated for a varying domain. A special form of the first
variation of the action is employed to obtain 4-covariant jump conditions on the wave surfaces. These are given by the PiolaKirchhoff stress
4-tensor and the energymomentum tensor. These conditions should be supplemented by the geometrical and kinematical compatibility
conditions due to Rankine, Hugoniot, Hadamard, and Thomas.

PRELIMINARY REMARKS
Problems of micropolar continua take its origin from the classical E. and F. Cosserat’s paper [1]. Micropolar (MP) continuum theories include not only translational displacements but also additional degrees of freedom. These degrees of freedom
are coupled with changes in reper (three directors) associated with microvolume. Such changes may be described by a rotation vector when reper associated with microvolume are rigid rotated. In contrary to conventional elasticity a continuum with
microstucture is described by the asymmetric strain and stress tensors known from many previous discussions. Thus the asymmetric elastic theory is characterized by a comparatively large number of constitutive elastic constants need to be determined
from the experimental observations. There are several phenomena (for example, nematic liquid crystals behavior, the anomalous piezoelectric effect in quartz, the dispersion of elastic waves, as well as a number of other experimentally observed elastic
properties of the pure crystals) being beyond the scope of the conventional thermoelasticity (CTE) and piezoelectroelasticity.
That is why a development of complex theories seems to be actual.
The type-II micropolar thermoelastic (MPTE-II) continuum may be described in terms of field formalism, for example,
from positions of the Green–Naghdi thermoelasticity (GN-theory). Now such mathematical frameworks of the thermoelastic
behavior of solids are rapidly refined [2, 3]. They are based on different modifications of the classical Fourier law of heat
conduction. The refinements aim at derivations of hyperbolic partial differential equations of coupled thermoelasticity. Those
are to simultaneously fulfill the following conditions: 1.) Finiteness of the heat signal propagation velocity, and 2.) The ability
of the spatial propagation of the thermoelastic waves without attenuation, and 3.) Existence of distortionless wave forms akin
to the classical d’Alembert type waves.
ACTION. COMPATIBILITY CONDITIONS
A field theory formalism involves mathematical description of physical fields by integral action functional. A general form
of action within a variable domain of 4-spacetime with the elementary volume of d4 X = dX 1 dX 2 dX 3 dX 4 is
Z
I = L(X β , ϕk , ∂α ϕk )d4 X,
(1)
where ϕk is the physical fields array, L – the Lagrangian density.
The least action principle states that the actual field is realized in the spacetime in a way that the action of (1) is minimum,
i.e. for any admissible variations of physical fields ϕk and non-variable coordinates X β are δI = 0. In general, a conservation
law has the following form
∂β J β = 0,
where the vector J β is the vector 4-current. By finite variation δ O = δ/ε the 4-current can be obtained as


∂L
∂L
O k
β
k
Jβ =
δ
ϕ
+
Lδ
−
(∂
ϕ
)
δO X α ,
α
α
∂(∂β ϕk )
∂(∂β ϕk )

(2)

if the variational symmetries of the action are known. Hereafter square brackets denote 4-jumps.
Assuming the temperature field is continuous and temperature gradient of the first order can be discontinuous by passing
through some bilateral surface Σ± propagating with the normal velocity G and normal unit 4-vector Nβ in 4-spacetime. The
equation δI = 0 is valid on the surface Σ.
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Therefore following 4-covariant compatibility equations for strong discontinuities is obtained:


 


 β· 
∂L
∂L
β·
β
k
Nβ −
= Nβ S ·k = 0, Nβ Lδα − (∂α ϕ )
= Nβ T·α
= 0.
k
k
∂(∂β ϕ )
∂(∂β ϕ )
4

(3)

One can see, that the compatibility conditions on strong discontinuities surfaces contain the jumps of the energy-momentum
β·
4-tensor T·α
and the Piola-Kirchhoff 4-tensor S β·
·k .
4

The only significant equation from the compatibility conditions for jumps of the energy-momentum 4-tensor by using the
Hadamard-Thomas geometric first order compatibility conditions [∂α ϕk ] = Nα F k is obtained
k
[L] + S β·
·k Nβ F = 0.

(4)

4

The compatibility conditions for strong discontinuities are complemented by well known three-dimensional geometrical
and kinematic Hadamard-Thomas compatibility conditions of the first and the second order valid for an arbitrary field ϕk .
The theory GNII is the only thermodynamically correct theory which satisfies the principles listed above. The action
density taking into account of the polar microstructure can be adopted in the following form [4]
L=

ab
1
1
(∂4 xk )ρkj (∂4 xj ) + (∂4 di ) I ij (∂4 dj ) − ψ(X α , xj , dj , ϑ, ∂4 ϑ, ∂α xj , ∂α dj , ∂α ϑ).
2
2
a
a
a
b

(5)

where X α (α = 1, 2, 3) are the Lagrangian coordinates; xj (j = 1, 2, 3) are the Eulerian coordinates; dj (a = 1, 2, 3) are
a

micropolar directors associated with microvolume; ϑ is the thermal displacement field,
— the mass density tensor; ψ — volume density of the Helmholtz’s free energy.
The constitutive equations in this case read:
α·
S·j
=−

∂L
,
∂(∂α xj )
Pj =

a

ab
I ij

— the microinertion tensor; ρij

a
∂L
∂L
∂L
α
, Aj =
, jR
=
,
j
∂(∂α ϑ)
∂(∂α d )
∂ dj
a
a
a
∂L
∂L
.
, s=
Qj =
∂(∂4 ϑ)
∂(∂4 dj )

α·
M·j = −

∂L
,
∂(∂4 xj )

(6)

a

Compatibility conditions on strong discontinuity surface propagating in MPTE-II continuum, according eqs. (3), (4), take
the forms:
ab
ab
a
1
1
k
k
k
j
[[∂4 di I ij ∂4 dj ]] + (G I lk ∂4 dl − nµ Mµ·
·k )(G[[∂4 d ]] − nµ [[∂µ d ]]) + [[∂4 x ρkj ∂4 x ]]+
2
2
a
a
a
a
b
µ·
µ
(7)
+(Gρlk ∂4 xl − nµ S·k
)(G[[∂4 xk ]] − nµ [[∂µ xk ]]) − [[ψ]] + (Gs − nµ jR
)(G[[∂4 ϑ]] − nµ [[∂µ ϑ]]) = 0,
Gρkl [[∂4 xk ]] = nµ [[S·lµ· ]],

ab

a

G I kl [[∂4 dk ]] = nµ [[Mµ·
·l ]],
a

µ
G[[s]] = nµ [[jR
]],

(j, k, l, λ, µ = 1, 2, 3).

CONCLUSIONS
In the present study problems of propagating surfaces of strong discontinuities of displacements, microrotation and thermal displacements of the micropolar type-II thermoelastic media (GNII) has been considered. The dynamical and constitutive
equations for hyperbolic thermoelastic type-II micropolar continuum have been derived by field theory technique and formalism of the variational calculus. The special form of the first variation of the action integral has been used us in order to
obtained 4-covariant jump conditions on wave surfaces. The three-dimensional form of the jump conditions on the surface of
a strong discontinuity of field can be derived as the result of its four-dimensional covariant form.
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ENERGY ABSORPTION OF A NOVEL SELF-LOCKED TUBE SYSTEM
Chuan Qiao, Yuli Chena)
Institute of Solid Mechanics, Beihang University, Beijing, China
Summary This paper studies the energy absorption of a novel self-locked energy absorbing system and compares the performance of the selflocked system with that of round tube systems. Lateral splashing can reduce the energy absorption of round tube systems. Due to effective selflocking, the energy absorption of the self-locked system are found to be significantly higher than that of the round tube systems.

INTRODUCTION
Thin-walled round tubes are excellent energy absorbers due to their high energy absorbing capacity and easy
manufacturability [1]. The safe application of round tube systems requires constraints either between tubes or on the lateral
boundaries to ensure structural integrity [2-3]. These constraints drastically increase installation time when lots of tubes are
involved, and thus make round tube systems undesirable in case of emergency. To solve this problem, a novel self-locked
system has been proposed in a recent literature [4]. This paper studies the energy absorption of the self-locked system under
impact loading and compares the performance of the self-locked system with that of round tube systems.
ENERGY ABSORPTION OF THE SELF-LOCKED SYSTEM
The self-locked system
The self-locked system is comprised of dumbbell-shaped tubes as shown in Fig. 1 [4]. The dumbbell-shaped tube has
two open cylindrical shells that are connected by two parallel flat plates. In the self-locked system, the dumbbell-shaped
tubes are stacked in a staggered manner. When the self-locked system is impacted along the negative y-axis, the interlocking
of the dumbbell-shaped tubes can suppress splashing in the x-direction.

H

L

y

Figure 1

y

z
x

W

x

(a)
(b)
Schematic of the self-locked system: (a) the dumbbell-shaped tube and (b) the self-locked system [4].

The comparison between the self-locked system and round tube systems
The self-locked system and the free round tube system are placed on a rigid substrate as in Figs. 2(a) and (b). The
constrained round tube system is constrained by two rigid lateral walls as in Fig. 2(c). All three systems are impacted by a
rigid cylindrical impactor with a mass of 118.33 kg and an initial velocity of 4.43 m/s. To validate that the self-locking
effect is insensitive to impact location, the impactor is placed on the interspace between two tubes rather than a single tube
in literature [4]. The finite element simulation is performed by ABAQUS/Explicit. The energy absorbing systems are
modelled with S4R shell elements. The deformed configurations are shown in Figs. 2(d)-(f) where the impactor
displacement u is normalized by the height H of each energy absorbing system. Both free and constrained round tube
systems show clear splashing while the dumbbell-shaped tubes of self-locked system stay close to each other.

Figure 2
a)

u/H=0

u/H=0.7

(a)

(d)

(b)

(e)

(c)

(f)

Deformed configurations of the self-locked system and round tube systems under impact loading.
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Figure 4

Energy absorption of the self-locked system and round tube systems under impact loading: (a) energy absorption
per unit mass EA/M and (b) energy absorption per unit volume EA/V.
The force and energy responses of the three energy absorbing systems are shown in Fig. 3. In Fig. 3(a), the forces of the
free round tube system (marked with “▲”) and the constrained round tube system (marked with “■”) decreases when the
round tubes are stroked away by the impactor. Due to the lateral walls, the force of the constrained round tube system is
higher than that of free round tube system. The force of the self-locked system (marked with “○”) keeps increasing as the
deformation progresses because there is no lateral splashing. The energy absorption EA is the area under the forcedisplacement curve. In Fig. 3(b), the energy absorption of round tube systems increases quickly and then reaches a plateau
phase due to the splashing of tubes. The energy absorption EA of the self-locked system is firstly lower than round tube
systems and finally increases to 170% of that of constrained round tube system at 0.7 normalized displacement.
Energy absorption per unit mass EA/M and energy absorption per unit volume EA/V are important energy absorption
parameters where weight and volume should be considered. In Fig. 4(a), the energy absorption per mass EA/M indicates the
weight efficiency in energy absorption. The energy absorption per unit mass EA/M of the self-locked system at 0.7
normalized displacement is 17% higher than that of the constrained round tube system and 244% higher than that of the free
round tube system. The energy absorption per unit volume EA/V denotes the space efficiency of the energy absorbing
system. In Fig. 4(b), the energy absorption per unit volume EA/V of the self-locked system at 0.7 normalized displacement
is 18% greater than the constrained round tube system and 247% higher than that of the free round tube system.
CONCLUSIONS
The energy absorption of round tube systems is greatly affected by lateral splashing. Due to effective lateral self-locking, the
energy absorption of the self-locked system is found to be significantly higher than that of round tube systems. Without the
limitation of constraints between tubes or on the boundary, the self-locked system can be conveniently assembled and therefore
is suitable for impact protection in case of emergency.
Acknowledgements. Supports by the National Natural Science Foundation of China (Nos. 11202012 and 11472027) and the
Program for New Century Excellent Talents in University (No. NCET-13-0021) are gratefully acknowledged.
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SENSITIVITY ANALYSIS OF ENERGETIC MATERIALS USING AN EULERIAN SOLVER
SCIMITAR3D
Nimal Kumar Rai1, H.S.Udaykumar1, Martin Schmidt2 & Robert Dorgan2
Department of Mechanical and Industrial Engineering, University of Iowa, Iowa City, Iowa, USA
2
Computational Mechanics Branch, EGLIN Air Force Base, Florida, USA

1

Summary The current work presents some of the salient features of a massively parallel Cartesian grid based solver SCIMITAR3D.
SCIMITAR3D is an Eulerian solver which is developed to analyse engineering applications that involves high speed multi-material impact
situations. In this work, the key features of SCIMITAR3D are discussed in the context of sensitivity characterization of heterogeneous energetic
materials such as HMX based pressed explosives. The sensitivity of energetic materials are characterized by performing mesoscale simulations
on the real microstructures of these materials under imposed shock loading. The effect of microstructural differences on the relative sensitivity of
these materials is demonstrated.

INTRODUCTION
Engineering applications such as mining, design of propellants devices for rocket propulsions, design of munitions etc
uses heterogeneous energetic materials such as plastic bonded explosives, pressed explosives etc for high energy release and
deposition. Examples of energetic materials are cyclotetramethylene-tetranitramine (HMX), triamino-trinitrobenzene
(TATB), trimethylenetrinitramine (RDX) etc. Energetic materials release large amounts of energy in a very short span of time
through initiation of chemical reactions and ignition by mechanical insult. However, rapid release of energy in energetic
materials makes them unsafe to handle as even small external disturbances may cause runaway thermal heat release. Hence,
it is important to design explosives so that their sensitivity can be controlled. This requires understanding of the physical
mechanisms which govern the chemical reaction initiation and ignition in the energetic materials.
Heterogeneous energetic materials have non-uniform microstructure because of the presence of defects such as voids,
cracks and interfaces between energetic crystals and polymer binders. Shock wave interaction with these heterogeneities leads
to the formation of local high energy density regions called “hot spots”. These hot spots are favourable sites for the initiation
of chemical reactions. The initiation of chemical reaction and its growth in the energetic materials lead to the formation of
blast waves. The interaction of these blast waves with the incident shock wave forms detonation wave in the material. The
formation of hot spots is a localized phenomenon and it depends greatly on the local morphological characteristics of the
microstructure of the explosives. Hence, a numerical framework that can represent the microstructural geometry precisely
and can track interfaces sharply even under large deformation is highly desirable.
The present work is aimed at the study of effects of microstructural characteristics of heterogeneous explosives on their
relatively sensitivity towards ignition under applied shock load. This is shown by performing mesoscale simulations on two
different samples of HMX based pressed energetic materials, Class III and Class V. In general Class III consists of large
grains of HMX with large variance in the size distribution while Class V consists of small grains with small variance of grain
size. A detailed description of the morphological features of Class III and Class V samples are discussed in the work of Welle
et. al[1]. The mesoscale simulations are performed using the Eulerian solver SCIMITAR3D.
NUMERICAL FRAMEWORK
A brief description of the numerical framework is provided in this paper. The detailed discussion regarding the framework
is provided in the previous work[2], [3]. The framework is parallelized using MPI libraries.
1) Governing Equations and Constitutive Relations: In the current Eulerian framework, the governing equations are a
set of hyperbolic conservation laws corresponding to the conservation of mass, momentum and energy. The material
in the work is HMX and it is modelled as an elastic perfectly plastic material. The “dilatational” part of the stress
tensor i.e. pressure is modelled using Mie-Gruneisen equation of state.
2) Numerical Schemes: The set of hyperbolic conservation equations are spatially discretize using 3rd order essentially
non-oscillatory scheme (ENO) and integrated over time using 4th order Runge Kutta method.
3) Interface Modelling: The material interfaces are represented and tracked sharply using a narrow band level set
approach. The interfacial conditions are applied using modified ghost fluid method. The use of level set functions
for the interface representation allows to use image segmentation algorithms to obtain the material geometries from
the real images. The current framework uses speckle reducing anisotropic diffusion method for image denoising and
active contour algorithm for image segmentation.
4) HMX Decomposition Mechanism: The chemical kinetic mechanism for HMX is modelled using seven step Henson
Smilowitz reaction mechanism[4].
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RESULTS
In the current work, the effect of microstructural geometry on the ignition behavior of pressed explosives is studied. Two
different types of pressed explosives, Class III and Class V are considered; SEM images of these two types of pressed
explosives were obtained and segmented to obtain computational microstructures. Class III explosives have a microstructure
that displays relatively large HMX crystals (Figure 1(a)). On the other hand, Class V explosives have a relatively uniform
microstructure consisting of small HMX crystals (Figure 1(b)). The dimensions of both Class III and Class V sample are
25 µ𝑚 × 19 µ𝑚. The load is applied using a flyer plate. The flyer plate is made of parylene-C material. The speed of the
flyer plate used in this analysis is 3km/s.
In figure 2, the temperature field obtained from the flyer plate load analysis of Class III and Class V samples are shown. It
can be seen that as the shock wave interacts with the voids present in the microstructure, it leads to the formation of hot spots
because of collapse of these voids. In class III sample, some of the hot spot leads to the initiation of chemical reaction and
ignition. However, for the same loading conditions, the hot spots formed in Class V sample did not initiate chemical reaction.
The hot spot temperature was not sufficient to initiate chemical reaction and eventually diffuses in Class V sample. Hence, it
is evident that microstructural differences can influence the sensitivity of heterogeneous explosives greatly.

CONCLUSIONS
The salient features of the SCIMITAR3D solver including image processing algorithms to represent real geometries of
microstructure, chemical reaction modelling of HMX, handling of contact impact conditions under high speed impact loading
etc are demonstrated in this work through the mesoscale simulations of two HMX based pressed energetic materials, i,e, Class
III and Class V. It is shown that microstructural differences can influence the relative sensitivity of heterogeneous energetic
materials under a given loading conditions. For a given microstructure, using SCIMITAR3D solver, numerical experiments
can be performed for different flyer speeds to obtain its ignition threshold and sensitivity characteristics.
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SEMISMOOTH NEWTON SOLVER FOR PERIODICALLY-FORCED SOLUTIONS TO A
UNILATERAL CONTACT FORMULATION
Yulin Shi and Mathias Legrand
Department of Mechanical Engineering, McGill University, Montreal, Quebec, Canada
Summary The vibratory response of a periodically-forced generic mechanical system undergoing a unilateral contact condition is addressed.
The unilateral contact constraint is reformulated as a nonsmooth Lipschitz continuous function. This allows the use of the so-called
semismooth Newton method capable of solving the equations governing the dynamics and the unilateral contact constraints simultaneously.
The assumed periodic solution and the contact force are approximated by truncated Fourier series before being incorporated in the solver
after projection of the equations on the Fourier basis. Continuation of the solution harmonics with respect to the forcing frequency is
performed. For a medium size system of 20 degrees-of-freedom, it it shown that convergence is achieved by comparing with the “reference”
time-marching solution.

INTRODUCTION
Fast and robust numerical algorithms for periodic solutions to unilateral contact problems under harmonic excitations are
relevant to the industrial sphere. Applications include rotor-stator contact in turbomachines, milling, crack detection, and fatigue
experiment rigs which induce dovetail-disk contact to name a few. Various solution methods such as time marching techniques,
harmonic balance strategies, finite element methods are available for finding periodic solutions to smooth polynomial problems.
However, they all face numerical difficulties when unilateral contact conditions are incorporated. State-of-the-art algorithms
combining space discretization and time-domain Newmark numerical integration algorithms dedicated to unilateral contact
problems are reviewed in [1]. In a vast majority, these algorithms exhibit either numerical spurious oscillations, numerical
energy dissipation, or residual non-physical penetrations between contacting bodies. Alternating frequency/time domain
techniques [2, 3] are used to find periodic solutions to unilateral contact problems. The finite element method in time-domain
with periodicity and continuity conditions is also reported [4]. The unilateral contact problem is then reformulated as a linear
complementarity problem which can be solved by Lemke’s classical pivoting algorithm: it is known that uniqueness of the
solution is not guaranteed [5].
Inspired by [6, 7, 8], this work reformulates the unilateral contact problem in the form of a Lipschitz continuous equation
which allows the use of semismooth iterative Newton techniques. It is proved that for unilateral contact problems in statics
within the small perturbation framework, the semismooth Newton algorithm converges Q-quadratically and is equivalent to the
active-set method [9]. Yet, in a dynamic framework, proof of convergence is not available. Still, a Signorini condition seen as
a Lipschitz continuous equation can be easily projected onto any finite-dimensional space of functions, as for example the
Fourier functions used in this work.
INVESTIGATED SYSTEM AND FORMULATION
The system of interest is a simple serial N -degree-of-freedom oscillator stemming from the finite element discretization
of a clamped-free periodically forced rod undergoing longitudinal displacement only. The free end of the rod is subjected to
unilateral contact conditions. The governing equation together with the complementarity condition are
MuR C DuP C Ku D f C G> 
Gu g  0;   0; .Gu

(1)
(2)

g/ D 0

where M, D, and K are the mass, damping, and stiffness matrices respectively; u is the displacement, f, the external periodic
force, , the scalar contact force (all are time-dependent functions), g, the initial separating gap, and finally G, the constant
matrix mapping the contact force to the N degrees-of-freedom. The complementarity condition (2) can be equivalently
reformulated as the equality [6]
 C max.0; c.Gu g/ / D 0
(3)
where c is an arbitrary positive constant. The displacement u and contact force  are expanded as truncated Fourier series of
period T (which is the period of the external forcing)
u.t/ 

M
X
iD1

 Corresponding

uN i i .t / and .t / 

M
X

N i i .t /

(4)

i D1

author. yulin.shi@mail.mcgill.ca

2277

where quantities uN i and N i , i D 1; : : : ; M , are the unknown coefficients to be found. Expansions (4) are inserted into
Equations (1) and (3) and a Galerkin projection on the i .t / family is performed yielding:
8j D 1; : : : ; M;

M Z
X
i D1

8j D 1; : : : ; M;

T

f.t /

i
G> N i i .t / dt D 0

(5)

0

M Z
X
i D1

h

j .t/ R i .t /M C P i .t /D C i .t /K uN i

T

h
j .t/ N i i .t / C max.0; c.GuN i i .t /

g/

i
N i i .t // dt D 0

(6)

0

which is a system of Lipschitz continuous equations in the unknown uN i and N i : it can be handled by a semismooth Newton
solver.
RESULTS
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The tip displacement of a 20-dof system forced in the vicinity of its first natural frequency is displayed in Fig. 1. Light
damping is included. The initial guess inserted in the iterative solver is the zero displacement/contact force with no convergence
issues even with low damping. The reference solution is calculated with a time-stepping method and only the periodic
steady-state is shown.
The semismooth Newton solver was then embedded in a pseudo-arclength continuation algorithm to track the magnitude of
the forced response with respect to the excitation frequency. The frequency response is depicted in Fig. 2 for various initial
gaps. The well-known stiffening effect induced by unilateral contact conditions is retrieved: this is for example reported
by researchers solving similar problems using the penalty method [2]. It is also to be noted that the contact force does not
statisfies (2) pointwise, but only (6) which is a weaker requirement possible leading to “strange” loops in the frequency response
for small initial gaps.
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Figure 1: Rod tip displacement with N D 20 and g D 0:5.
First natural frequency as forcing frequency. M D 10 (
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Figure 2: Frequency response curves near natural frequency !1 with N D 20 and M D 5. g D 0:25 (
),
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), g D 0:75 (
), linear (
)
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ON THE INTERPLAY BETWEEN MATERIAL FLAWS AND DYNAMIC NECKING
A. Vaz-Romero ∗1 and J.A. Rodrı́guez-Martı́nez1
1

Department of Continuum Mechanics and Structural Analysis, University Carlos III of Madrid, Leganés,
Madrid, Spain

Summary In this work we investigate the interplay between material defects and flow localization in elastoplastic bars subjected to dynamic
tension. For that task, we have developed a 1D finite difference scheme within a large deformation framework in which the material is
modelled using rate-dependent J2 plasticity. A perturbation of the initial yield stress is introduced in each node of the finite difference mesh
to model localized material flaws. Our results indicate that wave propagation phenomena control, to a large extent, flow localization in
elastoplastic specimens subjected to impact tensile loading.

ABSTRACT
Whether dynamic necking in elastoplastic solids is a random or deterministic process remains as an open question. This
issue, which has triggered critical debates in the Solid Mechanics community during the last decade, has been typically addressed using two different uniaxial tensile configurations [1]: the radial expansion of ductile rings [2, 3, 4] and the impact
testing of linear tensile specimens [5, 6]. The geometric and loading symmetries of the former problem nearly eliminate the
effects of wave propagation before the onset of necking. For years, it has been accepted that the multiple localization pattern
which precedes fragmentation in the ring expansion test is a random process, but some recent publications [7, 8] have raised
the possibility that the localization process becomes deterministic for sufficiently high expansion velocities. Unlike what happens in the ring expansion test, the impact testing of linear tensile specimens leads to the generation of stress waves. However,
it has been frequently assumed that the necking inception in the impact tensile test is a random process. Recent experimental
works [9, 10] suggested that flow localization in the dynamic tensile test is the deterministic result of the interplay between
material behaviour, specimen geometry and boundary conditions. In this paper we develop a numerical methodology which
supports such experimental finding.
A 1D finite difference model has been developed to describe the mechanical behaviour of elastoplastic bars subjected
to dynamic tension. The governing equations have been discretized and an updating expression for the displacements and
temperature is obtained as a function of the Lagrangian coordinate Z. Spatial and time step have been carefully selected to
fulfill the Courant-Friedrisch-Lewy stability condition. A perturbation of the initial yield stress have been introduced in each
node of the spatial grid modeling material defects, following a normal distribution with the unaltered yield stress as the mean
parameter. The standard deviation is then determined to ensure that the maximum and minimum values in the distribution
lie within the interval defined by the selected percentage of variation. The percentage of variation of the initial yield stress
defines the amplitude of the material defects and it ranges from 0% (intact material) to 12%. Initial strain rates ranging from
500 1/s and 2500 1/s have been considered.
The numerical computations developed in this work clearly suggest that the flow localization in dynamic tensile specimens
is deterministic. While material defects may play a role in the necking process, this fact does not entail that the inception of
dynamic necks has random character. On the contrary, our results show that, in agreement with the experimental findings of
Rittel et al. [9] and Rotbaum et al. [10], the location and development of dynamic necks is the result of the interplay between
material behaviour and boundary conditions.
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LONGITUDINAL WAVE LOCALIZATION IN PHONONIC CRYSTALS WITH NEGATIVE
CAPACITANCE
Yi-Ze Wang1a) &Yue-Sheng Wang1
Institute of Engineering Mechanics, Beijing Jiaotong University, Beijing 100044, China

1

SummaryA new kind of phononic crystals consisting of elastic rod by piezoelectric shunt with negative capacitance is presented.
By the continuity conditions at the interface between different unit cells, the transfer matrix is derived. Based on the Lyapunov
exponent of elastic waves in periodic structures and the algorithm presented by Wolf, the localization factor is presented.
Numerical calculations are performed for the both the ordered periodic structures and random disorder of the negative
capacitance. Results show the influences of the negative capacitance on the stop band properties and localization characteristics
of longitudinal elastic waves. It provides a method to tune the band gap properties and control the propagation of elastic waves
by the electric circuit method which is different from the traditional mechanical ones.
INTRODUCTION
Phononic crystals are periodic composite structures and have frequency stop band in which the elastic waves cannot
propagate freely. Then, phononic crystals can provide a new way to tune elastic wave propagation and some engineering
applications can be achieved, such as vibration and acoustic filter, noise isolation technology, etc. Among the interesting
features of phononic crystals, the property of stop band is an important issue. As a result, a lot of investigations have been
reported on the methods of changing the stop bands [1-4]. Previous changing ways are mainly focused on the mechanical
methods, such as material parameters, structural arrangements, etc. But these methods are not easy to perform in the
practical engineering applications and people tune their attention to the electrical or even active control ways which can be
applied conveniently. It is well known that the piezoelectric shunt technology can be used to reduce the vibration of
mechanical systems. As a typical component of the piezoelectric shunt, the negative capacitance has shown its interesting
application [3-5]. Moreover, because of the mismatch of exerted control components during the practical engineering,
electrical disorder can appear which result in the localization of elastic waves in periodic systems. This work discusses the
elastic waves in phononic crystals rods consisting of piezoelectric shunt with the negative capacitance. Both the band gap
properties for ordered systems and wave localization characteristics for randomly disordered periodic structures with the
negative capacitance are presented.
MODEL DESCRIPTION
Piezoelectric patches
Longitudinal waves
A

A

B

R1

Cn

Cn

Cn

I1

1

V1

2

-

V2

+

C

R2

Fig. 1. Longitudinal waves in periodic rods consisting of piezoelectric
shunt with negative capacitance.

As shown in Fig.1, the longitudinal elastic waves in phononic crystals are studied which are composed by piezoelectric
shunt with negative capacitance. The length, width and thickness of the piezoelectric patch are aP = 0.02m, lp = 0.02m and hp
= 0.0005m. The material constants of the piezoelectricity are the piezoelectric compliance s11 = 1.65×10–11 m3/N, mechanical
and electrical coupling constant d31 = –2.74×10–10 C/m2, dielectric constant 33 = 3.01×10–9 F/m, mass density ȡP = 7500
kg/m3. Then, the inherent capacitance of the piezoelectric patch (Cp) can be calculated. Moreover material parameters of the
elastic rod are the elastic modulus EE=4.35×109 Pa, mass density ȡE = 1180 kg/m3 and length aE = 0.06m.
a)
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NUMERICAL RESULTS
Based on the discussion about the Lyapunov exponent and localization factor in Refs.[1, 2], the both the transfer matrix and
localization factor can be derived, in which the localization factor being zero means the pass band. The relation between the
localization factor and the normalized wave number are shown in Figs.2(a) and 2(b) for the ordered periodic structures and
randomly disordered systems with the negative capacitance changing, respectively. The coefficient of variance (į) denotes the
randomly disordered degree of the periodic system, in which į = 0 means the ordered structure and į  0 denotes the
randomly disordered case. In Fig.2(a), different values of the negative capacitance are applied to present the control
properties of elastic wave band gaps. The negative capacitances used are Cn= 0, 0.5 and 0.7Cp for the ordered periodic
structure and the length ratio of different parts are 1:1. The regions corresponding to the location factor being zero are the
pass bands and the other parts in which location factor is not zero mean the stop bands. It can be observed that if the wave
number is small, such effect is not obvious. But the stop band characteristics can be changed significantly by the negative
capacitance for larger normalized wave numbers. The pass band in which the elastic waves can propagate freely perhaps
becomes the stop band with the negative capacitances changing. With the increasing of the negative capacitance, the
number of the stop band becomes smaller.
Moreover, the relation between the localization factor and normalized wave number for the randomly disordered
periodic system is shown in Fig.2(b). The negative capacitance is assumed to be a uniformly distributed random variable
with a mean value C p and coefficient of variance į. We can see that for the disordered periodic structures, the pass band
regions corresponding to the complete periodic structure vanish and the localization of elastic waves appears.
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Cn = 0

Cn = 0.5Cp
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(b)
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Normalized wave number

2
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Fig. 2. Relation between the localization factor and normalized wave number
for: (a) order periodic structures (į = 0) and (b) randomly disordered system with
the negative capacitance changing (į = 0.1).
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THE COUPLED DYNAMIC BEHAVIOUR OF LAYERED PIEZOELECTRIC STRUCTURES
Huangchao Yua) and Xiaodong Wang
Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada, T6G 2G8
Summary This article presents a theoretical model of the coupled dynamic behaviour of a layered piezoelectric structure under inplane harmonic loads with the transverse inertia and debonding of the piezoelectric layer considered. The dynamic behaviour is
studied to evaluate the dynamic load transfer from the substrate to the surface-bonded layer. The dynamic strain ratio and wave
field under different loading frequencies and material combinations are obtained by using the Fourier transform and solving the
appropriate singular integral equations using Chebyshev polynomials. This model is validated by comparing with the
corresponding FEM results. The interfacial debonding has a significant influence on the wave propagation in the structure, and its
effects on surface stress are studied, which can be used to detect the debonding position under proper frequencies.
INTRODUATION
Much attention has been paid to the development of techniques of generating and collecting diagnostic elastic wave
signals to realize continuous monitoring of structural integrity. Solid substrates with thin piezoelectric layers are typical
structures to achieve this goal, and one of the fundamental issues is to evaluate their coupled dynamic behaviour and wave
propagation. Huang et al.[1] studied the dynamic behaviour of layered piezoelectric structures with debonding under antiplane
mechanical loads. Of particular interest to the current study is the in-plane wave propagation in a piezoelectric thin-sheet
bonded to structures with both the axial deformation and the transverse inertia considered. The coupled dynamic behaviour in
the structure with and without debonding under a longitudinal harmonic loading will be studied to evaluate the dynamic load
transfer from the substrate to the surface-bonded layer.
METHOD AND MODELLING
The piezoelectric layered structure is shown in Fig. 1, which consists of a homogeneous and isotropic elastic substrate and
a thin piezoelectric sheet with uniform thickness h. The coupled dynamic behaviour of the structure under a harmonic inplane load of frequency  is investigated. The piezoelectric layer can be modelled as an electro-elastic thin film subjected to
a distributed axial force τ/h and a transverse normal force σ. The substrate is subjected to a harmonic incident wave and
interfacial surface stresses, as shown in Fig. 1(a). The incident wave will be reflected and the surface stresses will generate a
dynamic field in the substrate. Therefore, the wave field inside the substrate can be expressed by superimposing the wave
field in Fig.1(b) and (c), which can be solved
by conducting elastodynamic analysis[2]. If
the piezoelectric layer is perfectly bonded to
the substrate, the displacement should be
continuous at the upper surface of the
substrate and the lower surface of the sensing
layer. By substituting the solutions of the
layer and the substrate into the boundary
conditions and applying Fourier transform,
Figure 1. The piezoelectric layered structure and wave propagation in the substrate
the displacement and stress fields along the
piezoelectric layer can be determined.
When a debonding of length c occurs, the displacement field will be discontinuous along the interface between the layer
and the substrate. The displacement discontinuity can be expressed by two dislocation density functions. After substituting
the wave solutions without debonding into these two functions, and performing the appropriate asymptotic analysis, the crack
surface boundary conditions can be reorganized as two singular integral equations, whose solutions include the well-known
square root singularity and can be expressed as Chebyshev polynomials. If Chebyshev polynomials are truncated to the Nth
term and these singular integral equations are satisfied at N collocation points along the crack surface given by
yl  c cos[(l  1) / ( N  1)], l  1,2, , N , then, the problem reduces to the solution of the following linear algebraic equations:
N
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with ρ, cij, eij, λij being the density, the stiffness parameters, the piezoelectric constants and the dielectric constants of the
piezoelectric layer, and μ, ν, cL, cT the shear modulus, the Poisson’s ratio, the longitudinal velocity and the transverse velocity
of the substrate, respectively. The solution of cj and dj can be determined from these linear algebraic equations, and then all
displacement, strain and stress wave field components in the layer and substrate can be obtained.
RESULTS AND DISCUSSION
Wave propagation in PZT4-Aluminum layered structure is studied. The analysis will focus on the dynamic load transfer
from the substrate to the surface-bonded layer under different geometric, loading and bonding conditions. In order to validate
the current model, the finite element method (FEM) has been used. Fig. 2 (a) shows the magnitude of the normal stress along
the interface for an incident longitudinal displacement wave with amplitude of 0.002 and angle of 30o using the current model,
in comparison with the corresponding FEM results. Very good agreement is observed.
The dynamic strain ratio represents the percentage of deformation transferred from the host medium to the sensor. It is an
index of the sensing characteristics of the piezoelectric layer. Specific examples are given in both perfect-bonding and
imperfect-bonding cases. Fig. 2(b) shows the amplitude of the dynamic strain ratio with different material combinations
under different loading frequencies without debonding. The strain ratio will increase gradually with the decrease of the
loading frequency and the increase of the material combination, which is defined as the ratio of the Young’s modulus of the
substrate and that of the piezoelectric layer. Therefore, in order to gain a good dynamic strain ratio, high levels of loading
frequency should be avoided and the stiffness of layers should not exceed that of the substrate too much. In imperfect bonding
case, the dynamic strain ratio is dependent on the location along the interface. As shown in Fig. 2(c), the loading frequency
has significant effects upon the load transfer. At the crack tip position, the stress concentration can be clearly observed. As
expected, the measured surface stresses or voltage is very sensitive to the debonding position. In order to get clear
deformation signals of the structure, interface debonding should be avoided.

Figure 2. (a) The comparison of interfacial stress distribution with the FEM results; (b) Amplitude of strain ratio with different material combinations under
different frequencies; (c) Amplitude of the dynamic strain ratio in y direction with debonding under different frequencies

CONCLUSIONS
The in-plane dynamic behaviour of the layered piezoelectric structure is studied to evaluate the dynamic load transfer from the
substrate to the layer under different loading frequencies and material combinations. In order to gain a good dynamic strain ratio,
high levels of loading frequency should be avoided and the stiffness of layers should not exceed that of the substrate too much.
In the case with debonding, the interfacial crack has a significant influence on the load transfer. The stress concentration at the
crack tips may cause abnormal surface deformation or voltage, which can be used to detect the debonding position under proper
frequencies. Then the sensing layer can be changed or repaired timely to retrieve clear deformation signals.
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FULLY OPTIMIZED VARIATIONAL ESTIMATES FOR THE MACROSCOPIC
RESPONSE AND FIELD STATISTICS OF NONLINEAR COMPOSITES
P. Ponte Castañeda ∗1
1

Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphia,
Pennsylvania, USA

Summary A variational method is proposed to estimate the macroscopic constitutive response of composite materials with nonlinear
properties. The method derives from a stationary variational principle for the macroscopic potential in terms of the corresponding
potential of a linear comparison composite (LCC) whose properties are the trial ﬁelds in the variational principle. The resulting
estimates for the macroscopic response are guaranteed to be exact to second-order in the heterogeneity contrast, and to satisfy known
bounds. In addition, the new method allows full optimization with respect to the properties of the LCC, leading to estimates that are
fully stationary and exhibit no duality gaps. Consequently, the macroscopic response and ﬁeld statistics of the nonlinear composite can
be estimated directly from the suitably optimized linear comparison composite, without the need for difﬁcult-to-compute correction
terms. The method is applied to a porous viscoplastic material, and the results are compared with earlier estimates.

INTRODUCTION
Macroscopic samples of metals and minerals usually appear in the form of aggregates of large numbers of one, or more
types of single crystal grains, and other inhomogeneities, such as voids and cracks, which are distributed with random
positions and orientations in the sample. For this reason, it is of scientiﬁc and technological value to characterize the
effective or average response of such macroscopic material samples from the properties of their constituents and known
statistical information about their distribution, or microstructure. In addition, it is often of interest to also be able to
extract information about the statistics of the stress and strain ﬁelds in the constituents of these composite materials. These
problems—which are difﬁcult in general—become especially challenging when the physical mechanisms of deformation
are nonlinear, as in metals-forming operations, or polar ice ﬂows. The objective of this work is to develop homogenization
techniques to characterize the macroscopic response and ﬁeld statistics in viscoplastic composites and polycrystals.
The simplest and perhaps most commonly used homogenization procedure in plasticity is the uniform strain-rate
bound of Taylor [10]. Other commonly used approximations include the ‘incremental’ self-consistent approximation of
Hill [2]. Improved bounds of the Hashin-Shtrikman type [1] for nonlinear composites were ﬁrst developed by Talbot and
Willis [9], making use of a nonlinear generalization of the Hashin-Shtrikman variational principles [11]. More general
bounds and estimates were provided by Ponte Castañeda [3] by means of the ‘variational linear comparison’ method. This
method makes use of a ‘linear comparison composite’ (LCC), whose properties are determined as trial ﬁelds in a suitably
designed variational principle, leading to a ‘secant’ linearization of the constitutive response of the nonlinear phases,
evaluated at the second moments of the stresses in the phases of the LCC [6]. In particular, ‘variational linear comparison’
self-consistent estimates have been proposed by Ponte Castañeda [3] for viscoplastic composites, and were later shown to
improve on the earlier ‘incremental’ self-consistent estimates [2], especially for large heterogeneity contrasts and small
rate-sensitivity exponents. It should also be mentioned that Suquet [7] proposed an alternative method for power-law
materials, by making use of Hölder’s inequality.
More accurate estimates for the macroscopic response of viscoplastic composites were given by Ponte Castañeda [5]
by means of the ‘second-order’ homogenization method [4]. The ‘second-order’ method makes use of more general LCCs
incorporating suitably selected eigenstrains, leading to an improved ‘generalized secant’ approximation for the nonlinear
constitutive relations and ensuring that the resulting estimates are exact to second-order in the heterogeneity contrast,
and thus in agreement with exact perturbation expansions [8]. In spite of the improved accuracy of the ‘second-order’
homogenization estimates [5] relative to the earlier ‘variational’ estimates [3], these estimates have certain undesirable
features, arising from the lack of optimality of the eigenstrains, which hamper their efﬁcient application in practice. These
include the facts that the macroscopic constitutive relation and ﬁelds statistics cannot be obtained directly from the LCC,
and the existence of a ‘duality gap’ (i.e., when the estimates resulting from the primary and complementary variational
statements are different)—strongly suggesting the possibility of further improvements in the accuracy of its predictions. In
this work, we propose a new variational method, where the properties of the constituent phases of the LCC are generated
by a consistent optimization procedure. This leads to ‘full stationarity’ for the resulting estimates, which are still exact
to second-order in the contrast, but have all the advantages of the earlier ‘variational’ estimates in that the macroscopic
constitutive relation and ﬁelds statistics of the nonlinear composite can be conveniently expressed in the terms of the
corresponding quantities for the suitably optimized LCC.
∗ Corresponding
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Figure 1: Predictions by the fully optimized second-order (FO-SO) method for the effective ﬂow stress σ̃0 , normalized
by the ﬂow stress of the matrix σ0 , for porous power-law materials, as a function of the strain-rate sensitivity m, for a
given porosity (c = 0.1). Comparisons are given with the Taylor and Variational Hashin-Shtrikman bound, as well as
with earlier partially optimized second-order (PO-SO) estimates (refer to text for details).
APPLICATION TO POROUS VISCOPLASTIC MATERIAL
For the purpose of illustrating the capabilities of the new homogenization method, we provide here results for powerlaw materials weakened by aligned cylindrical voids in such a way that the overall symmetry of the composite is transversely isotropic. For further simplicity, we also consider plane strain conditions and purely deviatoric loading, so that
the macroscopic response of the porous viscoplastic material can be described in terms of the effective ﬂow stress σ̃0 ,
normalized by the ﬂow stress of the matrix σ0 , as a function of the porosity c and the strain-rate sensitivity m. Thus, Fig.
1 shows the new fully optimized second-order (FO-SO) estimate, as a function of m, for a ﬁxed porosity c = 10%. The
results are compared with the Taylor [10] and Variational Hashin-Shtrikman [3] upper bounds, as well as with the earlier
partially optimized second-order (PO-SO) estimates [5]. In this connection, it is noted that all the second-order estimates
have also made use of the Hashin-Shtrikman estimates for the effective properties of the LCC, and for this reason they
agree with the HS bound in the limit of linear behavior (m = 1). However, for other values of the strain-rate sensitivity
(0 < m < 1), the new results (FO-SO) can be seen to lie below the Taylor and HS bounds, and to be different from the
earlier PO-SO estimates. In fact, as a consequence of the full optimality of the new SO method, the estimates obtained
from the primal (W), dual (U) and directly from the LCC (afﬁne) are precisely identical. On the other hand, the earlier
second-order method [4], for which the properties of the LCC are only partially optimized, provides 3 generally distinct
estimates, depending on the version (U, W, or afﬁne). In this regard, it is interesting to remark that the FO-SO and PO-SO
estimates also agree in the ideally plastic limit (m = 0), for which the PO-SO estimates were already known to agree.
In conclusion, it can be seen that the new FO-SO estimates provide a signiﬁcant improvement over the earlier PO-SO
estimates. Further results for the corresponding fully optimized ﬁeld statistics will also be obtained and discussed.
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NONLINEAR ELECTROELASTIC DEFORMATIONS OF
DIELECTRIC ELASTOMER COMPOSITES
Oscar Lopez-Pamies∗ and Victor Lefèvre
Department of Civil and Environmental Engineering, University of Illinois, Urbana–Champaign, IL 61801, USA
Summary In this talk, we will present homogenization solutions for the macroscopic elastic dielectric response — under finite deformations
and finite electric fields — of dielectric elastomer composites with two-phase isotropic particulate microstructures. Specifically, solutions
will be presented for three classes of microstructures: i) an isotropic iterative microstructure wherein the particles are infinitely polydisperse
in size and non-spherical in shape, ii) an isotropic distribution of polydisperse spherical particles of a finite number of different sizes, and
iii) an isotropic distribution of monodisperse spherical particles. The solution for the iterative microstructure, which corresponds to the
viscosity solution of a Hamilton-Jacobi equation in five “space” variables, is constructed by means of a novel high-order WENO finitedifference scheme. The solutions for the microstructures with spherical particles are constructed by means of hybrid finite elements.
aimAimed at gaining physical insight into the extreme enhancement in electrostrictive properties displayed by emerging dielectric elastomer
composites, various cases wherein the dielectric elastomer is non-Gaussian and the filler particles are nonlinear elastic dielectrics that
exhibit polarization saturation will be discussed in detail. Contrary to an initial conjecture in the literature, it will be shown (inter alia)
that the isotropic addition of a small volume fraction of stiff high-permittivity particles to dielectric elastomers does not lead to the extreme
electrostriction enhancements observed in experiments. It will be posited that such extreme enhancements are the intricate manifestation of
interphasial phenomena.

INTRODUCTION
Since the turn of the millennium, dielectric elastomer composites — specifically, dielectric elastomers filled with highpermittivity or (semi-)conducting particles — have received increasing attention by the materials research community because
of their potential to outperform unfilled dielectric elastomers for employment in emerging technologies. At present, however,
the microscopic mechanisms responsible for the superior electromechanical properties of this type of electroactive composite
materials remain unresolved. In the literature, there are two mechanisms that have been identified as possibly dominant: i) the
nonlinear elastic dielectric nature of elastomers which heightens the role of the fluctuations of the electric field in the presence
of filler particles [1, 2] and ii) the presence of high-dielectric interphases and/or interphasial free charges surrounding the filler
particles [3].
The objective of this work is to investigate the first of the two mechanisms stated above in the context of nonlinear electroelastic deformations. That is, we view dielectric elastomer composites as two-phase particulate composites — comprising
a continuous dielectric elastomer matrix filled by a statistically uniform distribution of firmly bonded inclusions — and study
their homogenized (macroscopic or overall) elastic dielectric response when subjected to finite deformations and finite electric
fields. In light of the fact that the majority of existing experimental evidence pertains to dielectric elastomers filled with particles of roughly spherical shape that are distributed randomly without a biased direction, we focus our attention on dielectric
elastomer composites with isotropic microstructures.
THE PROBLEM
The general problem to be addressed is that of determining the macroscopic elastic dielectric response of a dielectric
elastomer, filled with an isotropic distribution of particles firmly bonded across interfaces, that is subjected to arbitrarily
large deformations and electric fields. The sizes of the particles are taken to be much smaller than the macroscopic size.
The constitutive behaviors of the dielectric elastomer and filler particles are characterized by isotropic incompressible freeenergy functions Wm and Wp of the deformation gradient F and Lagrangian electric field E so that the Lagrangian pointwise
constitutive relation for the composite is formally given by
∂W
(X, F, E) − pF−T
∂F

∗ Corresponding

and D = −

∂W
(X, F, E)
∂E

with W (X, F, E) = [1 − θ(X)]Wm (F, E) + θ(X)Wp (F, E)
(1)
Here, S and D denote the first Piola-Kirchhoff stress tensor and Lagrangian electric displacement field, p stands for the
arbitrary pressure associated with the incompressibility constraint det F = 1, while θ is the indicator function of the spatial
regions occupied collectively by the particles, taking the value of 1 if the position vector X lies in a particle and zero otherwise.
The dielectric elastomer composite is considered to occupy a domain Ω, with boundary ∂Ω, in its undeformed stress-free
polarization-free configuration. The macroscopic response of the material is defined as the relation between the averages of
the first Piola-Kirchhoff stress S and the deformation gradient F over the volume Ω under affine displacement and electric
potential boundary conditions: x = FX and Φ = −E·X on ∂Ω, where theR second-order tensor F and vector
E are prescribed
R
quantities. In this case, it follows from the divergence theorem that |Ω|−1 Ω F(X)dX = F and |Ω|−1 Ω E(X)dX = E, and

S=
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R
.
hence the derivation of the macroscopic response reduces to finding the average stress S = |Ω|−1 Ω S(X)dX and average
R
.
electric displacement D = |Ω|−1 Ω D(X)dX for given F and E. The result reads formally as [4]
Z



∂W
∂W
−T
S=
F, E, c − pF
and D = −
F, E, c
with W F, E, c = min max |Ω|−1
W (X, F, E) dX.
F∈K E∈E
∂F
∂E
Ω
(2)
W
corresponds
physically
to
the
total
electroelastic
free
energy
(per
unit
undeformed
volume)
of
the
In these last expressions,
R
composite, c = Ω θ(X)dX is the initial volume fraction or concentration of particles, and K, E denote sufficiently large sets
of admissible deformation gradients F and curl-free electric fields E consistent with the applied affine boundary conditions.
RESULTS
By means of a combination of iterative techniques, Lopez-Pamies [4] constructed an exact solution for the variational
problem (2)3 for a fairly general (anisotropic) class of two-phase particulate microstructures wherein the particles are infinitely polydisperse in size. When specialized to isotropic distributions of filler particles and to matrix and filler particle
behaviors characterized by the isotropic incompressible free energies Wm and Wp , his result for the finite branch (i.e., for isoE
E
E
choric deformations when det F = 1) of the effective free-energy function W can be written as W (I 1 , I 2 , I 4 , I 5 , I 6 , c) =
−T
−T
−T
−T
E
E
E
E
E
U (I 1 , I 2 , I 4 , I 5 , I 6 , c) − Wm (F, E), where I 1 = F · F, I 2 = F
· F , I 4 = E · E, I 5 = F E · F E,
−1 −T
−1 −T
E
I 6 = F F E · F F E and U corresponds to the viscosity solution of a Hamilton-Jacobi equation in the five “space”
E
E
E
variables I 1 , I 2 , I 4 , I 5 , I 6 and the “time” variable c. In this talk, we will present solutions for this effective free energy that
are computed by means of a novel high-order WENO finite-difference scheme.
Complimentary to the above analytical approach, we will also present finite-element (FE) homogenization solutions for the
macroscopic elastic dielectric response of isotropic dielectric elastomer composites wherein the filler particles are spherical in
shape. These are viewed as infinite periodic media where their defining repeated unit cells contain a large but finite number
of particles that are randomly distributed so as to approximate their isotropy; see Fig. 1(a) for an example. The independent
variables in the conforming hybrid FE formulation that we adopt are taken as the deformation field, a pressure field, and the
electric potential, which allow for the analysis of the locally incompressible behaviors of interest in this work. The nonlinear
algebraic equations that result from the FE discretization are solved by means of an arc-length method in order to be able to
carry calculations passed the electromechanical limit loads inherent to nonlinear electroelastostatics.
By way of an example, Fig. 1(b) shows results for the macroscopic response of an ideal elastic dielectric matrix (with
initial shear modulus µ and initial permittivity ε) filled with a concentration c = 0.05 of stiff high-dielectric particles under
loading conditions of uniaxial electrostriction: S = 0 and E = (0, 0, E), which result in a macroscopic deformation gradient
and electric displacement of the form F = diag(λ

−1/2

,λ

−1/2

, λ) and D = (0, 0, D).
1
c = 0.05

0.8

0.6

Iterative Microstructure
Spherical Particles
Matrix

0.4

0.2

0
0

0.2

0.4

0.6

0.8

(a)
(b)
Fig. 1: (a) Sample microstructure made out of the periodic repetition of a cubic unit cell with randomly distributed spherical particles of three different
sizes (shown in blue, gray, and red, in order of increasing size). (b) Electrostriction stretch λ as a function of the applied electric field E for an ideal elastic
dielectric matrix isotropically filled with a concentration c = 0.05 of stiff high-dielectric particles. Results are shown for the iterative microstructure of
Lopez-Pamies [4] and for a distribution of monodisperse spherical particles. The response of the unfilled matrix is also shown for comparison purposes.
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APPROXIMATE PLASTIC YIELD CRITERION AND
HARDENING OF POROUS SINGLE CRYSTALS
Joseph Paux, Renald Brenner ∗, and Djimedo Kondo
Sorbonne Universités, UPMC Univ Paris 06, CNRS, UMR 7190,
Institut Jean le Rond d’Alembert, F-75005, Paris, France
Summary This study is devoted to the description of the plastic behaviour of porous single crystals in the context of rate-independent
dislocation mediated plasticity. Such heterogeneous materials belong to the class of two-phase nonlinear composites with anisotropic local
constitutive law. By making use of a regularized form of the Schmid law, an approximate plastic yield criterion is proposed in the context
of limit-analysis. It has been assessed by comparison with unit-cell computations results. The model is then extended to hardenable crystals
by performing a limit-analysis on a plastically deformed crystalline hollow sphere. The plastic strain field, and thus the local resistance of
the material (i.e plastic yield surface), is assumed fixed. Comparisons are shown for the overall behaviour and porosity evolution with finite
element unit-cell computations, from the literature, for body-centred cubic single crystals.

CONTEXT AND OBJECTIVES
As compared to the studies on polycrystals, relatively few works exist on the constitutive response of plastic single crystals
containing voids. However, the importance of the crystalline anisotropy to describe the stress state surrouding intragranular
voids has been clearly evidenced experimentally and numerically [1, 2]. The consideration of this anisotropy is thus important
for the understanding of the ductile failure of monocrystalline materials or, more generally, polycrystalline materials with
intragranular porosity. This calls for a constitutive model of the plastic response of voided crystals. To tackle this problem,
two main approaches can be envisaged: nonlinear homogenization techniques for statistically homogeneous microstructures
or limit-analysis for a specific elementary volume (typically a single hollow sphere).
Following works extending the well-known Gurson model to materials with anisotropic plastic criterion (see, for instance,
[3]), a limit-analysis based yield criterion is first proposed. Then, the issue of the hardening description is considered in an
approximate manner. The influence of the hardening is approximately accounted for using a procedure inspired from the one
proposed in [4]. It is extended to the case of crystalline plasticity with a hardening law described at the slip system scale. It
takes into account the spatially non-uniform evolution of the local strength domain and the spherical void growth. Results for
the initial yield surface, the overall stress-strain response and the porosity evolution are presented.
PLASTIC YIELD CRITERION FOR HARDENABLE POROUS SINGLE CRYSTALS
To derive the yield criterion of porous single crystals, a single hollow sphere is considered. Its solid part is made of a
single crystal, with arbitrary crystalline structure, which presents K plastic slip systems. Classically, plastic slip occurs on a
slip system k when the resolved shear stress τk reaches a threshold value τkc .Its local plastic strength domain C is classically
described by the (multi-criterion) Schmid law
C = {σ such that fk (σ) = µk : σ − τkc ≤ 0, ∀k = 1, . . . , K}, τk = µk : σ,

(1)

with µk the Schmid tensor of slip system k and σ the local Cauchy stress tensor. By adopting a regularized form of the
Schmid law, an approximate plastic yield function is derived for the porous single crystal in the context of limit-analysis. Its
general form is
n !2/n
K 
X
µk : Σ
+ 2 qf (Em ) cosh(κ(E) Σm ) − 1 − (qf (Em ))2 = 0.
(2)
τekc (E)
k=1

with Σ and E the overall stress and strain tensors, Σm and Em the mean macroscopic stress and strain, f the porosity, n ≥ 2
the regularization parameter of the Schmid law and q > 1 a fitting parameter. This criterion has been first proposed in the
context of non-hardening crystals with cubic crystalline symmetry [5]. For this class of crystals, this criterion reduces, in
the case of a quadratic regularization (n = 2), to the Besson and Benzerga criterion [3]. Following Leblond et al. [4], the
hardening is described by distinct functions for the deviatoric and hydrostatic parts of the criterion, namely the effective critical
shear stresses τekc (E) and the parameter κ(E). They are obtained by determining the macroscopic strength domain of a hollow
sphere which has been previously subjected to an overall strain E. The corresponding plastic strain field within the sphere
is given by the integration of an approximate strain rate field represented by a uniform deviatoric part and an incompressible
radial expansion. Explicit expressions for τekc (E) and κ(E) are obtained. They require the numerical evaluation of few volume
integrals over the sphere. The plastic response of the porous material is finally obtained by considering an associated flow
rule.
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RESULTS
Instantaneous response
FCC crystals under axisymmetrical loading have been considered, that is Σ = Σ1 (e1 ⊗ e1 + η(e2 ⊗ e2 + e3 ⊗ e3 )). Figure
1a reports comparisons for [100] crystalline orientation with FE results [6]. The prediction of our criterion for all crystalline
orientations is shown in Figure 1b. Besides, our model agrees well with recent nonlinear homogenization results [7].

Figure 1: Plastic yield stress for porous FCC crystals under axisymmetrical loading: evolution with (a) the triaxiality and (b)
the crystalline orientation (f = 0.01).
Hardening and porosity evolution
Our analytical model has been assessed by comparisons with FE results on the plastic response of BCC crystals with a
nonlinear evolution of the critical shear stresses (i.e saturating hardening law) [2] (Figure 2).

(a)

(b)

Figure 2: Overall behaviour and porosity evolution for BCC porous crystal with [100] orientation for a triaxiality T = 3

References
[1] Kysar J. W., Gan Y. X., Mendez-Arzuza G.: Cylindrical void in a rigid-ideally plastic single crystal. Part I: Anisotropic slip line theory solution for
face-centered cubic crystals. Int. J. Plast., 21:1481-1520, 2005.
[2] Yerra S., Tekoglu C., Scheyvaerts F., Delannay L., van Houtte P., T. Pardoen.: Void growth and coalescence in single crystals. Int. J. Solids Struct.,
47:1016-1029, 2010.
[3] Benzerga A. A. and Besson J.: Plastic potentials for anisotropic porous solids. Eur. J. Mech. A/Solids, 20:397-434, 2001.
[4] Leblond J.-B., Perrin G., Devaux J.: An improved Gurson-type model for hardenable ductile metals. Eur. J. Mech. A/Solids 14:499-527, 1995.
[5] Paux J., Morin L., Brenner R., Kondo D.: An approximate yield criterion for porous single crystals. Eur. J. Mech. A/Solids 51:1-10, 2015.
[6] Han X., Besson J., Forest S., Tanguy B., Bugat S.: A yield function for single crystals containing voids. Int. J. Solids Struct., 50:2115-2131, 2013.
[7] Mbiakop A., Constantinescu A., Danas A.: An analytical model for porous single crystals with ellipsoidal voids. J. Mech. Phys. Solids, 84:436-467,
2015.

2293

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

BOUNDS ON THE RESPONSE OF VISCOELASTIC COMPOSITES IN THE TIME DOMAIN
1

Ornella Mattei∗1 and Graeme W. Milton1
Department of Mathematics, University of Utah, Salt Lake City, Utah, USA

Summary In order to derive bounds on the strain and stress response of a two-component composite material with viscoelastic phases, we
revisit the so-called analytic method [1], first conceived for problems involving cyclic loadings in the frequency domain. The novelty of the
present investigation lies in the application of such a method to derive bounds in the time domain for the antiplane viscoelasticity case. In
particular, different sets of bounds are derived on the basis of the available information about the composite, such as the knowledge of the
volume fractions or the transverse isotropy of the composite. In the examples studied, the results turn out to be very accurate estimates: if
sufficient information about the composite is available, the bounds can be quite tight over the entire range of time, allowing one to predict
the transient behavior of the composite.

OVERVIEW OF THE PROBLEM
In this investigation we propose a new approach to derive bounds on the response of a two-component viscoelastic composite under antiplane loadings in the time domain. The starting point is represented by the so-called analytic method, first
proposed by Bergman [1] to bound effective conductivities when the component conductivities are real, and later extended
to bound the complex effective tensor of a two-component dielectric composite in the frequency domain (see, for instance,
Milton [3, 4], and Bergman [2]). The rigorous proof of the method was proposed by Golden and Papanicolaou [5]. To the
best of our knowledge, the method until now has been applied only in the frequency domain, for cyclic external actions at a
certain frequency. This work may be the first to extend the field of applicability of the analytic method to problems defined in
the time domain with non-cyclic external actions.
The core of the analytic method is based on the fact that, by virtue of the analyticity property of the effective tensor of
the viscoelastic composite in the Laplace transform domain, Lh (p) (p is the Laplace transform parameter), with respect to the
moduli of the components, i.e., the shear moduli µ1 (p) and µ2 (p) (we suppose both phases are isotropic), one can write the
complex effective tensor as the sum of poles, si , i = 0, 1, ..., m, weighted by positive semi-definite matrix valued residues,
Bi , i = 0, 1, ..., m, as follows
!
m
X
Bi
h
L (p) = µ2 (p) I −
s(p) − si
i=0
where I is the unit tensor and

µ2 (p)
µ2 (p) − µ1 (p)
Consequently, the response of the material in the time domain turns out to depend only on the position of the poles and on
the value of the associated residues, which are the variational parameters of the problem. In particular, with reference to the
stress response, the averaged stress field σ(t) in the time domain is given by


m
X
p µ2 (p)
−1
σ(t) = µ2 (0)(t) + µ̇2 (t) ? (t) −
Bi L
(1)
(t) ? (t)
s(p) − si
i=0
s(p) =

where (t) is the averaged strain field, the symbol ? denotes the convolution product, the dot symbol represents the time
derivative, and L −1 is the inverse of the Laplace transform.
The aim is to find the combinations of poles and residues which provide the maximum (or minimum) response of the
composite for each moment of time. The optimization of the response of the material is performed in two steps. First, all the
available information about the composite, such as the knowledge of the volume fraction of the constituents or of the value of
the response of the material at a certain moment of time, is translated into (linear) constraints on the poles and residues. For
instance, if the volume fractions f1 and f2 = 1 − f1 of the phases are known, then the following constraints hold:
!
m
m
X
X
Bi = f1 I
Tr
Bi si = f1 f2
i=0

i=0

Then, the response of the material being linear in the residues (see equation (1)) allows one to apply the theory of linear
programming to limit the number of non zero residues, so that the problem is reduced to a new one with a relatively small
number of non zero residues. Finally, the optimization over the positions of the poles is performed numerically for two
specific cases: when the stress response has to be bounded, we consider a composite made of an elastic phase and a phase with
a behavior described by the Maxwell model, whereas when we bound the strain response, we consider a composite made of
an elastic phase and a phase modeled by the Kelvin-Voigt model. It is clear that the method is not limited to these particular
models, but they are studied as, then, part of the calculations can be done analytically rather than numerically.
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NUMERICAL RESULTS
The estimates given by the numerical results prove to be increasingly accurate the more information about the composite
is incorporated. In particular, when information such as the volume fraction of the components or the value of the response at
a specific time is considered, the bounds are quite tight over the entire range of time, thus allowing one to predict the transient
behavior of the composite. Most noticeably, when combinations of information are considered, such as the knowledge of
the volume fractions and the eventual transverse isotropy of the composite, the bounds are extremely tight at certain specific
times, suggesting the possibility of measuring the response of such times and, by using the bounds in an inverse fashion,
almost exactly determining the volume fraction of the components of the composite.
As an example, let us consider the determination of bounds on one of the components of the averaged stress field, say
σ 12 (t), for each moment of time. In Figs. 1 and 2 we show the bounds obtained by considering various situations: the bounds
become tighter and tighter as more information about the composite structure is included.
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Figure 1: Comparison between the lower and upper bounds
on σ 12 (t) in the following three cases: no information about
the composite is given; the value of σ 12 (t) at t = 0 is prescribed; and the value of σ 12 (t) at t = 0 and the volume
fractions are known (f1 = 0.4).
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Figure 2: Comparison between the lower and upper bounds
on σ 12 (t) in the following three cases: no information about
the composite is given; the volume fraction of the components is known (f1 = 0.4); and the composite is isotropic
with given volume fractions.

It is worth noting that the bounds thus derived are always optimal, that is, they are always achieved by some particular
microstructure (the so-called laminates of laminates), except in the case when the isotropy condition is applied.
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FINITE STRAIN THERMODYNAMICALLY-BASED VISCOELASTIC-VISCOPLASTIC
MODELING OF POLYMERS AND APPLICATION TO COMPOSITES
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Summary A finite strain thermodynamically-based constitutive model coupling viscoelasticity (VE) and viscoplasticity (VP) is proposed for
neat polymers. One version is suitable for Epoxy resins and another for thermoplastic polymers. A multiplicative decomposition of the total
deformation gradient into VE and VP parts is assumed. Constitutive equations satisfying Clausius-Duhem’s non-negative dissipation condition
are derived. Unit cell finite element simulations for continuous fiber reinforced composites with a VE-VP Epoxy matrix are carried out.
Numerical simulations are presented and discussed for both neat polymers and composites.

INTRODUCTION
Epoxy resin based fiber-reinforced composites are used in fields such as aerospace and automotive due to their
structural efficiency and light weight. Accurate prediction of failure in such structures is of utmost importance. Usually the
damage in fiber-reinforced composites appears in the form of cracks in matrix material, fiber-matrix debonding, fiberbreakage and delamination. In order to predict the initiation and/or propagation of damage in fiber-reinforced composite
structures, it is quite essential to understand the thermo-mechanical behavior of matrix material i.e, the epoxy resin.
From the experimental data reported for untoughened epoxy resin Epon 862 in Poulain et al.[1] and Morelle [2], it is evident
that these resin system exhibits rate-, temperature- and pressure- dependent yielding. The present work is aimed at
developing a thermodynamically based finite strain constitutive model for epoxy resin systems which can represent the
thermo-mechanical behavior at complex loading conditions. This constitutive model is suitable for implementation into
multi-scale modeling of fiber-reinforced composites in order to predict the softening/degradation of the ply response.
CONSTITUTIVE MODELING
Most constitutive models for polymers are either viscoelastic (VE) or elasto-viscoplastic (EVP). In finite strain EVP, most
models assume an additive decomposition of the rate of deformation tensor into elastic and inelastic parts (d = de + dp), and a
hypoelastic relation between an objective Kirchhoff or Cauchy stress rate (e.g., Jaumann, Green-Naghdi-Mc Innis, etc.) and de.
However, this is suitable for metals where elastic strains are small, but not for polymers. In addition, polymers usually exhibit
viscous effects at all ranges of deformations.
Based on the previous observations, we propose a constitutive model for polymers which possesses the following features. It is a
coupled viscoelastic-viscoplastic (VE-VP) model, which can be seen as a generalization to finite strains of the infinitesimal strain
models of Miled et al. [3] and Krairi and Doghri [4]. It is based on a multiplicative decomposition of the deformation gradient
into VE and VP parts (F = Fve.Fvp). Contrary to many other models, the present one is thermodynamically-based, and the starting
point is the satisfaction of the Clausius-Duhem inequality which requires the dissipation to be non-negative. The Helmholtz free
energy functional has an integral form similar to the one proposed by Christensen [5] for finite strain pure VE. In one version of
the model, we use the VE Green-Lagrange (G-L) strain instead of Christensen’s total G-L strain. The symmetric second PiolaKirchhoff (S) is then found to be a Boltzmann-type integral of the history of VE G-L strains. General Prony series are considered
for the time-dependent VE moduli. As for the VP response, remarkably it is found that significant portions of the finite strain
elasto-plasticity formulation proposed by Vladimirov el al. [6] applies to our case. The yield function, VP potential and viscosity
function depend on a stress tensor Y = C.S, defined with respect to the reference configuration, where C is the right CauchyGreen (C-G) strain (C = FT.F). All three functions depend on deviatoric as well as hydrostatic stresses. The VP flow rule takes a
simple form in terms of the rate of Cvp , the right VP C-G strain.
There are two versions of the model. One is suitable for Epoxy –a thermoset polymer- where strongly nonlinear finite strain
response is observed in compression-dominated deformation mode, while much smaller strains are reached in tension. A wealth
of experimental data for Epoxy was recently obtained by Morelle [2]. Another version of the model is suitable for thermoplastic
polymers and extends the VE-VP-damage model of Krairi et al. [4] to finite strains and pressure-dependent yield function, VP
potential and viscosity function. Computationally, a fully implicit time integration algorithm was developed and implemented.
The results of numerical simulations are presented and discussed.
Fiber-reinforced polymer matrix composites
A current application concerns Epoxy resins reinforced with continuous Carbon fibers. The Epoxy material obeys the
finite strain VE-VP model described above. The continuous Carbon fibers are elastic and transversely isotropic.
a)

Corresponding author. Email: ictam2016papers@legendconferences.com.

2296

Heterogeneous unit cells under periodic conditions are generated, meshed and simulated numerically with the finite element
(FE) method. Simulation results are presented and discussed. Future work (not expected to be ready for the conference)
involves the development of a homogenized anisotropic finite strain VE-VP constitutive model for the composite material.
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MODELING AND IDENTIFICATION OF THE CONSTITUTIVE BEHAVIOUR OF MRE’s
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Summary In this paper, we study a class of active materials named magneto-rheological elastomers (MREs) with a main focus on their
coupled magneto-mechanical response up to large strains and high magnetic fields. With the purpose of achieving a coupled characterization for the efficient design of MRE-based devices, this work encompasses the constitutive modeling of MREs. Based on the general
theoretical framework for transversely isotropic magneto-elastic continua proposed by Kankanala and Triantafyllidis [1], we develop the
coupled magneto-mechanical constitutive laws for both isotropic and anisotropic MREs in order to identify the corresponding constitutive
model’s material parameters. The actual experimental characterization of MREs conducted thanks to a specially designed specimen and
novel experimental setup allowing tensile tests up to large strains and under high magnetic fields is presented in Pössinger [3]. The experimental data thus obtained provide the constitutive models for the isotropic and anisotropic MREs needed as input for subsequent numerical
simulations.

MOTIVATIONS AND APPLICATIONS
Magneto-rheological elastomers (MREs) are smart materials composed of an elastomeric matrix filled with magnetic
particles. The viscoelastic characteristics of the matrix combined with the magnetic properties of the particles allow these
flexible composites to deform in response to a relatively low externally applied magnetic field. The rapid response, the high
level of deformations and the possibility to control these deformations by adjusting the field make these materials of special
interest in modern engineering. Yet, the characterization of the magneto-mechanical properties for finite strains and high
magnetic fields is still far from being optimal, thus limiting the efficient design of MRE-based devices.
THEORETICAL CHARACTERIZATION
In what follows, we present general constitutive laws for the coupled magneto-mechanical response. For a detailed derivation of the governing equations, the reader is referred to the work of Danas, Kankanala and Triantafyllidis ([1] and [2]). Of
interest here is the determination of the specific free energy ψ that best fits the MRE experiments. Using the general theory of
transversely isotropic functions, one obtains that the general form of the specific Helmholtz free energy is given by
ρ0 ψ = W (I1 , I2 , I3 , I4 , I5 , I6 , I7 , I8 , I9 , I10 )

(1)

where Ii are ten independent invariants. Each of those invariants depend on F the deformation gradient, m the magnetization
vector and the unit vector N which defines the initial orientation of the particle chains. Based on the work of Kankanala and
Triantafyllidis [1], we get the following expressions for the Cauchy stress σ and the Eulerian h-field field h if we consider an
incompressible material
∂ψ T
1
∂ψ
· F + hb + (p − µ0 (h · m + h · h))I,
µ0 h = ρ
,
(2)
∂F
2
∂m
where ρ is the current material density and b is the Eulerian magnetic field. The Lagrange multiplier p denotes the internal
pressure (required by the incompressibility constraint detF = 1). Based on those expressions, the energy function W is
identified by use of experimental results (the experimental procedure is discussed in the following sections).
σ = σT = ρ

FABRICATION OF SAMPLES
In the perspective of obtaining a material in which magneto-mechanical coupling is optimal (i.e. largest deformation
produced by the smallest magnetic field) for a possible application in tactile MRE interface, the selected matrix material is
a very soft silicone elastomer. The filler phase is made of spherical iron particles with a median diameter of 3.5 µm. Those
particles are magnetically ”soft”, meaning that they do not retain magnetization once the magnetic field is turned off.
During the fabrication process, the magnetic particles of micron size are added to the uncured elastomer constituents
and the obtained compound is thoroughly mixed and degassed, before curing is conducted in a mold of the desired shape.
Moreover, the presence or the absence of a magnetic field during curing gives the possibility to produce either transversely
isotropic (due to the formation of chain-like particle structures) or isotropic samples, respectively.
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When characterizing MREs, a uniform field distribution (both mechanical and magnetic) within the sample should be
achieved since field gradients can lead to additional deformation of the material on top of the original magneto-rheological
effect. Even if the externally applied field b0 is assumed to be perfectly uniform, the shape of the magnetized MRE sample can
create field gradients within the specimen. Magneto-static field equations and the corresponding boundary conditions suggest
that the magnetization m as well as the total magnetic field b are uniform within the body only for ellipsoids of revolution. As
a result, in order to find a compromise between the homogeneity of mechanical and magnetic quantities, the samples used are
composed of a cylindrical gage area made of MRE and terminated at both ends by an ellipsoidal cap fixed to non-magnetic
heads (see Figure 1(b)).

Figure 1: (a): Sample mounted on the uniaxial tension setup which is integrated into a magnetic field
(b and c): Cylindrical gage area terminated at both ends by an ellipsoidal cap (heads are not represented). The sample is
subjected to an externally applied magnetic field along direction e1 .
EXPERIMENTS
To obtain the macroscopic behavior of different MRE samples under coupled magneto-mechanical loading, we use a uniaxial tension setup integrated into a magnetic field (see Figure 1(a)). First, we perform a uniaxial tension test up to large
deformations with no magnetic fields to get the purely mechanical parameters. Then, to determine the rest of the coefficients,
a purely magnetic test is conducted in which the sample is subjected to an externally applied magnetic fied (up to 0.8T) but no
mechanical loads. Finally, to check the predictability of our model, we carry out a coupled magneto-mechanical test.
Mechanical strains in the gage area of the sample are measured via non-contact video extensometry and the force exerted
on the sample during loading is measured by two single-point load cells. In situ magnetic field measurements are carried out
with two transversal Hall probes. One probe (named probe h) comes behind the sample at its center (postion E, see Figure
1(c)) and the second probe (named probe m) comes on the side of the sample (postion D, see Figure 1(c)). Since the samples
for the magnetic measurements have a nearly ellipsoidal MRE body, the h-field, the magnetization m and the total magnetic
field b, are all assumed to be uniform within the material. This assumption is accurate at relatives moderate strains (eg. in the
order of 10% which is the case in this study) but is expected to become less accurate at larger strains since in that case the
shape diverges from an ellipsoid.
Due to the continuity of the tangential component of h, the Hall probe h placed at the back of the sample gives access
to the total field µ0 h [T ] inside the material since the contribution of the magnetization m vanishes at that point. Due to the
continuity of the normal component of b, the total magnetic field b [T ] inside the sample - now including the contribution of
the total h-field (measured at the back) plus the contribution of the magnetization m - is measured by the lateral Hall probe m,
which then gives access to the magnetization m inside the sample.
However, since the sensitive elements of the Hall probes cannot be placed exactly at the sample/air discontinuity interface
due to geometrical limitations, we need to correct the measurement’s systematic error due to the probe position. Expressions
for the evolution of the magnetic field along direction e1 and e2 covering the discontinuity interface sample/air (see Figure
1(c)) are found analytically and checked experimentally.
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Summary This work investigates the effective thermodynamic and transport properties of inhomogeneous media in which one mobile
species can diffuse. These properties are important for a variety of applications, including energy-storage materials and soft materials,
where they further couple with the mechanical properties. Here we develop a first-order homogenization framework according to which
the effective chemical behaviour can be obtained based on an analysis on a RVE of the microstructure. Based on a Hill-Mandel macrohomogeneity condition, expressions for the effective concentration rates and fluxes (conjugated respectively to the macroscopic chemical
potential and its gradient) are derived. The framework is used to identify and calibrate non-classical, homogenized constitutive relations. In
particular, we show that the commonly adopted assumption of local chemical equilibrium generally does not hold at the macroscopic scale.

A number of problems in materials science involve the transport of mobile species in materials, e.g. hydrogen diffusion
in alloys, lithium diffusion in battery electrodes, solvent transport in polymer networks and gels, to name only a few. The
diffusion medium is often heterogeneous, comprising phases, pores and interfaces with distinct thermodynamic (chemical
capacity) and transport (mobility coefficients) properties. Micromechanics-based effective chemo-mechanical theories are
highly desirable to describe the behaviour of such materials at a macroscopic scale. This preliminary work focuses on chemical
properties only, with the long-term objective of modelling chemo-mechanical couplings.
We formulate effective constitutive relations within the framework of the thermodynamics of irreversible processes. The
thermodynamic state of a material point at the macroscopic scale is described by an effective concentration, c, and possibly a
set of internal variables collectively denoted by α. In the absence of chemical reaction, the effective concentration obeys the
balance equation ċ + ∇ · j = 0. We can then postulate the existence of an effective free energy density function W (c, α).
The following fundamental thermodynamic inequality holds (free energy imbalance):


∂W
∂W
D = µċ − Ẇ − j · ∇µ = µ −
ċ − j · ∇µ −
• α̇ ≥ 0.
(1)
∂c
∂α
Note that we do not a priori assume local chemical equilibrium. Rather, the chemical potential µ is treated as a primary
variable quantifying the energy supply due to macroscopic transport of species. In practice, it must be computed such that the
species conservation equation is satisfied. The inequality (1) must be satisfied by kinetic models for species insertion, species
transport and evolution of internal variables:
ċ = F(µ, ∇µ, α), j = G(µ, ∇µ, α), α̇ = H(µ, ∇µ, α)

(2)

We aim to investigate the mathematical structure of the effective free energy function and kinetic models that emerge
from an analysis at the microscale. To this end, we developed a first-order homogenization framework for the diffusion
problem (Figure 1). A Representative Volume Element (RVE) is attached to each macroscopic point and subjected to linear
chemical potential boundary conditions. Energy conservation requires that W = hWm (y, c)i, where the subscript m denotes
microfields, y is the microscale position vector, and h·i represents a volume average over the RVE. We further postulate a
Hill-Mandel chemical macrohomogeneity condition, from which the macroscopic concentration rate and flux are related to
their microscopic counterparts:
ċ = hċm i, j = hjm i − hċm (y − y0 )i.
(3)
Relation (3) shows that the macroscopic flux is not given by the volume average of the microscopic flux, as classically obtained
under a local steady-state assumption [1]. Rather, the macroscopic flux and rate of species insertion are both affected by the
”chemical inertia” of the RVE, which in general depends on the RVE size. In general, they will both depend on µ, ∇µ as well
as on the microscopic field of concentration, requiring effective constitutive relations of the general form (2).
We narrow down our analysis to the case of two-phase composites consisting of one continuous matrix phase of high
diffusivity containing inclusions of much lower diffusivity: Dmat  Dicl . One can distinguish two limiting regimes of the
heterogeneous diffusion process. For a sufficiently large sample size, (L/a)2  Dmat /Dicl  1, the overall relaxation of
the system is limited by macroscopic transport of species over long distances though the fast percolating matrix phase, while
the RVE analysis can be conducted under the steady-state assumption. In the other limit of small sample size, 1  (L/a)2 
Dmat /Dicl , the concentration evolution is limited by diffusion within the inclusion phase, while the chemical potential has
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macroscale

microscale

Figure 1: Scale transition for the transient diffusion problem
reached macroscopic steady-state. Transition between these regimes can be captured by a simple model without internal
variable. The kinetic model of insertion if of the Kelvin-Voigt type [2]:


1
µ
1 dW
ċ
−
=
,
(4)
c0
τ kT
kT dc
where τ is a characteristic relaxation time associated with diffusion within the inclusion phase and depends on the inclusion
size. Macroscopic transport is described by the classical diffusion model:
j = −cM ∇µ ≡ −D∇c.

(5)

Effective kinetic coefficients are calibrated based on RVE simulations. We illustrate this simple model in the 1D problem of
a thin plate immersed in an bath where the chemical potential of the diffusing species is fixed. The initial concentration in
the plate is c0 , and the chemical potential µ̄ in the bath drives species to migrate within the plate until the concentration is
uniform, with c(x) = ceq . The relaxation time shows a transition between a length-independent, insertion-limited regime√and a
diffusion-limited, Fickian regime at larger sizes (Figure 2(a)). The transition takes place at a characteristic length Λ = Dτ .
For a thick plate, one recovers a classical Fickian behaviour (Figure 2(b)). In contrast, when the plate thickness becomes
comparable to or lower than the intrinsic length, the effective transport becomes anomalous due to micro-diffusion. These
preliminary results suggest that the commonly adopted assumption of local chemical equilibrium generally does not hold at
the macroscopic scale. Kinetic models for species insertion can be exploited for formulating non-classical chemo-mechanical
theories [2].
diffusion-limited
2L

2

insertion-limited

(a)

(b)

Figure 2: 1D diffusion solution accounting for insertion kinetics due to micro-transport. a) Relaxation times as a function of
the plate thickness. b) Concentration profiles for two values of the plate thickness at different simulation times.
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Summary Deformation mechanisms of synthetic halite are investigated at the scale of its polycrystalline microstructure. Both crystal slip
plasticity, associated with several slip systems with contrasted critical resolved shear stresses, and grain boundary sliding are observed
during in situ compression tests inside the chamber of a scanning electron microscope (SEM). Specific digital image correlation tools
provide access to a quantification of the relative contribution of both mechanims to the overall strain of the sample and show that grain
boundary sliding is present from the beginning of plasticity, establishing that plastic deformation of such a rock is not possible without
simultaneous damage. These surface measurements are complemented with full 3D investigations based on computed X-rays absorption
tomography and digital volume correlation, performed on samples that are also investigated in the SEM. Obtained data provide a way to
compare the statistics of local fields in the bulk of samples and near free surfaces.

INTRODUCTION
Polycrystalline materials exhibit complex behaviors when they deform in their plastic regime, as a consequence of their
various active physical deformation mechanism at grain scale and the heterogeneity associated with local lattice orientation
which varies from grain to grain, and possibly also inside grains. Better insight on the physics of such materials can be obtained
from full-field strain measurements at microscale over sets of interacting grains inside a sample submitted to various loading
conditions. Many studies have been reported in this line during the last decades [1] and highlight strong strain heterogeneities
at local scale. Such an experimental methodology is applied in the present study on halite, which is a rock forming mineral
with industrial applications, such as deep underground storage of hydrocarbons, or more recently, of compressed air in the
context of temporary storage of ”green energy”. In addition to exhibiting several slip systems with temperature-dependent
critical resolved shear stresses as in many polycrystalline metals, halite deforms also by means of an additional deformation
mechanism which is grain boundary sliding, as qualitatively evidenced in a former study [2] based on compression tests inside
a scanning electron microscope (SEM) and processing of the recorded images by means of digital image correlation (DIC).
The co-existence of both mechanisms makes halite also an interesting material from an academic point of view. Indeed, the
dodecaedric ”easy” slip systems [3] generate only a 2-dimensional set of strains at grain scale, so that additional deformation
mechanisms are necessary to accommodate arbitrary overall strains. These can be either additional harder crystalline slip
systems (octaedric or cubic), or the above mentioned interfacial mechanism. The prediction of the relative contribution of
such mechanisms would be a challenging question for multiscale theoretical models of the mechanical behavior of such
polycrystals. This question addresses also more practical issues: indeed grain boundary sliding is associated with local
damage, for instance in the form of pore growth at triple junctions of grains, as observed in [2], which has consequences on
both the mechanical resistance of the material and its permeability. The present work aims at extending the former study in two
ways. First, specific image processing routines have been developed to accurately quantify the relative contribution of crystal
slip plasticity and grain boundary sliding to the overall deformation of halite. These procedures have been applied to SEM
images of halite submitted to compression at room temperature and 350 degrees. Second, these purely surface investigations
have been complemented with full 3D investigations based on synchrotron absorption X-rays computed tomography (XRCT)
imaging, performed on the new Psiché beamline of Synchrotron Soleil (France), and digital volume correlation (DVC). More
specifically, strain fields in the bulk have been characterized together with strain fields at the free surface of the same sample
at the same level of overall strain, so that the influence of the free boundary conditions of the local deformation at grain scale
can be investigated.
QUANTIFICATION OF RELATIVE CONTRIBUTION OF CSP AND GBS
Synthetic halite samples have been obtained by hot pressing high purity NaCl powder under various thermomechanical
conditions to control grain size and reduce residual porosity. The 5 × 5 × 10 mm samples considered for the SEM analysis
exhibit rather large equiaxed grains, with a typical size ranging from 250 to 500 µm. DIC routines requires a local contrast at
a scale much smaller than grain size, which was provided by the dewetting of a thin gold film sputtered over the mechanically
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polished observation surface of the sample. This generates micron-sized beads stuck to the surface of the sample providing an
excellent contrast in SEM imaging. Samples are uniaxially compressed in the chamber of a SEM (FEI Quanta 600) at various
load levels. At each step, high definition images with various magnifications are recorded in secondary electron mode. A first
test has been performed at room temperature, and a second at 350◦ C by means of an adapted micro-oven surrounding the
sample and in which an observation hole is machined.
An adapted DIC algorithms has been developed to quantify separately the components of the average deformation gradient
inside grains and the displacement discontinuities at the grain boundaries [4]. It is based on masking techniques which ensure
that the image contrast used to quantify the kinematics of a grain is strictly located inside the considered grain, and appropriate
contour integrals to separate the overall gradient into its bulk and interfacial contributions. The analysis shows that GBS has
only a limited contribution to overall strain, but also that this contribution is present from the very beginning of plasticity.
At room temperature strain due to GBS is proportional to overall strain and represents about 2.5% for the axial component,
and 6% for the transverse one. The larger contribution to the transverse strain is associated with the opening of longitudinal
interfaces. At high temperature, GBS is also present from the beginning but evolves nonlinearly with load: its contribution
decreases at larger load levels. This is likely to be associated with the activation of a second family of slip systems which
makes GBS less necessary for the accommodation of strain incompatibilities induced by the activation of the first family of
slip systems.
COMBINED 2D AND 3D LOCAL STRAIN FIELD MEASUREMENTS
In order to apply DVC techniques to the XRCT images of such materials an appropriate contrast is required at grain scale,
which is not naturally present in single phase polycrystalline materials. That’s why a specific material has been manufactured,
also with HIP techniques, in which small copper particules, a few micrometers in diameter, have been embedded. These
markers are located inside grains and at grain boundaries; appropriate thermomechanical processing allowed to obtain grains
up to a grain size of about 50 µm to 250 µm. Samples with a typical size of 4 × 4 × 6 mm have been fully imaged at
four compression levels (0.5% to 4% total residual strain) with a voxel size of 3.04µm. Tests had to be performed ex-situ
because intense X-rays tend to harden halite which becomes then brittle under uniaxial compression. A thermal treatment
has been applied to the sample after each CT scan, in order to restore ductility. Uniaxial tests have been monitored with
macroscopic optical digital image correlation tools. In addition to these 3D observations at small scale, high definition SEM
surface measurements over about 2 × 2 mm regions of interest, have been performed at each step of deformation, using 9
high-definition images with a pixel size of 240nm. Surface DIC routines could be applied thanks to the dewetting of a pure
copper thin layer which generates an appropriate contrast. DVC routines could also be applied to the 3D XRCT images but
at the price of specific developments to deal with the sparse contrast provided by the copper particules. The spatial resolution
of the 3D strain mapping was thus about 10 times coarser than the 2D one, but comparisons are nevertheless possible. Both
techniques highlight the complex localisation patterns of the strain field at grain scale, with in particular long range features
which spread over several grains. The spatial resolution of the 3D technique is however too coarse to directly link these
features to inter- or intra- granular mechanisms. A preliminary statistical comparison of the strain at intermediate scale is
however possible between near surface areas and areas in the bulk of the samples. In addition, qualitative signs of damage are
also found in the bulk of the samples: they appear as longitudinal cracks located at grain interfaces parallel to the compression
axis. A first quantification of their contribution to overall deformation is provided by the spherical part of the measured strain,
and confirms the presence of these mechanisms in the first deformation steps. More detailed 2D/3D comparisons are currently
underway and should be available at the time of the conference.
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Summary We propose a consistent approach for the generation of macroscale models of short fiber composites. We extract geometrical
features and distribution gradients of the fibers from X-ray microtomography. Based on this data, we generate new continuous, voxel
or mesh fiber geometry by Diffuse Approximation with volume conservation. Newly generated fibers are distributed in an arbitrary 3D
domain. Such domain may contain inclusions in the vicinity of which, fibers position and orient themselves depending on the chemical
nature of the inclusion. The observed fiber distribution gradients help to identify these fiber behaviors and distribute geometry in the new
3D domain. The method enables to extrapolate geometrical representations of microscale geometry of composite materials obtained with
X-ray microtomography to provide accurate 3D mesh for macro scale numerical simulations.

INTRODUCTION
The modeling of material behavior requires a deep understanding of the microstructure which is especially important for
highly heterogeneous composite materials. Such insight is has been nowadays allowed by the full-field methods like X-ray
microtomography. The main disadvantage is the limited size of the analyzed specimens, which prohibits their application
for macro scale computations of manufactured parts. Recent works [1, 3, 4] that approach the generation of the geometry
of random heterogeneous materials . Their limitations are either lack of accurate material parameters or unrealistic, even
orientation. Our goal is to provide a method which encompasses several steps of reconstruction, from X-ray microtomography
study of the microstructure to macro scale model, intended for computational purposes, e.g. homogenization.
METHODOLOGY
X-ray microtomography
The first step is an X-ray microtomography study of the material, in our case a composite of thermoset polymer matrix
reinforced with short flax fiber. 3D scans of the material are processed with Fast Random Forest algorithm to segment them
into a fiber, impurity, polymer and air phases. The segmented images of the fiber phase are then examined using a previously
developed approach based on expectation-minimization clustering algorithm. This treatment provides probability distributions
of geometrical features of different classes of the reinforcement such as fiber diameter, length, orientation, volume, surface
and their local variations. A further study of the segmented microtomographic scans is performed with level set algorithms
which provide the gradient information on the fiber volume fraction and orientation in the vicinity of different inclusions that
are stored as voxel maps.
Individual fiber reconstruction
We use the probability distributions obtained from X-ray tomography for diameter and length and local orientation variations. Depending on the fiber volume fraction intended for the microstructure, the volume fraction of different reinforcement
classes is calculated which is followed by the estimation of the amount of objects present in the model as well as their properties, e.g. to prohibit generation of fibers larger than the computational domain. The single fiber geometry is reconstructed
by Bezier curve of the centerline considering point-wise local orientations. Then, a series of ellipses with varying diameters
is placed on the centerline. The ensemble is used to reconstruct the fiber surface as NURBS continuous model (Fig. 1).
3D fiber distribution
Based on the gradient maps for fibers and the arbitrary matrix domain of the composite containing inclusions, a fiber
distribution and orientation is calculated and described with level set functions. Such description is used to distribute fiber
geometries accordingly in the 3D space. The intersections that may result from this operation are mitigated by exclusion zones
defined after placement of each fiber. This also ensures that the fiber volume fraction is conserved.
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Figure 1: Three types of individual fiber geometry
resulting from the presented approach

Figure 2: Example of a microstructure model with
different types of inclusions

Finite Element mesh
The resulting model consists of NURBS curves thus, its application for numerical simulations is limited due to high
computational requirements and numerous artifacts. For this reason, two different representations are proposed. The first is
a voxel representation that is interesting for comparative studies with original microstructure obtained with full-field imaging
methods. The second is an optimized Finite Element (FE) mesh of the fiber surface and volume. This representation is
produced by treating the continuous model with Diffuse Approximation method [2]. The resulting mesh (Fig. 1) conserves
the volume of the material fraction at the same time having sufficient quality required for finite element simulations.
RESULTS
The X-ray microtomography study has identified four different classes of the reinforcement, namely dust, particle, whisker
and short fiber and three classes of inclusions: voids, air bubbles, and inorganic impurities. The generated microstructures
included 3 types of inclusions to compare different fiber behavior (Fig. 2).
CONCLUSIONS
The X-ray microtomography has provided an insight in the topology of the reinforcement through identification of additional classes of the reinforcement (dust, whiskers). Also, fiber clustering near the surface of the specimen has been observed
which indicates fiber flotation during manufacture. The generated microstructures have similar fiber topology and distribution
gradients to the ones seen in the microtomographic scans that were not used to create the model. Further works will include
adding more constraints during reconstruction, like for example periodicity necessary for homogenization. Another project is
the implementation of the method on graphic processors (GPU) for improved performance.
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Summary Statistically equivalent representative volume elements (SERVEs) are used to obtain homogenized constitutive responses of
composite microstructures with non-periodic (random) dispersion of heterogeneities. SERVEs are subjected to affine transformation based
displacement, constant-traction or periodic boundary conditions ignoring the influence of the exterior microstructure, thus, leading to very
large SERVE sizes. Novel statistically augmented boundary conditions (SABCs) derived in this paper accounts for the interaction between
heterogeneities in the SERVE and exterior domain through the incorporation of microstructural statistics via the one-point and two-point
correlation functions S1 and S2 , respectively. The converged size of the SERVE is significantly smaller with the SABCs in comparison with
the conventional boundary conditions.

INTRODUCTION
Numerical homogenization of multiphase composites constitutes an important step in the integrated computational materials engineering (ICME) design. Simplistic forms of homogenization assume that composites are made of periodic repetition of
unit-cell representative volume elements (RVEs). Real composite microstructures comprise of arbitrarily dispersed reinforcement phases. The arbitrariness in the shape, size and spatial distribution of the reinforcing phases (particles or fibers) alter
the effective response of the composites. Suitable tailoring of the microstructure leads to efficient designs of the composite
systems. Definition of the RVE in the case of arbitrarily dispersed composite media requires elaborate numerical simulations.
Two of the most popular methodologies are the statistically equivalent representative volume elements (SERVEs) (Swaminathan et al., 2006) and the statistical volume elements (SVEs). Both these approaches simulate smaller volumes (compared
to the microstructural volume element (MVE) that consists of 1000s of fibers) of the arbitrarily dispersed composite using
numerical techniques (finite element being widely popular). The classical definition of SERVEs or SVEs consider only the
simulated volume and ignore the influence of fibers exterior to the simulated domain. Classically SERVEs or SVEs are subjected to boundary conditions such as the affine transform (constant strain), periodic or constant stress boundary conditions
and completely ignore the microstructural details exterior to the selected RVEs. The classical boundary conditions leads to
large converged RVE sizes to obtain effective properties. In the present work, novel boundary conditions that account for
the microstructural details of the exterior are derived using the statistically informed Green’s functions (SIGF) approach that
results in the statistically augmented boundary conditions (SABCs), which are prescribed on the SERVEs. SERVEs subjected
to SABCs leads to smaller converged SERVE sizes that are computationally more efficient compared to classical boundary
conditions. Brief description of the SIGF and SABCs are provided in the next section. In Section 3, the efficacy of the SABCs
is illustrated for arbitrarily dispersed unidirectional fiber composite system and is compared with the SVEs.
STATISTICALLY AUGMENTED BOUNDARY CONDITIONS
Fiber interactions play an important role in evaluating effective properties of arbitrarily dispersed composites. Various
statistical descriptors are used to characterize the fiber dispersions, namely, local-volume-fraction distribution, nearest neighbor distribution and n-point correlation functions (Ghosh et al., 1997). In the present study, the affine transform boundary
conditions are augmented with the perturbation displacements that account for the interactions of the fibers exterior to the
SERVE using the two-point correlation functions. The two-point correlation function is defined as
Z


√
S2 (r, θ) = ι (xi ) ι xi + reθ −1 dΩ,
(1)
Ω

where Ω is the volume of the microstructural volume element (MVE), ι (xi ) = 1∀xi ∈ ΩF is the indicator function and ΩF
is the volume of a given individual fiber.

0
C
0
The affine transformation based displacements are given by uA
i = ij xj − xj , with ij being the applied constant strain
and xC
j is the centroid of the SERVE (or SVE). A pair of interacting exterior-interior fibers are illustrated in Figure 1. The
perturbation displacements u∗i are dependent on the distance and orientation of the fibers with each other and the observation
point o. The distances (d12 , d1o and d2o ) are arbitrary (or random) in real composites and can be represented by the two-point
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correlation function of the composite microstructure using the law of the unconscious statistician (LOTUS). The Green’s
function solution to the interaction of the fibers is obtained in terms of the eigen-strains Λ
kl in the fibers as
Z h
i
−1 M
M
F
0
Cijpq
− Cijpq
ι (xm )
Cpqkl ι (xm ) − (Sijkl ι (xm ) + Gijkl (xp ) (1 − ι (xm ))) Λ
(2)
kl dΩ = ij .
ΩF
F
M
In the above equation Cijkl
, Cijkl
are the elasticity tensors of the fiber and matrix. Sijkl and
Gijkl (xp ) are the interior and exterior Eshelby tensors of the interacting fibers. The eigen0
strains can be written in a compact form as Λ
ij = Aijkl (xp ) kl , where Aijkl corresponds to
transfer function that maps the applied strain to the eigen-strain in the fibers. The perturbation
displacements are related to the applied constant strains 0ij as given by
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u∗i = 
Figure 1: Two interacting
fibers




Z


Limn (xp ) Amnkl (xp ) S2 (r, θ) dΩ 0kl ,

(3)

Ω\ΩF

where the Limn is the tensor that maps the eigen-strains to the perturbation displacements
u∗i . The SABCs are obtained by augmenting the affine transform displacements as uSABC
=
i
∗
uA
i + ui .

EFFICACY OF THE STATISTICALLY AUGMENTED BOUNDARY CONDITIONS

C̄1111/EM

The efficacy of the SABCs are illustrated by the convergence study of the SERVEs. The SERVEs are subjected to
classical (affine transform and periodic boundary conditions) as well as the SABCs. The homogenized (volumetric average) stiffness is used as the measure of convergence. The size of the SERVE (L) (and the number of fibers NF ) is systematically increased and the homogenized responses obtained by detailed three dimensional finite element simulations.
The moduli ratios of the fiber and matrix was chosen to be EF /EM = 25. The
SERVEs were subjected to a constant strain of 011 = 1 and the dominant normalized
3.50
uSABC
homogenized stiffness C̄1111 /E M is shown (Figure 2) as a function of the SERVE
uA
3.25
uP
size L. The homogenized stiffness converges for large SERVE sizes L > 100µm
3.00
when subjected to conventional affine transform and periodic boundary conditions,
while the converged SERVE size is around L = 35µm when subjected to SABCs
2.75
illustrating the efficacy of the SABCs.
2.50

CONCLUSIONS
Conventional definition of SERVEs accounts only for the volume of the composite
simulated. The exterior domain is assumed to be comprised of a constant strainenergy-density medium, and hence predicts large SERVE sizes. Novel SIGF based
SABCs that account for the interactions of the fibers via the two-point correlation
function are derived and prescribed on the SERVEs. The converged size of SERVEs
subjected to SABCs are significantly smaller than the ones obtained from either the
classical affine transform or periodic boundary conditions. The present work clearly
illustrates the necessity and importance of including the description of the exterior
microstructural morphology in the definition of the SERVEs.
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Figure 2: Variation of the normalized homogenized stiffness
tensor C̄1111 /E M as a function
of the SERVE size.
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Summary Non-determinism requires much attention in the certification procedure of complicated structural components. Composite materials

are gaining much interest because of their high performance, especially for transportation applications. However, the multitude of design,
material and process parameters add to the complexity of the analysis, and procedures for certification and quality assurance are demanding.
Uncertainty and scatter on critical material parameters need to be quantified in close relation to the application and also to the production process
which is used, with a particular focus on the geometrical characteristics of the fibre reinforcement architecture. This paper proposes a procedure
to experimentally identify the statistical characteristics on physical realisations of the material and to subsequently generate a population of virtual
samples which possesses the same statistical characteristics as the real components. Virtual models allow for a much wider and cheaper analysis
of product performance and they replace the expensive campaign with repeated physical experiments.

NON-DETERMINISM IN STRUCTURAL ANALYSIS
The performance of modern computer hardware is ever increasing. In the application of structural analysis of complicated
systems, the analyst develops highly advanced models which closely represent physical reality in a wide range of load cases.
Nominal models are used to optimise the performance and to improve efficiency. In parallel, awareness is growing that product
quality can only be guaranteed when off-nominal behaviour is also taken into account.
Oberkampf et al. [1] have developed a comprehensive nomenclature to describe the nature of non-determinism as it occurs
in design and verification procedures in modern engineering reality when developing advanced structures. In the assumption
that the model and the numerical procedures which are used are correct, non-determinism is considered on model parameters
only. They distinguish between on the one hand epistemic uncertainty, also simply called uncertainty, when knowledge is
insufficient or information is incomplete, and on the other hand aleatory uncertainty, also called variability, when system
characteristics vary from one realisation to another one or from one condition of utilisation to another. Intermediate categories
may also apply. Different numerical formalisms are proposed to handle both categories [2]. Conditions of epistemic
uncertainty with insufficient information require a non-probabilistic approach, either using interval arithmetic or with fuzzy
analysis. Conditions of aleatory uncertainty occur when scatter on model parameters over different realisations is well
quantified, in all aspects, including correlation between different model parameters, and in such case probabilistic analysis is
viable. Probabilistic approaches are obviously preferred as they allow for statistical interpretation of the result, such as
probability of failure. It is observed however that many engineering practitioners, both in the scientific community and in
industry, consciously or unconsciously adopt a probabilistic procedure although probability density functions (pdf) are not
fully validated and complemented with subjective data, such as assumptions on the nature of the pdfs, on the magnitude of
the coefficients of variation or on cross-correlations between different model parameters. Results are then unreliable.
VARIABILITY IN FIBRE REINFORCED COMPOSITE MATERIALS AND MODEL GENERATION
Composite materials have at least two constituents, with some kind of fibre reinforcement embedded in a matrix. The
number of model parameters which is required to represent such a system is large, with material data, process characteristics,
reinforcement morphology and tow path geometry as the dominant features, and many variations in each category, depending
on the fibre/matrix/process system which is considered. Schuëller et al. [3] call upon material scientists to establish a validated
data base for a realistic representation of such a complex, multi-parameter system. In this paper, the authors develop a general
3 step approach (see Fig.1) to quantify variability on geometrical tow parameters (x, y and z co-ordinates of tow centroid
position, tow area, tow aspect ratio and orientation), based on experiments with extensive data analysis. The first step is the
collection of experimental data and the subsequent statistical analysis. Two length scales are considered, one on the level of
the representative volume element using µCT and the other on the scale of multiple unit cells. The former set gives precise
positional and cross-sectional data on the meso-level. Average trends, standard deviation and correlation lengths are identified.
The second step is the stochastic multi-scale modelling, including the definition of systematic and handling trends from the
experimental data, the generation of zero-mean deviations correlated along and between neighbouring tow paths. Crosscorrelations are taken into account, a cross-correlated series expansion is used, based on a Karhunen-Loève decomposition,
as proposed by Vorechovskỳ [4]. In the third and final step, WiseTex models are generated. WiseTex [5] is a pre-processor
for the generation of virtual 3D models of a wide range of textile composite architectures. The pre-processor prepares for the
generation of finite element models for the mechanical analysis of composite structures. The statistics of the virtual models
which are generated match all statistical characteristics of the hardware samples, both in short range and in long range.
a) Corresponding author. Email: dirk.vandepitte@kuleuven.be
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Figure 1: the proposed procedure: (1) data acquisition, (2) statistical data analysis and (3) generation of virtual models
Application to a carbon fibre reinforced composite material
The procedure is applied to a carbon fibre reinforcement system with a complicated architecture. Figure 2 shows the µCT
image of the cross-section (left) and a WiseTex model of one of the samples which is generated (right). Statistics of the full
set of the generated samples match the statistics of the experimental data set.

Figure 2: cross-section of the carbon fibre reinforced material in warp direction: µCT scan (left) and virtual sample (right)
CONCLUSIONS
This paper presents a global strategy to develop a set of virtual material samples with all statistical characteristics matching the
experimental data set. The virtual data set may be used to build material and finite element models, enabling full statistical
interpretation of the structural analysis.
Authors gratefully acknowledge the financial support of FWO-Vlaanderen, IWT-Vlaanderen and KU Leuven Research Fund.
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Summary: This work studies the morphological micromechanics of copolymeric elastomers comprising two dissimilar domains. New three-

dimensional representative volume elements (RVE) are proposed to mimic more realistic morphological microstructures based on the Voronoi
tessellation. We examined the micromechanical behaviours of bi-continuous and dispersed-particle morphologies derived from the Voronoi
tessellation for specified volume fractions (vhard: 36% and 49%) of hard and soft domains. The random yet bi-continuous morphology was
found to show better the inelastic stress-strain features of copolymeric elastomers under large deformation than the dispersed morphology, in
which the hard aggregates are more likely to be isolated. The micromechanical results also show the topological connectivity in the two
domains plays a critical role in the resilient yet dissipative mechanical behaviours extensively reported in this class of phase-separated
elastomeric materials.

INTRODUCTION
Copolymeric elastomers are versatile materials for a myriad of engineering and biological applications due to their
remarkable mechanical features under large straining.[1] The design of thermodynamically incompatible segmental
microstructures is often used to create phase-separated morphologies comprising hard and soft domains. The two-phase nature
results in a remarkable combination of both glassy and rubbery polymeric features including substantial hysteresis and shape
recovery as well as rate-dependent hyperelastic-viscoplasticity.[1,2] In addition to the intrinsic properties of constituent
polymers, the geometric features of the phase-separated microstructures critically influence the macroscopic mechanical
behaviours. In this work, we investigate the morphological micromechanics of new RVEs in which the two domains are
described by hyperelastic-viscoplasticity (hard) and hyperelastic (soft) constitutive laws. A random yet bi-continuous RVE is
first presented using the Voronoi tessellations of space using random spatial points, as well as its dispersed counterpart, for a
specified volume fraction. The stress-strain behaviours are then examined under finite straining in micromechanical models of
the two RVEs, in which a three-dimensional periodic boundary condition was imposed to compute macroscopic responses of the
RVEs.
RESULTS AND DISCUSSION
Figure 1a shows a transmission electron microscopy (TEM) image of an exemplar material (a thermoplastic polyurethane:
TPU) in which the volume fraction of hard domain was ~ 49%. As shown in the TEM image, the hard domain (brighter regions)
was found to be highly continuous within the soft matrix (darker regions). At relatively high volume fractions of hard
component, the microstructures in this class of copolymeric materials are more likely to have interpenetrating and bi-continuous
morphologies in which the constituent domains are connected. To mimic the highly bi-continuous microstructures, a new
representative volume element (RVE) was proposed, for specified volume fractions of hard and soft domains, as follows. First
we drew a pre-determined number of spatially random points within the unit cell. Then we performed a standard Voronoi
tessellation about these spatial points. Figure 1b schematically presents the Voronoi tessellated space for 5 random points under
three-dimensional periodic boundary condition. In this rendering, the cylindrical rods represent edges of the tessellated
polyhedral cells while the grey particles represent the original, randomly chosen points. The Voronoi tessellation provided
information on the neighbour list for each of polyhedral cells. Then the neighbouring points were connected to the centre point of
the given polyhedral cell via cylindrical rods if equal radii, chosen to meet the specified volume fraction of hard domains.
Furthermore, when conducting the Voronoi-tessellation, we constructed 26 images of the central unitcell to assure the threedimensional periodicity of the RVEs. Figure 1c shows a bi-continuous RVE, having a hard fraction of 49%. The dispersed RVE
was constructed simply by locating spherical domains at the centre points upon which the tessellated polyhedral cells were
based, as shown in Figure 1d. Again, 26 images of the central unitcell were constructed and the RVE was taken from the
supercell (3 by 3 by 3) to assure the three-dimensional periodicity. In this RVE, it should be noted that the particles were allowed
to overlap each other to form dispersed aggregates within the unitcell. As shown in Figure 1d, some of the hard particles were
slightly overlapped.
b
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Figure 1 Representative microstructure in a TPU with vhard: 49%. (a) TEM image (bright: hard, dark: soft); (b) Voronoi-tessellated super
cell (3by3by3); the Voronoi-tessellated unit cell (5 random points) is shown in the inset; (c) Bi-continuous RVE; (d) Dispersed RVE; the
RVEs are presented together with its hard and soft domains; vhard: 49% in both RVEs
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We then performed a micromechanical analysis of the RVEs in which a hyperelastic-viscoplastic model and a hyperelastic
model were used for the constitutive laws of hard and soft domains, respectively. The representative constitutive responses of
two domains under compression are shown schematically in the inset of Figure 2a. The RVEs were subjected to a macroscopic
simple compression under periodic boundary conditions.[3] Figure 2a shows representative volume-averaged stress-strain
responses of the two RVEs (vhard: 36% and 49%) at a macroscopic strain rate of 0.01 /s. The stress responses in the bi-continuous
RVEs were found to be much greater than those in the dispersed RVEs for the both cases since the hard ligament network
deformed significantly at all macroscopic strains. However, in the dispersed RVEs, the macroscopic deformation was carried
throughout the soft matrices, especially at small strains. Substantial deformation was localized within the hard aggregates only at
large strains, which resulted in a stress upturn. Moreover, the yield-like stress-rollover was more clearly evident in the bicontinuous RVEs in both cases of 36% and 49%. As evidenced in Figure 2b and Figure 2c on the contours of inelastic strain
rate, the inelastic flow was more evenly developed throughout the rod-like hard ligament network within the bi-continuous RVE
while it was observed only at the interfaces between the hard aggregates, where severe deformation was localized. The stressstrain behaviours were further examined under cyclic deformation conditions. Figure 2d shows the simulated stress-strain curves
of the two RVEs (vhard: 36%) under a loading-unloading cycle up to a macroscopic strain of 0.6 at a strain rate of 0.01 /s. Under
cyclic deformation, hysteresis in the bi-continuous RVE was much greater than that found in the dispersed RVE. In particular,
much greater energy was dissipated, accompanied by greater residual deformation upon unloading within the bi-continuous
RVE. The fully-developed inelastic deformation in the hard ligament network was mainly responsible for the highly dissipative
stress-strain behaviours in the bi-continuous RVE; moreover, it still exhibited remarkable resilience as evidenced by the shape
recovery upon unloading, which has been reported extensively in this class of copolymeric elastomers at this particular range of
volume fractions.[1, 2] However, the dispersed RVE exhibited more “rubber-like” behaviours involving relatively small
hysteresis with much greater shape recovery upon unloading.
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Figure 2 Micromechanical modeling result of bi-continuous and dispersed RVEs. (a) Representative stress-strain behaviors of RVEs
(vhard: 36% and 49%; the inset shows the stress-strain curves of hard and soft component); (b) Contours of inelastic strain rate (within the
intermolecular mechanism; here only the hard domain was shown) in RVEs (vhard: 36%) at a macroscopic true strain of 0.15 (the dashed
arrows represent the loading directions); (c) Representative stress-strain behaviors of RVEs upon loading and unloading (vhard: 36%)

CONCLUSION
In this work, we investigated the microstructural deformation mechanisms of a copolymeric elastomer under finite straining
by using a micromechanical analysis. A fully three-dimensional RVE was proposed to mimic realistic microstructural
morphologies often found in this class of materials. The micromechanically-simulated stress-strain curves in the bi-continuous
RVEs exhibited highly nonlinear elastic-plastic behaviours accompanied by substantial hysteresis and shape recovery upon
unloading. The topological connectivity was found to influence critically the highly dissipative yet resilient mechanical
behaviours of the materials, over and above the intrinsic properties and the volume fractions of dissimilar domains. We suggest
that the proposed three-dimensional random RVEs can provide a better representation for a sound understanding of the macroand microscopic deformation mechanisms of other phase-separated polymeric materials and cellular materials having
complicated morphological microstructures across a wide range of length-scales.
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Summary Self-healing of impact damage in glass/epoxy composites is demonstrated using a vascular delivery network. Transverse (out-ofplane) impact was carried out on vascular composite beams and flexural strength post-impact was measured. Self-healing resulted in ca. 50%
recovery of flexural strength and over 80% recovery of flexural modulus at 15 J impact energy.

INTRODUCION
Despite excellent performance-to-weight characteristics, composites are susceptible to damage from out-of-plane impact
events which introduce damage in the form of transverse shear cracks, matrix tensile cracks, interply delamination, fiber
pull-out, fiber rupture, and penetration (Figure 1). Impact-induced damage is often difficult to detect as it may occur at
low impact energies and often leaves no visible sign of damage on the material surface. As a result, internal impactinduced damage frequently goes undetected and severely compromises the mechanical integrity of the composite. In order
to combat flaw sensitivity, biologically inspired self-healing concepts have been utilized for autonomous, non-invasive
material repair.
Pioneered in 2001 [1], self-healing materials have the ability to heal damage autonomously when and where it occurs
through damage-triggered release of reactive components. Self-healing materials can be broadly classified into three
separate classes based on the method used to sequester healing agents: capsule-based, vascular, and intrinsic systems [2].
Capsule-based self-healing materials sequester the healing agent in microcapsules that are dispersed throughout the host
material. Damage triggers the release of agents once the capsules are ruptured and their delivery to the damage region
facilitates chemical reactions that repair the damage. Vascular self-healing materials house the agents in microchannel
networks that perfuse the host material. Similar to capsule-based systems, as the vasculature is damaged, the contents spill
into the damage region, reacting and ultimately healing the damage. Finally, intrinsic self-healing materials do not
sequester healing agents, but instead possess a latent self-healing function of the host material that is usually triggered by an
external energy source (e.g. heat, UV light).

Figure 1. Cross-sectional optical image and binary conversion of a damaged glass/epoxy composite after an out-of-plane
impact event. Delamination damage, shear cracks and fiber failure are visible.
MATERIALS AND METHODS
Vascular self-healing composites were fabricated from 2D glass fiber woven textiles infused with an epoxy resin matrix.
Vascular networks were created by VaSC processing [3] of sacrificial fibers that were woven into the textile preform prior
to processing. Epoxy infiltration was accomplished by vacuum assisted resin transfer molding in a convection oven at 70 °C
to reduce the viscosity of the resin during infiltration. Immediately following infiltration, the sample was heated to 121 °C
a)
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at 3 °C / min and held for 8 h to facilitate curing. Following cure, the composite was de-molded and cut into 110 mm x 20
mm x ~3 mm beam specimens. The beam samples were then placed into a vacuum oven at 200 °C for 24 h to achieve
evacuation of the sacrificial fibers. Finally, microchannels were sequentially flushed with dichloromethane, de-ionized
water, and air to ensure clear fluid pathways.
Impact testing of beam specimens was conducted on an Instron 8250 drop-weight Charpy tower. Samples were clamped
in a fixed-fixed configuration with a span of 40 mm and impacted across the width using a cylindrical impact tup (25.4 mm
radius of curvature). The total mass of the impactor apparatus was 3.41 kg. Drop heights of 299 mm or 448 mm were
used to deliver 10 J or 15 J of impact energy, respectively. After the initial impact event, healing agents were delivered to
the specimen via a syringe pump coupled to an air-assisted reagent delivery system. The healing agent used is an epoxy
resin and hardener with precedence in self-healing literature [4]. Delivery of reagents was held constant at 18.8 µL / min
and 10 µL / min, respectively, for the resin and hardener.
HEALING PERFORMANCE
Post-impact flexural strength as a function of impact energy for vascularized control and self-healing samples is provided in
Figure 2a. Strength recovery at 10 J and 15 J of impact energy was 36.9% and 46.9%, respectively. Incomplete recovery
Site,	
  15	
  J imaging. Damage
of strength is attributed to incomplete damage volume filling, which was confirmedImpact	
  
by cross-sectional
filling is more complete for 15 J of impact energy, likely the result of more complete damage connectivity. Since healing
agent distribution emanates from a microchannel network, the damage must intersect that network in order to be filled. A
cross-section of an impacted and healed beam specimen is shown in Figure 2b. Regions of unhealed and healed
delaminations are visible supporting the hypothesis of incomplete damage filling (and connectivity) after the healing
protocols.

a)

b)

Unhealed	
  Delamination

Healed	
  
Delamination

(a)
(b)
Figure 2. Self-healing of impact damage in vascular composites. (a) Recovery of flexural strength after impact. (b) Optical
cross-sectional image of specimen after self-healing with healed delaminations indicated.
CONCLUSIONS
The healing of impact-induced damage in composite beam specimens was achieved using a vascular healing agent delivery
scheme. Up to 47% recovery of post-impact strength and up to 83% recovery of stiffness was demonstrated. Incomplete
recovery is attributed to incomplete damage volume filling resulting from lack of damage connectivity after impact. The
presence of healed material in the crack plane was verified using cross-sectional imaging and confocal Raman spectroscopy.
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Abstract For the first time, shape memory alloys (SMA) were successfully co-cured in a polyimide matrix composite to create high

temperature, smart, hybrid composite laminates. In the work presented herein, the nickel-rich nickel titanium (NiTi) foil was used as the SMA
constituent. A combination of laser ablation and amide acid sol-gel surface treatment performed on the NiTi foil created robust adhesion
between the foil and the polyimide matrix. The mode-I fracture toughness of the hybrid SMA-composite interface was investigated via the
double cantilever beam (DCB) test with in-situ digital image correlation (DIC) measurements. The dominant mode of failure revealed after the
DCB tests was cohesive. Phase transformation in the NiTi foil was observed during the isothermal DCB tests at 25oC. Finite element analyses
of the hybrid DCB specimen indicated that the NiTi foil underwent stress-induced phase transformation in the vicinity of the crack tip prior to
and during crack propagation.

INTRODUCTION
Hybrid high temperature composite materials are excellent candidates as lightweight structural materials for supersonic
and hypersonic vehicles. Recently, the integration of SMA actuators into polymer matrix composite (PMC) laminates has
attracted significant interest as a means to create smart and morphing aerospace components. The active attribute of hybrid
SMA-PMC composites is inherent in the thermo-mechanically induced phase transformation of the SMA constituent. The
effectiveness of load transfer between the SMA actuators and the composites dictates functionality of the hybrid structures.
This load transfer effectiveness depends on the ability of the interface between the SMA and the PMC to propagate energy.
It has been reported that hybrid SMA-PMC structures have been created by adhesively joining the components [1].
However, in these adhesive joints, there are two distinct interfaces (SMA-adhesive and adhesive-PMC) and therefore
require a unique adhesive that can form robust interfaces with the two distinct materials to assure the optimal structural
integrity of the hybrid composite. In this study, the SMA was surface-treated by laser ablation followed by treatment with a
custom synthesized sol-gel formulation, and the hybrid composites were co-cured. Thus, the SMA-PMC hybrid interface
was created without using an adhesive. That is, adhesion was achieved directly between the treated SMA surface and the
polymer matrix of the PMC upon curing. Fabrication and investigations on hybrid, co-cured interfaces between Al, Ti,
NiTi and epoxy-based matrices were previously performed by Truong et al. [2-4]. This paper details our approach to
develop high temperature, smart material systems using a custom designed robust interface to fabricate NiTi foil/polyimide
matrix hybrid composites. The results of this experimental and computational investigation are presented herein.
APPROACHES
Experimental Approach
The hybrid composite laminate was fabricated with a single layer of Ti-50.8at%Ni foil (127 µm thick) sandwiched
between four layers of composite pre-preg on each side. The pre-preg used in this study was 8-harness satin weave T650
carbon fabric/AFR-PE-4 matrix (cured Tg = 392 oC). Two layers of 50-µm thick Kapton film were used to create the precrack for fracture toughness tests. Prior to placing the NiTi foil in the panel layup, the foil was heat treated at 500 oC for 1
hour followed by aging at 400 oC for 45 min, and water quenching to activate the shape memory effects. In addition, a
combination of laser ablation [5] and amide acid sol-gel surface treatment technique [6] was performed on both sides of the
NiTi foil surfaces to create strong adhesion through covalent bond formation with the polyimide matrix. No adhesive was
used at the NiTi-PMC interface. The composite laminate was cured in a Wabash hot-press under a 12-hour curing cycle at
temperature and pressure up to 371oC and 1.4 MPa, respectively. The quasi-static double cantilever beam (DCB) tests with
in-situ DIC measurements were performed at room and elevated temperatures. Each DCB specimen was tested by
displacement-controlled loading to an opening displacement of 25 mm then unloaded to zero displacement. Other
characterizations of the hybrid laminates and NiTi foil included differential scanning calorimetry (DSC), thermalmechanical analysis (TMA) and dynamic mechanical analysis (DMA) as well as optical microscopy (OM) and scanning
electron microscopy/energy dispersive spectroscopy (SEM/EDS) on the cross-sections and fracture surfaces of the tested
DCB specimens.
Computational Approach
Two-dimensional finite element analyses (FEA) of the DCB specimen were carried out using the commercial FEA
software ABAQUS to study the mode-I delamination behavior of the hybrid interface. The virtual crack closure technique
(VCCT) with B-K mixed mode fracture criterion was used to model crack propagation at the NiTi-PMC interface. Linear
incompatible plane strain elements (CPE4I) were used together with the built-in nonlinear geometric option in ABAQUS
activated. Transversely isotropic linear elastic material properties were used for the PMC while the NiTi foil’s nonlinear
isotropic material properties were modelled using a user material subroutine (UMAT) defining the SMA behaviors based on
the constitutive relations developed by Lagoudas et al. [7].
a)

Corresponding author. Email: hieutruong@tamu.edu

2314

PRELIMINARY RESULTS AND DISCUSSION
The micro-roughness pattern created by laser ablation on the NiTi foil surface is shown in Figure 1(a). Figure 1(b)
shows the fracture surfaces at the hybrid interface after a DCB test at 25 oC. It was observed that the dominant mode of
failure was cohesive. The crack first started adjacent to the NiTi surface (adhesive failure) then migrated into the PMC
region (cohesive failure) and remained there until the test completion. This suggests a strong hybrid NiTi-PMC interface
was achieved in this work. The critical mode-I fracture toughness of this interface is 685±7 J/m2. DSC measurements
showed that after undergoing laser ablation treatment and curing cycle, the NiTi foil still exhibited SMA behavior, and at 25
o
C, the material was fully in the austenitic phase. The DCB test results indicated phase transformation occured in the NiTi
foil during the test. This was evidenced by the residual opening displacement at no load after the test as illustrated in the
load-displacement plot in Figure 1(c) as well as the actual specimen shown in Figure 2(b) where the gap between the two
arms is ~1 mm. The FEA results illustrated in Figure 2(a) revealed that the residual displacement was 1.016 mm.

Figure 1. (a) Laser ablated NiTi surface (b) Fracture surfaces (c) Load-displacement curves from DCB tests at 25 oC and FEA

It can be seen from Figure 2(b) that stress-induced phase transformation occured in the NiTi foil in the vicinity of the
crack tip. Note that before loading, the foil was completely in the austenitic phase (0% martensitic vol. fraction). Before
crack growth from the pre-crack, the martensitic volume fraction in the foil reached 15.8% at the crack tip. As the crack
propagated, the region containing martensitic phase in the NiTi foil grew accordingly with a martensitic vol. fraction of
approximately 8%.

Figure 2. (a) Residual displacement in the DCB after unloading (b) Martensitic volume fraction in the NiTi foil near the crack tip

CONCLUSIONS
NiTi foil was successfully joined to a polyimide matrix composite laminate by co-curing. Robust adhesion between the
NiTi foil and composite was achieved by performing a combination of laser ablation and amide acid sol-gel treatment on the
NiTi surfaces. The mode-I fracture toughness of the hybrid interface was investigated by the DCB tests as well as FE
analyses. It was observed both experimentally and computationally that the NiTi foil underwent a phase transformation
during the DCB tests at 25 oC. Current analyses using DIC measurements and FEA are carried out to investigate the effects
of SMA phase transformation as well as interfacial architecture (topography created by laser ablation on the NiTi foil and
woven fabric reinforcements) on the strain energy release rates upon crack propagation.
ACKNOWLEDGEMENT

The authors acknowledge the financial support of the NASA Space Technology Research Fellowship Grant No. NNX14AM41H. The
fabrication, characterization, and fracture testing of the composites were performed at NASA Langley Research Center, Hampton, VA.

References

[1]
[2]
[3]
[4]
[5]
[6]

Zimmerman T. et al.: Adhesive Bonding of Hybrid Actuated Shape Memory Alloy-Composite Structures. SAMPE Fall 2010, Utah, USA, 2010.
Truong H.T.X. et al.: Fracture Toughness of Fiber Metal Laminates: CNT Modified Ti-PMC Interface. J. Comp Mat 48(22):2697-2710, 2014.
Truong H.T.X. et al.: An Investigation on Hybrid Interface Using On-line Monitoring Experiment and FEA. ICCM20, Copenhagen, Denmark 2015.
Truong H.T.X. et al.: Experimental and Computational Investigations of Hybrid Interfaces in Hybrid Composite Laminates. ASC30, Michigan, USA 2015.
Palmieri F.L. et al.: Laser Ablative Surface Treatment for Enhanced Bonding of Ti-6Al-4V Alloy. ACS App Materials & Interfaces 5(4):1254-1261, 2013.
Park C. et al.: Polyimide-Silica Hybrids Using Novel Phenylethynyl Imide Silanes as Coupling Agents for Surface-Treated Alloy. Int J. Adhesion &
Adhesives 20:457-465, 2000.
[7] Lagoudas D.C. et al.: Constitutive Model for Polycrystalline SMA with Smooth Transformation Surfaces. Int J. Plast 32-33:155-183, 2012.

2315

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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Abstract In this paper, we design and 3D print active shape memory polymer (SMP) composites which can show multi-shape memory

effect when stimulated by heat. This is achieved by carefully allocating two groups of fibers made of different digital shape memory
polymers that have different thermomechanical properties into different locations within the composite. After programming, these fibers
recover their shapes at different temperature, leading multiple shape change. By tuning the prescribed strain, programming temperatures,
and spatial distributions of these fibers, we can control the shape changing behavior of the printed structure. A theoretical model is also
applied to predict the deformation behavior of the sample during recovery procedure. The printed active composites (PAC) are then used
to create self-folding and self-opening structures.

INTRODUCTION
Active structures that are able to change the shape when subject to external stimuli such as temperature, light, electricity,
have great potentials in the packaging, aerospace exploring and bio-medical application [1][2]. Recent researches which
employ 3D printing to fabricate active structures have added new dimension to 3D printing, which is termed as 4D printing
[3][4]. The SMP fibers were embedded in the elastomeric matrix by 3D printing to create active structures, which was able
to fix a temporary shape and recover to the permanent shape when subject to heat. The multiple material 3D printing
technologies enable us to print multiple SMPs in one structure simultaneously, which provides a convenient method to
introduce more than one glass transitions points. By taking advantage of this advance, we can create structures with multishape memory effects if carefully designed. In this paper, we apply 3D printing to design and create multi-shape memory
composites by printing different digital SMP fibers in a rubbery matrix. After being programmed with simple thermalmechanical training, the printed material is able to form multiple temporary shapes and recover to the flat permanent shape.
To understand the shape memory behavior of the PACs, a theoretical thermomechanical model is established to investigate
the shape variation during the shape recovery procedure. The influence of the strain on the initial and maximum curvature
of the PACs is determined by experiments and theoretical modeling. Using the design methods and theoretical prediction,
we can design and fabricate several self-folding and opening structures by 3D printing.
RESULTS AND DISCUSSION
The shape memory behavior of the PAC strips.
The composites consist of three materials with different glass transition temperatures (T gs). All the samples are
fabricated using the multi-material 3D printer (Objet260 Connex, Stratasys Inc). Fig. 1a shows the design of a two-layer
composite. The matrix is TangoBlack+, which has the lowest T g (~2℃). Two families of digital SMP fibers with different
Tgs (fiber 1: DM8530, Tg~58℃; fiber 2: DM9895, T g~40℃,) are embedded in the two layers, respectively, with prescribed
volume fractions as shown in Fig. 1b. The common thermomechanical programming steps for shape memory effects are
used. We first stretch the composite strip at an elevated programming temperature TH =70℃, to a prescribed strain (ε0=10%),
and then cool it to the low temperature 0℃ (TL, which is Lower than Tgs of both fiber materials) while maintaining the
strain ε0. The applied strain is then released, which fixes the composite in the first temporary shape as shown in Fig. 1(b).
Upon heating, the strip gains the ability to deform due to the temperature dependent viscoelastic properties of the
matrix and fibers; the amount of deformation depends on the thermomechanical properties of the fibers and the matrix, the
programming strain and the ambient temperature. When we heat the sample to a temperature higher than the T g of the
matrix but lower than that of the fibers, the sample is able to change to a second temporary shape. Due to the long stress
relaxation time of the fibers at low temperatures, we are able to obtain a series of temporary shapes with different bending
curvatures if we increase the temperature in a staggered manner. Fig. 1(b) shows the experimental results of the shape of the
sample in three different temperatures (15℃, 30℃，60℃). The sequence of transformations of the 3D printed SMP
composites indicates that we can achieve multiple shape memory effects using convenient 3D printing technology with a
single simple programming process. Unlike conventional SME in polymers where the shape change is simply from one to
another; here, a simple stretch can create multiple shape changes.
Theoretical model for the multi-shape memory behaviors.
In order to better understand the deformation behavior of the SMP composites, a theoretical model is developed that
a) Corresponding author. Email: qih@me.gatech.edu.
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can be used to design SMP composites. In this model, the bending behavior of the composite strip is described using
classical laminate theory, and a multi-branch model is used to describe the viscoelastic mechanical behavior of the matrix
and fibers. Since the recovery speed is relatively fast, the heat transfer problem is considered to capture the non-uniform
temperature distribution in the sample during the heating process. Fig. 1g shows the comparison of the experimental and
theoretical predictions of the initial and maximum curvatures of the PAC sample with different prescribed strains during the
heating process. We can see that the model can predict the shape memory behavior well.

(c)

Figure 1 Multi-shape memory effects of a PAC strip. (a) The design of the sample (b) Shapes of the sample at different
temperature. (c) The comparison of the experimental and theoretical predictions of the initial and maximum curvatures of
the sample when different prescribed strains are applied.
Application of the PACs: self-folding and self-opening structure.
As described above, by tuning the prescribed strain, the bending of the SMP composites can be controlled. We design
and fabricate self-folding and opening structure that exploits this phenomenon based on our understanding. Here we show
one example: a smart hook (Fig. 2). In this design, two 3D printed composites strips are connected at the ends. The structure
was stretched by10%, cooled to 0℃ and relaxed under 0℃ water. The programmed flat sample can be used as a hook
move a small box from one container to another. The sample was first put into hot water with temperature of 30℃ (Fig 2bc). After 38s, the sample becomes a curved hook. Using this hook, we can lift up a small basket from water (Fig. 2d). To
move the box into another container, we increase the temperature of the sample to be higher than the T gs of the fibers (Fig.
2e-f). From the simple design, we can see the great potential of using the 3D PACs in creating smart structures.
(a)

(b)

(c)

(d)

(e)

(f)

Figure 2 Self-folding and self-opening structures: smart hook.
CONCLUSIONS
3D printing is applied to design and create multi-shape memory composites. After being programmed by simple thermalmechanical training, the PACs are able to show multi-shape memory effects when stimulated by the external heating. To
understand the multi-shape memory behaviour of the PACs, a theoretical thermo-mechanical model is established to investigate
the curvature evolution during the shape recovery process. The influence of the programming strains on the initial and maximum
curvature of the PACs is studied by experiments and theoretical analysis. Using the design methods and theoretical prediction,
we show the great potential of PACs in self-folding and opening structures applications.
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Summary Co-continuous polymer composite materials are designed and fabricated using 3d printing technique. Compression and 3 point

bending tests are performed to achieve stiffness, strength and energy absorption abilities. The experimental results will be compared to the
simulation results and to validate and improve the design of structures. The co-continuity of the structures contains cracking and spreads of the
plastic deformation leading to enhancements of energy dissipation, which also provides damage tolerance of the co-continuous composites.

INTRODUCTION
Interpenetrating phase composites (IPCs), also known as co-continuous composites, have been proposed to improve the
dispersion and to increase the volume fraction of reinforcing phases [1, 2]. Natural and synthetic co-continuous composites,
comprised of hard and soft materials, can provide excellent effective properties including stiffness, strength, impact
resistance, toughness, and energy dissipation [3, 4]. In this research, we propose to develop high-performance co-continuous
polymer composite materials through an integrated approach combining design, fabrication, analysis and testing aspects to
better understand structure-property-function relationships for achieving desired mechanical properties.
EXPERIMENTATION
Three types of co-continuous truss structures with simple cubic (SC), body-centered cubic (BCC), and face-centered
cubic (FCC) Bravais lattices were designed and fabricated with an Objet Connex500 3D multi-material printer (Objet260
Connex, USA). VeroWhite, an acrylic-based photo-polymer, was used for the truss phase structures, and TangoPlus, a
rubber-like flexible material was used for the inverse phase structures. For each set of designs, the volume fraction of truss
phase were held as 20%, 30%, 40% and 50%. The 50%/50% composites consists of 4x4x4 unit cells for compression testing
and 4x4x24 unit cells for flexure testing. Three samples of each design were tested and average values were determined and
presented for the analysis.
Compression tests and three point bending tests were performed using a MTS mechanical tester for force displacement
measurements in conjunction with a video camera. All experiments were quasi-static with a constant strain rate of 0.05
mm/s for compression tests and 0.1 mm/s for three point bending tests. Three samples of each design were tested, and
average values were determined and presented for this analysis.
We also investigate the elastic-plastic mechanical response of these composites using finite element analysis (FEA) of
micromechanical models of representative volume elements (RVEs) for each microstructure with 50% volume fraction of
each phase.
RESULTS
The experimental and simulated stress-strain curve of the three co-continues composites for compression testing are
shown in Fig. 1(a). Typically, three regimes in the course of deformation are clearly observed in the stress-strain curve of
the composites: (i) initial linear elastic region; (ii) plastic collapse plateau region, so called transition zone; and (iii)
densification region. The computed stress-strain curve predicts the typical three regions well, which is in agreement with the
experimental data. The simulated stresses are higher than the corresponding experimental values most likely due to the
fidelity of the 3D print process. Although Objet260 has a stated resolution of ~30 μm, the accuracy can still affect the
volume fraction and distribution of each phase. Also layer to layer structures may induce the sliding process during the
uniaxial compression which may reduce the Young's modulus and yield stress as shown in BCC and FCC composites. The
nominal stress-strain curves show the repeatability up to 40% compression strain of BCC and FCC composites while less
than 10% compression strain of SC composites. Fig. 1(b) shows the comparison of the von Mises stress of the cocontinuous composites and the experimental images. Cracking is observed to occur in the interior of a glassy polymer
region rather than at an interface between phases at large strains (26% of BCC). However, these cracks do not reduce the
stress level. Because the co-continuity of the structure constrains the cracking and enables these composites to provide
energy absorption to larger strains before catastrophic failure in BCC and FCC composites. For FCC composite, cracking is
not observed, instead a global shear failure occurs. Thus for this composite, strain hardening curves are smooth. The SC
structure possesses an axially oriented columnar glassy region which supports load in direct compression deformation
giving the stiffer stronger behaviour as compared to the FCC structure which carriers the <100> loading primarily through
bending/shear deformation of the constituents. Similar to experimental results, simulation results indicate that deformation
a)
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of glassy polymer in the SC, BCC and FCC structure was restricted by the presence of rubbery elastomer phase. The
elastomer also acted as a barrier to crack propagation, forcing the crack to keep growing within the glassy polymer. These
results suggest good ability to tailor the microstructures to achieve different failure mechanisms to enhance energy
dissipation under large deformation.

Fig. 1 (a )Simulated and experimental stress-strain curves upon uniaxial compression with SC, BCC, FCC composites; (b)
Comparison of experimental images and computed von Mises stress of three co-continuous composites (only glassy polymer is shown)
during uniaxial compression in the FE model. Points O, P, Q and R denote each position in the stress-strain curve (marked in (a)) .

Fig. 2 indicates the flexure properties of three samples. It can be seen that the SC composites exhibit higher flexural
stiffness as well as maximum allowable loading compared to BCC and FCC composites. On the other hand, the FCC
composites exhibit higher resilience compared to SC and BCC composites with approximately 100% more maximum
deflection. This will contribute to the total energy absorption of FCC samples. Furthermore, BCC composites show both
weak flexure stress and flexure strain properties. Simulation results fit very well with experimental results. The comparison
of von Mises stress of three samples show that FCC structures exhibit more dispersed localized stress concentration while
SC and FCC structures exhibit localized stress concentration at the point where fracture are observed.

Fig. 2 Experimental flexure stress-strain curves upon three point bending tests with SC, BCC, FCC composites. Comparison of
experiment and simulation (only glassy polymer is shown).

CONCLUSIONS
In the current work, the compression and bending tests revealed that our co-continuous structures exhibit large energy
dissipation while maintaining sufficient stiffness and possess considerable potential specifically for energy absorption
applications. This could be largely due to the co-continuity of the structures by containing cracking and by spreading of the
plastic deformation, which also provides damage tolerance of the co-continuous composites.
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Summary We present a multiscale experimental and computational investigation of the effects of interphase and microstructural variations on
the initiation and density of transverse cracks in carbon fiber reinforced composites. Interface and matrix properties are systematically varied by
fabricating composites with a range of surface treated carbon fibers under different processing conditions. Fiber/matrix interface strength is
characterized through single fiber microbond experiments. Spatial variation in interphase chemical composition is measured using a new atomic
force microscope based infrared spectroscopy (AFM-IR) technique. Composites are tested in transverse tension and the initiation and density of
cracks correlated with changes in interface/interphase properties. Results from experiments are used to calibrate and compare to predictions
from an interface-enriched finite element model.

INTRODUCTION
Characterization of the failure process in fiber-reinforced polymeric composites is complex and spans multiple length
scales. Thermal and mechanical fatigue loading initiate failure of the fiber-matrix interface and cause significant matrix
microcracking. This micron and submicron level damage reduces stiffness and weakens resistance to environmental
exposure, facilitating larger scale delamination’s and crack growth. Damage at the level of the fiber-matrix interface also
plays a key role in the fracture response of the composite. The progressive debonding and pull-out of fibers in the bridging
zone behind the crack front provide a major source of energy dissipation and toughening to the composite.
The formation of transverse matrix cracks in cross-ply polymer matrix composites leads to reduced stiffness, diminished
elastic properties, and the potential for reduced strength and damage tolerance. Although a widely studied problem,
improved understanding of the variables controlling transverse crack initiation is still needed for accurate modeling of this
damage mode. In this study, digital image correlation is used to measure full field strains in a model cross-ply laminate
system. These strain fields are correlated with the fiber/matrix interface properties, stochastic variations in the
microstructure, and the residual stresses induced during processing. The experimental results are used to calibrate an
interface-enriched finite element model (IGFEM) being developed in collaboration with this work.
INTERPHASE CHARACTERIZATION
We first characterized interface strength and interphase gradients for systematic variations in carbon fiber surface
treatments and epoxy matrix cure conditions. An atomic force microscope based infrared spectroscopy (AFM-IR)
technique, shown schematically in Fig. 1a, was used to detect chemical gradients in carbon fiber (AS4) reinforced epoxy
(diglycidyl ether of Bisphenol-A, butanedioldiglycidyl ether, 2,2’-Dimethyl-4,4’methylenebis(cyclohexylamine)) systems.
AFM-IR can measure the full IR spectra at localized points, or map the absorption of a single wavenumber over an area
with 100 nm resolution. AFM-IR spectra of the bulk matrix material were in good agreement with spectra collected by
traditional FTIR, particularly in the high wavenumber range above 2500/cm. Aromatic, aliphatic, hydroxyl, and ether
groups are independently mapped in parallel with AFM
topography. Significant contrast differences in the aromatic
and aliphatic responses occurred in a region less than 1
micron from the fiber’s surface. The influence of fiber
surface treatments on interphase formation was also
investigated by sampling multiple fiber types: untreated,
oxidized, and epoxy-compatible sized. Fibers are
characterized by measuring the elemental compositions at
their surface using x-ray photoelectron spectroscopy (XPS).
The interfacial shear strengths of these composite systems
are measured using the single fiber microbond test [1]. The
influence of the interphase region on interfacial shear
strength, residual stress development and local matrix
Figure 1. Schematic diagram of nano-IR2 components and
toughness is discussed in the context of interface failure.
representative spectra (image taken from Anasys Intruments).
a)
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TRANSVERSE CRACK INTIATION AND EVOLUTION
Micromechanical and laminate level characterization was carried out on carbon fiber /epoxy composites fabricated from the
identical constituent materials used in fiber/matrix interface investigation. Hence composite laminates with systematic
variations in fiber surface treatment (interface strength) and matrix cure state (residual stress) were investigated.
We have developed a unique experimental capability to measure full field strains at the microscale in composites [2,3].
Fluorescent nanoparticles were fabricated and used as a
speckle pattern for digital image correlation (DIC).
Composite specimens are tested in a custom load frame
under a fluorescent microscope. Figure 2 contains a plot
of full field strain measured under transverse loading of a
carbon fiber composite. Significant strain concentrations
occur in resin rich regions of the microstructure. Here,
we investigate the effect of carbon fiber interfacial
surface treatment and matrix cure state on localized
transverse strain fields and crack initiation. The full field
data generated for the different types composites also
provide a means for validation of multiscale numerical
models.
In addition to microscale characterization of strain
fields, we carried out macroscale transverse loading of
composite laminates to calculate the effects of fiber
surface treatments and matrix cure states on crack
initiation, crack density and spacing of cracks in these
laminates. Acoustic emission was used to determine
crack initiation and crack density was characterized by
Figure 2. Localized, full field strain contours of a carbon
optical imaging. Changes in elastic modulus were also
fiber/epoxy matrix composite under transverse loading. Strain
measured as a function of crack damage evolution. The
! = 158 MPa overlaid on
contour plot at 𝜀!!!!
!! = 0.31% and 𝜎
data generated provided macrolevel validation of the
optical image of composite specimen [4].
simulations of transverse damage.
CONCLUSIONS
A multiscale experimental and computational investigation was carried out to elucidate the effects of interphase and
microstructural variations on the initiation and density of transverse cracks in carbon fiber reinforced composites. Composites
were fabricated with varying interface properities under different processing conditions. Single fiber level microbond
experiments revealed significant changes in interfacial shear strength for different fiber surface treatments and cure conditions.
Spatial variation in interphase chemical composition was characterized by atomic force microscope based infrared spectroscopy
(AFM-IR) technique. Microscale level strain measurements revealed significant changes in strain distribution with variations
occur in interface properties and microstructure. Composite level tests showed that the initiation and density of transvers cracks
also correlated with changes in interphase properties and processing conditions. The experimental results were used to calibrate
and compare to predictions from an interface-enriched finite element model.
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Summary. A quasi-brittle polymer material used as matrix in composites was characterized under various states of stress at various strain
rates. It was shown that characteristic properties, such as the yield stress, vary linearly with the logarithm of strain rate. Furthermore, it was
observed that the onset of yielding under any state of stress is governed by the tensile yield stress or yield strain. The onset of yielding in a
composite lamina was also characterized under multi-axial states of stress and varying strain rates. It was shown that yielding can be
described by criteria entirely analogous to the Northwestern failure criteria. Yield stresses varied linearly with the logarithm of strain rate.
Thus, a master yield envelope was obtained for the lamina for varying strain rates and states of stress. Excellent agreement was shown with
experimental results.

INTRODUCTION
A new failure theory was introduced recently, the NU-Daniel theory. It was shown how this theory can be applied to
predict failure of composite materials under multi-axial loading at various strain rates [1-3]. The significance of this work is
that it provides an accelerated process for screening and adoption of new materials and understanding the behavior of
composite structures under multi-axial static and dynamic loads.
In the case of multidirectional laminates it is important to determine the in-situ state of stress in every lamina and follow
damage progression starting with first-ply yielding (FPY), first-ply failure initiation (FPFI), first-ply failure saturation, or
characteristic damage state (CDS) and ultimate laminate failure (ULF). The yield analysis described in this work provides a
conservative lower bound for design. It then leads to understanding the failure progression up to ultimate laminate failure
(ULF).
PROCEDURES AND RESULTS
Yield criterion for polymeric matrix
A quasi-brittle polymer material used as matrix in composites was characterized under tension, compression, shear and
combinations of shear and normal tensile or compressive stress. Testing was performed over a wide range of strain rates,
ranging from quasi-static to dynamic [4]. Stress-strain curves were obtained for all loading conditions. It was shown that
characteristic properties, such as the yield point, vary linearly with the logarithm of strain rate. Furthermore, it was observed
that the onset of yielding under any state of stress is governed by the tensile yield stress or yield strain (Fig. 1). This led to the
proposal of a simple one property yield criterion which may be independent, or at least not sensitive, to strain rate [5].
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Fig. 1. Mohr circles of strain transformation for a polymeric matrix
under uniaxial tension, compression and shear
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Yield criteria for composite lamina
The onset of yielding in a composite lamina was also characterized under multi- axial states of stress and varying strain
rates. It was shown that the onset of yielding can be described by criteria entirely analogous to the Northwestern failure
criteria. Yield stresses varied linearly with the logarithm of strain rate. Thus, a master yield envelope was obtained for the
lamina for varying strain rates and states of stress. Excellent agreement was shown with experimental results (Fig. 2)
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Fig. 2. Comparison of classical and NU yield envelopes with experimental results for
IM7/8552 composite under quasi-static and higher strain rates
Yielding behaviour of angle-ply laminates
The yield analysis of the lamina was applied to angle-ply laminates under similar loading conditions. Processing residual
stresses were calculated and included in the determination of in-situ lamina stresses. Yield stresses and yield envelopes were
determined for the laminates and yield envelopes were obtained. Again, taking advantage of linear variation of yield stresses
with the logarithm of strain rate, leads to the collapse of the various yield envelopes into one master yield envelope. All yield
envelopes were in very good agreement with experimental results (Fig. 3).
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Fig. 3. Angle-ply yield envelopes and experimental results under quasi-static
and high strain rate loading
CONCLUSION
The research described above is based on an interactive experimental/analytical approach yielding easily implemented
design tools for composite structures. Steps are described for a systematic approach for analysis of progressive failure in
structural composite laminates, starting from matrix yielding, to lamina yielding, followed by first-ply-yielding in a laminate,
first-ply failure initiation, lamina failure saturation up to ultimate laminate failure. The research offers a unique and expedient
path for screening, evaluation and adoption of new candidate materials obviating the need for lengthy and expensive test
protocols. Results of this research serve as an indispensable input for numerical programs.
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DYNAMICS OF MICROSCALE GRANULAR CRYSTALS
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Summary The contact-based dynamics of ordered and reduced-dimensional arrays of microspheres, or “microscale granular crystals,” are
investigated. Mono- and multilayer microscale granular crystals are fabricated on substrates using self-assembly fabrication methods, and
their dynamics are characterized using laser ultrasonic techniques. The observed dynamics are compared with analytical and computational
models. As part of these studies, we have made several recent findings. We revealed interparticle-contact-mediated dynamics of microsphere
monolayers that occur within the sagittal plane, including an out-of-plane mode of the monolayer and two transverse-rotational modes. We
characterized the variation of the out-of-plane contact resonance with microsphere radius and oscillation amplitude. Finally, we studied plane
and surface wave propagation in multilayer microscale granular crystals. These studies will lead to a better understanding of microscale
contact dynamics and to a new class of microstructured materials for stress wave tailoring that can be assembled en-masse via self-assembly
fabrication techniques.

Granular materials are a complex mechanical system known to yield rich acoustic phenomena [1]. Such phenomena results
from granular media’s often heterogeneous structure and the nonlinear contact mechanics between its constituent particles.
Within this scope, ordered and reduced-dimensional arrays of elastic spherical particles in contact have proven to be systems of
considerable interest [1, 2, 3]. These simplified systems, often referred to as “granular crystals,” provide an avenue for gaining
a broader understanding of granular media dynamics and can be configured as nonlinear phononic crystals or metamaterials for
stress wave manipulation and acoustic signal processing applications [2]. While granular crystals have hitherto been typically
constructed from macroscale particles [3], the acoustics of microscale granular crystals is a recently emerging field [4, 5, 6, 7].
The study of microscale granular crystals involves physical phenomena that are unique from their macroscale counterparts.
For instance, van der Waals adhesion can be neglected when describing the contact mechanics between macroscale particles,
but plays a major role in the contact mechanics of microscale particles.
The microscale granular crystals utilized in our experiments
are fabricated using self-assembly techniques. Particle materials
include silica and polystyrene, and particle diameters range from
300 nm to 4 µm. Two-dimensional crystals, as shown in Fig. 1,
are fabricated using two techniques: a “wedge-cell” convective
self-assembly technique, and a modified Langmuir-Blodgett technique where the microspheres are assembled at an air-water interface and transferred to a substrate. To fabricate three-dimensional
structures, we utilize a vertical deposition convective self-assembly
technique.
The acoustic response of the microscale granular crystals are
characterized using several complementary laser ultrasonic techniques. In each case, acoustic waves are generated by rapid thermoelastic expansion of metal transducer film on a substrate caused
by the absorption of nanosecond “pump” laser pulses. The microscale granular crystal is adhered to the transducer film such that Figure 1: Scanning electron microscope image of a twothe crystal and substrate are excited dynamically. Several types of dimensional microscale granular crystal on a substrate.
excitation are utilized, including line sources and large diameter
(compared to the microsphere diameter) pump spot excitations that have spatially-periodic or gaussian amplitude profiles. To
measure the resulting dynamics of the microscale granular crystals, we leverage several optical characterization approaches
or that utilize interferometric, diffractive, and deflection mechanisms. Each approach provides unique information regarding
the crystal’s acoustic response.
Our initial studies focused on the dynamics of a two-dimensional microscale granular crystal on a substrate. For a twodimensional microscale granular crystal on an substrate, three modes of vibration are predicted having motion in the sagittal
plane, including including one having out-of-plane motion of the spheres, and two with combined rotational and in-plane
translational motion [6]. For spheres of ∼ 1 µm diameter, these modes are expected to have resonance frequencies ranging
from tens to hundreds of megahertz. In our experiments, we observed each of these three modes by studying the resonant
attenuation of broadband surface acoustic waves (SAWs) propagating in the substrate [7]. The broadband SAWs were generated using a line source located outside of the granular crystal. The SAW wavepacket crosses into the granular crystal at a
flat interface created using a micro contact printing technique. The propagating SAWs are measured using a photo-deflection
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technique. By calculating the two-dimensional Fourier transform magnitudes of the spatiotemporal data corresponding to
the SAWs propagating in the region with the monolayer, the dispersion curves were visualized. In the dispersion curves, the
middle, and most strongly coupled, resonance, which corresponds to the out-of-plane mode, showed a clear avoided crossing
with the Rayleigh surface acoustic wave branch. The other two resonances, corresponding to rotational-translational modes,
appeared as attenuation zones along the Rayleigh branch. The nature of each mode was further confirmed by the utilization
of a large pump spot excitation with interferometric detection, which is predominantly sensitive to the out-of-plane motion of
the monolayer. We also coated the granular crystal with varying thicknesses of aluminum, which stiffens the interparticle contact and selectively shifts the frequency of the rotational-translational modes as was predicted by our models [6]. Following
these experiments, the dependence of the out-of-plane contact resonance on amplitude and particle size was also studied, and
compared with predictions utilizing elastic and elasto-plastic contact models.
The acoustic response of ordered and disordered multilayer microscale granular crystals were also studied. The multilayer
microscale granular crystals studied ranged from two to ∼ 50 layers thick. For crystals that are a few layers thick, surface
waves were generated and measured using laser induced transient grating spectroscopy and compared with analytical models
describing surface waves in a layered half space. For thicker samples, the effect of static compression and pump amplitude on
plane wave propagation in the microgranular medium was explored utilizing large pump spot generation and inteferometric
detection. The measurements were compared with effective medium models accounting for effects due to particle contact
nonlinearity.
These experiments open the door for the study of ordered and reduced-dimensional microscale granular systems. In contrast to their macroscale counterparts, microscale granular crystals offer similar potential as dynamically adaptive material
systems, but have smaller overall system scales, can be fabricated in rapidly and in large quantities utilizing self-assembly
techniques, and may enable multifunctional material system concepts with acousto-optic or acousto-plasmonic functionalities. The experiments presented in these works represent a novel method for characterizing the contact dynamics of microscale
particle networks. These studies provide new information regarding microscale particle contact mechanics and network formation, and will lead to an improved understanding of wave propagation in microscale granular media. Applications of these
findings may include areas such as shock mitigation, energetic materials, seismic exploration, powder processing, and acoustic
signal processing and sensing.
The author acknowledges the collaborators on these projects: J. Eliason, A. Kumar, N. Fang, T. Gan, A. Maznev, K.
Nelson, N. Vogel, V. Gusev, A. Khanolkar, M. Hiraiwa, S. Wallen, and M. Abi Ghanem. The author also acknowledges
support from the National Science Foundation (grant no. CMMI-1333858), the Army Research Office (grant no. W911NF15-1-0030), and the University of Washington Royalty Research Fund.
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Summary Double scale asymptotic expansion provides the dynamic constitutive equations of a composite containing homogeneous inner
inclusions. Under specific conditions, this behaviour exhibits a frequency dependent specific mass that can become negative for some
frequency ranges, i.e. the composite is a metamaterial. The paper presents the exact computation of the frequency dependent specific mass
for composites containing inner spherical inclusions, after solving the dynamic localization problem.

INTRODUCTION
A significant amount of research has been devoted recently to metamaterials, first in the field of electromagnetism and more
recently in the field of acoustics. One of the main features of metamaterials is the occurence of a frequency varying specific
mass that becomes negative within some frequency ranges. Such a feature was early predicted by using homogenization
methods based on multiple scale expansions[1, 2] in the case of elastic composites containing homogeneous inclusions. From
a practically point of view, the negative specific mass can be obtained by solving a localization problem. We present the
solution of this problem for spherical inclusions, including the resonance frequencies and the participation factors of the
different modes.
ASYMPTOTIC EXPANSION RESULTS
One considers an elastic matrix(m)-inclusions(i) composite. This composite is characterized by the elasticity tensors a (k)
, with k = m, i and specific masses ρ(k) ot the constituents and submitted to a harmonic excitation at radial frequency ω .
The size l of the inclusions is assumed to be small compared with the size of the domain containing the solid composite. In
addition, it is assumed that there is no diffraction of waves by inclusions, i.e. the wavelength Λ within the matrix related to
radial frequency ω is large compared with l. As a consequence, a natural scaling parameter is the ratio  = Λl . If the inclusions
are soft enough, resonance can occur within the inclusions, i.e. ”inner resonance” appears. Finally, it has been shown [1, 3]
that such an inner resonance occurs under the following conditions:
ρ(i)
ρ(m)
||a(i) ||
||a(m) ||

= O(1)

(1)

= O(2 )

Under these conditions it has been shown that one can consider each inclusion as being submitted to the inertial acceleration γ (m) = −ω 2 u(m) of the matrix in the neighborhood of that inclusion. Then, the composite exhibits a tensorial frequency
dependent dynamic specific mass given by:
ρef f (ω) =< ρ > i + ρ(i) h(ω)

(2)

where tensor h(ω) is a function of ω depending on the eigenfrequencies ω p and eigenmodes v p that are solutions within the
inclusion of
div(a(i) : (vp ) + ρ(i) (ω p )2 vp = 0
(3)
with vp = 0 on the boundary of the inclusion (fixed boundary.
The eigenmodes of interest are those that are excited for a direction of γ (m) along a given unit vector e z . Having obtained
these eigenmodes, tensor h is isotropic (for spherical inclusions) with h = hi where
h = c i Σ∞
p=1

(< vp > .ez )2
1
1
p
. ωp 2
= c i Σ∞
p=1 K . ω p 2
p
2
< ||v || > ( ω ) − 1
( ω ) −1

(4)

< f > represents the volume average of f over the inclusion, c i is the volume concentration of inclusions and K p the
participation factor related to mode p. This function and therefore the dynamic specific mass tends to −∞ for ω just above
each eigenfrequency ω p . As a consequence, the overall specific mass becomes also negative in some frequency range.
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Figure 1: Resonance frequencies and participation factors for composites containing soft spherical inclusions of radius a
EIGENMODES OF A SPHERICAL INCLUSION
Classical works provide the eigenmodes of a sphere free at its boundary [7, 8]. The case of fixed boundary is less frequently
seen but was studied early by Debye[6]. Some eigenfrequencies for the fixed boundary were obtained also by Schafbuch et
al.[5]. The eigenmodes are obtained from the classical solution of the dynamic displacement field in spherical coordinates [7]
using separated variables , that can be expressed by using spherical bessel functions j n and associated Legendre functions P nm .
An important part of our work has been to select the eigenfrequencies of interest for the homogenization problem. Indeed,
taking into account the axial symmetry of the problem related to a given direction of matrix acceleration γ (m) and due to
the fact that the integral over the sphere of many of the separated solutions is null, the only case to consider corresponds to
m = 0, n = 1. Then, the solution of the boundary problem within the sphere (omitting p index) is given using spherical
coordinates by:
vr
= Ar [U1 (αr) + q.U3 (βr)]cosθ
(5)
vθ = = − A
r [V1 (αr) + q.V3 (βr)]sinθ
where U1 , U3 , V1 , V3 are expressed using spherical Bessel functions j 1 and j2 , A and q being constants. α and β are the
wavenumbers α = ω/c p , β = ω/cs where cp and cs are velocities of P-waves and S-waves. The eigenfrequencies are
obtained by writing the boundary condition of null displacement at the boundary r = a of the sphere, leading to the equation
for the nondimensional eigenfrequencies:
[j1 (qω ∗ ) − qω ∗ j2 (qω ∗ )][2j1 (ω ∗ ) − ω ∗ j2 (ω ∗ )] − 2j1 (ω ∗ )j1 (qω ∗ ) = 0

(6)

where q = cs /cp and ω ∗ = ωa/cs . The expressions of v r and vθ are obtained by introducing the eigenfrequencies within
equations (5), that allows us to compute the averages in (4) and therefore the participation factors K p . Figure 1a displays the
eigenfrequencies as functions of the Poisson’s ratio and figure 1b displays the related participation factors. The figure shows
that the resonance frequencies increase with the Poisson’s ratio, as for the case of composites containing composite inclusions
[4]. The participation factor of the first mode is predominant at lowest values of Poisson’s ratio ν, but its contribution decreases
with the Poisson’s ratio, becoming inferior to the one of the second mode near ν = 0.5. The higher modes, not shown here,
have all participation factors lower than 0.1.
CONCLUSIONS
A dynamic behaviour of metamaterial type is obtained for composites containing soft spherical inclusions, using asymtotic expansion to characterize the scaling of physical poperties leading to such a behaviour. An explicit expression of the
dynamic effective specific mass has been obtained for the case of spherical inclusions, including only the eigenfrequencies
that contribute to the specific mass.
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Summary Elastomers are used as the dielectric layer in capacitors. Their electric capacitance depends on the configuration of parallel
conductive plates and the permittivity of the dielectric material. The properties of composite materials can be altered by varying their filler
structures. We examine the influence of chain-like structures introduced into polydimethylsiloxane-iron particle dielectric composites on
its permittivity using numerical approaches. Parameters studied include the filler volume fraction, clearance between the chain ends and
the conductive plates, spacing between adjacent chains, inter-particle spacing within each chain, and radius of the filler particles. The
permittivity increases with volume fraction and inter-chain spacing but decreases as particle size increases. The introduction of chains into
polydimethylsiloxane(PDMS) increases the permittivity up to ≈ 1.8 times that of composite with randomly distributed particles, but the
particle must be connected for this enhancement. This result is useful for further development of the electrical applications of elastomeric
composites.

INTRODUCTION
Rubber-like materials, such as silicone rubber, are good electrical insulators and serve as the dielectric medium in capacitors due to their low cost, light weight, and excellent hydrophobicity. Adding conductive filler particles into the elastomer
improves the electric properties such as the effective permittivity of the composite. Based on conventional theory, the effective
properties of a composite depends only on the volume fractions of the respective individual constituents and their properties.
The geometry of the filler constituent also influences these effective properties [1]. An embedded geometry can be created by
applying an external field on a liquid polymer that is infused with suspended particles, e.g., a magnetic field with the magnetic
nanoparticles (MNPs) contained in a ferrofluid [2]. After the polymer is cured, the nanoparticle distribution is locked in place
and the external field can be removed. A common geometry created using MNPs is chain-like structure. The influence of
embedded chain structures on the electric permittivity of an elastomeric composite is not well understood, whereas it could
be beneficial for the development of electronic applications such as 3D circuit boards [3], flexible electronics [4], 3D printed
sensors [5], data storage [6] and optics [7] etc.
METHODS
A DC electric capacitor with dielectric PDMS and iron particle composite was modeled at steady state using COMSOL
Multiphysicsr 5.1 to investigate the effect of particle organization on the permittivity of the composite. The capacitor was
constructed using two parallel plates containing a particulate filled elastomer as the dielectric medium that had embedded
linear chains of spherical particles, as shown in Fig. 1. The investigation considered the influence of (1) inter-particle distance
h1 , (2) inter-chain distance h2 , (3) clearance between the upper plate and the chain end h3 , (4) particle radius r, and (5) filler
volume fraction ψ.
The effective relative permittivity of this dielectric composite was obtained from the capacitance of the parallel plate
capacitor using the relation,
ε0 εA
C=
,
(1)
d
where C denotes the capacitance, ε0 the absolute permittivity of free space, ε the relative permittivity of the dielectric medium,
A the surface area of single plate, and d the distance between the two parallel plates of the capacitor. The permittivity of PDMS
is 2.69 and of iron is assumed to be 2.8 × 105 , which approaches an inordinately large value compared to 2.69 for an ideal
metal [8]. A, d, and the applied voltage across the plates were kept constant as 314 µm2 , 7 µm, and 1 µV, respectively. Once
the overall capacitance is obtained from the simulation, the effective relative permittivity of the composite can be determined.
In order to study the effect of the embedded chain structure, a permittivity index is introduced as
Permittivity Index =

ε
εrandom

,

(2)

that rationalizes the effect on the permittivity of the composite with chain structure (ε) by normalizing it to the permittivity
of the same composite with randomly distributed filler particles (εrandom ). Various procedures were performed to verify this
model approach.
* Corresponding
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Figure 1: Demonstrations of the simulation model and the
schematic of the chain-like structure. d is the constant distance between the two plates. The parameters studied are h1
inter-particle spacing, h2 inter-chain spacing, h3 clearance between the top plate and the chain end, and r the radius of the
particle.
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Figure 2: The permittivity index ε/εrandom influenced by (a)
inter-particle spacing h1 /2r, (b) inter-chain spacing h2 /2r,
(c) chain end clearance h3 /h3initial , and (d) particle size r. (a)
and (d) are functions of ψ while (b) and (c) are at ψ = 0.87

RESULTS AND DISCUSSIONS
By organizing the filler particles into chain structures, the effective permittivity of the composite material is enhanced. The
permittivity increases with increasing filler volume fraction and reaches saturation when the volume fractions are above 0.09
(Fig. 2a and d). Increasing the inter-chain spacing h2 also increases the permittivity (Fig. 2b). When linear chains are placed
off center, the change in the clearance h3 does not have a strong influence on the permittivity (Fig. 2c). When the composite
contains chains composed of smaller particles, its permittivity is higher than with bigger particles when the volume fraction
is less than 0.1. For larger volume fractions, the difference between use of smaller and larger particles is negligible (Fig. 2d).
Permittivity is enhanced when particles become connected, i.e., h1 /2r = 0 and it drops rapidly with increasing inter-particle
spacing h1 .
The permittivity enhancement can be explained by observing how electric field lines reorient and concentrate around the
linear chains of the conductive filler particles. The reorientation and concentration of electric field lines induces a more organized and stronger polarization within the dielectric composite that has an organized chain structure than one with randomly
distributed particles. The higher polarization leads to a larger decrease in the electric field in between the plates and a higher
charge accumulation at the parallel plates of the capacitor. Since a higher charge results in a higher capacitance for a constant
voltage, the higher effective relative permittivity of the composite is achieved by maintaining other parameters in Eq. 1 the
same.
Admittedly, our results are based on assumptions and generalizations made in the simulations, such as constant particle
sizes, the absence of entangled and branched chains rather than the ideal linear chains we have considered, a steady electrostatic condition, temporally stable composite properties, and absence of fatigue and hysteresis. Despite these assumptions,
our findings provide a conceptual trend for designing materials with improved electric permittivities by simply organizing the
particles into chain-like structures with (1) connected conductive particles, (2) large inter-chain spacing, and (3) smaller size
particles.
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Summary The effect of filler addition on the mechanical and piezoelectric properties of polyvinylidene fluoride (PVDF) is studied for

two reinforcements, namely, multi-walled carbon nanotubes (MWCNTs) and barium titanate (BaTiO3) nanoparticles. Addition of
BaTiO3 nanoparticles and MWCNTs to PVDF resulted in reduction of Young’s modulus by approximately 60 and 75%, respectively.
BaTiO3 nanoparticles increased elongation at break by about five times that of PVDF and generated about 3.5 mV of output.

INTRODUCTION
Polyvinylidene fluoride (PVDF) is a well-known piezoelectric polymer used in actuation, sensing and energy
harvesting applications. Being a polymer, PVDF possesses the characteristics of low density, flexibility and
printability in contrast to the conventional highly piezoelectric ceramic materials like lead zirconium titanate (PZT)
and barium titanate (BaTiO3). The piezoelectric coefficient (d33) of PVDF is 33 pC.N-1 [1], which is much lower than
that of PZT, 360 pC.N-1 [2], and BaTiO3, 260 pC.N-1 [3]. The addition of multi-walled carbon nanotubes (MWCNTs;
0.03 wt.%) has shown to increase the piezoelectric coefficient of PVDF to 57.6 pC.N-1 [4]. But the addition of fillers
can have an adverse effect on the flexibility and printability of PVDF. The effect of nanoparticle addition on
printability was studied in our previous work using solvent-cast 3D printing technique [5]. PVDF/BaTiO3
nanocomposites were more printable than PVDF/MWCNT nanocomposites due to the inhomogeneous mixing of the
nanotubes leading to considerable nozzle clogging during printing. Here, the effect of addition of MWCNTs and
BaTiO3 nanoparticles on the mechanical and piezoelectric properties of PVDF is investigated.
MATERIALS AND METHODS
PVDF (Sigma Aldrich) was mixed with 1 wt.% BaTiO3 nanoparticles (Nanostructured & Amorphous Materials
Inc.) and MWCNTs (NanocylTM) by ultrasonication to prepare nanocomposites according to the process described in
[6]. PVDF and its nanocomposite solutions (further referred to as ‘inks’) were poured into 3 mL syringe barrels to
enable printing. The syringe barrels were placed into a dispensing system (HP-7X, EFD) to apply a precise pressure
for extruding the inks. A robotic head (I&J2200-4, I&J Fisnar Inc.), controlled by a commercial software (JR Points
for Dispensing, Janome Sewing Machine) enabled the deposition of the inks on a moving platform. Films were
printed with the inks at an extrusion pressure of 1000 kPa using a 100 µm nozzle and robotic speed of 20 mm.s -1.
Tensile tests were carried out on an MTS Insight testing machine according to ASTM D882 standard. Five samples
for each type of film (width = 6 mm; gauge length = 50 mm; avg. thickness = 120 µm), were tested at a grip
separation rate of 500 mm/min using a 1000 N load cell.
To form the film sensors, silver (3 cm × 3 cm) was first hand painted near one edge of rectangular acrylic beams
(32 cm × 3 cm) to form the bottom electrode. The inks were 3D printed on top of the electrode with the same
parameters as used for tensile tests. After complete evaporation of the solvent, another layer of silver was painted on
nanocomposite layers to form the top electrode. For piezoelectric tests, the beam was mounted on an electromagnetic
shaker (Model# K2007E01, The Mode Shop Inc.). The strain generated by the harmonic excitations from the shaker
to the beam caused the PVDF sensor to alternatively stretch and compress in the in-plane direction, producing
charges along the thickness. The charges were amplified and converted into voltages by a charge amplifier (Piezo
Film Lab Amplifier, Measurement specialities). The voltage generated by PVDF based sensors was compared with
that of a commercial force sensor (288D01 SN 2960, PCB Piezotronics).
RESULTS AND DISCUSSION
The stress-strain curves in Figure 1a show decreased tensile strengths in the nanocomposite films. Addition of the
nanoparticles also lowered the Young’s modulus of PVDF from 237 MPa to 63 MPa in PVDF/MWCNT and to 95
MPa in PVDF/BaTiO3. MWCNTs did not have any considerable effect on the elongation properties whereas the
incorporation of BaTiO3 nanoparticles exhibited an increase in elongation by over 5 times that of neat PVDF films.
a)
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The decreased moduli and strength, and the increased elongation in the nanocomposites might be attributed to the
porous nature of the films. SEM images (insets in Figure 1a) show increased porosity in case of the nanocomposite
films; PVDF/MWCNT possesses highest porosity (~10%, areal) supporting the decrease in modulus. The increased
elongation at break along with the decreased modulus in PVDF/BaTiO3 films is an added advantage in sensing
applications as the films will have larger deformation at the same load, thereby, increasing the sensitivity and thus,
the output voltage as compared to the PVDF/MWCNT films.
(a)
(b)

Figure 1: (a) Stress-strain curves obtained from the tensile tests of PVDF, PVDF/BaTiO3 and PVDF/MWCNT
films. Insets show SEM images of the films corresponding to each curve (Scale bar: 10 µm). (b) PVDF/BaTiO3 and
commercial force sensor output as a function of frequency. Inset shows the schematic of the test setup where the
sensor is printed on the upper surface of the beam near the clamped extremity.
The beams with the printed sensors were excited sinusoidally between 1-12 Hz using the electromagnetic shaker.
The maximum response of the sensors was obtained close to the theoretical natural frequency of the beam (8.4 Hz).
Amongst the three sensors, the one with 1 wt.% BaTiO3 nanoparticles (voltage output shown in Figure 1b) produced
higher voltages, which is coherent with the results from the mechanical tests. The highest voltage generated by
PVDF/BaTiO3 sensor was about 3.5 mV; this corresponded to a transverse force of 0.34 N as detected by the
commercial force sensor placed at the tip of the shaker. Higher voltage generation in case of PVDF/BaTiO3 sensors is
attributed to the high piezoelectric coefficients in BaTiO3 as compared to MWCNTs and the increased flexibility as
seen from the tensile tests. The effect of multiple loading cycles on the flexibility should further be studied.
CONCLUSIONS
PVDF/BaTiO3 films exhibited over five times more elongation than neat PVDF and led to the generation of
measurable voltages. Although the PVDF sensors fabricated in this work produced measurable voltages, they are
significantly lower than those of the piezoelectric ceramics and the sensor is not very sensitive away from the
resonance frequency. Future studies with higher BaTiO3 nanoparticle contents could be pursued to attain higher
piezoelectric properties and facilitate the sensing measurements.
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Summary: The deposition of multi-phase materials with microstructural control enables the integration of microstructure and structural
features, which creates new pathways towards optimizing component performance. Here, we demonstrate that acoustic microfluidic print
nozzles are an effective pathway to control SiC whisker orientation and packing density in printed composites. In addition to the ability to tune
microstructure along a single print line, the overall concentration of reinforcements can be increased by selectively isolating a stream of focused
fibers, enabling the deposition of material with higher fiber volume fractions than the initial ink composition. We show that even modest
volume fractions of acoustically-focused and concentrated SiC fibers can produce printed composites with unprecedented control over
microstructural ordering that exhibit strengths rivaling polymer-matrix composites with higher volume fractions of stiffer fibers.

The ability to control fiber alignment at high volume fractions would create new opportunities to print ultra-strong
composite materials with engineered anisotropic properties (mechanical, electrical, thermal, and optical). A promising
approach for achieving top-down control over microstructure is to combine field-assisted assembly with direct deposition.
While electrostatic or electromagnetic
fields are suitable for a narrow range
of ink compositions and particle types,
acoustic fields are broadly applicable to a
wide class of colloids, spanning a broad
range of composition, particle shape, and
size We demonstrate acoustic-fieldassisted deposition of two-phase aligned
composites, such as SiC fibers in epoxy,
using microfluidic print nozzles coupled
to inexpensive piezoelectric actuators.
Mechanical characterization of printed
materials with varying microstructures
show that significant gains in strength
with even modest additions of SiC fibers
in epoxy as a result of unprecedented
control of the printed microstructure.
Figure 1: (A) Conceptual illustration of acoustic print nozzle. Piezoelectric
The two-stage acoustic nozzle
actuation generates acoustic forces that align fibers during printing. Multiple
schematic shown in Figure 1 illustrates
piezos in series enable enhancement of fiber volume fraction of the printed via
the alignment of fibers in a viscoelastic
removal of flash. (B) Printed line with continuously varied microstructure. The
matrix, which results from an applied
focusing frequency is tuned to induce focusing of SiC fibers in epoxy; when the
acoustic force generated by piezoelectric
frequency is tuned away from resonance (“focus off”), the fibers spread to the
elements mounted above the nozzle
width of the deposited line.
pathway.
These
nozzles
are
microfabricated in silicon (150 µm
deep) with a bonded glass capping layer according to the procedures in Ref. [1], with piezoelectrics bonded to the nozzle to
generate standing waves in the channel.
Critically, acoustic focusing enables control of the microstructure of the deposited line “on the fly” by modulating
acoustic excitation parameters, as demonstrated in Figure 1B for SiC fibers in epoxy. In this case, when the excitation
frequency is tuned to induce focusing (“focus on”), fibers collapse to the center of the print line. The focusing transition
occurs quickly enough to tune the microstructure from densely packed to distributed fibers within approximately one
filament width. When the excitation frequency is changed (“focus off”), fibers spread nearly uniformly throughout the print
line. The transition between focused and de-focused microstructures, and vice versa, is approximately symmetric; this
transition is influenced by the shape of the focus zone in the (x,z)-plane and the flow speed in the channel.
Figure 2A is a schematic of the single-channel nozzle geometry; in all cases, the print nozzle is stationary and the print
substrate moves relative to the printhead. The effect of excitation voltage on microstructure is shown in Figure 2B for 0 and
23 V (peak-to-peak). For the control condition (0 V), no fiber focusing is apparent, and cross-sectional imaging reveals a
a)
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distribution of fiber orientations; as the voltage is increased, deposited fibers focus to a smaller cross-section within the
printed line.

A
A

C

B

Figure 2: (A) Schematic of a microfluidic print nozzle with a coupled piezoelectric actuator driven at a peak-to-peak
voltage (V), with deposition speed controlled by the substrate velocity (v). Print line microstructures for a constant
deposition speed of 3.7 mm s-1 and increasing excitation voltage from 0 to 23 V in plan view (left) and cross-section
(right). (B) Mechanical characterization of SiC/epoxy inks for tensile tests of the base ink material (epoxy, no fibers) as
well as inks with 0.8 vol% SiC fibers for unfocused and focused conditions.
Figure 2C shows representative tensile test results for base ink (with no fibers) and inks with varying SiC fiber
distribution (focused vs. unfocused). The base ink exhibits significant ductility and moderate strength and Young's modulus.
The addition of 0.8 vol% SiC increases both strength and modulus and decreases ductility. The tensile test results in Figure
2C indicate that the printed microstructure has significant effects on the modulus and strength of printed parts. The different
microstructures (focused vs. unfocused) exhibit different moduli for the same fiber loading, with only the latter approaching
values estimated from an upper-bound rule-of-mixtures calculation[2]. A possible explanation for the lower moduli of
focused samples is a difference in stress transfer from fibers to the matrix (vs. that in unfocused samples with distributed
fibers), as suggested by the shear-lag model of Halpin and Tsai[3] for short-fiber composites. In the focused condition, it is
likely that aggregated fibers are close enough to preclude load transfer across the entire fiber surface: in essence, the
surface-area-to-volume-ratio decreases for a focused “band” of closely arranged fibers, leading to lower composite modulus
values for a given fiber volume fraction. Consequently, this enables new printing modalities such as the ability to modulate
the stiffness locally in a printed part by temporally varying excitation to manufacture functionally graded materials or
custom lattice structures. In terms of overall stiffness and tensile strength, these results are highly promising, as even the
small volume percentage of SiC fibers used in the present work have significant effect on measured Young's modulus and
the strength of concentrated samples rivals that of epoxy composites with higher volume fractions of stiffer carbon fibers[4].
Although the focus is on acoustic print nozzles, the approach is scalable upwards in terms of fiber size, in that acoustic
focusing forces increase with the volume of the fibers in solution. Our approach is also highly parallelizable in the sense that
multiple print nozzles of the scale presented here can be utilized simultaneously. As a relatively material agnostic technique
for microstructural control, acoustic-focusing-assisted additive manufacturing greatly expands the library of printable
multiphase inks and is thus highly complementary to existing and emerging 3D-printing technologies.
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Summary The present contribution is concerned with an investigation into the material uncertainties in long fibre reinforced thermoplastic
materials (LFT) with disordered microstructure. In a preliminary experimental investigation, the local strains on standard size specimens are
determined using an optical grey-scale correlation system. Based on the results, the probability distributions for the effective elasticity
parameters are determined. For the consideration of the material uncertainties in structural analyses, a probabilistic elasticity model is proposed,
treating the local fibre volume fraction as well as the parameters controlling the fibre orientation variability as random variables. In a validation
of the numerical predictions against the experimental observations, the model proves to be accurate and numerically efficient.

INTRODUCTION
Long fibre reinforced thermoplastic materials (LFT) are a fairly new class of composite materials, which are suitable
especially for industrial scale production of composite structures. They have the advantage that they can easily be processed
to rather complex shapes at reasonable expenses using standard processes for polymeric materials like injection and
compression moulding (Henning et al. [3]). Due to their increased fibre length of up to 50 mm, they outperform classical
short fibre reinforced polymeric materials. Their main disadvantage is their disordered, process and position dependent
microstructure, leading to a distinct uncertainty in the local material response (Bednarcyk et al. [2], Hohe et al. [4]). The
uncertainty in the material response makes a accurate prediction of the response of LFT structures difficult and in many
cases – due to the necessity of large safety margins – prevents the full exploitation of their lightweight potential. The present
study is concerned with the development of a probabilistic elasticity model for LFT materials in order to enable a simple,
comprehensive probabilistic analysis of LFT structures.
EXPERIMENTAL INVESTIGATION
For assessment of the material uncertainty, an experimental investigation is performed, using a glass fibre reinforced
polyamide 6.6 matrix composite (PA6.6GF40), manufactured in a compression moulding process as a model material. The
material is characterised in quasi-static tensile experiments on specimens taken from the flow range apart from the strand
inlay position of a plane PA6.6GF40 plate, considering both, the direction longitudinal and perpendicular to the flow
direction (Figure 1(a)). During the experiments, the local strains on the specimen surfaces within the loading direction and
transversal to the loading direction were determined by means of an optical greyscale correlation system (Figure 1(b)). The
results are evaluated in a stochastic manner (Figure 1(c)). Assuming that, for equilibrium reasons, the local stresses in the
specimen gauge section do not vary significantly, local stress strain characteristics can be determined from the results.
PROBABILISTIC ELASTICITY MODEL AND VALIDATION
To make the uncertainties in the material response accessible for a stochastic finite element analysis on the macroscopic
level, a probabilistic material model is proposed. The model is defined in three steps. On the first stage, the single fibre
problem is considered (Figure 2), for which the effective properties can be estimated by the classical rules of mixture.

Figure 1: Probabilistic material characterization: (a) specimen extraction, (b) local strains, (c) local strain envelopes.
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Figure 2: Probabilistic material model.
Subsequently, the effective elasticity tensor is transformed into the global system. The transition to the multi fibre problem
is made via an ensemble average of all possible fibre orientations, taking their probability into account. On the third stage, a
probabilistic enhancement is performed by assuming the local fibre volume fraction ρf as well as the parameters controlling
the variability of the fibre orientation angles with respect to the flow direction (Figure 1(a)) as stochastic variables, each
provided with an appropriate probability distribution (Hohe et al. [4]).
For validation of the model, the Young’s moduli for the flow range of the material longitudinal and perpendicular to the
flow direction are considered. The results for the probability distributions F(Ei) are presented in Figure 3 where subfigure
(a) is related to the experimental results whereas subfigure (b) contains the numerical predictions. As expected, the Young’s
modulus within the fibre direction is larger than its counterpart perpendicular to this direction due to the larger amount of
fibres oriented towards the flow direction (Figure 3(a)). In both cases, a significant uncertainty of the results is obtained. An
increasing size of the grid for determination leads to decreasing scatter band widths. Figure 3(b) contains the results of a
parameter study, where the expectation value of the fibre volume fraction is varied from 18.3% to 28.3% at a constant
standard deviation of 5%. An increase in the mean fibre volume fraction especially affects the Young’s modulus in the flow
direction whereas less distinct effects are observed perpendicular to the flow direction and for the direction transverse to the
plate. For a mean fibre volume fraction of 23.3%, coinciding with a weight volume fraction of 40%, the experimentally
determined probability distributions and their numerical predictions are found in a rather good agreement.
CONCLUSION
The present contribution is concerned with the uncertainties in the effective material response of long fibre reinforced
materials with disordered, process dependent microstructure. Based on a preliminary experimental investigation, revealing
distinct scatter in the local stress strain response of a PA6.6GF40 compression moulded composite, a probabilistic material
model is proposed. In a validation and parameter studies, the model proves to be both, accurate and numerically efficient.
The model can easily be extended in order to cover further uncertainties such as uncertainties in the constituent material.
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STEADY STATE KINK BAND BROADENING IN LAYERED MATERIALS
Jens Lycke Wind & Henrik Myhre Jensen1
Department of Engineering, Aarhus University, Aarhus, Denmark

Summary Theoretical predictions of steady state kink band broadening in compressed layered materials are compared to numerical

calculations using the finite element method. Numerical predictions of infinite kink band formation and evolution follow a scheme in which a
thin slice of material with individually discretized fiber and matrix layers are subject to periodic boundary conditions.

KINK BAND FORMATION
Composites loaded by compression along the fibers are prone to fail by the development of so-called kink bands. These
are bands of material where the fibers inside the band have rotated relative to the fibers outside the band. The failure
mechanism is critical in the sense that the load carrying capacity of the material is in most cases lost at that stage. Kink band
formation as a failure mechanism is observed in unidirectional fibers as well as in multi layered composites with different
layups inside the individual layers. For structural components loaded in bending, it is this failure mode which should be
used as a design load since the critical stress in compression is considerably lower than the critical load in tension in
absolute values. The critical stress for kink band formation is known to be sensitive to structural imperfections such as
misalignments of the fibers relative to the load direction, and to non-linear material behavior of the matrix material due to
plastic deformation. This makes theoretical investigations as well as finite element predictions of kink band formation
challenging as they must involve large deformations allowing for non-linear behavior of the constituents as deformations
evolve. A sketch of the infinite kink band geometry is shown in Fig. 1(a).

(a)

(b)

Figure 1. Schematic illustration of kink band geometry (a), and a typical normalized stress, -11/G, vs. normalized end shortening, /L0,
response (b). Kink band inclination, , fiber rotation, , and band width, b, is indicated.

A typical, corresponding stress vs. end shortening response is shown in Fig. 1(b) where the kink band is initiated at stage
(b) following an almost linear pre-bifurcation response (a). The deformations localize from stage (b) via stages (c) and (d) to
stage (e) in Fig. 1(b). This involves a snap back behavior in the stress vs. shortening response. After stage (e) in Fig. 1(b),
the deformations inside the kink band stabilize, and upon further loading, a steady state is achieved in which the kink band
starts to broaden, i.e. the band width, b, increases at constant applied external stress, -11, which in the figure above is
normalized by the elastic shear modulus, G, of the composite. The later stages of deformation from stage (e) to (f) and
beyond in Fig. 1(b) is referred to as the kink band broadening regime and is the focus of the present work.
KINK BAND BROADENING
Strain localization in the form of kink bands in uni-directional composites loaded by compression in the fiber direction
may, as previously stated, for sufficiently ductile constituents be followed by a response in which the matrix material inside
the kink band undergoes stiffening. This state is in the literature referred to as the lock-up condition, and when this occurs it
restricts further deformation inside the band. Instead, upon external loading, overall deformation takes place by broadening
of the kink band at fixed external load or stress. The phenomenon of kink band broadening was described initially in [1]
based on experimental observations in a carbon/PEEK fiber/matrix system. Only few theoretical analyses of kink band
1)

Corresponding author. Email: hmj@eng.au.dk

2336

broadening exist e.g. [2] and [3]. The lock-up conditions necessary for determining the steady state broadening response
was in [2] taken as the condition  formulated initially by experimental observations in geological materials. The
condition  corresponds to a zero volumetric straining condition. In [3], an energetic approach to determine the
lock-up condition was taken by equating the work done by external loading on the overall deformations to the internal work
done by stresses on strains in the kink band at steady state propagation. The analysis was based on the constitutive model
for composite materials developed in [4-5]. Good agreement between the lock-up conditions in [2] and [3] was achieved.
Computational models for studying kink band formation include individually discretized fiber and matrix models e.g.
[6] and [7]. Such models have been successful in capturing kink band initiation and the response immediately after but they
have not been effective in capturing the steady state broadening response. The present work is devoted to a study of efficient
numerical modelling of kink band broadening using individually discretized fiber and matrix layers in combination with the
finite element method.
Calculations are performed for a thin slice of alternating fiber and matrix layers with periodic boundary conditions
prescribed to model an infinite kink band. One of the difficulties with the individually discretized fiber and matrix models is
the wide-spread influence observed of the boundary conditions on the kink band formation and propagation. In Fig. 2(a),
results are shown for the predicted stress vs. end shortening response demonstrating that a steady state has been reached
where the stress is constant.

Kink band boundaries
Early propagation
stage

(a)

(b)

Late propagation stage

Figure. 2. Load vs. end shortening response (a), and (b) two stages of deformation of a thin slice of alternating fiber/matrix layers showing
broadening of the kink band. A minimum value, Et,min , for the tangent modulus of the matrix material has been included.

In Fig. 2(b), two stages of deformation in the composite are shown during steady state broadening of the kink band. The top
slice is at an early stage of propagation and the bottom slice at a late stage, where it is seen that the deformation inside the
kink band between the kink band boundaries remains constant and the overall deformation takes place by broadening of the
kink band, i.e. with reference to Fig. 1(a), b increases between the two stages. This takes place at a constant overall stress
applied to the composite material.
CONCLUSIONS
Finite element calculations of kink band broadening using periodic boundary conditions for a thin slice of alternating fiber
and matrix layers are presented. Comparison with previous results for the broadening stress and the state of deformation inside
the kink bands show good agreement.
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MODELLING ADHESION OF DEFECTIVE GRAPHENE INTERFACES
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1

Summary We develop a homogenous spring model to characterize the influence of surface defects on the adhesion properties of graphene
interfaces. The modeled correlation between cohesive energy and interfacial separation of graphene silicon-dioxide interface is compared
with molecular dynamics simulations, and the results are in good agreement.

The exceptional electromechanical properties of graphene have facilitated the development of the next generation of
nanodevices. These state-of-the-art nanodevices, such as sensors and transistors, have profound impacts in numerous
engineering disciplines, ranging from biomedicine to aerospace [1]. Recent experiments show that graphene could also be
used as an ultra-strong reinforcement for composite materials [2]. Using graphene as reinforcement provides an excellent
opportunity to transfer the superior electromechanical properties of graphene, across multiple length scales, up to the
macroscopic level. In both graphene-based nanodevices and composite materials, graphene is in contact with adjoining
materials, creating mechanically weak interfaces between graphene and the other materials. On the other hand, during the
fabrication of graphene-based systems, defects such as surface impurities are unavoidable. These defects could highly
deteriorate the mechanical properties of graphene [3-6], which will ultimately influence the performance of graphene-based
systems. Therefore, understanding the effects of defects on the mechanical properties of both graphene and graphene
interfaces is critically important in designing reliable graphene-based systems.
In this paper, we develop a homogenous spring model to characterize the influence of surface defects (e.g., vacancies,
adatoms) on the adhesion properties of graphene interfaces. Discrete nature of this interface model allow us to investigate
the influence of point defects such as vacancies and adatoms, which breaks the continuity of the interface; therefore, the
continuum-based models (e.g., [7-9]) cannot be employed. We use the adhesion properties of graphene-silicon-dioxide
(SiO2) interface, which is one of the most widely studied interfaces [9,10], obtained using molecular dynamics (MD)
simulations to validate the proposed model.
We modelled the interfacial adhesion of graphene-SiO2 system using Lennard-Jones (LJ) potential, and the adhesion
between carbon atoms of graphene and the SiO2 substrate is represented by nonlinear springs. Fig. 1(a) graphically
demonstrates the graphene-SiO2 system, and Fig. 1(b) shows the proposed spring model characterizing the interaction
between graphene and SiO2 substrate. One end of the springs are attached to carbon atoms of graphene and the other ends
are connected to the substrate, which is assumed infinitely rigid considering the magnitude of van der Waals force and the
stiffness of SiO2 and other typical substrate materials. During the delamination process, graphene sheet is assumed to be
conforming completely to a flat SiO2 substrate. The separation distance between graphene and SiO2 substrate is l, and the
dimensions of the SiO2 substrate are considered infinitely large. Energy stored in a nonlinear spring, U(l), can be expressed
in terms of the van der Waals energy between a carbon atom and the SiO2 substrate as
U(l) =

(

∑**4πρ ε σ
j

)

j cj
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# 45l
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where, εcj and σcj are LJ constants, and the subscript j represents substrate atoms, which are silicon and oxygen in SiO2; ρj is
the atomic density of the atom type j. More detail on the development of the spring model is given in [11].

(a)

(b)

Fig. 1 (a) Three-dimensional view of the graphene-SiO2 system. (b) The proposed spring model characterizing interfacial adhesion between graphene and
SiO2 substrate.
a)

Corresponding author. Email: mandewapriya@sfu.ca.

2338

Figure 2(a) shows the theoretical model characterizing the interfacial adhesion of a defective graphene-SiO2 interface.
The hydrogen adatom is assumed to be on the side of SiO2 substrate, inducing a higher influence on the adhesive properties.
l1 is the out-of-plane deformation of the carbon atom attached to an adatom, and the distance between the plane of graphene
and the hydrogen adatom is l2. Using MD simulations, we found the values of l1 and l2 are 0.5 Å and 1.58 Å, respectively.
Moreover, these values are independent of the interfacial separation l and the concentration of adatoms. The spring Sd in
Fig. 2(a) models a carbon atom with an adatom, and this spring has an energy contribution from the adatom as well.
Therefore, energy stored in the spring (Ud) can be expressed as
(
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Fig. 2 (a) The spring model characterizing graphene-SiO2 interface with hydrogen adatoms. (b) Comparison of the proposed model with MD simulations.

Figure 2(b) compares the MD simulation results with the developed homogenous spring model. MD simulation results
show that as the hydrogen adatom concentration increases, initially the equilibrium cohesive energy of graphene-SiO2
system (i.e. |ϕmax|) rapidly decreases. However, after a certain concentration of hydrogen adatoms (~10%), the cohesive
energy starts to increase again; whereas, the equilibrium separation continually increases with the adatom concentration.
The proposed spring model captures these variations of cohesive energy accurately, and the model is accurate even at a
concentration of 20%. According to the model, equilibrium cohesive energy of a pristine interface is 162.8 mJ/m2, which is
in between the experimentally measured values: 96 mJ/m2 [12] and 450 mJ/m2 [13]. The model is a computationally
efficient tool to analyze the interfacial properties of advanced graphene-based systems, and the model can also be
parameterized to investigate the properties of any material interface at the atomic scale.
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(NSERC) of Canada.
References
[1] Novoselov K.S., Fal'ko V.I., Colombo L., Gellert P.R., Schwab M.G. & Kim K.: A roadmap for graphene. Nature 490:192-200, 2012.
[2] Lahiri D., Hec F., Thiesse M., Durygind A., Zhang C., Agarwal A.: Nanotribological behavior of graphene nanoplatelet reinforced ultra high
molecular weight polyethylene composites. Tribology International. 70:165-169, 2014.

[3] Zandiatashbar A., Lee G.H., An S.J., et al.: Effect of defects on the intrinsic strength and stiffness of graphene. Nat Communica. 5:3186, 2014.
[4] Dewapriya M.A.N. and Rajapakse R.K.N.D.: Molecular dynamics simulations and continuum modeling of temperature and strain rate dependent
fracture strength of graphene with vacancy defects. J. Appl. Mech. 81:081010, 2014.

[5] Dewapriya M.A.N., Rajapakse R.K.N.D. and Phani A.S.: Atomistic and continuum modelling of temperature-dependent fracture of graphene. Int. J.
Fract. 187:199-212, 2014.

[6] Dewapriya M.A.N., Rajapakse R.K.N.D. and Nigam N.: Influence of hydrogen functionalization on the fracture strength of graphene and the
interfacial properties of graphene-polymer nanocomposite. Carbon 93:830-842, 2015.

[7] Zhang Z. and Li T.: Determining graphene adhesion via substrate-regulated morphology of graphene. J. Appl. Phys. 110(8), 2011.
[8] Jiang L.Y., Huang Y., Jiang H., Ravichandran G., Gao H., Hwang K.C., et al. A cohesive law for carbon nanotube/polymer interfaces based on the
van der Waals force. J. Mech. Phys. Solids 54:2436-2452, 2006.

[9] Gao W. and Huang R.: Effect of surface roughness on adhesion of graphene membranes. J. Phys. D-Applied Physics 44:45, 2011.
[10] Gao W., Xiao P.H., Henkelman G., Liechti K.M. and Huang R.: Interfacial adhesion between graphene and silicon dioxide by density functional
theory with van der Waals corrections. J. Phys. D-Applied Physics 47:25, 2014.

[11] Dewapriya M.A.N. and Rajapakse R.K.N.D.: Development of a homogenous nonlinear spring model characterizing the interfacial adhesion
properties of graphene with surface defects, submitted.

[12] Ishigami M., Chen J.H., Cullen W.G., Fuhrer M.S. & Williams E.D.: Atomic structure of graphene on SiO2. Nano Letters 7:1643-1648, 2007.
[13] Koenig S.P., Boddeti N.G., Dunn M.L. & Bunch J.S.: Ultrastrong adhesion of graphene membranes. Nature Nanotechnology 6:543-546, 2011.

2339

CARVING 3D ARCHITECTURES TO TRANSFORM THE MECHANICS AND
PERFORMANCE OF MATERIALS
Mohammad Mirkhalaf, Jeremy Tanguay and Francois Barthelat a)
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Summary: Combining high strength, hardness and high toughness remains a tremendous challenge in materials engineering. In particular hard

materials like ceramics tend to be brittle, while more ductile and tough materials like metals are not as hard. In this work we increase the toughness
of glass panels by carving architectures within the material using three-dimensional laser engraving. Glass is relatively stiff and hard but it has no
microstructure, no inelastic deformation mechanism, low toughness and poor resistance to impacts. Here we demonstrate how introducing a
controlled architecture in glass completely changes the way this material deforms and fails. In particular these new architectured glass panels can
absorb two to four times more impact energy compared to plain glass. Architectured glass panels also display non-linear deformation and
progressive damage and failure. Micro-architecture, bio-inspiration and top-down fabrication strategies can offer new pathways to completely
transform the mechanics and performance of materials and structures.

INTRODUCTION
Despite large efforts in material development and mechanics, there are still combinations of mechanical properties which
remain inaccessible to engineering materials. For example achieving materials which are simultaneously hard and tough is
highly desirable for many applications, yet these properties remain mutually exclusive in engineering materials [1]. Recently,
materials with sophisticated three-dimensional architectures have emerged in an attempt to fill these gaps. Architectured
materials introduce specific structural features at a length scale which is intermediate between their microstructure and the
size of the component. Because the length scale associated with this architecture is larger than traditional microstructures,
higher level of morphological control can be achieved using existing fabrication technologies. This high morphological
control results in a tight control over the deformation and fracture mechanisms [2]. In dense architectured materials, stiff
building blocks are assembled in larger structures, and the interfaces between the blocks are weak so they can generate a
wealth of non-linear deformation mechanisms and crack deflection, which echo the concepts found in natural materials. In
topologically interlocked materials (TIMs) the blocks have specific shapes which interlock to form architectured materials
with combined strength and toughness under transverse static and impact loading. These materials also display quasi-ductile
behavior, localized damage, and re-manufacturability [3].
FABRICATION OF ARCHITECTURED GLASS PANELS
In this work we present a new fabrication technique based on a top-down strategy and where weak interfaces are carved within
a hard but brittle material. We used glass as a base material, and three dimensional laser engraving to generate weak interfaces
within the bulk of the material. We generated topologically interlocked interfaces using a three-dimensional laser engraver
(Model Vitrolux, Vitro Laser Solutions UG, Minden, Germany) equipped with a pulsed UV laser (355 nm, 0.5W cw pumped,
4 kHz repetition rate, 4-5 ns pulse duration). The laser engraver focused a nano-second ultraviolet laser beam into the glass
panel, generating micro-defects at the successive focal points (Fig. 1a). Arrays of these defects generated weak interfaces
which could control and channel deformation and failure mechanisms [4]. The interfaces defined three-dimensional blocks of
glass shown on Fig. 1b. Two of the sides are tilted inward and the other two outward by the same angle , called interlocking
angle. The architectured
panel is composed of
several of these blocks,
arranged in order to form
a dense, interlocked
structure (Fig. 1c). Using
this
strategy,
the
deformation mechanisms
of a panel made of stiff
but brittle blocks was
augmented by sliding at
the interfaces between
the blocks.
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MECHANICAL PERFORMANCE
We assessed the performance of the glass panels at high deformation rates by impacting them with a 67.3g, 25 mm diameter
steel ball. The glass panels were positioned so the ball impacted the panel in the center (Fig. 2a). The protocol to assess impact
resistance was as follows: the steel ball was first released from a small height (80mm) onto the panel. If the panel survived
this first strike, the height was increased and the test was repeated until the sample failed. The failure of plain glass panels
was typical to a brittle material: sudden and catastrophic, with multiple cracks emanating from the indentation site and
extending to the edges of the panel (Fig. 2b). The nature of the failure mode indicates a flexural failure, which is representative
of the type of failure for larger glass panels. In contrast, the architectured glass panels failed by the sliding of the building
blocks on one another and out of the panel. Failure was also confined to only a few blocks, the rest of the panel remaining
intact (Fig. 2b). Fig. 2c
summarizes the results of the
impact tests. The energy
required to break the plain
glass panels was 330±30 mJ
(N= 3). The energy required to
fail the architectured glass was
significantly higher than for
plain glass, because of the
frictional energy dissipation at
the interface. We also
measured the deflection of
individual blocks upon the
onset of damage for the
architectured
panel.
The
results shown on Fig. 2d show
significant residual deflections
reaching about 800 microns
and resulting from the sliding
of the blocks on one another.
Many blocks showed this
residual deflection, defining a
“zone of influence” which
extended to the entire panel. Some blocks also appeared to have been pushed upwards during the impact. This result confirms
that in impact situation the frictional sliding of the blocks is a prominent deformation and dissipative mechanism in the
architectured panels. We also tested samples where the interfaces of the architectured glass panels were infiltrated with an
ionomer (Surlyn 9320, Dupont, ON, CA). The inomer generated another dissipative mechanism through viscoplastic
deformation, improving the impact resistance of the panel even further. Impact resistance was four times higher than that of
the plain glass, and ~2.5 times higher than that of the non-infiltrated architectured glass (Fig. 2c).
CONCLUSIONS
Combining hardness, strength, toughness and impact resistance remains a tremendous challenge in engineering materials.
Generating architectures in materials may provide new pathways to achieving these properties simultaneously. Here we apply
these concepts on glass panels, using a top-down fabrication approach where interfaces are carved within the material using
three-dimensional laser engraving. Glass is an amorphous material with no microstructure and no toughening mechanisms,
and as a result it has no inelastic deformation capabilities when subjected to tensile or flexural loads at ambient temperatures.
This work demonstrates how the introduction of a controlled architecture at a length scale which is intermediate between the
molecular scale and the scale of the component completely transforms the way glass deforms and fractures. In in this case,
while plain glass panel failed in a brittle fashion, catastrophically and with extensive damage, the architectural glass panels
failed progressively and “graciously”, with damage only confined to only a few blocks.
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Summary The fundamentals of the mathematical theory of surface growth are under consideration. We focus on the surface growth when
deposition of a new material occurs at the boundary of a growing solid. The constitutive equations and boundary conditions for growing solids
are presented. Non-classical boundary value problems are formulated. Methods for solving these problems are proposed. They are illustrated by
solutions of several model problems that demonstrate the unique mechanical behavior of growing solids.

INTRODUCTION
A vast majority of objects around us arise from some growth processes. Many natural phenomena such as growth of
biological tissues, glaciers, blocks of sedimentary and volcanic rocks, and space objects may serve as examples. Similar
processes determine specific features of many industrial processes which include crystal growth, laser deposition, melt
solidification, electrolytic formation, pyrolytic deposition, polymerization and concreting technologies. There are two main
ways of continuous growth in technology and nature known to researchers. They are volumetric and surface growth
processes. Let us consider the latter case with a reference to the monographs [1, 2] where fundamental results concerning
volumetric growth have been presented.
GENERAL CONCEPTS
Recent research has shown that solids formed by growth processes differ in their properties essentially from solids in the
traditional view. Moreover, the classical approaches of solid mechanics to modeling the growing solids behavior fail. They
should be replaced by new ideas and methods of modern mechanics, mathematics, physics, and engineering sciences.
An approach proposed deals with the construction of adequate model of surface growth processes of solids (see also [3-13]).
This approach is based on the following statements:

We simulate the surface growth of a solid by moving of its boundary due to the influx of new material to the
surface of this solid.

We obtain specific boundary conditions on the moving boundary (growth surface) as the result of an additional
contact interaction problem between 3D solid and 2D surface which depends on particular features of the growing
process.

We state the compatibility of the rate of deformation tensor (or rate of stretching tensor) for a growing solid while
its strain tensor is incompatible as a rule.
The last statement leads to the case in which it is absolutely natural to choose the rate of stress tensor, the rate of
deformation tensor, and the vector of velocity as the basic variables of the governing system of equations for description of
the surface growth process.
In general, boundary value problem for a growing solid contains three dependent controlled groups of values: the surface
and bulk loadings, the tension of new adhering surfaces, and the velocity of influx of adhering surfaces.
SURFACE GROWTH OF A SOLID
If the velocity of the boundary particles of a growing solid is substantially small as compared with the velocity of influx
of new particles and the surface of growth is closed then the boundary value problem can be written in the form
1
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where T is the stress tensor, D is the rate of deformation tensor, u is the displacement, G and K are the elastic moduli,
I 1 is the first invariant of a tensor, I is the unit tensor, n is the unit vector normal to the surface of the solid, f is the
surface force, w:1 and w: 2 are the fixed domains of the solid surface, w:(t ) is the growth surface, g S is the 2D
tensor of tension of adhered surface, _ S is the 2D tensor of adhered surface curvature, surface force on the growth surface
as well as bulk force supposed to be zeros.
One can easily see that the boundary value problem obtained have the same form as the classiacal boundary value
problem of elasticity and we can use all known analytical and numerical methods for the solution of this problem.
In order to obtain the values of stresses and displacement one should use the formulas as follows (we denote by
W the time of adhesion of the surface to the growing solid and assume that growth surface is always free of surface load)
t

T

T (W )  ³ S d W , T (W )

g

S

 (n  0 ) n

t

n, u

W

u (W )  ³ v dW .
W

In the equations above we chose the case of small deformations only for definiteness. In the case of finite deformation one
should simply change the linear Hook's law by nonlinear constitutive relations.
This approach can be developed for the case of viscoelastic and aging materials using methods of [13–18]. The solution
of the problem of the accretion of a viscoelastic ageing solid can be obtained by the solution of the mathematically
identical problems with a parameter, which have the same form as the boundary value problem of the classical theory of
elasticity. Then the true stresses and displacements in the growing solid can be reconstructed using derived formulas.

CONCLUSIONS
Thus, using the presented approach for mechanical research of growing solids from elastic and viscoelastic materials one can
determine the strength and the shape of final solids and products. Moreover, on the basis of this mechanical analysis one can
work out effective recommendations for improving the growth processes observed in nature and technology.
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DESIGN AND 3D PRINTING OF POLYMER/CERAMIC COMPOSITE STRUCTURES
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1

Summary. We use the ultraviolet-assisted direct-write (UV-DW) process to print halloysite nanotube-reinforced polyurethane. The

aim of this study is to investigate the challenges imposed by nanocomposite inks and complex shapes and propose necessary
adjustments to adapt the existing printing protocol to highly mineralized polymer nanocomposite for high stiffness. Surface
treatment of the nanoparticles and mixing strategy were studied. This paper demonstrates a method to coalesce polymers with
ceramics in order to produce mineralized materials with highly tailored properties as well as a 71% increase in Young’s Modulus.

INTRODUCTION
Alignment and multi-layered organization of reinforcements inside a soft polymeric matrix provide two promising
approaches to tailor in-plance properties properties in composite materials and enable interesting functional
characteristics. An example of a great functional material is the Polypterus Senegalus fish scale [1]. The ganoid scale
of this “living fossil” fish possesses a rare multi-layered organization, with varying ratios of hard mineral crystals
inside a soft polymer. On the outer layer, the mineral crystals have a high aspect ratio and are oriented towards the
surface explaining its high stiffness. This optimized reinforcement organization yields a protective shell for the fish
without scarifying its swimming mobility. Mimicking this material microstructures can be beneficial for various
applications such as personal protection equipment and dental implants. The microstructures observed in the scale
could be fabricated with extrusion-based 3D printing: (1) the micro-extrusion of the reinforced ink allows a shearinduced alignment of the reinforcements [2] leading to improved properties in the printing direction, and (2) the
characteristics in the stacking direction is controlled by varying the matrix-to-reinforcement ratio of individual layers.
The objective of this work is to adapt the ultraviolet-assisted direct-write (UV-DW) technique [3] to a polymer/mineral
composite blend for enabling unique mechanical properties.
MATERIALS AND METHODS
Materials
The matrix and reinforcements employed in our study are a UV-curable photopolymer: polyurethane (NEA 123
HGA, Norland Products) and halloysite nanotubes (HNT) (Halloysite nanoclay, Sigma Aldrich) of 30-70 nm diameter
and 1-3 μm length, respectively.
HNT Surface Treatment
HNTs were dispersed in Toluene (Toluene, Alfa Aesar) and 2 mL/g Silane coupling agent GOPTS (3Glycidoxypropyltrimethoxysilane, Alfa Aesar) was added for the surface treatment of the HNTs [4]. The solution is
stirred for 4 h at 120 °C. The solution was then filtered and rinsed with ethanol, before drying for 24 h at 80 °C.
Photopolymer Blends
Multiple batches of the nanocomposite with different reinforcement concentrations were prepared. 10, 20, 30 wt.
% of GOPTS-coupled HNTs were manually stirred into the photopolymer resin and 1g of ethanol. Five sessions of
ball milling were undertaken; each session consisted of a 1 min milling time followed by a 15 min cool-down period.
The mixed batches were then degassed in a vacuum chamber and poured into 3 mL syringes for printing. A syringe
with neat (0% HNT) polyurethane was also prepared as a benchmark material.
Nanocomposite Printing
UV-DW of the nanocomposites consists of the dispensing the resin at the desired locations (programmed by a CAD
software) and then curing the material exiting the nozzle by UV exposure [3]. A precise positioning robot (I&J2200,
I&J Fisnar Inc.) combined to a pneumatic dispenser (HP7-X, EFD) are utilized for the micro-extrusion. As soon as the
photopolymer is extruded from the syringe, UV light directed through optic fibers cures the nanocomposites in order
to create a solid filament which will form layer-by-layer a three-dimensional (3D) structure [3].
Fiber tensile tests
Nanocomposite fibers were printed on a glass substrate with a 250 μm nozzle, and post-cured at 80 °C for 4 h. Tensile
tests were performed on a MTS Insight machine with a 1kN load cell (MTS 569327-02) in accordance with the ASTM
D3822 standard.
a) Corresponding author. Email: mehrnoosh.abedi@concordia.ca.
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RESULT AND DISCUSSION
The different nanocomposite inks manufactured presented agglomerates and inconsistency during the preliminary
mixing steps. Limiting these issues required the utilization of the ball milling method instead of ultrasonication or
manual mixing. However since the photopolymer used can also cure with heat, the ball milling sessions were designed
to be short and combined with long cool down phases to avoid excessive heating.
Each nanocomposite type exhibited a different viscosity and polymerisation behaviour which highly influenced the
3D printing parameters. Thus, the printing parameters for different nanocomposites were calibrated by printing straight
filaments through a 250-μm nozzle on a glass substrate and by adjusting mainly the extrusion pressure and robot
velocity. In addition at 20 wt.% of HNTs, needle clogging was recurrent with the unmodified HNTs due to the presence
of important agglomerates. Surface treatment of the HNTs was investigated in order to reduce the presence of
agglomerates and facilitate the extrusion of higher HNT concentrations. The printing of nanocomposites with up to 30
wt.% of treated HNTs was achieved and the extruded material was observed to keep its filament shape.
Young' Modulus
(MPa)
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Weight fraction of Halloysite
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Figure 1: (a) Printed dog-bone specimens made of neat polymer (bottom) and 20 wt.% nanocomposites (top). (b)
Tensile properties of nanocomposite fibers.
Dogbone (Figure 1(a)) has been chosen as a geometry to test the UV-DW as a mean to print complex parts with
high number of points. The geometry was drawn in a CAD software (Catia V5, Dassault systems) and a commercial
FDM 3D printing software (Simplify3D, Simplify3D) was acquired and used to generate a code in a 3D printer
machine language based on the geometry. A Python script is then used to modify the code into a format
understandable to the robot.
Fibers specimens of the composites were tested in lieu of standard dogbone specimens because of the presence of
voids in the latter that could potentially skew the results. Figure 1(b) shows the augmentation of Young’s modulus in
with regards to the weight fraction of Halloysite. The improvement on Young’s modulus attained a 71% increase for
a weight fraction of 30%.
CONCLUSIONS
The printing procedure of polymers with the UV-DW method was adapted for highly mineralized nanocomposites.
Polyurethane reinforced with up to 30 wt.% surface-treated HNTs was printed with a high rate of success. Future work
will involve the mechanical characterisation of the different nanocomposites to assess not only the properties of this
new and promising printable materials but also the quality of the print (e.g., porosity analysis, anisotropic properties).
Additionally, the printing self-supporting structures will be investigated in order to produce more complex structures.
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DAMPING OF LAMINATED PLATES: BOUNDARY CONDITION AND LAMINATION
SEQUENCE EFFECTS
Mehrnoosh Abedia), Ramin Sedaghati & Mehdi Hojjati
Department of Mechanical Engineering, Concordia University, Montreal, Quebec, Canada
Summary The present study is aimed at determination of an optimal fiber orientation for the maximum modal structural damping of laminates
based on in-plane viscoelastic properties obtained for a highly directional out-of-autoclave carbon/epoxy system using the dynamic mechanical
analysis. The validation of material loss factors is also provided by conducting experimental modal analysis on unidirectional beam components
with preferential ply angles subjected to an impulse excitation. Three different lamination sequences under the combination of clamped and free
boundary conditions are taken into account. Under each boundary condition, the effect of fiber orientation on variation of modal loss factor and
frequency associated with the first mode of flexural vibration is also studied.

Keywords Fiber-reinforced composite, Modal damping, Boundary conditions, Lamination sequence.
INTRODUCTION
Owing to their polymer-based matrix, fiber-reinforced materials exhibit more damping capacity compared with isotropic
or metallic materials. Moreover, damping in fiber-reinforced laminates can be altered due to its dependency on the lamination
arrangement, boundary condition, geometrical aspect ratio, and dissipation properties at lamina level. Thus, besides the
strength, damping can also be tailored to a desired value in composite laminated materials. The analytical study of damping
in composite materials can be basically addressed using micromechanical and macromechanical models. Macromechanical
models such as the viscoelastic damping and the modal strain energy are popular and widely used as they can be easily utilized
to investigate the effects of the lamination parameters on damping properties of composites. Using the viscoelastic damping
model, the dissipative response of a system can be effectively predicted in which the dissipative parameters are defined
through the concept of the complex-value moduli, established by Hashin [1]. The modal loss factor of a structure as a measure
of structural damping may then predicted by the ratio of the imaginary part to real part of the squared complex
eigenfrequencies obtained from the numerical modelling. A higher degree of correlation between experimental and theoretical
modal responses of these models directly depends on the input elastic and viscoelastic material properties in the numerical
model. In the view of experimental studies on composite materials, considerable direct and indirect methods have been applied
for determination of viscoelastic characteristics along material coordinates. As for characterization of damping coefficients,
unidirectional beams are mostly analyzed under forced flexural vibrations excited by a coil/electromagnet drive transducer
fixed to the midpoint of a free-free beam [2, 3] or an impulse excitation of a flat cantilever beam [4, 5]. In the present work,
the variation trend of structural damping property of laminated plates has been further investigated in order to define the
impact of plate layup and its mode shapes under various boundary conditions.
MATERIAL CHARACTERIZATION AND VALIDATION
In order to estimate structural damping parameters of a composite system, determination of dissipation parameters varying
with direction at each layer or material level plays a key role. In the current study, the dynamic mechanical analysis (DMA)
is initially utilized to experimentally evaluate viscoelastic material properties of an out-of-autoclave prepreg system (referred
as Cycom 5320-1) by the proper selection of the DMA three-point bending configuration yielding accurate DMA data for
high-modulus fiber-reinforced materials. Table 1 lists the results for in-plane loss factors and flexural storage moduli obtained
from unidirectional beam coupons with fiber angles of 0°, 90° and 45, while the nominal ply thickness is 0.135 mm.
Table 1. Storage moduli and loss factors from DMA testing on 12-ply samples undergoing 3-point bending mode.
Property
Storage Modulus (GPa)
Loss Factor (%)
Value
𝐸𝐿𝐿 = 143.90
𝐸𝑇𝑇 = 9.475
𝐺𝐿𝑇 = 5.613
𝜂𝐿𝐿 = 0.2574
𝜂 𝑇𝑇 = 1.0274
𝜂𝐿𝑇 = 1.7640

The measured storage moduli and loss factors are then used as input parameters in the developed finite element (FE)
model to predict the linear modal vibration response behaviour of composite structures. Subsequently, modal vibration tests
on various laminated composite beams have been conducted experimentally to validate the simulated modal parameters and
thus indirectly the measured material characteristics using the DMA test. Table 2 compares the theoretical and experimental
modal results for clamped beams of 20 mm × 200 mm undergoing flexural mode in response to an impulse excitation.
RESULTS AND DISCUSSIONS
The nature of the layup is investigated for three different symmetric lamination sequences, namely unidirectional, cross-ply,
and angle-ply. Referring to the clamped and free edges as C and F, the boundary conditions CFFF, CCCC, CCFF, and CFCF
are also taken into account. The physical meaning of fiber orientation is defined with respect to the first uppermost layer as
the reference ply. It is inferred that the fiber angle of plies is kept alternately at 90° and −2𝜃 with respect to that of the
reference ply in the direction toward the mid-surface, in the case of cross- and angle-ply laminates, respectively. The ply angle
is defined with respect to the x-axis of the coordinate system. The ply angle is also varied from -90° to 90° with an interval of
a) Corresponding author. Email: mehrnoosh.abedi@concordia.ca.
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5°. It is noted that all graphs showing the variation of modal loss factor are symmetric with respect to the vertical axis when
the angle is changed from 0° to either -90° or +90°, except the plots for CCFF boundary condition. The modal parameters
presented here are predictions obtained from the FE model based on the properties taken from the DMA testing.
Table 2. Fundamental modal damping parameter for unidirectional beams of 20 mm × 200 mm obtained experimentally.
Fiber Orientation
0°
30°
45°
60°
90°
FEa
EXPb
FE
EXP
FE
EXP
FE
EXP
FE
EXP
Frequency (Hz)
63.89
62.98
27.79
27.61
20.81
20.33
17.62
17.54
15.92
15.79
Loss factor (%)
0.251
----1.452
----1.431
----1.268
----1.001
----Damping factor (%)
0.126
0.133
0.726
0.723
0.716
0.715
0.634
0.642
0.500
0.582
a) Finite element; b) Experiment.

The maximum loss factor and its corresponding frequency along with the highest frequency under each boundary
condition are reported in Table 3 in terms of the lamination sequence and the optimal fiber orientation for plate components
of 120 mm × 120 mm. The results illustrate that the maximum loss factor over the given range of fiber orientation is achieved
when the respective fundamental frequency is minimum. As a result, the maximum fundamental frequency and the optimal
loss factor are not obtained at the same fiber orientation. Therefore, an increase in damping occurs at the expense of a decrease
in frequency. To better realize this, the variation in fundamental loss factors of three given stacking sequences with respect to
fiber orientation under different boundary conditions is also presented in Fig. 1.
Table 3. Maximum loss factors (%) and frequencies (Hz) of 12-ply square laminates under hybrid clamped and free boundary conditions.
Parameter

CFFF

Max. loss factor
Frequency @
Max. loss factor

Angle-ply
(±70°)

Max. frequency

Angle-ply
& UD
(0°)

CCFF
−90° ≤ 𝜃 ≤ 0°
0° ≤ 𝜃 ≤ 90°
1.041
0.635
UD
UD
(-30° &
(45°)
129.80
212.60
-60°)
Cross- &
Cross- &
Angle-ply
224.70
Angle-ply
239.00
(-45°)
(45°)

CCCC
1.140

0.580

UD
(±45°)

49.66

994.30

Cross-ply
(0° & 90°)

176.97

1194.67

CFCF
1.118

UD
(±70°)

315.40

Angle-ply
& UD
(0°)

1114.31

For all boundary conditions except CFFF, the unidirectional configuration yield the maximum fundamental modal loss factor.
It is also noticed that the angle-ply configuration under CFFF boundary condition nearly follows the trend of results of the
unidirectional configuration in the case of CFCF boundary condition, offering the same optimum fiber angle. Furthermore, CCCC
boundary condition leads to a relatively lower maximum loss factor due to more constrained edges, which, in turn, results in a
higher bending stiffness and thus frequency. Comparing the modal loss factor of the unidirectional square plate under CFFF
boundary condition with that of the beam component with the aspect ratio of 10 (see Table 2), the influence of geometry on shifting
the optimum angle from 70° to 30° can also be inferred.
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Fig.1 Variation of fundamental loss factor with fiber orientation for laminates with maximum loss factor under combination of clamped
and free boundary conditions.
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THERMAL CONDUCTIVITY ESTIMATION OF NANOCOMPOSITES WITH RANDOMLY
DISTRIBUTED INCLUSIONS
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Summary In this paper, the formulation of two-scale homogenization methodology is presented. The formulated effective medium theory
approach can be used to model nanocomposites with multiple randomly oriented or aligned inclusions that are non-homogeneously dispersed
in the matrix. The applications of the formulated effective medium theory are demonstrated using previously published experimental and
numerical results for several particulate nanocomposites.

INTRODUCTION
The problem of estimation of the effective thermal conductivity of composite materials has been widely studied. Early works
in the area were done by Maxwell1 and Lord Rayleigh2 who studied the thermal conductivities of composites with low
concentrations of inclusions. Expressions for the effective thermal conductivity of composites with dilute concentrations of
inclusions of different shapes have been presented by Nan et al 3. A modified effective medium theory for nanocomposites was
presented by Minnich and Chen4 for spherical inclusions and was extended by Ordonez-Miranda et al.5 for spheroidal inclusions.
The current work shows the formulation of a two-scale homogenization methodology which can be used to determine the
effective thermal conductivity of particulate nanocomposites. The proposed methodology overcomes several shortcomings in the
effective medium theory approaches reported in literature. These include capabilities to include effect of multiple nanometersized inclusions, effect of oriented (randomly or at any angle relative to heat flow direction) spheroidal inclusions and the effect
of non-uniformly dispersed inclusions.
GENERALIZED EFFECTIVE MEDIUM THEORY
The formulation of the generalized effective medium theory is presented in this section. First, the effect of multiple nanometersized inclusions on the thermal conductivity is derived. Second, the effective medium theory formulation for multiple inclusions
is presented. Lastly, a two-scale approach to handle non-uniformly dispersed inclusions is presented.
The effect of multiple nanometer-sized inclusions oriented in any random direction on the thermal conductivities of the matrix
and inclusions can be calculated by extending the approach of Minnich and Chen 4. According to their approach, the addition of
the nanometer-sized particles modifies the thermal conductivities of the matrix and the inclusions. The modified thermal
conductivities are calculated by first calculating the effective mean free path of the energy carriers (phonons or electrons) in the
matrix or the inclusions using Matthiessen’s rule. This results in the following modified matrix and inclusion thermal
conductivities.
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where x can be p or e for phonons or electrons respectively, rVi  V1 / V2 , Vi and
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i are the volume and volume fraction of a single

particle of inclusion type i,    A / V1 and  x ,bulk is the bulk mean free path of the energy carriers, p is the inclusion aspect
y

ratio,  is the eccentricity, Kellip and Eellip are elliptic integrals of first and second kind.
A generalization of Nan et al.’s EMT3 to multiple inclusions can be derived by considering the background of the Nan et al.’s
derivation6.The effective thermal conductivity of the composite can then be calculated using eq. (5) where the definition of
individual terms in the equations is same as in Nan et al. 3. A major drawback of the effective medium theory approach is its
inability to handle non-uniform dispersion of inclusions. In the current work, a two-scale approach is proposed that combines the
EMT approach at the lower scale with computational homogenization 7,8 at the upper scale to introduce the effect of non-uniform
dispersion of inclusions in the matrix on the effective thermal conductivity of the composite. The application of the method
a)

Corresponding author. Email: afmarif@kfupm.edu.sa

2348

requires a quantitative knowledge of inclusion distribution in the matrix. This could a statistical parameter like standard
deviation of inclusion volume fraction that can be used to develop an RVE for computational homogenization.
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APPLICATIONS OF THE TWO-SCALE APPROACH
In this section, the methodology formulated above is applied to Germanium-Silicon nanocomposites. The generalized EMT
formulated in the current work can be applied to Ge-Si composites for cases already studied in literature i.e. spherical inclusions
and aligned spheroidal inclusions as well as for cases not reported previously e.g. randomly oriented spheroidal inclusions and
non-uniformly distributed Si inclusions. Figure 1 shows the effect of inclusion size, aspect ratio and dispersion non-uniformity
on the estimated effective thermal conductivities of Ge-Si composite.

(a) inclusion size effect
(b) aspect ratio effect
(c) dispersion non-uniformity effect
Figure 1. Thermal conductivity of Ge-Si effective thermal conductivity
CONCLUSIONS
In this paper, a two-scale homogenization methodology is presented for the estimation of the effective thermal conductivity of
particulate nanocomposites. The formulated EMT has the capability to incorporate the effects of size, shape, orientation and
non-uniform dispersion of multiple inclusions on the estimated thermal conductivity.
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Summary We present a simple analytical solution, based on the Radon transform and its inversion formula, for the local and mean Green

operator of long or flat (not only ellipsoidal) inclusions with general orientation in any medium with transversally isotropic (TI) and
possibly coupled properties. This “Radon method”, already applied to various situations, allows quick checking of operator variations
with inclusion aspect ratio and orientation with regard to various matrix TI anisotropy and of related effective properties of composites.

INTRODUCTION
Estimates of effective properties of various composite structures from homogenization frameworks are based on the
knowledge of the so-called Green (G) operators, or of the Eshelby (E) tensors for inclusions or phase arrangement
symmetries. The here reported analytical solution, based on the Radon transform and its inversion formula, provides the
(mean when not uniform) G operator in various cases of inclusions in transversally isotropic (TI) reference matrices. As
exemplified for spheroids, it allows quick checking of inclusion orientation, aspect ratio and matrix anisotropy variations.

THE MEAN GREEN OPERATOR FORM USING THE RADON TRANSFORM METHOD
By the Radon method [1-3], the mean Green (G) operator over a 3D inclusion V of any shape tV  v 1  V tV (r ) dr
(say, the average over all points r in V of the integral over V of the modified G operator t V (r ) 1) in an infinite medium with
(static, linear) properties of general anisotropy, can be written, with   (, ) , d  sin d d and  the unit sphere:

tV    t P ()  V () d

 V ()  

1
8 π2v

;  V    v 1 v  V (, r) dr ;  V (, r )  
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In  V (, r) and in  V () , the s V (z, ) function is the section area of V by the plane of z  .r equation, passing





through r and of  normal. D-V (), DV () is the inclusion breadth in direction . The second z-derivatives s V ' ' (z, 
are constant for ellipsoids and yield uniform shape function and G operator [1-3]. The elementary operators t P () are the
Green operators of infinitely flat spheroids, or of laminate layers, normal to the direction . They only depend on the matrix
properties of concern. Using the generalized elasticity notation [3,4], they read:
p
p
t qIJp
()  t qIJp
( )  ( M 1 )IJ () q p ( Iq ), ( Jp )
M IJ  C pIJq  p q
;
(2).





In Eq. 2, C is the generalized stiffness moduli tensor, and M has dimension 5x5 for magneto-electro-elastic (MEE)
coupling. The first step to obtaining the G operator is to calculate all the s V ' ' (z, derivatives for the shape of concern.
In isotropic media (not allowing property coupling) all the elementary operators are equivalent up to a rotation and all the G
operator terms reduce to combinations of trigonometric functions of the form

sin 2r  cos 2 s  sin 2u  cos 2v  [1,2]. In TI

media, with the  integral running in the medium symmetry plane x1  x2 , all the elementary operators take the form of
one or a sum of rational fractions of polynoms in cos 2  ( being counted from the medium x 3 TI symmetry axis) which
all are of degree 4 at the most in the case of MEE coupling [3] (Thermal coupling enters as for thermal-elasticity [5]). All of
them can be decomposed into several terms of the unique form p /(cos 2   q) , where q is one of the (real or complex) root
of the denominator of the polynomial fraction and p a coefficient [3]. Up to now, off-axes oriented inclusions in TI media
have no (or no simple) analytical G operator forms, except for laminates what is a trivial result from the Radon method [3].
1

a)





tV (r )   V (r - r' ) dr' , ijpq (r  r ' )  - 2 / x p xq Gij (r  r' ) , G(r  r' ) is the Green function of the medium, r  ( x1, x2 , x3 ) .
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RESULTS AND CONCLUSION
According to the Radon method, the (ellipsoidal or not) inclusion shapes in a TI medium can be ranged into 3 groups: (i)
integrals over  and over  in t V are independent, (ii)  is a simple function of such that a single  integral remains,
and (iii)  and  integrals in t V remain coupled. Case (i) includes axial (from flat to long) spheroids and other axially
symmetric shapes as finite cylinders or half-spheres, case (ii) includes (possibly elliptic) fibres of general orientation and
case (iii) contains the ellipsoid of general position with the particular spheroidal type from axial to transverse direction.
Cases (i) and (ii) are fully analytical. In case (iii) the last integral may need computational assistance. For ellipsoids, the
double () integrals to be performed formally read, with the F ( u,v ) () being the same trigonometric -functions as in


1
2  1
Ell
(3).
 0  x  1 2
V
( x, ) dx F (u,v ) ()d
x q


For spheroids with general (°,°) orientation in the medium, for each  value, the  elementary integral reads [3]:

fully isotropic media [1,2]:

I q( ) 

Iq

(u,v )
V

2
1 1  
1  ( 2  1) sin    x 2 cos(     cos  x  
 1 2

 
2 x  q 

3 / 2

dx , x  cos 

(4).

The Figures 1 and 2 exemplify spheroid G operators t (normalized by the matrix shear modulus µ) at different  angle
from the TI medium symmetry axis, varying the aspect ratios  from flat 102 to long 102 spheroids and for two
opposite matrix (elastic) property anisotropies, with C=Ciiii, µ=C1212 and C*=C1122=C-2µ, i=1,2 in the x1x2 symmetry plane.
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Figure 1: spheroid G operator at °=0 and °=30° from the TI matrix symmetry axis for cases of (left) µL=2µ, CL=2C and CL =2(C-2µ) and (right)
µL=µ/2, CL=C/2 and CL*=(C-2µ)/2
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Figure 2: spheroid G operator at °=0 and °=60° from the TI matrix symmetry axis for cases of (left) µL=2µ, CL=2C and CL*=2(C-2µ) and (right)
µL=µ/2, CL=C/2 and CL*=(C-2µ)/2

The dots on Figures 1 and 2 represent the G operator terms for the laminates, sphere and infinite cylindrical fibres, with fully
explicated analytical solutions given in [3], together with the one for infinite elliptical fibres. Analytical solutions are also at hand
for the (mean) G operator of finite long or flat cylinders [2] and of some other shapes to be presented soon. The Radon method
solution allows an easy check of how optimizing (possibly coupled) properties of composite structures from modulating the
medium TI anisotropy together with the shape and orientation of the inclusions.
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Summary The article investigates the response of nanoparticle reinforced elastomer composites under dynamic impact. The preparation,

characterization and testing methodology of polydimethylsiloxane based elastomers reinforced with multi walled carbon nanotubes is discussed
in detail. Under quasi-static condition the presence of CNT network resulted in an enhanced stiffness. When subjected to high strain rates of
compressive loading the presence of CNTs influenced the stress – strain curve characteristics (e.g. transition point from strain hardening to
softening region) while greatly improving the energy storing capabilities. To test under high rates of strain, some necessary modification were
also made to the dynamic testing apparatus (Kolsky bar/Split Hopkinson bar).

INTRODUCTION
Elastomers are rubberlike material exhibiting characteristics of viscoelastic nature, low elastic modulus, high strain at
failure and weak inter-molecular interactions. Quite recently considerable attention has been devoted to develop multidimensional composite system through introducing a nano-filler network. Some typical reinforcing fillers includes cubic and
spheroidal fillers (calcium carbonate, silica, carbon black), fiber fillers (glass, aramid fibers) and nanofillers (carbon
nanotubes, nanoclays, nanosilica) [1]. Depending on their structural and geometric characteristics, nano-fillers network
interacts with the polymers matrix differently resulting in enhanced mechanical and electrical properties of the resulting
composite system. The use of Carbon nanotubes to fabricate elastomer based composites has gained importance due to their
high Young’s modulus, superior electrical and thermal conductivity and large aspect ratio. These elastomeric nanocomposites,
however, require preparation procedure that are different than most polymer-based nanocomposites since their performance
greatly depend on the rate of dispersion, and degree of alignment.
It is quite evident and well established that CNTs (when incorporated into elastomer network), results in improvement in
stiffness over large strain deformation. However, under moderate to high strain rates, response of elastomers can vary from
being purely rubber like to glassy behaviour [2]. Investigations on the performance of these reinforcement when subjected to
high strain rates are still lacking. The main objective of the research is to characterise the effect of CNT filler loading on the
stiffing of the elastomeric composite under quasi-static and dynamic impact conditions. The typical setup required to study
the response of materials under impact is the Split Hopkinson bar/Kolsky bar. However, to test low impedance, and low
strength material some modifications are required to it.
EXPERIMENTAL
Fabrication
For the matrix network polydimethylsiloxane (PDMS) base (DOW SYLGARD 184) was used in 10:1 ratio with HR-C
catalyst. First the PDMS base was extensively mixed with multi walled carbon nanotube MWCNT (NC7000) having an average
diameter and length of 9.5 nm and 1.5 µm respectively. To achieve better dispersion of CNTs the solution was sonicated for 30
mins. After the addition of catalyst, the CNT/PDMS solution was further mixed in a paste mixer and degassed in a vacuum
chamber. Before it was ready to be cured at 150 oC for 15 mins, the resulting paste was poured into mold and vacuum bagged to
ensure the removal of tiny air bubbles that may have been captured during the transfer to the mold. To characterize the stiffing
effect due to the presence of filler network, the CNT were added in varying weight percent (% wt) with the elastomer base.
Testing
Uniaxial tension tests were carried in a MTS-43 electromechanical load frame using a dumbbell specimen with a thickness
of 3.3 mm and width 5.5 mm at a loading rate of 0.1 mm/s-1. For the dynamic impact test, a modified Kolsky bar was developed
suitable to test low impedance soft materials like rubbers. In a Kolsky bar a cylindrical sample is a sandwiched between an
incident and transmission wave. Dynamic loading is produced in the form of elastic wave when the incident bar is impacted
using a striker of same diameter. This is called the incident wave, upon reaching the bar specimen interface some of this wave
is reflected back while the rest is transmitted through the specimen to the transmission bar. The incident, reflected and
transmitted waves are recorded through strain gauges, to compute the response of the specimen. To avoid interfacial frictional
and inertial effect which may results in a noise, the specimen geometry was optimized to be 8.5 mm diameter and 2mm
thickness. The trapezoidal incident wave was also shaped through pulse shaping technique into a smoother pulse with an
elongated rise time to avoid the effects of axial and radial inertia. The geometry of pulse shaper (annealed C11000) was
optimized to be cylindrical with diameter of 3.5 mm and thickness of 1.6 mm. The dimension of the incident and hollow
a) Corresponding author. Email: alex.czekanski@lassonde.yorku.ca
4700 Keele Street, York University, Toronto, Ontario
Canada, M3J 1P3
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transmission bars were 20mm in diameter and length of 2m and 1.8 m respectively. The complete operational details of the
testing apparatus can be found in [3] and [4].
RESULTS AND DISCUSSION
Figure 1 (a) illustrates the response for quasi static uniaxial tension of samples with varying concentration of CNT filler.
Under the quasi-static loading the stress – strain response of PDMS as well as reinforced composites exhibits behavior typical
of elastomers; a linear elastic response under low strain followed by a slightly non-linear behavior. Increasing the CNT loading
in the elastomer network results in enhanced stiffening. However, increasing the amount CNT also effects the max level of
strain attained in the sample. This effect can be attributed to the existence of CNT agglomerates at higher weight percentages,
which are not well dispersed. These bundles of CNTs acts as stress concentrators contributing to the origin of cracks.
Figure 1(b) shows that under constant strain rate (2500 s-1), increasing the amount of CNT filler from 0 wt% to 2.0 wt%,
not only enhances the level of endured stresses but also accumulates much larger strain. The stress increases linearly with the
strain in the initial loading. After the yield point, the curve exhibits regions of strain hardening followed by strain softening
region. This transition is also influenced by the amount of CNT nano-reinforcement present in the PDMS matrix. At a constant
rate of loading the energy absorption is improved by ~ 33 % in samples containing 2 wt % of CNT as compared to the neat
ones.
It can be seen from Figure 1(c) that the mechanical response of composites under uniaxial compression exhibits great
strain rate dependent characteristics. In comparison to the quasi-static testing, the high strain rate results show higher stress
values at comparable strain.

(a)

(b)

(c)

Figure (1): (a) uniaxial tension under quasi-static conditions for PDMS samples with varying CNT loading. (b) Uniaxial
compression results for the samples at a constant strain rate of 2500 s -1 (c) Response of 2 wt% CNT reinforced PDMS
samples under varying strain rate from 2000 s-1 to 4300 s-1.
CONCLUSION
In this study, the quasi-static and high strain response of CNT based PDMS composites has been investigated. To test under
impact conditions, a modified Kolsky bar apparatus was developed. The addition of CNT as nano-reinforcements have shown to
enhance stiffening and energy absorption characteristics of the material. In the high strain rate regime, more prominent effect is
seen on the maximum level of stress (enhanced by 120 %) and strain attained. The presence of CNT’s influence strain related
hardening and softening regions. Interestingly, the response of the composite also exhibited a strong strain rate dependency on the
shock absorbing capability – an increase by 43 times from 2000 s-1 4300 s-1
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Summary The paper presents results obtained during low velocity impact tests made on sandwich materials aimed to be used for the

manufacturing of various structural parts of a small integrated renewable energy unit. The shape of the recorded impact force history curves
have been first analysed in each case, in order to get prime information about the possible damage produced in the material. The impact tests
have been followed by mechanical tests, which offered quantitative information about the residual strength of the material, as valuable data
concerning the damage tolerance of the materials. The whole scenario has to be put in place especially for new or improved materials which are
intended to be used, creating a strong background for designers and very useful in exploitation, for achieving high in-service structural
reliability. The research effort is underway, with results promising good mechanical performance of the proposed materials.

INTRODUCTION

Force [N]

Small integrated renewable energy units are the answer for affordable and flexible energy sources in the case of isolated,
completely off-grid buildings or complementary solutions for buildings with access to energy utility providers. Integration
means presence of various green energy sources, like a wind turbine sided by photovoltaic and thermal solar panels and
energy storage devices, like water tanks and batteries. In this way, good flexibility in providing energy the year round is
secured, with corresponding high degree of energetic autonomy. All that components are mounted on a supporting tower,
the whole structure involving a wide range of materials. Sandwich type composites offer the highest versatility in terms of
optimum design, letting room for adequate solutions from both structural and cost points of view. It is the reason for which
that class of composites has been chosen for manufacturing some main parts of the turbine runner and the tower platforms.
Most composites are very sensible to low velocity impact events which, unlike high velocity ones, may produce
damages in the material on areas considerably larger than the zone of direct contact with the impactor. The small renewable
energy units are running not only various weather conditions, but also in the vicinity of buildings and trees. Consequently,
low velocity impact due to hail, tree branches, roof tiles or mishandled tools can affect the structural integrity of the
materials. The damage induced by impact can be detected tracking irregularities on the impact force history curves [1]. Such
a test can be seen as a reference meant to evaluate the propensity to failure and coupled with post-impact testing, measuring
the residual strength and/or stiffness, it can give valuable information about the damage tolerance for various materials. The
impact test and the post-impact test are standardised in two reference documents for layered fibre reinforced plastics (FRPs)
[2][3]. In the paper, the experimental procedures are adapted for sandwich materials, the most important point being the
replacement of compression after impact test (CAI) with bending after impact test (BAI), idea presented already in [4].
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Fig. 2. Impact force history curves for sandwiches with coremat core.

DESCRIPTION OF THE EXPERIMENTAL WORK
The impact tests were performed on an adapted impact hammer, commonly used for Charpy and Izod impact tests.
Adding a force transducer, complementary instrumentation and an adequate rig for mounting the samples (Fig. 1) makes
this installation very affordable for tests performed at low and medium energy levels. Various samples have been used, in
order to assess different materials and comply with adequate standards. The sandwich materials had skins made from
layered glass fibre reinforced plastics (GFRP), with coremat®, honeycomb and polyurethane foam cores. Dimensions for the
a)
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first type were 100 x 350 mm, while for the others 100 x 450 mm. In this way, the minimum dimension complied with that
imposed by [3], while the other dimensions complied with [5], as the low velocity tests and subsequent 3-point BAI tests for
getting residual mechanical performance in bending followed the pending standards. Relevant results are presented below.
The regularity of the impact force history curves obtained under 10J and 20J energies for the sandwiches with coremat
core (Fig. 2) quite naturally implied quasi-unchanged strength after BAI tests, in line with results found for most FRPs.
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One can expect that the very deformed shapes of the impact force history curves obtained for sandwiches with
honeycomb core (Fig. 3) mean a very consistent diminishing of the residual strength. Instead, it was observed a modest one
(Fig. 4), even for the samples where a quasi-penetration of the impacted upper skin took place under 20J energy impact.
The impact force history curves obtained for sandwiches with foam core show a stunning difference between those
recorded for the 10J and the 20J energy impact (Fig. 5). The short, low amplitude first ones prove even a beneficial effect on
the bending strength, while the irregular, extended second ones witness a slight lowering of that strength (Fig. 6).
CONCLUSIONS
The link between impact force history curves obtained for thick sandwiches is less informative than those obtained for
FRPs and thin, compact sandwiches. For relevant data about the post-impact behaviour, CAI and BAI tests have to be made.
Acknowledgment. The research work was performed under project 258/2014, financed by the Romanian Ministry of Education and
Scientific Research, through its dedicated body (MEN-UEFISCDI), in the “Partnership in priority domains - PN II” programme.
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VIBRATION OF DOUBLY TAPERED LAMINATED COMPOSITE BEAMS BY
HIERARCHICAL FEM
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1

Summary Free vibration response of symmetric linear-thickness-and-width-tapered laminated composite beams is studied. For this purpose, a
hierarchical finite element formulation is developed based on trigonometric hierarchical functions. Comparison of the hierarchical finite element
solution with the Rayleigh-Ritz and a higher-order finite element solution is performed. A parametric study is conducted on the internally-tapered
composite beams to investigate the effects of boundary conditions, width-ratio, thickness-tapering angle, and damping on the free vibration
response.

INTRODUCTION AND FORMULATION
Tapered laminated composite beams provide stiffness-tailoring and mass-tailoring design capabilities. They are increasingly
and widely being used in engineering applications including aircraft wings, helicopter yokes and wind turbine blades. The
composite beam that is being analyzed in the present study has a large length-to-thickness ratio as shown in Figure 1, and
therefore by applying the cylindrical bending theory and considering classical laminate theory, one can get the equation of
motion in variational form as:
𝐿
𝐿
𝐿 𝐻/2
d2 𝑤 𝑑 2 𝛿𝑤
d𝑤 d𝛿𝑤
∫ 𝑏(𝑥) 𝐷11 (𝑥) ( 2 ) (
) 𝑑𝑥 − 𝜔2 ∫ ∫ 𝜌 𝑏(𝑥) 𝑤𝛿𝑤𝑑𝑥𝑑𝑧 = 0
) 𝑑𝑥 − ∫ 𝑏(𝑥) 𝑁𝑥 ( ) (
2
d𝑥
d𝑥
dx
dx
0
0
0 −𝐻/2

(1)

in which L is the length of the tapered beam, 𝑏(𝑥) is the width of the beam, Nx is the compressive axial force (if present),
and 𝐷11 (𝑥) is the coefficient of bending stiffness of the laminated composite beam [1] which can be calculated as:
𝑛

𝐷11 (𝑥) = ∑ [𝑡𝑘 𝑧𝑘2 −
𝑘=1

𝑡𝑘 3
] (𝑄11 )𝑘
12

(2)

where tk denotes the thickness of kth ply and (𝑄11)𝑘 denotes the transformed reduced stiffness coefficient of the kth ply[2].
It is also assumed that the deflection in (transverse) z-direction is: 𝑤(𝑥, 𝑡) = 𝑊(𝑥)𝑒 𝑖𝜔𝑡 . Using the Hierarchical Finite
Element Method (HFEM), considering two nodes per element and two physical degrees of freedom per node, that are,
transverse deflection and rotation (Figure 1), first a third-order polynomial is used as the basis for the expression of deflection
to satisfy the boundary conditions as:
(3)

𝑊(𝑥) = 𝑐1 + 𝑐2 𝑥 + 𝑐3 𝑥 2 + 𝑐4 𝑥 3

The displacement function is then modified by adding trigonometric or polynomial functions at the end of the equation[3].
In this study, the trigonometric hierarchical functions are used as:
𝑁

𝑊(𝑥) = 𝑐1 + 𝑐2 𝑥 + 𝑐3 𝑥 2 + 𝑐4 𝑥 3 + ∑ 𝑐𝑖+4 sin
𝑖=1

𝑖𝜋𝑥
, 𝑖 = 1,2,3, …
𝑙𝑒

(4)

in which 𝑙𝑒 is the length of the element and N is the number of hierarchical terms.
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Figure 1 Global and local co-ordinates (left), and nodal displacements and rotations (right)

After determining and incorporating the corresponding shape functions, the element stiffness [𝑘] and mass [𝑚]
matrices are defined for each element as:
𝑙𝑒

(5)

[𝑘] = ∫ 𝑏(𝑥)[𝐷11 (𝑥)[𝑁 𝑀 ]𝑇 [𝑁 𝑀 ] − 𝑁𝑥 [𝑁 𝑑 ]𝑇 [𝑁 𝑑 ]]𝑑𝑥
0

𝐿

(6)

[𝑚] = ∫ 𝑏(𝑥)(𝜌𝑝 𝐻𝑝 + 𝜌𝑟 𝐻𝑟 )[𝑁 𝑤 ]𝑇 [𝑁 𝑤 ]𝑑𝑥
0

In which [𝑁 𝑤 ]is the shape function matrix and [𝑁 𝑑 ] and [𝑁 𝑀 ] are the first and second derivatives of [𝑁 𝑤 ], respectively.
After assembly of global stiffness [K] and mass [M] matrices of the beam, the equation of motion transforms into:
(7)

[[𝐾] − 𝜔2 [𝑀]]{𝑢} = 0

In which {u} is the matrix of nodal displacements and rotations in global coordinate system. The above equation is an
eigenvalue problem and can be solved to determine the natural frequencies of the beam.
a) Corresponding author. Email: vlevitas@iastate.edu.
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NUMERICAL RESULTS AND DISCUSSION
A thickness- and width-tapered composite beam made of NCT-301 graphite-epoxy prepreg, and with [0/90]9S laminate
configuration is considered. Different boundary conditions are considered as shown in Figure 2. The taper configuration
considered is shown in Figure 3. A program is written using MATLAB to calculate the natural frequencies. In each step of
the parametric study, one variable is considered while all other variables remain constant. As an example, free vibration
response in terms of first natural frequency is determined and plotted against the width-ratio and length of the tapered section
(or equivalently corresponding taper angle) for different boundary conditions, in Figure 4.

Clamped-Clamped

Clamped-Free

Simply Supported

Free-Clamped

Figure 2 Boundary Conditions

Figure 3 Taper Configuration D

Figure 4 Effect of the width-ratio (left) and taper angle (right) on the fundamental natural frequency

Figure 5 The comparison between results obtained using CFEM and HFEM

CONCLUSIONS
HFEM provides a better accuracy than Conventional FEM with less number of elements that will significantly reduce the
time required for the computations and the stress/strain discontinuities across nodes. In addition, there is no significant
difference between the results when the second hierarchical term is added, as it is shown in Figure 5. Moreover, a comparison
with the results obtained using R-R (Rayleigh-Ritz method) [4] and a HOFEM (Higher-Order Finite Element Method) [5] is
also shown in this figure. HFEM provides accurate results within 0.2% of difference from the above-mentioned methods,
which is very acceptable. The order of magnitude of natural frequencies for different boundary conditions corresponds to the
order: Clamped-Clamped (CC), Simply-Supported (SS), Clamped-Free (CF) and Free-Clamped (FC). By decreasing the
length of the tapered beam (or equivalently increasing the thickness-taper angle), the natural frequencies increase dramatically.
By increasing the width-ratio, the natural frequencies increase for SS, CC and FC boundary conditions but they decrease for
the CF boundary condition because by increasing the width-ratio, the additional material on the free side of the beam results
in the corresponding changes in the stiffness and mass of the beam and consequently, decrease in natural frequencies. Addition
of damping results in reduction of the natural frequencies. The amount of reduction highly depends on the damping ratio(𝜉).
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Yuanwen Gao1 &Xu Wang1
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Summary The mechanical behaviours and electric properties of multi-filament twisted superconducting (SC) strands are
investigated based on a 3D FEM model with consideration of damage of filament, the initial thermal residual stress, etc. The
distribution of the damage of the filaments and its evolution and the movement of the neutral axis caused by it are studied
and displayed in detail. Besides, the normalized critical current of SC strands under bending load is also calculated based on
the invariant temperature and field strain functions. The non-negligible influences of the pitch length of the filaments on
both the mechanical behaviors and the normalized critical current are discussed.
A MULTI-FILAMENT TWISTED FEM MODEL FOR SUPERCONDUCTING STRAND
As the basic structure generating the magnetic confinement for the fusion plasma in the International Thermonuclear
Experimental Reactor (ITER), the strand works under strong magnetic field (12 T) and low temperature (4 K). Due to the
current carried herein and the change of the temperature, the strand is always subjected to the bending (Lorentz force) and
axial (thermal expansion) deformation, which will lead to the degradation of the superconductivity.

Fig.1 3D FEM model of multi-filament twisted strand

Fig.2 the RVE of superconducting filament bundle

In this study, a 3D multi-filament twisted FEM model is developed according to the real structure of the LMI strand, as
shown in Fig.1. Some important factors, such as the initial thermal residual stress, the breakages of superconducting
filament and twist pitch are taken into account. During the drawing and heat treatment of the superconducting strand, there
exists a strong thermal residual stress system due to different thermal expansion properties of materials. We calculate this
thermal residual stress system by the models of Mitchell [1] and Boso [2], and apply the results into the Multi-filament twist
model. Due to the brittleness of superconducting filament, there will occur many breakages in superconducting filaments.
For considering the influence damage of SC filament on the electromechanical behavior of SC strand, with the assumption
that the deformation of a filament does not affect by other nearby filaments’ stress state, we choose the representative
volume element (RVE) as a concentric cylinder with a single filament in the matrix, as shown in Fig. 2. The radiuses of this
filament and the RVE are determined according to their volume fraction and the number of the filaments in a bundle. Since
the damage of the filament and its evolution are almost random, hence, we consider the distribution of the break points to be
of a Weibull form. According to the model of Curtin and Zhou[3], the effective constitutive relation of this RVE can be
obtained. So a 3D FEM model of SC strand is built, which can be used to calculate the electromechanical behaviors of
strand.
MECHANICAL BEHAVIORS OF SUPERCONDUCTING STRAND
Figure 3a displays the computed transverse load-deflection curve of the strand and the comparison with the experiment
and Nijhuis’ model [4]. In this figure, the experimental data shows a nonlinear characteristics, which is not reflected in
Nijhuis’ model. While, the computed results for our model shows the nonlinear characteristics prominently, and more close
to the experiment. The calculated axial stress-strain characteristics of the strand with every factor taken into consideration
and the comparison with the experiment is also shown in Fig. 3b. From this figure we can see that the thermal residual stress
in the strand has a significant impact on the tensile behavior of the strand, and when the strain is large, the influence of the
damage of the filaments is obviously. From the comparisons with these two experiments in axial tension and bending
respectively we can see that our model has good accuracy in the prediction of the mechanical behavior of the SC strand. In
addition, in order to describe the fracture situation in the strand, a scalar variable d  1  Eunload Einitial is employed, the
evolution of the damage of the filaments in the strand in the whole loading process is also calculated and discussed.
a) Corresponding author. Email: ywgao@lzu.edu.cn
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Fig.3 Comparison of the bending behaviors (a) and axial stress-strain characteristics (b) with experimental data
CALCULATION OF THE CRITICAL CURRENT OF SC STRAND
Due to the strong strain sensitivity of the superconducting material Nb3Sn, the superconductivity of the strand is
closely related with the mechanical properties of the strand. According to the scaling law [5], the critical current density of
the filament depends on the magnetic field B , temperature T and strain  . Our proposed model has the ability to predict the
three-dimensional deformation of the materials in the strand, which can be used to calculate the critical current density of
the strand with combining of the scaling law of critical current. The critical current of strand varies with the strain or
bending moments for different pitch length are shown in Fig.4, The predicted results of critical current have a good
agreement with the experimental data. The influence of the current transfer length, the pitch length of filaments, the
movement of the neutral axis and the damage and its evolution of the filaments, are also investigated and discussed in this
work, respectively.

Fig.4 Comparison of the normalized critical current versus strain (a) and bending moments for different pitch length (b)
CONCLUSIONS
A 3D FEM model with the consideration of the helical structures of the filaments, the thermal residual stress in the strand
and the damage of the filaments is proposed to investigate the electromechanical behavior of the multifilament twisted composite
SC strand. The factors affecting the mechanical behavior of the strand are analyzed in detail. Comparison the simulations of
tension and bending cases, it can be seen that in the bending case, different from the tension, the influence of the thermal residual
stress is quite small and could be neglected, and the effect of the fracture of the filaments on the moment-angle characteristics of
the strand is more significant. The critical current of the strand under axial and bending loads are calculated with the invariant
temperature and field strain functions. Based on the results calculated by the proposed model, the results indicate that the damage
and current transfer length in the strand have significant effects on the critical current. The calculated critical currents under
tensile and bending load with every factor taken into consideration agree well with the experiments.
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EFFECT OF ALUMIN TRIHYDRATE PARTICLE SIZE ON PHYSICAL AND MECHANICAL
PROPERTIES OF VINYL ESTER MATRIX COMPOSITE
Rim Ouadday, Abderrahmen Kaabi, Rachid Boukhili & Aurelian Vadean
Department of Mechanical Engineering, Ecole Polytechnique de Montréal, Montréal, Canada,
Summary Alumina trihydrate (ATH) fillers are commonly used flame retardant for polymer composites because of its high
performance in fire and its low cost. It is available in different particle sizes. This study aims to investigate the size effect of ATH
particles on the properties of vinylester matrix composites. Five particle sizes of ATH fillers were used: 2, 4, 6, 8 and 12μm. The
ATH fraction was maintained constant at 20% weight. This investigation reports the effect of alumina hydrate particle size on
mixture viscosity, shrinkage, exotherm peak, gel time and the composite flexural properties were studied and discussed in this
work.
INTRODUCTION
Using of fillers to improve or/and to modify the properties of polymer matrix composite is in full expansion. Alumina trihydrate
(ATH) fillers are used for their flame retardant performance in serval sectors, as such army, aircraft and automotive [1, 2]. A
lot of studies have been published about this subject [3-6]. While few studies were interested on their effect on mechanical
proprieties of finished product (composite) and physical properties during manufacturing step (mixture). This work aims to
understand the size effect of ATH fillers on thermal and rheology of mixtures with vinyl ester resin (VE). This study also
addresses the issue of the mechanical properties of VE-ATH composites in bending.
EXPERIMENTAL METHOD
Five sizes of ATH particles (2, 4, 6, 8 and 12 μm) are designated for study the effect on physical, thermal and mechanical
properties of the vinyl ester resin. ATH particles are gradually added to vinyl ester resin by mixing. The filler fraction presents
20% of total weight. The polymerization was realized in open casting mold at room temperature. Brookfield® viscometer,
DV2T Model, was used for measure viscosity of mixtures. Furthermore, the temperature was recorded during polymerization
by thermocouple which was fixed at the middle-thickness of the sample for determine gel-time and exotherm peak. The cured
samples were tested in bending, in according to ASTM D790.
RESULTS AND DISCUSSION
The effect of ATH filler size on mixture viscosity is illustrated by figure 1. The measured viscosity of vinyl ester resin without
ATH filler is 780 cPs, not shown in this figure. When 20% wt ATH is added to vinyl ester resin, the dynamic viscosity
increases from 35 to 100%. This increase is distinctly pronounced for 2 and 4 µm particle sizes. The mixtures with ATH
particle size is higher than 6 µm have almost similar viscosity which remains significantly higher than that of pure resin. The
filler size affects greatly the viscosity and consequently the expended energy for mixture flow, especially the smaller sizes.
Figure 2-a shows temperature-time graphs during the polymerization of mixtures for various particle sizes. This graphs
reveals that the filler particle size has an effect on the maximum temperature and time to the occurrence of this peak. Size is
smaller, temperature-time curve moves up and right. i.e. the exothermic peak and the gel time increase together when the
particle size increases, figure 2-b. This can be explained by the difference in specific area size. For the same weight, the small
size particles have a larger specific area than larger size ones. Composites including a high specific area with the fillers have
a higher heat exchange, which reduces its peak temperature during polymerization.
Figure 3 shows the effect of ATH particle size on calculated volume shrinkage of mixtures form measured linear shrinkage.
The mixtures with smaller particle sizes have a lower volume shrinkage than those with higher particle size of fillers. For
example the volume shrinkage jumps from 3.4% to 4.2% when 12 µm particles replace 2 µm particles. At most, the
incorporation of ATH fillers in vinyl ester resin reduces its volume shrinkage, which is close to 5.7%.
The ATH incorporated vinyl ester composites were tested in three point bending. The effect of varying ATH size on ultimate
flexural strength, flexural modulus and maximum strain is shown respectively by graph a, b and c of figure 4. Although the
results are not perfectly conclusive, filler particle size seems does not significantly affect the modulus but its higher values
can slightly increased the maximum strain and ultimate strength.

a) Corresponding author. Email: rim.ouadday@polymtl.ca.
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Fig.1: Effect of the ATH particle size on dynamic
viscosity of vinyl ester mixture (wt: 20%)

Fig.3: Effect of the ATH particle size on volume
shrinkage of vinyl ester mixture (wt: 20%)

Fig.2: Effect of the ATH particle size on exotherm
peak and gel time of vinyl ester mixture (wt: 20%)

Fig.4: Effect of the ATH particle size on flexural modulus, ultimate strength and maximum strain of
vinyl ester composites (20%wt)

CONCLUSIONS
This experimental study showed that the size of incorporated ATH fillers affect at different levels the physical and mechanical
properties of vinyl ester resin. Increasing the size of ATH fillers reduces the mixture viscosity and the volume shrinkage,
retards the polymerization reaction and grows the exothermic temperature. In bending, the modulus was not significantly
changed, but the ultimate strength and the maximum strain are lightly varied in the same direction of filler size changing.
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Summary The forecast of thermal and mechanical behavior for reinforced composites is a key issue for those studying these materials
from numerical simulations. The effective thermal and mechanical properties are obtained from the microscale information. The periodic
Lippmann-Schwinger equation is solved to obtain effective thermal conductivity tensor and the effective stiffness tensor. For electrical
properties a novel approach based on connectivity graph analysisis is used. The representative volume elements (RVEs) are generated with
a mixture of spherical, ellipsoidal and cylindrical inclusions, by the Random Sequential Adsorption scheme or the time driven Molecular
Dynamics. This paper focuses on generating the RVEs and the study of their effective thermal, electrical and mechanical behavior of 3D
representative volume elements (RVEs) of multiphased composite materials constituted by a matrix and inclusions randomly distributed
with periodic boundaries. Various geometries of inclusions based on corrugated shapes, excavated and/or by removed pieces of inclusions
are also considered.

RVE GEMERATION
In composite homogenization, the RVE generation including inclusions is a key stage and a real challenge especially with
periodic boundary conditions. The generation scheme must be robust, reliable, fast and able to reach high volume fraction
of inclusions. The RVE consists of a random mixture in 3D of inclusions which are spherical, ellipsoidal and cylindrical
without intersection in a first state, and in a second state with variations on inclusions shapes. There are many works with
ellipsoidal or spherical inclusions ([1], [2]) but the case with cylinders presents geometric difficulties that we have resolved
and detailed in [3]. However, another key point is how to generate samples randomly. There are two families of generation
algorithm: Random Sequential Adsorption (RSA) and Molecular Dynamics (MD). RSA is based on sequential addition of
inclusion until there is no intersection with any other inclusion already inserted. This method generates RVEs with about 30%
volume fraction and aspect ratio up to 18. For higher volume fraction and for high aspect ratio, this method can stuck and one
prefers the second method based on molecular dynamics. MD consists in generating all inclusions and after moving them to
the desired configuration using a time-driven version. This method allows the generation up to 50% − 60%. For more details,
the two algorithms are given in [4]. Our calculations have been made with both methods due to the choice of the morphology
parameters. To illustrate the type of RVE used, we present two examples with a mixture of non intersecting spherical and
cylindrical, spherical and ellipsoidal inclusions (Fig. 1 (a) and (b)). Concerning the inclusions with shape variations ([5]), we
consider corrugated inclusions, or, we remove some pieces of inclusions (see the Fig. 1 (c) and (d)) after generating spheres
and cylinders at the pixelization (or voxelization) step. For these RVEs, we have created inclusions with distorted shapes to
compare their behaviour with the non distorted ones.

(a) Spheres and cylinders

(b) Spheres and ellipsoids

(c) First variation: corrugation

(d) Second variation: broken
piece

Figure 1: Tow examples of RVE and two types of variations studied

HOMOGENIZATION PROCESS
The global approach we focus on, is called ’stochastic homogenization’. In this approach, the classical deterministic
homogenization techniques and procedures are used to compute the macroscopic parameters of a composite starting from its
∗ Philippe

Karamian-Surville. philippe.karamian@unicaen.fr
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microscopic properties. The stochastic part is due to averaging over some series of samples, and the fact that these samples fit
into the concept of RVE (Representative Volume Element) in order to reduce the variance effect.
The homogenization procedure is chosen depending on the property we are interested in. For the mechanical and thermal
behavior a scheme based on Fast Fourier Transform ([6], [7],[8] )works perfectly well. For electrical properties we suggest a
novel approach based on connectivity graph analysis. In all the three cases we compare the approaches with standard Finite
Elements techniques. In some cases it is also possible to combine several approaches in order to optimize computational costs,
for instance using the domain decomposition methods.
INFLUENCE OF PARAMENTERS
A statistical study has been conducted to determine the influence of morphological parameters. We describe the trends for
λapp versus the parameter studied. First, spherical inclusions (Fig. 2) and next cylindrical inclusions are considered. Fig. 2(a)
exhibits the boxplots for each number of inclusion for the case fsp = fcyl = 0.15 and contrast = 2048 . The higher the
number of inclusions is and less the repartition of λapp seems increasing. We can also note that from 20 (20 cylinders and 20
spheres), the range of λapp seems to be stable. Thus for the further computations, a number of 20 inclusions is considered.
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Figure 2: Dependence of thermal conductivity of a composite versus volume fraction of spherical inclusions, nsp = 15, 20.
Fig. 2(b) and Fig. 2(c) also show that the trends are similar for 15, 20 spheres. λapp increases non linearly for contrasts
greater than 1 and decreases for contrasts smaller than 1. These effects are more pronounced for contrast greater than 1. Same
conclusions more enhanced with adding the effect of the aspect ratio are observed. Similar phenomenon had been noticed for
the mechanical properties in [3].
CONCLUSIONS
A wide range of RVE with numerous parameters (volume fraction of spheres or cylinders, number of spheres or cylinders,
morphology of cylinders with their aspect ratio, the irregularities as the shape with corrugations or cuts of inclusions) is
provided. For each generated RVE the mechanical, thermal and electrical behaviour for several values of contrast had been
computed. An interesting database for inverse problems and statistical point of view is now available.
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SUMMARY
Light-weight and high-strength honeycomb sandwich panels having aluminum honeycomb cores and CFRP (Carbon Fiber Reinforced
Plastics) laminate faces are usually bonded by using two-liquid type epoxy resin-based adhesives with room-temperature curing to minimize
thermal residual stresses. The purpose of this study is to establish experimental method for fatigue characteristics evaluation of such lightweight and high-strength honeycomb sandwich panels’ bond structures. Bending fatigue experiments using the cantilever beam specimens
of honeycomb sandwich panels under different bending deflections were carried out with improved experimental fixtures and the results
are reported in this study.

INTRODUCTION
Light weight and high rigidity performances are very important in structural designs, especially remarkable for large
structural designs satellite frame or radiators for space utilizations. Honeycomb sandwich panels [1] boned with light-weight
honeycomb cores and high stiffness & strength FRP laminate faces are desired and becoming to be more and more used in
many fields such as automobiles, ships, architect, and aerospace areas as shown in Fig.1.
Durability of adhesive bonded structures between honeycomb cores and FRP faces are very important for honeycomb
sandwich panel constructions, while it is difficult to be evaluated successfully because of the preliminary fractures occurred
at the honeycomb cores near the fixture with thick honeycomb sandwich panels [2],[3]. The purpose of this study is to establish
the appropriate experimental method for fatigue characteristics evaluation of such light-weight and high-strength honeycomb
sandwich panels’ bond structures.

Fig.1 Sample applications of honeycomb sandwich panels
HONEYCOMB SANDWICH PANELS INTRODUCED FOR EXPERIMENTAL INVESTIGATIONS
In this study, honeycomb sandwich panel specimens constructed from commercial CFRP laminate and aluminium
honeycomb cores are bonded using two-liquid type epoxy adhesive for bending fatigue experiments as shown in Fig.2. 1.0mm
thick CFRP laminates and aluminium honeycomb cores with 30.0mm height, 0.001inch foil thickness and 1/4inch cell size
are introduced for the panel specimens. The specimen shape and size are also shown in Fig.3.

Core Height
(30mm)
Fig.2 Honeycomb sandwich panel specimen
for bending fatigue experiments

CFRP Thickness
(1.0mm)
Fig.3 Size of panel specimen

a) Corresponding author. Email: am15059@ns.kogakuin.ac.jp
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CANTILEVER BEAM FATIGUE TESTS OF HONEYCOMB SANDWICH PANELS
Bending fatigue tests of the cantilever beam with 1.0mm, 2.0mm and 3.0mm deflections are carried out for the honeycomb
sandwich panel specimen with 106 cyclic numbers. The testing instrument and specimen configurations are basically along
the ASTM D 671-63 T standard (Standard Test Method for Flexural Fatigue of Plastics by Constant-Amplitude-of-Force) and
shown in Fig.4 and Fig.5. Because this test machine configuration is originally used to evaluate the bending fatigue properties
of thin plates, special testing fixtures are designed for the thick honeycomb sandwich panel’s application. Strain gauges are
used to monitor the panel face’s strain responding near the fixture and linear gauge is introduced to figure out the zero bending
deflection position of the specimens.
Fixed end

Free end

Liner gauge
Strain gauges

Fixture

Fig.4 Bending fatigue test configurations

Panel specimen

Bending Deflection

Fig.5 Cantilever beam’s bending

Strain [με]

In this study, improvement on specimen preparations and fixture are carried out to solve the problems occurred in our past
investigations. Holes are created on the panel specimens for bolt fixations and this perhaps the main reason of causing the
preliminary fractures of honeycomb cores near the fixture. To solve this problem, it is considered necessary to make holes
gradually with a plurality of cutting drills to mitigate damage to the specimen in drilling as hole-drilling technique
improvement. Another problem is that the bending deflection loadings are not applied along the center line of panel’s height
because of the fixture configurations and then stress concentrations on one side of the panel becomes more severe and cause
the preliminary buckling or breaking of honeycomb cores [4]. New fixtures and spacers are introduced to improve this problem.
The large strain data obtained from the fatigue testing are manipulated using DIAdem2011 software and Fig.6 shows the
sample strain date from the bending fatigue test of honeycomb sandwich panel. Horizontal axis represents the number of
loading cycle and vertical axis represents the strains obtained from the strain gauges.

Number of loading cycle
Fig.6 Sample bending fatigue test result（1.0bending deflection）

CONCLUSIONS
Based on the improved fixtures and specimen preparation, strain data obtained from the bending fatigue experiments show that
the bending deflection loading are almost applied on the centre line and the fractures at honeycomb cores near fixture are become
very small. Because small fractures on honeycomb cores near the fixture end are still observed, fixation method of honeycomb
sandwich panels using bolts have to be instead to avoid the hole-drilling on specimens and then further improvements on the
experimental configurations are needed to be done in future study.
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EXTREME ELASTIC ANISOTROPY OF COMPOSITES WITH PERIODIC STRUCTURE
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Summary Extreme elastic anisotropy of composites with periodic microstructure is studied. After reviewing anisotropy measures attention
is paid to the computation of the effective elastic properties. Two method are considered, the asymptotic homogenization and the averaging
approach based on the equivalent inclusion method. Pro and cons of the methods are underlined. Numerical results are given for the
glass epoxy composites with spherical or cubical inclusions. It is found that the anisotropy of cubic structures with a spherical inclusion
monotonically increases with the volume fraction. For cubic structures with a cubic inclusion the maximal anisotropy is computed at
intermediate values.

INTRODUCTION
Composites with periodic microstructure are intrinsically anisotropic. Usually they are tailored by structural strength,
weight or thermal requirements with little attention paid to their elastic anisotropicity. However, anisotropy is of great importance in many applications such as dislocation dynamics, phase transformation, wave propagation and geophysical science to
name but a few. The anisotropy depends upon the constituents of the composite, their geometric arrangements within the unit
cell and their volume fractions. To focus presentation, only two phase composites with a centered single spherical or cuboidal
heterogeneity within the cuboidal unit cell is considered in the paper. In particular, variation of the anisotropy with respect to
the volume fraction is studied in details.
ANISOTROPIC MEASURES
In the literature several measures of the elastic anisotropy are known, such as universal elastic anisotropy index AU ,
Ledbetter-Migliori anisotropy index A∗ or the Zener anisotropy index A, [1]. For composites the indices AU and A are
determined on the basis of the effective/homogenized elasticity tensor. On the other hand, A∗ is given as the square of the
ratio of the maximal over minimal shear sound wave velocities among all propagation directions. However, within the long
wave length approximation it can be also determined using the effective elasticity tensor. For the cubic symmetry AU =
√
√ 2
√ 2
√
6
6
A
−
1/
A
=
A
−
1/
A and therefore all three anisotropy measures, although of different magnitude, are
∗
∗
5
5
simultaneously extremal as the functions of the volume fraction f . Since AU ≥ 0 and AU is zero for the isotropic material,
extremum of interest is the maximum. Assuming that the matrix phase is isotropic, it follows that AU (f = 0) = 0 and
thus the maximum is either attained at the maximal volume fraction fmax or at some intermediate value, with the latter case
of particular interest. For the simple cubic microstructure with an isotropic cuboidal inclusion the intermediate case always
occurs as AU (fmax ) = 0.
DETERMINATION OF THE ELASTICITY TENSOR OF THE COMPOSITE
Since the material has a periodic microstructure its effective elasticity tensor can be determined either using the asymptotic
homogenization method or the averaging approach based on the equivalent inclusion method. Each one has its own merits and
shortcomings; the former one can handle quite general inclusion shapes and all elastic symmetries while the latter is restricted
only to some simple shapes. However, the first one is computationally more involved, to find the effective tensor a system
of partial differential equations must be solved and this can be done only numerically. On the other hand, the equivalent
inclusion method, with some further approximation on the nature of the inclusion eigenstrain, allows determination of the
effective tensor in a symbolic form. Mastering both approaches, the plan is obvious. The symbolic computation is used to
qualitatively assess variation of the anisotropy with respect to the volume fraction while the numerical solution is used to
validate the result and further improve its accuracy.
Asymptotic homogenization
D
E
eff
It is well known [2] that the effective tensor is given by Cijkh
= hCijkh i − Cijlm elm (χ kh ) where χ kh are solutions
of the auxiliary boundary value problems(BVP) with periodic boundary conditions. These are solved using the finite element
method(FEM). Since anisotropy is the key issue, the FEM mesh must fully respect the symmetry of the problem. For problems
with the cubic symmetry this is accomplished by rewriting the problem as the BVP with Dirichlet boundary conditions on
∗ Corresponding

author. Email: george.mejak@fmf.uni-lj.si

2366

the first octant of the unit cell. To retain the cubic symmetry, the octant is discretizied in such a way that the mesh has a
three fold symmetry around the body diagonal of the octant. To the best author’s knowledge this is a novel approach. Using
the symmetric FEM mesh determination of the effective elasticity tensor readily follows. The mesh obviously depends upon
the volume fraction f . However, by the very nature of the FEM dicretization this dependence is not globally continuous and
thus the variation of the anisotropy can be studied only locally. Of course, a global picture can be obtained by tabulating
the anisotropy index for different values of f or, alternatively, more efficiently by the approximation based on the equivalent
inclusion method.
Equivalent inclusion method
Determination of the effective elasticity tensor by the equivalent inclusion method(EIM) is possible only for inclusions
with a known closed form of the Eshelby tensor. A crucial step in using EIM is how to determine the equivalent eigenstrain. In
the paper the approach from [3] is used and further generalized to quadratic eigenstrains and the Fourier approximation of the
Eshelby tensor of a cuboidal inclusion. It was found that in the case of spherical inclusions quadratic eigenstrains give much
better results than the radial approximation. On the other hand, a piecewise constant eigenstrain approximation is preferable
in the case of cuboidal inclusions.
RESULTS
Here we present results for the glass epoxy composite with Ei = 3GPa, νi = 0.35 and Em = 70GPa, νi = 0.2 for the
matrix and inclusion phase, respectively. First we compare simple cubic, body centered and face centered cubic structures
with spherical inclusions. It was found that for all three structures AU is monotonically increasing with a maximal value at the
close-packing fraction fmax . The estimated maximal values of AU for SC, BCC and FCC structures are 0.4, 0.15 and 0.25.
The values are only approximate because the EIM for spherical inclusions with quadratic eigenstrains is reliably only up to
90% of fmax . Also, at fmax FEM mesh is essentially singular.
Next we consider a simple cubic structure with a cubic inclusion. Comparing FEM and EIM results it was surprisingly
found that the EIM with a constant eigenstrain gives qualitatively correct results for all values of f and that the relative
error is more pronounced for small and medium values of f than for large values, see Fig. 1. The comparison is further
improved with a piecewise constant eigenstrain approximation. With the maximal AU are closely associated extreme Poisson’s
ratios. Although, extreme Poisson’s ratios are significantly different from the Poisson’s ratios of the phases, it was found that
composites with periodic cubic inclusions are never auxetics unless the phases are already auxetics. We note also that the
maximal AU is much smaller for composites with a stiff matrix and soft inclusion.
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Figure 1:

Relative error in % of the EIM approximation with 64 piecewise constant eigenstrains, effective bulk and shear moduli and AU with respect to
f . In the rightmost figure comparison between FEM and EIM for AU is given.

CONCLUSIONS
It is shown that the asymptotic homogenization and the averaging method based on the EIM give the same effective elastic
properties. Using a simple eigenstrain approximation effective elastic properties can be determined by symbolic computation
and this enables a quick consideration of a variety of potential interesting material configurations. Once a promising configuration is found, asymptotic FEM computation is called upon to refine accuracy of the results. This approach is exemplified by
determination of the extreme elastic anisotropy of composites.
References
[1] Ranganathan S.I., Ostoja-Starzewski M.: Universal Elastic Anisotropy Index, Phys. Rev. Lett. 101, 055504, 2008.
[2] Cioranescu D., Donato P.: An Introduction to Homogenization, Oxford UP, 1999.
[3] Mejak G.: Variational formulation of the equivalent eigenstrain method with an application to a problem with radial eigenstrains. Int. J. Solids Struct.
51: 1601-1616, 2014.

2367

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

RVE SIZE ESTIMATES FOR ELASTIC MATRICES WITH SPHERICALLY MULTI-LAYER
INCLUSIONS
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Summary A micromechanics-based nonlocal constitutive equation for a matrix containing a random distribution of homogeneous solid spheres
is employed to analyze the case of spherically multi-layer inhomogeneous inclusions. The analysis builds on and generalizes previous papers
focused on two-phase composites. In particular, it is shown how the task of the derivation of elastic properties for the inclusion phase can be
make reasonable by replacing inhomogeneous inclusions with homogeneous spheres having equivalent elastic moduli. The constitutive
equation is then used to explore nonlocal effects of layer distribution in the inclusions on the response of the composite material and derive
quantitative estimates of the minimum RVE size over which a nonlocal correction to the standard local model is needed to provide a sensible
description of the constitutive response of the material.
INTRODUCTION
Within the mathematical modeling of the mechanical behavior of elastic composites, classical approaches usually treat
the material as being macroscopically homogeneous with constant overall properties and develop constitutive equations
relating suitable averages of microscopic stress and strain fields over a Representative Volume Element (RVE). As well
known, the accuracy of the related local constitutive equations depends on how large RVE, compared to the characteristic
microstructural length of the material, is. A more comprehensive knowledge of nonlocal effects due to microstructure on the
constitutive response of the composite requires a comparison with a nonlocal constitutive law.
NONLOCAL MODELING OF TWO-PHASE ELASTIC COMPOSITES
The formulation of nonlocal modeling of interest here was that first developed by Drugan and Willis [1] and then
generalized by Monetto and Drugan [2-3]. Employing a generalization of the Hashin-Shtrikman variational formulation,
these authors developed a micromechanics-based nonlocal constitutive equation relating the ensemble averages of stress and
strain for random linear elastic composite materials. With reference to two-phase composites under the assumptions of
statistical uniformity and ergodicity, a nonlocal constitutive equation was derived in closed form for an isotropic
homogeneous matrix containing isotropic homogeneous inclusions and presenting macroscopically an either isotropic or
transversely-isotropic behavior. The microstructure was described statistically by using up through two-point correlation
functions. Nonlocal terms up through the second gradient of ensemble-averaged strain were included. In particular,
completely explicit results were obtained for non-overlapping identical spheres [1-2] and spheroids with fixed or random
orientation [2-3].
The final constitutive equation has the form:
     

   
 



(1)

where angle brackets denote ensemble average; σ and e are the stress and infinitesimal strain tensors; x is the position
vector; L(0) is the local fourth-order tensor of effective elastic moduli and L(1) is a sixth-order tensor of nonlocal correction
to the standard constant-effective-modulus constitutive model. The detailed forms of L(0) and L(1) can be found in the
references just cited. Here, it is of interest to recall only that their components depend on the elastic properties of the two
(matrix and inclusions) phases and on the volume concentration, shape and size of the inclusions.
The main goal of the present paper is to show how to employ this nonlocal constitutive equation to model the response
of multi-phase composites treated as a wider class of two-phase composites containing inhomogeneous inclusions and
analyze the nonlocal effects of such specific internal microstructure on the effective properties of the composite.
MODEL OF IMPENETRABLE INHOMOGENEOUS INCLUSIONS
The model of impenetrable inclusions considered here consists of nonoverlapping identical spheres with a homogeneous
core surrounded by firmly bonded concentric spherical shells of different homogeneous material. These can correspond to
multi-phase inclusions made up of two or more different materials, as well as homogeneous inclusions with a sufficiently
thick coating surrounding them at the interface with the matrix.
In order to employ previous explicit definitions of local and nonlocal tensors, inhomogeneous spheres are replaced by
equivalent homogeneous ones. The shear and bulk moduli of such equivalent spheres are then evaluated as suitable averages
of bulk and shear moduli of all inclusion phases using thicknesses of the shells as weighting.
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RESULTS AND CONCLUSIONS
As a generalization of previous results, the micromechanics-based nonlocal constitutive equation derived for two-phase
composites in [1-3] is employed to analyze matrices containing a random distribution of spherically multi-layer inclusions. It is
shown how the task of the derivation of elastic properties for the inclusion phase can be make reasonable by replacing
spherically multi-layer inclusions with homogeneous ones having equivalent elastic moduli.
The constitutive model described is then employed to derive quantitative estimates of the characteristic internal length of the
random composite under consideration, defined as the minimum RVE size over which a nonlocal correction to the standard local
model is needed to provide a sensible description of the constitutive response of the material. In order to do this, ensembleaveraged strain fields sinusoidally-varying with position are considered and the wavelengths of the variation at which the
nonlocal correction to the local term in Eq. (1) is not negligible are determined.
These estimates permit one to draw interesting conclusions about the effects of layer distribution in the inclusions on the
nonlocal response of the composite material.
As an example, thin hollow inclusions show longer-range nonlocal effects than thick hollow inclusions. Furthermore, the
minimum RVE size of coated solid spheres is smaller for thin coating than for thick coating.
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EFFECT OF ATH CONCENTRATION ON PHYSICAL AND MECHANICAL PROPERTIES
OF VINYLESTER/ALUMIN TRIHYDRATE COMPOSITE
Rim Ouadday, Abderrahmen Kaabi, Rachid Boukhili & Aurelian Vadean
Department of Mechanical Engineering, Ecole Polytechnique de Montréal, Montréal, Canada,
Summary: Aluminum trihydrate (ATH) is mostly incorporated into polymer composite to make the flame retardant. Improving
the flame retardant properties of these composites have been studied and published in the literature, but ATH effect on the
mechanical strength, thermal and physical properties have not been thoroughly addressed. This investigation reports the effect of
alumina thrihydrate (ATH) particles on the physical and mechanical properties of ATH filled vinyl ester casting. The bending
properties, viscosity, shrinkage, exothermic peak and gel-time were explored and discussed.
INTRODUCTION
Casting made of thermoset resins (Epoxy, unsaturated Polyester, vinylester, etc. ) are used as core materials for sandwich
structures were high compressive properties of the core are required as for applications in civil, electric and marine engineering
[1, 2]. For some applications requiring thick cores, the cure of large amount of thermoset resins lead to unacceptable
exothermic temperature peaks. Non-organic fillers are added to the casting formulation to control the peak temperature and
shrinkage properties as well as other physical and mechanical properties [3, 4]. Among the numerous available inorganic
fillers, aluminum trihydrate (ATH) is a well-known low cost flame retarder and smoke suppressor and these aspects are well
documented in the open literature [5-7]. However, the effect of ATH on the mechanical, thermal and physical properties in
thermoset plastics has received less attention. This investigation reports the effect of alumina thrihydrate (ATH) particles on
the physical and mechanical properties of ATH filled vinyl ester casting.
EXPERIMENTAL METHOD
 Preparing samples
To understand the effect of ATH concentration on the physical, thermal and mechanical properties of vinyl ester resin,
five composites with different ATH fractions were prepared (10, 20, 30, 40 and 50% of total weight). The polymerization
occurs in open casting mold at room temperature. The size of ATH fillers is 2 µm.
 Physical, thermal and mechanical tests
Viscosity: the viscosity of pure vinyl ester resin and that of ATH incorporated composite was measured during the
polymerization, by Brookfield® viscometer, Model DV2T. This property is an important factor for manufacturing technique.
Exothermal: The time-temperature evolution was recorded during polymerization in mid-thickness of the sample, using
thermocouples (K).
Three point bending flexural test: The samples were manufactured by specific mold adapted for bending test, in according
to ASTM D790, and afterwards cut to the desired thickness.
RESULTS AND DISCUSSION
Figure 1 shows the effect of ATH fraction on viscosity of vinyl ester. The mixture viscosity is solely influenced by ATH
fraction. When the ATH fraction increases from 10 to 50%, the viscosity jumps from 1.2 times higher to 47 times higher than
that of vinylester (≈ 780 cPs). The relationship between filler fraction and viscosity is non-linear.

Fig.1: Effect of ATH weight fraction on dynamic
viscosity of vinyl ester mixture

Fig.2: Effect of ATH weight fraction on Gel-time
and Exothermic peak of vinyl ester
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The Figure 2.a reveals that ATH fraction changes two parameters at least: the temperature at exothermic-peak and gel-time.
Indeed, when ATH fraction increases, the reaction is delayed and the exotherm-peak temperature decreases. This effect is
mainly due to the decreasing of resin quantity in sample, and secondly by the thermal effect of fillers which act as local microheat sink. Consequently ATH particles restrict the speed of polymerization reaction progress.
Vinyl ester has a volume shrink close to 5.7%. Figure 3 shows the effect of ATH particles on volume shrinkage ratio of vinyl
ester resin. When filler concentration increases from 10 to 50%, the volume shrinkage falls from 4.1% to 0.75%. This effect
can be explained by two reasons: the first is related to the decreasing of temperature gradient during polymerization and the
second is explained by the lower coefficient of thermal expansion (CTE) of ATH.
The VE/ATH composites present a brittle behavior, which is characterized by rupture without any noticeable prior change in
the rate of elongation, figure 4. However, the ATH particles contribute on improvement of rigidity of the material. Figure 5
shows the effect of ATH fraction on flexural properties of ATH-VE composites. When the ATH fraction increases, flexural
modulus increases, but the ultimate flexural strength and maximum strain decline.

Fig.3: Effect of ATH weight fraction on volume
shrinkage ration of Vinyl ester composites

Fig.4: Effect of ATH weight fraction on flexural
behaviors of Vinyl ester composites

Fig.5: Effect of ATH weight fraction on flexural modulus, ultimate strength and maximum strain

CONCLUSION
According to all the results of this experimental study, ATH fillers affect the mechanical and physical properties of vinyl ester
matrix composites. ATH increases viscosity, retards polymerization reaction, and decreases exothermic temperature.
Furthermore, ultimate bending strength and the maximum flexural strain decrease when ATH concentration increases. While
the flexural modulus increases proportionally to the ATH concentration. This research has shown that if the incorporation of
ATH fillers improves composite flame performance, as demonstrated in the literature, this is can be associate to significant
processability difficulties and substantial mechanical performance modifications.
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ANALYTICAL STUDIES ON LAMELLAR-STRUCTURED COMPOSITES MADE BY
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Summary Previous studies on mechanical performance of natural multilayered materials such as nacre show that their outstanding properties are direct results of the nanoscale features and the optimized arrangement of the elements. One of the most effective methods to
fabricate multilayered composites inspired by nacre, is ”freeze casting”. The lamellar-structured samples made by this method show interesting behavior. In this study first alumina/PDMS and Alumina/PU composites were made and tested and then analytical solutions for
effective properties of lamellar-structured composites were developed. Analytical verification of all suggested deformation and toughening mechanisms is explored. The experimental results are in an excellent agreement with the analytical model. Detailed relationships are
presented to identify future directions for material development.

INTRODUCTION
Optimized structure and properties of natural composites make them a strong source of inspiration. Many researchers
studied the relation between structure and mechanical performance of natural composites such as nacre [1, 2] and bamboo [3]
as well as other artificial structural composites [4, 5]. Nacre is a natural composite made of 95 % brittle aragonite platelets
[6] and only 5 % biological macromolecules which has an important effect on nacre’s fracture resistance [7]. Many studies
show the important role of organic matrix in mechanical response of nacre, hence there is a great need to investigate more
mechanics-based details [8], [9]. Shuchun and Yueguang (2007) [10] used shear-lag model to study the interdependence of
the overall elastic modulus and number of hierarchical levels in bone-like materials. There are other analytical approaches to
study the structure of nacre [11]. There are different experimental approach to make structural materials similar to nacre [12].
Among them, freeze casting is one of the most efficient methods to make macroscale samples with micro and nano structure.
MATERIALS AND METHODS
Freeze-casting which is templating of porous ceramic scaffolds by the solidification of a solvent, was used in this study.
Lamellar alumina scaffolds were prepared by freeze-casting water-based suspensions. PDMS and PU was infiltrated into the
sintered porous structure. In order to discuss the effective properties of the multilayered composite, the balance of forces
for the components of its unit-cell following by period boundary condition should be applied. Hence, the shear-lag theory
employed on a simplified 2D unit-cell was taken into consideration.
considering the layers with even numbers as the stiff layers and PI,∞ is the far field or steady
state tensile stresses in each layer when there are no shear stress boundary conditions; in
other words, the tensile forces in the layers under constant axial stress far away from any
end or from any discontinuities or breaks in any layers.The idealized composite geometry
100 μm
is shown in Fig. 2. The wallpaper symmetry group is pmm, with two bricks per unit cell,
which are separated by one brick height vertically, and shifted by s horizontally. It assumed
that the components deform only in the x-direction (the arrangement of the bricks in the Figure 1: SEM image of
through-thickness direction does not factor into the response).
lamellar-structured composite
The equation for part 1 is as following. The same approach can be used to write the after PDMS infiltration.
equation for all four parts.
u1 00 =

Gm
(u1 − u2 ) −→ 0 < x < s
Eb .h.b

(1)

Using these boundary conditions the displacement of the different parts of model, u1 , u2 , u3 and u4 can be calculated.
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Figure 2: (a) Schematic of idealized super-cell structure (b) Unit-cell structure assumed to apply the shear-lag theory.
RESULTS AND DISCUSSION
From the equations above, the effective properties of the composite can be obtained. First of all the elastic modulus of the
samples can be calculated as:

Ec =

wEb [( 12 sinh(Bs) + a(cosh(Bs) + 1))sinh(B(s − w)) − asinh(Bs)(1 + cosh(B(s − w))]
[(1 + aw)(cosh(Bs) + 1)]sinh(B(s − w)) − sinh(Bs)[(1 + aw)(1 + cosh(B(s − w)) −

w
B]
2

r
while

B=2

Gm
Eb .h.b

&

Em
Eb .t
(2)

a=

CONCLUSIONS
This study presented a mechanics based model for exploring the mechanical properties of nacre and multilayered materials.
Stiffness, strength and inelastic deformation of the suggested model agree well with the experimental data. The experimental
results show that there is an optimum structure for an specific combination of ceramic and polymer and the analytical studies
can help us to find this optimum structure for the materials combination.

Micromechanical Model
Experimental data

Figure 3: Effect of ceramic lamellae thickness on the elastic modulus of the samples.
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MAGNETO-ELECTRO-THERMO-ELASTIC INTERFACE MODELS:
AN ASYMPTOTIC APPROACH
Michele Serpilli∗
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Summary We study the quasi-static behavior of a magneto-electro-thermo-elastic assembly constituted by a thin magneto-electro-thermoelastic plate-like layer inserted between two generic magneto-electro-thermo-elastic bodies by means of an asymptotic analysis. After
defining a small dimensionless parameter ε, which will tend to zero, we characterize two different limit models and their associated limit
problems, the so-called weak and strong magneto-electro-thermo-elastic interface models, respectively. Moreover, we identify the non
classical magneto-electro-thermo-elastic transmission conditions at the interface between the two three-dimensional bodies.

Smart multi-functional materials have been used over the past few decades in several applications in all fields of aeronautical, mechanical and civil engineering. For what concerns with smart multi-functional structures, the strain state is constantly
under control by means of sensors and actuators, usually made of piezoelectric and/or piezomagnetic materials, integrated
within the structure. The promising application of piezoelectric and piezomagnetic composites makes it imperative to develop
new methods and analysis tools for better understanding mechanisms and behaviors of such structures which are subjected to
mechanical, electric, magnetic and thermal interactions. The mechanical coupling of piezoelectric and piezomagnetic components in such structures gives rise to the so-called magnetoelectric effect, which is not present in the individual components,
as well as pyroelectricity and pyromagnetism. In particular, these last two effects may be relevant for what concerns energy
harvesting. Piezoelectric/piezomagnetic materials may be applied onto a host structure to change its shape and to enhance its
mechanical properties with different configurations: for instance, a piezoelectric/ piezomagnetic transducer can be embedded
into the structure to be controlled or it can be glued on it. Moreover, the same actuators are often obtained by alternating
different thin layers of material with highly contrasted magneto-electro-thermo-elastic properties. This generates different
types of complex multimaterial assemblies, in which each phase interacts with the others.
The asymptotic methods have been successfully applied to obtain a mathematical justification of thin structure models in
the field of elasticity and piezoelectricity (see, e.g., [3, 6, 2]): this has stimulated the research toward a rational simplification
of the modeling of complex structures obtained joining elements of different dimensions and/or materials of highly contrasted
properties. A thin interphase represents one of the most peculiar bonded joint between two media. The treatment of the
thin interphase as a separate phase by a standard finite element analysis is too expensive from a computational point of
view and the presence of strong contrasts in the geometry and mechanical properties causes numerical instabilities. The
asymptotic analysis allows to replace the original problem by a set of problems in which the thin interphase is substituted by
a two-dimensional surface, i.e., a so-called imperfect interface, between the two three-dimensional bodies with non classical
transmission conditions (see [1, 4, 5] within the theory of elasticity and piezoelectricity).
The goal of the present work is to study the behavior (considering the quasi-static assumptions for the Maxwell’s equations)
of a magneto-electro-thermo-elastic assembly constituted by a thin magneto-electro-thermo-elastic layer surrounded by two
generic magneto-electro-thermo-elastic bodies by means of an asymptotic analysis. By defining a small real parameter ε,
associated with the thickness (hε = εh) and the magneto-electro-thermo-elastic properties of the middle layer, we perform
an asymptotic analysis. We consider two particular cases by varying the magneto-electro-thermo-elastic stiffnesses ratios
between the middle layer Ωm,ε = ω × (−εh, εh) and the adherents Ω±,ε : namely, the weak magneto-electro-thermo-elastic
interface model, for which we scaled the electromechanical coefficients of the intermediate domain with ε, and the strong
magneto-electro-thermo-elastic interface model, for which we choose 1ε as scaling. We also identify the non classical magnetoelectro-thermo-elastic transmission conditions at the interface and the expressions of the stresses, electric displacements,
magnetic induction and heat flow inside the interlayer.
The magneto-electro-thermo-elastic state is determined by the quadruplet U ε := (uε , ϕε , ζ ε , θε ), constituted by the displacement field, the electric potential, the magnetic potential and the temperature, respectively. Given a certain state U ε , for
all test functions V ε = (vε , ψ ε , ξ ε , η ε ) and for any fixed t ∈ (0, T ) we introduce the following bilinear form (see [2]):
Aε (U ε (t), V ε ) := ρε (üε , vε ) + c(η ε , u̇ε ) + cv (θ̇ε , η ε ) − d(η ε , ϕ̇ε ) − e(η ε , ζ̇ ε ) + au (uε , vε ) + b(ϕε , vε ) − b(ψ ε , uε )+
+f (ζ ε , vε ) − f (ξ ε , uε ) − c(θε , vε ) + aϕ (ϕε , ψ ε ) + aζ (ζ ε , ξ ε ) + g(ζ ε , ψ ε ) + g(ϕε , ξ ε )+
−d(θε , ψ ε ) − e(θε , ξ ε ) + aθ (θε , η ε ),
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where (·, ·) is the scalar product in L2 (Ωε ), v̇ := ∂t v denotes the time derivative and the bilinear forms are defined as follows:
au (uε , vε ) :=

Z

Z
aϕ (ϕε , ψ ε ) :=
Xij ∂jε ϕε ∂iε ψ ε dxε ,
ε
Ω
Z
b(ψ ε , uε ) :=
Pkij ∂kε ψ ε eεij (uε )dxε ,
ε
Ω
Z
e(η ε , ζ ε ) :=
η ε mk ∂kε ζ ε dxε ,

Cijkℓ eεkℓ (uε )eεij (vε )dxε ,

ΩZ
1
aθ (θ , η ) :=
Kij ∂jε θε ∂iε η ε dxε ,
T0 Ωε
Z
d(η ε , ϕε ) :=
η ε pk ∂kε ϕε dxε ,
ε
Ω
Z
g(ζ ε , ψ ε ) :=
αij ∂jε ζ ε ∂iε ψ ε dxε .
ε

ε

ε

Ωε

Z
aζ (ζ ε , ξ ε ) :=
Mij ∂jε ζ ε ∂iε ξ ε dxε ,
ε
Ω
Z
c(η ε , uε ) :=
η ε βij eεij (uε )dxε ,
ε
Ω
Z
f (ξ ε , uε ) :=
Rkij ∂kε ξ ε eεij (uε )dxε ,
Ωε

Ωε

ε


Let V (Ω ) := v ε ∈ H 1 (Ωε ); v ε = 0 on Γε0 , Ωε := Ω+,ε ∪ Ωm,ε ∪ Ω−,ε , the weak formulation of the problem takes the
following form

Find U ε (t) ∈ [V (Ωε )]3 × V (Ωε ) × V (Ωε ) × V (Ωε ), t ∈ (0, T ), such that
(1)
A+,ε (U ε (t), V ε ) + A−,ε (U ε (t), V ε ) + Am,ε (U ε (t), V ε ) = Lε (V ε ),
for all V ε ∈ [V (Ωε )]3 × V (Ωε ) × V (Ωε ) × V (Ωε ), where Lε (·) denotes the work of the external loads applied in Ω±,ε . In
order to study the asymptotic behavior of the solution of problem (1) when ε tends to zero, we use the approach by [3] and
develop the solution as a series of powers of ε, namely U(ε) := U 0 + εU 1 + ε2 U 2 + . . .. By choosing the two different scalings
for the magneto-electro-thermo-elastic interlayer moduli, we derive the following interface limit problems (see, e.g., [5]).
The weak magneto-electro-thermo-elastic interface model
Let us define the functional space W (Ω) := {v ∈ L2 (Ω); v ± ∈ H 1 (Ω± ), v = 0 on Γ0 }, the variational formulation of
the weak magneto-electro-thermo-elastic interface model reads as follows:

Find U 0 (t) ∈ [W (Ω)]3 × W (Ω) × W (Ω) × W (Ω), t ∈ (0, T ) such that
A− (U 0 (t), V) + A+ (U 0 (t), V) + Am (U 0 (t), V) = L(V),
for all V = (v, ψ, ξ, η) ∈ [W (Ω)]3 × W (Ω) × W (Ω) × W (Ω) where
Z
 m


1
m
m
m
m
0
Am (U 0 , V) :=
Ci3j3 [[u0j ]] + P3i3
[[ϕ0 ]] + R3i3
[[ζ 0 ]] [[vi ]] + −P3i3
[[u0i ]] + X33
[[ϕ0 ]] + αm
33 [[ζ ]] [[ψ]]+
2h ω

m
0
m 0
m 0
+
−
+ −R3i3
[[u0i ]] + αm
33 [[ϕ ]] + M33 [[ζ ]] [[ξ]] + K33 [[θ ]][[η]] dx̃, with [[f ]] := f − f ,
is associated with a limit surface energy depending on the jump of the displacement field [[u0 ]], electric potential [[ϕ0 ]], magnetic potential [[ζ 0 ]] and temperature [[θ0 ]], evaluated at the interface ω. This transmission problem can be considered as a
multiphysical generalization of the results obtained in [4, 5].
The strong magneto-electro-thermo-elastic interface model
Let us define the functional space X(Ω̃) := {v ∈ H 1 (Ω̃), v|ω ∈ H 1 (ω), v = 0 on Γ0 }, Ω̃ := Ω+ ∪ ω ∪ Ω− , the
variational formulation of the strong magneto-electro-thermo-elastic interface model takes the following form:

Find U 0 (t) ∈ [X(Ω̃)]3 × X(Ω̃) × X(Ω̃) × X(Ω̃) t ∈ (0, T ), such that
A− (U 0 (t), V) + A+ (U 0 (t), V) + B m (U 0 (t), V) = L(V),
for all V ∈ [X(Ω̃)]3 × X(Ω̃) × X(Ω̃) × X(Ω̃), where
Z n
o
˙ − q̃ ∂ η dx̃,
B m (U 0 , V) := 2h
σ̃αj ∂α vj − D̃α ∂α ψ − B̃α ∂α ξ + S̃η
α α
ω

represents the two-dimensional bilinear form defined on the interface ω, associated with a magneto-electro-thermo-elastic
m
m
m
m 0
m
m
membrane energy. Moreover, σ̃αj := C̃iβjα
∂β u0i + P̃βαj
∂β ϕ0 + R̃βαj
∂β ζ 0 − β̃αj
θ , D̃α := P̃βαi
∂β u0i − X̃αβ
∂β ϕ0 −
m
0
m 0
m
0
m
0
m
0
m 0
m
0
m
0
m
0
m 0
α̃αβ ∂β ζ + p̃α θ , B̃α := R̃βαi ∂β ui − α̃αβ ∂β ϕ − M̃αβ ∂β ζ + m̃α θ , S̃ := β̃βi ∂β ui − p̃β ∂β ϕ − m̃β ∂β ζ + c̃v θ and
m
q̃α := −K̃αβ
∂β θ0 represent, respectively, the reduced stress vector, electric displacement, magnetic induction, thermodynamic entropy and heat flow of the interface. By taking into account all the possible multiphysical interactions, we manage to
generalize the results obtained in [1, 5].
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Summary Recent investigations reveal that interface bonding strength is dependent on the relative orientation of crystallites of the both
phases [2]. The experimental, theoretical and computational investigations confirm this observation in the case of Cu/α-Al2O3 system, [3],
[4]. It is shown that the statistical distribution of the values of interface strength for different relative orientations of bonded phases should
be included in the phenomenological model of the damage initiation in nanocomposites. The novelty of the presented study is the
combination of different experimental techniques: HRTEM, EBSD and molecular dynamics simulations with phenomenological theory of
damage development in nanocomposites due to debonding at the interphase boundary [5], [6], [7]. A class of new models with the yield
condition determined by one of quadric surfaces, in particular paraboloid or ellipsoid one is considered and the comparison with popular
Gurson approach is discussed, [8].

INTRODUCTION
In recent studies on modern materials the information from sophisticated observation techniques and molecular
simulations at different levels flows across scales into the decision process of modelling and design, which enables rational
tailoring of materials [1]. The concept of workflow integration rather than multiscale integration is applied in the presented
paper.
The experimental studies show that the geometry of interphase boundaries and in particular the relative orientation of
crystallites of the both phase is one of the crucial factors determining the toughness of metal/ceramic composites [2]. The
experimental, theoretical and computational investigations presented in [3], [4] confirm this observation in the case of Cu/αAl2O3 system. Until now there is lack of a model adequately tuned to include the dependence of the strength of the interface
bonding on the phase orientation . It is also known observation that the size of the ceramic inclusion embedded in metal matrix
decides about the mode of fracture initiation in the composite. If the inclusion is of nanosize diameter the far-field stresses
produce the particle/matrix debonding, while in the case of larger particles cracks in ceramic inclusion are developing, [5].
The aim of the paper is identification of the structure, strain, bonding strength and the fracture process at the bimaterial
interface. The particular value of the final result consists in using the series of experimental data from complementary
investigation methods: EBSD and HRTEM. The first of them provides the information statistically valid and the other one
enables detailed local characterization. The experimental data are supplemented by the results of molecular dynamics (MD)
computations and a theoretical analysis. The discussed complex characterization of the bimaterial interface is performed on
the example of Cu/α-Al2O3 boundary. As a result the mechanism of bonding is revealed and a new phenomenological model
is proposed that enables introducing the statistical distribution of the bonding strength into the prediction of nanocomposite
material toughness.
PHYSICAL MOTIVATION
EBSD examination: orientation relationships at interphase boundaries
Corundum nano-particles (red) embedded in a
copper matrix (green) were investigated with the
use of Electron Back Scattered Diffraction
technique (EBSD), [3], [4], Fig. A. Picture B
demonstrates an example of EBSD results
showing the interphase boundaries: basic
orientation relationship (red) and new ones with
improved bonding strength (green and yellow).

A

B

HRTEM studies: microstructure observations and modelling
The set of orientation relationships uncovered by EBSD method in composites manufactured by the powder metallurgy is
observed also in the Cu/α-Al2O3 heterostructures obtained by Pulsed Laser Deposition (PLD). It leads to the conclusion that
the revealed misorientations are typical for the copper/ corundum interphase boundary regardless of a synthesis way. The
interface with the basic orientation relationship was studied with the use of HRTEM technique. The obtained images are used
to three-dimensional reconstruction of the junction microstructure by MD simulations [5]. The results show that strong
a) rpecher@ippt.pan,pl.
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bonding between copper and α-Al2O3 induces structural changes in the (111) Cu layer nearest the substrate and leads to
formation of the system of partially dissociated dislocations in the next layer. In consequence, the Cu/α-Al2O3 interface
becomes the semicoherent system. The lattice matching regions of the individual Cu layers are significantly lowered, which
results in strong deformations along the closed packed planes (see the pictures below). The interfaces with the improved
strength (see images from EBSD investigation) exhibit more intense structural changes which reach much deeper into the
metal layer [4].
Distribution of elastic strain energy density in the
copper section with the thickness 8 Å, [6].

Al2O3 [-1 1 2 0]

HRTEM image of the Cu/α-Al2O3 interface, [6].

An example of the MD simulation of the stacking
faults areas. The Cu atoms (yellow) limited by partial
dislocations (red) within the planes (1 -1 1), (-1 1 1)
and (1 1 -1). The position of atoms belonging to the
first Cu layer (grey scale), [7].

MAIN RESULTS AND CONCLUSION
The presented discussion reveals the necessity of accounting for the statistical distribution of the values of interface strength
for different relative orientations of bonded phases into the phenomenological model of nanocomposites subjected to damage
initiation due to debonding. An energy-based approach resulting in the new model of damaged nanocomposites with the yield
condition determined by one of quadric surfaces, in particular paraboloid or ellipsoid one is considered, [8]. Also the
comparison with the popular Gurson criterion is discussed. The novelty of the presented multidisciplinary study is the
combination of different experimental techniques: HRTEM and EBSD in relation with the results of MD computations with
phenomenological theory of damage development in nanocomposites due to ceramic particles debonding.
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Summary Mechanical properties and failure modes of carbon fiber composite Egg and pyramidal grids cores were studied in present paper.
Interlocking method has been developed for both kinds of three dimensional grids. The out of plane compression, in-plane compression and
three point bending responses of the both panels were tested until failure. Crushing mode and energy absorption in quasi-static uniform
compression have been investigated. Euler or core shear macro-buckling, face wrinkling, face inter-cell buckling and face sheet crushing were
considered and theoretical relationships for predicting the failure load associated with each mode were presented under in plane compression.
Face wrinkling and core debonding have been investigated under three point bending. Failure mechanism maps were constructed to predict the
failure of composite sandwich panels with pyramidal and egg grid cores subjected to in plane compression and bending.

DESIGN AND FABRICATION
A method for fabricating carbon fiber composite egg and pyramidal grid cores has been developed in this section. First,
carbon fiber composite laminates with 0o/90o were made by T700/epoxy prepreg of thickness 0.15 mm (T700/epoxy
composite, Beijing Institute of Aeronautical Materials, China). Two pieces of grid plates were cutted by electronic
engraving machine (Harbin Weijifen Organic Glass Products Co., Ltd.), and then these plates are assembled together basing
on interlocking method as shown in the left side of Figure 1(a) and (b). Each plate interlocked with other plate only from the
long caulking groove in order to form egg lattice cores and each plate interlocked with other plates including both long and
short caulking grooves to form pyramidal lattice cores. The fabricated egg and pyramidal grid cores are sketched in the right
side of Figure 1 (a) and (b), respectively. Finally, two face sheets will be bonded on the top and bottom of the grid core to
form a sandwich panel.

Figure 1 Interlocking route for making the carbon fiber composite egg grid (a) and pyramidal grid cores (b)

OUT OF PLANE COMPRESSION
Out of plane compression tests were performed to study the compressive stiffness and strength in the out of plane
direction. Pyramidal and Egg grid cores with two different relative densities were studied in this section. According to the
displacement curves, there are two peak strengths for each curve. The curves of pyramidal grid cores are similar with that of
egg grid cores. Delamination and fracturing were found near the top end of girds cores and these failures will run through
all the grid cores with the increasing of compressive load. At the same time, fracturing was discovered near the slots of grids
cores due to initial defect. The compression curves reveal long deformation plateaus, suggesting that both egg and
pyramidal grid sandwich panels may potentially be good energy-absorbing materials. The energy per unit mass of both egg
and pyramidal grid cores have been calculated in order to be compared with square honeycombs. Compared to the
referenced panels with square honeycombs cores made by carbon fiber composites [1-2], the present three dimensional grid
sandwich structures have superior specific energy absorbing ability than that of other square honeycombs under low
densities between 101 Kg/m3 and 102 Kg/m3. The reason is that at the same low densities, present grid structures will occur
crushing not Euler buckling failure but square honeycombs are very easy to be failed with Euler buckling. Thus, the present
a)
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method provides a novel fabrication and prototyping method for carbon fiber composite grids cores with through inner
space, and can be can be used to make ultra-light structures with good energy absorption.
IN PLANE COMPRESSION
We will develop the full range of analytical predications for the failure modes of both 3-D grids cores sandwich column
made by carbon fiber reinforced composite. Four different failure modes of sandwich panels with 3-D grid cores under axial
compression were considered: i) Euler or core shear macro-buckling, ii) face wrinkling, iii) Face intra-cell buckling, and iv)
face crushing including face delamination and plastic micro-buckling. Failure mechanism maps will be constructed with
four competing failure modes, Face sheets with three different layers stacking will be investigated and the relationship
between the failure mechanism maps and material mechanical properties will be discussed. In this section, we provide
predictive failure maps for carbon fiber reinforced composite egg and pyramidal grids core sandwich panels basing on
above analytical parameters. The stacking sequence of the face sheets and the topologies of grids core can have significant
effect on the overall behaviour and failure of composite sandwich panels. Results of sandwich columns failure in
compression expressed in terms of maps facilitate visualization during the design stage. In constructing such a map, it is
assumed that the operative failure mode is the one associated with the lowest critical load. In our previous paper [3], we
point out that the choice of material properties for the parent material significantly influences the locations of the boundaries
between failure modes for carbon fiber composite sandwich columns. Failure mechanism maps are constructed based on
different laminate stack sequences and core configurations. This reminds us that the highest weight efficient sandwich
structure can be obtained by changing the laminate stack sequence and truss core configuration. Three different specimens
have been designed for egg and pyramidal grid cores, respectively. Almost all the failure modes mentioned above have been
found in our tests and several different models can be investigated for the same specimen.
THREE POINT BENDING
Under three point bending, possible failure modes of a carbon fiber sandwich panel are: (i) face sheet crushing or
wrinkling, (ii) face sheet intra-cell buckling, (iii) core member crushing (including grid core’s delamination or fracture) or
buckling and (iv) debonding between face sheet and grid cores. The collapse of the panel is generally dictated by one of the
competing mechanisms that depend on the geometry of the panel and the mechanical properties of the face and core
materials. Three different stacking sequence and two kinds of three dimensional grid cores have been considered in order to
draw the failure mechanism map under three point bending. Face wrinkling, Face crushing, core member crushing and core
debonding have been investigated in our maps. The stacking sequence and thickness of the face sheets can have significant
effect on the overall behaviour and failure of composite sandwich panels. We performed three point bending tests on
sandwich panel specimens with different geometries. Both pyramidal and egg grid structures with two different thickness of
face sheet have been investigated. For the deviation between analytical calculation and experiment, The first reason is that
the shear deflection was restricted by the end and the second reason is that the shear deformation of facesheet was not
considered in the analytical models. The adhesion strength between the three dimensional grid cores and face sheet
appeared to be the limiting factor in several cases, debonding is always the last and also dominate failure modes. All beams
almost failed by the predicted dominate mode, some failure modes can occur at the same time due to the complex of
composite three dimensional grid cores.
CONCLUSIONS
Carbon fiber composite sandwich panels with egg and pyramidal grid cores have been designed and manufactured by
interlocking method. Out of plane compression, in plane compression and three point bending tests were carried out to study the
mechanical behaviors of the grids and sandwich panels. Analytical models and failure maps have been conducted in order to
predict the mechanical response and failure modes of all the specimens. Core buckling and crushing have been found under out
of plane compression, energy absorptions have been concluded for each specimens. Macro shear Euler buckling, face wrinkling
and face crushing have been investigated under in plane compression. Face wrinkling and debonding have been indicated under
three point bending. In general, the measured peak loads obtained in the experiments showed good agreement with the analytical
predictions. The data could provide insight into the design of optimized or near-optimized sandwich panels. Three dimensional
grid cores with interconnected void spaces appear most promising as candidates for the cores in sandwich structures intended for
lightweight and multifunctional application.
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Summary Three-dimensional (3D) printing is referred to create objects by adding material layer-by-layer rather than traditionally removing

material from a part. In this study, we developed a method to fabricate metal 3D microstructures consisting of 3D printing at room temperature
and two following processes: sintering and copper infiltration. 3D structures such as scaffolds and planetary gears with the filament diameter of
250 μm are printed using a steel micro powders/polylatic acid (PLA) composite at a printing speed of 10 mm/s. The ink concentration is up to
98.28 wt%. Filament porosity of sintered samples is 1.7% ± 0.2%. After sintering, copper is infiltrated into the sintered sample to obtain steel
and copper alloy 3D structures.

INTRODUCTION
Direct-write (DW) is an extrusion based three-dimensional (3D) printing method, which has been used for several years
in various fields such as micro fabrication [1], tissue engineering [2] and electronics [3]. Lewis et al. [4] developed a directwrite printing method to print TiH2/polymer composite 2D sheet at room temperature and fold them into 3D structures.
Then the samples were annealed to remove the polymer and obtain Ti or TiO2 microstructures by employing different
atmospheres. In this study, we achieved to print 3D structures with steel/PLA composite at room temperature, sinter printed
samples to remove PLA and use copper to infiltrate sintered samples to fill the pores created during the sintering process.
METHODS
Figure 1 shows a schematic representing the process used. A multilayer scaffold is fabricated by solvent-cast direct
write [5] (a 3D printing method using polymer composite solved in volatile solvent as the ink ) at room temperature (Figure
1a) and following processes are carried on this scaffold (Figure 1b). First, polylactic acid (PLA 4032D, Nature works, LLC)
is dissolved in dichloromethane (DCM, VWR, LLC) and the solution is rested for 48 hours. Then the steel micro powders
(~20μm) are mixed with the solution in the mixer (8000M Mixer/Mill, SPEX SamplePrep) for 5 minutes to obtain the
metallic ink. Secondly, the metallic ink is poured into a syringe (PN7012074, Nordson, EFD) under the fume hood. A
steel/PLA composite 3D scaffold is printed with the metallic ink at room temperature. Third, the printed scaffold is heated
in a tube furnace to burn the PLA and sinter the micro powders. The temperature increases from room temperature to 300Ԩ
    ͲԨȀ     Ǥ       ͵ͲͲԨ  ͳͳͷԨ    
ͲͲԨȀ    ͳͳͷԨ  ʹ       Ǥ A porous steel scaffold was obtained after
sintering. Finally, the sintered scaffold is heated in the furnace with a piece of copper on the top of it. The temperature goes
form room temperature to 1120ԨͲͲԨȀͳͳʹͲԨͲǤͷǤ 
   Ǥ

Figure 1. Schematic of a fabrication method of metal and hybrid 3D microstructures combined by (a) Solvent-cast direct write and (b)
sintering and copper infiltration
a)
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RESULTS & DISCUSSION
Figure 2a shows the printing process of a tensile test sample with 95 wt% steel/PLA ink and 250m diameter tapered
nozzle at a printing speed of 10 mm/s. The ink of 98.28 wt% steel/PLA can be printed. While the surface quality of the
sample is not as good as that made of 95 wt% steel/PLA ink. Various 3D microstructures such as tensile test samples and
20-layers scaffolds were 3D printed at room temperature (Figure 2b). Figure 2c shows an optical image of pre-sintered,
post-sintered and copper infiltrated 20-layers scaffolds. Figure d, e and f show SEM images of these samples respectively.
In the pre-sintered scaffold, the steel micro powders are covered and bounded by PLA. It is a relatively weak connection.
While in the post-sintered scaffold, the PLA is removed and the steel micro powders are sintered together. The sintered
scaffold becomes conductive and the mechanical properties are improved. However, there are pores inside the filament of
the sintered scaffold. The porosity of the filament of the scaffold made of 95 wt% steel/PLA ink is down to 1.7% ± 0.2%. In
the copper infiltrated scaffold, the pores are filled by melted copper. It improves the electrical conductivity and the
mechanical properties of the scaffold.

Figure 2. Optical and SEM images of microstructures printed with 95 wt% steel/PLA ink and 250m diameter tapered nozzle, printing
speed at 10 mm/s (a) printing process of a tensile test sample, (b) pre-sintered samples, (c) 20-layers scaffolds of (d) pre-sintered, (e) postsintered and (f) copper infiltrated and their close-up views

The samples are printed at room temperature, which requires only simple setups. The ink concentration used in this
method is up to 98.28 wt%, which ensures low porosity of the sintered samples. The filaments of the samples printed by this
method align well and the shape of the samples does not deform after sintering and copper infiltration. However, there are
some current limitations in this method. First, oxidation is observed on the sintered and copper infiltrated samples. The
nitrogen will be replaced by a mixture of argon and hydrogen as the protective atmosphere to solve this problem. Secondly,
the resolution is relatively low. It would be improved by using finer metal powders.
CONCLUSION
We developed a direct-write 3D printing method to print metal microstructures combining with solvent cast direct write
at room temperature and following processes: sintering and copper infiltration. Many 3D microstructures such as scaffolds,
tensile test samples and planetary gears were fabricated by this method. 3D microstructures made of pure metal without
pores were obtained by following sintering and copper infiltration. The future work will be mechanical and electrical
characterizations of the sintered and copper infiltrated samples, printing more complex geometry samples and achieving
faster printing speed.
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Summary The vibration and damping characteristics of sandwich structure with two porosity of fiber felt core were investigated in this
paper. Based on the cantilever sandwich beam, modal testing and analysis of those sandwich structures and their corresponding steel
beam with equal mass were carried out. The results show that the natural frequency and damping ratio are higher than those of the steel
beam.With the increases of core porosity, each order natural frequency is reduced. Furthermore, with the increase of porosity, the second
order and third order damping ratio are reduced.

INTRODUCTION
Due to the low density and good mechanical properties, ultra-light porous fiber felt core sandwich structures are widely
used in aerospace, mechanical and special engineering field. As a kind excellent structural and functional composite
material, mechanical properties of fiber felt core sandwich structures such as tension and compression has been widely
studied [1, 2]. While little concerne about their vibration performance. Vibration and damping characteristics of sandwich
structure should also be the focus in the design process. In this paper, the free vibration and damping characteristics of fiber
felt core sandwich beam were investigated. As a comparison, the modal experiment of sandwich structures with different
porosity core and the corresponding steel beam with equal mass were carried out for the case of clamped-free boundary
conditions.
EXPERIMENTS
Fiber felt core sandwich beams are composed of 304 stainless steel panels and fiber felt core. Two different porosity
sandwich beams as shown in Fig. 1 and their corresponding steel beam with equal mass were designed. The porosity of
fiber felt cores are 75% and 90%, with their corresponding panel thickness of 1.5mm, and 1mm, respectively. Modal
vibration tests were performed on sandwich beams under clamped-free boundary condition. Experimental equipment
includes the PCB impact hammer, B&K Type 4366 accelerometers, a BK3560D Signal generator, an electromagnetic
vibration machine and BK3560D modal analysis system. The scheme adopted in this experiment is: first step is white noise
excitation to determine the first three order natural frequencies of the sandwich beam; then frequency sweeping method is
used to adjust the frequency resolution to 0.125. Only the average values of three tests were reported in the present study.

(a)
(b)
Fig. 1. Fiber felt core sandwich beam with the porosity of (a) 75% and (b) 90%.
RESULTS AND DISCUSSIONS
The acceleration admittance diagrams of sandwich beams and their corresponding steel beam with equal mass are
presented in Fig. 2. The first two order natural frequencies of the sandwich structure are larger than those of the
corresponding steel beam with equal mass. But the third order natural frequency of fiber felt core sandwich beam with the
porosity of 90% is slightly lower than that of their corresponding steel beam with equal mass. It implies that the porosity of
the fiber felt core will affect the natural frequency of the sandwich structure. In order to get the natural frequency and the
damping ratio of the sandwich structure more accurately, frequency sweeping method is employed. According to the half
power point method, the 1 2 time peak value of acceleration admittance of two frequency points, L and H , are
a)
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 = (H -L ) 2 , where 

found to obtain the damping ratio. The damping ratio is obtained by:

is the frequency of

peak value point of acceleration admittance.

(a)

(b)

Fig. 2. The Acceleration admittance diagram of sandwich beam and the corresponding steel beam with equal mass with
the porosity of (a) 75% and (b) 90%
Table 1 The natural frequency and damping ratio of sandwich beam and the corresponding steel beam with equal mass.
75% fiber felt core

Frequency

(HZ)

The
damping
ratio

First

60

Second
Third

Order

Frequency

Equal mass steel beam

90% fiber felt core
Frequency

(HZ)

The
damping
ratio

0.0061

21.2

232.8

0.0097

493

0.0104

Equal mass steel beam
Frequency

(HZ)

The
damping
ratio

(HZ)

The
damping
ratio

0.021

35

0.0168

12.75

0.0100

140.3

0.0023

121.5

0.0040

82.875

0.0003

394

0.0007

227.7

0.0052

233

0.0002

The natural frequency and damping ratio of sandwich beams and their corresponding steel beam with equal mass are
given in Table 1. The measured first order damping ratio of the steel beam with the same mass as that of the sandwich beam
with core porosity of 75% is 0.021, which exists large errors. According to the literature [3], damping proportion of steel
structure usually is about 0.0001-0.002. However, the damping characteristic of the fiber felt core sandwich structure is
better than that of their corresponding steel beam with equal mass. By comparing the two groups of experiments, the
porosity of core influences greatly the natural frequency and damping ratio of sandwich beam. It can be found that the
natural frequency of each order will be reduced with the increasing of core porosity.
It is mainly because that the porosity of the fiber felt is inversely proportional to its density, which implies that the
strength of the low density material will decrease. Therefore, the flexural rigidity of the sandwich structure with high
porosity is low and the natural frequency decreases. By comparing the second and third order damping ratio, the damping
ratio is reduced as the porosity increases. It is attributed that lower porosity of metal fibre corresponds to larger mass with
denser micro fibers in unit volume. For the vibration of the sandwich beam, the relative displacement among the metal wires
occurs and the friction resistance will increase. As a result, the damping characteristics are better.
CONCLUSIONS
The free vibration and damping characteristics of sandwich structure with fiber felt core were investigated based on the
cantilever sandwich beam. The first three order natural frequencies and damping ratio are obtained by modal tests. It can be
found the natural frequency and damping ratio of the sandwich structures with fiber felt core are better than those of the
corresponding steel beam with equal mass. The natural frequency and the damping ratio of each order would be reduced
with the increasing of core porosity.
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Summray The vibration performance of foam-filled corrugated sandwich beam was investigated in this paper. Based upon a
micromechanics-based model, the effective elastic constants of foam-filled corrugations are derived by the homogenization method. It is
used to predict the natural frequencies and vibration modes of the sandwich beam. In order to validate the equivalent model, model testing
under clamped-free boundary conditions was carried out. The results using a homogenization method show good agreement with
experimental tests.

INTRODUCTION
Hybrid-cores are constructed to enhance mechanical properties of sandwich structures. Such hybrid sandwich cores
include pin-reinforced foams, foam-filled lattices. Among the hybrid lattice cores, metallic corrugations filled with polymer
foams have attracted special attention on account of their relatively low manufacturing cost and good structural performance.
As for the vibration of sandwich structures, it is important to predict the natural frequencies for design purposes. The
analytic methods are tedious for sandwich structure. Finite element method (FEM) can be used for vibration analysis of
complicated structures. But in order to accurately simulate porous material, it will cost high expense for the calculations,
especially when the complicated problem needs greater accuracy. Generally, the equivalent model can be used to simplify
the model. For the previous investigations, Liu et al [1, 2] derived the effective stiffness matrix of empty corrugated core.
Han et al [3] obtained the equivalent elastic constants of foam reinforced corrugated core. In this paper, based on the
equivalent model presented by Han, the model was simplified by ignoring the coupling of corrugated members and foam
filling. Based on the above, the vibration performance of foam-filled corrugated sandwich beam was investigated for the
case of clamped-free boundary conditions. In order to validate the equivalent model, the experimental tests were carried out.
THEORETICAL ANALYSIS

Fig. 1. Equivalent diagram of foam-filled corrugated sandwich beam.

Fig. 2. Geometric parameters of hybrid core.

The foam-corrugation hybrid cores are treated as homogeneous orthotropic materials through principals of force
equilibrium and energy equivalence as shown in Fig. 1. The face sheet and the corrugated members are made of 304
stainless steel, with the material properties of Es  210 GP, s  7900 kg/m3 and s  0.3 . For Polymer foam Rohacell is
E f  70 MPa,  f  0.3 and  f  52 kg/m3. Geometric parameters of sandwich core as indicated in Fig. 2 are: corrugated

plate length lc  44 mm, corrugation angle   65o , width of corrugation platform d  4 mm, core height hc  40 mm,
the corrugated member thickness tc  0.3 mm, and the face sheet thickness t f  0.4 mm. The relative density of the hybrid
core is c   s   f (1  s ) , in which  s  2t f lc cos 2 is the volume fraction of the core occupied by corrugation.
Estimation of the elastic stiffness of the core based on simple strength of materials formulas is informative as to the role
of the foam. The contribution of coupling effect derived from foam filling on the deformation of corrugated members is
little, and has been neglected. Only the contributions of stretching and bending deformation mechanisms for the corrugated
a)

Corresponding author. zqc111999@mail.xjtu.edu.cn; jinzhao@mail.xjtu.edu.cn.

2384

members and foam filling are considered in the elastic stiffness. The elastic stiffness of foam-corrugated hybrid core is
given as:
(1   ) f E f
 Es
cos2 
(1  s 2 )
(1  f 2 )

(1   ) f E f
 Es
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(1  s 2 )
(1  f 2 )
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C22H 

Es  t  cos3
Es  tc 
f

  sin cos  (1   )C11 ;
 
(1  s 2 )  l  sin (1  s 2 )  lc 

C23H 

Es  tc 
1 Es  tc 
Es  tc 
Es  tc 
H
f
 sin cos 
 
 sin cos 
  sin cos  (1   )C12 ; C44 
(1  s 2 ) lc 
4 (1  s 2 ) lc 
(1  x 2 )  lc 
(1  s 2 )  l c 

;

C12H 

;

3

C13H 

3

C33H 

Es  tc sin 3
Es  tc 
f

 
  sin cos  (1   )C11
(1  s 2 )  lc  cos (1  s 2 )  lc 

3

C55H  Gs sin 2  (1   )G f

;

C6H6  C55H

;

3

;

 sin 3 cos3


 2sin cos   (1   )C66f ;

cos

sin




.
EXPERIMENTS AND SIMULATIONS

Modal vibration tests were performed on sandwich beams for the case of calmed-free boundary condition. Experimental
equipment includes the PCB impact hammer, B&K Type 8206-002 accelerometers, a charge amplifier, clamping system
and LMS-Test-Lab modal analysis system. The experiment was carried out by mufti-point excitation and single point
measurement. Only the averages of the measured results were reported in the present study. The equivalent mode was
created by ABAQUS. The three-dimensional elements were employed for both the face sheets and the core of equivalent
model. A mesh convergence study was carried out. A linear perturbation analysis step was created, and frequency extraction
procedure was carried out with the lances solver.
VALIDATION AND DISCUSSION
The first three mode shapes and natural frequencies of sandwich beams have been obtained by numerical calculation and
experiments, which are shown in Fig. 2. Good agreements between the results derived from equivalent model and
experiments are obtained. The first and third shapes are the bending mode, while the second shape is a lateral mode. The
discrepancy is less than 5% for first natural frequency of both methods, and less than 10% for the third frequency.

(a)
(b)
Fig. 2. (a) The first three natural frequencies; (b) The first three vibration modes.
CONCLUSIONS
It has been shown from the comparison of the results from equivalent and experimental methods that equivalent models
are well suited for calculating the frequencies and vibration modals of different sandwich beams with foam-filled corrugated
cores. The results of the equivalent model presented in present study are obtained with good accuracy. The equivalent model
is an efficient approach for the reduction of the cost and the time in the vibration analysis. Present study could give a hint
for the researchers in the design and practical applications of the foam-filled sandwich structures.
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COMPOSITES WITH ENHANCED CONDUCTIVITY AND YOUNG’S MODULUS AND
DESIRED POISSON’S RATIO
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Summary We have designed two types of composites with size from macro- down to micro- and nano-scale. One type of the composites
has an isotropic conductivity almost the same as the maximum possible upper limit, and the other type has an isotropic conductivity much
greater than the conventional isotropic composites. The designed two types of composites can have an almost isotropic Young’s
modulus significantly greater than the Voigt limit and a Poisson’s ratio at a desired value, e.g. positive, negative or 0. The designed
composites have wide applications in many different structures from space aircrafts, land vehicles/buildings to underwater submarines.

GEOMETRICAL STRUCTURE OF THE COMPOSITES
We have designed two types of composites [1, 2], which are made of two different isotropic constituent materials, filler
A and matrix B. The Young’s moduli of the two constituent materials are assumed to be E A and EB , the Poisson ratios
to be v A and v B , and the conductivities to be P A and P B , respectively. In the type-I composites, material A is
assumed to have the geometrical structure of a perfect regular closed-cell foam with a large number of identical cubic
cells of edge length L and square cell walls of uniform thickness t; material B is assumed to be identical cubes of edge
length L-t, which are located at each of the cell centers of material A. Fig. 1(a) shows the representative volume element
(RVE) of the type-I composites. In the type-II composites, material A is assumed to have the geometrical structure of a
perfect regular open-cell foam with a large number of identical cubic cells which have uniform edges of length L and
square cross-section of side t; material B is the matrix which fills the space of material A. The representative volume
element (RVE) of the type-II composites is shown in Fig. 1(b).

(a)

Type-I

(b)

Type-II

Fig. 1. Cubic periodic representative volume elements (RVEs) of the two types of composite materials.

ELASTIC PROPERTIES OF THE COMPOSITES
1. Enhanced Young’s modulus
As the two types of composites have cubic symmetry, they have only three independent elastic constants [3] and are
almost isotropic. When E A 2 EB and v A vB , the relationship between the Young’s modulus of the composites and
the volume fraction of material A is shown in Fig. 2(a), where Young’s modulus is normalized by the Voigt limit. The
Hashin—Shtrikman’s upper and lower bounds, and the Reuss limit are also included for comparison. As can be seen in
Fig. 2(a), when the effects of the Poisson ratios are absent (i.e. v A vB ), the type-I composites are in general stiffer than
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Fig. 2. Relationship between the Young’s modulus of the composites and the volume fraction of material A.
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the Hashin-Shtrikman’s upper limit, and the stiffness of the type-II composites is very close to the Hashin-Shtrikman’s
upper limit and much greater than their lower limit. As the Hashin-Shtrikman’s upper limit is generally recognized as an
unexceedable upper limit for isotropic composites when the effects of the Poisson’s ratios are absent, the results in Fig.
2(a) clearly demonstrate that the designed structures of the two types of composites can significantly enhance the
stiffness of composites [1, 2]. For isotropic solid materials, the value of the Poisson’s ratio is in the range between 0.5
and -1.0. When vA 0.45 and Q B 0.8 , the relationships between the effective Young’s modulus of the two types
of the designed composites and the volume fraction of materials A are shown in Figures 2(b) and 2(c), where the
Young’s modulus is normalized by the Voigt limit. As can be seen, for different combinations between the Young’s
moduli of materials A and B, the normalized Young’s moduli of the composites are much larger than 1.0, and hence
much larger than the Voigt limit [1, 2].
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2. Desired Poisson’s ratio
When vA 0.45 and Q B 0.8 , the relationships between the effective Poisson’s ratio of the two types of the
designed composites and the volume fraction of materials A are shown in Figures 2(b) and 2(c). As can be clearly
seen, the Poisson’s ratio of the composites could be designed to have a desired value, e.g. positive, negative or 0 [1, 2].
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Fig. 3. Relationship between the Poisson’s ratio of the composites and the volume fraction of material A.

CONDUCTIVITIES OF THE COMPOSITES
When P A 10P B , the relationship between the normalised effective conductivity of the two types of composites and the
volume fraction of material A is presented in Fig. 4, where the Voigt limit, the Hashin-Shtrikman’s upper and lower
limits and the Reuss limit are included for comparison. The Hashin-Shtrikman’s upper limit is generally recognized as
an unexceedable upper limit for the conductivity of isotropic composites. As can be seen, the structure of the type-I
composites can maximize the isotropic conductivity and the type-II composites have an isotropic conductivity very close
to the Hashin-Shtrikman’s upper limit and much greater than their lower limit [4].
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Fig. 4.

Comparison between the conductivities of the two types of composites and the well known limits.

CONCLUSIONS
The designed two types of composites have not only enhanced stiffness and conductivity, but also a desired value of
Poisson’s ratio. The size of the designed composites can be at macro- down to micro- and nano-scale. They have very
important applications in many different structures from space aircrafts, land vehicles/buildings to underwater submarines.
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THE INFLUENCE OF ELASTIC STRAIN ON CATALYTIC ACTIVITY
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1

Summary Understanding the role of elastic strain in modifying catalytic reaction rates is crucial for catalyst design, but
experimentally, this effect is often coupled with a ligand effect. To isolate the strain effect, we have successfully investigated
the influence of externally applied elastic strain on catalytic activity of metal films towards the hydrogen evolution reaction
(HER). We show that elastic strain tunes the catalytic activity in a controlled and predictable way. Both theory and
experiment show strain controls reactivity in a controlled manner consistent with the qualitative predictions of the HER
volcano plot and the d-band theory: Ni and Pt’s activity were accelerated by compression, while Cu’s activity was
accelerated by tension. By isolating the elastic strain effect from the ligand effect, this study provides a greater insight into
the role of elastic strain in controlling electrocatalytic activity.
The role of elastic strain in tuning catalytic reaction rates has evolved rapidly in the last decade and has initiated a
significant re-evaluation of catalyst design. Specifically, researchers have examined the role of misfit strain arising when a
catalytically-active metal overlayer is epitaxially deposited on another metal substrate or when a shell metal is deposited
around a core metal to form a core/shell nanoparticle. [1] In general, the misfit strain changes the width of the d-band through
changes to the d-orbital interactions that are quite sensitive to interatomic spacing r, scaling as r-5.[1b, 2] Changes in the dband width modify reactivity of the strained surface by shifting the mean d-band energy (the “d-band center”) relative to the
Fermi energy, which influences the bonding and anti-bonding states of adsorbates and reactants on the metal surface. [3]
Early experimental evidence of strain effects on phenomena related to catalysis was reported by Gsell et al.[4] who
demonstrated that O adsorption on Ru could be enhanced under tensile strain. Strasser et al. studied PtCu@Cu core@shell
system formed by de-alloying Pt-Cu nanoparticles,[5] and attributed increases in catalytic activity for oxygen reduction
reaction (ORR) to the elastic strain in the de-alloyed shell. Recently, Deng et al.[6] studied the influence of elastic strain in
111-textured thin films of Au and Pt on polyimide on its electrocatalytic activity for HER. More recently, Yang et al.[7]
demonstrated a similar effect on a Pd-based metallic glass catalyst film under both tensile and compressive strains, which
have opposite effect on catalytic activity towards ORR.
Here we report a systematic study of the effect of externally applied elastic strain on catalytic activity of pure metal
films towards HER. Production of H2 from water splitting is one of the most well-studied electrocatalytic reactions.[18] HER,
which is the half-cell reaction responsible for the evolution of H 2, it is ideally suited for studying the effect of elastic strain
as it is well established that the binding energy of H2 --- expressed as the free-energy change of hydrogen adsorption (ΔGH)
--- is the primary predictor of the effectiveness of an electrocatalyst for HER, with an ideal catalyst having ΔGH of 0 eV.
Catalytic activity of various metals for HER is often represented by a volcano plot, which shows activity versus ΔGH. On
such a plot, the peak of the volcano (maximum activity) occurs at ΔGH of 0 eV. The activity decreases to the left of volcano
peak due to stronger H binding (ΔGH < 0), the activity decreases to the right of the peak as well where H binding is weaker
(ΔGH > 0).[20] According to the d-band model, compressive strains
generally weaken the binding strength of adsorbates whereas tensile
strains enhance it.[14, 21] Hence, we should expect compressive strain to
weaken the H binding energy on metals to the left of the volcano peak,
moving them towards the peak and thus enhancing their activity
towards HER; tensile strain should decrease activity. However, strain
is expected to have the opposite qualitative effect on metals to the right
of the volcano peak, i.e., compressive strains should move those metals
further from the volcano peak and decrease the HER activity; while
tensile strains should increase activity. In this investigation, we choose
three metals that span the volcano plot: Ni (left of the peak), Pt (near
the peak) and Cu (right of the peak), which provide a representative set
to investigate the effect of elastic strain and the predictions of the dband model. The metal films are subjected to externally applied
compressive and tensile loading while they are participating in HER.
Simultaneously, we performed density functional theory (DFT)
calculations on Pt, Ni, and Cu(111) surfaces under various loading
Figure 1. Experimental setup to subject thin metal films to
conditions to more precisely quantify the theoretical predictions, and
elastic straining by applying compressive or tensile
further interpret the experimental measurements in terms of changes in
loading on the PMMA substrates in a universal
mechanical tensing machine.
the H binding energy.
a)

Corresponding author. Email: Pradeep_guduru@brown.edu.

2390

Thin films of the three
metals under consideration (Pt, Ni
and Cu) were synthesized by
sputtering
on
PMMA
(polymethylmethaacrylate) substrates.
Elastic strains were applied on the
films by subjecting the PMMA
substrates to tensile and compressive
loading. An electrochemical cell was
designed to be integrated with a
universal mechanical testing machine
as shown in Figure 1. The activity of
the films for HER was studied at
each load value through cyclic
voltammetry (CV) in 0.1 M NaOH
electrolyte by monitoring the changes
in the potential at specified values of Figure 2. CV-curve-shifts relative to the zero strain level as a function of applied elastic strain for (a)
(b) Ni and (c) Cu. Positive potential shift denotes reduction in overpotential and vice versa. Note the
HER current. The samples were held Pt,
qualitative difference between Cu and the other two metals; compressive strain increases catalytic
at each constant strain while CV activity for Pt and Ni whereas the effect is opposite for Cu, which is on the other side of the volcano
scans were collected. Experimental peak. The solid lines (gray color) on the experimental data represent the computational results from the
bottom row of figures. Bottom row shows the potential shifts obtained computationally for (d) Pt(111),
measurements of the CV shift for all (e) Ni(111), and (f) Cu(111) surfaces at different hydrogen coverages as a function of in-plane
three metals, i.e., Pt, Ni and Cu are predominantly uniaxial strain. The plots shown are average responses for straining along perpendicular
directions. Note that the computationally accessible range of strain values is much larger than
shown in Figures 2a-c; note that in-plane
what was experimentally accessible.
compressive and tensile strains were
taken as negative and positive respectively. Moreover, the shift of the CV to the right (i.e. reduction in overpotential or
increase in activity) was taken as positive and that to the left (increase in overpotential or lower activity) is taken as negative.
Figure 2 reveals a number of important features: (i) The CV shift was approximately linear with applied elastic strain for all
three metals in the experimentally accessed strain range. The magnitude of the slope of the linear relation was in the range
of 10 mV per 1% strain for all three metals. (ii) Compressive strain increased the HER activity of Pt and Ni and decreased
that of Cu. This is a striking observation and is in good agreement with the theoretical predictions also shown in the figure,
discussed further below. (iii) These results cleanly separate the strain effect from the ligand effect, thus establishing the
magnitude of the former, which can provide a useful guideline for design of nanostructured catalysts.
We carried out density functional theory (DFT) calculations of the hydrogen binding energy on fcc(111) surfaces for the
same metals under the application of in-plane uniaxial loading in the range of ±1.5%. The computational results within the
experimental loading range were superposed on the experimental data in Figures 2a-c as gray solid lines. Despite the
simplicity of the computational model, the agreement with the experimental data is remarkably good in all three cases. In
particular the computations also capture the reversal in the strain effect on HER activity of Cu compared to that of Pt and Ni.
This also suggests that the peak of the volcano plot is correctly placed to the right of Pt; that is, Pt binds H slightly too
strongly.
In summary, we experimentally demonstrate that externally applied elastic strain can influence the HER activity of Pt,
Ni and Cu thin films catalysts in a predictable way, consistent with the predictions of the d-band model on the hydrogen
binding energy and with the hydrogen-evolution volcano. By separating the strain effect from the ligand effect, we
demonstrate that the effect of strain on metals on opposite sides of the volcano peak is reversed, i.e., compressive strain
increases the catalytic activity of metals to the left of the volcano peak and reduces that of the metals to the right. Tensile
strain has the opposite effect. The experimental observations match theoretical calculations qualitatively and quantitatively.
The combined experimental and computational study presented here shows the power of separating the strain and ligand
effects and offers new insights into the design of catalysts not only for HER, but also other electrocatalytic reactions of
interest.
References
[1] a) M. Mavrikakis, B. Hammer, J. K. Nørskov, Phys. Rev. Lett. 81: 2819-2822, 1998; b) J. R. Kitchin, J. K. Nørskov, M. A. Barteau, J. G. Chen, Phys.
Rev. Lett. 93: 156801, 2004;

[2] a) B. Hammer, et al. Phys. Rev. Lett.76: 2141-2144, 1996; b) A. Ruban et al. J. Mol. Catal. A 115: 421-429, 1997; c) B. Hammer, et al. 343:211-220,
[3]
[4]
[5]
[6]
[7]

1995.
L. A. Kibler et al. Angew. Chem. Int. Ed. 44: 2080-2084, 2005.
M. Gsell et al. Science 280: 717-720, 1998.
P. Strasser et al. Nature Chem.2: 454-460, 2010.
Q. Deng et al. J. Catal. 309: 351-361, 2014.
Y. Y. Yang, et al. Phys. Chem. Chem. Phys. 17: 1746-1754, 2015.

2391

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

AN APPROACH TO MODELING THE EFFECT OF HYDROGEN ON STRESS-STRAIN
MATERIAL LAW
Alexander Belyaev 1a), Vladimir Polyanskiy 1
Mechanics and Control Dept., Peter-the-Great St. Petersburg Polytechnic University, St. Petersburg, Russia

1

Summary A general approach to modeling the effect of hydrogen on stress-strain state of materials is addressed. A twocontinua model is constructed which allows one to describe the kinetics of hydrogen in metals. The developed rheological
model is appropriate for estimation of the hydrogen transition from mobile to bounded state depending on the stress-state
relation and description of the localization of the connected hydrogen that results in the material fracture. A novel approach
to modeling the solids with account for the influence of hydrogen on the properties of free surface on monocrystals at
various scales is suggested.
One of the most challenging problems of the material science is the influence of hydrogen on the mechanical properties
of materials. This influence itself is a good example of crucial importance of small parameter in mechanics since the mean
mass concentration of 0.4-0.8 ppm (part per million) causes hydrogen embrittlement in aluminum alloys. The hydrogen
embrittlement is a source of many technical catastrophes and for this reason its nature is carefully investigated, e.g. [1].
Nowadays the structural design is not possible without precise strength computation. However the hydrogen considerably
affects the strength of metals, that is, modeling of the hydrogen influence is a subject of permanent interest.
Several approaches will be discussed in the presentation. They are: (i) account of the influence of hydrogen on
origination and motion of dislocations, (ii) account of the influence of hydrogen on the crack development, (iii) account of
the internal pressure of hydrogen in metals and (iv) some physical approaches. Origination and motion of dislocations as
well as the hydrogen-enhanced localized plasticity (HELP) [2] in the vicinity of the crack tips leads to the local plasticity
because of the high concentration of dislocations. However the calculations in [3] demonstrated that this model
demonstrates some considerable change in the strain-stress law only under the concentration about 9000 ppm which is not
extremely high concentration for the majority of metals and not feasible for the real engineering structures. Another model
which is analogous to the HELP is the De-cohesion model (hydrogen enhanced decohesion model, HEDE for short), cf. [4].
The difference between them is that the HEDE model takes into account that the energy of appearance of the free surfaces
of fracture reduces with increase of the local hydrogen concentration. The HELP approach requires a great computational
costs for solving any practical problems, cf. [5]. For this reason the only solution is utilizing a continual model of
dislocation growth however this substitution turns out to be not adequate and the authors suggest to make use of the
criterion of growth of submicrocrack, i.e. they reduce all the hydrogen problems to the modeling of the crack developing
and reduction of the crack resistance.
The adequate modeling of the behaviour of structures affected by hydrogen requires a special approach which is capable
for account for influence of small concentration of hydrogen on the mechanical characteristics of materials. We suggest a
two-component continuum for modelling the hydrogen effects. However it is necessary to understand that the natural
hydrogen exists in both diffuse and bound forms in any material. An important role is played by the binding energy of
hydrogen in material. It is known that, inside the materials, hydrogen is found in traps with different binding energies. In
steels the total hydrogen content is 0.1-6 n.cm3/100g, while it is only hydrogen with a low binding energy that affects the
strength, i.e. diffusively mobile hydrogen. In aluminum alloys the entire hydrogen diluted in the metal has a low binding
energy – about 0.2-0.8 eV. The concentrations that are critical for the mechanical strength of weakly bound hydrogen in
steels and aluminum alloys are similar – they are decimal ppm fractions. In aluminium alloys it includes the entire diluted
hydrogen, while in steels it amounts to 5-10% of the total amount of diluted hydrogen. However the hydrogen with low
binding energy tends to zones of tensile stresses (Gorsky’s effect [6]). Accumulation of hydrogen in the destruction zone
occurs both by the input from outside and by redistribution of natural hydrogen inside the material. The hydrogen with low
binding energy is diffuse however its interaction with material is very weak. The hydrogen with high binding energy
interacts with material very intensively resulting in degradation of the mechanical material properties because of this
interaction.
The scheme of constructing the new rheological model is as follows. Two states of the hydrogen are assumed, namely a
diffuse (mobile) one and a bounded (settled) one. For each state the equations for the mass balance are formulated and the
equation governing the exchange between these states is derived, too. These equations are reformulated in terms of
concentrations of the both states of the natural hydrogen in materials. It allows one to describe the process of redistribution
of the diffuse and bounded hydrogen inside the material. The equation of dynamics for the structural materials is used to
derive the the rheological model of the material containing hydrogen. The model is assumed to consist of two continua. The
first continuum is a solid and plays a part of a carrying structure. The second one describes the behavior of hydrogen inside
the first continuum and is considered as an ideal gas. The equation of dynamics is written down for each continuum and the
interaction between them is modeled by a source term depending upon the velocities of each component.
a)
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For the sake of simplicity the presentation is limited to the one-dimensional case since it allows one to catch the main
idea of construction of the rheological model for material with low hydrogen concentration. In one-dimensional case a virgin
lattice can be schematically depicted as a 1D spring. The weakening of the internuclear bonds caused by “landing” of the hydrogen
particles can produce the chain formations of new internuclear bonds as the serial connections of elastic bonds of the basic
lattice and the introduced elastic bonds of new elements which are the hydrogen particles. Obviously, such a consideration is
reasonable for the case of low hydrogen concentration. The overall elastic modulus of the resulting lattice with hydrogen can
be much lower than the elastic modulus of the virgin material and strongly depends on concentration of the bound hydrogen. In
turn, the latter is determined by the diffusion of the mobile hydrogen however the distribution of the mobile hydrogen depends
upon the stress distribution in the structure under consideration. In 1D case, the overall system of equations counts 14 equations
and some dependences are strongly nonlinear. In particular, the state equation for the hydrogen pressure is temperaturedependent since we apply the equation for the ideal gas occupying the clear space (voids) in porous medium. This system can
be linearised since the problem has some natural small parameters such as low hydrogen concentrations. It allows us to
introduce the factors of sorption and desorption of the hydrogen and solve a few problems. The result is some closed form
expressions for the hydrogen concentration in the material. The obtained results were compared with the experimental data
in [20,21] the maximal tensile stress versus the concentration of the diffuse mobile hydrogen in AISI 4135 steel and
demonstrated a good match.
As a summary we can say that a rheological model is constructed which allows one to describe the kinetics of hydrogen
in metals, and in particular to estimate the hydrogen transition from mobile into bounded state depending on the stress-state
relation and to describe the localization of the connected hydrogen resulting in the material fracture. This distribution affects
the stress-strain material law, too. We suggest a novel approach to modeling the solids with account for the influence of
hydrogen on the properties of free surface on monocrystals at various scales. Application of the two-component model to
describing the multiscale materials allows obtaining the adequate results which describe the influence on properties of these
structures. In particular, the suggested approach is also applicable at the nanoscale. For example, in contrast to the
homogeneous materials, the nanocrystal materials in the presence of hydrogen demonstrate stabilization of their properties
since the hydrogen decreases the surface energy of crystals in material and prevent their increasing up to the microsize.
Acknowledgement. The research is carried out under the financial support by Russian Science Foundation, grant 15-1900091.
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Summary In this work, we formulated, numerically implemented, and calibrated a fully-coupled diffusion-deformation model for amorphous Silicon (a-Si) anodes. Importantly, the model, and accompanying computational implementation, are capable of reproducing both
the mechanical and electrochemical experimentally measured response of these anodes. We applied our calibrated simulation capability to
modeling cycling of hollow a-Si nanotubes, and showed that our simulations results, without parameter adjustment, are in good agreement
with the experimentally-measured voltage vs. state-of-charge (SOC) at various charging rates. Further, using our theory and simulations,
we identified and quantified two major effects of plasticity on the electrochemical performance of a-Si anodes:

INTRODUCTION
Amorphous Silicon (a-Si) is an attractive material for Li-Ion batteries due to its ≈ 10 fold increase in gravimetric capacity
over current generation graphite anodes. To mitigate deleterious effects associated with the outward expansion of the a-Si
as it is lithiated, researchers have developed complex anodes, such as hollow Si/SiO2 double-walled nano tubes [1], which
effectively restrict the outward expansion of the a-Si as it is being lithiated. Much has been done in the field of modeling
a-Si anodes recently (cf. [2] and references therein); however, few models and simulation tools have been built (and validated) which can capture the mechanical and electrochemical response of complex anodes. This work satisfies this need by
formualting, calibrating, and validating a theory and numerical capability for modeling a-Si anodes.
SUMMARY OF THE THEORY
We employ a multiplicative decomposition of the form
F = Fe Fp Fs ,

with Fs = (J s )1/3 1,

and J s = 1 + Ω(cR − cR0 ).

(1)

Here, Fe , Fp , and Fs denote the elastic, plastic, and swelling distortions respectively. The swelling distortion Fs is taken to
be spherical and to depend on the lithium concentration as shown, where Ω is the partial molar volume of Li in the body, cR is
the molar concentration of Lithium in the reference body, and cR0 the initial concentration.
The Cauchy stress T, is given by the elastc Mandel stress Me through
T = J e−1 Re Me Re> ,

and Me = 2GEe + (K − (2/3)G) (tr Ee )1

(2)

where Ee is an elastic logarithmic strain measure, and G and K are concentration dependent elastic moduli. The plastic
distortion Fp evolves according to


0
if σ̄ ≤ Ŷ (c̄)


e
!
3
M
m
Ḟp = ¯˙p 0 , with ¯˙p =
(3)
σ̄ − Ŷ (c̄)

2
σ̄
if σ̄ > Ŷ (c̄)

 ˙0
Ŷ (c̄)
Here, ¯˙p ≥ 0 is the equivalent tensile plastic strain, σ̄ is the equivalent tensile stress, and Me0 is the deviator of Me . Further,
in (3), Ŷ (c̄) is a concentration-dependent yield strength, ˙0 is a reference tensile plastic strain rate, and m is a measure of
the strain-rate sensitivity of the material. To model the experimentally-observed concentration-dependent change in the yield
strength of a-Si we adopt the following specific form for Ŷ (c̄),
Ŷ (c̄) = Ysat + (Y0 − Ysat ) exp(−c̄/c̄∗ ),

(4)

with {Y0 , Ysat , c̄∗ } three positive-valued material parameters which must be determined, and c̄ a normalized concentration.
The diffusion of Li is governed by the local balance of species concentration through


c̄
1
D0
0
c(1 − c̄), and µ = µ + Rϑ log γ
− Ω tr Me
(5)
ċR = −JDiv j, with j = −mgradµ, m =
Rϑ
1 − c̄
3
Here, j is the spatial flux of Li, m is the mobility which is concentration dependent and given by the diffusivity D0 , and µ is
the chemical potential, where γ is a concentration dependent activity (cf. [2]).
Finally, in a simulation we wish to prescribe a constant current I at a point and measure the corresponding Voltage V
in order to compare to galvanostatic (constant current) experiments from the literature. To achieve this we use symmetric
Butler-Volmer kinetics which yields that the voltage may be compute from (see [3] for details)
∗ Corresponding
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CHEMICAL AFFINITY TENSOR AND KINETICS OF STRESS-ASSISTED CHEMICAL
REACTION FRONT
Alexander B. Freidin∗1,2,3 , Elena N. Vilchevskaya1,2 , Leah L. Sharipova1 , Igor K. Korolev1 ,
Sergey P. Aleschenko1 , and Svetlana E. Petrenko1,2
1
Institute for Problems in Mechanical Engineering of Russian Academy of Sciences, St. Petersburg, Russia
2
Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia
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Summary We develop an approach to studying the influence of stresses and strains on the kinetics of chemical reaction fronts based on
the chemical affinity tensor. After the derivation of the expression of the chemical affinity tensor we formulate a kinetic equation for the
chemical reaction front propagation in a form of the dependence of the reaction front velocity on the normal component of the chemical
affinity tensor. We describe a locking effect – blocking the reaction by mechanical stresses, and construct the forbidden regions formed
by strains or stresses at which the chemical reaction cannot go. Finally we present a number of analytical and numerical solutions of
boundary-value problems for solids with propagating chemical reaction fronts.

INTRODUCTION
Oxidation processes in silicon microscale parts of MEMS and in nanowires, lithiation of silicon in lithium ion batteries,
chemical transformations of particles in composites are among important examples of stress-assist chemical reactions (see,
e.g., [1, 2, 3]) The influence of external and internal stresses on the reaction front kinetics was examined by many researches,
and a number of models have been developed. To take into account stress effects, these models proposed stress-dependent
oxidation parameters such as oxidant diffusivity and oxide viscosity, a reaction rate parameter (see references in our recent
papers [4, 5]). Another type of models starts from the statement that the velocity of the reaction front may be controlled rather
by the reaction rate than by the diffusivity and suggests to consider stress-dependent scalar chemical potential [6, 7, 8, 9].
Our approach takes into account the fact that the reaction takes place at oriented surface elements and depends on the
orientation of the surface element with respect to stresses. The approach is based on a concept of the chemical affinity tensor
allowing for a natural and thermodynamically sound way to take into account the effect of a stress-strain state on the kinetics of
the reaction front. Note that in the second part of the XX century it was realized that the chemical potential was to be a tensor
in the case of solid phases. It was shown that the chemical potential tensor was determined by the Eshelby energy-momentum
tensor (see [10] and reference therein). The tensorial nature of the chemical potential also have been discussed later in [11].
The expression of the chemical affinity tensor was derived at first for the case of nonlinear elastic solid constituents and
then in [12] for a system “diffusive constituent – solid of arbitrary rheology” in the case of finite strains (see also [13, 4]).
Solutions of various boundary value problems for the case of linear-elastic solids were obtained [4, 5]. In the present paper we
discuss the notion of the forbidden region formed by strains or stresses at which the reaction cannot go and describe a locking
effect – blocking the reaction by strains or stresses. We also give examples of analytical and numerical solving boundary value
problems for elastic and inelastic solids with propagating reaction fronts.
CHEMICAL AFFINITY TENSOR AND REACTION FRONT KINETICS
We consider a chemical reaction between solid and gaseous constituents n− B− + n∗ B∗ → n+ B+ where B− , B∗ and
B+ are the chemical formulae of an initial solid constituent, a gasous constituent and a transformed solid constituent, n± and
n∗ are stoichiometric coefficients. The reaction is localized at the reaction front and sustained by the diffusion of the gaseous
constituent. It can be derived that the the energy dissipation per unit area of the propagating reaction front takes the form
Dg = ωN (AN N + q̂ g ) ≥ 0,

q̂ = (1 − α) qΓ

n+ M +
ρ̂+

where ωN is the reaction rate at the surface element with the normal N, qΓ is the heat release due to the reaction, ρ̂+ is the
surface source of the constituent B+ , parameter 0 < α < 1 characterizes an additional energy barrier, AN N = N · A · N is
the normal component of the chemical affinity tensor
A = n− M− M− + n∗ M∗ µ∗ I − n+ M+ M+ + {dynamical terms},
M− and M+ are the chemical potential tensors of the solid constituents, µ∗ is the chemical potential of the gas constituent.
To find M± and µ∗ one has to find stresses and strains at the reaction front and to solve the diffusion problem.
∗ Corresponding

author. Email: alexander.freidin@gmail.com
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Figure 1: The cross-sections of the forbidden regions by the plane ε2 = ε3 ≡ ε at various γ̂: γ̂1∗ > γ̂2∗ > γ̂3∗ > γ̂4∗
Substituting AN N instead of the scalar chemical affinity A into the classical formula we obtain that the reaction rate and
the normal component of the reaction front velocity W are given by the formulas
{
(
)}
{
(
)}
AN N
n+ M+
AN N
ωN = k∗ c 1 − exp −
, W =
k∗ c 1 − exp −
.
RT
ρ+
RT
where k∗ is the kinetic constant, c is the molar concentration of the gaseous constituent.
FORBIDDEN REGIONS
The inequality max AN N < 0 restricts stresses and strains which form forbidden regions in stress or strain space. The
N

parameter γ̂ in Fig. 1 depends on chemical energies (do not depend on stresses). The reaction cannot go inside the domains.
Dashed and solids segments correspond to different directions of the reaction front propagation with maximal velocity.
CONCLUSION
The chemical affinity tensor may by an effective tool for studying coupled problems of mechanochemistry.
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PURIFICATION OF SINGLE-WALLED CARBON NANOTUBES BASED ON
THERMOCAPILLARY FLOW
Jizhou Song1, a)
Department of Engineering Mechanics, Zhejiang University, Hangzhou, China

1

Summary Single-walled carbon nanotubes (SWNTs) grow as mixture of both metallic and semiconducting tubes and this
heterogeneity frustrates their practical use in high performance electronics. We will discuss the recently developed
purification techniques based on nanoscale thermocapillary flow of thin film, which enables complete elimination of
metallic SWNTs from as-grown arrays. We then studied the thermocapillary flow to purify SWNTs analytically and
established a simple scaling law for the evolution of thin film thickness. It is found that the normalized thickness profile
only depends on the normalized power density. The results may serve as useful design guidelines for process optimization.
1. INTRODUCTION
Single-walled carbon nanotubes (SWNTs) represent one of the most promising candidates for next generation
semiconductor devices due to their superior electrical properties. As-synthesized SWNTs, however, contain a mixture of
both metallic and semiconducting tubes (m-SWNTs and s-SWNTs), which frustrates their use in high performance devices.
Recently developed approaches based on nanoscale thermocapillary flows enable complete elimination of m-SWNTs with
the ability to meet the most demanding purity requirements [1-3]. Figure 1(a) shows a schematic illustration of the process
for purifying SWNTs, beginning with the growth of perfectly aligned SWNT arrays on a quartz substrate followed by the
deposition of an ultrathin (~20nm) film on the top. The injection of current induces Joule heating only in m-SWNTs,
which drives local flows in the thin film to open trenches around the m-SWNTs, thereby exposing them for complete
removal by reactive ion etching. Removing the thin film completes the process to yield arrays of only s-SWNTs. As
shown in Fig. 1(b), the trenches gradually widen and deepen as the time increases.

FIGURE 1. (a) Schematic illustration of the process for purifying arrays of SWNTs. (b) AFM images of SWNT coated with thin film
after Joule heating for 1, 10, 30, 60, 120 and 300s. (Reprinted with permission from Ref. (1))

One critical issue in thermocapillary enabled purification lies in the control the parameters (e.g., time and power) to
obtain narrow trenches, to prevent the exposure of surrounding s-SWNTs. The objective here is to establish a scaling law
for the trenches and obtain the critical condition to form a full trench.
2. THERMOMECHANICAL MODELING AND RESULTS DISCUSSIONS
The thermocapillary flow can be approximated as unidirectional since the SWNT length is much larger than its diameter.
The assumption of the thin film to be a Newton liquid yields the evolution of the film thickness h(x,t) as [4,5]
wh w ªW h 2 h 3 w § wh 2 · º
,
(1)
J
 «

» 0
wt wx ¬ 2 P 3P wx ¨© wx 2 ¸¹ ¼
with boundary conditions h rf, t

h f and w 2h wx 2 rf, t

0 (zero pressure), and initial condition h x, t

0

hf .

Here, x is the coordinate along the direction normal to the SWNT axis, J is the surface tension, which usually depends
linearly on the surface temperature rise i.e., J J 0  J 1'Tsurface x , where J 0 is the surface tension at Tf and J 1 is the
temperature coefficient of surface tension, W wJ wT  wT wx is the thermocapillary stress, and P is the film viscosity at Tf .
A steady-state analysis for heat conduction can be performed to obtain the temperature distribution resulting from a mSWNT with power dissipation per unit length Q0 embedded in a thin film with thickness hf on a quartz substrate. The
surface temperature rise of film is given by [5]
a)

Corresponding author. Email: jzsong@zju.edu.cn.

2398

f
Q0 L 2
(2)
dK ³ J 0 [ x 2  K 2 ª¬cosh [ h f  k f sinh [ h f ks º¼ d[ ,
0
S k s ³0
where kf and ks are thermal conductivities of film and substrate, respectively, J0 is the 0th-order Bessel function of the first
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which yields a simple scaling law for the film thickness
h h h f h x , t ; L, k , Q | h x , t ;Q ,

(3)

(4)

with the approximation holding for L !! h f and k s !! k f .

FIGURE 2. (a) Evolution of the trench profile from the scaling law. (b) The normalized trench depth versus the normalized time. (c)
The critical normalized time versus the normalized power density. (Reprinted with permission from Ref. (5))

Figure 2(a) shows the evolution of the trench profile from the simple scaling law in Eq. (4) at Q 0.0041 . As the
time increases, the trench widens and deepens. At a critical normalized time of 5.5u105, a full trench forms (i.e.,
H TC h f 1 ). As the time further increases, the surrounding s-SWNTs may be exposed due to the formation of a non-zero
width at the trench bottom. Figure 2(b) shows the normalized trench depth versus the normalized time t at different
normalized power densities Q . The normalized trench depth increases as the normalized power density increases since a
larger normalized power density yields a larger thermocapillary stress W which could accelerate the formation of trenches.
Although there are some deviations at a smaller normalized time, the scaling law gives a good prediction for the critical
normalized time tcr at which a full trench forms (i.e., H TC h f 1 ). Figure 2(c) shows the critical normalized time as the
function of the normalized power density. The critical normalized time decreases as the normalized power density
increases. It should be noted that we assumed the viscosity to be a constant in the above analysis and this is true since the
temperature increase is only a few degrees for the power density on the order of ~10W/m in experiments. For large power
density, we must account for the temperature dependent viscosity [6].
3. CONCLUSIONS
An analytical model for the thermocapillary flow in the purification process of SWNTs is developed, which yields a
simple scaling law for the thickness profile. The normalized thickness during thermocapillary motion as well as the crtical
time to form a full trench only depends on the normalized power density. These results may serve as design guidelines to
determine the optimal condition in the purification process.
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Summary Temperature-dependent atomic potentials and path-following and bifurcation techniques are used to solve the nonlinear equilibrium equations for a perfect, infinite, periodic bi-atomic crystal to find temperature- and stress-induced martensitic phase transformations.
A uniaxial Biot stress lowers the symmetry of the problem and leads to a large number of stable equilibrium paths. To determine which
ones are possible reversible martensitic transformations, we use the (kinematic) concept of the maximal Ericksen–Pitteri neighborhood
(max EPN) to select those equilibrium paths with lattice deformations that are closest, with respect to lattice-invariant shear, to the austenite
phase and thus capable of a reversible transformation. For our chosen parameters only one stable structure (distorted αIrV) is found within
the max EPN of the austenite in an appropriate stress window. The energy density of the corresponding configurations shows features of
temperature- and stress-induced phase transformations between the higher symmetry austenite and lower symmetry martensite phases.

METHODS AND RESULTS
A modeling approach, based on temperature-dependent atomic potentials and path-following and bifurcation techniques,
has been introduced by the authors (Elliott et al., 2002, 2006b,a, 2011), to study the temperature- and stress-induced martensitic phase transformations in perfect, equi-atomic binary B2 crystals. This approach is motivated by (1) its simplicity and (2)
the limitation of electronic structure density functional theory (DFT) simulations to zero Kelvin.
In Elliott et al. (2006a) a bifurcation diagram of the model’s temperature-dependent, stress-free behavior is constructed.
The high symmetry B2 cubic austenite structure’s equilibrium path is found to transition from stable to unstable as the temperature decreases past a critical value, at which several bifurcated equilibrium paths emerge. Upon continuation, one of these
paths becomes stable for lower temperatures, where the B2 phase is unstable at the same temperature. Furthermore, this path
corresponds to the orthorhombic B19 crystal structure, which is a SMA martensite phase found in equi-atomic binary crystals.
The paths obtained by solving the equilibrium equations for the special case of zero stress (i.e., by using the dimensionless
temperature θ as the load parameter with Σ = 0) are plotted as the largest principal stretch, λmax , versus dimensionless
temperature θ in Fig. 1a. Bifurcation and limit points are depicted respectively by open and filled circles. Stable equilibrium
path segments are depicted by solid lines while unstable segments of these paths are depicted by broken lines. A magnified
view of the many bifurcated equilibrium paths emerging from the principal branch is shown in the inset of Fig. 1a. Several
crystal structures are found for the bifurcated equilibrium paths: one tetragonal (L10 ), two orthorhombic (B19 and αIrV),
and one monoclinic (P2/m). Of the four structures discovered, only the αIrV, B19, and L10 equilibrium branches have stable
portions. The stable αIrV phase appears in the higher temperature range (approximately 0.6 ≤ θ ≤ 1.1), while the B19 and
L10 are stable at lower temperatures (approximatively θ ≤ 0.7 and θ ≤ 0.65, respectively). As expected the B2 austenite
phase is stable for high temperatures and unstable for low temperatures. Also, it is interesting to note that L10 and B19 are
common SMA martensite structures (Bhattacharya, 2003), and the αIrV structure has previously been observed (although not
mentioned by name) in the numerical computations of Ding et al. (2006).
In Elliott et al. (2011), the imposition of a uniaxial stress (of magnitude Σ) on the cubic B2 austenite crystal lowers the
symmetry of the system, thus leading to a dramatic increase in the number of critical points found along the principal B2
path. This, in turn, results in a multitude of secondary paths bifurcating from the principal one with a large set of critical
points found along each secondary path, and so on. Using continuation methods to follow all bifurcated equilibrium branches
(the current investigation accounts for all branches up through the quartenary paths within a large window in temperature and
stress space), hundreds of paths are identified. Consequently, one needs to determine which of these numerous equilibrium
solutions are plausible reversible martensitic transformations. By investigating the stability of each branch, using the phonon
and Cauchy–Born (CB) stability criteria discussed in Elliott et al. (2006b), one can eliminate most of the equilibrium paths
as unstable. The final task is to determine which of the remaining stable equilibrium path segments, still relatively numerous,
are possible reversible martensitic transformations. This selection relies on the maximal Ericksen–Pitteri neighborhood (max
EPN) concept, a kinematic concept which selects those equilibrium solutions with lattice deformations which are closest to
the reference austenite phase and thus likely to result in a reversible transformation.
The calculations produced the principal B2 path, 18 secondary bifurcated paths, 135 tertiary paths and 114 quartenary
paths. From these, 22 stable segments, with respect to both the CB and phonon criteria, are found. The stable segments of the
dimensionless stress Σ/C11 versus conjugate stretch λ curves, each labeled by its symmetry group, are shown in Fig. 1b. For
the paths that include zero stress, their names and corresponding crystal structures are also shown.
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Figure 1: (a) Temperature-induced; (b) Stress-induced; (c) Reversible stress-induced martensitic transformations.
It turns out that only one stable structure, a distorted αIrV crystal structure, is a reversible martensitic transformation
candidate within the max EPN of the austenite principal path in an appropriate stress window. Investigation of the energy
density of the corresponding paths shows evidence of a transformation between the higher symmetry austenite and lower
symmetry martensite phases and the existence of a hysteretic stress–strain loop under isothermal load–unload conditions.
The model is successful in its qualitative prediction of both stress- and temperature-induced transformations with transformation strains in the correct range (2–5%) for typical SMAs. Better results for the perfect crystal model could likely be
obtained by generalizing the interatomic potential to include explicit bond-angle dependencies; however, care must be taken
to avoid overfitting the interatomic potential (leading to accurate predictions for fitted properties, but wildly erroneous predictions for other properties). Despite these successes, the perfect crystal model over-predicts the critical stresses as well as
the Clausious–Clapeyron slope when compared to experimental values measured from real polycrystalline samples. However, we believe that more sophisticated multiscale models (incorporating the effects of non-stoichiometric alloying, defects,
precipitates, and grain boundaries) are required to obtain quantitative agreement with this type of experimental data.
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Summary Shape memory alloy cables made from stranded NiTi wires are a relatively new adaptive structure that has only recently been
explored. While straight SMA wires typically have a single nucleating front that propagates along the length of the wire, SMA cables have
a varied propagation behavior from wire-like to a more spatially diffuse transformation. Experiments on 1x3 twists with varying twist helix
angles were performed to establish the role of helix angle on the superelastic response of the material. The strain and temperature fields
were also captured using stereo digital image correlation and thermography to record the propagation behavior. Finite element analysis
simulations of the twists with a material model calibrated from straight wire data were shown to accurately predict the experimental data.
The larger helix angle twists were shown to have increased stiction and relative motion between the wires leading to more wear.

INTRODUCTION
Shape memory alloys (SMA) are a subset of adaptive materials that are well known for two characteristic thermomechanical responses, namely superelasticity and the shape memory effect. These characteristics arise from a crystallographic
reorientation from a solid-to-solid phase transition between a high symmetry cubic austenite phase (A) to a low symmetry
monoclinic martensite phase (M). Superelasticity is characterized by an apparent plastic plateau region in the loading path of
an isothermal stress-strain curve, around 6% strain, that upon unloading can be completely recovered. This is made possible
by a stress-induced transformation from A to M on loading, then back to A on unloading. The shape memory effect starts
with material that is fully M and is deformed to retain an apparent permanent plastic deformation, but upon heating to A fully
recovers the deformation. Both effects have been well studied, albeit not fully understood, for straight wire.
SMA cables are a novel SMA structure that exhibit benefits of conventional stranded wire rope (increased failure tolerance
and bending flexibility) and the adaptive properties of SMA wires. These unique properties as well as a relatively high specific
damping capacity make SMA cables attractive, for example, for seismic isolation and dampening systems of buildings and
bridges. This example application requires scaling up traditional SMA structural elements, which has been a longstanding
issue. Scaling up an SMA wire to the size of a bar typically degrades the adaptive properties and greatly increases the
manufacturing cost. This issue, however, is conveniently addressed by conventional wire stranding techniques that provide an
opportunity to scale up SMA elements for the intended large civil applications.
One unanticipated feature of superelastic SMA cables’ mechanical response is their varying localized strain propagation
behavior. Reedlunn et al. reported a wire-like propagating front in a 7x7 SMA cable, but a diffuse propagation in a 1x27
SMA cable [1]. The presented work focuses on superelastic NiTi 1x3 twists with various helix angles, which were chosen
as a simple structure to study the varying propagating behaviors witnessed in SMA cables. Experimental data collected with
stereo digital image correlation to capture the propagating behavior was combined with finite element numerical simulations
to find the role of helix angle for the 1x3 twists.
SETUP
The 1x3 twist specimen, as the name implies, are three NiTi wires (1mm diameter) twisted together then heat treated to
remove residual stresses and set the twisted shape as the permanent set. Straight wire which underwent the same processing
including final heat treatment was also acquired. Specimen of four different helix angles (angle of wire with respect to
axial direction) of 0◦ , 10◦ , 17◦ , and 21◦ were included in the study (with 0◦ corresponding to a single straight wire). The
study consisted of characterization experiments which utilized stereo digital image correlation (DIC) and thermography, and
Abaqus software for finite element analysis (FEA) simulations. The experimental setup had a MTS hydraulic load frame,
a load cell and torque cell, two CCD cameras for stereo DIC, LED light panels to provide adequate lighting for the DIC
images, and an IR camera for thermography. The setup gripped the specimen in clamped-clamped condition to prevent any
rotation and the specimen was loaded in displacement control at prescribed loading rates. The wire twists were then modeled
in Abaqus FEA using a full 3D mesh of quadratic continuum elements. General contact was prescribed between the wires
with a friction coefficient of µ = 0.4. The stress-induced phase transformation was simulated using a J2 plasticity model,
which was calibrated to a trilinear plasticity curve using the straight wire experimental data. This proved to work well because
the wire twists’ deformation is dominated by axial and bending deformation, with little shear. The simulations only modeled
the loading portion of the transformation, as no back-stress is imposed to promote a reverse transformation.
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Figure 1: Tensile data for 1x3 twist with 21◦ helix angle.
RESULTS
The propagation behavior of the 10◦ twist was observed to have a single propagating front that progressed from one end
of the specimen towards the other, similar to the behavior of a straight wire. The 21◦ twist had a unique propagation behavior,
where the transforming region helically propagated along the specimen leaving behind pockets of untransformed material.
The measured normalized force-displacement curve is shown in Figure 1a, and a snapshot of the the DIC strain field in the
axial direction, is in Figure 1b. The transformation plateau region is an up and down wavelike behavior, which was absent in
the straight wire and 10◦ twist data. These dips were observed to correspond to nucleating bands as seen in the DIC.
The mechanical response simulated via Abaqus FEA (blue curve in Figure 1a) shows remarkable agreement with the
experimentally measured response. The simulation captures the divots in the loading transformation plateau as well as the
plateau length and plateau stress accurately. The strain field can be seen in Figure 1c, and is shown to capture the helically
propagating nucleation bands as well as the untransformed pockets of material. This simulation was a true predictor of the
material response because the material model was calibrated using a straight wire specimen and not a twist.
The simulations also gleamed insight into the essential role of friction in the propagating behavior of the different twists.
It was found that friction had little impact on the 10◦ twist, but noticeable impact on the 21◦ twist’s transformation plateau
characteristics as well as the strain field. Upon further investigation, it was observed that the propagating bands and untransformed pockets of material were the result of stiction between the three wires. Scanning electron microscopy confirmed that
there was additional wear between the wires of the 21◦ twist compared to the 10◦ twist.
CONCLUSIONS
This work experimentally characterized NiTi 1x3 wire twists which showed that the larger helix angle twists had periodic,
propagating bands of localized transformation (apparent by high strain regions), but the smaller helix angle twists which had
a single propagating front (similar to straight wire). These different propagation behaviors influenced how the latent heat was
released spatially, and thus affected the loading rate sensitivity and shakedown/fatigue behavior of the twists. Simulations
utilizing FEA provided accurate predictions of the measured data, which showed that superelastic SMA cable behavior could
be modeled with only prior knowledge of the straight wire material behavior. Analysis showed that a larger helix angle
impacted the propagation behavior by increasing the frictional force and amount of relative sliding between the wires.
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Summary In this work, thermomechanical couplings during plastic deformation are studied in order to improve elastoplastic models. These
analyses are conducted at the macro- and microscale of a A316L stainless steel polycrystal and are based on full-field measurements through
a simultaneous visible and infrared wavelength coupled experimental approach. The obtained data enables (i) to determine the CRSS in
grains and (ii) to establish energy balance. Based on these data, numerical simulations based on macroscopic elastoplastic models as well as
crystal-based plasticity are conducted. The obtained results show (i) the interest of such thermomechanical data on parameters estimation
and (ii) the high heterogeneity of the Taylor-Quinney ratio at the grain scale. Therefore, these results demonstrate the great interest of
establishing experimental energy balance at different scales in order to propose thermodynamically admissible constitutive models.

INTRODUCTION
Polycrystalline metallic materials are made of an aggregate of grains more or less well oriented, with respect to the loading
axis, for plastic gliding. Under mechanical loading, this leads to a heterogeneous deformation at the microstructure scale. This
heterogeneity takes place inside the grains due to plastic slip activated on different slip systems and it conducts also to elastic
residual stress fields between grains due to the strain incompatibilities from grain to grain. In terms of energy balance, this
heterogeneity conducts to different contributions: a thermal dissipation caused by plastic irreversibilities, a stored energy
associated to the plastic hardening and an elastic stored energy due to the intergranular residual stress field [1]. Homogenized
approaches exhibit these different contributions [2] but experimental estimations of these later ones are very difficult. This
work aims at using thermomechanical full-fields, including experimental energy balance, in order to estimate elastoplastic
parameters at different scales in polycrystals [4].
EXPERIMENTAL AND NUMERICAL ASPECTS
In this work, some experimental and numerical works are presented in order to estimate the different stored energy contributions in polycrystals during the plastic deformation. Some original experimental works enabling the simultaneous determination of thermal and strain fields, in the same area, at this scale have already been realized in house on a A316L stainless
steel [3]. Two complementary ways have been followed: some numerical treatments in order to access to experimental dissipations and the development of a consistent constitutive model. Both aspects are presented in this communication and a
dialogue between microstructural texture coming from EBSD analysis, local deformation mechanism and thermal localization
phenomenon is introduced.
The treatment of the full-field measurements is done with respects to the polycrystalline texture of the material. Under
different assumptions, strain and thermal fields are obtained grain to grain [4]. The local disorientation, the different grain
sizes and the crystallographic orientations are the main aspects, which have an influence on the strain localization process
at the grain scale. The analysis of the local temperature evolutions is a key important feature of this coupled analysis as it
enables, for example, the determination of the critical resolved shear stress from grain to grain. The numerical implementation
in a FE code of a fully coupled crystalline plasticity constitutive model has been realized and is the other main part of this work
[5]. It enables to compare the local kinematic and thermal distributions during monotonic tests and to study the heterogeneity
of the stored energy at grain scale.
RESULTS
Then, with these experimenal and numerical coupled approaches, some energy balances are conducted at the global scale
but also grain to grain.
At a global scale, some comparison are realized between the experimental estimations realized in this work with macroscopic results coming from literature [6]. It is shown that the hardening and residual elastic stored energy contributions are
highly depending on the grain size. Estimations and evolutions of these different parts are shown on figure 1. These energy
balances are then compared to the prediction of elastoplastic non linear phenomenological models. Moreover, experimental
temperature data at the grain scale (see figure 2(d)) allows the identification of the Critical Resolved Shear Stress of such
A316L stainless-steel. Then, this parameter associated to data coming from literature are used in coupled thermomechanical

2404

Figure 1: Evolution of hardening (Esh) and residual (Es) stored energies during the deformation and comparison with Oliferuk’s work [6]

crystal based thermoplastic simulations. Numerical results at grain size show some large plastic dissipation heterogeneities
at this scale, associated to the slip activity. Then, the Taylor-Quinney (TQ) ratio evolution and distribution can be estimated
at the grain scale (see figure 2(a)) and associated to the experimental observed slip activity. Such analysis show that the TQ
ratio differs from one system to an other one. This work gives then new information in order to propose thermodynamically
admissible macroscopic or crystal based plasticity models.

Figure 2: (a) numerical Taylor-Quinney ratio in a grain, (b) slip bands (micrography after test), (c) detected activated slip systems and (d)
thermal detection of CRSS as a function of the nominal stress
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JUMP PHENOMENA OF THERMOMECHANICAL RESPONSES FOR NONLINEAR
VIBRATION WITH NITI
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Summary Jump phenomena of rotational angle and temperature for a nonlinear torsional vibration system with phase transformable NiTi wire

are investigated in the frequency, amplitude and time domains. At fixed excitation amplitude, jump phenomena of thermomechanical responses
are identified on the FRC by monotonically changing the excitation frequency. Similarly, by sweeping the excitation amplitude with small
intervals, jump phenomena are captured in the amplitude domain. Under critical external excitations, spontaneous jumping process from the
lower branch to the alternative upper branch is identified by experiments in the time domain. It’s shown that the jump phenomena are directly
affected by the external excitation and disturbance. External excitation changes the magnitude of thermomechanical responses and further
determines the nonlinearity and damping capacity of the dynamic system. Accumulation of internal and external disturbance triggers the jump
phenomena in the time domain, revealing the nonlinear dynamic instabilities of the system with NiTi SMA.

INTRODUCTION AND BACKGROUND
Originating from the first-order martensitic phase transition, NiTi has large recoverable strain and damping capacity.
Therefore it has been gradually used in automotive industry, civil and aerospace engineering. However, there are two major
challenges in the applications of the smart material. The first challenge is the strong coupling effects between the stressstrain relation and temperature oscillation in the stress-induced cyclic phase transition via two intrinsic internal heat sources
(latent heat and hysteresis heat) [1]. The mechanical aspect and thermal aspect of the material should always be considered
in parallel. The second problem is the nonlinear instabilities (e.g., jump phenomena) of the thermomechanical responses in
the mechanical system due to the softening nonlinear hysteretic constitutive relation of NiTi SMA. A lack of direct
experimental exploration of the jump phenomenon endangers the entire system [2] and prevents further applications of the
material. In this context, this paper performs an experimental investigation on the jump phenomena of thermomechanical
responses in the frequency, amplitude and time domains for a nonlinear torsional vibration system with NiTi wire.
METHODOLOGY AND RESULT
A polycrystalline superelastic NiTi wire is used as the softening nonlinear spring in a typical torsional vibration system.
Before the experiments, the NiTi wire was trained by two-way cyclic torsion to remove the cyclic plasticity and then
characterized by pure torsion at different rotational angles and frequencies. An electrical rotational stepping motor provides
an external sinusoidal angular excitation. Synchronized measurements of rotational angle (Δθ) and temperature oscillation
(ΔT) of the NiTi wire are realized with rotary motion sensor and infrared camera respectively.
For each of the five selected excitation amplitudes (A), independent torsional vibration tests were performed at different
frequencies (f) following ascending and descending frequency orders with a small interval (Δf=0.005 Hz) to search for the
jump-up and jump-down. As A increases, Δθ and ΔT grow larger and FRCs gradually evolve from linear to softening
nonlinear, bending to the left. Finally simultaneous jump-up of Δθ and ΔT following ascending frequency order and jumpdown following descending order are observed on the FRCs. When further increasing A, the jump frequency gap and jump
magnitudes of thermomechanical responses consistently grow larger and the jump phenomena become more significant.
Similarly, to capture the jumps in the amplitude domain, A slowly changes according to ascending and descending
amplitude orders with a small interval (ΔA=0.1) under five different f. ARCs do not have a peak response in the middle and
both Δθ and ΔT monotonically increase with A. As f increases, lower branch of ARC consistently drifts up and upper branch
drifts down. At f=0.52 Hz, simultaneous jump-up of Δθ and ΔT following ascending amplitude order and jump-down
following descending order are observed on the ARCs. The jump-up amplitude is different from jump-down amplitude, thus
forming a meta-stable multi-valued region. With further increased f, the entire ARCs are on the upper branch without jumps.
To explore how jump phenomena happen, we’ll have to go to the time domain where the jumps may exist in a single
experiment under some critical excitations. It’s seen that evolutions of θ and T are completely different from the ordinary
cases. After the initial transient state, the system responses go into meta-stable state I, where the oscillations are similar to
the lower branch. So far θ and T show no difference from normal cases and there are no sign of the jump phenomena.
However, after about 110s, a new transient state spontaneously comes into being, during which the dynamic responses
smoothly but quickly switch from small magnitude oscillation to large magnitude oscillation. Meanwhile, θ and T
experience phase inversion and this is another key characteristic of the jump phenomena. In the following meta-stable state
II, characteristics of the thermomechanical responses are close to the steady state on the upper branch. In this way, the
thermomechanical responses spontaneously jump up from the lower branch of solution to the alternative upper branch.
a)
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(a) Jump phenomena of Δθ and ΔT in the frequency domain
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(c) Jump phenomena of Δθ and ΔT in the time domain
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Figure 1. Jump phenomena of thermomechanical responses in the (a) frequency, (b) amplitude and (c) time domain.
SUMMARY AND CONCLUSION
This paper investigates the jump phenomena of rotational angle and temperature in the frequency, amplitude and time
domains for a NiTi wire in a nonlinear torsional vibration system. Simultaneous jumps of mechanical and thermal responses are
captured in multiple domains. It’s shown that the jump phenomena are directly associated with the external excitation and
disturbance. The effects of excitation (both amplitude and frequency) and disturbance (both internal and external) on such jump
phenomena of thermomechanical responses are further explored. At critical external excitations, jump phenomena occur
spontaneously without any external interference. At excitations within the meta-stable region in the frequency or amplitude
domain, an external disturbance with proper direction and magnitude can help overcome the stability barrier and trigger the jump
phenomena. Nonlinear dynamic instabilities of a mechanical system with phase transformable NiTi component are identified.
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DISLOCATION MECHANISM OF MICROSTRUCTURAL CHANGES IN DUCTILE SINGLE
CRYSTALS
Christina Günther1 , Michael Koster1 , Khanh Chau Le ∗1 , and Binh Duong Nguyen1
1
Lehrstuhl für Mechanik-Materialtheorie, Ruhr-Universität Bochum, Bochum, Germany
Summary The present paper considers two problems: i) martensitic phase transition involving dislocations, ii) formation of grain boundaries
during severe plastic deformations. Both problems turn out to be non-convex variational problems of energy minimization that will be solved
within the continuum dislocation theory (CDT).

INTRODUCTION
Structural changes in metals and alloys may occur due to the coordinated and collective movement of groups of atoms.
The typical example of such change is the martensitic phase transition in carbon steels or in shape memory alloys like NiTi or
Cu-Zn-Al. Mechanical models of metals and alloys allowing for martensitic phase transition have been proposed in various
papers and are now widely used. However, there are many other types of structural changes in metals and alloys due to
the collective movement of defects like dislocations or vacancies: formation of grain and subgrain boundaries during severe
plastic deformation, recrystalization, deformation twinning, polygonization, texturing, to name just a few. The structural
changes of metals and alloys at microlevel may influence the macroscopic properties of these materials directly, as the Taylor
and Hall-Petch relations show. As a consequence, new materials with exceptionally high strength could be created in this way.
Therefore, the following question, interesting from the theoretical and important from the practical point of view, arises: what
kind of theory can we develop to explain and predict such microstructural changes as well as the accompanying macroscopic
responses of the materials? Unfortunately, so far there is no comprehensive answer to this question except for some particular
cases. However, one thing is for sure: since the plastic slip as the product of collective movement of a huge number of
dislocations and grain boundaries are the active participants in this structural rearrangement, any physically meaningful theory
of formation and evolution of microstructure should capture their behavior in a proper way.
One of the main guiding principles in seeking an appropriate theory of formation of microstructure in metals and alloys
has first been proposed in form of the so-called LEDS-hypothesis: the dislocation structures in the final state of deformation
minimize the energy of crystals. However, it is still difficult to develop the theory of formation of dislocation structures
based on this principle alone. The crucial step in this direction has been done in crystal plasticity by introducing a new
ingredient to the energy minimization, namely the non-convexity of the energy. But crystal plasticity, as a phenomenological
theory, operates with plastic slips while ignoring their source: dislocations. To achieve an agreement with experiments it
has to introduce several phenomenological concepts like back stress or hardening as internal variables obeying additional
constitutive equations which would otherwise be derivable as natural consequences of a more general continuum dislocation
theory. The aim of this paper is to show that dislocations causing the plastic slip give rise to the required non-convexity of the
energy and guarantee the structural rearrangement of material under certain conditions.
MARTENSITIC PHASE TRANSITION
In the first part of this talk we consider a model combining the reversible transformation strain with the dislocation based
plastic slip within the framework of nonlinear continuum dislocation theory which is laid down recently in [3]. Since there
are still several issues in nonlinear CDT, we work out first these issues in kinematics and thermodynamics of continuously
distributed dislocations to fix our framework. Then we will propose the simple model of martensitic phase transition involving
dislocations. As the physical idea stands at the focus of this paper rather than the proposition of the theory in its full generality,
we restrict ourselves here to the most simple situation of single crystal strip deforming under a plane strain constrained shear.
We admit only one slip system with the slip direction parallel to the strip axis. The variational problem of minimizing the
relaxed energy functional which incorporates the transformation strain among all admissible plastic slip is studied in details
[4]. We show that the energy minimizing sequence must have piecewise constant plastic slip such that its average value
∗ Corresponding
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vanishes. The phase interfaces are incoherent and can be presented as the arrays of dislocations. The finer microstructure
is possible if obstacles are present in this material. The stress-strain curve must show some load-drop at the onset of phase
transition and the elastic behavior of the second phase when the phase transition is finished followed by perfectly plastic
behavior afterwards. The work hardening behavior is also possible if the side boundaries of the strip are clamped forcing the
dislocations to pile up near these boundaries.
FORMATION OF GRAIN BOUNDARIES
In the second part of this talk we want to extend the above nonlinear continuum dislocation theory to the case of crystals
containing newly formed grain boundaries. Regarding grain boundaries as surfaces of weak discontinuity in placement but
strong discontinuity in plastic slip, we include the energy of such boundaries into the energy functional of the crystal and
study the variational problem of minimizing the energy of crystal containing dislocations and grain boundaries [2]. We derive
from this variational problem the whole set of equilibrium equations, boundary conditions, and jump conditions at the grain
boundaries. It turns out that the grain boundaries will stay in equilibrium if and only if the thermodynamic driving force,
including also the curvature of the jump surface, vanishes. This explains why the microstructure obtained in the final state
of deformation must be lamellar [1]. Second, we apply the developed theory to two plane strain problems for single crystal
deforming in single slip under the condition of simple shear or uniaxial compression. Due to the non-convexity of the energy
in certain ranges of the overall shear or stretch, the construction of the lamellae with piecewise constant plastic and elastic
deformation leads to the energy minimizing sequences as the solutions of these non-convex variational problems. In case of
plate under uniaxial compression the uniform states are not rank-one connected, so dislocations and grain boundaries should
adapt to the elastic strains chosen from the homogeneous states in a smart way to satisfy the compatibility condition and, at
the same time, to minimize the energy. It turns out that the whole set of jump conditions is needed to determine the orientation
of grains (which are misoriented with respect to the slip direction), the plastic slips, and the elastic rotations.
References
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PHASE FIELD APPROACH TO PHASE TRANSFORMATIONS, TWINNIG, DISLOCATIONS,
AND THEIR INTERACTION
Valery I. Levitasa
Department of Aerospace Engineering, Mechanical Engineering, and Material Science and Engineering,
Iowa State University, Ames, IA, USA
Summary Phase field approach to multivariant martensitic phase transformations, transformation between martensitic variants (twinning),

dislocations, and their interaction is developed at large strains. Various important requirements to the thermodynamic potential are formulated
and satisfied. Phase transformation, twinning, and dislocation nucleation criteria are obtained from the thermodynamic lattice instability
conditions under 3D stress state. Kinematics of interaction between phase transformations (twinning) and dislocations takes into account
inheritance of dislocations during direct and reverse transformations. A number of important problems are solved using finite element method,
and various experimental phenomena are reproduced and interpreted.

THEORY
Interaction between martensitic phase transformations (PTs), twinning, and dislocational plasticity is one of the most
fundamental, important, and complex problems in the theory of PTs, with numerous applications in physics, material
science, geophysics, and material technologies. Dislocations drastically alter PT thermodynamics, microstructure, kinetics
of nucleation and growth, transformation hysteresis and irreversibility. Here, we present our recent developments on the
phase field approach (PFA) to each of these processes separately and their interaction.
Multivariant martensitic phase transformations and twinning
Large-strain PFA for multivariant martensitic phase transformations and twinning was formulated in [1,2]. It includes
explicit expression for the Helmholtz free energy as functions of the order parameters, each for corresponding martensitic
variants, and gradient of the order parameters in the reference state. The transformation deformation gradient is also an
explicit function of the order parameters. These functions satisfy important formulated requirements related to
thermodynamic equilibrium and instability conditions and the possibility to correctly introduce all known material
properties of each phase. Biaxial interface stresses with the magnitude equal to the nonequilibrium interface energy are
introduced in [3,4] for small and in [5] for large strains. This required resolving the long-term outstanding problem on the
definition of the position of the Gibbs dividing surface and nonequilibrium interface energy [4,5]. Even for small strains,
introducing interface stresses requires implementation of some geometrically nonlinear features; in particular, gradient
energy depends on the gradient of the order parameters in the actual (deformed) configuration. Since in most cases
martensitic variants are in a twin relationship, the theory of multivariant martensitic PTs automatically includes twinning in
the martensite. However, in contrast to austenite-martensite PT, variant-variant transformations in [1-5] and all previous
theories were described by simultaneous change of two order parameters; there is no analytical solution for a propagating
interface, which does not allow one to calibrate parameters of the model and introduce interface stresses. This problem was
resolved by introducing spherical order parameters [6] or a penalizing term that allows one to control or avoid the third
phase at the interface between two other phases [7,8]. It is also shown in [9] that, in order to introduce anisotropic interface
energy and stresses without contradiction, without violation of the angular momentum balance and principle of material
objectivity, the gradient energy should be an isotropic function of the gradient of the order parameters in the actual
configuration and depend on the normal to the interface in terms of the gradient of the order parameters in the reference
configuration.
Phase fields approach to dislocations. A thermodynamically consistent, large strain PFA to dislocation nucleation and
evolution is developed in [10,11]. The relationship between the rates of the plastic deformation gradient and the order
parameters is consistent with crystal plasticity. Thermodynamic and stability conditions for homogeneous states are
formulated and satisfied by the proper choice of the Helmholtz free energy and the order parameter dependence on the
Burgers vector. They allow us to reproduce desired lattice instability conditions and a stress - order parameter curve, as well
as to obtain a stress-independent equilibrium Burgers vector and to avoid artificial dissipation during elastic deformation. A
crystalline energy coefficient for dislocations is defined as a periodic step-wise function of the coordinate along the normal
to the slip plane, which provides an energy barrier normal to the slip plane and determines the desired mesh-independent
height of the dislocation bands independent of the slip system orientation. Gradient energy contains an additional term,
which excludes the localization of a dislocation within a height smaller than the prescribed height, but it does not produce
artificial interface energy. Numerical examples and parameter identification methods are presented in [10,12].
Interaction between phase transformations and dislocations. PFA for coupled multivariant martensitic PTs,
including cyclic PTs, variant-variant transformations, and dislocation evolution is developed at large strains [13,14]. One of
our key points is in the justification of the multiplicative decomposition of the deformation gradient into elastic,
a) Corresponding author. Email: vlevitas@iastate.edu.

2410

transformational, and plastic parts. The plastic part includes four mechanisms: dislocation motion in martensite along slip
systems of martensite and slip systems of austenite inherited during PT, and dislocation motion in austenite along slip
systems of austenite and slip systems of martensite inherited during reverse PT. The plastic part of the velocity gradient for
all of these mechanisms is defined in the crystal lattice of the austenite utilizing just slip systems of austenite and inherited
slip systems of martensite and just two corresponding types of order parameters. Thermodynamic treatment
resulted in
the determination of the driving forces for change of the order parameters for PTs and dislocations. Ginzburg-Landau
equations for dislocations include variation of properties during PTs, which in turn produces additional contributions from
dislocations to the Ginzburg-Landau equations for PTs.
NUMERICAL RESULTS AND PHENOMENA
Various problems on PTs, twinning, dislocations, and their interaction have been
solved using FEM [2,6-8,10,12,13,15]. In particular, complex nanostructures with
bending and splitting martensitic twin tips and twin crossing are obtained, which is in
quantitative agreement with known experiments [6,7]. Reduction by an order of
magnitude of the PT pressure due to applied plastic shear observed in experiments is
explained in our simulations (Fig. 1) [15]. Strong dependence of the critical
thermodynamic force to initiate propagation of the semi-coherent phase interface on
the ratio of the interface width to the Burgers vector is predicted [13,16]. Propagation
and arrest of martensitic plate by dislocations generated during plate growth is
Fig. 1. Stationary solution for
reproduced, which is in agreement with experiments on plate-lath martensite
dislocations and high pressure phase
morphological
transition [13,16]. Generally, dislocations play a dual role in PTs: (a)
(red) in a bicrystal under normal
they promote PT by creating strong nucleation sites (stress concentrators) and relaxing
stress and shear [15].
elastic stresses, but (b) they suppress PT by relaxing the same stress concentrators and
producing athermal resistance to the interface motion.
CONCLUSIONS
PFA to the interaction between PTs and dislocations at large strains is presented, which includes: (a) justified
multiplicative kinematic decomposition of the deformation gradient into elastic, transformational, and plastic contributions;
(b) inheritance of dislocations during direct and reverse PT; (c) dependence of all material parameters for dislocations on
the order parameters for PT. A number of important problems is solved using FEM and various experimental phenomena
are reproduced and interpreted.
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THE THERMODYNAMIC FORM OF PERIDYNAMICS WITH APPLICATION TO PHASE
TRANSFORMATIONS
Stewart A. Silling
Multiscale Science Department, Sandia National Laboratories1, Albuquerque, New Mexico, USA
Summary The peridynamic theory is a nonlocal generalization of the standard theory of solid mechanics that was developed primarily to model
crack growth and long-range internal forces. Thermodynamics can be incorporated into the peridynamic framework in a way that is fully
consistent with the mechanics. Nonlocal statements of the first and second laws of thermodynamics have been developed, along with nonlocal
equations for heat transport and the diffusion of chemical species. Restrictions on material response can be derived from the second law. A
nonlocal dissipative material model that takes advantage of the unique features of peridynamic material models can be applied within a moving
phase boundary. The resulting motion of an elastic body with a nonconvex potential energy function selects, in effect, a kinetic relation for
phase boundary motion without the need for a supplemental equation that is traditionally needed to prescribe the phase boundary velocity.

The needs of contemporary technology, particularly at the nanoscale, motivate the extension of the traditional theory of
solid mechanics to enable the modeling, within the basic equations, of long-range internal and surface forces and the growth
of defects. The peridynamic theory of solid mechanics [1] was proposed as step toward achieving this goal. The
peridynamic equation of motion explicitly includes long-range forces between material points within a continuous body:
𝜌𝑦̈ (𝑥, 𝑡) = ∫ℋ 𝑓(𝑞, 𝑥, 𝑡)𝑑𝑉𝑞 + 𝑏(𝑥, 𝑡)

(1)

𝑥

where 𝜌 is the density, 𝑥 is the position vector in the reference configuration, 𝑦 is the motion, and 𝑏 is the body force
density field. 𝑓 is a force density that represents the interaction in the bond from any 𝑥 to a nearby material particle 𝑞.
ℋ𝑥 is a neighborhood of 𝑥 whose radius is called the horizon, denoted by 𝛿. The horizon is a cut-off distance in the
reference configuration for force interactions. The bond force density 𝑓 is determined by the deformation of ℋ𝑥 through
the material model. Because, unlike the PDEs of the standard theory, equation (1) can be applied directly on discontinuities,
the peridynamic mechanical theory has become a standard technique for the modeling of brittle fracture computationally.
The general form of 𝑓 can be expressed as the vector sum of partial bond force vectors arising from the material model
applied at 𝑥 and 𝑞 separately:
𝑓(𝑞, 𝑥, 𝑡) = 𝑇[𝑥, 𝑡]〈𝑞 − 𝑥〉 − 𝑇[𝑞, 𝑡]〈𝑥 − 𝑞〉

(2)

Recently, a thermodynamic version of the peridynamic continuum theory was proposed [2]. The thermodynamic theory
uses nonlocal forms of the first and second laws that are fully consistent with the mechanics. By partitioning each bond
force into contributions from the two endpoints of the bond, the first law expression unambiguously assigns the appropriate
rate of work on 𝑥 and 𝑞:
𝜀̇(𝑥, 𝑡) = ∫ℋ (𝑇[𝑥, 𝑡]〈𝑞 − 𝑥〉) ∙ (𝑦̇ (𝑞, 𝑡) − 𝑦̇ (𝑥, 𝑡))𝑑𝑉𝑞 + 𝑟(𝑥, 𝑡),

(3a)

𝜀̇(𝑞, 𝑡) = ∫ℋ (𝑇[𝑞, 𝑡]〈𝑥 − 𝑞〉) ∙ (𝑦̇ (𝑥, 𝑡) − 𝑦̇ (𝑞, 𝑡))𝑑𝑉𝑞 + 𝑟(𝑞, 𝑡)

(3b)

𝑥

𝑞

where 𝜀 is the internal energy density field and 𝑟 includes the energy source rate and heat transport. It can be shown [2]
that the resulting internal energy is additive. This apparently resolves a long-standing question about whether or not it is
possible to define an additive notion of internal energy density in the presence of long-range forces [3].
Material models can be expressed in terms of a free energy function 𝜓 with the following dependencies:
𝜓(𝑥, 𝑡) = 𝜓̂(𝑦(ℋ𝑥 , 𝑡), 𝜃(𝑥, 𝑡))

(4)

where the notation 𝑦(ℋ𝑥 , 𝑡) means the deformation of the entire neighborhood of 𝑥, and 𝜃 is the temperature. The
second law expression
1
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𝜂̇ ≥ 𝜃𝑟

(5)

together with a Coleman-Noll argument yields a dissipation inequality and restrictions on the material model.
Nonlocal diffusion of heat can be modeled with evolution equations that are analogous to the mechanical equation of
motion [4,5]. The simplest approach is to treat each bond as a conduction pathway within which the rate of energy transport
depends on the temperature difference between the endpoints. This is a special case of a more general transport equation in
which the conduction in a bond can depend additionally on the temperature differences along the other bonds in the
neighborhood. Nonlocal fluid transport in porous and fractured media has been modeled using a peridynamic diffusion
model [6]. The need for such a nonlocal flow model (sometimes called anomalous diffusion) arises from the presence of
fractures of different lengths and conductivities in a porous solid.
A fully coupled thermomechanical model, in which temperature evolution and mechanical deformation depend on each
other through the thermodynamic form of the material model in equation (4), is described in [7]. Chemical reactions can
also be included by extending the thermodynamic material description and adding appropriate kinetics [8].
The application of the peridynamic mechanical model to martensitic phase boundary motion was investigated by Dayal
and Bhattacharya [9] for an elastic material model in which the free energy is a nonconvex function of bond elongation.
These authors demonstrated the spatial structure of the phase boundary, which has finite thickness due to the nonlocality of
the model, as well as the kinetics of phase boundary motion in response to changes in loading at the boundary. In general,
the system seeks out global minimizers of potential energy in equilibrium. A moving phase boundary in the elastic
peridynamic continuum releases stress waves because there is no dissipation in the elastic material model.
Recent work by the author adds a novel dissipative term to the nonconvex material model. This term applies a ratedependent form of the bond-pair type of peridynamic material model [2]:
𝑇[𝑥, 𝑡]〈𝜉〉 = 𝑇 𝑒 [𝑥, 𝑡]〈𝜉〉 + α(𝑦̇ (𝑥 + 𝜉, 𝑡) − 2𝑦̇ (𝑥, 𝑡) + 𝑦̇ (𝑥 − 𝜉, 𝑡))

(6)

where 𝑇 𝑒 is the elastic (nonconvex) material response, 𝜉 is the bond vector, and 𝛼 is a constant. The rate of dissipation
at a point depends on a nonlocal approximation to the second spatial derivative of displacement. This dissipative term
consumes energy in the interior of a quasi-statically moving phase boundary. When the stress differs from the Maxwell
stress in a quasi-static motion, that is, when the system is metastable, the rate of energy dissipation determines the velocity
of the phase boundary. This effectively determines a kinetic relation for phase boundary motion. This apparent capability of
the peridynamic model to uniquely predict a phase boundary velocity as a function of the stress avoids the need for a
supplemental kinetic relation, as is needed in the classical theory [10].
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PHASE FIELD MODELING OF MARTENSITIC TRANSFORMATIONS IN
NANOCRYSTALLINE MATERIALS
Rajeev Ahluwalia, Siu Sin Quek & David T. Wu
Institute of High Performance Computing, Singapore
Summary We have studied stress induced martensitic transformations in nanocrystalline materials using a Ginzburg
Landau/phase field approach. We incorporate the effect of grain boundary energy in our simulations and show that if the grain
boundary energy of the martensite phase is larger than that of austenite, a local suppression of the transformation can occur at the
grain boundaries. For small grain sizes, this leads to an overall suppression of the transformation, which also reflects in the
stress-strain curve. In accordance with experimental observations, a reduction of hysteresis associated with the superelastic stress
strain curves is also observed.
The subject of martensitic transformation in nanocrystalline materials has received recent attention [1-2]. It has been
demonstrated that below a certain grain size, the temperature induced transformation can be completely suppressed. For the
stress induced transformation, it is found that the hysteresis loops associated with the superelastic deformation exhibit
reduced hysteresis (area enclosed by the stress-strain curve) as the grain size decreases. To understand this behaviour, we
have used a phase field approach to study martensitic transformation in nanocrystalline materials undergoing martensitic
transformations. A phase field model for martensitic transformation in polycrystal is extended to incorporate the effect of
grain boundaries [3], which are expected to play a significant role in nanocrystalline materials. The grain boundary
contributions are modelled by an energy barrier at the grain boundaries. The strength of this barrier can be related to the
difference between the grain boundary energies of martensite and austenite. Our simulations of temperature induced
transformations show that when the grain boundary energy of austenite and martensite are same, no significant grain size
effects are observed for the transformation as well as the stress strain response. However, if the grain boundary energy of
the martensite phase is larger than that of the austenite phase, the transformation is suppressed at the grain boundaries (Fig
1). This suppression also influences the behaviour within the grains, which is clear from Fig 1 where we observe that for
smallest grain size, no martensite is observed.
512nm
(a)

256nm
(b)

128nm
(c)

Fig 1: Martensite domain patterns at different grain sizes for temperature induced transformation. Red and blue
correspond to martensite variants and green referes to the austenite.
For stress induced martensitic transformations, suppression of transformation leads to “slimming” of the hysteresis loops,
which leads to a reduced hysteresis at small grain sizes. The simulated stress strain curves for three different grain sizes are
a)

Corresponding author. Email: ictam2016papers@legendconferences.com.

2414

shown in Fig. 1(A) where we clearly see that area enclosed by the curves decreases as grain size is decreased. Fig 1(B) and
Fig 1(C) show the martensite patterns at the maximum applied strain. It is clear that for small grain sizes, the over all
transformed fraction is less and the martensite domain pattern is also quite different form the larger grain size case.

(A)

(B)

512nm

(c)

128nm

Fig 2: (A) shows the stress strain curves at three grain sizes. (B) depicts martensite domain patterns at different grain sizes
for strrain induced martensite at maximum applied strain. Red and blue correspond to martensite variants and green referes
to the austenite.
Our simulations have provided insights into the nature of martensitic transformations in nanocrystalline alloys. We are
further studying the role play grain size distributions (such as bimodal). These results will be presented at the meeting.
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MODELLING OF AXIAL BUCKLING AND RECOVERY OF PSEUDOELASTIC NITI TUBES
Dongjie Jiang1, Chad M. Landis1 & Stelios Kyriakides 1
Research Center for Mechanics of Solids, Structures & Materials, University of Texas at Austin, Austin, Texas, USA
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Summary The axial buckling of pseudoelastic NiTi tubes is studied through a combination of experiment and analysis. On reaching the
martensite transformation stress the tube buckles first into an axisymmetric mode and subsequently locally collapses developing a nonaxisymmetric mode with three circumferential waves. Under displacement control, collapse leads to progressive development of additional
mode-3 lobes. On unloading, the material transforms back to austenite, deformation is recovered, and the buckling lobes are erased. A finite
element model coupled with a custom constitutive model is used to successfully simulate the experiment. The constitutive model uses
kinematic hardening to simulate the stress nonlinearity associated with the reversible phase transformation, and incorporates the
tension/compression asymmetry exhibited by the material used.

INTRODUCTION
Pseudoelasticity is the property of a shape memory alloy like NiTi to be deformed to strain levels of a few percent and
recover on unloading, characteristics endowed by the associated solid-state phase transformations. This work examines the
effects of this behavior on the axial buckling of a 6.35 mm diameter NiTi tube (D/t = 23.6). On reaching the compressive
transformation stress, the initially austenitic phase (A) begins to transform to martensite (M), in the process tracing a
relatively softer response. Because of this material nonlinearity, the tube buckles first into an axisymmetric wrinkling mode
that initially grows stably, but at some point yields to an unstable non-axisymmetric mode with three circumferential waves.
This mode localizes first into a single lobe and subsequently to a second one and potentially more. On unloading, the
material transforms back to A resulting in recovery of deformation, erasure of the buckles, and a nearly closed hysteresis
[1]. In the present work, the buckling and recovery are simulated using a finite element model described in [1] coupled to a
nonlinear kinematic hardening model capable of capturing the nonlinearities associated with the reversible phase
transformations. The constitutive model is calibrated to measured tensile and compressive uniaxial responses of the NiTi tubes
used [2]. It incorporates the recorded tension/compression asymmetry and allows for permanent deformations that can occur
when the transformed M yields as outlined below.
ANALYSIS
In the present model (ASY) the strain rate is decomposed into elastic, transformation, and plastic components

εij = ε ije +ε ijt +ε ijp.

The

elastic

component

has

elastic

constants

(E, ν ).

A

transformation

surface

Φ t = 3(sij − sijB )(sij − sijB ) / 2 − σ o2 = 0 is established with the corresponding strain rate εijt = Λ t (sij − sijB ) being normal to it
and the back stress defined as σ ijB = ∂ψ t / ∂εijt . Tension-compression asymmetry is introduced through the back stress
potential ψ t (ε ) where ε = J 2e f (J3e J 2e ) . The function f (x) = cos{arccos[1− a(x 3 +1)] / 3} with a = 0.99225 scales the
equivalent transformation strain and hence the back stress with the same factor but in inverse manners producing the tensile
and compressive responses shown in Fig. 1 that are close to the measured values. Beyond a stress level the transformed
material yields. The plastic strain obeys a flow rule εijp = Λ p sij and a yield function Φ p = 3sij sij / 2 − σ y2 .
The constitutive model in implemented as a UMAT in ABAQUS and is attached to the finite element model of the tube
πx
πx
+ ω3 cos
cos3θ ]exp(−β (x L)4 ) is assigned to the mesh to help trigger
(see [1]). An initial imperfection w / t = [ω o cos
2λ
λ
buckling. The model tube is compressed between two rigid plates and contact between the plates and the tube is assumed to
be “hard” with friction. The compression is performed by prescribing the axial displacement of one plate while the other is
fixed. The results of the case whose predictions are closest to the experiment is presented in the next section.
RESULTS
The calculated axial stress-shortening ( σ − δ / L ) response (ASY) is shown in Fig. 2 together with the corresponding
experimental one. Fig. 3 shows a set of deformed configurations corresponding to the numbered bullets on the response. Initially
the tube is compressed elastically until the onset of martensitic transformation, following which the stress enters a plateau. By
point  the non-axisymmetric mode is excited and the model starts to collapse. Deformation has localized into one lobe with
three circumferential waves (image). Locally transformation is completed and collapse is arrested as the material enters the
a)
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second stiff branch (M-phase elastic modulus). Collapse continues by the development of a second lobe as shown in images 
and . Upon unloading from  the deformation is recovered and the buckling lobes are progressively erased following the
reverse order. Overall, the calculated response follows reasonably closely the experimental one and the predicted
buckling/recovery deformation history closely resembles that observed in the experiment (see Fig. 3 of [1]).
Included in Fig. 2 is the σ − δ / L response calculated with the same FE model using a simpler version of the constitutive
model outlined above (SYM). SYM is calibrated strictly on the compressive response, in other words the tension/compression
asymmetry is neglected. The buckling and recovery are also reproduced but the loading part of the response traces a much higher
stress level than in the experiment after the mode-3 buckling initiates. This has the effect of also raising the unloading response
and the significant under-prediction of energy dissipation during the loading-unloading cycle. Furthermore, this stiffer material
required significantly larger imperfection amplitudes to achieve this level of performance. This comparison demonstrates that,
although in this problem the primary loading is compression, the tension-compression asymmetry plays an important role in
predicting this structural buckling behaviour as some tension develops in the buckling lobes.
The present family of models do not capture the unstable behavior exhibited under primarily tensile stress states. This
material characteristic is bound to play a role in the behavior of NiTi structures like the present example. Inclusion of this
behavior is guiding ongoing extensions of this modelling framework.
o
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Fig. 1 Tensile and compressive stress-strain responses
of NiTi exhibiting the measured asymmetry.
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Fig. 2 Calculated tube compressive responses using
two constitutive models and the measured response.

Fig. 3 Sequence of deformed configurations with superimposed strain contours showing the buckling and
recovery predicted using the ASY constitutive model
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AN ANALYTICAL MODEL FOR PHASE TRANSITIONS OF AN SMA WIRE UNDER
UNIAXIAL TENSION
Zilong Song∗ 1 and Hui-Hui Dai1

1

Department of Mathematics, City University of Hong Kong, Kowloon Tong, Hong Kong

Summary This paper considers isothermal stress-induced phase transitions of shape memory alloys (SMAs) based on a two-variant constitutive model. Specifically, inhomogeneous deformations of a slender circular cylinder under uniform axial stress are investigated analytically.
By utilizing two small parameters, the complex three-dimensional (3-D) mechanical system is reduced to a 1-D coupled system of two
strains for each of three phase regions. Then, for given load parameter, inhomogeneous deformations with two and three regions are
constructed, and many analytical period-k solutions are found for the first time. For displacement-controlled process, the transition from
homogeneous states to localized inhomogeneous ones is identified, capturing the possible instabilities at nucleation. The analytical results
reveal that phase transition starts from a small band rather than a point. This work can also shed light on the difficulties of direct numerical
simulations.

INTRODUCTION
Shape memory alloys (SMAs) such as Ni-Ti have been employed for numerous real-world applications in various industries. Many experiments on SMA wires under tension show that the stress-induced phase transitions exhibit Lüders-like
behavior, i.e, they are realized by nucleation of martensite band and subsequent propagation of transformation front [1]. At
nucleation, initial homogeneous deformation will be replaced by localized inhomogeneous deformations.
Various models have been proposed to study such inhomogeneous deformations, including phenomenological models [2],
phase field models (e.g. Levitas, Lee & Preston 2010) and strain gradient models (e.g. Chang, Shaw & Iadicola 2006). The
original 3-D problem can be considered a free boundary problem, where the location and shape of interfaces are not known
beforehand. To the authors’ knowledge, analytical results for such a complicated problem are rare and how the material
and geometric parameters influence the transition process is unclear. Based on [2], this work will examine analytically the
inhomogeneous deformations of an SMA wire with finite length, subjected to uniaxial tension in a 3-D setting. Analytical
solutions with two or three phase regions will be constructed, with explicit dependence on material and geometric parameters.
The transition process and the associated instabilities will be clarified. Also, this work can potentially provide certain guidance
for direct numerical simulations.
THE CONSTITUTIVE MODEL AND GOVERNING SYSTEM
A two-variant constitutive model
For phase transitions of SMAs, we adopt a two-variant constitutive model [2], which is based on two scalar functions,
Helmholtz free energy Φ and rate of mechanical dissipation ξ. Let the volume fraction of martensite phase be α (0 ≤ α ≤ 1),
and the natural configuration of martensite phase be G = diag[1 − s1 , 1 − s1 , 1 + s2 ]. Then, Φ is adopted as
Φ(F, α) = |Gα |[(1−α)Φ1 (Fα )+αΦ2 (Fα )]+Bα(1−α)+[(1−α)ϕ1 +αϕ2 ],

Fα = FG−1
α , (1)

Gα = (1−α)I+αG,

where F is the deformation gradient, Φ1 , Φ2 and ϕ1 , ϕ2 are strain energy functions and thermal free energies of austenite and
martensite phases, and B is the interfacial constant. And for ξ, we adopt a rate-independent form
ξ = A+ (α)|α̇| := (k + α + Y + )|α̇|,

if

α̇ ≥ 0;

ξ = A− (α)|α̇| := [k − (1 − α) + Y − ]|α̇|,

if

α̇ ≤ 0,

(2)

where k ± , Y ± are dissipative constants. Whenever phase transition happens, the evolution of α is determined by −∂Φ/∂α =
±A± (α) for loading and unloading processes.
The mechanical system
Now, we consider a slender SMA circular cylinder with radius a and length L subjected to a uniform axial stress γ. It is
assumed that a/L ≪ 1, and we set L = 1 in the following. The reference and deformed positions are denoted by coordinates
(R, Θ, Z) and (r, θ, z), then the concerned deformation is of the form
r(R, Z) = R + V (R, Z),

θ = Θ,

z(R, Z) = Z + W (R, Z),

0 ≤ R ≤ a,

0 ≤ Z ≤ 1.

(3)

Accordingly, F can be easily obtained, and subsequently the nominal stress Σ is determined by the formula Σ = ∂Φ/∂F.
The mechanical system is given by
DivΣ = 0,

ΣRr (a, Z) = ΣRz (a, Z) = 0,

ΣZz (R, Z)|Z=0,1 = γ,

ΣZr (R, Z)|Z=0,1 = 0,

(4)

which will be coupled with the evolution of α in the previous section.
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The reduced system
Two kinds of small parameters arise in the present system. First, the strains are small, thus we keep only leading terms, or
equivalently, we set Φ1 , Φ2 to be the elastic energies of linear isotropic materials. And for simplicity, we assume Φ1 = Φ2 .
Second, it follows from ∑
the geometry that a is small, and so is the∑
radial variable R. Thus, we expand the displacements in
∞
∞
the form V (R, Z) = R k=0 Vk (Z)R2k /2(1 + k), W (R, Z) = k=0 Wk (Z)R2k . By the technique in [3], the recursive
formulas for coefficients uk := [Wk′ , Vk ]T can be deduced from the field equation (4)1 together with evolution of α, and
the conditions in (4)2 furnish the governing equations for u0 . By keeping up to O(a2 ) terms, we get a final vector equation
u′′0 + Au0 = f for each of three regions: austenite region (AR), martensite region (MR) and phase transition region (PTR,
0 < α < 1). Proper boundary conditions for u0 at Z = 0, 1 can be deduced from (4)3,4 with consistent order O(a2 ). Note
that the coupling of axial and radial strains, and hence the high-dimensional effect, is kept in the reduced system.
INHOMOGENEOUS SOLUTIONS AND THE TRANSITION PROCESS
Inhomogeneous solutions with given load parameter γ
The general solutions in each phase region can be readily obtained from the preceding linear equation of u0 , e.g. in PTR
u0 (Z) = u0p + C1 q1 ed3 Z + C2 q1 e−d3 Z + C3 q2 cos(d4 Z) + C4 q2 sin(d4 Z),

(5)

where u0p is the particular solution, Ci are integrating constants, and ±d3 , ±d4 i and q1 , q2 are eigenvalues and eigenvectors.
Experiments show that phase transition often takes place in the middle part of the wire. Suppose it starts exactly in
the middle, then the symmetric conditions for the two strains are adopted: W0′′ (0.5) = 0, V0′ (0.5) = 0. First, we analyze
two-region solutions composed of AR and PTR, with a planar interface in between. Given γ, the general solutions contain
eight undetermined integrating constants, and the location of interface Z0 is also unknown. The unknown constants can be
determined by four conditions at Z = 0, 0.5 and five connection conditions at Z0 derived from the continuity of F and α.
(k)
Analytically, other constants can be expressed by Z0 , which has period-k solutions of the form Z0 = 0.5 − (arctan d5 +
kπ)/d4 , (k = 1, 2..). By a similar procedure, one can obtain inhomogeneous solutions with three regions AR, PTR and MR,
and analytical period-k solutions are found for γ near Maxwell stress. There are also other connecting solutions, when the
interface interacts with the middle surface (or boundary), see [3] for more details and for the nonsymmetric case.
Analysis on displacement-controlled process
In this section, we analyze the stress-elongation curves, as shown in many experiments. Based on the preceding (period-1)
solutions, Figure 1(a) shows the curves near nucleation for a relatively small a = 0.01. There are three solutions for each
fixed elongation in a small interval [∆1 , ∆2 ], and by minimum energy criteria, the solution will jump from homogeneous state
to an inhomogeneous one at ∆ = ∆1 and soon goes along a stress plateau (Maxwell stress) with three-region solutions, as
in Figure 1(b). The complete loading curve is shown in Figure 1(c), as observed in experiments. The transition process does
depend on the parameters, e.g. for a = 0.03 the transition will be smooth and stable without such a jump.
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Figure 1: The stress-elongation curves with a = 0.01, γ = γ/E and E = 4 ∗ 10 MPa, see [3] for other material parameters.
4

CONCLUSIONS
In this paper, inhomogeneous deformations of an SMA wire with finite length are investigated analytically, and the transition process is identified. Phase transition starts from a finite band rather than a point, since the transition region in inhomogeneous deformations is always of finite width. This work can also shed light on the difficulties in direct numerical simulations
(e.g. mesh sensitivity and convergence difficulty), since multiple solutions exist for certain fixed elongation near nucleation.
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ACTUATOR LIFETIME PREDICTIONS FOR NI60TI40 SHAPE MEMORY ALLOY PLATE
ACTUATORS
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Abstract: Shape memory alloys (SMAs), due to their ability to repeatedly recover substantial deformations under applied mechanical loading,

have the potential to impact the aerospace, automotive, biomedical, and energy industries as weight and volume saving replacements for
conventional actuators. While numerous applications of SMA actuators have been flight tested and can be found in industrial applications, these
actuators are generally limited to non-critical components, are not widely implemented and frequently one-off designs, and are generally
overdesigned due to a lack of understanding of the effect of the loading path on the fatigue life and the lack of an accurate method of predicting
actuator lifetimes. Previous efforts have been effective at predicting actuator lifetimes for isobaric dogbone test specimens. This study builds
off of previous work and investigates the actuation fatigue response of plate actuators with various stress concentrations.

INTRODUCTION
Shape Memory Alloys (SMAs) are metals which possess the ability to sustain large amounts of deformation and recover a
designed geometry when heated above a critical temperature. SMAs recover these strains, induced by mechanical or thermal
loading, by transforming from martensite to austenite. This phenomenon is referred to as the Shape Memory Effect (SME)
and recovered strains range between 2% and 10%, depending on the material and processing. The fact that this SME is highly
repeatable, coupled with their high actuation energy density, makes SMAs viable actuators for many engineering applications,
such as morphing aerostructures, deployable space structures, and light-weight/small volume replacements for conventional
actuators. For most actuator applications, the SMA is loaded mechanically (either axially or torsionally) and then heated in
order to recover strain in the direction of the loading [1].
Currently, the lack of standard testing methods which accurately characterize and model thermomechanical fatigue in
SMA actuators frequently limits their use to non-structural/non-critical components or results in actuators being severely
overdesigned. Recent studies [2-4] have demonstrated the predictive capabilities of work-based modelling for determining
actuator lifetimes; however, previous work on SMA actuation fatigue has primarily been focused on dogbone or wire
actuators. In order to further current modelling efforts and develop design tools for SMA actuators, fatigue specimens with
more complex geometries must be studied. In the following work, a previously developed damage model [2], which utilizes
a function of the actuation work as a fatigue indication parameter, is calibrated with actuation fatigue data from isobaric,
dogbone tests and implemented to predict failure of plate actuators with simulated rivet holes at various locations (centered
in the plate actuator and at the edge).
EXPERIMENTAL METHODS
Actuation fatigue testing of nickel-rich (Ni60Ti40) specimens was performed on custom thermomechanical fatigue frames.
Thermomechanical fatigue was achieved through subjecting the actuators to a mechanical load, which was applied via a
constant weight, while thermal cycling was conducted via resistive heating and convective cooling; the test frame can be seen
in Figure 1a.
Three actuator
specimen
geometries
were
considered: dogbonesB, plates with
centered holes (Figure 1b), and
notched platesC (Figures 1b and 1c).
High-resolution images were
captured at a rate of 10hz
throughout the initial 25 cycles
while cyclic images (one at fully
martensite and one at fully
austenite) were captured during the
remaining cycles. Digital image
correlation (DIC) was utilized in
Figure 1: a) Thermomechanical fatigue frame b) Plate actuators c) Speckled notched plate actuator
order to determine localized
transformation strains at critical
points on the plate actuators, while the average values were taken from the dogbone experiments through the use of an
extensometer (LVDT). Further discussion of the experimental methods can be found in previous work [3].
All specimens were cut via electro-discharge machining (EDM) and painted with a high emissivity thermal paint.
Speckle patterns were then applied to the plate actuators with a high contrast paint with comparable thermal emissivity to
allow for thermography studies during the tests to ensure consistent thermal cycling. The speckle pattern can be seen in
Figure 1c on a notched plate. All actuators were subjected to a constant mechanical load, which was calculated based on the
A) Corresponding author. Email: robw11@tamu.edu
B) Dogbone geometry: 42.5mm gage length, 2.6mm width, 1mm thickness
C) Plate geometries: 100mm length, 10mm width, 1mm hole radius, 1.07mm notch (notched plates)
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initial geometry of each actuator. The dogbone actuators were subjected to loads ranging between 125 and 300MPa while
the plate actuator loads were selected such that the initial stress at the stress concentration was approximately 400MPa.
RESULTS
In order to calibrate the damage model proposed in [2] and implemented in [3], isobaric actuation fatigue tests were conducted
at five different stress levels between 125MPa and 300MPa. An example fatigue response of a dogbone actuator can be seen
in Figure 2. Throughout the fatigue life, the actuation strain remains nearly constant at approximately 1.5%.

Figure 2: a) Actuation fatigue response of dogbone actuation under 300MPa load b) Actuation energy density vs. cycles to failure for all isobaric tests

Additionally, the evolution of the martensitic and austenitic strains is illustrated in Figure 2a, as they continuously increase
throughout the fatigue life as transformation induced plasticity (TRIP) is developed. It should also be noted that, after the
first 100 cycles, the rate of TRIP development is nearly constant, as the fatigue response has stabilized.
The summary of the calibration tests can be seen in Figure 2b. Both the fitting parameters for the damage function (C D
and γD) are found through the correlation shown in Figure 2b. Once the damage
model was calibrated, the thermomechanical response of the plate actuators was
simulated in Abaqus in order to determine the transformation strain at the notch.
These values were then utilized by the damage model to make the fatigue life
predictions listed in Table 1. A comparison between an Abaqus simulation and
DIC measurement can be seen in Figure 3.
Table 1: Fatigue Life Predictions
Specimen

Centered 1
Centered 2
Notched 1
Notched 2

Actuation
Strain at Stress
Concentration

Predicted
Actuation
Strain

Experimental
Cycles to
Failure

Predicted
Cycles
to Failure

1.34%
1.52%
0.98%
0.96%

1.43%
1.43%
0.98%
0.98%

973
872
1523
1573

936
936
1590
1590

Actuation
Energy Density
3

[MJ/m ]
5.28
6.08
3.92
3.84

Figure 3: Comparison of actuation strain (principle or
max) between Abaqus simulation and DIC
measurements for a notched plate actuator (Notched 1).

CONCLUSIONS
For both plate actuator geometries, the transformation can be seen to initiate at the stress concentration in both the DIC results
and simulations, as expected. Additionally, the predicted actuation strain (obtained from Abaqus simulations) agrees very
well with experimentally observed actuation strains at the stress concentration, as does the experimental cycles to failure with
the predicted cycles to failure, as shown in Table 1. From these results, it is clear that the actuation work represents a
promising fatigue indication parameter and that the fatigue life prediction method utilized herein merits further development.
Future work on this project will entail incorporation of the TRIP into the simulations (in order to account for changing actuator
geometry) as well as the study of additional geometries and thermomechanical loading paths.
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Summary Recent research shows that NiTi with GS=10nm can significantly suppress the crack nucleation and enhance the fatigue life but

at the expenses of reduced ductility and crack growth resistance. In this paper, surface mechanical attrition treatment (SMAT) is used to
create a nanocrystallined Grain-Size-Gradient (GSG) surface layer with smooth GS distribution to enhance fatigue life of NiTi. The key
idea is to suppress the surface crack nucleation and growth by the Hall-Petch strengthening and the high residual compressive stress, both
due to the severe plastic deformation of the GSG layer. Fatigue experiment under cyclic tension is performed and the intrinsic and extrinsic
fatigue and toughening mechanisms and their GSG dependence is discussed. The importance of hybridizing the size dependent material
properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering is demonstrated.

EFFECTS OF GRAIN SIZE ON THERMOMECHANICAL PROPERTIES OF NITI
Grain size (GS) is one of the key microstructural factors of NiTi SMA and significant GS dependence in strength,
damping capacity, latent heat and temperature dependence of stress have been discovered. In particular, nanocrystallined NiTi
with GS=10nm can significantly suppress the crack nucleation and enhance the fatigue life but at the expenses of reduced
ductility and crack growth resistance [1-4] (see Fig. 1). One possible way to solve this dilemma is to use novel fabrication
and microstructure design methods to hybridize the properties at different length scales so as to achieve an overall optimization
of fatigue life together with other functions of NiTi SMA devices.

Fig. 1 Grain-Size (GS) dependent thermomechanical properties of nc NiTi: stress-strain responses, cyclic stability and fatigue
life, fracture toughness and crack growth resistance, phase transition zone size.
ENHANCE FATIGUE RESISTANCE OF NITI BY GRAIN SIZE GRADIENT
In this paper, surface mechanical attrition treatment (SMAT) is used to create a nanocrystallined Grain-Size-Gradient
(GSG) surface layer with smooth GS distribution to enhance fatigue life of NiTi. The key idea is to suppress the surface crack
nucleation and growth by the Hall-Petch strengthening and the high residual compressive stress, both due to the severe plastic
deformation of the GSG layer (Fig. 2). Fatigue experiment under cyclic tension is performed and the intrinsic and extrinsic
fatigue and toughening mechanisms and their GSG dependence is discussed. The importance of hybridizing the size dependent
material properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering is demonstrated.
a) Corresponding author. Email: lianglh@lnm.imech.ac.cn
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Fig. 2 (A) nc NiTi plate with controlled GSG profile by SMAT; (B) Microstructure characterization of the GSG; (C) Fatigue
life and mechanisms of crack nucleation and toughening of GSG structure; (D) Overall optimized performance of GSG
structure by experiment, modelling and design.
CONCLUSIONS
Nanocrystallined Grain-Size-Gradient (GSG) surface layer has been obtained by SMAT method to enhance fatigue
life of NiTi SMA. The key idea of the method is to suppress the surface crack nucleation and growth by the Hall-Petch
strengthening and the high residual compressive stress, both due to the severe plastic deformation of the GSG layer.
Fabrication parameters of the GSG structure and the resulting intrinsic and extrinsic mechanisms of fatigue crack nucleation
and crack growth resistance are identified. The dual benefits of strengthening and toughening which are usually exclusive to
each other for most metals have been obtained in superelastic NiTi plates by SMAT method. The intrinsic and extrinsic fatigue
and toughening mechanisms and their GSG dependence are revealed, which demonstrated the importance of hybridizing the
size dependent material properties and developing the next generation fatigue resistant NiTi alloy by grain size engineering.
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Summary Shape memory alloys (SMAs) are employed in innovative applications experiencing millions of cycles during their lifetime. The
existing failure criteria are purely phenomenological based on macroscopic experimental results and ignore their complex microstructure.
The proposed paper presents a two-scale fatigue criterion based on the elastic shakedown of the austenitic and martensitic grains of the
Dang Van - Papadopoulos class. The underlying assumptions and predictions are discussed on a series of novel experiments and compared
with results from literature.

INTRODUCTION
Shape memory alloys (SMAs) possess unique properties, known as shape memory effect and pseudoelasticity. These
properties result from reversible diffusionless solid-solid transformations (known as martensitic transformations) between a
relatively ordered parent phase, called austenite (A), and a less ordered product phase, called martensite (M). Their peculiar
properties are successfully exploited in many fields, ranging from structural engineering, to robotics or biomedical industry.
In particular, a wide segment is covered by SMA actuation systems, innovative devices for the control of civil structures and
self-expandable vascular stents.
The rather complex micromechanical behavior of SMAs also induces unusual fracture and fatigue responses when compared with standard polycrystalline metallic alloys. It has already been discussed, in several papers, that classical fatigue
criteria cannot be directly applied due to the uncertain role of the phase transformation under cyclically varying deformations
and the stress and/or thermally-induced microstructural evolution of the different phases. Transformations between austenitic
and martensitic phases, moving martensite interfaces, and accumulation of dislocations are believed to play an important role
in the fatigue lifetime of SMAs.
The novelty of the present predictive fatigue failure methodology for cyclic loading of SMAs is based on a shakedown
analysis performed at different scales of the materials [2, 3, 4]. The results rely on recent mathematical and theoretical
advancements on shakedown theorems [5] and constitutive models for SMAs [1]. The proposed fatigue criterion (i) predicts
high cycle fatigue crack initiation; (ii) is based on a multiscale analysis taking into account the complexity of the phase
transformation between austenite and martensite and (iii) preserves the multiaxial character of the phenomena.
The papers presents (a) the fatigue criterion based a thermodynamical consistent framework using shakedown concepts
and (b) the analysis of novel fatigue results of the research group and from literature [6, 7]. The experimental results of the
group permit to evaluate the micromechanical assumptions of the theoretical deduction from evolution of macroscopic strain
and the local distribution of phases in the microstructure. The experimental are completed with results from literature to asses
the lifetime prediction capability of the proposed criterion.
THEORY
Assuming a small strain regime, the initial configuration of the local SMA material state is described by the total strain ,
the temperature θ, and an internal variable α. The variable α represents the inelastic strain and can include the description of
several physical phenomena characterizing SMA behavior, ranging from permanent plasticity and phase transformations, up
to void generation and fracture. A series of constitutive models, as for example [1], can be cast in the framework of standard
generalized materials. As such we have a direct estimation of the shakedown state under cyclic loading, due to the recent
results by Peigney [5].
The proposed fatigue criterion aims to predict the onset on infinite lifetime for polycrystalline SMAs. It starts from the
experimental observation that, in high cycle fatigue, only few grains of the material undergo inelastic strains, whilst most of
the material remains elastic. Furthermore, the elastic cycles described at the scale of the structure or of the crystalline grains
of the polycrystal can be characterized by using the shakedown concepts [5]. Moreover the idea of a weak, inelastic element
embedded in an elastic matrix represented by two springs was initially proposed by Orowan in 1939 and it is a key element in
the development of the Dang Van-Papadopuolos fatigue criteria [4].
Starting from this observation a proposed Dang Van (DV) fatigue criterion for SMAs can be defined as:
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Here, τ̂ and σ̂h are expressed in terms of the instantaneous position of stress with respect to the smallest hypersphere encompassing the stress path for large times and represent a norm of the deviatoric and hydrostatic part respectively.
EXPERIMENTS AND RESULTS
The group has performed a series of high cycle fatigue experiments on plain and notched dog-bone specimens of commercial Nitinol offered by the courtesy of www.memry.com. The specimens have been submitted to cyclic tensile loading on
stress-strain path as presented in Figure 1(a) in a temperature controlled environment. The strain field on the complete surface
of the specimens has been recorded at different moments of the lifetime using digital image correlation reported in Figure 1(b).
The plain specimens run out without failure at ≈ 107 cycles. Notched specimens present a stress concentration and recorded
lifetimes have been much smaller and will not be discussed in the abstract for brevity. At the grain scale, further observations
will analyze using SEM the evolution of the microstructure, i.e. phase change, in the failure region and the evolution of the
local strain fields as displayed in Figure 1(b). The lifetime can now be analyzed using the proposed Dang Van-type fatigue
criterion as depicted in Figure 1(c). This diagram here shows that the proposed criterion is also capable to distinguish correctly
failure in data coming from literature [6, 7].
CONCLUSIONS AND PERSPECTIVES
This paper has investigated the elastic shakedown behavior of SMA materials and has presented the extension of the DV
high cycle fatigue criterion to SMAs and opens a novel way to analyze the onset of damage for materials involving phase
change. The analysis also open a realm of new questions ranging from additional insight into microscopic deformation and
damage mechanisms at the phase boundaries to innovative methods for the fast identification of fatigue limits, such as infrared
thermography measurements.
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An experimental study to determine the effect of microstructure on phase transformation in the superelastic shape
memory alloy Nickel Titanium (Nitinol) was conducted. Full-field, sub-grain-size microscale strain measurements were
made in situ during cycling using distortion-corrected Digital Image Correlation combined with Scanning Electron
Microscopy. The effect of parameters including grain size and orientation was investigated. It was found that similarly
oriented grains do not necessarily transform similarly, in contrast to a common assumption in mean-field theories.
Specifically, grains with similar orientation (as determined by the misorientation of the grain and specimen axes) showed
variation in both the mean strain of the grain as well as the range (heterogeneity) of strain across the grain, as determined
from surface measurements. Additionally, neither grain size nor degree of misorientation (of common crystal axes from the
loading axis) affected the mean strain and strain range.
INTRODUCTION AND BACKGROUND
Nickel-Titanium (NiTi) alloys belong to a class of materials commonly referred to as shape memory alloys (SMAs). The
defining characteristic of SMAs is the ability to recover strains as large as 10% through a solid-to-solid, diffusionless phase
transformation. In the case of NiTi, this transformation takes place between a high symmetry cubic (B2) austenite and one
or more monoclinic (B19′) martensite variants. While the crystallography and thermomechanical properties of this
transformation are well understood for single crystals, the mechanisms of transformation are unclear in polycrystalline
SMAs. Mean-field and phenomenological models of phase transformation use properties derived from observing single
crystal behavior and assumptions about the similarity and completeness of martensite transformation in grains of similar
orientation to predict macroscopic stress-strain curves of polycrystalline SMAs. While these predictions are reasonable
approximations of averaged macroscopic behavior under simple loading conditions, their underlying assumptions have not
been validated and may not be widely applicable. The aim of this work was to examine current assumptions about the effect
of microstructure on transformation, for example that grain orientation is sufficient to predict the magnitude of martensite
transformation strain and that grains transform fully.
EXPERIMENTAL AND ANALYTICAL APPROACHES
The use of scanning electron microscopy paired with digital image correlation
(SEM-DIC) to measure full-field surface displacements was chosen because it provided
the necessary high-resolution, high accuracy data across a large field of view relative to
the microstructure to extract a statistically significant analysis of surface deformation
behavior. Full-field displacements were calculated by DIC, which operates by tracking
image subsets between reference and deformed image pairs. Subsets are matched
between images by minimizing a cross-correlation coefficient, which often requires the
application of a high contrast, uniformly distributed pattern to the sample surface. Fullfield strains from each image were subsequently aligned with the underlying
microstructural data for analysis.
Superelastic SE508 NiTi sheet was obtained from Nitinol Devices and
Components. Dogbone-shaped specimens were cut using electro-discharge machining,
with the tensile loading axes parallel to the sheet rolling direction. Specimens were held
at 625°C for 10 minutes and annealed at 450°C for 10 minutes to produce an equiaxed
microstructure with an typical grain diameter of 5 µm. A rolling texture of {11̅1}[110]
was largely preserved, albeit slightly weakened, through this recrystallization treatment.
Samples were manually ground to a thickness of approximately 300 µm and polished to
a mirror surface, with a final step of vibratory polishing in colloidal silica. Platinum
markers were deposited to delineate a nominally 100µm × 100µm imaging area and to
later align crystallographic and strain data sets. Electron backscatter diffraction (EBSD)
was used to map grain boundary locations and orientations of individual austenite
grains. Samples were patterned for micro deformation tracking using a self-assembly of
gold nanoparticles secured to the sample surface by a silane monolayer [2]. Patterned
a)

Figure 1(a) Inverse pole figure (IPF)
map of accommodated strain from
martensite transformation based on
loading direction of single crystals
from [1]; and (b) polycrystalline
SEM-DIC data from these
experiments. The overall trends of
low strains along {100} directions and
highest strains along {111} directions
remain intact. However, the
measured polycrystalline strain
shows ~3% less strain over much of
the IPF space.
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specimens were tested in-SEM under uniaxial tension at room temperature using a microtensile heating-straining stage,
through one complete transformation cycle—from austenite to ‘fully transformed’ martensite and back to austenite. ‘Fully
transformed’ martensite was defined by the complete propagation of localized bands of martensite and the corresponding
completion of the stress plateau in the macroscopic stress-strain curve. However, note that ‘fully transformed’ martensite is
not actually fully transformed, as residual areas of low strain, locked-in austenite remain. Micrographs of the patterned
surface were captured in situ throughout the loading cycle using a Tescan Mira 3 FEG SEM. Initial correlation was
performed using commercial software (Vic3D, Correlated Solutions Inc.) to obtain raw displacement data that was corrected
for image distortions using custom MATLAB scripts described in [3,4].
RESULTS AND DISCUSSION
Models based on the phenomenological theory of martensite formation base their macroscopic stress-strain predictions
on the assumption that grains with the same orientation, including those related by crystallographic symmetry, produce the
same transformation strain in a polycrystalline material. However, in this work it was found that neither grain orientation
nor grain size significantly affected either the mean strain or the strain range of individual grains. While averaging single
crystal properties across a field of view containing approximately 5000 grains produced roughly correct trends in the
macroscopic strains (Figure 1), predicting transformation from
single crystal properties did not produce the correct mean strains
inside of each grain and did not capture the wide range of strain
that they can encompass.
Using two metrics — mean strain and strain spread —
measured in each grain, it was determined that grains of similar
orientation did not transform similarly. The chosen metrics were
confirmed to correspond with mean transformation volume
fraction and transformation heterogeneity for maps of local
transformation strain of a small test group of similarly oriented
grains. The sampled population was then expanded to include
all those grains with small deviations from low-index
orientations. In both populations, no causal link between
orientation and extent of martensitic transformation was
detected. To examine transformation strain and heterogeneity
with respect to crystallographic orientation, the full-field strain
data at the microstructural length scale was segmented into
Figure 2: Individual grain strain distributions for a chosen
grain-by-grain strain distributions. An example is shown in
orientation. To facilitate comparison between different
Figure 2, where each bar represents the experimentallyorientations, all strain values were normalized to the predicted
transformation strain of twinned martensite.
measured surface strain values over an individual grain. The
middle 50% of the strain data is denoted as the thick bar, the
95th percentile bounds are denoted by thin bars, the median of each distribution is marked by a crossbar, and the open
circles mark the mean strain of each grain. The grains were sorted along the x-axis by the misorientation between the [hkl]
crystal axis and the sample loading axis. Each grain was color coded by grain size, showing there is no apparent effect of
size on strain distribution. This analysis was performed for grains with favorable orientations for transformation, including
hte {111} {355} and to a lesser extent the {110} families of the parent austenite phase. Nor was it the case that favorably
oriented grains exhibited a higher degree of homogeneity. Tracking the strain spread across all orientations and grain sizes
indicated that the heterogeneity did not strongly depend on either orientation or grain size. Despite some trends in mean
strain existing across the inverse pole figure, the mean strain spread for the same orientations yielded a uniform distribution.
Unlike mean strain, the strain range (degree of transformation heterogeneity) did not have a significant dependence on grain
size. The strain range (degree of transformation heterogeneity) of individual grains also did not depend on the grain size.
The findings of this experimental work are in contrast to the assumption in several mean-field theories that similarly
oriented grains transform similarly, and in contrast to the assumption that a single preferred variant nucleates and subsumes
the entire grain.
Acknowledgement: This work was supported by the U.S. Department of Energy, Office of Science, Basic Energy Sciences,
under Award #DE-SC0003996.
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Summary Most medical applications involving superelastic Ni-Ti shape memory alloys are based on thin wires or tubes. If the tensile
behavior of such specimens has been extensively described in the literature, only few studies deal with their mechanical behavior under pure
bending and compressive load [1]. In this paper, Ni-Ti wire behaviors were experimentally investigated using pure bending and uni-axial
tensile experiments. Uniform or localized behaviors were observed depending on the thermo-mechanical treatment of the wire. Theoretical
bending model was proposed. For nonlocalized tests, it allowed to analyze tension-compression asymmetry. Tension and compression
constitutive equations were proposed to model localization in bending.

INTRODUCTION
This paper aims at identifying the influence of thermo-mechanical treatment on Ni-Ti thin wires behavior under tensile,
compressive and pure bending load. Uni-axial tensile and pure bending tests were performed on Ti 50.8%atNi wires of
diameter 0.5 mm supplied by Fort Wayne Metals in their cold worked conditions. Three different thermomechanical treatments
were realized 200 o C for 30 min, 250 o C for 30 min and 500 o C for 60 min.
TENSION AND PURE BENDING EXPERIMENTS
Uni-axial tensile tests were performed in nearly isothermal conditions using a Gabo EPLEXOR 500N machine. Tensile
nominal stress strain curves are plotted in Fig. 1, (a). A localization phenomenon has been observed for the 500 o C wire.
Pure bending experiments were performed using a home-made device [2]. Curvatures were estimated using pictures taken
during the test and synchronized with the bending moment measurement. Global curvature was estimated by fitting an arc of
circle on the deformed wire of length 10 mm. Bending moment-global curvature curves are plotted in Fig. 1, (b).

Figure 1: Experimental thin NiTi wire behaviors: (a) under tensile stress, (b) under pure bending load.
The local curvatures of the samples along their curvilinear abscissa s were also identified during the pure bending experiments. For the 200 o C (not shown here) and 250 o C wires, the local curvature remained uniform along the sample during
the whole experiment (Fig. 2, (a)). In contrast, local curvature along the 500 o C wire was found to be highly non-uniform,
suggesting localization occurred during the test (Fig. 2, (b)).
MODELLING
A bending model was proposed assuming Navier-Bernoullis hypothesis, i.e. that a plane section of the wire normal to
its longitudinal axis prior to loading remains plane and normal to the deformed neutral axis after the loading. Using Digital
Image Correlation measurement, this hypothesis has been experimentally verified for wires [3]. This model allows to estimate
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Figure 2: Local curvature during pure bending test along initial curvilinear abscissa s: (a) thin NiTi wire treated at 250 o C, (b)
thin NiTi wire treated at 500 o C, a localization phenomena can be noticed.
the moment as function of the curvature and the position of the neutral fiber as function of the constitutive equations in tension
and compression.
For wires treated at 200 o C and 250 o C, axial strain (resp. local curvature) is uniform during tension tests (resp. bending tests). Tension and bending results were combined to determine wires compressive behavior during the first loading.
The obtained compression stress-strain curves are plotted in Fig. 3, (a). Asymmetric tension-compression behavior is well
observed [4].
For the wire treated at 500 o C, using the compressive constitutive equation represented Fig. 3, (b), green full line, and
the experimental tensile curve as the constitutive equation in tension, the model predicts the curve presented Fig. 3, (b) black
dashed line. This result is inconsistent with a localization phenomenon in bending. If the curve shown Fig. 3, (b) red full line,
is adopted as the constitutive equation in tension [5], the predicted bending behavior (Fig. 3, (c) black full line) is compatible
with the localization experimentally observed (Fig. 2, (b)).
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Summary This work presents a combination of full-field surface displacement and temperature measurements through the use of stereo digital image correlation (3-D DIC) and infrared thermography to characterize the thermomechanical behavior of NiTi SMA during quasistatic
mode I fracture. Previous experimental works have characterized the mode I fracture behavior of NiTi shape memory alloy (SMA) using a
variety of techniques, but little experimental work has connected the thermal and mechanical responses of SMA during fracture.

BACKGROUND
Although the first prominent commercial SMA application was a shape memory NiTi shrink-to-fit coupler for the F-14
jet [1], the majority of SMA applications to date have been superelastic NiTi biomedical devices. These NiTi devices have
sub-millimeter feature length-scales and are used in applications where fatigue is the driving failure mechanism. However, an
increasing number of NiTi applications such as SMA actuators have geometries that can sustain stable crack growth [2]. As
SMA devices grow in size and extend into additional critical applications, fracture becomes increasingly relevant.
Since SMA behavior has strong coupling between thermal and mechanical responses, this work uses synchronous measurements of surface displacements and temperatures to characterize SMA fracture. Existing works have applied various experimental techniques to quantify the fracture behavior of NiTi SMA, including one-dimensional load-displacement responses
for stress intensity factor measurements [35], in-situ XRD for detection of stress-induced martensite around the crack tip in the
through-thickness of a specimen [5], infrared thermography for the detection of both stress-induced and reverse-transforming
martensite [6], and digital image correlation [7]. Fracture energy measurements across the range of transformation temperatures for SMAs are necessary for validating recent SMA fracture models with temperature dependence [8,9].
Major principal strain
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Figure 1: During the fracture process, the load (P) and grip displacement (δ) measurements (left) are synchronized with
surface displacements and strains from 3-D DIC (center) and with surface temperatures from IR thermography (right).
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METHODS
Mode I fracture samples were produced from superelastic and shape memory SMA with as-received NiTi sheets from
Johnson Matthey (superelastic P/N 83813, lot 014226; shape memory P/N 83429, lot 016022). The samples were cut with wire
electro-discharge machining into ASTM E647 single-edge notch fracture specimens with a pin-to-pin spacing of 25.9 mm.
The samples were mechanically polished and surface speckle patterns were airbrush painted onto the samples using an Iwata
CM-B airbrush and Golden high flow acrylic black and white paints. The samples were fatigue pre-cracked in a test frame with
a load cell that measured load P. During fatigue pre-cracking and subsequent fracture, surface displacements were measured
with 3-D DIC using GRAS-50S5M CCD cameras, and surface temperatures were measured with infrared (IR) thermography
using a FLIR SC5600 IR camera.
Fatigue pre-cracks were initiated in the samples using a maximum applied stress intensity factor that remained below a
threshold value that was informed by the maximum recovered strains surrounding the crack tip. The light sources and the
camera lenses used polarizing filters placed orthogonally with one another to increase contrast and attenuate glare from the
samples, for enhanced DIC accuracy and precision [10].
After fatigue pre-cracking, the samples were loaded in monotonic displacement control for crack propagation. Sample
temperature was increased from room temperature with a custom conduction heater on the non-imaged side of the sample.
Surface strains were computed from DIC surface displacements (Fig. 1). Crack tip location is inferred from the distinct
pattern of the principal strain angle contour. In a similar approach to a recent finite element analysis [8], crack tip energy
release rates were computed from surface displacements and strains with the J- and I-integrals. Although the multi-axial
response of superelastic NiTi is still an active area of study, the multi-axial stress-strain response was approximated by a
transformation-criterion approach in the cases when phase transformation was thermodynamically attainable.
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Abstract As shape memory alloys become more commonly used for structural applications, there is a need to better understand the failure

behaviour of these materials. Notched plates of Ni60Ti40 were subjected to tensile loads until fracture while in pure austenite, pure martensite,
and during phase transformation from austenite to martensite. Through experimental observations, it was determined that this material exhibits
a high-speed, brittle fracture and that the ultimate tensile stress of the material while undergoing phase transformation is lower than the pure phase.

INTRODUCTION
Shape Memory Alloys (SMAs) are metallic materials which are able to recover large amounts of seemingly plastic
deformation through a thermo-mechanically driven phase transformation. The phase transformation is accomplished
through a reversible diffusionless solid to solid transformation from an austenite phase to a martensite phase and vice-versa
[1]. The phase transformation can provide a large actuation stress or strain for a relatively small volume when compared to
conventional actuators [2-4].
The ability to recover deformation has driven much interest in these materials. Current SMA applications are mainly in
the biomedical field where the loads experienced are generally small, hence limiting the amount of fracture data currently
available in the literature. However, in order to utilize SMAs in the additional industries and in new applications, a more
thorough understanding of the fracture properties of SMAs is needed.
There are multiple shapes and configurations in which SMAs must be tested in order to validate their ability to perform
properly in these new industries. One such shape is in the form of a plate. Furthermore, in many existing structural
applications, plates are often bound together through the use of rivets. The use of a rivet further implies that the plate must
therefore have a hole or notch through it in order to allow the rivet to be inserted. It is well known that such features generally
cause a stress concentration in the area surrounding the feature in the plate. Specifically for SMAs, it has been found that
inclusion of notches on specimens can cause failure at stress levels as low as 60% of the pure phase ultimate tensile stress [5].
Therefore, this paper will focus on analysing the fracture of an SMA plate in which a notch has been introduced.
MATERIALS AND METHODS
All experiments were performed on Ni60Ti40 material in sheet form. A sample was used to obtain the transformation
temperatures using Differential Scanning Calorimetery (DSC). Experimental samples were formed into 100 mm (length)
by 10 mm (width) by 0.5 mm (thick) samples using Electron Discharge Machining (EDM). The machined plates were then
coated with a thin layer of speckle pattern in order to allow collection of
localized strain information through Digital Image Correlation (DIC).
See Figure 1.a for a sample specimen with speckle pattern.
The specimens where loaded into a MTS Insight load frame with an
attached thermal chamber. The maximum capacity of the load frame is
30 kN. Based on the DSC results gathered, specimens were loaded until
failure at temperatures below the martensite finish ( Mf ) temperature and
above the martensite desist ( Md ) temperature in order to obtain a baseline
for the ultimate tensile stress of these notched SMA plates under pure phase
conditions. After determining the ultimate tensile stress of the pure
phase, another specimen was loaded above Md to 80% of the ultimate
tensile stress of the pure phase and cooled until fracture.
Analysis of the results was performed through a combination of visual
techniques. DIC frames were collected using an Edmond Optics camera
connected to uEye cockpit software. High speed video was also collected
with a Photron SA1 high speed video camera running at 54,000 frames per
second. The DIC and high speed images were then processed through
Vic2D software in order to determine the local strain fields. In order to
obtain a closer examination of the fracture surface, failed specimens were
a)
b)
c)
examined under scanning electron microscopy (SEM).
The SEM
analysis were conducted on a Tescan Vega 3 SEM under high vacuum Figure 1: Ni60Ti40 plate used for fracture upon
cooling experiment. a) Speckle Pattern for DIC;
operation.
b) Strain at beginning; c) Strain prior to failure
a)
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For the material provided, the DIC results indicate a
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Utilizing these values, the ultimate tensile stress of
0.5
martensite and austenite were determined at room
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temperature (~23.4 °C) and 150 °C, respectively. The
Temperature (°C)
ultimate tensile stress for both pure phases was determined
to be 460 MPa. Therefore, the fracture under cooling
Figure 2: Strain v temperature plot for specimen which
experiment was ran at a stress of 375 MPa. Figure 1.b
failed during phase transformation
shows the initial zero strain field of the fracture under
cooling experiment as collected through DIC. The localized strain fields as measured through DIC indicate that the largest
strain at any given temperature and stress condition occurs at the notch and tends to propagate out in “butterfly wing” type of
bands. The localized DIC strain field immediately prior to failure is shown in Figure 1.c, more clearly illustrating the
butterfly wing behaviour of the localized strain field. The fracture under cooling occurred at 46.4 °C, as shown in the strain
v temperature plot shown in Figure 2.
In order to gain a better understanding of the fracture properties, the fracture surface was further examined through SEM.
Figure 3 shows the fracture surface of the fracture under cooling specimen near the notch as well as at the opposite edge.
These SEM images show very little dimpling on the surface, indicating a very brittle fracture. The SEM results indicating a
brittle fracture correlate well with the high-speed camera results. Through frame by frame analysis of the fracture of the
pure phase and fracture under cooling experiments, it is found that the crack propagated through the entire cross section of
the specimens within 2 frames while recording at 54,000 frames per second. The frames during fracture for the fracture
under cooling specimen are shown in Figure 4. Although the actual fracture speed could not be determined, the high speed
frames indicate that the fracture propagated through the specimens at more than 216 m/s regardless of the phase of the material.

a.

a.

b.

Figure 3: SEM image of fracture surface a) edge
away from notch; b) notch edge.

b.

c.

Figure 4: High speed camera frames for failure during
cooling. a) frame before fracture; b) frame during fracture;
c) frame after fracture
CONCLUSIONS

The fracture of notched plates of Ni60Ti40 was analysed through DIC and SEM observation in order to gain understanding into
the fracture properties of SMAs undergoing actuation through thermal cycling. The results indicate a very high speed and brittle
fracture at a stress level below the ultimate tensile stress of the pure phase of this alloy. Therefore, in designing any actuator, it
is important to account for the lower ultimate tensile stress while the SMA is undergoing actuation, especially given the high speed
and highly brittle nature of the fracture.
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Summary Solid state diffusion in a binary system, such as lithiation into crystalline silicon, often involves two symbiotic processes, namely,
interfacial chemical reaction and bulk diffusion. In this paper, we develop a mathematical framework to investigate the interaction between bulk
diffusion and interfacial chemical reaction in binary systems. As an example, the model is used to study the lithiation of a spherical silicon
particle. It is found that a dimensionless parameter  plays a significant role in determining the kinetics of the lithiation process. This parameter,
analogous to the Biot number in heat transfer, represents the ratio of the rate of interfacial chemical reaction and the rate of bulk diffusion.
Smaller  means slower interfacial reaction, which would result in higher and more uniform concentration of lithium in the lithiated region.

PROBLEM STATEMENT
Recently, silicon (Si) has attracted significant attention because of its potential as a high capacity anode material in
lithium (Li) ion batteries. Extensive effort has been invested in the last decade to understand the lithiation process. Earlier
studies in this area modeled lithiation as a diffusion-controlled process, from which Li distribution can be computed [1, 2].
However, recent experimental observations show that there is a sharp interface between lithiated and unlithiated phases,
indicating that the lithiation process may be controlled by interfacial chemical reaction [3-10].
To develop a chemo-mechanics model to simulate the formation of such sharp interface, we
consider a solid phase called the   phase consisting of species A, and another solid phase called
the   phase consisting of species B. Let the two phases be in intimate contact initially, see Fig.
1a. Assume that under certain driving forces (e.g., chemical affinity or externally applied voltage),
species A starts to react with species B to form a new phase called the   phase , which consists of
(a)
species P = A x B , i.e.,
0

x0 A  B  A x0 B .

(b)
Fig. 1. Schematic of the
(a) initial configuration
and (b) current
configuration.

(1)

As time progresses, species A diffuses through the   phase towards the   phase , and reacts
continuously with species B at the    interface. This sustained reaction produces more species
P and drives the interface move further into the   phase , see Fig. 1b. For simplicity, we assume
that the   phase is impervious to species A, and, as the interface moves, species B is fully
converted into the   phase at the    interface via the interfacial chemical reaction (1). Our
main interest is to find the shape and velocity of the    interface, and the concentration of
species A in the   phase .
INTERFACIAL CHEMICAL REACTION

In addition to the well-known equations of deformation kinematics, mechanical equilibrium, and species diffusion, we
need to derive the equation that governs the interfacial chemical reaction. To this end, let the    interface be described
by X  X s , and Rs denote the moles of the product A x B produced per current unit area per unit time at the interface, or
0

rate of production (in moles) of the product P  A x B per current unit area. Then, Rs can be written as [11,12]
0

p


x 
q
r
Rs  k f  ˆ A  0 B   ˆ B   kb  ˆ P  for X  X s ,
(2)


J
V

m


where k f and kb are, respectively, the rate constants for the forward and backward reactions described by (1), and p  q

and r are the orders of the forward and backward interfacial chemical reactions, respectively. These parameters are material
properties and are usually determined experimentally [13]. All the molar concentrations in (2) are evaluated at the   
interface. Since they may not be continuous across the interface, we assume that ̂ B is evaluated at the   phase side,
while ̂ A and ̂ P are evaluated at the   phase side of the    interface.
a)
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Next, by the conservation of mass, the following continuity conditions at the    interface can be established,
(3)
JN   x0 RS , VN  VmB RS , for X  X s ,
where VN is the speed of the    interface in its normal direction. To fully determine the interface, we assume that,
without loss of generality, the    interface is described by f ( X s , t )  0 , where f ( X s , t ) is a smooth function of X s
and t. It can be shown [14] that f ( X s , t ) must satisfy the following partial differential equation
f ( X s , t )
f ( X s , t )
 VmB RS
0
t
f ( X s , t )

.

(4)

LITHIATION OF A SPHERICAL SILICON PARTICLE
As an example to illustrate the use of the above formulation, we consider the lithiation of a spherical crystal silicon (Si)
particle with initial radius R0 . A Lagrangian spherical coordinate system is set up so that the origin of the Si particle is
located at R  0 at the initial time t  0 . This Si particle is immersed in a liquid electrolyte that contains sufficient lithium
ions Li+. Under the driving force of an electrical current, Li ions in the electrolyte enter into the Si particle at its surface
+
R  R0 through a complex electrochemistry process. Upon entering into the Si particle, Li are reduced into Li. The Li
atoms then diffuse the center of the Si particle to form the LixSi alloy which is typically amorphous.
RESULTS AND DISCUSSIONS
A dimensional analysis leads to a dimensionless parameter   k efVmB R0 D0 , where k ef is
the forward chemical reaction rate at the    interface and D0 is the rate of diffusion of
Li in the   phase . It is seen that  is a measure of the relative rates between the chemical
reaction at the Si-LixSi interface and the diffusion of Li in the LixSi. This dimensionless
parameter is analogous to the well-known Biot number in heat transfer, so we will call  the
chemo-mechanics Biot number. Our numerical results show that smaller  means slower
interfacial reaction, which would result in higher concentration of lithium in the lithiated
Fig. 2 Schematic of the reaction
region. On the other hand, large  means faster interfacial reaction. In the limit of    ,
at a moving boundary during
the current solution reduces to that of [2] where the interfacial chemical reaction rate is
lithiation into a Si pristine
assumed infinite. Our solution shows that the unlithiated and lithiated regions are separated by
particle.
a sharp interface, resulting in a core-shell structure consistent with experimental observations.
This sharp interface moves towards the particle center as lithiation progresses. The interface velocity predicted by our
model is comparable to the existing experimental measurements. Furthermore, we found that, for a given  , the lithiation
process is always controlled by the interfacial chemical reaction initially, until sufficient silicon has been lithiated so that the
diffusion distance for lithium reaches a threshold value, beyond which bulk diffusion becomes the slower process and
controls the overall lithiation kinetics. Further, our numerical results show that the entire lithiation process is controlled by
interfacial chemical reaction for Si particles with radius less than 150nm. This suggests a strategy to relax the tensile hoop
stress on the surface quickly by doping Si with other elements to increase the rate of interfacial chemical reaction.
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Summary To simulate multi-physics phenomena that occur in multi-functional devices such as load bearing antennae and piezoelectric
induced damage detectors, a model is developed to couple transient electromagnetic (EM) and dynamic mechanical fields in a finite deformation setting with damage evolution features. To achieve a versatile coupling scheme between fields, the problems are solved in a
staggered way using a time-domain finite element (FE) method by a high performance parallel program. A constitutive model of a piezoelectric material is implemented with a phenomenological damage model to simulate piezoelectric damage sensors undergoing dynamic
finite deformation. Moreover, A multi-time scaling method is implemented to overcome the computational infeasibility posed by analyzing
the rapidly varying EM quantities while accounting for the effects of the slow evolution of the mechanical displacement field in deformable
antenna applications.

INTRODUCTION
In recent times, there has been a significant interest in multi-functional structures governed by multi-physics principles
such as mechanical and EM relations. Some examples of these structures may be components of small unmanned airborne
vehicles (UAVs), active skins of aircraft, or meta-materials for optical and communication systems. There is a need for
robust, coupled multi-physics computational models and codes supporting meaningful design of multi-functional structures
and devices. In the present work, a generalized framework is developed for coupling transient EM and dynamic mechanical
fields to predict the evolution of the EM field in a vibrating substrate and to simulate the piezoelectric effect during finite
deformation. To couple the EM field and dynamic mechanical field effectively in the time domain, a wavelet transformation
based multi-time scaling method, WATMUS, is implemented to avoid single time scale integration. Rigorous adaptivity and
sensitivity study of WATMUS is carried out. Some application examples are presented to validate WATMUS.
FORMULATIONS FOR THE TRANSIENT ELECTROMAGNETIC PROBLEM IN A FINITE DEFORMATION
DYNAMICAL SETTING
The weak forms of the coupled transient EM equations are formulated in the reference configuration. It is derived from
the Lagrangian density of the EM problem in the reference configuration with a penalty term to weakly enforce the gauge
condition,
L=

εJ −1
1
J −1
CJK ẼJ ẼK −
(CLM BL BM ) + JN AN − QΦ + (AP,P )2
2
2µ
p

(1)

∂xk ∂xk
where ε is permittivity, µ is permeability. J is the Jacobian, CIJ (= ∂X
) is the right Cauchy-Green deformation tensor.
I ∂XJ
1
The term p is the penalty coefficient. The scalar potential Φ and vector potential AI are the independent variables constituting
J
the Galilean transformation of the electric field Ẽ = −Φ,I −ȦI + εIJK ∂X
∂t εKMN AN,M and the magnetic field BI =
εIJK AK ,J . Q is the charge density, and JN is the conducting current density. Enforcing the variation of the Lagrangian
density with respect to Φ and A to be zero yields the weak forms of the EM field. The detailed derivation can be found in [1].
The constitutive relation of the hyperelastic material for finite strains is assumed to be neo-Hookean combining with the
piezoelectric effect. The electric enthalpy density in the reference configuration is expressed as


εJ −1
H =Ψ−
C EJ EK + EP HP MN EMN
(2)
2 JK

where Ψ(C) is the Helmholtz free energy function, EI = −Φ,I is the electric field neglecting the magnetic effect in piezoelectric problems. EMN is the Green strain. The isotropic damage process is implemented by introducing a scalar damage
∂H
parameter D to Ψ(C, D). The second Piola-Kirchhoff stress SMN = ∂E∂H
and electric displacement field DI = ∂E
are
MN
I
obtained accordingly.
Numerical implementation is conducted for the coupled problem using a staggered approach, where the dynamic displacement field is solved first followed by the solution of the EM problem. A fully coupled multi-physics code is developed in
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three dimensions employing the PETSc library for parallelization. The code is validated by comparing with both analytical
cases and numerical examples in existing commercial software. The robust platform covers many features that can be applied
to simulations for numerous EM problems in deforming media. For instance, the coupling effect in deformable antennae
requires solving the complete set of Maxwell’s equations (both pertaining to the electric and magnetic fields), but the coupling from the EM field back to the mechanical field is not necessary since the Lorentz force is negligible. For piezoelectric
damage detectors, the constitutive relationship requires that the piezoelectric effect and phenomenological damage model be
incorporated. The full coupling between electric and mechanical fields is employed without considering the magnetic field.
WAVELET TRANSFORMATION BASED MULTI-TIME SCALING METHOD (WATMUS)
To couple two disparate fields which have large differences in frequencies, conventional single time scale integration
progressing in the time scale of the higher frequency field causes computational infeasibility while attempting to address
issues related to the lower frequency field. A wavelet transformation based multi-time scaling method, WATMUS [2] is
implemented to overcome this issue. The response function is resolved in two time scales, viz. (i) a slowly varying response
in terms of the wavelet coefficients identified with the cycle scale N , and (ii) a rapidly oscillating response within each cycle
corresponding to the EM field fine time scale τ . The projected wavelet coefficients only depend on the cycle number N and
are independent of the τ -scale as follows,
y(x, t) = y(x, N, τ ) =

n
X

ck (x, N )ψk (τ )

∀ τ ∈ [N T, (N + 1)T ]

(3)

k=1

where ck (x, N ) are the cycle-scale coefficients of the fine-scale orthogonal basis functions ψk (τ ). An efficient choice of ∆N ,
the allowed jump of the EM field cycle within the integration interval of the mechanical cycle, accelerates the simulation
significantly. The accuracy and convergence are studied in [2].
SIMULATION RESULTS AND DISCUSSION
A piezoelectric damage detector is proposed based on the capacity of the numerical tool. The geometry and boundary
conditions are shown in Fig. 1a. The material incorporates the piezoelectric effect and phenomenological damage model.
An alternating voltage is applied at the top and bottom surfaces (z-faces) with the frequency ω = 2π Hz, which is the
same as the external load. Two conditions, one with the damage model and the other one without the damage model, are
simulated to analyze how the electric responses vary with respect to the damage evolution in the piezoelectric substrate. Since
the piezoelectric effect generates a load which is much smaller than the external load, the difference between two observed
displacements is very limited. However, there is a significant difference in the electric displacement fields as in Fig. 1b.

V=V0sin(ωt)

uz=u0sin(ωt)
u=0
S2
0.03m
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! !

0.25m

Z
Y

" #
" #!%

$
$
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0.0

(a)
(b)
Figure 1: A vibrating piezoelectric material substrate with an external load: (a) Schematic model; (b) Plot of electric displacement field dz with time.
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Summary For triangular crystal lattice we derive tensor form of Gruneisen coefficient in terms of the deformation temperature tensor.
Molecular dynamics simulations for different strain state are performed. The ratio of deformation temperature tensor eigenvalues does not
dependent on pair potential but is primarily determined by the shear strain. The results are used to determine Mie–Gruneisen equation of
state for different types of interaction potential and crystal structures.

Recent advance in nanotechnology has lead to the necessity of determining mechanical properties of solids with microstructure in a wide range of temperatures and mechanical loads. Basing on analytically derived Mie–Gruneisen equations
of state for crystalline solids [1], we can broaden the class of problems allowing analytical solutions without molecular
dynamics simulation. Generally, methods of statistical mechanics [2] are applied to predict thermodynamic properties from
microscopic properties of a material. V. Kuzkin and A. Krivtsov have obtained equation of state for chain [3] and close-packed
crystal lattices [1] with pair interactions in the form of (1). The expression (1) is a generalization of the Mie–Gruneisen equation for the thermal part of Cauchy stress tensor τe, Gruneisen function Γ(V ), that is a tensor, and the thermal part of the
e.
internal energy of the system U
1
e.
Γ(V )U
(1)
V
e is calculated as a sum of the kinetic E
ekin and the potential E
ep energies; zero potential energy correInternal energy U
sponds to the stationary state, and motion is divided into “fast” (oscillatorye) and “slow” (coldb) parts.
Vector Ak connecting the reference particle with particle k can be also represented as:
τe = −

bk + A
e k,
Ak = A

(2)

b k = hAk i, A
e k = Ak − A
b k.
A

(3)

b k and A
e k:
where A
Following [1], let us expand the expressions for the thermal parts of stress tensor and internal energy in series with respect
e k . We leave only first non-zero terms after averaging and make nearest neighbor interaction assumption:
to A

P  b2 b 000
b kA
bk
bk Π
b 00 − ΘΠ
b0 A
A
Π
+
Θ
A
k k
k
k
1 k
(4)
Γ=−
,
P b b 00
b0
2
Ak Π + ΘΠ
k

k

k

e kA
e k iyy
hA
where Π is pair potential, Θ =
.
e kA
e k ixx
hA
In order to calculate the tensor Gruneisen coefficient Γ, we need to determine Θ, which is the ratio of the “deformation
e kA
e k i components. These components have a clear physical meaning: square of thermal deformation
temperature” tensor hA
e kA
e k ixx /a2 and in orthogonal direction (y-axis) hA
e kA
e k iyy /a2 . The special case
of Ak along its initial direction (x-axis) hA
(Θ = 1) of the resulting formula (4) was obtained in [1], expression for trace of the Γ tensor was obtained by Stacey [4] by
another method.
Further investigation is carried out by means of molecular dynamics (MD) simulation. We construct a square sample
with a triangular lattice, periodic boundary conditions are used. The interaction between the particles is described by Morse
potential:
h
i
Π(Ak ) = D e2α(1−Ak /a) − 2eα(1−Ak /a) ,
(5)
where D is the depth of the potential well, α is responsible for the well width, and a is the equilibrium bond distance. Initially
the particles have random velocity with normal distribution so that the average kinetic energy of the particle is about five
orders of magnitude smaller than the depth of the potential well D, and center of mass of the system remains fixed. The
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system evolution is described by the solution of the Cauchy problem for the set of ordinary differential equations for the
particles using the Verlet algorithm [7].
For relaxed triangular lattice and small temperatures we get that Θ = 1.435 ± 0.016 and tensors Γ, τe are isotropic. Θ does
not depend in fact on potential parameters or the number of interacting particles. The mean value of Θ depends monotonically
on temperature, and increases by approximately 5% at melting temperature. Correction to Gruneisen coefficient with respect
e are 20% and 22% respectively.
to previously assumed Γ|Θ=1 [1] is equal to 2.5%, but the differences in τe and U
Fig. 1 shows an influence of volumetric deformation (a) and distortion (b) on the coefficient Θ. Hydrostatic compression
of the sample leads to nonlinear growth of Θ up to 25% for 80% strain. At tension Θ decreases until Π00 = 0, i.e. the bonds
are broken. We can see significant changes of Θ at distortion, and maximum is observed, though not shown, on the boundary
of the stability domain [5, 6].

a

b

Figure 1: Equation of strain path is specified above graphs with deformed lattice relative to stress-free (central) configuration.
a) Θ dependence for volumetric straining path, b) Θ dependence for constant volume straining path.
In this work, we obtain the expression for the Gruneisen coefficient Γ in terms of the tensor of the deformation temperature.
e kA
e k i is not an isotropic, and the ratio of its eigenvalues Θ, corresponding to deformation along the bond and
Tensor hA
perpendicular to them. The value of Θ depends only on crystal structure but not on the system size or the type of the pair
potential and weakly depends on temperature, for stress-free triangular lattice Θ = 1.435 ± 0.016. On the other hand, there
is an essential dependence of Θ on the deformed state, and the main contribution provided by the shear strain. The obtained
results are applied to obtain the equation of state for discrete systems.
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UNSTEADY HEAT CONDUCTION PROCESSES IN A HARMONIC CRYSTAL WITH A
SUBSTRATE POTENTIAL
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Summary An analytical model of high frequency oscillations of the kinetic and potential energies in a one-dimensional harmonic crystal
with a substrate potential is obtained by introducing the nonlocal energies [1]. A generalization of the kinetic temperature (nonlocal
temperature) is adopted to derive a closed equation determining the heat propagation processes in the harmonic crystal with a substrate
potential.

EQUATIONS OF MOTION
Non-Fourier heat conduction processes in ideal crystal structures have been intensively studied in the recent decades. The
literature is surveyed in the review papers [2, 3]. In this work we consider a one-dimensional crystal in the form of a chain of
identical particles with mass m that are connected by linear springs with each other and with a fixed base, described by the
following equations of motion:
√
(
)
ün = ω02 un−1 − (2 + ϵ) un + un+1 ,
ϵ = C1 /C0 ,
ω0 = C0 /m
(1)
where un is the displacement of the n-th particle, m is the particle mass, C0 is the stiffness of the interparticle bond, C1 is the
stiffness of the bond between a particle and the fixed base, and dots denote partial time derivatives. The crystal is infinite: the
index n is an arbitrary integer.
The initial conditions [1, 4] are
un |t=0 = 0
u̇n |t=0 = σ(x)ϱn ,
(2)
where ϱn are independent random values with zero expectation and unit variance; σ 2 (x) is variance of the initial velocities,
which is a slowly varying function of the spatial coordinate x = na, where a is the lattice constant. These initial conditions
correspond to an instantaneous temperature perturbation, which can be induced in crystals, for example, by an ultrashort laser
pulse.
High frequency energy oscillations
The dynamic transition of the kinetic energy into the potential energy of the bonds deformation is accompanied by high
frequency oscillatory process with decreasing amplitude [5]. Similar oscillations can appear in solids during fast transient
processes, for example, under the impact of a short laser impulse. In order to derive the equations describing such energy
oscillations, we introduce the following nonlocal energies [1, 4]:
Kn =

1
m⟨u̇s u̇s+n ⟩,
2

Πn =

1
1
C0 ⟨εs εs+n ⟩ + C1 ⟨us us+n ⟩,
2
2

(3)

where Kn is nonlocal kinetic energy, Πn is nonlocal potential energy, operator ⟨u̇s u̇s+n ⟩ gives the covariance of the particles’
velocities with the indexes difference of n, εs = us − us−1 is the deformation of the bonds. Formulae (3) at n = 0 give the
conventional energies.
Differentiation of the nonlocal energies with the use of dynamic equations (1) allows us to derive the following equation
for the nonlocal Lagrangian Ln :
(
)
L̈n = 4ω02 Ln−1 − (2 + ϵ) Ln + Ln+1 ,
Ln = Kn − Πn
(4)
which coincides in form with the dynamic equation of chain (1) and differs only by the value of the coefficient on the right
side. Assuming that the initial velocities of various particles are independent and the initial displacements are absent, the
initial conditions for (4) can be written as [1]:
Ln |t=0 = Eδn ,
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where E is the full initial energy of the crystal, δn = 1 for n = 0 and δn = 0 for n ̸= 0. The solution of the problem (4)–(5)
at n = 0 gives the conventional Lagrangian for the dynamical system (1) in the form:
(
)
∫ t
( √
)
( √
) ( √
)
√
L = E J0 2 4 + ϵ ω0 t − 2 ϵ ω0
J0 2 4 + ϵ ω0 (t − τ ) J1 2 ϵ ω0 τ dτ
(6)
0

Due to the complexity of this expression, two limiting cases are considered. The following asymptotic representation shows
the behaviour of (6) at the low values of ϵ (so-called “soft substrate” case, if ϵ ≪ 1):
(
)
( √
) 1√
)
( √
(7)
L ≃ E J0 2 4 + ϵ ω0 t −
ϵJ1 2 ϵ ω0 t
2
Otherwise, if the value of ϵ is sufficiently high, then (6) can be approximated as (“rigid substrate” case, ϵ ≫ 1):
( (√
)
( (√
)
√ )
√ )
L ≃ EJ0
4 + ϵ − ϵ ω0 t cos
4 + ϵ + ϵ ω0 t

(8)

Considering the nonlocal energy conservation law [5], one can obtain dependencies of the kinetic and potential energies on
time:
1 + L(t)
1 − L(t)
K(t) = E
,
Π (t) = E
2
2
NONLOCAL TEMPERATURE
We adopt an approach based on the covariance analysis [6, 4] for the velocities to obtain a closed equation system determining unsteady thermal processes. The nonlocal temperature θn (x) is introduced as [1, 4]:
kB (−1)n θn (x) = m⟨u̇i u̇j ⟩,

(9)

where kB is the Boltzmann constant, n = j − i is the covariance index, x = i+j
2 a is the spatial coordinate, a is the lattice
constant. If n = 0 then i = j and quantity θn coincides with the kinetic temperature T : θ0 (x, t) = T (x, t) = kmB ⟨u̇2i ⟩,
where i = x/a. The use of the correlation analysis [1, 4] and the long wavelength approximation allows one to obtain a
differential-difference equation for θn :
1
′′
(θn+1 + (2 + ϵ)θn + θn−1 )¨= − c2 (θn+2 − 2θn + θn−2 ) ,
4

(10)

where primes denote partial coordinate derivatives. The initial conditions for equation (10) corresponding to original initial
conditions (2) are given by [1]:
θn |t=0 = T0 (x)δn
θ̇n |t=0 = 0,
(11)
where T0 (x) = 2k1B mσ 2 (x) is the initial temperature distribution; Problem (10)–(11) can be solved by the means of discretetime Fourier transform [4], which allows to formulate the initial value problem for the kinetic temperature T (x, t) in a simple
form:
1
T̈ + Ṫ = c2∗ T ′′ ,
T |t=0 = T0 (x),
Ṫ |t=0 = 0,
(12)
t
(√
√ )
where c∗ = c ϵ + 4 − ϵ /2 is the velocity of a heat wave propagating in a harmonic crystal with a substrate potential,
c = ω0 a is the sound velocity in a simple harmonic crystal.
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Summary It is renowned that Fourier’s law of heat conduction violates the relativity theory, admits an instantaneous thermal response, and

assumes a quasi-equilibrium thermodynamic condition. Heat transport is a non-equilibrium phenomenon with a finite thermal wave speed for
applications involving very low temperature, extremely high temperature gradient, and ballistic heat transfer. To accommodate effects of
thermomass and size-dependency of thermophysical properties on micro/nanoscale heat transport and to remove the theoretical singularity of
temperature at thermal wavefront, a nonlocal fractional-order three-phase-lag heat conduction is first introduced. To affirm the existence of
thermal wave, a molecular dynamics simulation is implemented for the heat transfer of a nanoscale beam and temperature distribution is tracked.
Correlating thermal responses in continuum and atomistic scales gives an insight into the effect of length scale, fractional order, and phase-lags
on the multiscale heat transport and is of practical importance for microelectromechanical systems, photothermal techniques, and laser assisted
manufacturing.

Introduction
The empirical Fourier’s law of heat conduction assumes a linear relation between heat flux (𝑞⃗) and temperature gradient
⃗
⃗
⃗⃗𝑇. Although Fourier’s law is well established for a broad range of practical
(∇𝑇) via thermal conductivity (𝑘) as: 𝑞⃗ = −𝑘∇
applications, it results in parabolic heat conduction with an infinite speed for the conductive heat transport which contradicts
the relativity theory [1, 2]. In reality, the applicability of Fourier’s law for ultra-small, spatial and temporal, application has
been controversial. Experiments have reported the violation of nano/microscale heat conduction from the Fourier’s law. To
reconcile this contradiction, Cattaneo and Vernotte (C-V) [1] presented the first non-Fourier heat conduction theory via the
introduction of relaxation time. Although C-V model leads to a hyperbolic heat conduction equation and detects the
experimentally proven thermal wave, the model lacks a physical basis, violates thermodynamics law, and can not accurately
describe experimental data. The culprits of C-V model are the inconsistency with the second-law of thermodynamics and
overlooking microstructural effects on the heat transport process. To consider the non-equilibrium thermodynamics of
ultrafast heat transport and the micro-macro interaction of heat carriers, two-step phenomenological models were derived by
Qiu and Tien [3] from the Boltzmann transport equation. The model is appropriate for femtosecond laser irradiation since it
considers three mechanisms of laser energy absorption by electrons, the transport of energy by electrons, and heating of the
lattice by electron–lattice interactions. For ultrafast heating process, Tzou [4] presented dual-phase-lag (DPL) heat conduction,
accounting for microscale temporal and spatial effects of heat transport via phase-lags of heat flux (𝜏𝑞 ) and temperature
gradient (𝜏 𝑇 ). A three-phase-lag (TPL) heat conduction theory was later proposed by Choudhuri [5] to encompass all
previous theories for non-Fourier heat conduction. Introducing the phase-lag of thermal displacement (𝜏𝑣 ), in addition to 𝜏𝑞
and 𝜏 𝑇 , provided a rigorous heat conduction model to better predict thermal responses. The hyperbolic models of non-Fourier
heat conduction suffer from the singularity of temperature at thermal wavefront. The fractional calculus for diﬀerentiation
and integration of arbitrary order can be effective to remove the singularity and to modify the existing formulation for physical
processes in chemistry, biology, electronics, wave propagation, and chaos/fractals. For example, a fractional derivative of the
phase-lag heat conduction has been introduced [6].
All the aforementioned non-Fourier heat conduction models were based on the local/classical continuum approach. To
accommodate the effect of thermomass, the distinctive mass of heat, of dielectric lattices in the heat conduction, Tzou [7] has
included the nonlocal (NL) behavior of heat transport in space in addition to the thermal lagging, in time. However, this NL
C-V model still predict an unrealistic discontinuous temperature distribution around the thermal wavefront. As a result, in this
investigation we first propose a novel nonlocal fractional three-phase-lag (NL FTPL) heat conduction to detect thermal wave
propagation; then, we implement a molecular dynamics (MD) simulation to approve the validity of the continuum model.
NON-LOCAL CONTINUUM HEAT CONDUCTION
Herein, we introduce NL FTPL heat conduction for multiple length scales. The model takes into account the sizedependency of thermophysical properties, sub/super diffusion of heat transport, and phonon-electron interaction in ultrafast
heat transport. The constitutive equation of is:
⃗⃗𝑣(𝑥⃗, 𝑡 + 𝜏𝑣 )] 0 ≤ 𝛼𝐹 ≤ 2
𝑞⃗(𝑥⃗ + ⃗⃗⃗⃗⃗
𝜆𝑞 , 𝑡 + 𝜏𝑞 ) = −[𝑘 𝑇 𝐼 𝛼𝐹−1 ⃗∇⃗𝑇(𝑥⃗, 𝑡 + 𝜏 𝑇 ) + 𝑘 ∗𝑇 𝐼 𝛼𝐹−1 ∇
(1)
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⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗
Where ⃗⃗⃗⃗⃗
𝜆𝑞 , 𝜆
𝑇 , and 𝜆𝑣 are correlating nonlocal lengths of heat flux, temperature gradient, and thermal displacement
gradient; 𝛼𝐹 is the order of time-fraction, and 𝐼 𝛼𝐹 is the Riemann–Liouville fractional integral. The heat conduction
equation for NL FTPL can be obtained by eliminating the heat flux between Eq. (1) and energy equation [1].
MOLECULAR DYNAMICS SIMULATION OF HEAT TRANSPORT
To identify the characteristics of thermal wave in nano/micro scales, MD simulation is used to capture thermal wave
propagation in atomistic level during the ultrafast heat transport. The atomistic interaction for heat conduction simulation is
the classical embedded atom model (EAM) potential. The total potential energy of a chosen atom is given as
1
𝐸𝑖 = 𝐹𝛼 (∑𝑖≠𝑗 𝜌𝛽 (𝑟𝑖𝑗 )) + ∑𝑖≠𝑗 ∅𝛼𝛽 (𝑟𝑖𝑗 )
(2)
2
where 𝑟𝑖𝑗 is the distance between atoms i and j, 𝜌𝛽 is the contribution of the electron charge density, 𝐹𝛼 is the embedding
function, and ∅𝛼𝛽 is a pair-wise potential function between atoms. While the first term in the right hand side of Eq. (1)
contribute to the interaction among an atom in a specific position and its surrounding electrons, the second term is associated
with the interaction between atoms. The temperature calculated by MD is associated with the total kinetic energy as
𝑚

𝑑𝑞

2

𝑀

∑𝑖 𝑖 ( 𝑖) = 𝑘𝑇
(3)
2
2
𝑑𝑡
The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) has been used, in this work, for MD simulation.
NUMERICAL RESULTS AND DISCUSSION
In this section, we consider the heat conduction in an isotropic, homogenous, one-dimensional nanobeam subjected to a
sudden temperature rise on its left side. Temperature distribution are predicted by both NL FTPL model and MD simulation.
For brevity, two representative results of NL FTPL are given in Fig. 1. Figure 1a presents the effect of fractional order 𝛼𝐹
on temperature distribution at no-dimensional time 𝛽 = 1. As seen in Fig. 1a, 𝛼𝐹 is an alternative for removing the
singularity of thermal wave. Figure 1b shows the effect of non-dimensional TPL parameter 𝐶𝐾 and correlation length 𝐿 on
thermal behavior. As shown in Fig. 1b, temperature is increased by an increase in either 𝐶𝐾 or 𝐿. It is found that the
correlation length 𝐿 does not alter the thermal wave speed of NL FTPL, opposed to those given in [7] for NL C-V model.

(a)
(b)
Fig. 1 Thermal wave propagation: (a) effect of 𝛼𝐹 , (b) effect of 𝐶𝐾 and 𝐿.
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Summary In this work, the influence of martensitic phase transformation on crack propagation is investigated. A continuum model, developed for austenitic steel, that accounts for phase transformation is combined with a cohesive zone model. Simulations have been performed
at different ambient temperatures and using different formulations of the cohesive zone model.

BACKGROUND
Austenitic steel is commonly used due to its corrosion resistance and many applications are found at cryogenic temperatures. As a consequence, fracture toughness at low temperatures is an important property. Since martensitic phase transformation affects crack propagation, the interaction between plasticity, phase transformation and crack propagation is investigated
in the present work.
Martensitic phase transformation is associated with a 3% volume increase which will introduce plasticity in the weaker
parent phase although the load level is below the yield stress [1]. If the material that increases in volume is surrounded by
untransformed material, compressive stresses will be generated, which can be expected to reduce the driving force for crack
propagation.
In this work, the crack propagation is modeled using a cohesive zone model. The cohesive zone is used to model the propagation of the crack with a constitutive behavior described by a traction-separation law. A traction-separation law influenced
by the amount of transformed martensite at the crack tip, similar to the approach used for hydrogen embrittlement in [2], is
proposed.
Martensitic phase transformation - Constitutive model
A phenomenological model of martensitic phase transformation, previously established in [3], is used in this work. The
constitutive model is based on finite strain plasticity and includes austenite to martensite phase transformation. A yield
potential and a transformation potential is used to model the interaction between plasticity and phase transformation. The
model is based on a multiplicative split of the deformation gradient, F , into an elastic and an irreversible part according to
F = F e F ir

(1)

where F e and F ir are the elastic and irreversible deformation gradient, respectively. The yield function is of the von Misestype
f (τ , z, κ) = σef f (τ ) − σy0 (z) − R(κ) ≤ 0
(2)
√
where τ is the Kirchhoff stress tensor, σef f (τ ) is the effective von Mises stress defined as σef f = 3J2 and J2 =
1
dev dev
τ ). The thermodynamic force used to describe the hardening behavior of the material is choosen to be R(κ) =
2 tr(τ
Hκ, where H is the hardening modulus, and κ is the internal variable associated with the hardening. The homogenized static
initial yield stress, σy0 (z), is assumed to depend on the volume fraction of martensite z. Non-associated plasticity is used with
the convex potential function g(τ , z, κ) governing the plastic evolution
g(τ , z, κ) = f (τ , z, κ) +

1 R2 (κ)
2 R∞

(3)

where the parameter R∞ defines the saturation of the hardening.
The phase transformation will occur when the mechanical driving force reaches a transformation threshold. In accordance
with [3], the transformation potential is chosen as
h = F̄ (τ ) − Ftrans (z) ≤ 0

(4)

where F̄ is the mechanical driving force and where the threshold for the phase transformation is denoted Ftrans .

∗ Corresponding

author. Email: sally.issa@solid.lth.se

2444

Cohesive zone model
With the traction vector denoted by t, a traction-separation law that accounts for the volume fraction of martensite at the
crack-tip is proposed as
t = t(δ, z)
(5)
where δ is the relative normal displacement between the crack surfaces. With increasing separation, the traction reaches
a maximum, tmax , then starts to decrease until a complete decohesion of the crack faces is reached. Several constitutive
traction-separation laws are considered in this work where the peak traction is modeled to depend on the volume fraction of
martensite, z. In Fig. 1a, a schematic illustration of the traction-separation law is shown.
RESULTS
The presentation will include numerical examples where the constitutive model and the cohesive zone model are implemented as user routines in ABAQUS, run at different temperatures and using different traction-separation laws. The simulations have been carried out with a mode I displacement field applied on a disc-shaped body. One example is presented in Fig.
1b. The simulations are performed at 213 K and the results are compared with a simulation where phase transformation is not
taken into consideration. It can be seen in Fig. 1b that the martensitic phase transformation slows down the propagation of the
crack.

t

tmax (z)

Increasing z

δ

Figure 1: (a) Schematic illustration of the traction-separation law for different fractions of martensite. (b) The crack propagation as function of the stress intensity factor KI . (–) Traction-separation law with influence of z, (- - ) traction-separation law
without influence of z and (-.-) no phase transformation is taken into consideration.

CONCLUSIONS
Numerical simulations of phase transformation have been performed using a cohesive zone model to investigate the effects
of martensite formation on crack propagation. It was found that phase transformation at lower temperatures prevents the crack
from propagating due to the local increase in volume that creates compressive stresses in the region around the crack tip.
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Summary
Austenitic stainless steels are largely used in liquefied natural gas (LNG) industry due to their mechanical properties such as ductility and
resistance to corrosion. Transformation-induced-plasticity (TRIP) steels exhibit complex material behavior, because of martensitic
transformation during plastic deformation. This study aims to modeling the mechanical behavior for such TRIP materials using a two kinematic
and isotropic hardening model taking into account the evolution of the martensitic transformation rate during mechanical loading. This model
was developed on austenitic stainless steels material and could be extended to describe different TRIP materials behavior. This model was then
implemented in FE software abaqus/explicit in order to describe mechanical properties and martensitic transformation evolution during
isothermal mechanical process. Simulation of forming process with FE abaqus/explicit was carried out and compared to experimental data. It
was concluded that the numerical results show a good agreement with experimental ones in terms of mechanical properties and martensitic
transformation rate.

TENSILE TESTS
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Figure 1: stress-strain curves at different temperatures
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1.2 mm thickness temper-rolled stainless steel sheets provided by Gaz transport & Technigaz (GTT) are used for this
study. Isothermal tensile tests were carried out at different temperatures using an electro-mechanical Zwick Z050 machine
equipped with a high deformation extensometer (TC-EX MACRO) to measure the strain evolution during tests. The
temperature control is provided by a thermal chamber equipped with two thermocouples and temperature regular. In-situ
electric resistance technique was used to measure the volume fraction of martensite. This method was validated on several
materials such as AISI-301 stainless steel and shape memory alloys. The principle of the method is described in [2]. Strain
rate controlled tensile tests were carried out at: 25°C, 0°C, -30°C and -60°C.
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Figure 2: volume fraction of martensite function of strain at
different temperatures

Figure 1 shows mechanical behaviour of the material at different temperatures. It can be noted that a second hardening
appears after a plastic strain threshold witch depends on the temperature. This second hardening is related to the martensite
transformation effect. No significant change of yield stress is observed. Figure 2 shows the evolution of the volume fraction
of martensite depending on the plastic strain and temperature. The martensite transformation is accentuated with decreasing
the temperature.
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MODELLING
Given the context of this study, a 3D macrosopic model was choosen to describe the mechanical behavior of the 304L
stainless steel [3]. Different transformation kinetics were proposed to describe the evolution of the volume fraction of
martensite depending on plastic strain. The Ludwigson and Burger model [1] is used to gain more information about the
deformation induced martensitic transformation.
The volume fraction of martensite (Z) with respect to the cumulative plastic strain (p) is given by the equation 1.
1.

,

. 1

Where
is the saturation value of the volume fraction of martensite at a given temperature T. A(T) is the
transformation kinetics term and (b) is a parameter of the material.
To describe the mechanical behavior, a two kinematic hardening model is proposed. The Kinematic hardening can be
written as:

X1 is the kinematic hardening corresponding to the austenitic phase and X2 the part of the kinematic hardening taking
into account the martensitic transformation effect. X1 and X2 are given by Armstrong-Frederick model and written
respectively in equations 2 and 3.
2.
3.
With
∗
,
is a function of volume fraction of martensite Z.
The isotropic hardening (R) takes the form given by the equation 4:
4.
! "
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Figure 3: Vol.fract of martensite after forming process

CONCLUSIONS
A 3D macroscopic model is proposed to describe the mechanical behaviour of TRIP 304L stainless steel taking into account
the martensite transformation induced by plastic strain at different temperatures. The set of the model parameters was identified
at different temperatures from load-unload tensile tests. The FEM model results are compared to the experimental ones and
implemented in abaqus explicit to simulate corrugations knots forming.
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SHAPE RECOVERY PROPERTIES OF SHAPE MEMORY POLYMER TUBE UNDER
TORSION DEFORMATION
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Summary As a kind of stimulus-responsive materials, shape memory polymers (SMP) has attracted more and more researchers and the
application fields for SMPs have covered widely ranges from aerospace to biomedicine engineering, due to the unique advantages of high shape
deformation and recovery ability, good biocompatible and biodegradation, low cost, etc. In the paper, a kind of SMP tubes under torsion
deformation are designed firstly; after that, the finite element method (FEM) is applied to simulate the shape memory process of SMP tube
under torsion deformation, the shape recovery process is demonstrated, the shape recovery properties are characterized to show the good shape
fixity and shape recovery ability. The results from FEM can provide some guide for fabrication and deformation of SMP tube.

PREVIOUS WORK
As a kind of stimulus-responsive materials, shape memory polymer (SMP) can keep one temporary shape and recovery
the original shape under some external stimulus, such as temperature, light, solution, and so on [1-3]. SMPs are attracting
more and more researchers to take part in the theory and experimental investigation since 1990 [1], due to the advantages of
high shape deformation and recovery ability, good biocompatible and biodegradation, low cost, etc [1-3]. However, the low
stiffness and strength hinder the development of SMP, so various shape memory polymers composites (SMPCs) reinforced
with carbon black, carbon fiber and carbon nanopaper are developed to increase the mechanical properties, at the same time,
the actuation methods have been developed by electricity and magnetic fields [1].
A classical thermomechanical cycle for SMP can be shown in Fig. 1. Firstly, the original shape of SMP is fabricated;
then, heating the sample and applying force to deform the original shape into a temporary shape (U shape); after that,
keeping the temporary shape and cooling the temperature until room temperature, the shape is kept and strain energy is
stored; then, the removing the external force, the temporary shape is kept (pre-deformed shape); finally, reheating the
sample above glass transition temperature and the stored strain is released, the temporary shape nearly recovers the original
shape.

Fig. 1 A classical thermomechanical cycle of SMP [1]

Theory
In our work, the general Maxwell model and WLF equation are applied to simulate the thermomechanical behaviours of
SMP tubes under large torsion deformation, in which the general Maxwell model is used to characterize the stress relaxation
under some special temperature, the WLF equation is used to shift the stress relaxation under different temperature, the
general Maxwell model can be shown as follows:
𝑛

𝐸(𝑡) = 𝐸0 + ∑ 𝐸𝑖 ∗ exp(−𝑡/𝜏𝑖 )
1

Where E, E0, E i denote the effective elastic modules, equalization elastic modules and every relaxation modulus in Maxwell
model, responsively; i is the number of Maxwell model.
The WLF can be shown as follows:
−𝐶1 (𝑇 − 𝑇𝑔 )
lga 𝑇 =
𝐶2 + (𝑇 − 𝑇𝑔 )
Where aT, C1, C2, T, Tg denote the shift factor, two shift parameters, temperature, and reference temperature, responsively.
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STRUCTURE DESIGN AND FINITE ELEMENT SIMULATION
A kind of SMP tube before and after torsion deformation are demonstrated Fig. 2. The tube is thickness 2mm, length
120mm and torsion 90o under outer torsion moment. The temporary shape can be got by heating, deforming, cooling and
removing force. The shape will recover the original straight tube after reheating above glass transition temperature. The
finite element method is carried out by software ABAQUS to simulate the deform and recover of the SMP tube, the general
Maxwell model with WLF equation are implanted into the software and used to characterize the material properties under
different temperature, the finite element simulation results for shape memory process under 5oC/min are shown in Fig. 3.

Fig. 2 The shape of SMP tube before and after torsion deformation.

Fig. 3 Finite element simulation results for SMP tube under torsion deformation

CONCLUSIONS
In this paper, a kind of SMP tube under torsion deformation is designed and analysed by ABAQUS software, the shape
memory process is shown to characterized the good shape fixity and shape recovery ability, these results can provide some guide
for future experimental design.
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ENERGY DISTRIBUTION IN ONE-DIMENSIONAL CRYSTAL
Denis V. Tsvetkov∗1,2 and Anton M. Krivtsov1,2
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2
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1

Summary Reversible transfer between mechanical and thermal energy is considered for α-Fermi-Pasta-Ulam (FPU) crystal. Numeric study
for long enough periods of time demonstrate numerous transitions between mechanical and thermal degrees of freedom. Influence of initial
velocity fluctuations on the energy transfer process is analyzed.

INTRODUCTION
Nowadays, one of the most rapidly developing areas of modern mechanics is the mechanics of nanostructures [1, 2, 3].
Thanks to nanotechnologies it is possible to obtain almost ideal, defectfree materials. Therefore, prediction of the properties
and behavior of this materials is a topical problem. Understanding of heat transfer at microlevel is significant to obtain link
between microscopic and macroscopic description of solids [4, 5]. Development of computer technology allows to simulate
large enough pieces of material, and to investigate their behavior on the required time interval.
The important close topic is Zermelo’s Paradox, resulting from the Poincare recurrence theorem [6, 7], which can be
effectively studied using finite one-dimensional crystals. We study the celebrated α-Fermi-Pasta-Ulam (FPU) system [8, 9],
for which some questions still remain open.
In this regard, in this paper we consider the process of converting the mechanical energy of a nonlinear one-dimensional
crystal into heat and back over time. We also study the times much greater then the system return time.
PROBLEM DEFINITION
A chain of identical particles of mass m, connected by the same nonlinear springs with stiffness C is considered.
q
def
C
The dynamic equations have the form: ük = ω02 (uk−1 − 2uk + uk+1 )(1 + uk+1 − uk−1 ), ω0 =
m , where uk —
displacement of kth particle; k — index that is arbitrary integer. The boundary conditions are periodical: uk+N = uk , where
N  1 — number of independent particles. Two cases are considered: deterministic and stochastic problem.
DETERMINISTIC PROBLEM
Initial conditions
Initial displacement is zero. Initial velocity in the crystal is defined as follows: v(x)|t=0 = A sin
— amplitude, L — crystal length, x ∈ [0, L].

2πx
L



, where A

The crystal shape determining method
For small time velocity distribution along the length of the crystal clearly has a sinus form. However, over the time the
chain distribution loses its shape and motion of particles indistinguishable from the heat. This happens due to the nonlinear
interaction between the particles. However, over the time the chain takes the form of a sine again but curved by thermal
motion. To determine how the chain shape is close to a sine more accurately, we calculate the parameter E ∗ — ratio of the
total mechanical energy E to the total initial mechanical energy E0 .E ∗ ∈ [0, 1]. The larger the parameter E ∗ , the greater the
crystal shape is similar to a sine.
Analysis of the solution of the problem for a long period of time
Time in this section is measured in the number of oscillations of the sinus. According to the graph T (t) (Fig. 1a) you can
see that after some time system returns to a state close to the original. This means that the velocity distribution regains the sine
shape. It also shows that the system does not return to the initial state perfectly, but with some deviations. Fig. 1b shows the
same graph, but for a longer period of time. It is seen that the peak height isn’t constantly decreasing, but varying according
to a certain law.
STOCHASTIC PROBLEM
Initial conditions
√
Initial displacement in the crystal is zero. Initial velocity is defined as follows (Fig. 2a): v(x)|t=0 = A 2 sin
where A — amplitude, L — crystal length, x ∈ [0, L], σ — dispersion, ρ — random variable, ρ ∈ [−1, 1].
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Results
Time Tα , for which the function E ∗ (T ) falls below a certain value α, depending on the initial fluctuations dispersion σ,
was determined.
√ α = 0.1, so we get the time value, for which 90% of the mechanical energy is converted into heat. Amplitude
A = 0.01 · 2 ≈ 0.0141.
Three cases are calculated for the following amount of particles: N = 1000, N = 5000 and N = 25000 giving almost
the same results. In each case, the time Tα calculated for the variance σ = 0; 1; 2; 5; 10; 20; 50; 100. The results are shown
in Fig. 2b. This graph shows that the addition of thermal energy to mechanical at the initial time leads to the fact that the
mechanical energy converting into thermal energy becomes faster. It is also seen that the decay rate function E ∗ (T ) for the
initial dispersion of the investigated fluctuation range is practically independent from the number of particles.
CONCLUSIONS
The problem of converting of the mechanical energy into thermal energy and back over the time in one-dimensional
non-linear crystal is studied. If the crystal is short enough, after some time part of the thermal energy converts back into
mechanical energy. The longer is the crystal, the longer one needs to wait for the reverse transformation of the energy and the
less thermal energy goes back into mechanical energy. Time to reverse energy transformation is inversely proportional to the
amplitude of the velocity fluctuations. The addition of thermal energy to mechanical at the initial time leads to the fact that the
mechanical energy converts into thermal energy faster. By adding thermal energy 100 times greater than mechanical energy,
the transformation rate of the mechanical energy into thermal energy increases by about 3.5 times. For the investigated range
of the particles in the crystal (1000–25000), the rate of the mechanical energy conversion into thermal energy is practically
independent from the particle number in the crystal.
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1

Summary In this work, stress distributions and TGO growth in thermal barrier coatings (TBCs) are simulated simultaneously
by finite element method considering large deformation. TGO growth is based on the diffusion-reaction equations. TGO
profiles and thickness obtained by FEM are in good agreement with the experimental observations reported in the literature.
Thereafter, a simple cylinder theory model based on large deformation theory is developed to explain the stress fields
simulated through FEM. In the model, TGO growth is described by growth deformation gradient, and then the total
deformation gradient is decomposed into elastic deformation gradient and growth deformation gradient. The results
obtained by theory model validate the finite element method for TGO growth stress simulation. So it is an effective
approach to calculate stress distributions and TGO thickness simultaneously which are important for predicting the failure
positions and lifetime of TBCs.
INTRODUCTION
Thermal barrier coatings (TBCs) are widely used to reduce the service temperature and prolong the lifetime of high
temperature components in turbine engines[1]. Failure of a TBC system often occurs either by debonding at the TGO/BC
interface, or the TC/TGO interface. As emphasized by Evans et al.[1], growth of the TGO layer was directly responsible for
all the intrinsic failure mechanisms of TBCs. The stresses in the TBCs play an important role on TBCs failure.
Understanding these stresses is crucial to any model of durability. There are two main sources of stresses: one from the
thermal expansion misfit upon cooling and the other from TGO growth. The stresses originating from the difference
between the coefficients of thermal expansion of the TBCs layers had been studied extensively over the past decade. The
analytical models, numerical simulations and experimental methods were developed for thermal misfit stresses analysis, and
the results were accepted by many researchers.
The growth stresses, due to its complicated oxidation process, were still not understood completely. Evans et al.[1]
applied a sphere model to obtain the elastic solution of the local stress field around undulating TGO. Sun et al.[2] proposed
a sphere model to analytically predict the stress evolution due to TGO isothermal growth in a TBC system. Finite element
models are able to reflect more realistic geometry, and they also present valuable calculations for local stress evolution.
Ranjbar-fa et al.[3] modeled the TGO growth by swelling of the elements in the TGO layer. Busso et al. proposed a coupled
constitutive framework to describe the oxidation processes of TBCs, and implemented it into the finite element code to
study the stress distribution in TBCs[4].
Generally, the true mean volumetric strain is about 0.122 according to the Pilling and Bedworth ratio(PBR). However,
most of previous works were studied based on small deformation. As emphasized by Loeffel et al.[5], the local large
deformation is generated in TBCs during TGO growth. In his paper, a chemo-thermo-mechanically coupled theory for
chemical reaction was developed considering large deformation. Then, the author numerically studies the TGO growth and
decohesion of TC/TGO based on the coupled theory[6]. Moreover, it is still a challenge to faithfully simulate TGO growth
and accurately predict the associated stress evolution using finite element method. In this paper, we develop a finite
element method to simulate the growth stress and TGO thickness considering the large deformation.
RESULTS AND DISCUSSION
As shown in Fig. 1., after 50 and 100 h high temperature exposure, uneven TGO forms at the rough TGO/bond coat
interface. With increasing of the exposure time, uneven growth of TGO becomes visible and uneven locations increase at
the top coat/bond coat interface. It can be seen that, with the increase of exposure time, the TGO thickness increases. The
TGO thickness at peak and valley locations is different, which is observed in many experiments[7-9]. The thickness of the
TGO at peak and valley locations is 12 μm and 7.2 μm after 1000 h as shown in Fig.2.
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Fig. 1. TGO morphology evolution with oxidation time

Fig. 2. TGO thickness evolution with oxidation time

The stress distribution in TBCs due to the continuous TGO growth are shown in Fig. 3 and Fig. 4. In Fig. 3, we find the
tensile stresses at the valley of TC layer rises from 100 to 350 MPa with the time increasing, and the tensile stress region
increases and extends from the valley to the middle of the waves.However , the maximum tensile stress in TGO and BC is
obtained at the peak of TGO/BC interface as shown in Fig. 4. Cracks may occur at the TBC/TGO interface or the TGO/BC
interface.

Fig. 3. The stresses distribution in TC at different oxidation time

Fig. 4. The stresses distribution in TGO and BC at different oxidation time

CONCLUSIONS
In this work, a 2D finite element method for TGO growth stress considering the large deformation in TGO was presented
based on diffusion–reaction equations. The main results can be summarized as follows: (1) Uneven growth of TGO becomes
visible at the top coat/bond coat interface with the oxidation times, which is observed in many experiments. (2)The maximum
tensile stress in TGO and BC is obtained at the peak of TGO/BC interface, which is always the failure position of TBCs.
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1

Summary. The present study proposes an approach towards solving two-dimension initial boundary value problem of elastic diffusion based on
relations connecting the right sides of boundary conditions of various types. With two initial boundary value problems at hand, whereas the
solution of one of them is known, the solution of another one will depend on the solution of the first one with a system of type I Volterra
integral equations. They are solved with quadrature formulas.

INTRODUCTION
Solving nonstationary problems in continuum mechanics including those in elastic diffusion presents lots of
mathematical challenges. Depending on certain types of boundary conditions solution of such problems can be found using
Fourier trigonometric series [1,2].
In order to develop the solution of initial boundary value problem with random boundary it is proposed to build relations
among boundary conditions of different types [3]. In this case it will be sufficient to solve one (benchmark) problem while
all other problems will be reduced to it by the relations given below. The proposed method is shown in an example of two
dimensional non-stationary problems in elastic diffusion for an orthotropic layer.
Problem description
Let there be given a two-dimensional initial boundary value problem hereinafter referred to as “the original problem”:
(1.1)
Lu  0, u  u1x1, x2 , t , u2 x1, x2 , t , x1, x2   D    0, l , t  0,

M1 u x

2 0

 f1 x1 , t , M 2 u x

2 l

 f 2 x1 , t .

(1.2)

where L , M 1 and M 2 are linear matrix differential operators; t is time, f1 and f 2 are vector functions of the right
sides of boundary conditions (2).
Simultaneously, a benchmark original boundary value problem is being considered where the required function satisfies
equation (1.1) and boundary conditions
N1 u x 0  g1 x1 , t , N 2 u x l  g 2 x1 , t 
(1.3)
2

2

where N 1 and N 2 are linear matrix differential operators; g 1 and g 2 are vector functions of the right sides of boundary
conditions (1.3).
The solution of the problems (1.1), (1.3) will be presented as follows:
t

t

0

0

u   G1 x1 , x 2 , t ,   g1 x1 , d   G 2 x1 , x 2 , t ,   g 2 x1 , d

(1.4)

Here G 1 and G 2 are Green’s functions of problem (1.1), (1.3); the asterisk  means x1 variable convolution.
Assuming that functions G 1 and G 2 are known, and claiming that g 1 and g 2 satisfy the conditions (1.2), we
arrive at a system of integral equations with regards to g 1 and g 2 :
t

t

0

0

 M k G 1 x1 , x 2 , t,  g1 x1 , d   M k G 2 x1 , x 2 , t,  g 2 x1 , d  f k , k  1, x 2  0;

k  2, x 2  l.

(1.5)

Substituting the solution of this system to (1.4) gives the solution of the original problem.
DEMONSTRATION OF ALGORITHM
As an example, let there be a two-dimensional problem of elastic diffusion for a layer bounded by surfaces x3  0 and

x3  L ( Ox1 x 2 x3 is a rectangular Cartesian coordinate system). Physical and mechanical processes in the medium are
described by the equations [1,2,4]:
a)
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2 0,1

(2.1)

 f 31q x1 , , q  1, x 2  0; q  2, x 2  1;

  0  0

(2.2)
(2.3)

Here the following dimensionless values are used (they are primed where the tracings are identical, hereafter primes are
omitted):
C ijkl
n 0  ij
x
u
C

Ct
 
x i  i , u i  i ,  
, C 2  2222 ,  
, C ijkl
,  ij 
,
2
L
L
L

n0
C
C 2
Dij

Dij 

CL

,  ijkl 

 ijkl
n 0 CL

, f 1q1 

f 11q
C1212

, f 2q1 

f 21q
L

, f 3q1 

f 31q
n 0 CD22

q  1,2.

where the repeating Latin indices mean summation from 1 to 2; t is time; ui x1 , x2  means coordinates of displacement
vector; T0 is absolute ambient temperature;   n  n0 is volume concentrations increment of substance n as compared
with the initial concentration n0 ; C ijkl are elastic constants tensor components;  ij are stress tensor components;  medium density;  ij - tensor components describing volume change due to diffusion; Dij are self-diffusion coefficients;

 ijkl  n0 Dij  kl RT0 ; R is universal gas constant.
As a benchmark problem, let there be a problem with the following boundary conditions:
12 x 0,1  f12q x1 , , u 2 x 0,1  f 22q x1 , , J 2 x 0,1  f 32q x1 , , q  1, x 2  0; q  2, x 2  1.
2

2

2

(2.4)

Here J 2 is a component of the vector of diffusion flow.
The solution for problem (2.1), (2.3), (2.4) can be found in works [1,2] and in an integral form is as follows (asterisks
mean convolution of time and axis x1 ):
ui 

 Gim   f m21   1i f m22 ,
3

m 1





 G3m   f m21  f m22 .
3

m 1

(2.5)



Here Gim  u i , G3m   m  1,3, i  1,2. are Green functions of the problem (2.1), (2.3), (2.4). The system (1.5)
takes the form:
F
,0,  f 312 F ,   G33F ,1,  f 322 F ,   1F , ,
G33
(2.6)
F
,1,  f 312 F ,   G33F ,0,  f 322 F ,    2F , ,
G33
where « F » means Fourier transform,  , parameter of Fourier transformation,
2









1F
,    G3Fk ,0,  f k21F ,   G3Fk ,1,  f k22F , 
1F ,   f 31
k 1
2

1F
,    G3Fk ,1,  f k21F ,   G3Fk ,0,  f k22F ,  .
 2F ,   f 32
k 1

The system (2.6) will be solved numerically with quadrature formulas. The convolutions (2.5) are found also
numerically.
CONCLUSIONS
The algorithm developed will allow solving initial boundary value problems easily enough with random boundary
conditions. To make the algorithm work one solved problem of the corresponding type would be suffice.
This work was done with financial support of the Russian Foundation for Basic Research (project 14-08-01161).
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THE ATTRACTIVE FORCE AND REPULSIVE FORCE OF A HTS/PM SYSTEM UNDER
FIELD COOLING CONDITION
Xian-Feng Zhao1a), Yuan Liu1
1
School of Civil Engineering, Lanzhou Jiaotong University, Lanzhou, Gansu, China
Summary Based on Ampère circulation theorem and Kim critical model, the attractive force and the repulsive one in a superconducting
levitation system are investigated under field cooling condition. The simulation result fits to the experiment ones very well. The penetration
profiles of shielding currents and magnetic field in HTS are employed to explain the internal mechanism of the dependence of levitation force
on the critical current density constant. These results are very interesting to physical research and helpful for the practical designing and
applications.

INTRODUCTION
Recently research on superconducting levitation and its extensive application has been developed, especially in
superconducting bearings and high-Tc superconducting levitation maglev [1]. To estimate these systems quality, levitation
force is considered as one of the main characteristics. Most of them pay their attention to zero field cooling (ZFC) state [2].
Only a few works were done in field cooling (FC) state, i.e. the HTS is cooled initially under liquid nitrogen temperature as
the PM is approach to the HTS. In this paper we will present an approach to levitation force under field cooling
consideration based on Ampère circulation theorem and Kim critical state model. A realistic system will be discussed.
FUNDAMENTAL EQUATIONS
We will consider a coaxial superconducting levitation system composed of a PM and
a non-ideal type-II HTS. As shown in fig.1, the HTS is fixed and the PM can move upon
the HTS. The center of top surface of HTS is considered as the origin of cylindrical
coordinates. For this configuration, the vector potential of the PM has only one
component along the direction, which can be derived by integrating the vector potential
of a circular current loop with radius along the thickness, i.e.
 I 2
RPM cos( )
（1）
A (  , z)   0 
d 
2
2
0
[ RPM    2RPM  cos( )  ( z  zPM,i ) 2 ]1/ 2
i 4
where I denotes the equivalent current density and 0 is magnetic permeability in air.
Fig.1 Sketch of a HTS-PM
Then the radial and perpendicular components of magnetic induction of the PM could
superconducting
levitation system.
be given from the partial derivative of the vector potential.
When the PM moves up or down over the HTS, shielding currents will be formed in HTS so as to compensate the
variation of the internal field. The levitation force comes from the interaction of the magnetic field produced by PM and
shielding currents. Here we assume that superconducting shielding currents are described by the Kim critical model [3]. In
this model the shielding currents is considered to be related to magnetic field in HTS:
J B
（2）
J c ( Bi )  c0 0
B0  Bi
where J c is critical current density in HTS, J c0 denotes a constant about J c , and B0 is a parameter on magnetic field,
Bi is the internal magnetic induction in HTS.
In the process of increasing the external field or decreasing it, the layer of shielding currents extends inwards with time
until another reversal value of the external field is reached. At this point the inward progress of the previous
superconducting shielding current layer is terminated and a new inward-extending current layer is formed. The previously
induced layers of persisting superconducting shielding currents stay still and represent the past history of the temporal
variations of the external field. Thus it can be concluded that, at any instant of time, there exists several layers of persisting
superconducting shielding currents. These currents have opposite directions in adjacent layers. We can get the levitation
force based on Lorentz formula
（3）
Fz   J c  Bi dV
V

where V denotes the volume filled by shielding currents, which can be calculated by considering the sandwich structure of
the HTS.
For a HTS, the internal magnetic field and the critical currents are subjected to Ampère circulation law   B  0 J c .
a)
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Because of axi-symmetry of the system, the shielding currents within the HTS have only on component along the 
direction. In this case, we can get an equation about penetration depth of superconducting shielding currents as follows：





（4）

Bi02   P   2 B0 Bi0   P   sign  J c  20 B0 J c 0  RSC   P 1－N － 2 B0 BRSC  BR2SC  0

where  P is penetration depth of superconducting shielding currents. Since the initial value of Bi0 is dependent on  P ,
the Eq. (4) is an implicative function on  P . The Newton-Raphson method is employed to solve the equation.
RESULTS AND DISCUSSIONS
In a case study, the radius and the thickness of the HTS are set as R HTS =9mm and H HTS =10mm respectively. The one
of the PM are R PM =12.5mm and H PM =22.5mm. The critical current density constant J c0 is 1.0  107 A / m 2 . In
calculation the HTS is divided into nh layers along the thickness and n circles along the radius. For enough decision they

Measurements
Simulation results

1.0

Levitation Force Fz (N)

The maximum levitation force Fz (N)

are chosen as nh  200 and n  650 . Initially, the HTS is cooled by liquid nitrogen after the PM is placed at a certain
gap (0.5mm). The maximum attractive force can be achieved during the ascending procedure and the maximum repulsive
force will be gained when the gap is 0.1mm at the followed descending procedure.
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Fig.2 The magnetic levitation force
under field cooling condition

Fig.3 Shielding currents distribution
when the movement is terminated

Fig.4 The dependence of levitation force
to the critical current density constant

The magnetic levitation force under field cooling condition is presented as shown in fig.2. The simulation result is
consistent to the experiment ones very well. The main consideration is due to the frozen magnetic field in HTS. The
penetration depth in HTS is confirmed to their effectiveness to the simulation. There are two layers of shielding currents in
the HTS when the PM falls down as shown in fig.3. The induced currents with minus direction always penetrate into the
HTS from the edge to the interior and wipe out the previous plus shielding currents. The penetration depth of minus
shielding currents decreases with the decreasing of the gaps and the one of plus shielding currents doesn’t change.
The effect of levitation force on critical current density is demonstrated by calculating the levitation force for
different J c0 . The results are shown in fig4. The maximum repulsive force and the maximum attractive one are shown as
solid triangles and squares respectively. We can find that they saturate for larger J c0 . The results show an exponential
maf
increasing function. We can get the limits of Fzmrf
,max ( J c 0 ) and Fz ,max ( J c 0 ) are 5.8N and 3.2N respectively. A ratio of these

lim Fzmaf
limits can be given by   lim Fzmrf
,max ( J c 0 )
,max ( J c 0 )  1.8 . The limit ratio can help us to get the maximum
J c 0 

J c 0 

attractive force based on some information on the maximum repulsive force given in experiments easily.
CONCLUSIONS
In this paper an approach to levitation force under field cooling consideration is presented, based on Ampère circulation
theorem and Kim critical state model. The hysteresis characteristic is obtained with magnetic history of HTS. The dependence of
the repulsive force and attractive one on critical current density constant are investigated with the penetration process of
shielding currents. The results could be expected to direct the application of superconducting levitation systems.
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ON THE ROLE AND MODELLING OF INTERNAL BOUNDARIES
IN SIZE EFFECTS FOR METALS
Marc Geers∗, Varvara Kouznetsova, and Ron Peerlings
Department of Mechanical Engineering, Eindhoven University of Technology, The Netherlands
Summary This paper focuses on the role of grain and phase boundaries in restricting dislocation motion, giving rise to size effects. Some
essential features of a thermodynamically consistent model for a grain boundary are presented, which accounts for the grain boundary
energy and defect structure and evolution. The role of a phase boundary is investigated with a dislocation transport driven crystal plasticity
model, revealing the explicit role of the plastic phase contrast and phase boundary resistance. Interesting size effects are thereby recovered.
Size effects can also be eliminated or inhibited by other microstructural mechanisms. Two cases are addressed to illustrate this. The first
case reveals the role of dislocation climb and its effectiveness in dissolving dislocation pile-ups. The second case concerns a very thin
austenitic phase in martensite, whereby the particular structure of the phase and its interface give rise to preferential sliding mechanisms
that circumvent the common dislocation driven size effects.

INTRODUCTION
Size effects are a key ingredient to control and improve the mechanical behaviour of metallic microstructures and miniaturized components. The analysis of size effects in metals has received continuous attention in the past two decades, both
experimentally and numerically. Size effects can be categorized according to the underlying mechanisms or origins:
• statistical size effects: these result from the local variations of the actual number of grains in miniaturized specimens
(typically ’small is weak’)
• first-order size-effects: related to the influence of the ratio between microstructural size (e.g. grain size) and the characteristic specimen/component dimensions, e.g. inducing texture effects.
• second-order size effects: typically induced by lattice curvature in metals or dislocation pile-ups, modelled by a strain
gradient (crystal) plasticity approach (typically ’small is strong’)
Some size effects are the intrinsic result of specimen fabrication (processing-induced). Exploiting size effects implies
to substructure materials in order to retrieve ultra-fine phases in a microstructure, typically accompanied by many internal
boundaries. This contribution on size effects focuses on the role and modelling of internal boundaries on the one hand, and
on mechanisms that tend to eliminate or circumvent size effects triggered by internal boundaries.
SIZE EFFECTS THROUGH INTERNAL BOUNDARIES
Grain boundaries
The first classical example of an internal boundary is the grain boundary. Grain boundaries typically constrain dislocation
motion and may induce pile-ups that are largely responsible for the observed Hall-Petch effect. A multiscale grain boundary
plasticity framework is briefly presented, which is an extension of a dislocation based gradient enhanced crystal plasticity
framework [1]. Driven by the need for a physically based continuum scale description of the grain boundary energy required
in continuum modelling frameworks, a multiscale approach is proposed that leads to a continuum representation of the initial
grain boundary structure defect content and energy, based on the output of atomistic simulations. A continuum model is
developed that incorporates the description of the defect redistribution along the grain boundary into the grain boundary
plasticity model. The effect of these mechanisms on the mechanical response will be demonstrated.
Phase boundaries
Phase boundaries reveal a large contrast in (plastic) properties and are therefore more effective in impeding or restricting
dislocation motion. Here, the effect of a phase boundary will be demonstrated through a dislocation transport based crystal
plasticity model [2]. The influence of the drag resistance in the different phases is addressed in particular. The interface
properties of the phase boundary are varied, ranging from a transparent boundary to an impenetrable barrier for dislocations.
A qualitative analysis is performed to study the effect of interface, material and geometrical parameters on the overall response
of a two-phase laminate. The continuum dislocation transport model reveals a composite behaviour that cannot be captured
by classical averaging methods. Interesting size effects emerge due to the dislocation transport.
∗ Corresponding

author. Email: mg@tue.nl
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MICROMECHANICAL MECHANISMS AGAINST SIZE EFFECTS
Interfacial mechanisms triggering size effects may be neutralized by other microstructural mechanisms. Two cases are
examined in more detail. The first case extends a strain gradient crystal plasticity model with vacancy diffusion assisted
climb. The second case focuses on a particular interface in high-strength steels, where very thin austenite films exist within
laths of martensite.
Dislocation climb coupled to vacancy diffusion
To investigate the role of dislocation climb on size effects, a fully coupled glide-climb crystal plasticity model is used [3].
Dislocation climb is thereby controlled by the diffusion of vacancies. The governing strain gradient crystal plasticity model
is extended, whereby the climbing dislocations are incorporated in the governing transport equations. The kinematics of the
extended model accounts for the contribution of climb in the crystallographic split of the plastic strain rate tensor. Using
this extended formulation, it is shown that dislocation climb is a efficient mechanism to gradually dissolve pile-ups, thereby
having a significant influence on the resulting size effects.
Austenitic thin films in martensite
Martensite is generally known as a hard and brittle phase. However, ductile deformation of martensite is also often reported
in the literature. One of the possible explanations is the presence of thin films of retained austenite in the martensitic laths.
Whereas this constitutes a very thin phase, along with phase boundaries, the net effect is opposite to what might be expected
from the classical size effect reasoning. It is shown that the crystallographic orientation relationship between both phases
on the one hand, and the particular atomic interfacial structure on the other hand, both favour plastic deformation (sliding)
parallel to the phase boundary [4]. As a result thereof, deformation localizes around these thin films, giving rise to large
apparent deformations in the embracing martensitic phase without size effect strengthening.
CONCLUSIONS
This paper adresses the strengthening role of internal boundaries, constituting a major contribution to size effects in
metals. It is shown that besides dislocation pile-ups, other mechanisms may be essential. For grain boundaries, the defect
absorption and redistribution matters. For phase boundaries, phase contrast in dislocation transport alone already contributes
to size effects. Moreover, dislocation-pile ups can be dissolved through climb at higher temperatures or circumvented by other
particular micromechanisms. This analysis effectively illustrates that predicting size effects in metals quantitatively remains a
major challenge.
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SIZE-DEPENDENT ENERGY OF ELASTIC-PLASTIC CRYSTALS
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1

Summary. We consider two questions relevant for the development of a meso-scale, size-dependent plasticity: (1) Can the
phenomenological expression for size-dependent energy, as quadratic form of Nye’s dislocation density tensor, be justified from the point
of view of dislocation mechanics and under what conditions? (2) How can physical or phenomenological expressions for size-dependent
energy be computed from dislocation mechanics in the general case of elastically anisotropic crystal? While the analysis based on
symmetries implies the negative answer to the first question, the coarsening method developed in response to the second question,
introduces additional symmetries, so that the equivalence between the phenomenological and the physical expressions is possible, but
only if the multiplicity of characteristic lengths associated with different slip systems, is sacrificed. We discuss the consequences of
such assumption.
INTRODUCTION
Following numerous observations of size effects in plasticity of metals, equally numerous phenomenological theories have
appeared in the last two decades, e.g., [1]. The size-dependent portion of internal energy is typically a function of Nye’s
dislocation density tensor. Since this portion of energy has its roots in elastic interactions of dislocations, the quadratic
form leading to a linear constitutive law is appropriate:
1
2

1
2

A:M:A

Aji M ijkl Alk .

(1)

Symmetries of tensors analogous to M have been analyzed [2]. For materials with isotropic, cubic and hexagonal
symmetries, the tensor M has 3, 4 and 8 independent constants, respectively.
PHYSICAL THEORIES AND LENGTH SCALES
The analysis of a 2D random field of dislocations based on the self-consistent method [3] yields a single characteristic
length – the average spacing of dislocations. Upon linearizing and generalizing to 3D, the size-dependent portion of the
total energy takes the form:
1
{ b}T [ K ]{ b}
2

1
2

NT

NT

I 1

J 1

(  b) I K IJ (  b) J .

(2)

Analysis of an ordered field of periodically stacked pile-ups against an obstacle [4] requires that each slip system carries a
characteristic length,  , interpreted as the average spacing of discrete slip planes for that slip system. These are
associated with slip planes, rather than with slip systems, so that, for fcc crystals, at any material point, there will be only 4
characteristic lengths, each covering 3 slip systems. The triad (s , m , t ) forms the local orthonormal basis for the slip
The slip field   (x) is associated with each slip system. The in-plane components of its gradient define the
partial (i.e., for that slip system) densities of edge ( ) and screw ( ) dislocations:
system.
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 . The energy analogous to (2) is the sum of quadratic forms for each slip system:
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(4)

The physical interpretation of (2, 4) is the coarsening error in interaction energy of dislocations, i.e., the difference in
energy computed from discrete dislocations as line defect, and the energy computed from the kinematically equivalent,
smooth Nye’s fields.
The interaction energy of dislocations represented as continuous densities is included in the simple
(size-independent) elastic-plastic continuum as the strain energy associated with incompatible elastic strains [5, 6]. This
energy error is localized to the region of the size comparable to the characteristic length.
SYMMETRY ANALYSIS
In trying to reconcile (2, 4) with (1), it is convenient to use a somewhat different formulation of (1): AT : M : A , where the
components of M are obtained by simply switching the first two indices of M. Then:
a)
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D

m

(s M s ) m ;

, 

1,..., NS .

(5)

Thus, there are 2 NS ( NS 1) scalar conditions, which are to be satisfied by no more than 45 independent components M.
For fcc crystals with 12 slip systems, the number of scalar conditions is 312. Should the multiplicity of length scales be
discarded (either for physical reasons or for mathematical convenience), there would be a reduction in the number of
independent material constants. Moreover, the screw components in systems are indistinguishable. An analysis,
analogous to the one leading to (46), can be applied to the other definition of the size-dependent energy (3), yielding
(6)
K IJ (ξs) I : M : (sξ) J ; I , J 1,..., NT .
With symmetric [K] and M, the maximum number of independent conditions is NT ( NT 1) 2 (171 for fcc). The
reduction in the number of independent scalar conditions, from (5) to (6) is accompanied by the loss of multiplicity of
characteristic lengths.
To determine the number of independent parameters d 
, ) in (4), and thus (with a single length scale)
XY ( X , Y
the number of independent conditions (5, 6), we consider symmetries in the slip system geometry, in particular mirror
family of fcc slip systems requires 13
reflections. Such analysis yields the following conclusions: The {111} 110
independent constants, while in bcc crystals, the two most common slip families {110}
taken separately, each require 22 independent constants.

111

and {211}

111

,

COARSENING METHOD
The coarsening method, first used in [4], then generalized in [7], is based on the expression for interaction energy of the two
types of dislocations [5]:

1
( b) ( b)
dV
dV
(s ξ ) : L : (ξ s ); R R , R x
x ; r R R; L
V
2 V
R
be the surface of the unit sphere. Then, the coarsening method used in [7] results in:
E

Let S0

M

m;

m

S0

dSL(r) .

L(r) ,

(7)
(8)

Thus, a unique tensor M does exist in the general case. However, if the characteristic lengths are assumed equal,
for all , the expression (8) provides a recipe for computing M (or M) . For example, for the isotropic system,
thus derived tensor M will have 2 independent constants, one less than required by symmetry. Similar results are obtained
for crystals with cubic symmetry. In general, the tensor M satisfies the index reversal symmetry M ijkl M lkji for any
symmetry group.

While isotropic and cubic symmetry groups include this symmetry, other symmetry groups do not.
DISCUSSION

The physical interpretation of the characteristic length of a slip system is the average spacing between the stacked pile-ups
of dislocations, which evolves with plastic deformation. For a well-annealed crystal, the initial characteristic length is
determined by the average spacing between the Frank-Read sources. In the later stages, the characteristic length is the
cross-slip distance. If the second slip system is activated at later stages of deformation, the two characteristic lengths will
be very different. In small volumes where interfaces dominate, the dissipative dislocation-interface reactions (penetration,
dissociation, relaxation) are critical for determining the macroscopic behavior of materials. Computation of energy is the
essential first step in determining the dissipation mechanism at the boundary. Comparison between discrete dislocation
dynamics and the continuum model [8], indicate that the characteristic length has little or no effect on the initial yield, but
its effect on hardening is significant.
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STRONGLY VERSUS WEAKLY NON-LOCAL DISLOCATION TRANSPORT AND PILE-UP
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1
Material Mechanics, RWTH Aachen University, Aachen, Germany
2
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Summary The purpose of this work is the continuum modeling of transport and pile-up of infinite discrete dislocation walls driven by nonlocal interaction and external loading. The underlying model for dislocation wall interaction is based on the non-singular Peierls-Nabarro
(PN) model [e.g., 4, Chapter 8]. The influence of strongly non-local (SNL; long-range) interaction, and its approximation as weakly nonlocal (WNL; short-range), are studied in the context of wall pile-up at a boundary. The boundary is modeled via a spatially dependent
dislocation mobility. The pile-up behavior predicted by the current SNL-based continuous wall distribution modeling is consistent with that
predicted by discrete wall distribution modeling [e.g., 1, 6]. Both deviate substantially from the pile-up behavior predicted by WNL-based
continuous wall distribution modeling [e.g., 2, Chapter 2]. As such, it is essential to account for the intrinsic SNL character of the interaction
between same-sign dislocations ”close” to the boundary. Gradient-based WNL ”approximation” of this interaction is not justified.

BASIC RELATIONS
Consider a family of infinite, straight edge dislocation lines in an isotropic linear elastic medium with constant shear
modulus G and Poisson’s ratio ν. Let the lines be oriented parallel to z with Burgers vector of length b in the x direction.
Assume the lines glide only and remain in their glide planes. The glide plane of each line is then parallel to the (x, z) plane,
and the glide plane normal is parallel to y. Assume that the dislocations arrangement in the y direction perpendicular to the
glide planes takes the form of straight walls with uniform spacing h between adjacent dislocations in each wall. Consequently,
each wall itself represents an h-periodic discrete distribution of lines. Given no climb, each such wall is maintained at all times.
Since the distribution is then h-periodic in y, we can (without loss of generality) focus attention on a single glide plane, for
example at y = 0, and the only remaining spatial dependence is in x. Let ρ(x, t) represent the number of mobile walls per unit
length at (x, t). Then 1/ρ represents the wall spacing in x direction. The initial value ρ(x, 0) = ρ0 (x) is assumed to be known
and the total number of dislocations, i.e. the integral of ρ over the one-dimensional region under consideration, is constant.
Under the influence of external loading and interaction, the walls flow (glide) in x direction, resulting in a change in their
number per unit length along x. The transport relation takes the form ∂ρ/∂t + ∂Φ/∂x = 0 in terms of the dislocation flux
Φ(x, t) = ρ(x, t) v(x, t) depending on the wall (line) velocity v(x, t). A positive flux implies that the (positive) walls flow in
the +x direction. Restricting attention to quasi-static conditions and overdamped motion, v(x, t) = m(x) b {τ +σ(x, t)} holds
via Peach-Koehler in terms of the wall (line) mobility m(x), Burgers vector magnitude b, and the shear stress field τ + σ(x, t)
on the glide plane y = 0. In the current work, this depends on the constant applied external shear stress τ and the contribution
σ(x, t) resulting from wall interaction. In view of the inherently long-range character of dislocation interaction, the basic
model relations are completed by the strongly non-local (SNL) form σ(x, t) = σw ∗ ρ (x, t) for σ(x, t) as the convolution of
the stress field σw (x) of a single dislocation wall with ρ(x, t). In what follows, all stresses are scaled by G/(1 − ν), all lengths
by b, and the t-dependence of fields is suppressed for notational brevity.
Given the assumption of uniform spacing h of wall dislocations, the relation
PN
σw
(x) =

1
x
x
c
−
< ψ (1) (ζh,c (x)) −
= ψ (1) (ζh,c (x))
2π x2 + c2
πh2
πh2

(1)

[5] holds for the (equilibrium) xy component of the (non-dimensional) stress field for a wall consisting of Peierls-Nabarro
(PN) edge dislocations located at y = 0. Here, < ψ (1) represents the real,√and = ψ (1) the imaginary, part of the first-order
polygamma function ψ (1) (z). As well, ζh,c (x) := 1 + c/h + ıx/h, ı = −1, and c := d/2(1 − ν) in terms of the glideplane spacing d. The weakly non-local (WNL) approximation is based as usual on the Taylor series expansion of ρ(x − ξ)
PN
in σ(x) = σw ∗ ρ (x) about ρ(x) assuming |ξ|  1, yielding σWNL
= −1/2 (c + 1/3 h) ∂ρ/∂x represents the lowest-order
PN
WNL approximation to σSNL . In case of SNL model, the convolution is calculated with the help of the fast Fourier transform
(FFT). The time integration of the transport relation is based on first order forward finite difference (FD) approximation while
upwind FD is employed for discretizing the space.
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EXAMPLE RESULTS
The SNL and WNL models are compared here in the context of dislocation pile-up. The results are shown in Figure 1
for different mobility functions in the form of m(x; a, p) := sinh(2ap)/cosh(2ax) + cosh(2ap) with p the position of the
center of the boundary region, and 1/a its effective width. As expected, the dislocation ”penetration depth” increases, and
the maximum pile-up density ρmax decreases, as the boundary width 1/a increases. As seen in Figure 1 (left), away from
the boundary, the PN-WNL density profile for the sharpest boundary (blue curve, ah = 200) agrees with Volterra (V)-based
WNL results of [2, §2.4.2] (dashed line). Analogous results for the PN-SNL case are shown in Figure 1 (right). In contrast to
the WNL case, ρ(x) is non-linear next to the boundary and in the tail region, and linear in between. Note that the PN (blue
0.5

1

ρ

ρ WNL

0
−6

−4

−2

0
−6

x/h

−4

−2

x/h

Figure 1: Pile-up distribution resulting from wall transport driven by the external stress τ = −1/40 [2, §2.4.2] and wall
PN
PN
(right) for m(x) = f (x; a, p = 5h) with ah = 10 (red), ah = 20 (green),
(left) and σSNL
interaction based on σWNL
V
ah = 200 (blue). Shown for comparision is the result (dashed line) of [2, §2.4.2] based on σWNL
assuming an impenetrable
boundary (a = ∞) and the pile-up distribution in discrete ensembles of Volterra-based walls [e.g., 1, 6] (hollow squares).
Material parameter values chosen are for aluminum.
curve) and continuous
results (dashed curve) for ρ(x) in Figure 1 (right) converge for a spacing of 1/ρ > 2 (this
√ Volterra
√
compares with d = 2/ 3). This agrees with a corresponding convergence of the Volterra- and PN-based stress profiles.
More results and comparison between WNL and SNL models including the effects of the initial distribution, free surface and
the corresponding pile-up stress fields will be shown in the presentation.
CONCLUSIONS
A model for transport and strongly non-local interaction of infinite discrete dislocations walls has been developed in
this work based on the Peierls-Nabarro (PN) dislocation model [e.g., 4, Chapter 8]. The pile-up distribution predicted by
the current PN-SNL-based continuous distribution modeling agrees both qualitatively and quantitatively quite well with that
predicted by Volterra-based discrete distribution modeling [e.g., 1, 6]. In particular, this is true for the non-linear distribution
next to the wall and in the tail of ρ(x). Between these two regimes in the linear part of the distribution, the WNL-based results
agree well with the corresponding SNL-based ones. The deviation of WNL- and SNL-based results near the boundary and in
the tail could be related for example to the breakdown of shielding or screening effects [e.g., 3] in these regions. As such, it is
important to account for the SNL nature of the interaction near the boundary.
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THE ROLE OF SUB-STRUCTURE BOUNDARIES ON LATH MARTENSITE PLASTICITY
Chaowei Du1, Johan Hoefnagels, Rene Vaes & Marc Geers
Department of Mechanical Engineering, Eindhoven University of Technology, Eindhoven, The Netherlands
Summary Well-defined uniaxial micro-tensile tests were performed on lath martensite with two configurations. In the first configuration,
boundaries are parallel to loading direction. Boundaries play a role of strengthening by hampering crystallographic slip and it was found that the
effect of sub-block boundary is only slightly lower than that of block boundaries. The difference between them is that sub-block boundary
cannot capture the fracture surface while block boundary is capable of stopping fractures. In the second configuration, samples have tilted
boundaries to the loading direction. Sliding of the substructures occurs at all types of boundaries, e.g. block, sub-block and lath boundaries at
relatively lower stresses. Thus the boundaries does not only strengthen the materials, but also mitigate the plastic deformation. In addition,
sliding mechanism is in competition with crystallographic slip to carry overall plastic deformation.

Introduction
Lath martensite, the most typical morphology of martensite, has high industrial relevance being the prime constituent that
elevates the strength in many high strength steels. One prior austenite grain, after austenite-to-martensite phase transformation,
shows hierarchical substructure that one austenite grain forms 4 martensite packets, each of which are composed of blocks. The
blocks are then further divided into sub-blocks which are composed of laths. Thus a large amount of sub-structure boundaries
exist inside lath martensite, playing an important yet not completely understood role in mechanical behavior. In this study we use
well-defined micro-tensile test to understand the role of block boundaries and sub-block boundaries with samples having
different oriented boundary to the loading direction.
Experimental methods
The whole testing procedure involves the following steps: (i) wedge shape fabrication from a lath martensite sheet by
grinding/polishing/electro-chemical etching, (ii) careful selection of the specimen location based on large-area EBSD maps. (iii)
careful focused ion beam (FIB) milling of the micro-tensile specimens with a constant cross-section along the length direction
(Fig.1 (a)), (iv) detailed top- and bottom-side Electron backscatter diffraction (EBSD) analysis of each specimen (Figs. 2), (v)
uniaxial tensile tests with highly accurate specimen alignment and force- and displacement measurement (Fig. 1(b,c)) under (vi)
in-situ optical microscopy enabling microscopic slip trace analysis. A detailed description of sample preparation and testing can
be found in [1]. Two groups of specimens are tested, one with their boundaries roughly aligned parallel and one tilted to the
loading direction, to reveal the different roles of the boundaries.

Fig.1. (a) Top-view image of a uniaxial-tension specimen with a gauge size of 9u3u2.5 m3. The two schematic squares indicate
the top view of the two teeth of loading gripper shown in (c), which is used to apply well-aligned tensile loading. (b) The homebuilt nano-force tensile stage, with highly precise specimen alignment, force and displacement measurement [2]. The starting
points of arrows which point to (a) and (b) are the positions of the micro tensile specimens and the gripper respectively. (c) The
‘two-teeth’ gripper to load the specimens.
Results
Group 1: Samples with sub-structure boundaries parallel to loading[3]
This group can be divided into two sub-groups. The first sub-group(Fig.2a1-4) of specimens have block boundaries and
the second one is only with sub-block boundaries (single block specimens) (Fig.21-4). For multi-block specimens, it is
observed that the fracture surfaces join at the block boundary (Fig.2a1-3). Specimens get stronger with increasing number of
block boundaries. In contrast, the fracture surface is straight in single block specimens even though the fracture surface
crosses sub-block boundaries(Fig.2b1-3). The observed slip traces match the slip system with the highest Schmid factor.
Similar to block boundary, sub-block boundaries clearly strengthen the material. A Hall-Petch type relationship was found
between ߬௧ and number of both block and sub-block boundaries, with the strengthening of sub-block boundaries only
slightly less effective as that of block boundaries.
1)

Corresponding author. Email: c.du@tue.nl.

2466

Group 2: Samples with sub-structure boundaries tilted to loading[4]
A series of micro-tensile specimens with boundaries tilted to the loading directions are tilted. Fig.2c shows one sample
with tilted boundaries. Obvious steps can be exactly at boundaries (Fig.2c1-3), indicated by the arrows. In other samples
not shown here, it is found that sliding can occur at all type of boundaries, e.g. lath boundary, sub-block boundary and block
boundary. In this configuration, the plastic behaviour of lath martensite is completely different from the scenario in group 1
in which crystallographic slip needs to cross the boundaries.

Fig. 2(left). Inverse pole figure map(1), scanning electron microscope image before (2) and after(3) deformation, together
with {110} and {111} pole figures (4) of gauge parts of three micro-tensile specimens with different boundary
configurations˖a, sample with a single block boundary in the middle, which shows that block boundary is able to capture
fracture surface; b, single block sample with a sub-block boundary in the middle, which demonstrates that sub-block
boundary cannot stop fracture propagation, leading to a straight fracture surface. The pole figure shows that it is a single
block sample; and c, sample with tilted block boundary to the loading direction, showing clear boundary sliding at a block
boundary. The length of the samples is 9um.
Conclusion
Uniaxial micro-tensile testing was conducted to investigate the role of block and sub-block boundaries of lath martensite.
In configuration that the boundaries is parallel to the loading direction, crystallographic slip has to cross the boundaries,
thus both block and sub-block boundaries strengthen the material although the effect of the latter is slightly weaker. The
difference between these two boundaries is that the fracture surface can cross sub-block boundary but not the block
boundary. When the boundaries are tilted to the loading direction, sliding of the substructures can occur at all types of
investigated boundaries, e.g. block, sub-block and lath boundaries at relatively lower stresses. Thus the boundaries does not
only strengthen the materials, but also mitigate the plastic deformation.
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SMALL SCALE PLASTICITY SIMULATED WITH CONTINUUM DISLOCATION DYNAMICS
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Summary In small scale plasticity, size-effects have been observed in nearly every miniaturized materials test. In the current contribution we present

crystal plasticity finite element simulations of several small scale tests, employing the so-called continuum dislocation dynamics as constitutive law. The
resulting materials response and local dislocation evolution are compared to according experiments and discrete dislocation simulations from the literature.
We demonstrate that crystal plasticity laws based on continuum dislocation dynamics are able to predict various kinds of size-effects, whether they relate to
strain gradients (micro-bending), dislocation line-tension (thin film bending) or dislocation starvation (micro compression).

INTRODUCTION
When characteristic dimensions of classical materials tests reach the scale of several micro-meters and smaller, many classical
materials parameters in plasticity, as yield stress and hardening modulus, turn out to be dependent on the absolute size of the sample.
Such size-effects have been observed, e.g., in micro-bending, micro-compression, thin film deformation and nano-indentation tests.
The origin of size-effects is always connected to the microscopic processes underlying crystal plasticity, which is the existence and
motion of dislocations. The size-effect in micro-bending is usually associated with so-called geometrically necessary dislocations
(GNDs), i.e., plastic strain gradients [1]. For very thin films with passivated surfaces, dislocation line tension effects may dominate
initial yielding [2]. In micro-compression tests, dislocation source limitation and dislocation starvation lead to unorthodox phenomena
including mechanical annealing [3]. Crystal plasticity laws capable of predicting these kinds of size effects necessarily require strain
gradient dependent constitutive laws, a measure of dislocation curvature to indicate line tension effects and flux equations for all
dislocations (not only GNDs). Such dislocation density based theories have recently been introduced as so-called continuum
dislocation dynamics [4, 5].
Continuum dislocation dynamics (CDD)
Continuum dislocation dynamics provides flux-type evolution equations of dislocation variables which capture the kinematics of
moving curved dislocations. The simple-most CDD theory is based on three internal variables per slip system, which are the total
dislocation density  , the dislocation density (or GND) vector ρ , and the dislocation curvature density q . A slip system is
characterized by the slip plane normal n and the Burgers vector b , or likewise the normalized slip direction m  b / b , where
b  b . A constitutive law for CDD specifies the dependency of the average dislocation velocity v on the current stress and
dislocation state. Orowan’s law then yields the plastic shear rate on the slip system as    vb , and the `plastic velocity gradient’
derives as Lp   m  n . The evolution of the dislocation state is given by flux type evolution equations for the density variables [5].
All evolution equations are determined by the average dislocation velocity. A thermodynamically consistent average dislocation
velocity was recently derived [6], assuming that a free energy density   σ ,  , ρ, q  of the system may be formulated in terms of
stress σ and the density variables (compare [7]). The velocity is thermodynamically consistent if it is proportional to the net shear
stress  net     g   lt   b   qg   qb , where  is the resolved shear stress on the slip system, while  g , lt , b , qg , and  qb are
mesoscopic shear stress contributions deriving from variational derivatives of the free energy. In the current contribution we neglect
the last two stress contributions  qg and  qb . The other three shear stress contributions are the density gradient stress

 g   b   ·     , the back stress  b  b1· n   ρ  , and the line tension stress  lt  q  b    . For a free energy
1

1

functional with a  log  type dependency on the density and a quadratic dependency on the dislocation density vector ρ , as
suggested by recent work of Zaiser [7], the gradient stress contains a first order strain gradient, while the back stress contains a second
order strain gradient. CDD therefore naturally accounts for size effects due to strain gradients and dislocation curvature, as well as due
to dislocation fluxes.
RESULTS
We implemented the above mentioned CDD theory as a crystal plasticity law in Abaqus® using the crystal plasticity framework
DAMASK [8]. In the talk we present simulations of micro-bending, thin-film bending and micro-compression simulations using CDD
as constitutive law and compare them to experiments and discrete dislocation simulations.
In this abstract we exemplarily show results from a simulation of a four-point bending test on a single-crystal micro-beam of
dimension 40 μm  4 μm  4 μm . The beam is supposed to be a face centered cubic crystal, where the {100} faces are aligned with the
a)
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beam surfaces. Only the (1 1 1)[01 1] glide system is taken to be active. We initially prescribe constant total dislocation density

0  1012 m2 , GND vector ρ0  0 , and curvature density q0  0 . The boundary conditions are such that dislocations may leave the
crystal at the surfaces.

a)

b)

Figure 1. a) The total dislocation density in the central region of a micro-beam, left: initial density, right: final density (time step 210).
b) Line plot of normal stress in longitudinal direction and total dislocation density along a vertical line in the center of the beam at
time step 400.
In Figure 1a) we provide contour plots of the dislocation density in a beam cut in the centre along the slip plane in the initial state and
after 210 time steps. The density distribution in the deformed state illustrates how the dislocations pile up around the neutral plane
while density is lost at the free surfaces. In Figure 2b) we provide line plots of the longitudinal normal stress and the dislocation
density along a vertical line in the centre of the beam after 400 time steps. The stress displays a mitigation of the stress gradient in the
central region, where the dislocation density is high.
DISCUSSION
The dislocation density distribution and the normal stresses depicted in Figure 1 qualitatively reflect what has been observed in
discrete dislocation simulations of micro bending by Motz [9]; which is an accumulation of dislocation density around the neutral
plane of the beam, where concurrently the stress gradient and normal stress are low. In the current simulations the stresses are not as
low as expected in the centre, because the single slip system may not produce a general plastic deformation. Unique to the employed
CDD model is the loss of dislocations at the boundaries. Due to this, the simulation correctly predicts low dislocation density close to
the top and bottom surface of the beam, where plastic shear is maximal (cf. [10]) and a high density towards the centre of the beam,
where plastic slip is small. We note that this contradicts expectations from classical strain hardening, while it conforms to the results
from discrete dislocation simulations [9].
CONCLUSIONS
The dislocation flux based CDD constitutive law is able to reflect salient features of small scale plasticity in accordance with discrete
dislocation simulations. A thorough study of CDD predictions of size effects and micro-structure evolution in small scale plasticity is
currently under way.
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DISCRETE DISLOCATION-BASED CRYSTAL PLASTICITY AT MICRON-NANO SCALES
Zhuo Zhuang, Zhanli Liu, Yinan Cui
AML. School of Aerospace Engineering, Tsinghua University, Beijing 100084, China
Summary Crystal plasticity at micron-nano scales involves many new interesting issues. The atypical plastic behavior at submicron
scales cannot be effectively investigated by either traditional crystal plastic theory or large-scale molecule dynamics simulation.
Accordingly, a discrete-continuous crystal plastic model is developed, which is coupling the discrete dislocation dynamics with finite
element method. Three kinds of plastic deformation mechanisms for the single crystal pillar at submicron scale are investigated: (1)
Single arm dislocation source controlled plastic flow; (2) Confined plasticity in coated micropillars; (3) Dislocation starvation under low
amplitude cyclic loading. The predicted critical conditions of dislocation starvation agree well with the experimental data.

DISCRETE-CONTINUOUS CRYSTAL PLASTIC MODEL

(a)
FEM
DDD
Crystal plasticity at micron-nano scales involves
many new interesting issues. Someσresults

 σ  are
 σobtained for uniaxial
σ
σ e.g. size effect and
compression experiments conducted on FCC single crystal micro-pillars,
strain
burst, etc. [1]. In these
T0 on  ftheory could not
 T0  T the strain gradient
T gradients
σ   n s are absent.TTherefore,
experiments, the surfaces are transmissible and loading
on  f
on  has
well explain these new mechanical behaviors. This in turn
led to several hypotheses
based on intuitive insights, classical
f
theory and dislocation plasticity in order to study the size effect at submicron scale. In the model proposed [2], mobile
dislocations may escape from the free surface leading to the state of dislocation starved whereby an increase in the applied
stress is necessary to nucleate or activate new dislocation sources. By performing in-situ TEM [3], the dislocation motion
affected the material properties is observed. However, the atypical plastic behavior at submicron scales cannot be
effectively investigated by either traditional crystal plastic theory or large-scale molecule dynamics simulation. Accordingly,
a three dimensional discrete-continuous crystal plastic model (DCM) is developed, which
the discrete
on coupling
u 0 is
u
dislocation dynamics (DDD) with finite element
u on method (FEM), as 0shown in Fig.1 [4].
u  u  u on  u

u

(b)

DDD

FEM

T0 on  f

εp
σ  C(ε tot  ε p )

u
u 0 on  u

Fig. 1 Discrete-continuous crystal plastic model
THREE KINDS OF PLASTIC DEFORMATIN MECHANISMS
Three kinds of plastic deformation mechanisms for the single crystal pillar at submicron scale are investigated. (1)
Single arm dislocation source (SAS) controlled plastic flow. It is found that strain hardening is virtually absent due to
continuous operation of stable SAS and weak dislocation interactions. When the dislocation density finally reaches stable
value, a ratio between the stable SAS length and pillar diameter obeys a constant value, as shown in Fig. 2 and Fig. 3.

Fig. 2 Single arm dislocation source
nucleation and escape
a)

Fig. 3 Evolution of stress and
dislocation density

Fig. 4 Theory and computation results
compare with experiment data
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A theoretical model is developed to predict DDD simulation results and experimental data, as given in Fig. 4 [5]. (2)
Confined plasticity in coated micropillars. Based on the simulation results and stochastic distribution of SAS, a theoretical
model is established to predict the upper and lower bounds of stress-strain curve in the coated micropillars [6]. (3)
Dislocation starvation under low amplitude cyclic loading. This work argued that the dislocation junctions can be gradually
destroyed during cyclic deformation, even when the cyclic peak stress is much lower than that required to break them under
monotonic stress. The cumulative irreversible slip is found to be the key factor of leading to junction destruction and
promoting dislocation starvation under low amplitude cyclic loadings. Based on this mechanism, a proposed theoretical
model successfully reproduces dislocation annihilation behavior observed experimentally for small pillar and dislocation
accumulation behavior for large pillar [7]. The predicted critical conditions of dislocation starvation agree well with the
experimental data.
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LARGE SCALE ATOMISTIC SIMULATION OF SIZE EFFECTS DURING
NANOINDENTATION
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Summary Size effects in a Ni single crystal thin film during nanoindentation experiment are studied using large scale atomistic simulation. The
main focus of this paper is to evaluate the presented size effects theories of nanoindentation experiment using atomistic simulation. The hardness
obtained directly from MD simulation is compared with the one which is determined using the dislocation density and theoretical models. Next,
sources of size effects in nanoscale thin films are studied. A Ni single crystal thin film is indented using a conical indenter with a spherical tip.
The final step is to investigate the size effects sources using the microstructural information obtained from MD simulation. The results show that
the initial governing mechanism of size effects is source exhaustion. Increasing the indentation depth, the total dislocation length also increases
which activates the forest hardening model and Taylor hardening model can successfully capture the size effects at higher indentation depths.

SIMULATION DETAILS AND METHODOLOGY
To model the size effect in thin films during nanoindentation, a Ni thin film with the dimensions of 1200 Å, 1200 Å, and
600 Å along [1 1� 0], [1 1 2� ], and [1 1 1] directions is generated and simulated using the classical molecular dynamics
(MD). The total number of atoms in the samples is 79,473,309. Two different indenter shapes of cylindrical and conical are
incorporated. To integrate Newton’s equations of motion, the velocity Verlet algorithm with a time step of 2 fs is incorporated
[1]. The parallel MD code LAMMPS is used [2]. All simulations are performed using NPT ensemble [2]. The nickel
embedded-atom method (EAM) potential developed by Mishin et al. [3,4] is incorporated to simulate the atomic interaction
of Ni-Ni. The contact area 𝐴𝐴 is precisely evaluated incorporating the atoms which are directly in contact with the indenter at
each step [5]. The Crystal Analysis Tool developed by Stukowski and his co-workers [6-9] is incorporated to visualize the
dislocations. In order to study the sources of size effects, the indenter geometry is a conical indenter with an angle of 𝜃𝜃 = 60°
and a spherical tip with the radius of R=10 nm to study the sources of size effects at smaller length scales [10].
RESULTS AND DISCUSSIONS
The applicability of Taylor hardening model at smaller length scale is studied. The Taylor hardening model can be
described as follows
� + 3√3𝛼𝛼𝛼𝛼𝛼𝛼�𝜌𝜌
(2)
𝐻𝐻 = 𝐻𝐻
where 𝜌𝜌 is the dislocation density and 𝐻𝐻 is the hardness. In the current work, the plastic zone is defined as a hemisphere.
The radius of hemisphere is 𝑅𝑅pz = 𝑓𝑓𝑎𝑎𝑐𝑐 in which 𝑓𝑓 is a constant. Fig. 1 compares the hardness obtained from the
microstructural information including the dislocation density and Taylor hardening model with the hardness obtained by the
indentation force divided by the contact area and compared to the one obtained directly from MD simulation, which is the
indentation force divided by the contact area 𝐻𝐻 = 𝑃𝑃⁄𝐴𝐴.
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Fig. 1. Comparison of hardness directly obtained from MD simulation with the one obtained using dislocation density and theoretical models in
samples indented by the (a) cylindrical indenter (b) conical indenter.

The results show that the Taylor hardening model can capture the size effects at higher indentation depth. However,
at lower indentation depth, the agreement is not good. In order to study the mechanisms which are controlling the size effects
at lower indentation depth, the results of indentation using the conical indenter with the spherical tip should be studied. Fig.
a) voyiadjis@eng.lsu.edu (George Z. Voyiadjis).
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2 shows the variation of dislocation density versus the indentation depth for the plastic zone of different sizes. The results
indicate that as the indentation depth increases, the dislocation density firstly increases and then become nearly constant for
different values of 𝑓𝑓. Fig. 3 shows the variation of mean contact pressure (𝑝𝑝𝑚𝑚 = 𝑃𝑃⁄𝐴𝐴), which is equivalent to the
hardness 𝐻𝐻 in the plastic region, versus the indentation depth. It shows that the hardness initially decreases and then
becomes nearly constant. Based on the Taylor hardening model, since the dislocation density initially increases as the
indentation depth increases (Fig. 2), the hardness should also increase. However, Fig. 3 shows that as the indentation depth
increases, the hardness initially decreases. In other words, the results show that the forest hardening model cannot capture the
size effect in the case of the low indentation depths. However, increasing the dislocation density, the forest hardening
mechanism is also activated. As the dislocation density becomes a nearly constant value, the hardness also becomes nearly
constant according to the Taylor hardening model. The results confirm the data presented in Fig. 1 and show that the forest
hardening mechanism is not the governing mechanism of size effects at lower indentation depths. In order to unravel the
controlling mechanism of size effects at lower indentation depths, one should note that the resulting mobile dislocation density
is insufficient at this region. Hence, the applied stress should be increased to sustain the plastic deformation and source
exhaustion hardening is the governing mechanism of size effects. By increasing the indentation depth, the dislocation length
and density increases as well, which provides more dislocation sources. Also, the source lengths increase which reduces the
critical resolved shear stress. Consequently, the applied stress required to sustain flow during nanoindentation decreases, i.e.
hardness decreases as indentation depth increases. At higher indentation depths, the dislocation density and length are large
enough in a way that the forest hardening is also activated.
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Fig. 2. Dislocation density obtained from MD simulation for different
values of f (factor for radius of plastic zone) during nanoindentation.
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Fig. 3. Variation of mean contact pressure 𝑝𝑝𝑚𝑚 as a function of
indentation depth ℎ.

CONCLUSIONS

The current work studies the governing mechanisms of size effects during nanoindentation using the large scale atomistic
simulation. The hardness is predicted from the atomistic information and theoretical models and compared to the hardness obtained
from nanoindentation simulation. The results show that the initial governing mechanism of size effects is source exhaustion.
Increasing the indentation depth, the total dislocation content also increases which activates the forest hardening model. Taylor
hardening model can successfully capture the size effects at higher indentation depths.
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INVESTIGATION INTO THE BEHAVIOUR OF
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Summary Recent studies by the authors for the behaviour of the graded cellular foam are summarized in this presentation. Finite element (FE)

simulations employing a honeycomb structure were presented first to investigate the in-plane impact modes. Subsequently, a simple onedimensional analytical work was proposed based on the rigid-perfect plastic-locking (R-PP-L) material model. Gradient in yielding strength
was introduced to a one-dimensional cellular rod. A more-realistic case, in which a gradient in the cellular density was later introduced. Two
compaction zones, known as double shock mode, were identified. An impact experiment was designed to test specimens (ALPORAS closedfoam aluminium foam) with graded cross-sections along the impact direction. Comparisons are made between the experimental and theoretical
results, which shows a fairly good agreement.

Introduction
Due to their excellent properties, including low weight, high stiffness and strength and heat insulation, cellular materials
are widely used in engineering applications [1-3], especially in the aerospace and defence industries, as energy absorption
devices. Introducing a gradient in material parameters into the cellular material will significantly influence the behaviour of
the cellular material under impact loadings. Current paper summarizes our research progress on the investigation into the
influence of the gradient on the behaviour of the graded cellular material under impact conditions, including the deformation
mode, underlying mechanism, energy absorption capacity and the transmitted force on the protected structure. Finite element
simulation, analytical study and experimental investigation are involved in this research [4-8].
Finite element work on the honeycomb structure with stress gradient
As a first step, honeycomb composing of regular two dimensional cells is modelled using Finite Element software
(ABAQUS/EXPILCIT). The yielding stress of the parent material linearly increases or decreases along the loading
direction, thus introducing a gradient in the quasi-static plateau stress, shown in Fig. 1. Constant velocities are applied to the
impact plate. Deformation modes are identified from the observation of the deformation process. Empirical equations for
critical velocities, at which the deformation mode transmits, are summarized in terms of the cell thickness, yielding stress
and the gradient.

Fig.1 FE model and the material distribution. (a) Finite element model composed by 16 hexagonal cells in X1 direction and
15 cells in X2 direction; (b) Within a cell, five edges have the same material property while the left one is assigned with
different yielding stress. Plate A is fixed and Plate B is the impinging plate.
Analytical work on the one-dimensional graded cellular rod
With the deformation modes observed from the FE work, an analytical model was proposed to illustrate the two
compactions zones, which were called double shock (DS) mode. For simplification, rigid-perfect plastic-locking (R-PP-L)
material model and stress gradient were employed to implement the analysis. Fig. 2 shows a typical DS mode in the graded
cellular rod. Crushing occurs initially from both the distal and impinged end. In this DS mode, a forward shock and a
backward shock propagate simultaneously before they finally meet, if the input energy is sufficiently large. V1 is the
velocity of the impinging mass and V2 is the velocity of the undeformed zone between the two shock fronts. By using the
conservation of momentum and mass and geometry relationships, the governing equations of motion could be derived in
terms of the gradient and intrinsic properties of the cellular foam, e.g. density, yielding stress, etc. Consequently, this
approach was adopted for a more realistic case, in which the density of the foam varies along the loading direction. The two
basic deformation modes also exist in the case of density gradient. Finite element simulations using a continuous crushable
a)
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foam model shows a similar trend to that of the analytical study, but considerable difference is found at the densification
stage, due to the simplification of the rigid-perfectly plastic-locking material model.

Fig.2 Schematic of the DS mode and the stress distribution in the crushing foam rod (a) the DS mode in the graded cellular
rod impinged by a rigid mass (negative gradient, double shock fronts); (b) corresponding stress distribution in the graded
cellular rod at instant t.
Experimental work on the graded cellular block with varying cross-section
Finally, an experimental study is conducted by using a gas gun, impinging a rigid mass onto a stationary aluminium foam
block with a gradient in its cross-section. A high speed camera was placed to capture the crushing process of the foam specimen.
Figure 15 shows a typical double shock mode. The force and velocity histories are plotted in Figure 3a and the corresponding
deformation profiles are shown in Figure 3b. To give better predictions from the analytical result, the R-PP-L material model
was replaced with the real stress-strain curve, in which the stress-strain curve were described with a power-law hardening
material model so that the densification strain is related to the impact velocity. Comparisons were made between the
improved analytical model and experiments shows good agreement. Similar approaches have been employed in recent
research work [9-11].

Fig.3 Force and velocity histories and deformation profiles at 7 instant. (a) Force and velocity histories of the tapered
specimen; (b) The corresponding deformation process. The impact velocity is 88 m/s, the relative density is 10.8% and the
time interval is 0.133 ms.
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Summary The paper presents novel analysis of Floquet-Bloch flexural waves in a periodic lattice-like structure consisting of flexural beam
ligaments. A special feature of this structure is in the presence of the rotational inertia, which is commonly neglected in conventional models
of the Euler-Bernoulli type. The dispersion properties of the Rayleigh beam structure with rotational inertia include degeneracies linked
to Dirac cones on the dispersion diagrams as well as directional anisotropy and special refraction properties. Steering of Dirac cones is
described for rectangular flexural structures with a rotational inertia. The paper also brings a comparative analysis between dynamic models
of couple-stress elastic materials and structured Rayleigh beams on a Winkler foundation. Although physical phenomena have different
physical origins, the underlying equations appear to be similar, and hence mathematical models have a lot in common.

INTRODUCTION
Dispersion of Floquet-Bloch waves in periodic flexural systems is a topic of high importance, that attracts attention of
experts across a wide range of fields. The papers [1, 2] have presented an asymptotic approach to derivation of the model and
analysis of Floquet-Bloch waves in pre-stressed periodic layers on an elastic half-space, as well as control of band gaps on the
dispersion diagram by applying a prestress to the elastic system.
In the recent paper [3], a comparative analysis was presented for Floquet-Bloch waves in structured Rayleigh and Euler
beams subjected to prestress and the action from an elastic foundation. There was also a formal connection made to formulations of the constrained Cosserat approach in antiplane elasticity, or a couple stress analysis. In particular, it has been
demonstrated in [3] that the waves in Rayleigh beams become non-dispersive at high frequencies, whereas the low-frequency
for both Rayleigh and Euler beams are similar. Effects of prestress discussed in [3] have been presented in close form analytical form, which was also followed by description of defects based on dynamic Green’s functions. Of course, one-dimensional
studies [3] did not allow for the dynamic anisotropy, and it is highly important to study anisotropy in the dynamic response of
the Euler and Rayleigh two-dimensional flexural systems.
The purpose of the present study is to address the challenge of analytical description of a dynamically anisotropic response
of doubly periodic structures of beams in the cases of Euler-Bernoulli beams and the Rayleigh beams. Specifically we are
looking for the frequency regimes where the difference between the Rayleigh beams and the Euler-Bernoulli beams becomes
significant, and we identify regimes for which the Rayleigh beams systems exhibit negative refraction if analysed as a cluster
subjected to an incident wave.
Dispersion surfaces and the isofrequency contours (or slowness contours) contain significant information about standing
wave regimes, band gaps and dynamic anisotropy. We construct and give a comparative analysis the dispersion surfaces
for both Rayleigh beams as well as the Euler-Bernoulli beams. Special interest is deserved by the so-called Dirac points
representing multiple roots of the dispersion equation, where the dispersion surfaces may become non-smooth.
SLOWNESS CONTOURS AND DYNAMIC ANISOTROPY
The slowness contours (also referred often as isofrequency contours) are used to describe the dynamic anisotropy of the
structured medium. A nice exposition of this approach for vector problems of elasticity in periodic lattices is presented in
the paper [4]. The case we study involves a scalar fourth-order problem, and we focus on analysis of dispersion surfaces (in
particular, of Dirac cones) in addition to the slowness contours. As shown in Fig. 1 presented for a square lattice, the slowness
contours have a shape (squares with rounded corners) which indicates preferential directions along the coordinate axes both
for the Rayleigh and the Euler-Bernoulli beams, used as constituents of the lattice.
In terms of effective dynamic response for low frequency, the square lattice of flexural beams (both the Euler-Bernoulli
and the Rayleigh) gives an anisotropic response in contrast to the membrane problem, where the square lattice of harmonic
springs would respond isotropically for the low frequencies, and hence the dispersion surface for such a structured membrane
would be a cone with the circular cross-section. This difference between flexural plates and elastic membranes is expected.
However, there are additional unexpected features of flexural Bloch waves, which are rather counter-intuitive.
As demonstrated in the earlier paper [3], the main difference between the periodic Euler-Bernoulli beam and the Rayleigh
beam occurs at higher frequencies. This difference in a two-dimensional periodic configuration is clearly shown in Fig. 1,
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Figure 1:

Low-frequency dispersion surface (a) and slowness contours (b) for a lattice made of Rayleigh beam ligaments. Low-frequency dispersion
surface (c) and slowness contours (d) for a lattice made of Euler-Bernoulli beam ligaments.

where the slowness contours for the Rayleigh beam and the Euler-Bernoulli beam are non-convex (Fig. 1b) and convex
(Fig. 1d), respectively.
The latter observation has a special significance in applications linked to transmission problems and structured interfaces,
which are ”built” of the square lattice of beam-like elastic ligaments. Namely, the non-convex slowness contours for the lattice
consisting of Rayleigh beams imply the effect of the negative refraction. Hence, compared to the classical Euler-Bernoulli
beams, the square lattice of the Rayleigh beams gives both a strong anisotropy and a negative refraction.
CONCLUSIONS
The paper has addressed an important class of problems that arise for flexural Bloch waves in elastic systems with rotational inertia and prestress. This has been done for so-called Rayleigh beams and structured Rayleigh beams. We have
also highlighted a direct analogy with the models of couple-stress materials; although physical origins of the two problems
are different, the mathematical underlay is identical and hence the mathematical study of the dynamic response of structured
Rayleigh beams also brings a valuable insight into the study of shear waves in Cosserat type composites.
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Summary Crack growth is investigated numerically using the strain-gradient plasticity theory of Gudmundson[1] in a plane small-strain
visco-plastic formulation as adopted by Legarth and Niordson[2]. The J-integral[4] is evaluated along several paths showing that it is path
independent up to the very near region of the cohesive crack tip, and the size of this region scales with the material length parameter of the
gradient model in addition to the size of the fracture process zone. The distributions of the effective plastic strain and stress are also shown
for both conventional and gradient enhanced cases. At the same amount of crack growth is the plastic strain level higher for the gradient
enhanced case due to contribution from the gradients.

PROBLEM DESCRIPTION
Size-effects have been observed experimentally in various different applications, such as torsion, bending and thin films.
The trend is that ”smaller is stronger”. Such effects cannot be captured by conventional theories as no material length scale
exists in conventional models. For this reason, phenomenological strain-gradient plasticity approaches have been proposed by
introducing the gradients of the strain tension with a corresponding set of material length scale parameters.
Here, crack growth in an elasto-viscoplastic material is studied numerically using the strain-gradient enriched plasticity
theory of Gudmundson[1]. In this theory strain-gradient effects are accounted for by an enhanced measure of the effective
plastic strain, E p . Hence, denoting the rate (the time derivative) by a superposed dot, (˙), the rate of the non-conventional
plastic strain is
3

2
2
2
2
(I)
(I) (I)
(1)
(Ld )2 ˙ij,k ˙ij,k ; ˙p = ˙pij ˙pij
Ė p = ˙p +
3
I=1

(I)
Ld

are three material length scale parameters and the gradient, pij,k , of the plastic strain tensor, pij , is decomposed into
3
(I)
three orthogonal tensors, pij,k = I=1 ij,k , according to Smyshlyaev and Fleck[3]. The subscript ’d’ refers to dissipative.
Exploiting symmetry, Fig. 1 shows the discretisized domain analyzed by the finite element method.

Here,

Figure 1: The finite element mesh used. At the tip of the shape crack is the mesh highly refined and uniform.
Assuming small scale yielding the boundary conditions are prescribed remotely according to the elastic mode I solution.
Thus, at the outer edge (blue in Fig. 1) displacements are prescribed as
√
 

 
1+ν
K̇I
2πr (2κ − 1) cos θ2 − cos 3θ
u̇1 (r, θ) = 4πE
2
(2)
√





1+ν
K̇I
u̇2 (r, θ) = 4πE
2πr (2κ + 1) sin θ2 − sin 3θ
2
where K̇I is the rate of the stress intensity factor. Along the green line a standard cohesive law is imposed, such that crack
growth only occurs along this green line.
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NUMERICAL RESULTS

J=
[W dx2 − Ti ui ,1 ds]

The J-integral is defined as[4]

(3)

Γ

where W is the strain energy and Γ is some path from the lower crack surface to the upper crack surface and ds is along this
2
2
path. For plane strain is J = Japp = 1−ν
E KI , where KI is the applied load. Fig. 2 shows the J-value evaluated at several
paths near the crack tip and good agreement with the prescribed KI -values is found.
1
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Figure 2: Normalized value of the J-integral when evaluated along several contours a different distances from the crack tip.
Fig. 3 shows contours of the effective plastic strain and stress after failure of the first cohesive element for conventional and
gradient enhanced theory. It is seen from the color-bar that the gradient effects intensify the plastic strains (compare a) to b) ).
Fig. 3(c) shows the effective stress work conjugated to E p , which also intensifies near the crack tip due to strain gradients.
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Figure 3: Effective plastic strain and stress contours near the crack tip after failure of the first cohesive element. a) Conven(I)
(1)
(2)
(3)
tional theory, Ld = 0 with p = E p . b)+c) Gradient enhanced theory, Ld = Ld = Ld = 0.001Rp . b) The enhanced
p
p
effective plastic strain, E and c) Effective stress work conjugated to E .
CONCLUSIONS
When the material length scale parameter is introduced, the effective plastic strain is found to be larger compared to the conventional case for the same amount of crack growth. This influences the resistance to crack growth. It is expected that, as the
material length scale parameter increases, plasticity is suppressed and crack growth initiates at a load level determined solely
by the elastic constants of the material and the fracture energy described through the cohesive zone. Resistance curves will be
presented for different values of the involved material length scale parameters and compared to predictions by conventional
plasticity. As the material length scale parameters increase, plasticity is suppressed and crack growth is predicted at load levels
approaching the elastic limit described by the elastic constants of the material and the fracture energy in the cohesive zone.
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Summary In this work a general framework for damage and fracture assessment accounting for the role of geometrically necessary
dislocations (GNDs) is provided. Crack tip fields are characterized, within both infinitesimal and finite deformation theories, by
means of different strain gradient plasticity (SGP) formulations and their finite element implementation. Moreover, the impact of
SGP theories on fracture and damage problems is further assessed by modelling several scenarios of particular interest: hydrogen
diffusion towards the fracture process zone, environmentally assisted cracking, crack growth initiation and subsequent resistance
and probabilistic-based cleavage fracture assessment. Results show a strong influence of GNDs, revealing the need to incorporate
its influence in continuum models in order to adequately characterize behaviour at the small scales involved in crack tip
deformation.
INTRODUCTION
Experiments have consistently shown that metallic materials display strong size effects at the micron and sub-micron
scales, with smaller being harder. As a result, a significant body of research has been devoted to model this size-scale
dependent plastic phenomena (see [1] and references therein). At the continuum level, phenomenological strain gradient
plasticity (SGP) formulations have been employed to extend plasticity theory to small scales. Grounded on the physical notion
of geometrically necessary dislocations (GNDs, associated with non-uniform plastic deformation), SGP theories relate the
plastic work to both strains and strain gradients, introducing a length scale in the constitutive equations.
While the modelization of size effects in metal plasticity was motivated at first by growing interest in micro-technology,
the use of SGP formulations has been extended to a wide range of applications where GNDs are expected to play a major
role. Particularly, gradient-enhanced modelling of fracture and damage appears imperative (independently of the size of the
specimen) as the plastic zone adjacent to the crack tip is – generally – physically small and contains strong spatial gradients
of deformation. Several authors have shown that GNDs close to the crack tip promote local strain hardening, leading to a
much higher stress level as compared with classical plasticity predictions (see, e.g., [2]). However, SGP theories have not
been comprehensively embraced in damage and fracture predictions for several reasons. Most importantly, the majority of
studies highlighting the influence of gradient plasticity in crack tip fields have been conducted within the infinitesimal
deformation theory and consequently the role of GNDs in the large strains blunting dominated zone must be examined.
STRAIN GRADIENT PLASTICITY: MATERIAL MODELS AND NUMERICAL FRAMEWORK
Three different SGP formulations are employed with the aim of covering a wide range of classes of gradient plasticity
theories. Thus, Gao et al. [3] mechanism-based model, Fleck and Hutchinson [4] phenomenological higher order theory and
a Gudmundson’s type formulation (incorporating dissipative and energetic terms) [5,6] are employed. A special finite element
framework is used in all cases; particularly, Fleck-Hutchinson theory is implemented through a monolithic approach, where
– in addition to the nodal displacement increments – the nodal effective plastic strain increments appear directly as unknowns
[7]. A staggered solution procedure is employed for the formulation corresponding to the most recent class of SGP theories,
where dissipative and energetic length scales are constitutively involved [5], following the two minimum principles developed
by Fleck and Willis [6].
After the corresponding sensitivity study, a very refined mesh is employed in all the boundary value problems examined
in order to accurately capture the influence of strain gradients in the vicinity of the crack. The majority of case studies
addressed require a further development of the numerical framework, so as to incorporate a cohesive zone model [8], a mixed
Ritz-finite element method [9] or a mass diffusion scheme (through an extended version of Fick’s law), among other features.
RESULTS
When incorporating large strains and rotations, gradient-enhanced results reveal several remarkable features (see Fig. 1).
Namely: (i) crack tip stresses are substantially elevated compared to classical plasticity predictions, (ii) the distance over
which this stress elevation occurs may span several tens of micro-meters, embracing the critical distance of many damage
mechanisms, (iii) while conventional plasticity predicts a peak in the stress distribution at a distance from the crack of
a) Corresponding author. Email: mail@empaneda.com.
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approximately 2 times the blunting radius, SGP stresses are highest at the tip, with no evidence of a maximum, (iv) unlike
classical plasticity, the gradient-enhanced stress level depends on the applied load 𝐾𝐼 and (v) results are impacted by both
the specific SGP formulation employed and the value(s) of the material length scale(s).
As the stress distribution of finite strain length-independent plasticity provides the basis for the majority of damage
models, results reveal that GNDs may significantly impact a wide range of applications. Particularly, this work shows that
SGP theories: play a fundamental role in hydrogen transport ahead of the crack, predicting high levels of lattice hydrogen
concentration near the tip; reduce the parameter dependence of environmentally assisted cracking models, enhancing
quantitative predictions; profoundly influence toughness estimations, enabling higher peak cohesive stresses to be overcome;
and re-calibrate Weibull parameters, predicting an increased probability of fracture relative to that based on conventional
plasticity.

Fig. 1. Double logarithm plot of the normalized opening stress distribution ahead of the crack tip (𝜃 = 0°) for classical plasticity and both
mechanism-based and phenomenological SGP approaches. The distance to the crack tip is normalized by the external load 𝑟𝜎𝑌 /J.
Material properties: 𝜎𝑌 = 0.2%𝐸, 𝜈 = 0.3 and 𝑁 = 0.2. Finite deformation theory

CONCLUSIONS
First and foremost, results reveal the need to incorporate the influence of geometrically necessary dislocations in the continuum
modelization of several fracture and damage phenomena. Moreover, by employing a strain gradient plasticity framework, insight
is gained into the small scale mechanisms involved in the aforementioned phenomena.
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ENHANCED FRACTURE TOUGHNESS IN SILICON AT SMALL SCALE
Eric Hintsala1,3a), Roberto Ballarini2 & William Gerberich 3
1
Hysitron Inc., Eden Prairie, MN, USA
2
Department of Civil Engineering, University of Houston, Houston, Texas, USA
3
Department of Materials Science and Chemical Engineering, University of Minnesota, Minneapolis, MN, USA
Summary: Based on crack initiation loads for in-situ SEM micro-scale bend tests of single crystal silicon at temperatures from
298 to 873 K, there appears to be a minimum fracture toughness at a temperature intermediate from room temperature and the
DBT which occurs at 900-950 K for bulk silicon. This may correspond to an activation volume transition in the vicinity of
600 K, which appears to be on the order of 4 x 10-29 m3. This, together with measured yield strengths between 4 and 8 GPa for
100 to 1000 nm length scale nanoindentation and nanopillars would predict a decrease in fracture toughness upon heating from
room temperature before the activation volume transition increases the activation energy for fracture.
MAIN TEXT
As a model for brittle materials, single crystal silicon at small scales has several advantages, namely:
 Initially defect-free crystals or ones with known point and line defect densities are easily obtainable for evaluation;
 Many variables which affect plasticity, such as dopants, are known and characterized to some degree;
 A large database of theoretical modelling efforts is available, including atomistic potentials for both classical and
density functional theory;
 Both in-situ TEM, with sub-nm resolution allowing generation and observation of crystalline defects in real-time,
and in-situ SEM, with higher load and better temperature control up to 1100 K are available;
 Measurements of fundamental mechanical parameters with which to verify atomistic simulations are at hand.
Considering these advantages together with the known size effects leading to smaller being tougher and stronger, many rich
studies will be available within the next decade. These will be part of the pathway for verifying atomistic and multi-scale
models as they improve their ability to predict real-time experimental behaviour. While much of this is still in the
exploratory stages, there is little question that this will produce fertile research problems for theorists and experimentalists in
tandem.
One such problem is the brittle-to-ductile transition (BDT) of single crystal silicon as a function of temperature. St.
John [1] first quantified this transition to be on the order of 900 – 950 K. We and others [2] now have the ability to address
that temperature regime as a function of length scale. An interesting phenomena results when examining literature data for
the micron and sub-micron scales. It is found that a transition in the activation volume associated with dislocation nucleation
and/or dislocation mobility may occur in the vicinity of about 600K for such small scales which would be either 0.7 b3 or 3 b3
depending on whether full or partial dislocations are controlling. At the same time, at the 1 µm scale, it appears that the yield
strength increases by 75 percent over this same temperature range [3], see Figure 1. This clearly will reduce the stressdependant activation energy and allow either a decrease in dislocation nucleation or an increase in dislocation velocities.
Either way, one might anticipate an increase in fracture toughness near room temperature compared to slightly elevated
temperatures. For the small scale regime then, there should be a fracture resistance minimum in the vicinity of 600K as the
activation volume is nearly constant for 298 to 600K.

Figure 1:
a)

Activation volumes involving partial dislocations at very high stress and low temperatures in nanopillars and
confined pressure experiments and yield stress for the same nanopillars; from [3,5,6].
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This has been partially verified based on crack initiation loads, Figure 2a, from in-situ SEM bend testing of pre-notched,
1µm thick single crystal silicon beams. An SEM micrograph of a representative beam as fabricated by focused ion beam
(FIB) is shown in Figure 2b. These were tested in displacement control using a Hysitron PI-87 PicoIndenter equipped with
a ~500nm radius of curvature wedge probe, operating inside an FEI Versa FIB/SEM. Temperature was varied from 298 to
873 K using independent feedback-controlled sample and probe heaters. The crack initiation load in Figure 2a can be seen
to decrease from 298 to 423K, then increase over 150 K intervals up to 873K, where the silicon beam shows a dramatic change
to ductile behaviour. The total range of crack initiation loads represented is a 400µN change based solely on temperature
variation. Due to the constraint configuration of the focused-ion beam fabrication system, finite element analysis (FEA) is
required to convert these load-displacement curves to fracture toughness and strain energy release rate values, a work currently
in progress. However, the scaling in the load for crack initiation should represent the fracture toughness trend as all tested
specimens were fabricated to possess the same nominal geometry and crystalline orientation.

Figure 2: a) Load – maximum bending deflection curves for 5 example Si bending beams up to crack initiation tested at
temperatures from 298 to 873 K; b) SEM micrograph of an example pre-notched Si bending beam, showing the double
clamped end constraints and the probe at the top of the frame.
As a general trend for small scale silicon, we anticipate an increase in toughness compared to the bulk. One previous result
on a 156 nm thick beam has shown a factor of 3.6 increase in work per unit fracture area (GIC) over the accepted room
temperature value for bulk silicon [4] after appropriate conversion from load to applied stress intensity as determined by FEA.
Beyond scale and temperature effects, doping should also influence the temperature dependence of the activation volume and
yield stress [5,6], opening additional avenues for study.
CONCLUSIONS
Our view is that a new field of endeavour made possible by in-situ studies in both scanning and transmission electron
microscopes will enable new insight into the detailed microstructural factors for improved fracture resistance. This should
result in fracture mechanism maps with unprecedented accuracy that could include elemental and microstructural variation at
the nm scales. With such detail, verification of various types of atomistic potentials and multi-scale models would proceed
more rapidly.
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Summary TRansformation Induced Plasticity (TRIP) is an attractive route to increase the strain hardening capacity of steels containing a
fraction of metastable austenite, leading to higher strength and uniform elongation. In spite of performances reached in the past decades,
microstructure optimization is complex due to the interplay of coupled effects on the transformation kinetics and work hardening (phase
stability, size of austenite grains, temperature and loading path). An averaging scheme is developed for predicting the response of TRIP-aided
multiphase steels using strain gradient plasticity. The model parameters, based on transformation kinetics, are identified based on experimental
results at different temperatures. Classical plasticity cannot capture the TRIP effect on the mechanical response, while strain gradient plasticity
predicts the variation of strain hardening with deformation and temperature, paving the way towards microstructure optimization.

INTRODUCTION
Over the last decades, the demand for steels with enhanced hardening capacity, led to the manufacturing of various
TRIP (TRansformation Induced Plasticity) assisted multiphase steels [1]. Transformation induced plasticity is an efficient
strategy to obtain superior strength/ductility balance, by raising the strain hardening capacity through the continuous
transformation along deformation of a fraction of metastable austenite retained thanks to specific metallurgical treatments.
By varying the composition and processing route, the volume fraction, stability, size and initial strength of retained
austenite can be controlled, leading to different transformation kinetics and plastic behavior [1]. The size-dependent
response in TRIP steels was considered in [2], showing that strain gradient plasticity (SGP) effects associated to the phase
transformation can have a first order effect, as the transformation occurs in regions in the range of 1μm. This model
revealed strong effects related to plastic strain gradients on the TRIP mechanism. However, unit cells representing only one
grain were considered, preventing a qualitative reproduction of experimentally observed trends. Here, this approach is
extended to allow direct comparison with experimental data. This requires addressing representative volume elements rich
enough to encompass a large number of austenite grains transforming at different levels of deformation.
HOMOGENIZATION PROCEDURE
The behaviour of each phase is described by the Fleck-Hutchinson gradient plasticity theory [3], in which the effective
plastic strain is generalized, incorporating plastic strain gradients within a term that accounts for geometrically necessary
dislocations (GNDs). A 2D plane stress element is used, with higher-order boundary conditions on the plastic strain field,
applied at the boundary of the appearing martensitic phase, with a vanishing plastic flow upon transformation.
A simplified 2D unit cell, containing a circular austenitic inclusion within a ferritic matrix, is used, see Fig. 1. Upon
loading, the austenitic inclusion partially transforms into a martensitic phase. The phases volume fractions are based on
experimental data [4]. The unit cell is embedded in a surrounding medium to iso-strain or iso-stress transformation
conditions. The mechanical influence of the transformation on the unit cell average behavior is examined, assuming that the
final volume fraction of the martensitic phase appears at once with evolving material properties. This is achieved in three
stages: (i) the material is subjected to the loading conditions until a specific average unit cell strain level, (ii) the material
properties of the elliptical zone are updated gradually from the austenite to the martensite properties, with the external
loading temporarily stopped and with a transformation eigenstrain imposed to the appearing martensitic phase, (iii) the
mechanical loading is resumed after the transformation.
In order to capture the global response of the TRIP steel corresponding to experimentally observed heterogeneous
transformation kinetics, one should account for the fact that a variant of austenite transforms fast and not progressively, but
that different austenite grains transform at different deformation levels. An averaging procedure is used in which the overall
material is represented by several unit cells, assuming that each can be simulated independently. The experimental
transformation kinetics is exploited to identify the distribution of macroscopic strain levels at which the transformation
initiates. The transformation kinetics is therefore discretized, providing a set of macroscopic strain levels at which
transformations start. For a given kinetics, a set of unit cells thus predicts the local behavior for different starts of
transformation. After computing individual unit cell responses corresponding to different transformation initiation strains
(Fig.1), they are recombined by means of a weighted sum to evaluate the global material behavior. An equal weighting
factor is imposed here on each unit cell. As a result of the use of a finite number of unit cells, the global material response
exhibits an oscillatory pattern as depicted in Fig. 1 that requires subsequent smoothing.
a)
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Fig. 1. (left) unit cell and embedded cell to model transformation without average stress or strain control, (center) set of unit cell
responses with increasing strains at transformation according to experimental kinetics, (right) resulting average stress-strain response.

SIMULATION OF ISOTHERMAL TENSILE DEFORMATION TESTS
Using parameters reported in [4], the model allows semi-qualitatively reproducing experimentally observed results.
Hardening laws are adjusted to reproduce the results corresponding to an isothermal tensile test at 80°C, as shown in Figure
2 for material parameters in the range used in [5]. The internal length is selected as the one allowing the best agreement with
experimental results at this temperature. Using this set of parameters, corresponding to a SGP intrinsic length scale l*/Daust =
0.75, the drop of ductility observed for faster kinetics observed at lower temperatures can be captured by the SGP model.
The classical plasticity model, on the contrary, cannot capture any significant drop in the strain at necking, see Fig 2. A
similar qualitative agreement can also be shown for non-isothermal tensile conditions with more complex kinetics.

Fig. 2. (left) Experimental transformation kinetics (evolution of austenite volume fraction during straining) for isothermal tests [4],
(center) Stress-strain response for Strain Gradient (SGP) and Classical (CP) Plasticity, (right) Considere plot for necking detection.

CONCLUSIONS
A comparison of the size dependent results with the trends obtained with a classical plasticity shows that a size
dependent framework is a key feature in order to capture the effect of the transformation kinetics on the overall material
behavior of TRIP assisted steels. Based on experimentally identified material parameters, the computational results agree
well with the experiments in terms of the prediction of the ductility as a function of the transformation kinetics. Future
works will focus on the means to generate refined microstructures, and on the practical generation of microstructures
exhibiting tailored transformation kinetics towards optimized ductility of TRIP assisted steels.
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Summary A comprehensive study of precipitation hardening has been carried out by use of the strain gradient plasticity theory. Different
parameters governing the behavior of the material in the presence of particles have been studied, which showed that two key parameters
dominate the outcome of the analyses. These are the particle spacing and interface strength. The results show that the hardening increases when
there is a more dense distribution of particles, and it also increases by making the particles more incoherent.
INTRODUCTION
The presence of heterogeneous deformation on the micro scale introduces size scale effects in the material. Precipitation
hardening is one of the underlying sources of micro scale heterogeneity, which strongly depends on the particle size and
inter-particle spacing. Strain Gradient Plasticity (SGP), justified by dislocation theory, assumes that hardening is caused by
the accumulation of dislocations, which correlates with the gradient of plastic strain [1]. A comprehensive parametric study
of different distributions of particles within a matrix has been carried out in this work by use of the SGP theory. The model
results have been applied to predict precipitation hardening effects in some metals reinforced with incoherent particles, and
compared to experimental data.

PROBLEM DEFINITION AND MODELING
Considering a periodic distribution of spherical particles in a matrix with hexagonal cells, the model which is used in
FE-calculations has been approximated by a cylindrical cell enclosing the spherical particle (Fig. 1). If only uniaxial or
biaxial loadings are considered, the combination of geometry and loading compose an axisymmetric problem. The
constitutive behavior for the matrix is supposed to be governed by a SGP theory, the particle is supposed to behave totally
elastic, and there is an energetic interface layer between particle and the matrix to mimic the particle-dislocation interactions
[2]. For more general loadings, a 3D analysis has been carried out to capture the cutting mechanism. In the 3D analysis, the
effects of both size and spatial distribution of particles have also been studied.

Figure 1-The schematic of the model

RESULTS AND CONCLUSION
The two key parameters controlling the behavior of this model are the intrinsic material length scale (l) and the
resistance against plastic straining at the interface (η). There are also other parameters that have been studied using this
model, namely the volume fraction of the particles, hardening of the matrix, and the stiffness mismatch between the matrix
and the particles. The results have been verified by comparison with experimental data.
By using the aforementioned model, the results show the ability to capture the essence of the strengthening mechanism
associated with a distribution of particles. In addition to that, the interface model captures the behavior of the incoherent
particle-matrix interface. As results suggest (Fig. 2), the hardening increases by decreasing the particle spacing (which is
represented by the non-dimensional quantity 2R/l) and also making the interface stronger (which means a lower value of η).
This leads to an increase in the 0.2%-offset yield stress (Fig. 2).
As described above, the characteristics of the model have been studied based on a default matrix material with ideal
plastic behavior. The parameters of the model, however, could be manipulated in order to be applicable to different material
a)
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systems. This was done for aluminum, magnesium and copper reinforced with incoherent particles, and the outcome of the
model predictions agreed fairly well with available experimental data from the literature.

Figure 2-(Left) The increase in the 0.2%-offset yield stress according to the particle hardening. (Right) Hardening curves
showing the effects of particle-matrix interaction and inter-particle spacing.
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Summary Formation of martensitic microstructures is usually explained by energy minimization, while the competition between the bulk
and interfacial energy contributions provides a natural intrinsic length scale and makes the microstructures size-dependent. In this work,
size-dependent microstructures in CuAlNi shape memory alloy have been computed using a phase-field method, and the corresponding
predictions have been compared to the results of sharp-interface modelling. Both approaches account for interfacial energy effects, though
in a different manner. In the computations, a finite-strain phase-field model recently developed by the authors has been used. The model involves several new ingredients, including a volume-preserving logarithmic mixing rule, hierarchical order parameters and bound constraints
enforced on order parameters.

INTRODUCTION
Martensitic phase transformation in shape memory alloys (SMA) is responsible for their unusual behaviour associated with
pseudoelasticity, shape recovery, and related effects. Martensitic transformation proceeds by formation of microstructure, and
martensitic microstructures have been extensively studied over last decades [1]. While formation of microstructure is usually
explained by energy minimization, the competition between the bulk and interfacial energy contributions provides a natural
intrinsic length scale and makes the microstructures size-dependent. The related size effects are studied in this work using a
recently developed finite-strain phase-field model [2] as well as using the sharp-interface approach [3, 4], and consistency of
the two approaches is illustrated by numerical examples.
FINITE-STRAIN PHASE FIELD MODEL OF MARTENTSITIC TRANSFORMATION
A finite-strain model has been developed for phase-field modelling of twinning and martensitic transformation in shape
memory alloys [2]. The model is set in the energy minimization framework so that the constitutive equations are fully defined
by specifying the free energy function and the dissipation potential. The free energy involves the bulk and the interfacial
energy contributions, the latter describing the energy of diffuse interfaces, which is typical for phase-field approaches [5].
Compared to other finite-strain phase-field models for twinning [6, 7], the present model uses another mixing rule within
diffuse interfaces which can be directly generalized to multiple variants or phases with volume changes treated in a consistent
manner. Specifically, the transformation part of the deformation gradient is obtained by averaging the logarithmic transformation strains of individual phases rather than by mixing the transformation stretches, cf. [8]. Furthermore, the inequality
constraints are here directly imposed on order parameters interpreted as volume fractions so that the physically motivated
bounds are not violated. In the numerical implementation, the augmented Lagrangian method is used for that purpose [9].
Modelling of microstructures that involve austenite and twinned martensite requires further extension of the model. Two
order-parameters are introduced to adequately describe the three involved constituents: the austenite and two variants of
martensite. The order parameters are arranged hierarchically so that one parameter differentiates between austenite and
martensite while the second one differentiates between the two variants of martensite. As a result, two types of interfaces
(austenite-martensite and martensite-martensite) are described in a natural manner. The bulk free energy and the dissipation
potential are generalized accordingly.
ANALYSIS OF AUSTENITE–TWINNED MARTENSITE MICROSTRUCTURES
The finite-strain phase-field model has been implemented in a finite element code and applied to study size effects in a
CuAlNi shape memory alloy undergoing the cubic-to-orthorhombic transformation. In particular, several realistic microstructures have been computed by solving a generalized 2D boundary value problem in a plane orthogonal to both the twinning
and habit planes. This class of 2D problems has been examined earlier using the sharp-interface approach [3].
The interface between austenite and twinned martensite has been studied for four crystallographically distinct microstructures (denoted by M1 to M4, cf. [3]), see Fig. 1. A periodic unit cell corresponding to one twin spacing has been simulated,
and each microstructure has been replicated in Fig. 1 for better visualization. Larger green areas denote austenite while blue
and red areas correspond to the two variants of martensite. Local incompatibility of transformation strains is accommodated
by elastic strains in a transition layer along the austenite–martensite interface. The corresponding elastic-strain energy is
e
e
interpreted at a higher scale as the interfacial energy γam
, and the energy factor Γeam = γam
/htw , where htw denotes the
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microstructure M1

microstructure M2

microstructure M3

microstructure M4
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æ M1, fit: 4.21+7.27 expH-1.79{ L
à M2, fit: 2.39+1.56 expH-1.29{ L
ì M3, fit: 2.46+3.10 expH-1.96{ L
ô M4, fit: 4.67+6.70 expH-2.13{ L
ç õ sharp-interface model HStupkiewicz et al., 2007L
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Figure 1: Austenite–twinned martensite interface in CuAlNi: morphology of the transition layer for four crystallographically
distinct microstructures (left) and the dependence of elastic micro-strain energy factor Γeam on interface thickness parameter `
(right).
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Figure 2: Rank-two austenite–twinned martensite laminates formed within a cylindrical grain of the diameter varying between
100 and 700 nm (left). The number of austenite–martensite interfaces predicted by the phase-field model (dots) and by a sharpinterface model (dashed line), the latter following the approach developed in [4] (right).
twin spacing, is also reported for each microstructure. The dependence of the energy factor Γeam on the phase-field interface
thickness parameter ` is also shown in Fig. 1. In the sharp-interface limit, the phase-field results are consistent with the
sharp-interface predictions [3].
Formation of a rank-two laminated microstructure within a cylindrical grain is reported in Fig. 2. It can be seen that
characteristic dimensions of the microstructure depend on the grain size. Predicted size-dependent spacing of martensite
plates, characterized by the number of austenite–martensite interfaces, has been compared to a sharp interface model [4], and
again consistent results have been obtained.
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FINITE STRAIN GRADIENT PLASTICITY WITH APPLICATION TO MICRON SCALE
VOID GROWTH
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Summary A finite strain generalization of the thermodynamically consistent strain gradient plasticity (SGP) theory by Gudmundson [1] is
proposed. The SGP theory, as originally formulated, employs both dissipative and energetic strain gradient effects, and it is shown that a
finite strain generalization is readily developed when ignoring energetic gradient effects. An updated Lagrangian finite element method is
formulated, and matters of the finite strain implementation turn out to be mainly those associated with generalizing conventional plasticity
theory. The framework developed is applied to ductile void growth on the micron scale. Quantitative predictions show that the growth rate
for micron size voids is suppressed compared to that predicted by conventional plasticity.

PROBLEM DESCRIPTION
Micron scale experiments show that increased hardening and yield resistance follow from the presence of large plastic strain
gradients. Such non-trivial size effects can not be captured by conventional plasticity, and the field of strain gradient plasticity
have been developed due to the need for quantitative predictions of material response on the micron scale. The strain gradient
plasticity theory by Gudmundson [1] can be based on the principle of virtual work for the body occupying the volume V
bounded by the surface S
Z
Z h
i
′
σij δǫij + (qij − σij
)δǫpij + τijk δǫpij,k dV = [Ti δui + tij δǫpij ]dS
(1)
V

S

where σij and δǫij are the stress tensor and the variation of the total strain tensor, respectively. The micro stress qij is the
′
work conjugate to the plastic strain tensor ǫpij , and σij
is the stress deviator. The higher order stress, τijk is work conjugate
p
to the plastic strain gradient ǫij,k . The right hand side includes the traction vector, Ti , the virtual displacement vector δui
in addition to the higher order traction vector tij and the variation of plastic strain. The latter term introduces non-standard
boundary conditions, relevant to many micron scale applications, on plastic strain or its work conjugate.
Constitutive equations are based on the notion of a gradient enhanced effective plastic strain measure describing dissipation
due to plastic strain as well as the plastic strain gradient
2 p p
ǫ̇ ǫ̇ + L2D ǫ̇pij,k ǫ̇pij,k
(2)
3 ij ij
where LD is a constitutive dissipative length scale. Further constitutive input to the theory is the uniaxial stress-strain behavior
specified by the dependence of the effective stress on plastic strain and plastic strain rate: σc [E p , Ė p ]. Based on this, a
dissipation potential is defined as
Z Ė p
p
p
Φ[E , Ė ] =
σc [E p , Ė ′p ]dĖ ′p
(3)
2

Ė p =

0

and the dissipative constitutive equations may be derived as
qij =

2 σC p
σC p
ǫ̇ and τijk = L2D
ǫ̇ij,k
3 Ė P ij
Ė P

(4)

As the above constitutive equations deliver the micro stress qij and the higher order stress τijk directly from the plastic strain
rate field, the minimization of the following functional, as proposed by [2] (here expressed in the absence of energetic strain
gradient effects) may be used even in a finite strain context to deliver a solution in higher order stress equilibrium:
Z 
Z

p
p
p p
′ p
H[ǫ̇ij ] =
Φ[E , Ė ]ǫ̇ij,k − σij ǫ̇ij dV −
tij ǫ̇pij dS
(5)
V

S

Employing an updated Lagrangian formulation, the iterative finite element procedure (l = 1, 2, 3...) (treated in the context of
linear kinematics in [3]) may be expressed as
!


Z
σc [Ė p , E p ]
2 (n) (m)
(n)
(m)
p(m)
Mij Mij + L2D Mij,k Mij,k dV · ǫ̇(l)
(6)
p
3
Ė
V
(l−1)
Z 
Z

(n)
(n)
′
=
σij Mij dV +
tij Mij dS
V
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PN
(n)
(n)
where ǫ̇pij = n=1 Mij ǫ̇p(n) expresses the relation between the plastic strain rate field, the N shape functions Mij and the
nodal variables, ǫ̇p(n) .
When the plastic strain rate field has been determined from 6, conventional methods for the velocity field may be used as
described by McMeeking and Rice [4].
NUMERICAL RESULTS
Plane strain void growth of a cylindrical void of initial radius R0 is analyzed, and results are presented below. A standard viscoplastic power-law is employed by Ė P = ǫ̇0 (σc /σy )1/m , where ǫ̇0 , m and σy denote the reference strain rate, the visco-plastic
exponent and the yield stress of the material, respectively. The material parameters employed are σy /E = 0.004, ν = 0.3,
ǫ̇0 = 0.005s−1 . For simplicity the material is assumed to be non hardening, but it is easily extended to account for hardening.
Growth of a single void subjected to a biaxial loading σ22 = ρσ11 is treated in the results below. Fig. 1 shows results for the
the development of void volume normalized by initial void volume for different length parameters LD /R0 = 0.0, 0.5, 1, 0.
The results show that as the void size decreases (LD /R0 increases), the curves shift to the right indicating that higher levels
and load and deformation are needed to drive void growth. Hence, void growth is suppressed in the micron scale. Fig. 1a
shows results for equi biaxial tension (ρ = 1.00) with different values of the visco-plastic exponent. As the far field strain rate
is prescribed as the reference strain rate for the material, a large effect of m is observed, with the size-effect being even more
distinct for increasing rate sensitivities. In Fig. 1b results are shown for m = 0.01, and for different values of the load ratio, ρ.
The results show that although void growth is delayed for smaller values of ρ, a strong size effect is present for all load ratios.
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(b) m = 0.01
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Figure 1: Relative void volume growth curves for three different values of the material length parameter LD /R0 =
0.0, 0.5, 1.0. (a) Results are shown for equi biaxial tension (ρ = 1.00) as a function of normalized applied equi-biaxial
stress for three different values of the visco-plastic exponent, m = 0.01, 0.02, 0.05. (b) Results are shown for m = 0.01 as a
function of applied strain for three values of the applied load ratio, ρ = 0.50, 0.75, 1.00.
CONCLUSIONS
A thermodynamically consistent finite strain SGP theory is proposed. The theory is based on the higher order SGP theory by
Gudmundson [1]. It is shown that for dissipative gradient effects, the minimum principles laid out by Fleck and Willis [2]
can readily be employed as a basis for the finite strain extension. A finite element implementation in an updated Lagrangian
framework is proposed. The problem of void growth is analyzed, and predictions for how void growth in the micron scale is
suppressed are shown.
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Summary In this work, a single crystal strain gradient plasticity model is derived at finite strains. The gradient enhancement is based on
a scalar strain measure of plastic slip of single crystals. It is implemented in the finite element code Zset and then used to investigate size
effects on void growth and coalescence in single crystals. 3D unit cell finite element simulations are performed and the results are compared
with those obtained with classical single crystal plasticity model.

CONTEXTS
In nuclear reactors, irradiation leads to formation of various defects in their components. Especially in the core internals
made of austenitic stainless steels, intragranular voids can be created, which may induce macroscopic swelling at high irradiation levels. When the material is subjected to mechanical loading, the formed voids play a role in the process of ductile
fracture, which is generally known as a result of void nucleation, growth and coalescence. At initial stage of fracture, voids
are much smaller than the grain size so that one can consider the voids as embedded in an infinitely large single crystal matrix
under homogeneous loading. In this work, size effects on void growth and coalescence in single crystals are investigated.
Size-dependent behaviours have been widely observed in metallic materials, such as size-dependent strength of microspecimens, the Hall-Petch effect, etc. As classical continuum theories cannot predict such size effects, many authors developed
non-local models (see [1] and references therein). These enriched models suppose that the stress state of a material point
depends on the state of a finite neighbourhood or on strain gradient variables.
MODEL DESCRIPTION
A single crystal strain gradient plasticity model is proposed at finite strains. The strain gradient enhancement is based on
a scalar strain measure of plastic slip (cf. [2]). One additional degree of freedom γχ is introduced. The set of degrees of
freedom (DOF) and that of their Lagrangian gradients are therefore defined as


∂u
∂γχ
DOF = {u , γχ } and GRAD = F
.
(1)
=1
+
, K =
∼
∼
∂X
∂X
As a result, an additional balance equation and boundary condition are derived for the crystalline body V :
div m − s = 0, ∀x ∈ V and m = m .n , ∀x ∈ ∂V,

(2)

where s and m are the generalised stresses respectively work conjugate to the microdeformation γχ and the eulerian gradient
∂γχ
of the microdeformation k =
, m is the surface double force density and n is the unit normal vector to the surface.
∂x
e
p
The deformation gradient F
is multiplicatively decomposed into elastic and plastic parts F
=F
.F
. The elastic strain
∼
∼
∼
∼
is defined as
1 eT e
e
E
= (F
.F
−1
),
(3)
∼
∼
∼
2 ∼
and the plastic strain rate is
X
p p−1
s
Ḟ
F
=
γ̇ s N
,
(4)
∼
∼
∼
s

with plastic slip rate γ̇ and the Schmid tensor N
= l ⊗ n for the slip system s, where l s is the slip direction vector and
∼
s
the normal to the slip plan n . Inspired from the form of the residual dissipation, the plastic slip rate γ̇ s is assumed to be
 s
n
|τ | − (τcs − Je s)
γ̇ s =
sign (τ s ) .
(5)
K
s
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The microdeformation γχ is related to the total cumulative slip γcum =

P

|γ s | via the relative cumulative slip e

s

e(X , t) = γcum − γχ .

(6)

e measures the departure of the microdeformation γχ from the total cumulative slip, which will be associated with a cost in
the free energy potential.
It is assumed that the free energy potential ψ takes the following quadratic form:
ρψ =

1
1
1 ρ e
e
E :Λ
:E
+ Hχ e2 + Ak .k ,
∼
≈
2 ρi ∼
2
2

(7)

with the density ρ at the current configuration, the density ρi at the the intermediate configuration, fourth-order elasticity
tensor Λ
, two additional moduli parameters: Hχ (unit MPa) and A (unit MPa.mm2 ). As a result, one has
≈
m = Ak and s = Hχ e = Hχ (γcum − γχ ).

(8)

Considering the balance equation, it follows
s = div m = Adiv grad γχ = A∆x γχ ,

(9)

which introduces the gradient effect in eq. (5).
The free energy potential can also be taken of the alternative form:
ρψ =

1 ρ
1
1 ρ e
e
E
:Λ
:E
+ Hχ e2 +
AK .K
∼
∼
≈
2 ρi
2
2 ρ0

with the density ρ0 at the reference configuration, which leads to a linear relation in the reference configuration:


ρ
M = AK and s = A div
B .grad γχ .
ρ0 ∼

(10)

(11)

SIZE-DEPENDENT VOID GROWTH

(a)

(b)

Figure 1: (a) 3D finite element mesh of voided unit cell. Only half of the mesh is shown. (b) Field of total cumulative slip,
obtained by the local single crystal plasticity model, in the middle x1 -x2 cross section of the unit cell for the [100]-[010]-[001]
orientation at stress triaxiality T = 3.
The proposed model is used to investigate the size-dependent void growth by 3D finite element unit cell simulations (see
fig. 1a). Void growth in a single crystal matrix under triaxial loading is simulated with different internal length scales. The
evolution of void volume fraction, the overall stress-strain response, and the local plastic strain fields are compared to those
obtained by classical single crystal plasticity. Fig. 1b gives an example of unit cell simulation with classical single crystal
plasticity. Results of our simulations will also be discussed regarding dislocation dynamics and molecular dynamics studies
dedicated to void growth in the literature, e.g., [3].
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Summary The importance of the strain gradients that evolves at the onset of void coalescence at micron-scale is demonstrated through a
detailed numerical study. Here, a 3D numerical framework is exploited to grain a parametric understanding of the influence of void size and
void spacing, and a direct comparison to a recent extension of the coalescence criterion by Thomason is presented. Taking into account the
intrinsic length scales inherited by the ductile failure process shows a clear increase in the level of the average volume stress, perpendicular
to the plane of localization, at which void coalescence occurs. Oblate voids are particularly affected by the evolving strain gradients. The
increase in stress level predicted in a gradient enhanced matrix material are, however, yet to be properly addressed in existing continuum
models as both the Thomason criterion, as-well as the Gurson modeling framework, rest on conventional plasticity theory.

INTRODUCTION
The governing mechanics in ductile failure have been subject to intensive studies through decades of research (Tvergaard,
1990; Benzerga and Leblond, 2010), and it has been established that ductile failure generally progress by void nucleation and
growth to coalescence at the micron-level. However, existing state-of-the-art micro-mechanics based damage models do not
include the experimentally observed intrinsic length scales related to the void size, but instead only account for the void volume
fraction (Gurson, 1977) - occasionally in combination with the void shape or a non-local measure of porosity (Gologanu et
al., 1997). However, materials that plastically deform by dislocations movement are known to display size effects by elevated
stress levels and restricted plastic flow. The general trend in metals is that smaller is stronger. Recent research has proven size
effects to be important to problems where deformation varies significantly in the micrometer range - the range where the void
coalescence process unfolds. Thus, the intrinsic length scale will inevitably influence the ductile failure process.
The present work focuses at the onset of coalescence by adopting the model set-up from Tekoğlu et al. (2012), but here
includes a gradient enriched matrix material. The aim is to bring out the effect of the strain gradients that evolves during the
interaction between voids at the micron level, and to highlight their implications on existing coalescence models. E.g. a direct
comparison to a recent extension of the coalescence criterion by Thomason (1990) (see Eq. 1) is presented. To facilitate this
comparison, only void coalescence modes located near the x1 x3 -plane are of interest (see Fig. 1a). The Thomason criterion
reads:
Pc




1−χ
2
Th
Th 1
22
+β √
(1)
= (1 − ηχ ) α
σ0
Wχ
χ
where σ0 is the conventional yield stress, W is the void aspect ratio, χ the relative void spacing, η = π/4 for a cubic unit cell,
and αT h = 0.0819W − 0.0373, β T h = 0.0036W 5 − 0.003W 4 − 0.1694W 3 + 0.8499W 2 − 1.6743W + 2.5022, respectively.
MODELING FRAMEWORK
A full 3D numerical modeling framework based on the Fleck and Willis (2009) strain gradient theory has been purpose
build for the study presented. The incremental procedure for this model formulation consists of two successive steps in which
“Step 1” determines the plastic strain rate field based on the known stress/strain conditions in the current state, whereas
“Step 2” subsequently determines the corresponding incremental displacement solution (see Nielsen and Niordson, 2014, for
details). To analyze the onset of void coalescence a small strain/deflection set-up is adopted, and the considered unit cell
model is shown in Fig. 1a. The cell consists of a rectangular block of matrix material that surrounds a spheroidal void with
aspect ratio, W = R2 /R1 (and R1 = R3 ), and a relative void spacing of χ = R1 /L1 . Here, Ri and Li are the void radii
loading
on P
the unit cell
in the three directions and the dimensions of the unit cell, respectively. The boundary and P
Pconditions
P
are adopted from Tekoğlu et al. (2012) such that the average volume stress components: 11 , 22 , 33 , and 12 can be
controlled through the prescribed macroscopic straining; Eii = Ui /(2Li ) and E12 = Ut /(2L2 ), where Ui are the normal
displacements at the unit cell boundaries and Ut is the shear displacement. In this preliminary study, however, the shear
displacement remains zero. All FE calculations are preformed with 20-node 3D elements using reduced Gauss integration
(2 × 2 × 2) for the displacement field, whereas 8-node 3D elements with corresponding Gauss integration are used for the
plastic strain rate field.
As the study concentrate on the onset of void coalescence a limit-load type analysis is in focus and, hence, an attempt
is made to mimic an incompressible material by employing a Poisson ratio of ν = 0.49, together with a perfectly plastic
response of the matrix material. Thus, upon loading plastic flow willP
localize and the material response reach a limit load at
c
which the critical volume stress perpendicular to the x1 x3 -plane (the 22 ) is extracted.
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Figure 1: a) Unit cell model displaying a typical mesh (W = 0.5), b) Evolution of 22 with the relative void spacing, χ,
including results with/without influence of strain gradients (LD = 0 is the conventional limit and reflects J2 flow theory).
RESULTS
Pc
The predicted critical volume stress (the 22 ), at which void coalescence takes place, is displayed in Fig. 1b. Here,
shown for various void spacings, χ, and two void aspect ratios that correspond to prolate (W = 2) and oblate (W = 0.5)
voids, respectively. First and foremost, a comparison to the Thomason criterion from Eq. (1) reveals accurate predictions in
the conventional limit (LD /L1 = 0.01). But, the strengthening behavior from the plastic strain gradients at micron-scale lift
the stress level at which void coalescence occurs - particularly at low relative void spacing. Moreover, it is noticed that oblate
voids seem more sensitive to gradient effects as the stress level has increased the most for W = 0.5.
CONCLUSION
The present study of the intrinsic length scale effects, related to void coalescence, displays an increased level of the critical
stress at which localization of plastic flow occurs between micro-voids. The effect originates from the strengthening behavior
predicted for gradient enhanced materials, and one might want to think its implications into a stress based coalescence criterion
such as that of Thomason. To fully exploit the findings of the present study, however, new development to the Gurson modeling
framework is required. As it sits, this classical micro-mechanics based damage model omits any gradient effects and, hence,
cannot accurately represent the stresses over the multiple scales involved in the ductile failure process.
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IMPLICIT FINITE ELEMENT ALGORITHMS FOR HIGHER-ORDER GRADIENT
PLASTICITY THEORY

1

Andrea Panteghini1 and Lorenzo Bardella ∗1
Department of Civil, Environmental, Architectural Engineering and Mathematics, University of Brescia, Italy

Summary We propose an implicit time integration Finite Element (FE) algorithm for Gradient Plasticity (GP) theory, involving both energetic and dissipative higher-order contributions. We consider both phenomenological and crystal GP, in which the free energy includes the
so-called defect energy, a function of Nye’s dislocation density tensor. By considering many benchmarks (simple shear of a constrained
strip, torsion of thin wires, bending of thin foils, micro-indentation), we show that the conceptually most straightforward FE implementation, in which the displacements and the relevant plastic components are employed as nodal degrees of freedom, leads to a very efficient FE
algorithm if a proper regularisation of the viscoplastic potential is adopted, the latter in general involving dissipative higher-order terms. The
proposed viscoplastic constitutive law can also accurately represent rate-independent behaviour, without losing computational efficiency.

INTRODUCTION
This investigation is concerned with the modelling of the size-dependent mechanical behaviour of metallic micro-devices
undergoing inhomogeneous plastic flow (see, e.g., [1, 2, 3, 4]). In particular, we focus on work-conjugate, higher-order GP
theories (see, e.g., [5, 6, 7, 8, 9, 10]), extending both phenomenological and crystal plasticity theories. About phenomenological GP theories, we distinguish between Strain Gradient Plasticity (SGP) and Distortion Gradient Plasticity (DGP), depending
on whether the contribution of the plastic spin is neglected (see, e.g., [7]) or not (see [8, 11, 12] and references therein).
The development of the GP theories here concerned has long been hampered by difficulties in efficiently and accurately
solving relevant boundary value problems. In fact, the partial differential equations governing higher-order GP have been
known to be difficult to solve for two- and three-dimensional boundary value problems by using standard implicit FE integration algorithms (see, e.g., [13]). To address this issue, some investigators have developed non-standard FE codes. Among
them, we mention a few noticeable examples. Niordson and co-authors (e.g., [14, 15]) have successfully developed explicit
FE codes for various higher-order SGP theories. Forest and co-workers have instead proposed a micromorphic approach (see,
e.g., [16, 17] and references therein), consisting of a penalty method applied to GP. We propose implicit time integration FE
algorithms for work-conjugate GP theories involving energetic and dissipative higher-order contributions. A common feature
of all the GP theories here considered is the free energy term called the defect energy [6], written in terms of Nye’s dislocation
density tensor α, defined as α = curlγ, with γ denoting the plastic distortion. We will show that the conceptually most
straightforward FE implementation, in which displacements and either plastic distortion components or plastic slips are employed as nodal degrees of freedom, leads to a very efficient FE algorithm if a proper regularisation of the viscoplastic potential
is adopted. It will be also shown that the proposed viscoplastic constitutive law can accurately reproduce rate-independent
material behaviour for an appropriate choice of a rate-sensitivity material parameter, without losing computational efficiency.
THE VISCOPLASTIC POTENTIAL REGULARISATION
To present our proposal, here we restrict our attention to Gurtin [8] DGP theory (see also [11], adopting the same notation
employed here). In this theory, whose governing equations are provided in [8, 11], the dissipative stresses depend on the
following effective plastic flow rate, Ė p , and effective flow resistance, Σ:
r
r
p
2 p2
2 2
3 2 1 2
3
p 2
p
2
Ė =
|ε̇ | + χ|ϑ̇ | + L |∇ε̇ | , Σ =
|ρ| + |ω| +
|T |2
(1)
3
3
2
χ
2L2
p

in which ε̇p = symγ̇ is the plastic strain rate (work conjugate to the stress ρ), ϑ̇ = skwγ̇ is the plastic spin (work conjugate
to the stress ω), T is a third-order stress work-conjugate to ∇ε̇p , L is a dissipative material length parameter, and χ is the
material parameter governing the dissipation due to ϑp . Ė p and Σ are work conjugate under the following stress prescription:
ρ=

2 Σ p
ε̇ ,
3 Ė p

ω=χ

Σ p
ϑ̇ ,
Ė p

T =

2 2 Σ
L
∇ε̇p
3 Ė p

(2)

satisfying the 2nd Law independently of the adopted constitutive law for Σ(Ė p , E p ). This type of constitutive assumption, in
which the rates of some appropriate measures of plastic deformation are conjugate to finite stress measures, characterises the
so-called non-incremental theories [18]. Viscoplasticity, given by the dependence of Σ on Ė p , allows plasticity to develop at
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any stress level, in an amount dependent on the material rate-sensitivity. Within this framework, one avoids the implementation
of any yield criterion or special treatment of the internal surfaces between elastic and plastic domains, the latter being an
important issue to be addressed in rate-independent formulations (see, e.g., [15]). Although we employ a viscoplasticity
framework, thus retaining its well-known computational advantages, in the following we propose a law Σ(Ė p , E p ) allowing
the use of very small rate-sensitivity. More specifically, we will demonstrate that the proposed law for Σ(Ė p , E p ) leads to
results that are substantially rate-independent, without losing computational efficiency. A convenient form of Σ(Ė p , E p ), very
often adopted in literature, assumes Σ(Ė p , E p ) = σY (E p )V (Ė p ) in which σY (E p ) includes the isotropic hardening law. In
this contribution, the choice of V (Ė p ) is a key point, as it plays a crucial role in obtaining a very efficient kinematics-based
FE algorithm. In literature, the most exploited form of V (Ė p ) is the power-law V (Ė p ) ∝ (Ė p )n , which has many convenient
features [19]. However, numerically, a plain power-law may turn out in lack of convergence if the increment in plastic flow
is not large enough, for small rate-sensitivity exponent n. In particular, in plasticity applications n ∈ (0, 1), so that the
derivative of V (Ė p ) with respect to γ̇, necessary to compute the tangent stiffness, is unbounded for E˙p → 0, resulting in an
ill-conditioned FE system to solve. To overcome this difficulty, here we propose:

E˙p
E˙p



if
≤1
ε˙0
V (E˙p ) = 2ε˙0
(3)

E˙p
1 ε˙0

1 −
if
>1
2 E˙p
ε˙0
in which ε˙0 > 0 is a material parameter and the rate-independent limit is attained for ε˙0 → 0. Function (3) is a suitably smooth
regularisation of a unit-step function and admits a convex potential. Such a function comes from a well-known approximation
of the modulus function, whose robustness was proven in the Sixties in the context of Mathematical Statistics [20]. Note that
choice (3) of V (Ė p ) was already adopted in [12], in an even richer form involving one more parameter. However, in [12]
attention was restricted to the one-dimensional description of the torsion problem, in which the displacement field is assumed
pointwise, so that the balance equations in weak form are solved for γ̇ only.
CONCLUSIONS
In this contribution we will demonstrate the computational efficiency of the viscoplastic function (3) for general purpose
FE implementation of GP, with emphasis on very small rate-sensitivity, to accurately model material rate-independence. To
this purpose, we will plug the viscoplastic function (3) both in the above mentioned Gurtin [8] DGP and in the crystal GP
developed in [21] to model the latent hardening size effect predicted by discrete dislocation dynamics simulations.
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Summary A new concept of equivalent inhomogeneity is proposed to analyze the effective properties of composites with interphases

using techniques devised for problems without interphases. The basic idea is to replace the inhomogeneity and the surrounding it
interphase by a single equivalent inhomogeneity, combining properties of both, which is then perfectly boned to the matrix. The definition
of the equivalent inhomogeneity proposed in this work is based on Hill’s energy equivalence principle. It is more general than definitions
proposed in the past in that, conceptually and practically, it allows considering inhomogeneities of various shapes and various models of
interphases. This is illustrated considering spherical inhomogeneity with two models of interphases, Gurtin-Murdoch material surface
model and spring layer model. Comparisons with the best available solutions are made and other possible applications are discussed.

GENERAL FORMULATION OF THE PROBLEM
The main idea of the Energy Equivalent Inhomogeneity (EEI) consists in using the energy approach to replace the
system consisting of the original inhomogeneity and surrounding interphase of thickness h by a single uniform
inhomogeneity. Various types of interphases may be considered, but both the interphase and the inhomogeneity are assumed
elastic with their own distinct properties.
To find the properties of the EEI it is assumed that the displacements at the matrix/interphase boundary result from an
arbitrary constant strain ε eq . At equilibrium these displacements cause the attendant strain fields (or displacement jumps)
within the original inhomogeneity and the interphase, both of which depend on ε eq . The strain energy associated with the
equilibrium state of such system, being the sum of the energies of the original inhomogeneity and its interphase, is then a
quadratic function of ε eq . Given that the interphase is typically thin and that the matrix/interphase displacements
correspond to a constant ε eq , it is plausible to assume that the strain field within the original inhomogeneity will be nearly
uniform ε  ε eq . it is assumed that the original spherical inhomogeneity undergoes rigid body motion, described by a
constant small strain tensor ε . Consequently, the mathematical expression of energy equivalence takes the form [1]:
1
1
(1)
E  Veq ε eq : Ceq : ε eq  Ei ε eq , ε (ε eq )  
ε(ε eq ) : C1 : ε(ε eq ) dV1 ,
2
2 V1



where

Veq is the sum of the volumes of the original inhomogeneity V1 and of the interphase Vi, Ei is the strain energy of

the interphase, C1 and Ceq are the constitutive tensors of the original inhomogeneity and of the equivalent inhomogeneity
(to be determined), respectively. E i depends on the specific model of the interphase employed and various possibilities are

possible in this regard. In each of those possibilities Ei is described by a quadratic form on the set { ε , ε eq }. Minimization
of the energy described by Eq. (1) with respect to ε yields a relation of the type
ε  T : ε eq .

(2)

Gurtin-Murdoch surface model
The model is based on the assumption that the interphase is infinitesimally thin, coherent (i.e., displacements are
continuous), and develops its own surface stresses σ S . Consequently, the interphase conditions take the following form
[u] Si  0 ,

[σ ] Si  n  divSi σ S  0 ,

(3)

where u is the displacement vector, σ is the stress tensor in the bulk material and n is unit vector normal to
interphase; [] indicates the jump of field quantities across the surface while div Si represents the surface divergence. The
material surface constitutive equation is described by the following equation
σ S   0 I S  2 S   0  ε S  S   0 trε S  I S   0  S u .
2

2

(4)

2

in which ε S is the surface strain tensor, I S represents the identity tensor in the plane tangent to the surface,  0 is the
magnitude of the deformation-independent (residual) surface stress, λ S , μ S are surface Lamé parameters, while  S u
denotes the surface gradient of the interface displacement field.
a)
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To find the properties of the energy-equivalent inhomogeneity Eq. (1) is evaluated. Under the specific assumptions of
the model one has ε1  ε eq . This leads to the following expression describing the energy equivalence, [1]:

1
1
E  V1 (ε eq : Ceq : εeq )  V1 (εeq : C1 : εeq )  Ei ,
2
2
where V1 is the volume of the inhomogeneity and

Ei 



(5)



1
2
2  S   0 ε S : ε S  S   0  trε S   τ 0  S u :  S u d S .
2S

(6)

Spring layer model of interphase
In all past discussions of spring layer that model its thickness was assumed to be negligible and, consequently, it was
also assumed that the interphase tractions remain continuous while displacements suffer a jump. In this work the spring
layer thickness is small but finite. As a result its mathematical description is
(7)
[σdS] S  n  σ2 dS 2 - σ1 dS1  n  0 ,
K  [u] S  σ1  n ,
where the superscripts 1 and 2 indicate that the appropriate quantities are evaluated on the inhomogeneity or the matrix side
of the spring layer. K  Knn  n  Kt s  s  Kt t  t is a second-order tensor which contains the spring layer stiffness
parameters K n and K t in normal and tangential directions, respectively, while s and t represent two orthogonal unit
vectors in the plane tangent to the interface. For soft, isotropic and elastic interphase K n and K t are K n  (λ i  2μ i ) h ,

K t  μ i h . The surface elements dS1 and dS2 in Eq. (7)1 are assumed to be related to the inhomogeneity side of the layer,
the area dS2 – to the matrix side. In this case the general formula of energy equivalence given in Eq. (1) takes form [2]:
1
1
1
2
2
E  V2 (εeq : Ceq : εeq )  V1 (ε : C1 : ε)  Ei , where Ei 
(8)
K n u n  K t u t dS ,
2
2
2
S1

 



with u n and u t denoting normal and tangential displacement jumps which are dependent on ε present in Eq. (1). To
determine the stiffness tensor of the equivalent inhomogeneity the energy of the inhomogeneity/spring-layer system is first
minimized with respect to ε to relate those tensors to ε eq (cf. Eq. (2)). The energy at the minimum is assumed to be the
energy of the equivalent inhomogeneity from which its properties result.
NUMERICAL RESULTS
The effective bulk and shear moduli, evaluated for various models of interphases (Gurtin-Murdoch surface model – (a)
and (b); spring layer model – (c)) on the basis of the method of conditional moments [3] in combination with EEI approach
are presented in Fig.1 and are in a good agreement with numerical results available in the literature [2].

a)
Fig. 1: Dependence: the normalized bulk modulus K * / K

b)
(a) and shear modulus μ * /μ

c)
(b) on the void volume fraction

cl
cl
*
c1 for the radius of a spherical nanocavity R1  10 (nm) and normalized bulk K / K 2 and shear μ * / μ 2 moduli (c) for a
material with rigid inhomogeneities on tangential and normal bond parameters kt  R1 K t and kn  R1 K n if kn  kt .
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Summary A critical investigation is carried out of a strain-gradient plasticity theory. The theory is dissipative in nature, in the sense that
the plastic strain-gradient terms and associated length scale enter through the flow relation, rather than through the free energy. It is shown
that the yield condition and flow relation take a global form, in contrast to conventional theories in which these are posed locally, that is,
pointwise in the domain. Recent studies of particular examples of non-proportional loading have highlighted interesting and novel features
of dissipative strain-gradient theories. These features, such as a delayed resumption of plastic loading following non-proportional increments
in loading, are explored further computationally, and the behaviour thus obtained is studied with a view to relating it to the specific features
of the flow relation in the dissipative theory.

INTRODUCTION
Strain-gradient theories of plasticity were first proposed some three decades ago, with a view to extending conventional
theories of plasticity in such a way as to capture length-dependent effects, which are important at the mesoscale. Among
the various strain-gradient theories now in existence, a popular class relates to those in which stress terms conjugate to
the plastic strain and its gradient are introduced, for example through a virtual power principle, and which furthermore are
thermodynamically consistent. Gradient theories can be energetic in nature, in the sense that they incorporate gradient terms
in the specification of the free energy. Alternatively or in addition, they can be dissipative, in that the gradient terms appear
in the flow relation. In the latter case the flow relation follows directly from a reduced dissipation inequality that involves the
plastic strain and its gradient, with the conjugate stress quantities.
In this presentation the model of strain-gradient plasticity proposed in [1], and further developed for the rate-independent
case in [2], is adopted as the model for further investigation. In this model there are various features of the dissipative
formulation that distinguish it quite markedly from the classical problem. For example, the yield function and flow relation
are posed locally in terms of the conjugate stress quantities rather than the Cauchy stress. This begs the question as to how
yield is determined, given that these conjugate quantities are indeterminate in the elastic region. It has been shown [2] that it
is necessary for the flow relation to be posed in weak or global form in order that it might be expressed in terms of the Cauchy
stress.
Further unusual features of the dissipative formulation are discussed in [3]. These authors explore the differences between
dissipative and energetic models by studying simple examples of non-proportional loading. They investigate in detail onedimensional problems with non-proportional loading effected through the imposition of passivation of the surfaces of the
bodies after these have developed plastic behaviour. A key feature of the behaviour following passivation in the plastic range
is the existence of an elastic gap: that is, a phase of elastic behaviour, with a delayed resumption of plastic loading.
CURRENT WORK
The aim of this contribution is to explore further theoretically and computationally the features of the dissipative model of
strain-gradient plasticity, in this way complementing the study in [3] and developing a better understanding of the mathematical
and mechanical aspects of the model.
Theoretical studies of the flow relation
By exploiting the formulation of the flow relation in terms of a dissipation function, we show how the conjugate stresses
may be eliminated through a global approach, so that the relation may be expressed in terms of the Cauchy stress. This in
turn allows yield to be determined in the usual way, albeit in terms of a global rather than local criterion.
p We focus on a
dissipation function D of the form D(Ė p ) = σ0 Ė p in which σ0 is a measure of initial yield stress, Ė p = |ε̇p |2 + `2 |∇ε̇p |2
is a generalized plastic
strain rate, and ` is a length scale. It is shown that the process for determining yield based on the global
R
dissipation D = Ω D(Ė p ) dx is complex, and as far as the authors can determine, not amenable to closed-form solution.
Progress is however made by examining instead a spatially discrete version of the global flow relation, of the form that arises
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for example in the use of finite element approximations. The discrete form of D is shown to depend on a quadratic function
of the discrete stresses. This differs however from the yield function that is obtained simply by generalizing the classical von
Mises yield condition, and emphasizes the global nature of the flow relation for the dissipative problem.
Numerical studies
A series of numerical examples is studied with a view to exploring some of the features that emerge from the theoretical
investigation. One of the problems studied is that of a rod in tension, and with two possible boundary conditions on the plastic
strain: either microhard, in which the plastic strain is prescribed, or microfree, in which flux of the plastic strain gradient
is prescribed. Passivation of the boundary in the plastic range – essentially, changing the boundary condition to microhard
– leads to an initial elastic response and elastic gap, of the kind observed in [3]. The presence of two curves, for the two
boundary conditions, helps to identify the elastic gap as a means by which to move from one yield surface, corresponding to
one boundary condition, to another, corresponding to the other boundary condition.
A second example is that of a plate loaded biaxially, with similarly alternative boundary conditions. These and other
numerical examples shed light on the behaviour peculiar to the dissipative formulation, and allow the differences between this
and the energetic formulation of the strain-gradient theory to be better understood.
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Summary Wire drawing processes at micron scale receive increased interest as micro wires are increasingly required in micro electrical
components. At the micron scale, size effects become important and have to be taken into consideration. The goal is to optimize the
semi-cone angle of the tool in terms of drawing force. The present study employs a steady-state modelling technique that omits the transient
regime, thus creating a basis for comprehensive parameter studies. The steady-state procedure is based on the streamline integration method
presented by Dean and Hutchinson [1]. This approach allows elastic-plastic loading/unloading to be taken into account and it is readily
implemented into an existing finite element program. The numerical model deals with a time dependent material model that includes strain
gradient effects according, to Fleck and Willis theory [2]. The analysis indicates that size effects reduce the optimal semi-cone angle of the
tool with up to 40%.

FRAMEWORK
The wire drawing process is used in manufacturing at all scales, ranging from several centimetres to a few microns, and
the growing production of micro components has increased the demand for micro wires (diameter ∼ 10µm). Micro wires
are typically applied in semiconductors and electrical winding coils. At this scale, so-called size effect are inevitable in the
production and therefore requires attention. The size effects are explained by the effect of geometrically necessary dislocations
which follows from the development of large strain gradients. It is well established that size effects appear as either increased
hardening or strengthening at the micron scale.
A numerical investigations of wire drawing at the micron scale in steady-state can be found in Byon et. al. [3]. Their
work however, is based on rigid plasticity, where residual stresses and the associated material behaviour is neglected. The
steady-state model employed in the current study readily accounts for these effects and is based on the early work of Dean and
Hutchinson [1] for crack growth problems. The objective of the present study is to present a method which lends itself nicely
for numerical implementation and is capable of handling elastic unloading and size effects within a steady-state framework.
The model developed will be exploited to quantify the effect of strain gradients related to the wire drawing process. Similar
studies concerning rolling has recently been conducted by Nielsen [4].
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Figure 1: Parametrization of the wire drawing process in the adopted steady-state framework with axisymmetry around z. Throughout the
study, Rm /(2L) = 1/10 and the finite element mesh employed consists of square elements with side length L(e) /Rm = 20.

The framework for the numerical analysis is based on a finite element elastic-viscoplastic steady-state model, accounting
for strain gradient effects. The model is formulated in 2D, under the assumptions of axisymmetry where the tensor notation
should be interpreted as components 1,2,3 being the radial (r), axial (z) and angular (θ) direction, respectively.
To accommodate the size effect in the mirco wire drawing process, an accurate numerical model is required to represent
material behaviour over the range of length scales involved. Several numerical models capable of handling size effects have
been developed over the years and, in the current study, the higher order elastic-viscoplastic material model presented by Fleck
and Willis [2] is adopted. For a first approximation, Coulomb friction and small strains are accepted.
In the steady-state framework, the domain remain fixed relative to the tool while the material moves through the domain
whereby the field quantities become stationary to an observer located at the tool. Thus, stationarity simplifies the numerical
task of modelling effects such as the contact with the tool. Based on the definition of the steady-state, time derived quantities
f˙ in the constitutive model can be related to a spatial derivative through the velocity ȧ along a streamline (illustrated in Fig.
1), according to f˙ = −ȧ∂f /∂z. Thus, any incremental quantity at a given material point can be evaluated by integrating
along a streamline in the direction of the material movement, starting upstream of the tool and ending at the point of interest.
The point of interest will then contain the history of all upstream points.
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(a) Effective plastic strain in the wire through the iteration stages of the steady-state procedure (LD /H = 0).
Deformations are amplified by a factor of 10.
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(b) Drawing force Fdraw vs. semi-cone angle φ.

Figure 2: Wire drawing for conventional and strain gradient models with ∆/Rm = 0.01, µ = 0.1, N = 0.2, m = 0.02, σy /E = 0.001,
ε̇0 = 0.001, ȧ = αRm ε̇0 (with α = 500), and tr /Rm = 0.25. The energetic length parameter LE = 0.

RESULTS
The iterative process of determining the steady-state is illustrated in Fig. 2a. Four steps in the iteration is presented (start,
two intermediate and final), where the first step corresponds to the tool being pressed into the material. In the following
steps, the history dependence, obtained through streamline integration, will ensure that the material downstream hold the load
history of the tool contact. In the last step, the converged solution is obtained. A small elastic spring back is observed as a
result of the residual stresses accounted for in the model. Fig. 2b presents an example of the effect from strain gradients in
terms of drawing force as a function of the semi-cone angle, φ, for various dissipative length parameter LD . For LD → 0, the
model reduces to a conventional J2 flow theory model neglecting size effects, which is also confirmed in Fig. 2b by a direct
comparison. An increase in LD is found to lower the optimal semi-cone angle. In general, an increasing gradient effect lead
to increasing drawing force as a result of the strain gradient hardening effect. In Fig. 2b, the optimum points are marked with
circles. When observing optimum points across length parameters, the sensitivity to gradient effects are seen to be significant
for small Ld /H, while the tool angle seems to converge to a constant value for large LD /H.
CONCLUDING REMARKS
The steady-state procedure presented by Dean and Hutchinson [1] offers a simple way to include history dependent elasticplastic behaviour, thus allowing elastic unloading and residual stresses/strains to be accounted for (key in cold working
processes). Combined with the gradient enhanced elastic-viscoplastic material model by Fleck and Willis [2] a model for
comprehensive parameter studies of size effects in the wire drawing process has been established as an example.
The study demonstrates how strain gradients decrease the optimal semi-cone angle with up to approximately 40% as a
result of the additional micron scale hardening.
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Summary The numerical implementation of a non-local polycrystal plasticity theory using the FFT-based formulation of Moulinec and Suquet
[1] is presented. Gurtin’s [2] non-local formulation has been incorporated in the elasto-viscoplastic (EVP-FFT) algorithm of Lebensohn et al.
[3]. Numerical procedures for the accurate estimation of higher order derivatives of micromechanical fields, required for feedback into single
crystal constitutive relations, are identified and applied. A simple case of a periodic laminate made of two fcc crystals is first used to assess the
soundness and numerical stability of the proposed algorithm. Different behaviors at grain boundaries are explored, and the one consistent with
the micro-clamped condition gives the most pronounced size effect. The new formulation is applied to the case of 3-D fcc polycrystals,
illustrating the possibilities offered by the proposed scheme to accurately solve large problems in reasonable computing times.

INTRODUCTION
Since the main mechanism of metal plasticity is dislocation slip, and dislocations are characterized by a length scale
given by the Burgers vector, size dependence naturally emerges. Plastic strain gradients give rise to dislocation structures,
termed geometrically necessary dislocations (GNDs) that induce a size effect at the micro-scale. We have developed a
computational capability for predicting the size dependence of the mechanical response of polycrystals based on a
phenomenological size-dependent crystal plasticity theory. In particular, our calculations are based on the theory introduced
by Gurtin [2], which accounts for size dependence arising from plastic strain gradients and, as a consequence, involves slip
gradients and higher order boundary conditions. These complicate crystal plasticity (CP) finite element (FE) calculations,
which have been generally restricted to single crystal two-dimensional problems.
In recent years, a highly efficient alternative to CPFE for the numerical treatment of plasticity of heterogeneous media
using fast Fourier transforms (FFT) has been proposed and applied to a suite of problems involving the determination of
micromechanical fields and effective response in polycrystalline materials. This spectral formulation, originally developed
by Suquet and co-workers (e.g. [1]) as an efficient method to compute the micromechanical response of periodic
heterogeneous materials, including the possible use of direct input from microstructural images, has been adapted to
polycrystals deforming in the elasto-viscoplastic regime [3].
MODEL
The local EVP-FFT method for 3-D polycrystals has been extended to account for size dependence arising from slip
gradients. The salient aspects of the non-local plasticity theory [2] and the casting of the latter into the EVP-FFT algorithm
[3], including the computation of a back-stress field that in the non-local theory affects the constitutive behaviour at the
single crystal level is given in Ref. [4]. The resulting formulation is applied here to the case of a simple bicrystal laminate
configuration in order to demonstrate the numerical stability of the method. Further, it was also applied to study the
influence of various model parameters and interface conditions on the prediction of size dependence (see [5] for details).
We also report here cases of 3-D polycrystals, considering two types of boundary conditions at grain boundaries: (i) one
corresponding to allowing slip to freely pass through the boundary and (ii) one completely blocking slip.
RESULTS
The proposed FFT-based non-local polycrystal plasticity numerical implementation is illustrated by applications to: 1)
bicrystals, by means of which we demonstrate the numerical stability of the proposed scheme. We have also conducted
parametric studies [4], highlighting the influence of different numerical and constitutive parameters on the predictions of the
non-local model, and 2) 3-D polycrystals, which allows us to exemplify the robustness and efficiency of the present
numerical scheme to solve large 3-D problems.
The bicrystal configuration adopted here to assess the proposed formulation consists of a periodic unit cell made of two
fcc single crystal laminates of the same volume fraction. The crystals are infinitely extended along the y- and z-directions
and separated by straight interfaces normal to the x-direction. The axes of both crystals are aligned with sample axes.
Heterogeneity is introduced in the plastic properties by specifying two different initial values of the flow strength. Both
crystals have the same isotropic elastic properties. A uniaxial stress state along x is prescribed. The symmetry of the loading
a) Corresponding author. Email: lebenso@lanl.gov
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with respect to the crystals’ orientation determines that 8 out 12 (111)<110> slip systems are equally activated. The
laminate geometry determines that some strain components and the complementary stress components are uniform
throughout the unit cell. Moreover, the local plasticity theory predicts that the 8 active slip fields are uniform within each
crystal, with the amplitude of the jump across the interface being determined by the contrast in flow strength C. This implies
that the non-local theory should predict a progressive build-up of back-stress fields near the interface. Figure 1 shows the
influence of the material length-scale. All cases correspond to a contrast C=2 in plastic properties. Figures 1a and 1b show a
zoom near the interface of the back-stress and slip fields, respectively, for different values of the ratio of grain size to
material length d/l. The non-local theory predicts the formation of a boundary layer region in which the slip fields smoothly
vary between the two different uniform values in the bulk of each laminate, and back-stress peaks on both sides of the
interface, showing a smooth decay to zero as the distance from the interface increases. Specifically concerning the effect of
the material length-scale, the back-stress and the thickness of the boundary layer increase as d/l decreases, that is when the
material length-scale becomes comparable with the grain size, in which case the size effect becomes stronger.

Figure 1: Influence of the
material length-scale. Zoom near
the interface of: (a) back-stress
and (b) slip fields, for active slip
system #1 after 1% strain, for
different d/l ratios.

Figure 2 shows results of the non-local theory for micro-free and micro-clamped interfaces for 3-D polycrystals made of fcc
grains generated by Voronoi tessellation. In the micro-free case, grains in which the back-stress associated with a given slip
system has high positive or negative values are those where the slip on that system is favored, and their immediate
neighbors. In terms of macroscopic response, a very mild effective stress increase is obtained using the non-local
formulation with micro-free interfaces, compared with the local theory [4]. In the micro-clamped case, the back-stress is
concentrated at grain boundaries with peak values that are more than one order of magnitude higher than in the micro-free
case. The slip fields are more heterogeneous, adopting relatively high values in the bulk of some well oriented grains that
tend to vanish in the proximities of grain boundaries. The effective stress-strain curves predicted by the local formulation
and the non-local theory for different d/l ratios under micro-clamped conditions confirms that the size effect on the effective
stress-strain response for this boundary condition at grain boundaries (GB) is significant.

(a)

(b)

(c)

Figure 2: Predicted
strain field (d/l=1)
for: a) micro-free, b)
micro-clamped GB
conditions. c) Stress
strain response for
different d/l ratios,
for micro-clamped
GB conditions.

CONCLUSIONS
A non-local polycrystal plasticity theory has been numerically implemented using a FFT-based formulation. Numerical
procedures for the accurate estimation of higher order derivatives of micromechanical fields were identified and different
behaviors at grain boundaries were explored. Further details of the formulation and additional results can be found in Ref. [4].
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Summary In this talk, the effect of sample size on the mechanical response of micron-sized crystals will be analysed using a mesoscopic
model of field dislocation mechanics. The computational experiments performed using this field model show that the spatial distribution of
statistical dislocation sources and polar dislocations, and dislocation accumulation along the grain boundaries and passivation layers, are
responsible for these experimentally observed size effects. Continuum representation of the microscopic features, such as operation of
dislocation sources and interaction of grain boundaries with dislocations, will also be discussed in this talk.

INTRODUCTION
It is observed in an array of experiments that plastic response of micron-sized crystalline solids depends on the size of the
specimen (e.g. Uchic et al., 2004; Xiang and Vlasaak, 2006). Smaller specimens show a stiffer mechanical response and a
significantly stronger Bauschinger effect in comparison to the large-sized specimens. The classical continuum plasticity
approach cannot model these size effects due to the absence an explicit representation of dislocations. A mesoscopic field
model of dislocation mechanics (MFDM), developed by (Acharya and Roy, 2006), can simulate permanent deformation at
the mesoscale. The evolution equation for mesoscale dislocation density imposes a jump condition across a material
interface. This jump condition allows modeling of interaction of dislocations with interfaces (Acharya, 2007).
A study of the effect of sample size on the mechanical response of single crystals and multicrystalline thin films using
MFDM will be presented in this talk. The equations of MFDM are briefly discussed in the next section, followed by a
description of crucial results. The paper ends with some concluding remarks.
THEORY
A fine scale field model of dislocation mechanics (FDM) combines the conventional plasticity framework and the theory
of continuously distributed defects (Kroner 1981; Mura 1963) by specifying the rate of change of plastic distortion as
(Acharya, 2001),
(1)
 =  × 
where  is the polar dislocation density tensor field and  represents the velocity of polar dislocations.  is decomposed
uniquely into compatible and incompatible parts as (Acharya and Roy, 2006),
 = 
−χ
(2)
where the gradient of the vector field represents the compatible part of  and χ represents the incompatible part of  . χ
cannot be written as a non-trivial gradient and is given by,
  χ = ,  χ = , χ =  on ∂B
(3)
where  is the unit normal on the boundary ∂B of the body. The field obeys the relation,

  = 
(4)
The highly nonlinear transport of polar dislocation density is characterized by a partial differential equation based on the
conservation of Burgers vector:
 = − 
(5)
The stress tensor and polar dislocation velocity need to be specified constitutively. FDM has been shown to predict the
stress field of a single dislocation using linear elasticity (Roy and Acharya, 2005) as well as model the evolution of single
dislocation and dislocation walls using non-convex energy (Das et. al, 2013, Zhang et al. 2015). An elementary space-time
averaging of the equations of this fine scale model results in the mesoscopic field dislocation mechanics model (Acharya
and Roy (2006)). On averaging, all of the above equations have the same form except the equation for the rate of plastic
distortion. The average rate of plastic distortion is calculated as follows:
  = 

 + 
×

×=
(6)
where bar represents the averaged quantity.  represents that part of the total slip strain rate which is not represented by the
slipping produced by the averaged polar dislocation density. Thus, MFDM incorporates the plastic slip due to the long range
interactions of polar dislocations as well as the short range interactions of statistical dislocations. In the MFDM model, the
stress tensor, mean signed velocity of dislocation segments, and  need to be specified constitutively based on the nona)
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negativity of plastic work. Linear elasticity is used in the problems that will be presented in this talk. MFDM is
implemented using the finite element method, as described in Roy and Acharya (2006) and Puri et al. (2009).
RESULTS
Size effect in single crystals (Puri et al., 2009)
MFDM was used to model the experimentally observed size effects in unconstrained single crystals (Uchic et al. (2004)).
For problems mentioned in this subsection,  is based on the J2 plasticity model. Two different cases were considered. In
the first case, cubical samples with a predefined spatial distribution of statistical dislocation sources were considered and in
the second case, an initial predefined distribution of polar dislocation density was considered. It was deduced from these
numerical experiments that the discrete description of sources and physical length scales in dislocation velocity cause size
effect in unconstrained single crystals. Also, the mechanical response of these specimens changed significantly on changing
the spatial distribution of statistical dislocation sources.
Size effect in multicrystalline thin films (Puri et al., 2011)
The effect of film thickness, grain orientation, grain boundary constraints to plastic flow, and surface passivation on the
mechanical response of multicrystalline thin films was studied using MFDM.  was specified using the crystal plasticity
model with a nonlinear kinematic hardening law based on the Armstrong-Frederick (1966) form. The back stress was
assumed to be a function of polar dislocation density tensor. The jump condition, imposed by the evolution equation for
polar dislocation density, was used to model different plastic flow conditions through a grain boundary. It was found that
dislocation accumulation along the constraints, such as grain boundaries and passivation layers, is responsible for the strong
size and Bauschinger effect in thin films undergoing subsequent cycles of loading and unloading.
CONCLUSIONS
MFDM successfully modeled the size effects in mechanical response of crystalline solids, caused by discrete
microstructures, such as a network of polar dislocations, distribution of statistical dislocation sources, and grain boundaries.
The novel feature is that the effect and evolution of these microstructures can be reliably modeled using this continuum
approach at physically reasonable strain rates.
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Summary In the following, we examine the theoretical structure and numerical predictions of micropolar and Gurtin type models of higherorder single crystal plasticity. The models are discussed within a continuum thermodynamic setting, which facilitates identification of
equivalent terms and their roles in the respective models. Finite element simulations are used to elucidate the various scale-dependent
strengthening mechanisms and their effect of material response. Our analysis shows that the two theories contain many analogous features
and qualitatively predict the same trends in mechanical behavior, in spite of substantially different points of departure. This is significant
since the micropolar theory affords a simpler numerical implementation that is less computationally expensive.

INTRODUCTION
Generalized single crystal plasticity theories can be separated into two distinct classes: i) low-order theories and ii) higherorder theories, which are differentiated, in part, by the order of the governing differential equations. Higher-order theories
are further subdivided into work conjugate and non-work conjugate theories [1], with the distinction that work conjugate
theories feature higher-order stress measures (hyperstresses) and nonstandard expressions of deformation power. Higherorder theories have recently gained favor amongst researchers since they admit boundary conditions on slip or alternative
supplementary kinematic variables that are necessary for modeling certain classes of problems. In the following, we examine
both Gurtin type and micropolar theories of single crystal plasticity. A key aspect of work conjugate higher-order theories is
the separation of gradient strengthening effects into energetic and dissipative contributions. Energetic gradient effects reflect
scale-dependent behavior that emerges from the free energy dependence on nonlocal variables, whereas dissipative gradient
effects contribute to size-dependent dissipation. It has been argued that both energetic and dissipative gradient behavior must
be accounted for in order to capture trends exhibited for certain sets of experimental data. Gurtin’s [2] model has been adopted
and advanced by many researchers, therefore, it is beneficial to understand how alternative nonlocal theories relate to it. We
have been working with one such alternative, micropolar single crystal plasticity [3], that built upon earlier work of Forest and
collaborators [4]. Despite appreciable foundational differences, the micropolar model was demonstrated to predict many of the
same trends in scale-dependent behavior as exhibited by Gurtin type theories. Significantly, both models have also established
that they can capture certain aspects of two-dimensional discrete dislocation dynamics simulations [5, 6]. Motivated by these
results and the fact that the micropolar theory offers a simpler and less computationally expensive numerical implementation,
we explore the relationship between the two frameworks.
MODEL SUMMARY AND METHODS
The essential distinction between the micropolar and Gurtin type theories is that the additional power conjugate kinematic
variables in the former are introduced via a microrotation field, whereas the slip system shears are used in the latter. Some
consequences of choosing the slip system shears, i.e. inelastic variables, as the additional micro degrees-of-freedom (dof)
are: (1) an alternative thermodynamic approach in which energetic-dissipative decompositions are proposed for the thermodynamic tensions rather than proposing elastic-plastic decompositions for the thermodynamic displacements associated with
the newly introduced micro dofs, (2) the admissibility of Dirichlet boundary conditions on slip fields, and (3) a more computationally expensive formulation since the number of global dofs scales with the number of slip systems considered. Due
to these foundational differences, we have carried both theoretical and finite element (FE) analysis to study the relationships
between the seemingly disparate approaches generalized single crystal plasticity. To do so, we cast the governing equations
of the respective theories within a thermodynamic setting to facilitate the identification of equivalent terms and to ensure that
the proposed constitutive equations are thermodynamically consistent. Attendant FE simulations are used to demonstrate the
qualitative agreement of several aspects of predicted scale-dependent material behavior. The simulation results also highlight model differences that become apparent when dissipative gradient behavior is considered, which is directly related to
underlying structural differences of the governing equations.
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RESULTS AND DISCUSSION
Theoretical comparison of the Gurtin type and micropolar models reveals marked similarities between the frameworks
and also some important differences. Both models were developed to describe the scale-dependent mechanical response
due to the presence of geometrically necessary dislocations (GNDs). Significantly, the models contain back stresses that
are proportional to GND density and/or lattice torsion-curvature gradients and arise from the higher-order balance laws. By
presenting the models within a thermodynamic setting, we were able to establish numerous model equivalences with respect
to the kinematics, kinetics, and dissipative constitutive relations. Comparison of simulation results demonstrates that the
two models predict the same qualitative scale-dependent trends in material behavior when isotropic and energetic gradient
strengthening components are isolated, an example of which is shown in Figure 1. Figure 1 shows the cumulative slip
contours for a two-dimensional particle reinforced composite material predicted by both models. However, when dissipative
gradient effects are active, the models give noticeably different responses, which ultimately can be traced back to the choice
of micro dofs within each theory. In the Gurtin type theory, dissipative gradient strengthening can be isolated in the sense that
it can be active even in the absence of energetic gradient strengthening. This scenario is precluded in the micropolar theory
where it is possible to have energetic gradient strengthening without dissipative gradient effects, but not vice versa. This result
is illustrated by comparing the microforce balance from Gurtin’s theory to the inverted flow rule from the micropolar theory,
both of which have been augmented by specific constitutive equations:
#
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Note that the energetic and dissipative length scales appear isolated in separate terms in Eq. (1), whereas the third term in
the inverted micropolar flow rule (Eq. (2)) contains both the elastic and plastic length scales. Therefore, both energetic and
dissipative gradient effects are eliminated when `e = 0; however, specifying a large value for Lp suppresses the dissipative
gradient term irrespective of the value of `e . Another, perhaps more subtle, difference revealed by Eqs. (1) and (2) is that the
dissipative gradient term in the microforce balance is a function of slip rate gradients, while it is a function of total plastic
curvature in the inverted micropolar flow rule. These differences and their impact on predicted size-dependent behavior of
polycrystalline ensembles will be explored in future work.

(a)

(b)

Figure 1: Contours of cumulative slip at Γ = 0.006 (a) micropolar model and (b) Gurtin type model [5] (H = C).
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Summary A minimal gradient-enhancement of the continuum multislip theory of crystal plasticity for incorporating size effects is proposed.
The concept of the tensorial density of geometrically necessary dislocations generated by in-plane slip gradients is combined with the
classical Taylor formula for a flow stress. The derived internal length scale is expressed through standard parameters so that no extra
assumption is needed to define a characteristic length. It is shown that this internal length scale is related to the mean free path of dislocations
and hence possesses physical interpretation which is frequently missing in other gradient-plasticity models. While the resulting gradientenhancement is extremely simple and involves no adjustable length-scale parameter, its verification by 3D finite element simulations of
spherical indentation in a Cu single crystal shows good agreement with the experimentally observable size effect.

INTRODUCTION
The classical continuum theory of single crystals deformed plastically by multislip at finite strain [1] involves no internal
length scale. To incorporate size effects, a number of strain-gradient theories of crystal plasticity have been proposed that
use different sets of basic assumptions and exhibit different degrees of complexity, cf. [2, 3, 4]. The number of related 3D
examples calculated with the use of a full set of slip systems is rather limited, which indicates the current need for developing
a simple and verifiable gradient-enhanced crystal plasticity model. The following question is examined here: how to include
the effect of the slip-rate gradients in a possibly simple way such that the internal length scale possess a physical meaning.
THE MAIN CONCEPT
We begin with the well-known observation [2] that the total dislocation density as an internal state variable is affected
by slip-rate gradients that induce geometrically necessary dislocations (GNDs). Instead of analyzing GNDs separately for
different slip systems and dislocation types as in more complex theories, the main concept here for monotonic deformation is
as follows: while a fully general hardening moduli matrix (hαβ ) is taken from the classical theory, the gradient-enhancement
is restricted to isotropic hardening part only. As the outcome, the following compact formula has been derived:
X
τ̇αc =
hαβ γ̇β + θ`χ̇ .
β

ταc

Here,
is the current critical value of the resolved shear stress τα and γ̇α ≥ 0 is the slip-rate on the α-th slip system, so
that without the last term we have the classical hardening law. In the gradient-sensitive last term of the derived form, ` is an
internal length scale, θ an isotropic hardening modulus, and χ̇ the ‘effective’ plastic strain gradient rate defined by
X
−T
χ̇ = |
(mα × Fp ∇γ̇α ) ⊗ sα | ,
α

where mα ⊗ sα denotes the α-th slip system dyad, Fp the plastic deformation gradient, and ∇ a reference gradient.
√
In particular, if the classical Taylor formula τ = aµb ρ is adopted for an isotropic part τ of ταc then the factor standing at
χ̇ above takes the specific form
a2 µ2 b
,
θ` =
2τ
where the coefficient a, elastic shear modulus µ and Burgers vector modulus
b are known constants for a given material. The
P
gradient enhancement of any size-independent hardening rule τ̇αc = β hαβ γ̇β by the term θ`χ̇ is thus obtained in a definite
way, with no length-scale parameter left free for describing the effects of slip-rate gradients represented by χ̇.
This minimal gradient-enhancement of crystal plasticity, as briefly outlined above, has not been found in the literature.
We have also shown that ` above is related to the mean free path of dislocations in a manner dependent on the dynamic
recovery (annihilation) term in the equation for the net storage of dislocations [5] other than GNDs, and reduces to the
dislocation mean free path in the special case when the annihilation term is disregarded. Hence, the present internal length
scale ` possesses physical interpretation which is frequently missing in other gradient-plasticity models.
3D EXAMPLE: FINITE ELEMENT SIMULATION OF SPHERICAL INDENTATION
The gradient-enhanced crystal plasticity model has been implemented in a displacement-based finite element (FE) code.
Incremental constitutive equations have been obtained by applying the implicit backward-Euler time integration scheme.
∗ Corresponding
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Figure 1: FE simulation of spherical indentation of (001)-oriented Cu single crystal: accumulated total plastic slip (left),
dependence of hardness on the maximum penetration depth at fixed ratio hmax /R = 0.11 (middle), and normalized sizedependent load–penetration depth curves (right).
R = 190 µm

R = 5 µm

Figure 2: Predicted size-dependent normalized residual impressions: R = 190 µm (left), R = 5 µm (right).
The nonlinear FE equations are solved using the Newton method simultaneously with respect to all global unknowns, i.e.
displacements, slip increments, as well as Lagrange multipliers for contact and symmetry constraints. The computations are
carried out using AceFEM, a flexible FE code that is integrated with AceGen, an automatic code generation system [6].
Spherical indentation of a (001)-oriented Cu single crystal has been simulated for different values of indenter radius R.
By exploiting the related symmetry, the actual computational domain is reduced to one quarter of the problem (Fig. 1, left). It
is found that hardness as the ratio of penetration force P to contact area (nominal Anom or actual A) increases with decreasing
penetration depth h at fixed ratio h/R = 0.11 (Fig. 1, middle). The related effect on residual pile-up/sink-in topography
is illustrated in Fig. 2. Comparison of calculated and experimental hardness and load–penetration depth curves (Fig. 1,
experimental data after [7]) shows that the present model predicts the size effect quite satisfactorily, which is remarkable in
view of no possibility of adjusting the internal length scale ` responsible for the size effect.
CONCLUSION
The proposed minimal gradient-enhancement of crystal plasticity theory leads to a good prediction of the experimentally
observed size-effect in spherical indentation, in spite of the absence of any adjustable length-scale parameter in the model.
Acknowledgement. This work has been partially supported by the National Science Center (NCN) in Poland through Grant
No. 2014/13/B/ST8/04286.
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Summary Deformation of polycrystalline metallic materials induces intrinsic formation and evolution of various types of microstructures
at different length scales due to different underlying physical mechanisms affecting the plasticity, damage and fracture behavior. At nanomicro scale metals under irradiation develop certain zones free from irradiation and localization occurs in these areas as so-called clear
bands affecting the ductility and the failure of the material. At meso scale dislocations form various dislocation cell structures induced by
the deformation. At grain level polycrystalline materials develop stress and strain localization around the grain boundaries which could lead
to inter-granular cracking e.g. through stress corrosion cracking. These are some examples to illustrate the influence of the microstructure
on the global behavior of materials. In this context, the current work addresses different microstructure formation examples, focusing
especially on the inter-granular deformation localization, through a strain gradient crystal plasticity framework and links it to different
failure mechanisms.

THE MODEL
The employed crystal plasticity framework is developed in [1] as a non-convex model for deformation patterning modelling in single crystals. In this paper the convex counter-part of the model is also employed to model the inter-granular
microstructure evolution in metallic materials (see (1)). The model is based on the additive decomposition of the strain into
elastic and plastic components and the plastic slip field evolution is governed by
1

γ̇ α = γ̇0α (|τ α + ∇ · ξ α |/sα ) m sign(τ α + ∇ · ξ α )

(1)

where τ α = σ : Pα is the resolved Schmid stress on the slip systems with Pα = 21 (sα ⊗ nα + nα ⊗ sα ), the symmetrized
Schmid tensor, where sα and nα are the unit slip direction vector and unit normal vector on slip system α, respectively and ξ α
is the microstress vector ξ α = ∂ψ∇γ /∂∇γ α = A∇γ α bringing the plastic slip gradients into the plasticity formulation. A is
a scalar quantity, which includes an internal length scale parameter, and in this work it is defined as A = ER2 /(16(1 − ν 2 ))
as used in [2] where R is a typical length scale for dislocation interactions. In these types of models the internal length scale
could be related to different microstructural features and the value would vary, e.g. [4] relates it to dislocation spacing, and
[5] to grain size. In the following example we relate R to a certain percentage of the grain size to study its influence. (1)
is considered as one of the governing equations together with linear momentum balance which are weighted, integrated and
linearized in the finite element context and implemented as a coupled user element subroutine in ABAQUS software.
EXAMPLE
The current example concerns the inter-granular localization and its macroscopic size-effect in polycrystalline materials.
Different geometries of polycrystalline aggregates containing 14, 110 or 212 grains are considered through Voronoi tessellation
[3] Fig. 1. For each aggregate three different average grain sizes are used: Davg =50, 100 and 150 µm. This compares well
with the average grain sizes of AISI 304 stainless steels (1 to 47 µm, [6]) and AISI 316L (13 to 107 µm [7]).
Displacement loads are applied to the left and right edges in the global -X direction (left edge) and the global +X direction (right edge), resulting in macroscopic < ǫ11 >=10 %. The symbol hi represents the Macaulay bracket, indicating a

Figure 1: 14, 110 and 212 grain models. Grain orientations are given by local coordinate systems.
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macroscopically averaged value. Rigid body movement is prevented by fixing the bottom left and bottom right nodes of the
model in global Y direction. Material parameters are taken directly from the literature [1] and are used to demonstrate the
strain gradient effects in the polycrstalline aggregates. The results of the heterogeneous local stress and strain distributions are
presented in Fig. 2.

Figure 2: The effect of strain rates on the stress fields in a 14 grain aggregate with R/Davg =5 % (on the left). The effect of
different R/Davg ratios on the stress fields in a 110 grain aggregrate with ǫ̇=0.02 s−1 (on the right).

CONCLUSIONS
In this paper a strain gradient crystal plasticity approach is applied for inter-granular deformation localization in polycrystalline materials. The presented results illustrate the influence of the deformation rate, boundary conditions and the grain size
on the heterogeneous microscopic plastic deformation distribution. Macroscopic constitutive response and the intra-granular
localization aspects through a non-convex potential term will be further discussed.
ACKNOWLEDGMENTS
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Summary In this of discussion, we present experimental observation on how gradient twins could enhance the strength of a twin-induced
plasticity steel while retaining its tensile ductility. The mechanisms accounting for the exceptional mechanical properties were investigated at
the microscopic level. The switch of twinning systems at the grain level during different deformation stages and the subsequent formation of
hierarchical nanotwinned structure are responsible for the strengthening and toughening of the material. In addition, we show how gradient
microstructure in 304 austenitic steel enhances its fatigue performance.

INTRODUCTION
The outmost surface of engineering materials typically faces the most severe risk of damage. When such boundary
conditions are given, employment of graded structures is desired to enhance the safety of the structure in an economic way.
Mechanically, adopted gradient structures typically involves change in Young’s modulus or strength, and are beneficial to
crack shielding, reducing stress concentration, retarding shear localization, etc. In this talk, we cover the mechanical
properties of materials when gradient structure is introduced. We will show how gradient twin could enhance the strength of
TWIP steel while retain its ductility. In addition, the gradient structure could dramatically enhance the fatigue life of daily
used steel.
EVADING THE STRENGTH-DUCTILITY TRADE-OFF IN TWIP STEEL
After applying torsion to cylindrical TWIP steel samples to generate a gradient nanotwinned structure along the radial
direction, we find that the yielding strength of the material can be doubled at no reduction in ductility. It is shown that this
evasion of strength-ductility trade-off is due to the formation of a gradient hierarchical nanotwined structure during pretorsion and subsequent tensile deformation. A series of finite element simulations based on crystal plasticity are performed
to understand why the gradient structure can cause strengthening and ductility retention, and how sequential torsion and
tension lead to the observed hierarchical nanotwinned structure through activation of different twinning systems.
ENHANCES FATIGUE RESISTANCE OF STEELS WITH STRENGTH GRADIENT
We further show that by introducing a gradient microstructure into 304 austenitic steel, the fatigue life of the material
could be substantially enhanced. Pre-notched samples with negative strength gradients in front of the notch’s tip endure
many more fatigue cycles than do samples with positive strength gradients during the crack initiation stage, and samples
with either type of gradient perform better than do gradient-free samples with the same average yield strength. However, as
a crack grows, samples with positive strength gradients exhibit better resistance to fatigue crack propagation than do
samples with negative gradients or no gradient. This study demonstrates a simple and promising strategy for using gradient
structures to enhance the fatigue resistance of materials and complements related studies of strength and ductility.
CONCLUSIONS
Graded materials are widely used in engineering applications to provide, e.g., better resistance to thermomechanical loads in
aero- and astronautical structures. Various ceramic and metallic alloys have been engineered to include spatial variations in
material properties to provide improved performance with low weight and cost. Our study suggests that hardness or strength
gradients could not only enhance the strength-ductility combination in some materials, but also improve the fatigue resistances of
materials and calls for further studies to promote both fundamental understanding and practical applications of graded materials
and structures.
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Summary Tw
winning is geneerally considereed to be the prrimary deform
mation mechaniism for hexagoonal close-packked (hcp) metaals
due to their liimited slip sysstems. Recent microcompression experim
ments point to strong
s
size efffects indicatingg that pyramiddal
slips can dom
minate in deforrmation under compression. In this work, m
molecular dynnamics simulattions are applieed to investigaate
the deformatiion mechanism
ms of magnesiuum and titaniuum single crysstals under com
mpression at the
t nanoscale. It is found thhat
pyramidal sllip dominatess the comprression deform
mation, whicch is consisttent with exxperimental observations
o
oon
microcompresssion. We alsoo present analyysis on the twiinnability of ann ideal hcp sinngle crystal at the nanoscalee. A criterion ffor
deformation ttwinning is deerived by conssidering the elaastic lattice-rootation strain. This
T analysis ggives an interppretation of siize
effects in defoormation twinnning, at the sam
me time it provvides an explannation for the soo-called strenggth differential effect.
IN
NTRODUCTIION
Because the
t number off slip systems is limited, deeformation twiinning plays a significant roole in the plasstic deformatioon
of hexagonall close-packedd (hcp) metalss and alloys. In recent yeaars, microcom
mpression expeeriments on hhcp metals havve
revealed intriiguing aspectss of twinning m
mechanism, naamely, a pronounced size effect on deformation in com
mpression. Froom
in situ nano--compression measurementts in hcp titannium, it was found for sinngle crystal saamples below
w 1 μm in sizze,
deformation ttwinning was entirely replaaced by dislocation plasticitty. At the sam
me time, microppillar compresssion results ffor
pure magnesiium single-cryystal showed nno twinning inn samples from
m approximattely 2 to 10 μm
m in diameterr, and pyramiddal
slips were reeported to doominate the pplasticity.Althoough the sizee regime wheere the deform
mation twinniing vanished in
magnesium is
i larger thann that observeed in titanium
m, the trend of transition in the deform
mation mode from twinninng
dominated to dislocation doominated is siimilar.
In the preesent work, moolecular dynam
mics simulationns are applied to investigate the deformation mechanism
ms of magnesiuum
and titanium single
s
crystals under compreession at the naanoscale. A neew criterion baased on analyssis of the elasttic strain caused
by lattice-rotaation to descriibe the twinnaability of a hcpp crystal materrial is also presented.
MO
OLECULAR
R DYNAMICS
S SIMULATIIONS

Fig.1. Deeformation of thhe magnesium ssquare nanopillaar under c-axis compression at different strainns. (a)¦=-0.081;(b)¦=-0.2

3-D MD simulations off magnesium and titanium nnanopillars unnder c-axis com
mpression aree applied. Twoo perfect singllecrystal nanoppillar models, cylindrical annd square in crross section, aare studied, wiith the diameter and side-lenngth 15 nm annd
10nm, respecctively, and a length-to-diam
meter ratio off 2:1. At the beginning,
b
the model was fu
fully relaxed for
f 20 000 steeps
(120 picosecoonds). After thhe relaxation process, the ccompressive sstrain were perrformed at thee strain rate oof 1ൈ ͳͲ9/s. Thhe
simulations aare carried outt until the maaximal strain rreached about 30% while thhe temperature is controlledd at 10K by thhe
Nosé-Hooverr thermostat. Fig.1 showss the atomic configuratioons of magneesium squaree nanopillar under differeent
compressive strains. In Figg. 1(a), we seee the first slip nucleates at thhe free surfacce initially andd then travels across the pilllar
midal plane. Thhe slip plane can
c be identiffied clearly as the ሼͳͲͳതͳሽ pplane. It is woorth noting that the nucleated
on the pyram
dislocations aare partial disllocations, onlyy leading partiials and stackiing faults can bbe found whenn the strain is below 0.1. Att a
larger strain aas shown in Fiig. 1(b), it cann be identified that the deforrmation is larggely homogeneeous along thee long axis, wiith
a slight asym
mmetric in-planne shearing. It is consistent w
well with receent microcomppression tests. Besides, detaail investigations
a)
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at other straiin levels alsoo reveal that nno compression twins are observed, thee nucleation and multipliccation of <c+aa>
pyramidal slipp and basal sliip accommodaate the deform
mation along thhe c-axis.
The comppression deforrmation behaviours of titaniuum with c/a-raatio of 1.588 aare also investtigated. At thee strain of 0.0554,
the initial slipp can be identiified as the ሼͳ
ͳͳʹതʹሽ slip. A
At the strain off 0.087, the asyymmetric in-plane shearing caused by bassal
slip is also obbserved, and ppoint defects arre left in the ppillar after the nucleated disllocations escapped. The resullts are similar to
those of maggnesium, nameely, no twins could be obseerved under cc-axis compresssion, and <c+
+a> slip alongg the pyramiddal
planes is mainn mechanism of plastic defoormation. Morreover, anotheer EAM potenntial is applied in these 3-D MD
M simulatioons
of both magnnesium and titaanium single ccrystals, and siimilar results aare obtained showing no compression twiins.
CALCU
ULATION OF LATTICE--ROTATION
N STRAIN
When deeformation twinning occurss, a region off the crystal is transformeed by the exteernal loading into its mirrror
counterpart. Crystal
C
rotatioon occurs withh no volume cchange after tw
winning, whille the twinnedd region is sym
mmetrical to thhe
original matrrix about the tw
win plane. Duue to the small size and the single orientaation of the sinngle crystal, tthe elastic straain
caused by latttice rotation ccannot be canccelled out by other
o
deformattion. Under thhis condition, w
we think that the
t elastic straain
energy may play
p a more im
mportant role on
o the twinnabbility of metalss at the nanoscaale.
We establish the schem
me of a twin structure
s
as shhown in Fig. 1.
1 The represeentative unit M in the untwiined crystal (thhe
elementary ceell of the perioodic lattice strructure) will ttransfers to unnit N after the lattice rotationn due to twinnning. Thereforre,
the lattice straain along the xx- or y- directtion due to thee lattice rotatioon can be calcculated varied with the misoorientation anggle
Į. For the hcpp magnesium,, we select thee representativve unit M as thhe elementary cell of the peeriodic structurre in the ^12 110`
plane. The sidde lengths of uunit M are c aand 3 a, resppectively, paraallel and perpeendicular to the c-axis directtion. Because of
the c/a-ratio of 1.623, uniit M is a rectaangle, rather than a squaree, with Lx 1.732a and Ly 1.623a (thhe ratio of side
lengths is ennlarged in this scheme to diisplay clearly the rectangullar structure). The misorienntation angless for the ^10 12`
twin and the ^10 11` twin are 86.3° andd 56°, respectively. Underr c-axis loadinng, the latticee strains alongg the c-axis aare
obtained as H c

or the ^10 12` twin and H c
0.0626 fo

0.0396 for tthe

^10 11`

tw
win, both are ppositive. Whenn a compressioon

is applied aloong the c-axis, the lattice ellongation alonng the c-axis ddirection counnteracts againsst the effect off twinning, thhus
making twinnning more diffficult. Therefo
fore, both the ^10 11` twin aand the ^10 12` twin are noot preferred too occur under caxis compression.

Fig.2. Scheme of a twin structture. The repressentative unit M is in the originnal matrix and N in the twinneed region. Į is tthe misorientation
angle.
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MODELING THE MECHANICAL PROPERTIES OF FCC POLYCRYSTALLINE
METALS WITH HIERARCHICAL TWINS
Linli Zhu1, a) , Shaoxing Qu1, Xiang Guo2 &Jian Lu3, a)
Department of Engineering Mechanics and Key Laboratory of Soft Machines and Smart Devices of Zhejiang
Province, Zhejiang University, Hangzhou 310027, Zhejiang Province, China
2
School of Mechanical Engineering, Tianjin University, Tianjin 300072, China
3
Department of Mechanical and Biomedical Engineering, City University of Hong Kong, Hong Kong, China

1

Summary Experiments demonstrated that the polycrystalline face-centered cubic (fcc) metals with hierarchical twins performed the
higher yield strength with keeping a good elongation. In this work, the extended-dislocation density-based plastic model for constitutive
description of nanotwinned fcc metals is applied to simulate the twin spacing and grain size-dependent mechanical properties such as the
yield strength and ductility in hierarchically nanotwinned fcc metals. A analytical model on nucleating the deformation twins is also
addressed to predict the critical twin spacing in the lowest twin lamellae for generating the subordinate twins. The numerical results show
that the global flow stresses are sensitive to the twin spacings in different levels and the grain size. The existence of the hierarchical
nanotwins gives rise to the significant enhancement in the strength, and the predicted failure strain decreases with decreasing the twin
spacing. The size-dependent critical twin spacing for generating subordinate twins is also studied in details.
INTRODUCTION
The simultaneously high strength and good ductility in nanostructured metallic material is expected in applications of
metals and alloys in modern technologies. This expectation can be realized through various approaches, for example mixing
the various sizes of microstructures in nanostructured materials [1] and generating internal boundaries in polycrystalline
metals [2]. Nanotwinned metals have been proved to possess a good combination of strength and ductility[3]and considered
to be suitable for the applications where both factors are important. Such metals derive their reinforced mechanical
performance from the intrinsic properties of twin lamellae, which includes the inner twin boundaries acting as the obstacles
to move the dislocations and the increasing twinning partials benefit to the pronounced strain hardening.
Through the surface mechanical attrition treatment (SMAT) or equal-channel angular processing (ECAP), the primary
and secondary nanoscale twin lamellae have been observed in the ultrafine/nanocrystalline [4], and the secondary and
tertiary nanotwins also have been monitored in TWIP steels[5,6]. These hierarchical nanotwins are beneficial to enhancing
simultaneously the strength and ductility in the fcc polycrystalline metals. Motivated by these observations, a theoretical
model to predict the relationship between the hierarchical twins and the mechanical properties is needed. In the present
work, the mechanism-based generalized strain gradient plasticity model of nanotwinned metals is extended for the case of
the hierarchically nanotwinned polycrystalline fcc metals in order to study the twin spacing and grain size dependence of
the yield strength and tensile elongation in these hierarchical nanostructures.
A SETUP OF THEORETICAL MODEL
The twin boundaries are often regarded as the additional blocks for the dislocations movement. Due to the appearance of
hierarchical twin lamellae in nanotwinned fcc metals [5,6], the volume fraction of twin boundaries will increase
dramatically. Due to a plenty of dislocations accumulated along these boundaries, the dislocation pileup zones (DPZ) of
twin boundaries and grain boundaries are introduced in the nanotwinned polycrystalline fcc metals. Since there exists
significant strain gradient in the DPZs, the mechanism-based strain gradient plasticity theory[7] is adopted here to simulate
the constitutive relation of the polycrystalline fcc metal with hierarchical nanotwins. Here, the Taylor-type flow stress is
presented in the elastoplastic constitutive model, expressed as[8]
N

i
,
 flow  M b  I  GB   TB

(1)

i

where  I is the dislocation density in the interior crystal, GB and TB are the ones in the GBDPZ and the dislocation
densities in the TBDPZs in ith layer of twin lamellae. N is the order of hierarchical twin lamellae. M ,  ,  and b are
the Taylor modulus, the empirical constant, the shear modulus and the Burger constant, respectively. Since the onset of
fracture in materials often originates from the nucleation of dislocations. In describing cracks associated with dislocations,
the opening crack can be represented by a continuous array of dislocations [9]. When the crack grows, more dislocations
will be nucleated at the front of the crack. Based on this point of view, the stress-based failure criterion is proposed to
evaluate the uniform elongation of the hierarchically nanotwinned metal as follows
i

 Lflow   crit .
a)

(2)
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Here, the local shear flow stress  Lflow in the lowest twin lamellae is given as  Lflow  b  I  L TB , in which L TB is the
local dislocation density related to the twin boundaries. The critical applied shear stress  crit to generate a dislocation has
been identified completely by Asaro and Rice [10].
For the sake of nucleating a deformation twin, the twinning partial needs to prevail over the trailing partial, leading to
that the critical twinning stress must be less than the stress to move the trailing partial, namely  twin   trail . In the
hierarchically nanotwinned metal, the local flow stress must be greater than the critical twinning stress to generate the
L
subordinate twin lamellae by deformation twinning,  flow   twin . As a result, one can identify the lower bound and upper
bound of twin spacing for nucleating the deformation twins by

 twin   Lflow   trail

(3)

NUMERICAL RESULS AND CONCLUSIONS
Fig. 1(a) shows the flow stress as the function of secondary twin spacing with different tertiary twin lamellae. It is
noticeable from the figure that with decreasing twin spacing, the flow stress decreases first and then increases to reach the
maximum point, after that decreases again. In Fig. 1(b), we show the curves of the failure strain as the function of the
secondary twin spacing with different size of primary twin lamellae. The failure strains for the primary twin spacing of 50
nm and 100 nm are approximately proportional to the secondary twin spacing. For the small size of primary twin spacing,
the variation in the failure strain becomes nonlinear with the size of secondary twin lamellae when it is greater than 80 nm.
Experimental observation of the tensile ductility in hierarchically nanotwinned stainless steels has shown that the ductility
of the materials decrease with the twin spacing of the secondary twin lamellae decreasing [6]. The present theoretical
prediction for the failure behavior based on the proposed criterion is consistent with this experimental observation. We plot
the critical size of the secondary twin spacing as the function of the primary twin spacing in Fig. 1 (c). It can be found that
the critical twin spacing increases significantly as the primary twin spacing increases in the range of the size below 100 nm.
When the size of primary twin lamellae is greater than several hundreds nanometers, the variation of the critical twin
spacing with the primary twin spacing becomes smoothly.
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Fig.1 The flow stress(a), failure strain(b) and critical twin spacing (c) varied with the twin spacing
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Summary Inhomogeneities in plastic shear affect the work hardening of small-scaled plastic crystals by causing storage of geometrically
necessary dislocations (GNDs). One widely observed phenomenon is the yield stress drop after reversal loading, termed as mechanical
Bauschinger effect. This effect is attributed to internal back stresses which arise due to accumulated GNDs in the material. The focus of this
contribution is to present an explicit modeling approach for the Bauschinger effect by accounting additionally for reverse GND interactions.
This effect is found to be very pronounced in gold-polymer nanocomposites. For that reason, cyclic shearing of gold single crystals of two
characteristic sample sizes has been performed in the three-dimensional framework. As a demonstrative example, a single slip crystal set-up
is considered where the reverse direction is explicitly incorporated.

INTRODUCTION
Non-local, continuum-based crystal plasticity models are well suited for numerical studies of the mechanics of crystals at
small scales. For instance, former studies have shown that localized plasticity as commonly observed in microcompression
experiments can be very well reproduced by strain gradient models, cf. [1], where in general, the coupling between GND
densities and plastic strain gradients introduces a size dependence within the constitutive model. With respect to microbending
tests, non-idealized boundary conditions other than microfree or microhard allow to account for a more realistic interplay
between dislocations and surfaces leading to more pronounced size effects, see [2, 3]. A numerical example is presented to
demonstrate the effect of reverse GND interactions on the mechanical response of a single crystal under cyclic loading.
DUAL-MIXED CRYSTAL PLASTICITY FRAMEWORK
In this work, the strain gradient crystal plasticity model is based on the large deformation theory, i.e., the deformation
gradient F = F E · F P is split multiplicatively into an elastic F E and a plastic part F P . In turn, this leads to the definition
of the (intermediate or elastic) right Cauchy-Green strain tensor C E = F TE · F E . Following a thermodynamically consistent
formulation, all constitutive relations have their origin in the postulated free energy density ψi (C E , γ, ∇i γ), where γ is a set
of α−slip systems and ∇i γ represent their gradients with respect to the intermediate configuration as is henceforth denoted
by the index i . Moreover, an additive decomposition of the free energy is assumed into elastic ψie , local hardening ψil , and
gradient hardening ψig (non-local) contribution, i.e.,
ψi (C E , γ, ∇i γ) = ψie (C E ) + ψil (γ) + ψig (∇i γ).

(1)

From the concept of work-conjugated variables, one can find the following constitutive relations: the second Piola-Kirchhoff
(PK) stress S E = 2∂ψ/∂C E and the first PK stress P = F E · S E · F −T
; the local microstress κlα = ∂ψ/∂γα ; the non-local
P
g
(vectorial) microstress κα = ∂ψ/∂∇i γα . The latter results in the non-local back stress κbα = Divi (κgα ) and extents the
flow function to read: φα = τα − κlα + κbα − Yα where Yα denotes the critical resolved shear stress of the slip system and
τα = sα · S E · C E · nα is the resolved shear stress. As usual, each slip system α is determined by an orthonormal system of
vectors comprising slip direction sα , transverse direction nα , and slip plane normal nα . Finally, the flow rule reads
m

< φα >
γ̇α = γ̇0
,
(2)
C0
with material parameters γ̇0 , C0 , and m. Eq. (2) represents a local and slip system-based field relation which is coupled with
globally defined GND densities giα via back stresses κbα . GND densities are taken to evolve in the form
ġiα =

X

f (nα · nβ ) giβ [sα · sβ ] γ̇α +

β

X
β

1
giβ [nα · sβ ] γ̇α − ∇i γ̇α · sα .
b

(3)

While the last term is a well-known measure for edge-type GND densities, i.e., the projected slip gradient per closest-packed
interatomic spacing (Burgers vector magnitude), the other two terms account for contributions of interfering GNDs. In this
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respect, the step function f (nα · nβ ) ∈ [0, 1] in the first term on the right-hand side allows for interaction contribution of
coplanar systems such that f = 1 only for nα · nβ = 1, otherwise f = 0. In contrast to this, the second term on the
right-hand side is limited to interaction contributions from noncoplanar systems as a result of the dot product nα · sβ . In the
end, the highly non-linear coupled field problem - global/global: balance of linear momentum Divi (S E · C E ) = 0 and Eq. (3);
global/local or dual-mixed Eq. (3) and Eq. (2) - is solved in terms of the dual-mixed finite-element method.
CYCLIC SHEAR LOADING OF GOLD SINGLE CRYSTALS
In the hereby presented numerical example of a cyclically sheared single crystal (with respect to the X1 − X3 plane), the
slip system configuration is limited to single slip aligned in X1 -direction. The reverse direction is considered explicitly in
the formulation. Consequently, the second term in Eq. (3) vanishes. All material parameters are identical to the one used for
the gold phase within the follow-up study of nanocomposites, cf. [4]. Three loading cycles have been applied, each up to a
macroscopic shear strain of γ̄ = 0.05. Fig. 1 shows the resulting stress-strain curves in terms of the Piola-Kirchhoff shear
stress component P13 for a cube with edge length a) L0 = 10 µm and b) L0 = 1 µm. As can be seen in case of the large
crystal, hardening is mostly due to the locally evolving microstress κlα and, hence, the impact of non-local effects as well
as GND interactions is small. A completely different mechanical response is obtained for the smaller crystal. In addition to
the expected size-dependent increase in hardening leading to highly localized plasticity (see contour plots of plastic slip), the
impact of the back stress κbα can be clearly seen in terms of a yield stress drop upon load direction change, accompanied by
a cyclically increasing work hardening rate. Due to locally accumulating GNDs, the polarity of the stress field is coinciding
with the externally applied load sign after each load reversal. The resulting Bauschinger effect is even more pronounced when
GND interactions between both slip directions are explicitly considered. In this case, GND fields of opposite sign affect each
other directly via the interaction term - and not just because of the stress field development.
a)

b)

Figure 1: Stress-strain response of crystal with a) L0 = 10 µm and b) L0 = 1 µm edge length after cyclic shear loading.

CONCLUSIONS
The proposed strain gradient crystal plasticity model is highly qualified for numerical studies of single crystals at the
submicron regime where size-dependent phenomena affect the mechanical response of the material. One current application
is referred to gold-polymer nanocomposites where the metal phase equals a network of small-scaled ligaments [4].
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Summary Partial dislocation loops of different sizes have been studied with the novel Coarse-Graining Density Functional Theory method
(CG-DFT). The CG-DFT method uses a combination of a linear scaling technique in addition to a coarse-grained description achieving a
sublinear scaling with respect to the number of electrons in the system. This ability allows us to study Partial Dislocation Loops (PDLs) in
Magnesium (Mg) including the true and long range elastic effect with quantum mechanics. The binding energy of loops of different size
were measured for cell sizes including approximately 100,000 atoms. Our simulations reveal that vacancies tend to collapse in cluster of
vacancies leading to the formation of nanovoids and ultimately to PDLs.

INTRODUCTION
Density Functional Theory (DFT) [1, 2] have been played a significant role in accurately predicting many aspects of
materials behavior over the last two decades. DFT reduces the many-body Schrodinger equation of interacting electrons into
an equivalent problem of non-interacting electrons in an effective mean field that is governed by electron-density greatly
reducing the complexity of the original problem [2]. A major drawback, however, is that the complexity of DFT equations
scale to the cube with the number of electrons in the system making the calculation of large samples prohibitively expensive
[3, 4, 5, 6]. To tackle this challenge, a number of linear scaling algorithms have been developed exploring different properties
of the density matrix, spectral quadratures, etc. [7, 8, 9]. However, in the study of crystalline defects, an extra challenge is
encountered since the concentration of defects is as low as part per million atoms or less and linear scaling does not suffice
this issue.
In this work, we apply a coarse-graining approach for the DFT of Ponga et al. [10]. The CG-DFT method is based on
a linear scaling method and a spatial reduction of the computational domain through judicious kinematic constrains. The
spatial discretization is taken to be dense near defects, but coarse in the vast regions of asymptotic decay. This adaptive mesh
discretization greatly reduces the size of the problem with little loss of accuracy leading to a sublinear scaling.
The CG-DFT approach is implemented in our computational platform, MacroDFT, that has been validated with different
test problems involving defects in Mg-HCP [10]. In this work we seek to understand the mechanisms that create such PDLs
and their associated biding energy including the long range elastic field of the defect.
METHODOLOGY AND RESULTS
In this work we have applied the CG-DFT method developed by Ponga et al. [10]. The CG-DFT is based on the Linear
Scaling Gauss Quadrature Method [11] and a coarse-grained approach similar to the one proposed by Gavini et al. [12]. The
main advantage of CG-DFT is that the calculation of the electronic quantities and energies can be achieved at a sublinear
scaling cost O(N p ), where N is the number of electrons in the system and p < 1. This properties allows the simulation of
computational cells with large number of atoms.
We have implemented and studied the LSSGQ method with Hexagonal-Closed-Packed Magnesium. We use a real space
Bulk-derived Local Pseudopotential (BLPS) [13] and the Local Density Approximation (LDA) for the exchange and correlation functional [14]. The SCF iteration is accelerated using the Broyden multisecant method combined with mixing, as
proposed by Fang and Saad [15]. The energy-convergence tolerance is set to 10−5 eV. The equilibrium configurations of the
nuclei are obtained by energy-minimization using a non-linear conjugate gradient [16] based on the Hellman-Feynman forces.
The force-convergence tolerance is set to 10−3 eV/Å per atom. These values are consistent with those used in other finite

Table 1: Binding energy for PDLs of different sizes after relaxation. In all cases, the number of atoms in the simulation is
approximately 100,000.
Sim1 Sim2 Sim3
Cluster Size [Atoms]
7
19
38
1.51
2.04
Binding energy [eV] 0.51
∗ Corresponding

author. Email: mponga@mech.ubc.ca

2522

Figure 1: PDLs after energy relaxation. a) Electron density neat the defect, b) top view of the atoms that create the PDL and
c) cut along the [2110] plane.
difference methods [3] and plane wave methods. The implementation is parallelized using a domain decomposition technique
and the Message Passing Interface (MPI) library in combination with threads using OpenMP.
The minimum energy configuration for the bulk crystal is found at a = 3.109 Å and c/a = 1.626, and these are
consistent with values previously obtained with other ab-initio calculations with other pseudopotentials [13] (e. g. a = 3.11
Å and c/a = 1.624). Then, a cluster of vacancies of variable size is located at the center of a computational cell. The
computational cell is terminated by enforcing bulk conditions on all fields at the boundary of the cell. The overall length of
the computational domain is 36a0 × 36a0 × 36c0 containing 93,312 atoms. The values of the binding energy after energy
minimization are reported on Table 1.
CONCLUSIONS
In this work we have studied the binding energy of prismatic dislocation loops in Magnesium by using the Coarse-Grained
Density Functional Theory method. Our analysis includes the true long range elastic effect of dislocations and reveals that
vacancies are more like it to aggregate and collapse in a nanosized voids. This conclusion is based on the fact that the binding
energy of PDLs increases with the loop size. Therefore, larger cluster of vacancies are more energetically favorable than single
isolated vacancies. This result is important in many applications, including dynamic failure driven by nucleation, growth and
coalescence of nanovoids.
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Summary In the present contribution intrinsic and extrinsic size effects on the shear band propagation behavior in metallic glasses are
studied. To this end, a thermodynamically consistent finite strain viscoplasticity model is formulated. The strongly coupled and highly nonlinear system of field equations consisting of deformation, free volume and plastic strain field, is implemented into the finite element method,
resulting in a non-local model formulation. The results show that the proposed continuum plasticity model is well suited to predict stable or
delayed shear localization process with decreasing sample size. With an underlying microstructure, the material behavior in metallic glasses
can be significantly influenced, as demonstrated numerically in this contribution on the basis of porous structures.

INTRODUCTION
Despite their superb mechanical property combinations [1], their significantly flawed ductility at room temperature bounds
application of metallic glasses with homogeneous structure [2]. Various strategies to remedy this lack of ductility include predeformation, synthesizing composite materials reinforced with a secondary crystalline phase or introduction of soft glass-glass
interfaces or pores. All these seemingly different strategies aim at proliferation of shear bands through extrinsic stress concentrators instead of a single catastrophic one. It is also known that reducing the sample size in the sub-micron range, experimental
observations indicate that the shear localization process is delayed or even suppressed [3], i.e., smaller is stronger. Mathematical modeling allows clarification of the interplay between intrinsic and extrinsic length scales by allowing try outs which are
mostly not accessible to experiments, see, e.g., [4, 5, 6] for numerical notch and defect sensitivity investigations. In this work
we elaborate further in this direction and report on our recent findings which demonstrate the influence and use of intrinsic
and extrinsic size effects in the amorphous metals making use of a gradient dependent continuum plasticity [7, 8] and various
specimen size and geometries and loading scenarios.
MODEL FORMULATION
The material model is formulated in the framework of continuum thermodynamics and rate variational methods. The
metallic glass consists of atoms of different sizes. This leads to a free volume ξ inside the material which determines the
inelastic deformation. The free volume generation ξ˙ = ζ γ̇ + ξ˙m is either induced by plastic shearing (i.e., plastic strain γ ) or
other mechanisms (i.e., diffusion, hydrostatic pressure or structural relaxation) which are accounted for by ξm . ζ denotes the
free-volume creation factor which accounts for the tension-compression asymmetry, characteristic for metallic glasses. In [9]
it is demonstrated that a von Mises-type plastic yield criterion and flow rule most accurately describes the plastic yield and
flow behavior of metallic glasses. As shown elsewhere [8], application of rate variational methods leads to the flow rule the
evolution equation for the free-volume generation as
h
i
s
ξ˙m = vm sξ1 Div(∇ξ) −
ξ3

vm
sξ3

h

i
p̄ + sξ2 [ξ − ξT ] ,

γ̇ = γ̇0

h

fp
c

i1/a

(1)

,

h
i
where f p := τ̄ − ζ p̄ + sξ2 [ξ − ξT ] + ζ sξ1 Div(∇ξ). sξ2 is a material constant representing the defect-free energy
coefficient, ξT denotes the fully annealed free volume, sξ1 the gradient free energy coefficient where its value depends on
the material lengthscale l, γ̇0 the reference strain (shearing) rate, a the strain-rate sensitivity parameter of the material, c the
intrinsic resistance, vm a frequency-like term and sξ3 a material constant representing the resistance to free-volume generation
q
due to mechanisms other than plastic shearing. Also p̄ = − 13 tr(M ) is the hydrostatic pressure and τ̄ := 12 |dev(M )| the
equivalent shear stress in terms of the Mandel stress tensor M . Following [7], the model is completed by the evolution
k ε̇ 
equation for the cohesion ċ = c
with the initial resistance c(0) = c0 , the dimensionless fitting constant k and the
ξ̇
cosh

f?

characteristic frequency f? . This strongly coupled and highly nonlinear system of equations is solved by different numerical
implementation schemes including implicit and explicit gradient computations leading to similar numerical results.
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RESULTS
The numerical examples in the following illustrate the shear localization process in submicron metallic glasses and porous
heterostructures at room temperature. The first example is an investigation on a rectangular specimen loaded in compression.
The shear band is triggered by a local imperfection placed near the center. The stress-strain behavior as well as the spatial
distribution of the free volume for different samples sizes is shown in Figure 1a. The numerical results show that the shear
localization process is delayed or even suppressed with decreasing sample size. These results indicate that the failure mode
changes from fragmentation (catastrophic failure) for large bulk metallic glasses to shear fracture which is in agreement with
experimental observations [10].

b)
a)
Figure 1: a) Stress-strain responses and spatial distributions of free volume at 3% strain for different specimen sizes (20 nm
- 1 µm) illustrating the delay in shear localization and fracture process due to the sample size effect. b) Influence of pore
configuration on the mechanical behavior of metallic glass samples of same size [11]. Enhanced mechanical properties (larger
plastic deformation) are achieved for AB stacking configuration with specific lateral pore spacing distance (red curve). The
shear band distribution is based on the free volume illustrated for the different microstructures.
Additionally, the effect of an underlying microstructure by introducing randomly or regularly distributed pores is displayed in Figure 1b. The results highlight the importance of the microstructure, here in particular the pore configuration. An
appropriate arrangement of the pores and spacing ratio to internal lengthscale, intrinsic size effects can be used to enhance
the material properties. The results indicate that shear localization is interrupted by the pore configuration with AB stacking
configuration with specific lateral pore spacing distance.
It is clearly demonstrated that the proposed model captures the different size effects in metallic glasses. In contrast to
bulk metallic glasses, where a catastrophic localization process is observed, a decreasing sample size as well as a specific
microstructure stabilize, delay and even suppress shear localization process. This insight can be used for the design of such
samples for certain applications. Additional results, including a variation of the overall porosity, diameter to spacing ratio of
the pores, the influence of crystalline nanoprecipitates rather than pores and comparison to experimental observations will be
presented and discussed during the conference.
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Summary A micromechanical model for strain-induced crystallization in rubber-like materials is proposed. Combining the evolution of
the crystallization of a single polymer chain with the maximal advance path based homogenization method, we are able to predict this
complex process. The crystallization of the material leads to an anisotropic mechanical response, which our model is able to capture.
The representative numerical simulation results are in good quantitative agreement to experimental data for both, uniaxial extension and
three-dimensional multiaxial simulations of strain induced crystallization around a cracked region.

INTRODUCTION
Many polymeric materials such as natural and synthetic rubbers, polyethylene, polyethylene terephthalate (PET), polylactide (PLA) are subject to polymer crystallization under certain conditions. It can be observed in both vulcanized and
unvulcanized polymers well above the glass transition temperature. What is essential for this phenomenon is the chemical
composition of the material which must enable the crystallization in principle. Segments of the macromolecules have to
possess a mutually conforming atomistic structure so that they can arrange themselves into a regular crystalline order. Crystallization occurs in materials which are essentially solids (crosslinked elastomers) or at least display solid-like stiff behavior
in short and moderate time limits (uncrosslinked plastics). This transition turns an amorphous solid into a partially crystalline
solid and is accompanied by volume change, being a first-order change. Unlike conventional crystallization this transition is
not rapid and does not cause any phase separation. In fact amorphous and crystalline fractions coexist and the ratio between
them changes gradually. The thermodynamics of this process is governed by the latent heat of fusion and the entropic free
energy change in the amorphous fraction. The relation between these two factors indicates whether the crystallization is thermodynamically admissible. Accordingly the crystallization can be triggered through influencing this relation either by thermal
action (decreasing the temperature) or by mechanical action (stretching the material). The latter is the key to strain-induced
crystallization (SIC) of polymers, to be considered in this work. In particular, we propose a micromechanical motivated model
mimicking the physical phenomena of SIC at the microscopic scale and incorporate it into the macroscopic response of polymeric materials through the development of a proper homogenization technique. Numerical simulation results are presented
including uniaxial tension tests and complex 3D simulation of SIC around a cracked region.
THEORY
The application of macroscopic strain to a polymer induces certain deformation of its network microstructure. Chains get
aligned with the directions of tension and attain stretch values which can reach magnitudes of several hundred percent. In
this highly stretched state chains display the tendency to form oriented crystallites of certain morphology. To describe the
crystallinity at the microscopic scale, we define the chain crystallinity fraction as the ratio of the semi-crystalline chains to the
totally amorphous chains in a specific orientation. Its evolution is constituted based on the physical principles of crystallization
thermodynamics and molecular kinetics of polymers [1], also adopted in recent computational works [2, 3]. This results in
micromechanical models with physically grounded material parameters.
The orientation and stretch of polymer chains play an essential role in the overall phenomenon of SIC. To correctly evolve
the crystallinity at the microscopic scale, the macroscopic deformation of the polymer will be connected to the microscopic
deformation through the recently developed maximal advance path homogenization framework [4]. This model assigns different amounts of stretch in different orientations so that the evolving crystallinity can predict the resulting anisotropic response
of the material undergoing SIC. The model takes into account the network functionality as well as stretch variation over the
orientations using the kinematic tensorial constraint
Z
1
hλ ⊗ λ0 i =
(1)
λ(λ0 ) ⊗ λ0 |dλ0 | = 31 F̄
|S0 | S0
where F̄ is the isochoric portion of the deformation gradient and λ0 and λ represent the normalized unstretched and stretched
end-to-end vectors of the chains, respectively. The averaging symbol h·i in (1) is computed through an integration of the
integrant over all possible orientations of the unit sphere S0 .
We will explore two methods of how to obtain the resulting crystallinity distribution over that orientation space S0 . One
approach is to use the amount of crystallinity fraction at all the numerical integration points of S0 . While this method is
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Figure 1: Stress (top left) and crystallinity (bottom left) response of natural rubber during uniaxial loading and unloading. The
numerical results (solid lines) are compared with experimental results (dashed lines) taken from [5]. Experimental [7] and
numerical results of the distribution of the degree of crystallinity around a Mode I crack tip are shown in the center and on the
right, respectively.
straightforward to implement, it does not provide a smooth representation of the crystallinity distribution. Alternatively,
a smooth function of the crystallinity distribution will be proposed. At each step, the rate of change of the parameters
describing that smooth distribution is obtained by computing the rate of change of the crystallinity of chains in different
orientations through a least-square minimization. Unlike the former method, the latter contains considerably less number
of history variables, is able to perform adaptive refinement of the integration scheme, and provides a smooth evolution of
crystallinity over the sphere.
RESULTS
We will use uniaxial experimental results of SIC to calibrate the parameters of our model. Figure 1 shows the stress-stretch
response of natural rubber (top left) as well as its crystallinity evolution (bottom left) and compares those with experiments
of [5]. The simulation assumes a viscoelastic response [6] in addition to the SIC constitutive model in order to capture the
large hysteresis of the stress curve. To examine multiaxial loading conditions and the effect of SIC on fatigue properties of
rubber, simulations are performed on a cracked specimen and the response of the material close to the crack tip is studied and
compared with experimental results provided in [7] (see right of Figure 1). In the future the micromechanical SIC model will
be used to examine the toughening of rubber also during the process of crack propagation [8, 9, 10].
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AXIALLY LOADED PRETWISTED NONLINEAR THIN PLATES: A STRAIN GRADIENT
ANALOGY
Alexis Kordolemis ∗1 and Paul M. Weaver1
1
ACCIS, Department of Aerospace Engineering, University of Bristol, Bristol, United Kingdom
Summary In the present work a pre-twisted thin plate subjected to axial loading is analysed. The analysis is conducted within the framework
of linear elasticity assuming that the plate undergoes large deformations associated with small strains, i.e. the generalised Hookes law is
utilised. The problem is attacked under different conceptual perspectives. First, a classical structural theory is employed where the effect
of warping of the non-circular cross section of the plate is introduced. Adopting an energy variational statement the governing partial
differential equation is explicitly derived. Secondly, the problem is formulated in terms of second gradient elasticity theory involving only
one material length parameter , in addition to the two classical Lame constants. It is shown, by the analogy, that the material length parameter
can be expressed on physical ground through the geometrical aspects of the plate and the loading providing a thorough insight of the role of
micro-structure.

INTRODUCTION
The theory of thin plates has been used in the analysis of many high end technological applications in a range spanning the
micro-scale (e.g. electromechanical nano-films) to the macro-scale (e.g. air-foil blades, propellers). Many practical problems
regarding thin plates are solved primarily through the assumption of Kirchhoff-Love hypothesis provided that the stresses
normal to the neutral mid-plane are negligible compared to the stresses in the plane of the plate and the strains vary linearly
through the plate thickness. Numerous research efforts have been devoted to the loading and the imposed boundary conditions
as well as proposed solution methods depending on the problem at hand. Most of the time, in order for practical problems
to be solved various approximate methods have been used. i.e. finite element method, asymptotic analysis, etc.[1],[2],[3],[4].
Satisfactory agreement between experimental findings and theoretical formulations prove that this hypothesis works well in
real engineering problems.
CLASSICAL STRUCTURAL ANALYSIS
In the present work an initially twisted thin plate subjected to axial loading is discussed. We assume that the deflection
w of the plate’s mid-surface is of the same order of magnitude as of the thickness, h, and the in-plane displacements, namely
u, v, in the x, y direction respectively, are infinitesimal. Furthermore, in the non-linear strain-displacement relationship only
the non-linear terms that depend on the mid-surface deflection are retained. Under these assumptions the von Karman theory
for thin plates is employed.The plate’s material is assumed to be isotropic and linear elastic, i.e. the stress-strain relationship
will be provided through the generalised Hooke’s law.
The initial twist is assumed to vary linearly along the x-axis along which the axial load is applied and the cross section of the thin plate experiences an additional displacement along this direction. Within this context, the von-Karman’s
strain-displacement relationships are modified, by including the warping terms, in order to account for the non-uniform twist
(restrained warping) of the plate’s cross section. It should be pointed out that in the initial twist a restriction is placed in such
a way that thin shallow shell theory is applicable.
The problem is formulated in terms of a variational statement through the expression of the energy density function of
the pre-twisted thin plate and the work done by the external forces where the body forces prescribed per unit area of the
mid-plane and the bi-moment related to the warping distortion of the cross section are included apart the boundary terms.
Minimising the potential energy of the plate four coupled governing equilibrium equations emerge with respect to the primary
unknowns, namely, the displacements and the warping displacement, along with the boundary condition expressions. Through
some lengthy but straightforward manipulations, the equations are decoupled and an explicit expression in terms of only the
deflection w is derived. To the authors’ knowledge, such an analytical expression describing the thin shallow shell mechanical
response only in terms of the deflection of the mid-surface does not exist in the literature and is presented here for the first
time. The analytical expression presented here refers to quasi-static loading conditions but it can be applicable to stability and
buckling analysis of thin shallow shells as well as in dynamic problems including the inertia terms.
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LINEAR ELASTIC STRAIN GRADIENT ANALYSIS
It is well known that when the dimensions of a structure become comparable to the size of its material micro-structure, size
effects are observed. Typical examples are thin plates and in general composite materials which are reinforced with particles
or fibers. Classical continuum mechanics theory, and hence classical linear elasticity theory, are inadequate to describe the
mechanical behaviour of such materials due to the lack of length scale parameters. In that essence, resort should be sought
to enhanced continuum theories where the role of the micro-structure is involved with the macro-structure through intrinsic
parameters entering the constitutive equations or the equations of motion of the considered elastic continuum. To put it
simply, generalised continuum theories come to play when the macroscopic mechanical behaviour becomes dependent on the
component size, i.e. the underlying micro-structure plays a dominant role.
In the simplest generalized continuum theories era two main schools of thought were established. The first school adopts
the idea that the material’s underlying micro-structure can be better addressed by inserting additional degrees of freedom
within the continuum. The first attempt in this direction was made by the Cosserat brothers[5] in the beginning of the past
century establishing the backbone of the so called higher order generalized theories[6]. The second school of thought adopts
another approach to interpret the effects of the underlying micro-structure, having as a basis the gradient of strain taken into
account into the strain energy density function. Various versions of these theories were established in the literature and the
key difference among them is related to the high order gradients taken under consideration each time. The more general case
is the multipolar theory where all the higher gradient of the strain taken into account[7]. First strain gradient and second strain
gradient theories are simplified versions of this category.
In the present work,the gradient elastic theory of form II due to Mindlin[8] is employed which has been used in many
practical engineering problems[9]. In this case, apart from the two classical Lame constants, only one material length parameter enters the constitutive equations which is related to the volumetric strain energy function of the material. This approach
constitutes a simplified version of the original Mindlin’s general theory of elasticity with micro-structure which involves five
material constants. Taking as a departure point the equilibrium and compatibility equations of a thin shallow shell under
axial loading the governing equation of equilibrium of gradient elastic shallow thin shell is explicitly derived. To the authors’
knowledge, the analytical expression presented here, describing the response of a gradient elastic thin shallow shell in terms
only of the mid-surface deflection w is not available in the literature and it is presented here for the first time.
CONCLUSIONS
In the present study, the problem of an initially twisted thin plate under axial loading is addressed. The problem is tackled
through two conceptually different methods and in both cases explicit expressions were derived. A direct analogy emerges
between the two approaches which enables the internal material parameter correlated to the underlying micro-structure to be
related through macroscopic geometrical aspects of the cross section of the pre-twisted plate, firmly placing the derivation on
physical grounds. Such kind of analogies can constitute a direct and thorough response to the main criticism of generalised
continuum theories that the intrinsic material parameters are physically meaningless in practical engineering problems.
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EXPERIMENTAL ASSESSMENT OF NANOVOIDS GROWTH
Pierre-Olivier Barrioz ∗1 , Jérémy Hure1 , and Benoı̂t Tanguy1
1
CEA Université Paris-Saclay, DEN, Service d’Études des Matériaux Irradiés, 91191 Gif-sur-Yvette cedex,
France
Summary The growth of nanovoids in crystalline metallic material is assessed experimentally as a function of the applied macroscopic
plastic strain, stress triaxiality and crystal orientation. Nanovoids - of diameter ranging from 20 to 80nm - are generated by performing
heavy-ion irradiation on austenitic steel, leading to a model material constituted of a well-defined nanovoids distribution. Pre- and poststraining Transmission Electron Microscope (TEM) observations allow to quantify the growth and the evolution of aspect ratio as a function
of plastic strain. Size and crystal orientation effects are evaluated. Experiments are compared to the results of crystal plasticity finite element
simulations.

BACKGROUND
Numerous theoretical and numerical studies have been conducted to assess the growth of nanovoids under mechanical
loading [1], showing size effects (the lower the size of the void, the lower the growth rate), crystal orientation effects (growth
rate depending on the crystallographic orientation) and describing dislocation mechanisms involved as a function of the applied
macroscopic stress. However, very limited experimental data are available in literature, and only for high strain rates / high
applied stress. Thus the aim of this study is to assess experimentally nanovoid growth in the low stress regime, as a function
of applied strain, stress triaxiality and crystal orientation.
EXPERIMENTAL INVESTIGATIONS
Nanovoids are usually observed in metallic materials under irradiation in nuclear power plant. These voids come from interactions between high energy particles and atoms of the material, that generate point defects ultimately leading to nanosized
defects [2]. Irradiation is therefore used here to generate well-defined distributions of nanovoids, creating a model nanoporous
material. Ion-irradiation was performed at the JANNuS facility [3] on austenitic steel (316L), leading to spherical nanovoids of diameter ranging from 20 to 80nm - in high density (Fig. 1), observed with Transmission Electron Microscope (TEM). As
void growth under mechanical loading is very sensitive to stress triaxiality [4], tensile and biaxial tensile samples were used
in this study. Post to irradiation, specimens were strained up to different levels of macroscopic plastic strain. Quantification of
the evolutions of void size and aspect ratio as a function of plastic strain and crystal orientation, for different stress triaxiality,
was done using TEM observations (Fig. 2).
RESULTS AND DISCUSSION
Nanovoid deformation under mechanical loading is shown to be sensitive to crystal orientation, as predicted by numerical
and theoretical predictions: for some orientations, the void aspect ratio stays close to unity, while very elongated voids have
been observed for other orientations (Fig. 2). The evolution of void size and aspect ratio as a function of plastic strain is
studied as a function of applied strain, for some crystal orientations. Results are finally compared to predictions of finite
elements simulations using crystal plasticity constitutive equations.
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Figure 1: Spherical nanovoids observed by Transmission Electron Microscope (TEM) after ion-irradiation in austenitic steel

Figure 2: Nanovoids observed by Transmission Electron Microscope (TEM) in ion-irradiated austenitic steel after straining to
30%
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MOLECULAR DYNAMICS INVESTIGATION OF SINGLE CHAIN POLYMER
NANOPARTICLES
Suwon Bae1 and Meredith Silberstein ∗2
1, 2
Department of Mechanical and Aerospace Engineering, Cornell University, Ithaca, NY, USA
Summary Single chain polymer nanoparticles (SCPN) have potential as building blocks for a new class of polymers. Here, a molecular dynamics approach is utilized to investigate the mechanical properties of individual SCPN as a function of cross-link density. A
polyethylene-like polymer is used as the representative SCPN. It is shown that the cross-linked particles have a stiffer response to compressive loading than have the linear ones. Adding cross-links does not directly increase bond-stretching and total potential energy of the
cross-linked particle. The cross-links do constrain the particle to remain relatively stable and respond to compression with increased angle,
dihedral and non-bonded energy.

INTRODUCTION
Polymer properties can be controlled independently of monomer chemistry by choice of underlying architecture. In this
sense, single chain polymer nanoparticle (SCPN) assemblies are an emerging paradigm for tailoring polymer properties. Here
we investigate the individual SCPN mechanical properties as a first step towards designing SCPN assembly-based polymers.
Specifically, we use molecular dynamics (MD) simulations to investigate a polyethylene (PE)-like SCPN as a function of
molecular weight and cross-link density.
METHODS
The structures of the SCPN are based on a linear PE chain 500 monomers long. The PE is explicitly represented with
atomic interactions captured by the Dreiding potential. The initial structure was generated using Amorphous Cell in Materials
Studio. A parallel MD code, LAMMPS, was used. Simulations were conducted under NVT dynamics with a Nosé-Hoover
thermostat used for the temperature control. The velocity-Verlet time stepping scheme was adopted with a time step of 0.1 fs.
The chain was collapsed into a particle by introducing an artificial atom at the center of mass that exerts an attractive force
onto each atom of the polymer chain. The collapsed chain was then annealed with the artificial atom removed. The total
momentum and the total angular momentum were set to be zero in order to cancel both translation and rotation of the chain.
The cross-linked PE particles were constructed from the fully equilibrated MD model for linear PE particles. Cross-links
were created between each pair of two active atoms within a preassigned distance range. This cross-linking was carried out
sequentially with cross-link assignments alternating with equilibration steps until the desired percentage of cross-links was
reached.
The prepared PE particles were then compressed by two rigid flat plates displaced toward
each other at a constant speed. The compression tests were implemented in LAMMPS. Rigid
flat plates of thickness 5 Å were placed above and below the prepared particle with a gap
of 10 Å as shown Figure 1. Repulsive forces were assigned between the plates and particle
by a non-bonded potential. The mechanical response for each particle type is averaged from
Figure 1: Schematic of MD
five different initial configurations. Force was calculated from the virial stress tensor as
simulation of SCPN compresa function of relative wall distance. Relative wall distance is defined as zplate /Rz where
sion.
zplate is the distance over the plate moves and Rz is the initial radius of the particle along
the compressive axis. Radius of gyration and energy components were also observed.
RESULTS AND DISCUSSION
SCPN with four different degrees of cross-linking were prepared: linear particles and cross-linked particles with 5%, 10%,
and 15% of cross-links. For instance, equilibrated MD models for 0% and 15% cross-linked SCPN are shown in Figure 2.
The cross-linked particles have a greater radius of gyration and higher potential energy than have the linear ones. However,
the degree of cross-linking made negligible difference in the radius of gyration and the total potential energy.
The responses of the SCPN to compressive loading are shown in Figure 3(a). It is observed that force responses are
relatively linear and have minimal difference among until a relative wall distance of 0.4. Beyond this wall distance, the
responses exhibit non-linearity and dependence on the cross-link density. The higher the degree of cross-linking, the stiffer
the response to compressive loading. The radii of gyration vary with compression. While the linear particles have the smallest
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Figure 2: Equilibrated congiuration of (a) linear SCPN and (b) cross-linked SCPN (15% cross-links) before compression.
Light blue beads and blue ones are representative of hydrogen and carbon atoms, respectively. Red beads are cross-linked
sites.

Figure 3: Results of SCPN compression. (a) Force response versus relative wall distance. (b) Energy components versus
relative wall distance.
value for the initial radius of gyration, it increases the most per applied strain. The highest degree of cross-linking exhibits the
smallest increase in the radius of gyration per applied strain. The evolutions of each component of the total potential energy
of the linear and 15 % cross-linked particles during compression are shown Figure 3(b). The angle, dihedral and non-bonded
components of the cross-linked particles increase more with the increasing relative wall distance than the corresponding
energies from the linear particle.
CONCLUSION
The SCPN with the highest degree of cross-linking show the smallest increase in radius of gyration during compression,
implying that the cross-links add stability and strength to the SCPN. The increased stiffness of the cross-linked SCPN at
large strain relative to the linear SCPN is due to angle, dihedral, and non-bonded energy contributions. Although the direct
contribution of cross-links to the bond-stretching energy and to the total potential energy is negligible even during deformation
the cross-links do confine the polymer chain to induce a stiffer response.
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NUMERICAL MODEL FOR DISLOCATION TRANSMISSION ACROSS PHASE
BOUNDARIES
1
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Summary A 2D FEM approach for studying dislocation-phase boundary interaction is proposed. By adopting the classical Peierls-Nabarro
model as a glide plane model, a natural interplay between dislocations, external boundaries and phase boundary is provided. Thereby the
local dislocation induced stress field in the vicinity of the phase boundary can be fully captured. Modelling dislocation dipoles (loops) in
a finite-sized grain introduces a grain-size dependency. With this model the effect of dislocations piling up against a phase boundary and
dislocation transmission are studied for a glide plane perpendicular to a fully coherent and non-damaging interface.

INTRODUCTION
Interface decohesion due to dislocation activity in polycrystalline microstructures is a complex processes that is not fully
understood yet. For a better insight into the underlying mechanisms numerical approaches are necessary in order to resolve
the small scale phenomena of dislocation-phase boundary interaction. Existing studies are based on atomistic simulations [1]
or Discrete Dislocation Dynamics (DDD) [2]. However, both approaches involve shortcomings such as limited spatial and
temporal scales (atomistics) or complicated numerical treatments of dislocations-phase boundary interactions (DDD).
METHODOLOGY
In the present research we propose a 2D FEM-approach, in which the aforementioned shortcomings of atomistic simulations and DDD are overcome. Embedded in a finite elastic medium lies a glide plane represented by a periodic shear
traction-disregistry (F -∆) law in accordance with the Peierls-Nabarro model [3]:


2π∆
µb
sin
,
(1)
F (∆) =
2πd
b
with the shear modulus µ, the Burgers vector b and the interplanar spacing d – see Figure 1. A cohesive zone along the
phase boundary enables the simulation of interface crack nucleation due to dislocation induced stress concentrations. With
such a model, a natural interplay between dislocations, external boundary conditions and phase boundary is provided. It is
furthermore possible to break down the complexity of the problem into the investigation of the single influences of specific
parameters such as elastic parameters of the crystal and those of the glide plane and phase boundary.
In the present study we limit ourselves to a glide plane perpendicular to a fully coherent interface between two phases,
A and B, and neglect the effect of decohesion. By adopting point-symmetry on the left-hand side of the model (cf. Figure
1), dislocation dipoles are included. With this model it is possible to investigate the dislocation transmission across the fully
coherent interface as a function the material properties and grain size.
Considering dual phase materials where a dislocation moves towards a phase of higher shear modulus, a natural resistance
against dislocation transmission is present. This resistance is both material dependent and size dependent. The material
dependency is related to the phase contrast and leads to an increase of: 1) the dislocation induced repulsive shear stresses in
phase B and 2) the resistance against dislocation motion according to the original Peierls-Nabarro model. The size dependency
arises from the dislocation dipole self-stresses that strongly depend on the width of the dipole and thus on the size of grain
A, LA . An increase in self-stresses with decreasing LA becomes apparent and this in turn leads to a higher external stress
required for transmission of the dislocations to the harder phase B.
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Figure 1: Peierls-Nabarro FEM Model for dislocation interaction with a phase boundary.
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RESULTS
By applying simple shear boundary conditions and pre-multiplying the glide plane stress according to Eq. (1) with a factor
C for phase B, the influence of the Peierls-Nabarro model alone on transmission of a single dislocation is studied. Figure 2
shows this for a pre-factor C = 2 and a grain size LA = 800b with a close-up view of the dislocation position and its induced
normal stress σxx for different shear strains γ.
After nucleation at γ = 0.2 · 10−2 the dislocation moves towards the interface and gets stuck. Only after increasing the
shear strain to γ = 5.1 · 10−2 the dislocation is transmitted to the second phase. It is noteworthy that in the course of the
transmission the normal stress σxx increases from a characteristic value in phase A (≈ 25.6GPa) to a higher characteristic
value in a phase B (≈ 36.4GPa). This is an important finding for later considerations on interface failure and shows the
necessity of a high resolution for capturing the local stress field.
By allowing multiple dislocations to nucleate, a pileup can form as shown in figure 3. Instead of artificially amplifying
the Peierls-Nabarro model, the shear modulus of phase B is now enhanced with µB = 1.5µA . Like in the case of single
dislocation transmission, the grain size equals LA = 800b. The close-up view of the dislocation induced normal stress σxx
displays the state right after dislocation transmission for a mean shear strain of γ = 1.5 · 10−2 .
As stated before, a decreasing grain size LA leads to elevated self-stresses. Thus, the shear strain at dislocation transmission measured in both investigations increases accordingly.

interface

max{σxx} =25.6 GPa

interface

interface

max{σxx} = 26.8 GPa

max{σxx} = 33.2 GPa

interface

max{σxx} = 36.4 GPa

Figure 2: Process of dislocation transmission to a harder phase for a single dislocation. Close-up snapshots of the dislocation
position and its induced normal stress at different shear strains γ.

max{σxx} = 35.2 GPa

interface

Figure 3: Dislocation pileup against a harder phase right after dislocation transmission. Close-up view of the dislocation
positions and the induced normal stress.

CONCLUSIONS
A model for a natural interplay between dislocations, external boundary conditions and phase boundary as a function the
material properties and grain size was presented. With this model the effects of dislocation transmission and dislocations piling
up inside a dual-phase material with a glide plane perpendicular to a fully coherent interface was shown. By extending the
current model with cohesive zones it is possible to investigate the competition between interface decohesion and dislocation
transmission for different material properties and grain sizes.
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Abstract The mechanical behaviour of coating systems with different thickness coatings were studied under in situ 3-point and 4-ponit bending
experiments, and crack evolution was observed with load-displacement curves. Fracture and damage characteristics of the coating systems were
analyzed, and a catastrophic damage model was introduced. The result indicates that fracture mode and damage propagation depend on the size
of the coatings and loading condition, the interface fracture and shear failure dominate the thick coating systems under 3-ponit bending, and the
multiple transverse cracks emergence and tensile failure dominate the thin coating systems under 3-ponit bending and both coating samples
under 4-ponit bending. Furthermore, the damage of the thick coating systems is faster than that of the thin coating systems both under 3-ponit
bending and 4-ponit bending, and the damage of both systems obeys the same power law behaviour with power exponent of 0.5 as the
corresponding controlling variable increases.

INTRODUCTION
The ceramic coatings are widely used in mechanical engineering, chemical engineering, aerospace, marine, etc. due to
their good properties such as thermal protect, anti-corrosion, and oxidation-resistance. For example, ceramic coatings of
several hundreds of microns are often sprayed or deposited on the alloy substrates for thermal protection of the blades of the
aerospace engine [1]. However, ceramic coatings are brittle and easy fractured due to the interface mismatch between the
coatings and the substrates under thermal and mechanical loading, once the coatings fracture or spall from the substrates,
the alloy substrates will failure at high temperature environment. Therefore, the study on the fracture and damage of the
coating systems attract great attention.
Fracture and damage of coating systems were studied by many researchers [2-3], but size effect was few attended,
which is important not only in optimizing the coatings and enhancing mechanical properties of the coating/substrate
systems, but also in scientific understanding of size effect in materials. In this paper, thin and thick coating samples were
prepared to study thickness effect of coating systems under 3-point and 4-point bending loading. The size-dependent
fracture characteristics and size-independent damage scaling law were respectively revealed.
EXPERIMENTAL METHOD
The thin coating and thick coating samples with coating thickness of 100-300 µm and 350-500 µm, respectively, were
prepared, and the coatings were sprayed on the same alloy substrates [4]. The samples were placed in the sample room of
the scanning electron microscope, and were applied 3-point bending and 4-ponit bending loading by the designed jigs and
the mechanical testing apparatus. The load was applied on the surface of the substrates, and the crack map in the side face
can be obtained real time with the load-displacement curves. The 3-point sample size is 15 mm ×3 mm ×1.5 mm, and the
span is 10 mm. The 4-point sample size is 30 mm ×3 mm ×1.5 mm, and the inner and outer spans are 8 mm and 24 mm,
respectively. The loading rate is 0.1 mm/min.
EXPERIMENTAL RESULTS
The transverse cracks in the coating, vertical to the interface between the coating and the substrate experience initial,
propagation and saturation steps as the load increases, and the multiple transverse cracks occurs simultaneously as the load
is close to the peak value for the thin coating samples under 3-point and 4-ponit bending and also for the thick coating
samples under 4-point bending as shown in Fig. 1(a). The interface crack occurs and propagates besides one transverse
crack in the coating for the thick coating samples under 3-point bending as shown in Fig. 1(b). The transverse crack density
of the thin coatings is larger than that of the thick coatings under 4-point bending. Therefore, the fracture modes and
characteristics depend on the size of the coatings under the same loading condition.
DISCUSSIONS
According to the two-layer composite beam theory, the tensile and the shear stress of the coating in the interface can be
calculated based on the elastic modulus and the load of the transition point in the load-displacement curve corresponding to
the multiple transverse cracks through the substrate or the interface fracture, etc. The result indicates that the tensile stress is
larger than the strength of the coatings, thus the transverse crack occurs in the coatings. The shear stress is smaller for the
thin coatings, and the shear stress is larger than the interface strength for the thick coatings under 3-point bending, thus
interface crack occurs for the thick coatings under 3-point bending. Therefore, the interface shear failure dominates the thick
a) Corresponding author. Email: lianglh@lnm.imech.ac.cn
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coatings under 3-point bending, and the tensile failure dominates the thin coatings under 3-point bending and both coatings
under 4-point bending.

Fig. 1. The fracture map of (a) thin coating of 186 µm thickness; (b) thick coating of 487 µm under three-point bending.

The transverse crack or the interface crack length was measured to be as the damage variable for the tensile failure or
the shear failure dominated coatings, respectively, and the crack evolution was observed with increased tensile or shear
stress as the controlling variable. The experimental results show that the damage increases with increasing stress, reaches to
be complete at the failure point. According to the brittle catastrophic damage model [5], the damage rate tends to be infinite
at the failure point, a similar model on the controlling stress, as the Taylor’s expansion of the damage variable, was
proposed to describe the damage evolution in the coating systems. The results show that the model can explain the
experimental phenomena well, the damage obeys the power law relation of the stress with the power exponent of 0.5 for all
kinds of coating systems here, and the damage rate shows the power law singularity at the critical value. Furthermore, the
damage coefficient can be obtained by the initial and the failure damage and the corresponding controlling stress.
Comparison of the thin and thick coating systems both under 3-ponit and 4-ponit bending shows that the damage coefficient
is smaller for the thin coatings, and thus the damage is slower for the thin coatings. The thin coating systems may be a good
mechanical design if the thermal protect application is satisfied firstly.
CONCLUSIONS
The size effect of the coating systems was studied by a series of thickness coatings under in situ 3-point and 4-point bending
tests. The crack modes and evolution were observed and measured as the damage variable with increasing loading or the
controlling stress. The study indicates that the fracture characteristics depend on the size of the coatings, but the damage for all
kinds of coating systems obeys the same power law relation, and the power exponent is size independent.
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Summary Adsorption-induced deformation of the ordered porous material is an important physical phenomenon with a wide range of

applications, which can be characterized by the pore-load modulus and affected by the surface effect when the pore size reduce to nanoscale. By
introducing the surface elastic constants, closed-form solutions of the pore-load modulus are obtained, which turn out to be a function of the
porosity, the material properties of the matrix, and the geometrical arrangement of pores. Furthermore, it also depends on the pore size and
surface elastic constant when the surface effect cannot be ignored.

INTRODUCTION
Ordered porous materials have attracted increasing attention in recent years due to their unique optical, electrical, and
catalytic properties [1]. Gas or fluid adsorption in the porous solid with ordered channel-like independent pores is an
interesting topic and it also has a wide range of applications in the fields of geology, biology, chemistry, etc [2]. In the
process of adsorption or desorption of gas or fluid, as a consequence of the physical and chemical interactions between the
guest molecules and the solid pore walls, the porous solids will contract or expand. This phenomenon is known as
adsorption-induced deformation and can be characterized by the pore-load modulus [3].
There are several theoretical models proposed to describe the relationship between the pore-load modulus and the
geometric and material parameters of the matrix [4]. However, up to now, the influence of surface effect has not yet been
investigated. In this paper, a theoretical framework with surface effect on the adsorption-induced deformation of ordered
nanoporous material is developed, the effect of surface energy is demonstrated by introducing the surface elastic constants.
When the surface effect is negligible, the theoretical model will reduce to classical solution without size effect. The
predictions of our analytical model show good agreement with the FEM results.
THEORETICAL ANALYSIS
Since surface possesses a large fraction in nanoporous material, the influence of surface energy becomes important in its
mechanical performance and should be taken into account [5]. For a linear isotropic surface without residual surface tension,
𝑠
𝑠
the surface stress is given by 𝜎
= 2𝜇𝑠 ɛ
+ 𝜆𝑠 ɛ𝑟𝑟 𝛿 , where 𝜇𝑠 and 𝜆𝑠 are the surface Lame constants, which can be
determined through atomic simulations or experiments.
For the typical ordered nanoporous material like MCM-41 of SBA-15, as shown in Fig. 1 (a), all exhibiting cylindrical
pores are arranged on a well ordered two-dimensional (2D) hexagonal lattice. Gor et al. [4] pointed out that the dilatational
strain in the plate with many pores can be approximated to the engineering strain of the unit cell of pressurized cylinder,
with the outer diameter equaling half of the pore spacing. However, it should be noted that each cylinder will be affected by
the neighboring cylinders. For nanoporous material with hexagonal lattice, there are six pores near the central unit cell. (See
Fig. 1(b)). Hence, the outer boundary of the cylinder cannot be considered as free surface.
Let us consider a single pressurized thick-wall cylinder with inner radius a and outer radius b, subjecting the inner and
outer pressure pi and po under plane-strain condition, as shown in Fig. 1(c). According to the classical theory of elasticity [6],
and combining the surface effect on the boundary condition at inner surface, the size-dependent stress and displacement
components are obtained. The engineering strain of a single cylinder pore can be calculated as ɛ𝑒 = 𝑢(𝑏)⁄𝑏. Thus, the
pore-load modulus of the nanoporous material can be easily got by the definition 𝑀𝑝𝑙 = 𝑝𝑖 ⁄ɛ𝑒 as
𝑀𝑝𝑙 =

𝐸{[1 + (1 + 𝑣)𝑘] − [1 − (1 + 𝑣)(1 − 2𝑣)𝑘]𝜑}
(1 + 𝑣){(1 − 2𝑣)[1 − (1 + (1 + 𝑣)𝑘)] − [(1 − (1 + 𝑣)(1 − 2𝑣)𝑘)𝜑 − 1]}𝜑

(1)

where E and v are the Young’s modulus and Poisson ratio of the solid matrix respectively, and φ is the porosity of the
porous material.  is a geometrical factor depend on the arrangement of pores, for porous material with hexagonal lattice,
 = 1⁄3, and  = 1⁄2 for square lattice. 𝑘 = (2𝜇𝑠 + 𝜆𝑠 )⁄(𝐸𝑎) is a dimensionless parameter describing the surface
effect. For the plane stress condition, only the parameters E and v need to be replaced by 𝐸 ⁄(1 − 𝑣 2 ) and 𝑣 ⁄(1 − 𝑣).
It can be found that the surface effect parameter k plays an important role on the pore-load modulus of nanoporous
material. For the porous material with given mechanical properties, k is increasing with the decreasing of the pore radius,
and indicating the surface effect more obvious. As a limited case, when the pore radius is larger enough that k approaches
zero, Eq. (1) will reduce to the classical solution without surface effect as
𝑀𝑝𝑙 =

𝐸(1 − 𝜑)
(1 + 𝑣)[(1 − 2𝑣)(1 − ) − (𝜑 − 1)]𝜑

a) Corresponding author. Email: chencq@tsinghua.edu.cn.
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RESULTS AND DISCUSSION
In order to validate the proposed theoretical model of the pore-load modulus, the FEM simulations are performed to
calculate to the adsorption-induced deformation of the ordered porous material with hexagonal and square lattice. Science
the surface effect is not easy to achieve in the FEM model, we just focus on the degraded model without surface effect in
this case. Numerical experiment shows that the used model size is sufﬁcient to show the homogenized responses of porous
materials. Moreover, mesh sensitivity study has been conducted to ensure the numerical convergence of the models.
The FEM predicted porosity-dependent pore-load modulus of the porous material, which are normalized by the Young’s
modulus of the solid matrix, are shown in Fig. 2 for the plane strain and plane stress condition as upper and down triangular
symbols, respectively. The corresponding theoretical predictions given by Eq. (2) with different elastic parameters are
included as solid lines for the purpose of comparison. For both the hexagonal and square lattice cases, one can find that our
theoretical model can predict the FEM results on a quantitative basis.

Figure 1. Schematic of a 2D ordered porous Figure 2. Comparison of FEM simulation Figure 3. Predictions for the sizematerial and the unit cell of hollow cylinder.
dependent pore-load modulus.
and theoretical predictions of 𝑀𝑝𝑙 .
In order to further investigate the size-dependent effect of the pore-load modulus, the nanoporous material with different
pore radius are considered. Atomistic calculations indicate that a solid surface can be either elastically softer or stiffer than
their bulk counterparts. Thus, two typical sets of surface elastic constants for isotropic surfaces of aluminium are used [7].
𝜇𝑠 = −6.22 N⁄m , 𝜆𝑠 = 3.49 N⁄m for surface [100], called as the “soft” surface, and 𝜇𝑠 = −0.38 N⁄m , 𝜆𝑠 = 6.48 N⁄m
for surface [111], called as the “stiff” surface.
The normalized pore -load modulus for the two sets of surface properties as functions of the pore radius given by Eq. (1)
are plotted in Fig. 3. Where the dashed and dotted lines denote the two sets of surfaces, respectively, and three samples with
different porosities, from 0.2 to 0.6, are contained showing with different colour. It can be found that the surface effect
cause the pore-load modulus to reduce (increase) with decreasing pore size for the soft (stiff) surface. Evidently, for both the
two surfaces, the surface effect on the pore-load modulus becomes more and more significant as the pore radius decreases
less than 10 nm. Moreover, the surface effect is more prominent for a nanoporous sample with a bigger porosity.
CONCLUDING REMARKS
In conclusion, this work has studied the influence of surface energy on the adsorption-induced deformation of the
ordered nanoporous material. An analytical solution for the pore-load modulus with surface effect is derived based on the
micromechanical model of a pressurized thick-wall cylinder unit cell, and the surface elastic constants are adopted to
describe the influence of surface energy. The proposed theoretical model are validated by comparing with FEM simulations
for the limited case without surface effect and show great agreement. It also reveals that the surface energy plays an
important role on the elastic response for nanoporous material, and the pore-load modulus shows significant size-dependent
characteristics. The present study is helpful for measuring the mechanical properties of nanoporous materials and for
designing nanoporous material based sensor and actuator in various applications.
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Summary The material parameters of nanomaterials are different from those of bulk ones, such as elastic modulus, thermal
conductivity etc., which are known as the intrinsic size-dependence effects. In this paper, the intrinsic size effect of Young’s
modulus is introduced into nanocomposite to study its influence on the effective elastic moduli of composite, especially the
composite with micropolar matrix. It is shown that the intrinsic size-dependence of nanoinclusion can lead to the sizedependence of the effective elastic moduli of composite. Especially for the micropolar composite, the variations of the effective
muduli of composite with the inclusion’s size from nanometre to micrometre will be displayed completely.
INTRODUCTION
Nanomaterials, such as nanoparticles, nanowires, nanotubes, have excellent mechanical, electronic and other properties,
which bring potential and broad application fields of aerospace, electronics, medical and so forth, so that have attracted
wide attentions. Many researchers have reported that nanomaterials display the different properties from the corresponding
bulk materials, such as the high elastic modulus, the low thermal conductivity, and so on. One of the important applications
of nanomaterials is to be used as reinforcement for high-performance composite. Therefore, to understand the influence of these
peculiar properties of nanoparticle on the overall properties of composite is very important.
In this paper, we shall introduce the nanoinclusion’s size-dependence effect into micromechanical models of composite to
predict the size-dependent effective elastic modulus of composite, especially the composite with micropolar matrix.
MODELS
Based on the the inherent lattice strain and the binding energy change of nanocrystals compared with the bulk crystals, Liang
et al. [1] established an analytical model about the size-dependent elastic modulus of nanocrystalline metals. In the model, the
bond length and bond energy of nanocrystalline lattice are size-dependent, which indicate that it is a kind of intrinsic property,
and there is no free parameter in the obtained formula. The predictions of the model for Cu, Ag, Si thin films, nanoparticles, and
TiO2 nanoparticles are in agreement with the computational simulations, the continuum mechanics calculations, and the
experimental results.
This intrinsic size-dependent property of nanoparticle derived by Liang[1] will be introduced into composite
micromechanical models to predict the size-dependent effective elastic modulus of composite, especially the composite with
micropolar matrix in the paper.
Micromechanics was successfully used to predict the effective elastic modulus of composite, such as Mori-Tanaka
method[2], self-consistent method and so on. However these micromechanical models based on classical continuum theory fail
to predict the size effect well-observed for metal matrix composite. Based on the micropolar theory, which is one of high order
theories, Liu & Hu and Ma and Hu [4] extended the classical Mori-Tanaka model to micropolar theory and proposed a high
order micromechanical model to describe the size effect of composite. Since both sizes of inclusion and microstructure of matrix
are with the similar order, the matrix of composite was described by micropolar theory in the model. Both the inclusion and the
overall composite were still classical materials. An analytical formula was derived for the effective elastic modulus of composite
and it can describe the size effect of composite caused by the microstructure of matrix only.
In this paper, the influence of size-dependent inclusion derived from Liang[1] will be introduced into the expressions of
effective elastic moduli derived from the classical Mori-Tanaka model[2] and the Micropolar Mori-Tanaka model[3].
RESULTS
The composite composed of Al matrix and TiO2 nanoparticles is taken into account. The figure 1 shows the variation of
the effective moduli of the composite with the size of inclusion. It is shown that the size-dependent property of
nanoinclusion can lead to the composite’s size effect whether the classical model or the micropolar model. But for classical
composite, the size effect almost disappears at the size of inclusion 40nm and then the classical result is recovered. For
micropolar composite, the size effect can be revealed with the size of inclusion from nanometer to micrometer and then the
classical result is recovered.

a)
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Fig 1. Effective elastic moduli of composite
CONCLUSIONS
In the presentation, we have studied the influence of the intrinsic size-dependence of nanoinclusion on the effective elastic
moduli of composite. The results have shown that the intrinsic size-dependence of nanoinclusion can lead to the size effect of the
overall composite, and when the size of inclusion is large enough, the classical results are recovered.
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Abstract Filamentous networks can be widely found in biomaterials at the micro- and nano-scales. Some conventional theories may not apply

to the materials with dimension at the micro- or nano-scale. The effects of strain gradient at the micro-meter scale and the effects of surface
elasticity and initial stresses/strains at the nano-scale are incorporated into the deformation mechanisms in the analysis of stochastic fibrous
structures. A random beam network model with cross-linkers has been developed to describe the fibrous networks whose relative density can be
controlled to different values by adjusting the concentration of cross-linkers. The size-dependent effects on the relationships between the
relative density and the elastic constants of micro- and nano-sized fibrous structures are investigated.

INTRODUCTION
Fibrous materials are another type of porous materials with low density and high stiffness and strength, which promise for a
wide range of engineering applications. Fibrous structure can be widely found in biomaterials at the micro- and nano-scales.
For instance, a typical extra-cellular matrix (ECM) is composed of structural protein nanofibres such as collagen with a
diameter of the order of microns [1]. Increasing evidence has shown that the mechanical stiffness of ECM plays an
important role in regulating cellular behaviours, including adhesion, proliferation and differentiation of mesenchymal stem
cells (MSCs) [2]. Cytoskeleton (CSK) is a network of filamentous proteins within a cell’s cytoplasm, composing of
filamentous actin (F-actin), microtubules and intermediate filaments with diameters of the order of nanometers [3]. The
mechanical stiffness of intracellular material, to a great extent, is governed by the cytoskeleton. In industrial engineering,
micro- and nano-structured fibrous materials can be used in micro-electro-mechanical systems (MEMS) and nano-electromechanical systems (NEMS) devices, which are of great interest to scientists and engineers. The understanding of the
mechanical properties of macro-sized porous materials has well been established. However, when the dimensions of fibrous
structures are reduced to the micro- or nano-scale, the stiffness or rigidity is much different from that of their macro-sized
counterparts.
It is crucial to incorporate the strain gradient effects at the micro-meter scale, and the surface elasticity and initial stress
effects at the nano-meter scale into the deformation mechanism of fibrous materials. To the best of our knowledge, the size
dependent mechanical behaviour of fibrous materials has not been reported. The objective of this paper is to investigate the
effects of relative density on the size-dependent mechanical properties of micro- and nano-sized fibrous structures.
SIZE-DEPENDENT EFFECTS AT MICRO-SCALE
At the micro scale, the strain gradient has a dominant effect on the mechanical behaviour of the stochastic fibrous materials.
𝑙𝑚 /𝑑 is used to describe the gradient strain effects in the micro-scale [4, 5], where the 𝑙𝑚 is the intrinsic material length at
the micrometer scale (which can be experimentally measured and is usually in the range between submicron and microns,
and different for different materials), d is the diameter of the circular cross-section of the fibres. We have conducted the
simulations for different values of 𝑙𝑚 /𝑑 (𝑙𝑚 /𝑑 = 0, 0.2, 0.5,1.0) to investigate the size-dependent effects on the elastic
properties of the stochastic fibrous materials at the micro scale. It should be noted that when 𝑙𝑚 /𝑑 is 0, in which the
diameter of the fibres is much larger than the intrinsic material length scale 𝑙𝑚 , the size-dependent effect vanishes and the
elastic constants reduce to those of their conventional counterparts. The three-dimensional random beam model with crosslinkers developed to describe the stochastic fibrous networks is given in Fig1. The simulation results suggest that the
smaller is the diameter of the fibres, the larger are the dimensionless Young’s moduli of the fibrous materials; and that the
larger is the relative density of the fibrous materials, the larger are the dimensionless Young’s moduli, as shown in Fig2.
SIZE-DEPENDENT EFFECTS AT NANO-SCALE
It has been found that at the nanometer scale, the surface elasticity and the initial strain (stress) can significantly affect the
mechanical behaviours [4-6]. 𝑙𝑛 /𝑑 is used to describe the surface elasticity effects at the nanoscale, where the 𝑙𝑛 is the
material intrinsic length at the nanometer scale, which can be expressed by 𝑙𝑛 = 𝑆/𝐸𝑠 (where S is the surface elasticity
modulus) and may vary over a range from 0.01nm to 0.1nm[6] for different materials. 𝜀0𝐿 is the initial strain in the length
direction of the fibres, whose amplitude can be controlled to vary by an applied electric potential [7]. We have conducted
the simulations using finite element software for different values of 𝑙𝑛 /𝑑 ( 𝑙𝑛 /𝑑 = 0, 0.2, 0.5,1.0) and 𝜀0𝐿 (𝜀0𝐿 =
−0.06, −0.03, 0, 0.03, 0.06) to separately investigate the surface elasticity effects and the initial strain effects on the elastic
properties of the stochastic fibrous materials at the nanometer scale. Note that when 𝑙𝑛 /𝑑 = 0 and 𝜀0𝐿 = 0, the sizea) Corresponding author. Email: ZhuH3@cardiff.ac.uk
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dependent effects at the nanoscale vanish and the elastic constants reduce to those of their conventional counterparts. The
simulation results suggest that for nano-sized fibrous structures, the smaller the size, the larger the Young’s modulus as
shown in Fig3. Moreover, the non-dimensional Young’s modulus can be controlled to vary by adjusting the amplitude of an
applied initial strain as shown in Fig4.
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Fig2. Size-dependent effect on the relationship between the nondimensional Young’s modulus in the x direction and the relative density of
stochastic fibrous materials at micro-meter scale.

Fig1. Three-dimensional random beam model with cross-linking.
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Fig3. Size-dependent effect on the relationship between the nondimensional Young’s modulus in the x direction and the relative density of
stochastic fibrous materials at nano-meter scale.

0.05

0.10

0.15

Relative density

0.20

Fig4. Non-dimensional Young’s modulus 𝐸𝑥 v.s. the relative density of
nano-sized stochastic fibrous networks with the presence of the effects of
initial strains/stresses.

CONCLUSIONS
The elastic properties of filamentous networks are size-dependent at the micro- and nano- scales. By incorporating the strain
gradient effects at the micro-scale and the effects of surface elasticity and initial strains at the nano-meter scale into the
deformation mechanisms, the size-dependent mechanical properties are investigated for the micro- and nano-sized fibrous
structures, which could give a good reference for the scientists in tissue engineering and serve as a guide in the design of
MEMS and NEMS.
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HIGHER-ORDER ASYMPTOTIC HOMOGENIZATION OF PERIODIC MATERIALS AT
LOW SCALE SEPARATION
Maqsood Ameen∗, Ron Peerlings, and Marc Geers
Department of Mechanical Engineering, Eindhoven University of Technology, Eindhoven, The Netherlands
Summary In this work, we investigate the limits of classical homogenization theories pertaining to homogenization of periodic composite
materials at low scale separations and demonstrate the effectiveness of higher-order periodic homogenization in alleviating this limitation.
Classical homogenization techniques are very effective for materials with large scale separation between the scale of the heterogeneity
and the macro-scale dimension, but inaccurate at low scale separations. Literature suggests that asymptotic homogenization is capable of
pushing the limit to smaller scale separation by taking on board higher-order terms of the asymptotic expansion. We show that the classical
homogenization deviates from the actual solution for scale ratios below 10. Beyond this limit, the higher-order asymptotic homogenization
solution still gives a very good approximation which becomes better as more higher-order terms are included. This results in a size-dependent
macroscopic model, which indeed allows one to push the limitations of homogenization in the direction of less scale separation.

INTRODUCTION
All matter is heterogeneous at some scale, but frequently it is convenient to treat it as homogeneous. Some of the wellknown examples are metal alloys, concrete, porous structures and fibrous composites. The distinct features of their microstructures respond quite differently to mechanical loading and hence their deformation is heterogeneously distributed at the fine
scale. It is the combination of the different microstructural features which governs the overall response of the material to the
loading.
Homogenization is a mathematical technique for studying partial differential equations with rapidly oscillating coefficients,
which are typical of the equations that govern the physics of heterogeneous materials. An important aspect in the analysis
of multiphase materials is to deduce their effective behavior (e.g. mechanical stiffness, thermal expansion properties, etc.)
from the corresponding single-phase behaviors and the geometrical arrangement of the phases. This concept of rendering
“homogeneous” a heterogeneous material is what we call homogenization.
Conventional homogenization methods are based on a separation of scales, given by: l << L, where l is the size of the
heterogeneity and L represents the macroscopic length scale. However, if the microstructural size is of the same order as the
macroscopic length scale, then most of the classical homogenization schemes break down. Literature [1-4] suggests that the
asymptotic homogenization method is capable of pushing the limit to smaller scale separation, by generating a hierarchy of
problems which can be solved sequentially to generate a solution that asymptotically converges to the exact (homogenized)
solution.
Problem Description
A qualitative and quantitative assessment of the scale separation limits of the classical and the higher order periodic
homogenization methods is performed on two-dimensional elastic two-phase composites, consisting of stiff circular inclusions
in a soft matrix material, subjected to anti-plane shear by means of a periodic body force. This anti-plane shear problem can
be described by the following partial differential equation:
∂  ∂u3 
∂  ∂u3 
G
+
G
+F =0
∂x1
∂x1
∂x2
∂x2

(1)

where u3 = u(x1 , x2 ) is the resulting out-of-plane
G is the Shear Moduli distribution function and F is a

 displacement,


2πx1
2πx2
bisinusoidal bodyforce given by F = F0 sin L sin L .
The period of the material’s microstructure is l and that of the body force is L, and the ratio L/l hence characterises the
scale separation. The homogenized properties are defined not for a specific microstructural configuration with respect to a
period of the body force, but by taking an ensemble average for a family of all possible microstructures.
Methodology
On the one hand, reference solutions are created using direct numerical simulation of a family of microstructural configurations for a range of scale ratios. On the other hand, asymptotic homogenization is used to obtain homogenized properties for
zeroth order and higher orders. Predictions made using these homogenized properties are then compared against the reference
solutions. Fig.1 shows a schematic of the outline of the solution methodology.
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Figure 1: Schematic of the problem: Comparison of periodic homogenization solution with reference solution created by
full-scale simulation for various scale ratios
RESULTS
Fig.2 shows the average peak displacement, normalized by that predicted by the classically homogenized solution, as a
function of the scale ratio L/l. Shown are the reference solution, the classical homogenization solution and higher order
solutions, for a phase contrast of 20. The zeroth order classical homogenization solution is independent of the scale ratio and
hence is a straight line as shown in the plot. For scale ratios L/l > 10, the reference solution converges to this constant value,
but at low scale separations it deviates from it significantly. The higher order periodic homogenization solutions closely match
with the reference solution even for low scale ratios. The second order solution starts to deviate from the reference solution at
(L/l) = 4.5, while the fourth order solution can still give a good approximation for even lower scale ratios.

Figure 2: Scale separation plot: Norm of the displacement solution vs. scale separation, for various cases
CONCLUSIONS
We show that the zeroth order classical homogenization deviates from the actual solution for scale ratios L/l below 10.
Beyond this limit, higher-order asymptotic homogenization solution gives a very good approximation. The approximation in
the low scale separation regime becomes better as more higher-order terms are included. This shows that the higher-order
theory indeed allows one to push the limitations of homogenization in the direction of less scale separation.
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MODELING SURFACE PENETRATION BY DISLOCATION PILEUP MODEL WITH IMAGE
EFFECT
Xiang-Long Peng1, Gan-Yun Huang1a)
Department of Mechanics, School of Mechanical Engineering, Tianjin University, Tianjin, PR China

1

Summary In the present short paper, a continuum dislocation pileup model considering image effect (IE) is developed to study the onset of

dislocation penetration at surface in thin films. It is found that due to IE, more dislocations accumulate at the surface and their absorption by
surface become easier. Moreover, the critical load for penetration exhibits a “smaller is stronger” type size effect but different from the classical
Hall-Petch relation. The present results may cast some light on constructing higher-order strain gradient crystal plasticity theories with IE.

INTRODUCTION
The requirement to capture the size-dependent plastic behaviours in small scaled crystalline materials has triggered the
construction of numerous strain gradient crystal plasticity theories, among which the higher-order theories [1] are of
particular interest due to their capability to consider dislocation-surface/interface interactions via the microscopic boundary
conditions. In the higher-order theories, the important concept of back stress induced by geometrically necessary
dislocations interactions has been usually derived from the stress field of a dislocation in an infinite medium, and the
boundary condition adopted implies surfaces as barriers to dislocations. However, both discrete dislocation dynamics
simulations [2] and experiments [3] have demonstrated the significant effects of image effect (IE) and the penetrable
surfaces. To address such effects, as a preliminary study, the onset of dislocation penetration at surface of a thin film is
modeled by a continuum dislocation pileup model with IE taken into account.
MODEL DESCRIPTION, RESULTS AND DISCUSSION
Let us consider a pileup of edge dislocations on a slip plane in a single crystalline thin film bonded to a similar semiinfinite elastic substrate. The uniformly applied resolved shear stress is  o , see the inset in Fig. 1. At the continuum level,
distribution of the dislocations may be characterized by a density function n(t ) denoting the number of dislocations per
unit length [4]. Based on the elastic field of a dislocation in a half-plane and by considering the force balance on the
dislocations, the following singular integral equation that determines n(t ) can be obtained as,

 0b 

L/2
 b 2  L / 2 n( s )

ds  
f im (t , s, h, )n(s)ds   0,




L
/
2
L/ 2
2 (1  ) 
s t




L
L
t 
2
2

(1)

where  ,  and b are the shear modulus, the Poisson’s ratio and the magnitude of the Burgers vector respectively, and
f im (t , s, h, ) resulting from the surface IE reads

f im (t , s, h, )  [( x  h ) 2  y 2 ]2 [( s3  s c2 )( x  h )3  (c3  5c s2 ) y ( x  h ) 2  (  s3  5s c2 ) y 2 ( x  h )
 (c3  c s2 ) y 3 ]  2h[( x  h )2  y 2 ]3 {(s3  3s c2 )( x  h )4

(2)

 (s3  s c2 )[2h ( x  h )3  6 y 2 ( x  h ) 2  6hy 2 ( x  h )]+(  6c3  2c s2 )y ( x  h )3

 (c3  c s2 )[6hy ( x  h )2  2hy 3 ]  (2c3  6c s2 )y 3 ( x  h )  (s3  s c2 ) y 4 }
which is obtained based on the stress field of an edge dislocation in semi-infinite space derived by Head [5].
And s  sin  , c  cos , L  (h  2d ) / s , h  d  ( L / 2  t )s , x  d  ( L / 2  t )s , y  (t  s)c , where  is the inclined
angle between the slip plane and the surface, h is the film thickness, L is the pileup length, and d  2b is assumed to
be the small distance between the two leading dislocations and the surface or the interface to avoid the singularity on their
stress field. For the dislocation sources activated in grain interior as considered herein, equal numbers of positive and
negative dislocations are generated, which gives an additional condition to ensure the uniqueness of the solution



L/2

L/2

(3)

n( s)ds  0

Eq. (1) along with the condition (3) is similar to that for the problem of a shear crack and can be readily solved numerically
by Erdogan and Gupta method [6], and the details are omitted here for brevity. If one takes f im (t , s, h, )  0 in Eq. (1), the
problem is reduced to that of a dislocation pileup in an infinite medium [4]. For    / 3 , h  2μm and b  0.25nm , the
dislocation density distribution n(t ) has been calculated and plotted in Fig.1. For the purpose of comparison, the
distribution for the pileup in an infinite medium is also presented in the figure. It can be found that due to the attraction by
the surface, the dislocation density close to the surface is much higher than that in an infinite medium. It is consistent with
a)
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the recent findings by El-Naaman et al. [7] who pointed out that the usual higher-order theories involving in back stress
without IE predicts dislocation distributions more uniform than those observed experimentally. In addition, the density is
singular at t   L / 2 , which is again similar to the crack problem. Consequently by analogy with energy release rate in the
crack problem, one may define a thermodynamic force as [8]
(4)
F ( 0 )  lim A(t  L / 2)n2 (t )
t L / 2

with A  b2 / [4(1  )] , which is indeed the driving force for the dislocation pileup to move towards the surface.
Naturally one may expect that if the driving force is large enough, the surface will be penetrated by dislocations. Thus, it is
reasonable to assume that surface penetration occurs when the following condition is satisfied,
(5)
F ( 0 )  b ss
where  ss the surface resistance for penetration is assumed to be a constant here . The condition is similar to some classical
pileup models for yielding in grain interior [4]. Through Eqs. (4) and (5), the critical applied resolved shear stress for
surface penetration  y is readily obtained. As shown in Fig. 2 where the normalized  y as a function of h1/ 2 for
different values of  is displayed, it is obviously not proportional to h1/ 2 , which is different from the Hall-Petch size
effect, i.e.,  y depends on h1/ 2 linearly as would be predicted when no IE is present. In fact, the attractive image forces
make surface penetration easier. It is also seen that different values of  induce different pileup length L and hence
influence  y significantly.
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CONCLUSIONS
In conclusion, the surface penetration of thin films by a continuum dislocation pileup model with account of IE is
studied. It is found that IE has dramatic influence on the dislocation density distribution and the critical load for surface
penetration and hence should be decently involved into the higher-order strain gradient crystal plasticity. Noteworthy is that
in present preliminary model, possible effect of dislocation sources, elastic interaction between dislocation pileups on
different slip planes and non-uniform applied stress are not considered and will be left for the future study.
The work is supported by the Nature Science Foundation of China under Grant No. 11572216 and the National Key
Basic Research Scheme of China under Grant No. 2012CB937500.
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A STUDY OF GRAIN AND GRAIN-BOUNDARIES BASED ON A GRADIENT CRYSTALPLASTICITY MODEL
1

Habib Pouriayevali1a), Bai-Xiang Xu1
Mechanics of Functional Materials Division, Institute of Material Science, Technische Universitat Darmstadt,
Petersenstrasse 32, D-64287 Germany,

Summary In this study, a well-defined finite-deformation gradient crystal-plasticity model which has been proposed by
Gurtin [1] is employed and represented with respect to the reference configuration to study size-dependent hardening
behavior of a single crystal. A recoverable defect-energy which incorporates geometrically necessary dislocation (GND)
density is introduced. The constitutive model is implemented in the finite-element software ABAQUS via a user-defined
subroutine (UEL). The primary aim of the current study is an understanding of effect of energetic and dissipative gradientstrengthenings as well as self- and latent-hardening in stress-strain response of a single crystal. Rate and size-dependent
responses along with Bauschinger-like behavior under a cyclic simple-shear loading are investigated. Moreover, plastic
flows in predefined slip systems and accumulation of GNDs are distinctly observed. This constitutive model is further
developed for multicrystals. Penetration of dislocations through soft boundaries and accumulation of GNDs at hard
boundaries are also investigated.
RESULTS
In order to observe the effect of scale variation in the directional plastic flows and accumulation of GNDs, a simpleshear loading is applied to three different single crystals defined by crystal sizes D = 0.5 𝜇𝑚, 1 𝜇𝑚 and 2 𝜇𝑚. Fig. 1
compares numerical results. Based on the results depicted in Fig. 1-rows (a, b), it can be concluded that an increase in the
crystal size results in a larger magnitude of plastic flows as well as a more expansion of plastic flows towards the boundary.
Smaller crystals show a higher aggregation of plastic flows towards the center of crystals. Results presented in Fig. 1-row
(c) indicate the greatest magnitude of GND density (dislocations pile-up) in an area close to the hard-boundary. It can also
be concluded that a decrease in the crystal size yields an increase in accumulation of GNDs towards the boundary. Smaller
crystals undergoing a more expansive accumulation of GNDs are subjected to a larger value of gradient strengthening, thus
the phenomenon ‘smaller is stronger’ is easily validated here
CONCLUSIONS
The numerical results reveal that energetic and dissipative gradient-strengthenings yield respectively the kinematichardening behavior and yield-strengthening response. It is also concluded that dissipative and energetic length-scales act
differently; the former affects the onset of plastic flow, and the latter results in a change of post-yield strain-hardening
response. Moreover, self- and latent-hardening are evolved via an effective flow-rate which is a function of accumulation
rates of SSDs and GNDs and represents a measure of formation of short-range interactions between SSDs and GNDs. These
interactions turn to impede dislocation movements and yield isotropic-hardening responses which are induced via self- and
latent-hardening. In addition, rate-dependent stress-strain response of single crystal is simply observed here, and the
phenomenon ‘smaller is stronger’ is easily validated for different crystal sizes.
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Fig. 1. Numerical results corresponding to 1.6 % shear strain are presented. Columns (x, y, z) represent results obtained for
crystal size D = 0.5 𝜇𝑚, 1 𝜇𝑚 and 2 𝜇𝑚, respectively. Row (a) Contours of directional plastic flow based on a
predefined slip system. Row (b) contour of a combination of plastic flows. Row (c) contour of accumulation of dislocation
densities.
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GEOMETRICALLY NONLINEAR THEORY OF STATICS AND DYNAMICS
OF MICROPOLAR ELASTIC THIN PLATES AND SLOPING SHELLS
Samvel Sargsyan1
1
Department of Physics and Mathematics, Gyumri State Pedagogical Institute, Gyumri, Armenia
Summary General geometrically nonlinear theory of statics and dynamics of single and multilayered micropolar elastic thin plates and sloping
shells is introduced in this paper. Variation approach is developed for the constructed theory and specific problems of statics, stability and
vibration for rectangular and circular plates and sloping shells are studied, specific properties of micropolar material are revealed.

In papers [1-3] general applied linear theory of micropolar elastic thin plates and shells is constructed on the basis of
hypotheses method, that adequately reflect asymptotic properties of behavior of the solutions of three-dimensional
boundary-value problems in the relevant thin domains.
Presently, the construction of general applied theory of geometrically nonlinear (flexible) micropolar elastic thin plates
and sloping shells is one of the actual and fundamentally significant problems. It should be noted that the theory of
micropolar flexible plates and shells is less or, rather, not investigated at all.
The present paper is concerned with the theoretical basis and methods of calculation of strength, stability and vibrations
of micropolar elastic flexible plates and sloping shells.
During the construction of geometrically nonlinear theory of micropolar elastic thin sloping shells (plates) the kinematic
and static hypotheses of works [1-3] will be applied in combination with basic Marguerre assumptions (1938) (Föppl– von
Kármán ( 1907 , 1910) -in the case of the plate) [4], which underlie the basis of deformation of flexible sloping shells
(plates).
On the basis of mathematically accepted kinematic hypotheses, it is assumed that the displacement and free rotation of
the points of a three-dimensional thin sloping shell (plate) are linear functions along shell’s thickness as follows [1-3]:
Ui  u1 x1, x2  zi x1, x2 ,
i  1,2, U3  wx1, x2 ,
(1)
(2)
i 1 x1, x2 , i  1,2, 3 3 x1, x2  zx1, x2 .
Here, Ui и U 3 are the components of the displacement vector; i and 3 are the components of the free rotation; ui
are tangential displacements of the points of the plate middle plane, w is the deflection of the plate, and i ,3 are the
free rotations of the points of the middle surface around the relevant axes; i are angles of complete rotation around axis
x ,i  1,2, are located in the middle surface and are
xi of the element, which is normal to the median surface (axis
directed along the lines of curvature);  is the intensity of rotation of points of three dimensional shell around the axis z
(the axis z is perpendicular to the middle surface). It should be mentioned that as the formula (1) for the displacement
expresses Tymoshenko's kinematic hypothesis in the classical case, the kinematic hypotheses (1), (2) are called
Tymoshenko's generalized hypotheses in the case of micropolar shells (plates).
On the basis of the kinematic hypotheses (1), (2), the components of tensors of deformation and bending-torsion for the
sloping shells (plates) will be defined by the following expressions:
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where ki , i  1,2, are initial curvatures of lines xi , i  1,2 ( ki  0, i  1,2, in case of the plate).
On the basis of static hypotheses [1-3] and Hooke's law for micropolar isotropic materials force and moment stresses,
averaged along the thickness of the sloping shell (plate) forces, moments and hypermoments and further physical relations
of elasticity for micropolar flexible sloping shell (plate) are
determined. Differential equations of equilibrium and the
a)

Corresponding author. Email: s_sargsyan@yahoo.com

2550

natural boundary conditions are obtained on the basis of the application of Lagrange variation equations (geometrically
nonlinear variant for micropolar medium with the account of the above mentioned assumptions).
As a result of these studies, general applied theory of micropolar isotropic elastic flexible sloping shells and plates is
constructed. The constructed theory is generalized: 1) for the dynamic case, 2)for thermal stresses, 3) single- and multilayer
micropolar elastic orthotropic sloping shells and plates.
On the basis of the constructed theory of micropolar elastic flexible sloping shells and plates the problems of
implementation of algorithms of variation methods are discussed for solving boundary value problems of statics, stability,
vibrations and the clapping effect (for sloping shells) of rectangular and circular plates, sloping cylindrical, conical and
spherical shells. On the basis of the developed programs detailed analysis on the significance of the micropolar material is
carried out, the efficiency in terms of strength, stiffness, stability of such materials and the perspectives of obtainance and
further application of such material for structural elements in the micro and nano instrumentations are established.
CONCLUSIONS
Mathematical modelling of micropolar thin paltes and shells is one of the actual problems in the field of nanomaterials. In
the present paper hypotheses of construction of general linear theory of micropolar plates and shells [1-3] with the approach
of Föppl–von Kármán and Marguerr of geometrically nonlinear deformation of thin-walled constructions are combined and
as a result, general geometrically nonlinear theory of micropolar elastic single and multilayered thin plates and sloping
shells is constructed. Variation methods are developed for the solution of problems of statics, stability and vibrations of
nonlinear micropolar elastic thin plates and sloping shells of different form. Numerical results are studied and the
characteristic features of micropolar materials are analyzed in comparison to the classical materials.
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EFFECT OF THE SURFACE ON HYPERELASTIC PROPERTIES OF MATERIALS AT
SMALLER SCALES
Taisiya Sigaeva and Aleksander Czekanski ∗
Department of Mechanical Engineering, Lassonde School of Engineering, York University, Toronto, Canada
Summary In this work, well-known continuum models in the framework of hyperelasticity are generalized for certain applications where
the scale of the problem decreases to nano-level. At this length scale, the surface and residual surface stresses have a critical effect on
the overall deformation of the bulk material. The proposed models employ the Gurtin-Murdoch theory to represent the surface effect as a
residually prestressed thin hyperelastic film of separate elasticity, perfectly bonded to the bulk. Obtained results demonstrate remarkable
changes in the effective mechanical properties of materials at smaller scales that are not captured by classical theories.

INTRODUCTION
Nanostructured materials and nanodevices have demonstrated unusual mechanical, thermo-mechanical, electrical, optical
and magnetic properties, that have opened new horizons for applications in engineering and biology. Particularly, researchers
working in the emerging area of nanomechanics have found that at the nano-scale the bounding surface significantly influences
the overall deformation of the bulk and should be taken into account in continuum models.
Gurtin, Murdoch and co-workers first proposed a continuum-based theory (the so-called ”Gurtin-Murdoch model”) to
account for surface energies, stresses and tension [1]. The Gurtin-Murdoch model is mathematically equivalent to the assumption of a surface coated by or reinforced with a thin, stiff solid film with different elastic properties. As a result, even in
the absence of external loading, residual stresses occur in the area of bonding [2]. Both surface and residual surface stresses
have a pronounced effect on the material properties at smaller scales and cannot be ignored.
During the past decade there has been increasing research into the role of surface mechanics in small deformations of
linearly elastic solids. However, linear elastic theories are not applicable to many of today’s elastomeric applications. It
is relevant to consider surface effects since elastomers are being increasingly utilized in nanodevices, and nanostructured
polymers is an active research area. To fill this void in the literature we employ the theory of hyperelasticity in conjunction
with surface mechanics to generalize some well-known continuum models for applications at smaller scales and demonstrate
the pronounced effect of the surface on such effective properties as extensional stiffness, torsional and bending rigidity.
METHODOLOGY
We consider the equilibrium of a deformable solid occupying a region Ω and made of a homogeneous, initially isotropic
and incompressible hyperelastic material. Part of the surface ∂Ωs of this body is coated with a thin reinforcing film representing the surface effect. This film is made of a homogeneous, isotropic hyperelastic material with elastic constants different
from those of the bulk. The rest of the boundary is denoted by ∂Ωb , so that ∂Ω = ∂Ωb ∪ ∂Ωs .
Physical creation of the solid and thin film as well as their bonding can generate residual stresses in the undeformed configuration. To account for this we introduce ”fictitious stress-free” or ”natural” configurations and employ the multiplicative
decomposition rule for deformation gradients. For instance, let us assume that the thin reinforcing film from its natural configurations (Fig. 1a) is decomposed to the reference configuration with the help of the deformation gradient F0s so that there
exist a stress field before any forces are applied (Fig. 1c). When subjected to external loadings, the deformation gradient F s
is used to map the coating from reference configuration to the current configuration (Fig. 1d). Therefore, it can be concluded
that the surface hyperelastic strain energy density is a function of F s · F0s , i.e. U = U (F s · F0s ). Similarly, we can deduce that
the strain energy of the bulk is given by W = W(F · F0 ), where F and F0 are the corresponding deformation gradients for
the bulk (Figs. 1b-1d).
To establish constitutive law for the bulk we use an incompressible Neo-Hookean material model which is the simplest
hyperelastic model. To accurately model the material behavior of the thin reinforcing film representing the surface effect
we use two approaches. In the first approach, we simply use the existing surface hyperelastic strain energy density and
constitutive equations that reduce to classical linear elastic Gurtin-Murdoch relations (e.g. [3]). In the second approach,
which is physically-motivated, we assume that the surface strain energy can be decoupled into the part that does not change
the area of the surface and the part that does, i.e. U = UconstA (F¯s ) + UvarA (J s ) with J s = det F s , F¯s = (J s )−1/2 F s ,
det F¯s = 1.

∗ Corresponding

author. Email: alex.czekanski@lassonde.yorku.ca

2552

(a)

(b)

20

F0s

10

15

N
λ 10

F,F s
(a)
F0

dψ

5

5

(c)
(d)

0
0.5

(b)

0
1

λ

1.5

Figure 1

2

0

0.5

1

1.5

2

ψ

Figure2

Figure 1. Configurations of the model: fictitious stress-free configuration for the thin film representing the surface effect (a)
and bulk (b); common reference configuration (c) and current configuration (d) for the solid and its coating.
Figure 2. Influence of the surface effect on values of effective axial stiffness plotted versus axial stretch λ (a) and on values of
torsional rigidity plotted versus total angle of twist ψ (b) for a combined tension and torsion of a circular cylinder. Here black
dashed line represent the response of the cylinder with no surface effect , blue line - with slight surface effect, red line - with
strong surface effect.
Finally, to couple deformations of the solid and thin film, we introduce the following boundary value problem for which
addition of the surface effect gives a rise to a nonstandard boundary condition on ∂Ωs :
∇·σ

=

0 in Ω,

σ·n
σ · n − ∇ · σs

=
=

t1
t2

s

on ∂Ωb ,
on ∂Ωs .

Here σ and σ s represent, respectively, the Cauchy bulk and surface stresses; ∇ and ∇s are the usual (3D) and tangential
differential (2D) nabla operators. Normal to the surface is given by n; and t1 , t2 are the prescribed tractions.
The surface effect, described by the model introduced above, can significantly changes the mechanical response of the
bodies to applied deformations. A relevant example of the contribution of the surface effect for finite deformations is given
in [3], where an axially extended rod is considered. The results obtained demonstrate how the addition of a prestressed
reinforcing film will impact the extensional stiffness of the cylinder. We further explore the influence of the surface and
residual surface stresses on the mechanical response in the following well-known continuum mechanics problems.
Combined tension and torsion of a circular cylinder
The problem of a solid circular cylinder under combined torsion and axial extension is of great theoretical and practical
importance and has many interesting nonlinear effects such as variation of torsional rigidity with angle of twist and the
Poynting effect. All these effects can be demonstrated in our comparative study. Assume that a cylinder with length l and
the surface effect on the lateral side is extended/compressed to a length λl by force N and twisted to a total angle of ψ by
moment M . Fig. 2 shows the case with no residual surface stresses, where effective axial stiffness dN
dλ | ψ and torsional rigidity
dM
dψ | λ

of the cylinder increase with increasing contribution of the surface effect. Moreover, the axial stiffness monotonically
decreases with the extension ratio λ, while addition of the surface effect causes nonmonotonical behavior where the trend
reverses so the stiffness increases after some value of λ is achieved (Fig. 2a).
Class of bending problems
In this example we introduce the surface effect and residual surface stresses into all representatives of bending families,
i.e. bending of a rectangular block into a sector of cylinder, straightening of a cylindrical sector and bending of one cylindrical
sector into another. Since all these models have their own unique features, the main objective of this example is to investigate
the methodology of implementing the surface effect. Also it will give us a representative idea of how the bending rigidity of
the body is changing when the surface effect is taken into account.
References
[1] Gurtin, M. E., Murdoch, A.: A continuum theory of elastic material surfaces. Arch. Ration. Mech. An. 57:291-323, 1975.
[2] Huang Z., Wang J.: A theory of hyperelasticity of multi-phase media with surface/interface energy effect. Acta Mech. 182: 195-210, 2006.
[3] Altenbach H., Eremeyev V. A., Morozov N. F.: On the influence of residual surface stresses on the properties of structures at the nanoscale. In: Altenbach
H., Morozov N. F. (eds.): Surface Effects in Solid Mechanics, Adv. Struct. Mater., Vol. 30., Berlin, Springer, 21-32, 2013.
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SURFACE EFFECTS IN THE PURE BENDING PROBLEM IN THE THEORY OF ELASTIC
MATERIALS WITH VOIDS
Yury Solyaeva), Alexander Volkov & Sergey Lurie
Institute of Applied Mechanics RAS, Moscow, Russia
Summary We consider the pure bending problem in the theory of linear elastic materials with voids using modified type of boundary conditions.

First, it is shown that micro-dilatation theory is a special case of the general theory of media with conserved dislocations. Variational statement
of the last one provides a specific and more common type of boundary conditions due to presence of surface stresses. It is known that pure bending
solution in the micro-dilatation theory contains the nonzero values of transverse normal stresses in the beam, which do not appear in the classical
linear elasticity. We prove that it could be found the solutions without transversal stresses, due to special values of surface parameters in the
considered model. Additionally it is shown the possibility of the effective elastic properties introduction in the problem of pure bending, which
depends on the thickness of a beam and surface parameter.

INTRODUCTION
Classical formulation of the theory of linear elastic materials with voids [1] contains additional kinematic parameter - the
change of the volume fraction:  =    0 ,   Vmatrix / V . It could be shown that the modified statement of the linear
elasticity with voids and surface effects is following from the theory of media with conserved dislocations [2] in the case of
non-zero value of free dilatation. Using Cowin’s notation we could find the Lagrangian of the modified theory in the following
form:
L  A   UV dV   U F dF

2UV  2 2  2  ij  ij  2    2   ,k  ,k
2U F   F  2
Here A is a work of external forces, UV - bulk strain energy density, UF - surface strain energy density.
 ij  (ui , j  u j ,i ) / 2 - classical strain,  = kk - dilatation, α - void-diffusion constant, β - micro-dilatation coupling modulus,
ξ - voids «stiffness» [3]. Surface modulus  F is an additional parameter of the model. Constitutive equations could be derived
in the following form:

 ij  U v  ij   ij  2 ij   ij , hi  U v  ,i   ,i
g  U v      , g F  U F    F 
PURE BENDING OF A BEAM
Cowin and Nunziato used semi-inverse method to solve the problem of a pure bending [2]. They used polynomials to
approximate displacements. Boundary conditions had the following form:
h

h

h

h

x1  0, L : 2 w  x1 33 dx1   M , x 2   w : 2 w  x1 22 dx1  0

Here h, b and L are the beam thickness, width and length, consequently (Figure 1).

Figure 1. Pure bending of a beam.
The change of the volume fraction was derived from the equation:
1
 (1  2 )
,11  2  
(C1  C2 ) x1
 (1  )
l0
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Here 1 l02  (  H  )  and H   (1   )  E (1  )  .
In the original work [1] there was the Neumann type of boundary conditions ( '(h)  0,  '(h)  0) , but, using suggested
model with surface effects we have the Robin type:  '(h)   F  (h)  0,  '(h)   F  (h)  0 .
After some calculations we could find the representation for stresses:
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 0
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is a new

parameter in this solution which depends on the surface modulus.
Now let us compare the displacements in the voids elasticity solution [1] and in the classical solution for the equivalent
beam, described by some effective elastic constants Eeff and  eff . We can write:
u2 class 

 eff M
Eeff I

u3class  

x1 x2  u2 voids 

M
J


  (1   )  x1 x2 ,
EI 1  J  
2


M
M
 J

x1 x3  u3voids  
1  (1   )  x1 x3 .
Eeff I
EI 1  J   2


Therefore, we could find the effective properties in the following form:
1 J
  J (1   ) / 2
Eeff  E
,  eff 
1  J (1   ) / 2
1  J (1   ) / 2
It could be shown that these values of the effective properties allow us to satisfy the equality of deflections of the surfaces
of classical beam and beam with voids. However, the internal distribution of displacements, strains and stress in the volume
of porous and classical beams are different. Note that the shear modulus of the equivalent beam is constant:
Geff  Eeff / (2(1  eff ))  E / (2(1  ))  G .
The representations of the effective elastic constants of the equivalent classical beam depend on the non-classical modules
( ,  ,  ,  F ) and beam thickness. Thus, it can be concluded that the experimentally measured deflections and the flexural
modulus of porous beams may have the non-classical dependence on the samples thickness in the pure bending tests. But it
is easy to show, that if  F   / h , then the free dilatations distribution through the thickness of the beam is linear,
transversal normal stresses  22 vanishes and size effects also vanish. Thus, the classical Saint-Venant hypotheses are valid
[4] in this case.
CONCLUSIONS
In this paper, we show that, using modified boundary conditions we could eliminate the transversal normal stress  22 in the
pure bending solution in the theory of linear elastic materials with voids. Due to effective properties introduction we could
check out the presence of scale effects and identify the additional volume and surface parameters of the model in the bending
flexural tests.
References
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[3] Ramezani H., Steeb H., Jeong J.: Analytical and Numerical Studies on Penalized Micro-Dilatation (PMD) Theory: Macro-micro Link Concept. Eur J. Mech
A/Sol, 34:130-148, 2012.
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SIZESCALE EFFECTS IN BENDING FLEXIBILITY OF PHOSPHORENE AND ITS 2D
ALLOTROPES
Deepti Verma∗1 and Traian Dumitrică2
1

Department of Chemical Engineering and Materials Science, University of Minnesota, USA
2
Department of Mechanical Engineering, University of Minnesota, USA

Summary α-Phosphorene, a newly discovered two-dimensional (2D) derivative of Black Phosphorus [1], has an inherent band gap with
a high current on/off ratio. We study bending flexibility of α-phosphorene and its 2D allotropes by modeling them as large diameter
phosphorene nanotubes (PNTs). We use objective boundary conditions (OBC) [2, 3] coupled with a density functional tight binding model
(DFTB) that facilitates drastic reductions in the number of atoms in the simulations of PNTs of arbitrary chirality. We further combine
the results of our bending strain calculations with an orthotropic thin shell model to develop equivalent continuum structure (ECS) for
phosphorene and its allotropes.

INTRODUCTION
The 2D α-phosphorene has attracted great attention due to its exceptionally highly anisotropic mechanical and electronic
properties. A direct band-gap of 2eV, a high-charge carrier mobility tunable by bending and in-plane strains along with highly
anisotropic elastic stiffness hold significant importance in making highly exotic strain engineered devices [4]. Interestingly,
there are two more 2D allotropes of α-phosphorene which are also potential candidates for new generation electronic devices.
We study the origin of bending rigidity with a novel technique of Objective Structures. Combining simulation results of
bending and inplane strain we develop an equivalent continuum structure for α-phosphorene and its allotropes. We also
propose an elastic constants and thickness for phosphorene allotropes and observe the size scale effects that show up due to
single layer bending. The information of thickness can be used to predict bending and wrinkling deformations of phosphorene.
METHOD
In this work, we explore the bending rigidity of α-phosphorene and its 2D allotropes by modeling bent α-phosphorene as
large diameter nanotubes [5] using objective boundary conditions (OBCs) [2, 3]. The OBCs are given by
Xξ = Rθ η Rφ ξ X0 + ξT, ξ ∈ Z, η = 0, ..., n − 1, n ∈ Z.

(1)

In the above equation, the helical symmetry is defined by a rotation of angle φ about ẑ axis is described by matrix Rφ coupled
with a translation of T = T ẑ. Similarly, the rotation symmetry is described by the matrix Rθ . There is are 4 atoms located as
motif at position X0 in the η = ξ = 0 simulation cell. The OBCs is currently the only way to simulate an infinite long chiral
α-phosphorene nanotube and it is impossible to achieve this with current periodic boundary conditions at most.
RESULTS AND DISCUSSION
The obtained ideal rolled-up geometry of phosphorene as nanotube is relaxed and in our simulations we find a negligible
expansion of about 10−5 % in nanotube radius. This shows that the large nanotubes behave as an ideal rolled-up phosphorene
plate. Similarly, we find that the axial and torsional deviations are negligible for large-diameter PNT structures. This corroborates that these nanotubes closely correspond to phosphorene sheet under pure bending. Also, the plot of strain energy (with
respect to flat phosphorene) varies quadratically as a function of curvature for nanotubes (of a particular chirality). This is used
to obtain bending stiffness D. From our inplane strain simulations we notice that α-phosphorene is highly anisotropic and in
particular orthotropic, which is a manifestation of orthotropic unit cell structure of phosphorene. Now using orthotropic plate
model and fitting inplane stiffnesses for α-phosphorene from 2D and bending stiffness from bent structures (large-diameter
α-PNTs) for a range of chiralities we derive the equivalent continuum thickness for α-phosphorene. The information of knowing correct thickness is helpful because it can be used to predict bending and wrinkling deformations, without further need of
atomistic calculations.
Interestingly, the sizescale effects show up in phosphorene bending. The bending stiffness D has a dependence other
than inplane stiffness and thickness squared. Due to this the thickness obtained by comparing bending and inplane stiffness depends on chirality of nanotube or the direction of bending of phosphorene. This result is unusual in the sense
that there is no single value for thickness h (as well as Young’s and shear modulii) to describe inplane stretching using
equivalent continuum structure. But bending in a particular direction is describable by an equivalent continuum structure
with a particular thickness. We also derived an equation for thickness of α-phosphorene depending on bending direction.
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With the discovery of α-phosphorene its other 2D allotropes
were also predicted to exist. We also repeated the same calculations on 2D allotropes of α-phosphorene i.e. β- and
γ-phosphorene (shown in the figure). These are, respectively, isotropic and orthotropic phases with respect to mechanical stiffnesses. γ-phosphorene shows chiral dependence on thickness where as thickness is a constant for βphosphorene.
CONCLUSIONS
Using DFTB with OBCs we use large-diameter nanotubes to study bending deformation of phosphorene and
its allotropes. We also develop ECS by de-convoluting the
thickness, and young’s and shear moduli from bending stiffness and inplane stiffnesses.
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Figure 1: a) Top, side views, and lattice vectors of αphosphorene (left) β-phosphorene (center) and γ-phosphorene
(right). b) Bending moduli of phosphorene as a function of
direction. Data points are the DFTB calculations. c) Surface
Young’s, d) shear moduli, and e) Poisson’s ratios of phosphorene as a function of direction.
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MODELLING OF MULTIBODY SYSTEMS IN THE LOCAL FRAME
Olivier Brüls ∗1 and Valentin Sonneville1
1

Department of Aerospace and Mechanical Engineering (LTAS), University of Liège, Belgium

Summary A local frame finite element approach is proposed to describe the kinematics of a flexible multibody system, derive the equations
of motion and solve them numerically. It is argued that this approach leads to reduced geometric nonlinearities and improved computational
efficiency.

KINEMATICS IN THE LOCAL FRAME
Let us consider a body whose configuration in space is represented by the position field xp (t, Xp ), where t is the time,
xp ∈ R3 represents the position of the material point p in the current configuration with respect to an inertial frame and
Xp ∈ R3 is the position of the same material point in the reference configuration. In multibody dynamics, some kinematic
assumptions on the position field are often introduced:
• under the rigid body assumption, xp (t, Xp ) = x(t) + R(t)Xp , where x(t) ∈ R3 is the position of a reference point on
the body, R(t) ∈ SO(3) is a rotation matrix and SO(3) is the finite rotation group,
• under the Timoshenko elastic beam assumption, xp (t, α1 , β2 , β3 ) = x(t, α1 )+R(t, α1 )(β2 E2 (α1 )+β3 E3 (α1 )), where
α1 is the curvilinear coordinate of the centerline, x(t, α1 ) represents the position of the centerline, R(t, α1 ) is the cross
section orientation, and the vectors E2 (α1 ) and E3 (α1 ) span the cross section in the reference configuration,
• under the Reissner-Mindlin elastic shell assumption, xp (t, α1 , α2 , β3 ) = x(t, α1 , α2 ) + R(t, α1 , α2 )β3 E3 (α1 , α2 ),
where α1 , α2 are the coordinates of the mid-surface, x(t, α1 , α2 ) is the position of the mid-surface, R(t, α1 , α2 ) defines
the orientation of the normal director and E3 (α1 , α2 ) is the normal director in the reference configuration.
In these three cases, the configuration is fully represented by a translation field x(t, α) and a rotation field R(t, α), where α
belongs to ∅, R or R2 , depending on the specific kinematic assumption. At a given time and for a given value of α, the local
frame of reference is defined with respect to the inertial frame by the reference point x(t, α) and the rotation matrix R(t, α).
A representation of the velocity field is then needed to derive the equations of motion. A reference frame has to be selected
for that purpose. Let us define the velocity variables u(t, α), U(t, α), ω(t, α) and Ω(t, α) such that
ẋ = u,

ẋ = RU,

e R,
Ṙ = ω

e
Ṙ = RΩ

(1)

e ij = −ijk (Ω)k . Clearly, u is the inertial frame linear velocity,
with the tilde operator such that the components satisfy (Ω)
U is the local frame linear velocity, ω is the inertial frame angular velocity, and Ω is the local frame angular velocity. In the
literature, the inertial frame representation u, ω and the mixed representation u, Ω are frequently used. In the present work,
we propose to select the local frame representation U, Ω.
For convenience, let us introduce the representation of the position field in terms of a 4 × 4 matrix H(t, α), which belongs
to the special Euclidean group SE(3), and the representation of the velocity field in terms of a 6 × 1 velocity vector v(t, α)
such that






e
R(t, α) x(t, α)
U(t, α)
Ω
U
e=
H(t, α) =
, v(t, α) =
, Ḣ = He
v, v
(2)
01×3
1
Ω(t, α)
01×3 0
f and
The vector v is actually a screw representation of the velocities. In a similar manner, virtual displacements δH = Hδh
spatial gradients ∂H/∂αi = He
fi can be represented by 6 × 1 vectors δh and fi whose components are defined in the local
frame.
DYNAMICS IN THE LOCAL FRAME
In the local frame formalism, the kinetic energy can be expressed as a functional of the velocity field v(t, α) only and
the internal strain energy can be expressed as a functional of the spatial gradients fi (t, α) only. This means that the position
and orientation of the local frame do not explicitly appear in the expression of these energies, but only their time or spatial
derivatives. This intrinsically guarantees that these expressions do not depend on the choice of the position and orientation of
the inertial frame, i.e., they are frame invariant.
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Following the finite element approach, a spatial semi-discretization is performed leading to a description of the configuration in terms of a variable HAN which collects the nodal variables of nodes A to N
HAN = (HA , . . . , HN )

(3)

In each deformable finite element, the shape functions can be obtained by a nonlinear interpolation of 4×4 matrices on SE(3),
see [3]. In this case, the spatial gradient of the interpolation field expressed in the local frame only depends on the relative
−1
−1
displacements within the element Hrel
AN = (HI HA , . . . , HI HN ), where I is an arbitrary node of the element. Also, the
rel
interpolation of velocities only depends on HAN and on the nodal velocities vAN = (vA , . . . , vN ). The consequence is that
rel
the strain energy only depends on Hrel
AN and the kinetic energy only depends on vAN and HAN .
Based on the energies and on the kinematic constraints which are used for example to model kinematic joints between
bodies, the equations of motion are then derived in the local frame using the Hamilton principle [2]
T
int
T
rel
ext
bAN
M(Hrel
M(Hrel
(Hrel
(HAN , t)
AN )v̇AN − v
AN )vAN + g
AN ) + B (HAN )λ = g
rel
Φ(HAN ) = 0

(4)
(5)

where b
• is a linear operator which maps a vector to a matrix, and we have the internal forces gint , the external forces gext ,
the kinematic constraints Φ, the matrix of constraint gradients B and the Lagrange multipliers λ.
One observes that the terms on the left-hand-side of Eqs. (4-5), i.e., the inertia forces, the internal forces, the constraint
forces and the kinematic constraints, depend on the configuration only through the relative displacements within the element.
In a beam or shell finite element, the amplitude of the relative displacements decreases with the size of the element. Therefore,
a mesh refinement leads to a reduction in the geometric nonlinearities within each element, even though the complete system
undergoes finite amplitude motions.
IMPLICIT TIME INTEGRATION IN THE LOCAL FRAME
The equations of motion can be solved using a Lie group implicit time integration method [1]. This scheme requires
the solution of the linearized dynamics at each Newton iteration of each time step. If one disregards the contribution of the
∗
∗
∗
external forces, the linearized equations of motion about a configuation Hrel,∗
AN , v , v̇ , λ are written as
rel,∗
rel,∗
rel,∗
∗
∗
rel
T
∗
r∗ + M(Hrel,∗
AN )∆v̇AN + Ct (HAN , v )∆v + Kt (HAN , v , v̇ )∆hAN + B (HAN )∆λ = 0
∗

Φ +
∗

rel
B(Hrel,∗
AN )∆hAN

(6)

= 0

(7)

∗

where r and Φ are the residuals at the linearization point, Ct is the tangent damping matrix and Kt is the tangent stiffness
matrix. If the relative displacements within each element are small enough and if the dependency of these matrices with
respect to the velocities and accelerations is neglected, the linearized form simply becomes
0 T
r∗ + M0 ∆v̇AN + C0t ∆v + K0t ∆hrel
AN + (B ) ∆λ
Φ∗ + B0 ∆hrel
AN

= 0
= 0

(8)
(9)

where the matrices M0 , C0t , K0t and B0 are evaluated at the initial time and remain constant during the motion. In this special
case, an implicit nonlinear analysis with finite amplitude motions can be completely performed without any update of the
linearized model used in the Newton iterations. In this way, the cost of the re-evaluation and re-factorization of the tangent
matrices is avoided, leading to significant reduction in the CPU cost of the simulation.
In the general case, Eqs. (8-9) are only an approximation. However, this approximation often captures many dominant
terms of the linearized system and can be exploited to build efficient numerical algorithms.
CONCLUSION
The local frame approach limits the importance of the geometric nonlinearities in multibody dynamics models. Even if the
system undergoes large amplitude motions, the energies, forces and tangent operators are only sensitive to the relative motion
within each finite element. This property can be exploited to reduce the computational cost of the numerical methods.
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ANALYSIS OF VEHICLE HANDLING FOR FRONT WHEEL DRIVE AND REAR WHEEL
DRIVE VEHICLES
Sergei S. Avedisov ∗, Chaozhe R. He, Wubing B. Qin, and Gábor Orosz
Department of Mechanical Engineering, University of Michigan, Ann Arbor, MI, 48105, USA
Summary Steady state handling characteristics of rear wheel drive (RWD) and front wheel drive (FWD) vehicles are compared. Each
configuration is modeled by a bicycle model equipped with a brush tire model, and the nonlinear dynamics are derived through the Appelian
framework. The steady state solutions of the nonlinear equations are investigated via numerical continuation for understeer and oversteer
scenarios. The results are summarized using bifurcation diagrams for several different steering angles.

INTRODUCTION
As shown in [2, 3], numerical bifurcation analysis can be used to characterize vehicle handling. One may obtain the global
picture of the various steady states while varying parameters including states with high lateral acceleration that cannot be
obtained by traditional analysis [1]. In prior works, due to geometrical simplifications, no distinction was made between
rear wheel drive (RWD) and front wheel drive (FWD) vehicles. In this paper we use the Appelian framework to derive the
nonlinear dynamics of bicycle models for automotive steering considering rear wheel drive (RWD) and front wheel drive
(FWD) configurations. We show that these two configurations yield different dynamical equations, and analyze the steady state
motions for understeer and oversteer scenarios and different steering angles. This analysis can lay the foundation for the design
of future vehicle control systems tailored to the drive type of the vehicle.
DERIVATION OF VEHICLE DYNAMICS
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The motion of the bicycle is described by the position of the center of mass (x, y) and the heading angle ψ. Using the
constraint that the rear wheel (front wheel) is rolling with a constant velocity v0 in the RWD (FWD) model and assuming
quasi-steady lateral tire deformations, we can obtain the equations for the lateral velocity σ1 = − sin(φ )ẋ + cos(φ )ẏ and yaw
rate σ2 = φ̇ though the Appellian framweork. The handling dynamics of the RWD bicycle model are given by

  
 

m 0 σ̇1
−mv0 σ2
FR + FF cos(γ )
=
+
,
(1)
0

Jc

σ̇2

0

−d FR + (` − d )FF cos(γ ) + MR + MF

where the forces FR = F (αR ) and FF = F (αF ) are shown in Figure 1 (b) as the function of the slip angle α. Similarly, the
moments MR = M (αR ) and MF = M (αF ) are depicted in Figure 1 (c). The slip angles for the RWD dynamics are given by
tan(αR ) =

−σ1 + (d − a)σ2
,
v0

tan(αF ) =

v0 sin(γ ) − (σ1 + (` − d )σ2 ) cos(γ ) − a(σ2 + γ̇ )
.
v0 cos(γ ) + (σ1 + (` − d )σ2 ) sin(γ )

(2)

Similarly, the handling dynamics of the FWD bicycle model are given by

#  
tan(γ )
v0 σ2
2
−m cos2 (γ ) (σ1 + σ2 (` − d ) − v0 sin(γ ))γ̇ − m cos
+
m
(
`
−
d
)
tan
(
γ
)
σ
σ̇1
2
(γ )
=
tan(γ )
m(` − d ) tan2 (γ ) Jc + m(` − d )2 tan2 (γ ) σ̇2
−m(` − d ) cos2 (γ ) (σ1 + σ2 (` − d ) − v0 sin(γ ))γ̇ − m(` − d ) tan(γ )σ1 σ2
(3)
"
#
FR + cos1(γ ) FF
+
.
(`−d )
−d FR + cos(γ ) FF + MR + MF
"

m
cos2 (γ )

m(` − d ) tan2 (γ )
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The forces and moments are still given by Figure 1 (b) and (c), respectively, while the slip angles become
tan(αR ) =

(−σ1 + (d − a)σ2 ) cos(γ )
,
v0 − σ1 sin(γ ) − (` − d )σ2 sin(γ )

v0 sin(γ ) − σ1 − (` − d )σ2 − a(σ2 + γ̇ ) cos(γ )
.
v0 cos(γ )

tan(αF ) =

(4)

In traditional steady state handling analysis the simplifications a ≈ 0, γ, αR , αF  π2 , F (α ) ≈ 2ka2 α, M (α ) ≈ 0 are used
yielding the steady states


2kR a2 `γ
`
v0
γ
mg
`−d
d
∗
∗
σ1 =
+ Kus ,
σ2 = `
Kus =
−
,
(5)
v0 ,
g
2` kF a2 kR a2
2kR a2 `d − mv20 (` − d ) v0
v0 + Kus g
for the lateral velocity and yaw rate both for RWD and FWD. Here Kus represents the understeer coefficient, and for
Kus > 0 (Kus < 0) the vehicle understeers (oversteers) according to the SAE convention.
COMPARISON OF STEADY STATE CORNERING FOR FWD AND RWD CONFIGURATIONS
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and SAE oversteer (Kus < 0) scenarios for different steering angles.
Figure 2 shows the stable and unstable steady state solutions as solv [m/s]
v [m/s]
v [m/s]
v [m/s]
id green and dashed red curves, respectively, as well as the traditional Figure 2: Bifurcation diagrams for the RWD/FWD vehicle models for various Kus and γ values.
(SAE) steady state cornering solu- The left two figures denote the SAE oversteer configuration (Kus < 0), while the right two figures
tions (5), as gray curves while vary- denote an SAE understeer configuration (Kus > 0). The solid gray line represents the SAE cornering
ing the speed v0 for different values solution. Stable solutions of (1,2) and (3,4) are marked by solid green curves, while unstable
of the steering angle γ. The equi- solutions are marked by dashed red curves. The blue crosses denote fold and pitchfork bifurcations,
librium value of σ1 is denoted by while the black pluses denote Hopf bifurcations. In the oversteer configuration the vertical black
dashed line represents the value of v0 when the vehicle loses stability in the simplified case (5).
σ1∗ .
For Kus < 0, γ = 1◦ the low-speed stable solution loses stability via fold bifurcation for both FWD and RWD configurations
below the critical speed predicted by the SAE solution. At high speed the RWD dynamics yield a stable solution corresponding
to negative σ1 born via Hopf bifurcation, whereas the FWD dynamics yield a stable solution corresponding to positive σ1 born
via fold bifurcation.
For Kus > 0, γ = 5◦ the low-speed stable solution also loses stability via fold bifurcation for both RWD and FWD
configurations, where the SAE solution does not show a critical speed at all. Stable solutions at high speed arise via Hopf
bifurcations for both RWD and FWD configurations. In the RWD case these stable solutions correspond to negative σ1 and in
the FWD case they correspond to positive σ1 .
In general we observe that the stable solutions arising at high speeds are characterized by negative σ1 in RWD dynamics
and by positive σ1 in FWD dynamics. Hence the RWD vehicle tends to oversteer at high speeds, whereas the FWD vehicle
tends to understeer at high speeds. This confirms with common notions about the handling characteristics of FWD and RWD
cars in extreme scenarios [4]. This demonstrates the predictive power of the models developed in this paper.
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GLOBAL SENSITIVITY ANALYSIS AND MULTIOBJECTIVE OPTIMIZATION OF
BOGIE SUSPENSION
Seyed Milad Mousavi Bideleh & Viktor Berbyuka)
Department of Applied Mechanics, Chalmers University of Technology, Gothenburg, Sweden

Summary Multiobjective optimization of nonlinear multibody systems with many degrees of freedom is a burdensome computational challenge.
A feasible practical methodology for global sensitivity analysis (GSA) of multibody systems with respect to design parameters is proposed based
on the multiplicative dimensional reduction method. The computational efficiency of optimization is significantly improved by restricting the
input design parameters only to those identified by the GSA. The methodology is applied for GSA of a railway vehicle dynamics with respect to
the bogie suspension characteristics. Several multiobjective optimization problems are then formulated and solved for a railway vehicle model
with 50 degrees of freedom using genetic algorithm. The results obtained yield practical information regarding the optimized bogie suspension
properties which improve the dynamics behavior of the vehicle from various perspectives. The proposed algorithm can be used in design
optimization of nonlinear multibody systems with different applications.

INTRODUCTION
Bogie primary and secondary suspension stiffness and damping components can affect railway vehicle dynamics behavior
from different perspectives such as safety, ride comfort, and wheel/rail contact wear. The bogie suspension components might
have conflicting effects on the system dynamics. Furthermore, vehicle’s speed, track irregularities, and radius of curvature of
the track can also affect the vehicle’s dynamics. Therefore, to satisfy various design requirements it is necessary to formulate
and solve multiobjective optimization problems for railway vehicles modeled as multibody systems.
Multiobjective optimization problem of a nonlinear multibody system with many degrees of freedom (DOFs) is an
elaborate task which requires high computational efforts. Number of input design parameters is one of the most critical issues
which can significantly affect the computational burden of the optimization. Sensitivity analysis makes it possible to recognize
those design parameters that most affect the system dynamics response and attenuate the number of inputs for optimization.
Here, an efficient method for the GSA of multibody systems is proposed. The methodology is then applied for the GSA and
optimization of a railway vehicle dynamics with respect to suspension stiffness and damping components.
GLOBAL SENSITIVITY ANALISYS
The Monte Carlo simulation is one of the most common methods for GSA. But the main drawback is heavy computational
effort which makes it unfeasible to be applied to complex multibody systems. Analysis of variance decomposition or high
dimensional model representation (HDMR) decomposes the response function of a high dimensional system into a
combination of a set of low dimensional systems and dramatically reduces the computational and sampling efforts. Zhang and
Pandey [1] proposed a multiplicative form of the dimensional reduction method (M-DRM) for GSA. The main advantages of
using such an approximation are simplicity, high accuracy, computational efficiency, and closed-form representation for the
global sensitivity indices. Based on the HDMR and M-DRM concepts the closed-form formulation of the global sensitivity
index of an objective function with respect to the ith design parameter xi is introduced as:
S iT |

1  D i2 E i
1



n
k 1

(1)

D k2 E k

where S iT is the total sensitivity index. Variables Dk and Ek are calculated using the Gaussian quadrature integration method,
see, e.g. [2]. It has been shown that these indices are as accurate as those obtained from the Monte Carlo simulation but with
a dramatically less computational effort. Here, this methodology is employed to evaluate the sensitivity of different objective
functions such as ride comfort ( S *T ), wear ( S *T ), and three safety criteria namely track shift force ( S*T ), risk of derailment
C

W

TS

( S*T ), and running stability ( S *T ) of a one-car railway vehicle with respect to the 14 bogie suspension components listed in
RD

St

Table 1.
Table 1: Design parameters for sensitivity analysis.
No
Parameter

1

2

k xp

c xp

3

k

p
y

4

5

6

7

8

9

10

11

12

13

14

c py

k zp

c zp

k xs

c xs

k ys

c sy

k zs

c zs

k AR

kTR

Here, k and c denote stiffness and damping values, respectively. The subscripts x, y, z indicate the longitudinal, lateral, and
vertical directions, respectively. The superscripts p, s, AR, and TR denote primary, secondary, anti-roll bar, and traction rod
a)
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components, respectively. The simulations are carried out and analyzed for a vehicle running at maximum admissible speed
on a curved track with very small radius of curvature R=300 m.
MULTIOBJECTIVE OPTIMIZATION
The GSA results shown in Fig. 1(a) are obtained with merely 168 simulations and include informative data regarding the
design optimization of bogie suspension components. As an example, to reduce contact wear and improve ride comfort only
parameters number 1, 3, 7, 8, and 11 can be considered as the design parameters in the multiobjective optimization problem.
Therefore, the fourteen initial variables are reduced to five. This significantly improves the computational efficiency of the
optimization. The wear/comfort Pareto optimization can be formulated as follows: for a given vehicle model, prescribed
structural parameters, feasible initial states, and a set of operational scenarios it is required to determine the optimized vector
of the design parameters (d*) such that the variational equation * d * min * d is satisfied subject to the following constraints:
d:

max
* TS d * d * TS

,

* St d * d * Stmax

,

* RD d * d * max
RD

. Here,

*

>* W

*C @

T

is the vector of objective functions and  is the domain of

max
the input design variables (d). Limits *TS
, *Stmax and *max
are the maximum admissible values of the track shift force,
RD
stability and risk of derailment considered as thresholds to the optimization problem.

Figure 1: a) GSA results of a one-car railway vehicle with 50 DOFs with respect to the suspension components; b) Normalized wear/comfort Pareto front.

To further improve the computational efficiency the five design parameters recognized by the GSA are classified into two
sets (first set with 3 and second set with 2 design parameters) and the wear/comfort Pareto optimization is accordingly carried
out in two levels. The formulated problem is solved using a genetic algorithm (GA) based routine integrated in a
MATLAB/SIMPACK co-simulation interface. The normalized wear/comfort Pareto front achieved by the first and second
optimization levels are compared in Fig. 1(b). The results proved that it is possible to reduce contact wear and improve ride
comfort for the considered railway vehicle model while a satisfactory safety level is guaranteed.
CONCLUSIONS
This study showed the feasibility and efficiency of the proposed M-DRM based method for the GSA of multidimensional
nonlinear multibody systems which provided the results in a computationally efficient framework. The proposed methodology
has been used for the GSA of a one-car railway vehicle dynamics behavior with respect to the bogie suspension components
and revealed remarkable practical results which significantly reduced the number of input design parameters for optimization.
The analysis of the GSA and Pareto optimization results showed that it is possible to solve optimization problem of a railway
vehicle with realistic structural parameters and track irregularities in a computationally efficient manner and reduce wear and
improve comfort while a satisfactory safety level is guaranteed. The proposed methodology can be used in the GSA and
design optimization with different applications.
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Coupling of Mechanical and Optical Methods for Simulations and Measurements
Peter Eberhard∗ and Johannes Störkle
Institute of Engineering and Computational Mechanics, University of Stuttgart, Stuttgart, Germany
Summary In order to investigate and analyse the dynamical-optical behavior of high precision optical systems like lithographic objectives
and astronomical telescopes with low computational cost, integrated modeling methods and strategies are proposed. During an astronomical
observation, even small mechanical vibrations can be sufficient to produce aberrated images. The mechanical behavior of such optical
systems can be described by a combination of rigid body motion and small deformations. This leads to the utilization of elastic multibody
approaches and model order reduction methods in combination with techniques from optical simulations. As a result, the exposed image
influenced by mechanical excitations and structural deformations can be simulated and assessed.

INTRODUCTION
High precision optical systems are very sensitive with respect to mechanical influences. In order to investigate and analyse
the dynamical-optical behavior of high precision optics, integrated modeling strategies and methods are proposed, see also [1],
[2] and [3]. For deriving a simplified mechanical model for time simulations with low computational cost, the method of
elastic multibody systems (EMBS) in combination with model order reduction methods is used. Mechanical and optical
simulation models are derived and implemented according to the workflow shown in Figure 1. In order to clarify these
methods, mirror and lens applications are chosen as academic examples. Ground-based telescopes are highly resoluting optical
systems consisting of precise mirrors. They are accurately mounted and they are very sensitive with respect to vibrations.
During the observation time, small mechanical vibrations can be sufficient to produce inacceptably aberrated images. Even
the adaptive optical unit or other motion systems can unintentionally excite the whole construction. Similar effects can
happen at wafer scanning systems which use lithography objectives to project structures in a reticle onto wafers. Thereby, lens
deformations and related stresses also influence the optical behavior during the exposure time [4].
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Figure 1: Basic procedure for describing dynamical-optical simulations.

MECHANICAL MODEL
The mechanical model is based on EMBS with the floating frame of reference. In contrast to a detailed and large global
model based on the finite element method, a reduced and modular EMBS leads to low computational effort for simulations
in the time domain. Furthermore, the system can be analysed and assembled step by step and it is able to include only the
relevant dynamical behaviour due to appropriate model order reduction methods. For a single elastic body in an EMBS, the
structure of the equations of motion read
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whereby the reduced equations of motion describing the deformation of the elastic body are embedded and the rigid body
dynamics are included according to [5]. These equations can describe the mechanical system behaviour and the consideration
of the optical behaviour is discussed in the following.
OPTICAL MODEL
For sequential ray tracing through several lenses and mirrors during the optical simulation, a continuous description of
the mechanically deformed surfaces is required. Thereby, the line of sight (LOS) describes the displacement of the center of
intensity and the wavefront aberrations fitted by Zernike polynomials characterise the blurring and image quality [6]. In order
to take also wave optical effects during an image simulation into account, Fourier optical methods are utilized. Furthermore,
the relationship between a kinematic degree of freedom given by the generalized coordinates q and the relative aberrations ∆a
containing the LOS and the Zernike coefficients cj can be expressed by the kinematic-optical sensitivities. They can be
collected in the matrix C a . This corresponds to the relations
∆a = [∆xlos ∆ylos
{z
}
|
∆alos

c1
|

c2

...

cj
{z
∆awfa

...

ck̄ ]T = C a · q ≈ C a · V ·q̄.
| {z }
}
C̄ a

(2)

The so-called matrix of optical mode shapes C̄ a is derived in combination with the projection matrix V of the model order
reduction and can be obtained by means of ray tracing analyses during a static mode shape deformation.
Figure 2 illustrates results of an exemplary dynamical-optical simulation. On the left, a snapshot of a deformed mirror
structure is visualized in an exaggerated manner. On the right, the time-accumulated irradiance is depicted, which delivers the
exposed image of a regarded object.

line of sight
trajectories
∆alos (t)

time step at 12ms, scale factor = 1000
(a) ray tracing simulation

(b) neglecting mechanical vibrations

(c) considering mechanical vibrations

Figure 2: Results of the dynamical-optical simulation.

INVESTIGATIONS AND CONCLUSIONS
The influence of different model order reduction methods will be presented and analysed for an exemplary integrated
model. It is based on an annular lightweight mirror with a parabolic shape made of aluminum. Here, the influence of the
model order reduction methods is analysed and the mechanical-optical transfer behaviors of different wavefront aberrations
are investigated. It is shown, that the mechanical-optical sensitivities depend on the frequency of excitation. Moreover, it is
investigated, whether the sensitivities can be used during the model order reduction in order to describe the overall behavior
with an optimized model. Finally, the performance of different simulation strategies is assessed and the application limits are
identified.
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NONLINEAR ROTOR MOTION: INFLUENCE OF THRUST BEARINGS ON
SUBSYNCHRONOUS OSCILATIONS
Xiaonan Zhao1a), Ioannis Chatzisavvas1, Panagiotis Koutsovasilis2 & Bernhard Schweizer1
1
Institute of Applied Dynamics, Technical University Darmstadt, Darmstadt, Germany
2
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Engineering GmbH, Kirchheimbolanden, Germany
Summary A nonlinear automotive turbocharger rotor/bearing system is considered, and this work is focused on the influence of
the thrust bearing on the nonlinear, self-excited rotor vibrations. To investigate dynamically loaded thrust bearings, run-up
simulations based on a fully-coupled model are performed. Of special interest is the effect of the elastic deformation of the thrust
bearing.
INTRODUCTION
Thrust bearings are important components in rotor systems. The type of the thrust bearing used in a rotor system is chosen
according to the specific application. An overview on bearings of different geometries and a comparison of their advantages and
disadvantages can be found in Refs. [1–4]. In this work, high-speed turbocharger rotors are considered, which are usually equipped
with taper-flat thrust bearings. An experimental study on such bearings in Ref. [5] provided the comprehensive understanding of
their hydrodynamic behaviour.
In order to design and dimension such bearings, precise information on the dynamic axial loads is needed. Therefore,
simulation models are required to predict accurately the exerted axial forces under transient operation conditions. The dynamic
oil pressure and temperature in hydrodynamic thrust bearings can be described by Reynolds equation for fluid films. Under
high axial loads, the elastic deformation of the thrust bearing should also be taken into account for a better prediction of the
oil pressure and load capacity. For this purpose, a fully-coupled approach is used to calculate the load in the thrust bearing of
dynamically loaded rotor systems. The rotor (described with a multibody model) is simulated simultaneously with the transient
Reynolds equation (solved by a global Galerkin approach) and the partial differential equation, which represents the elastic
deformation of the bearing pad (solved by a finite element approach).
MODEL DESCRIPTION
Multibody model of the rotor/bearing system
A sketch of the turbocharger rotor investigated here is depicted in Figure 1a. The rotor consists of a compressor wheel, a
turbine wheel and an elastic shaft. The rotor is radially supported by two full-floating ring bearings (Figure 1b), while a
hydrodynamic taper-flat thrust bearing (Figure 1c) is used in the axial direction. The system is excited by two imbalance
masses attached at the wheels.

(a)
(b)
(c)
Figure 1: (a) Sketch of turbocharger rotor/bearing system; (b) CAD model of a floating-ring bearing; (c) CAD model of a taperflat thrust bearing
This system is modelled as a flexible multibody system, which reads in the stabilized index-2 formulation:
𝒒̇ = 𝐊(𝒒)𝒑 − 𝑮𝑇 (𝑡, 𝒒)𝝁 , 𝑴(𝒒)𝒑̇ = 𝒇𝒆 (𝑡, 𝒒, 𝒑) − 𝑮𝑇 (𝑡, 𝒒)𝝀
𝜕𝒈(𝑡, 𝒒)
𝟎 = 𝒈(𝑡, 𝒒) , 𝟎 = 𝑮𝑇 (𝑡, 𝒒)𝒑 +
𝜕𝑡
It is described by 𝜐 generalized coordinates, which are collected in the position vector 𝒒 = (𝑞1 , … , 𝑞𝜐 )𝑇 ∈ ℝ𝜐 . The vector
𝒑 = (𝑝1 , … , 𝑝𝜐 )𝑇 ∈ ℝ𝜐 contains the generalized velocities, which are related to the generalized coordinates 𝒒 by the
a) Corresponding author. Email: zhao@ad.tu-darmstadt.de.
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kinematical differential equations 𝒒̇ = 𝐊(𝒒)𝒑. The mass matrix 𝑴(𝒒) ∈ ℝ𝜐×𝜐 is assumed to be symmetric and positive
definite. The externally applied forces and torques are arranged in the vector 𝒇𝒆 (𝑡, 𝒒, 𝒑). The system is constrained by 𝑛𝑐
rheonomic algebraic constraint equations 𝑔𝑖 (𝑡, 𝒒) = 0 (𝑖 = 1, … , 𝜐𝑐 ), which are arranged in the constraint vector 𝒈 ∈ ℝ𝜐𝑐 .
𝜕𝒈
The corresponding constraint forces and toques are defined by 𝑮𝑇 (𝑡, 𝒒)𝝀 with the matrix 𝑮 = ∈ ℝ𝜐𝑐 ×𝜐 and the vector
𝝀 = (𝜆1 , … , 𝜆𝜐𝑐 )𝑇 ∈ ℝ𝜐𝑐 collecting the Lagrange multipliers.

𝜕𝒒

Thrust bearing model
The pressure generation 𝑝 in the thrust bearing is mathematically described by Reynolds fluid film equation [1-4]:
𝜕
𝜕𝑝
𝜕𝑝
1 𝜕
𝜕ℎ
𝜕ℎ
(𝑟ℎ3 ) +
(ℎ3 ) = 6𝜇𝜔𝑟
+ 12𝜇𝑟
𝜕𝑟
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝜃
𝜕𝜃
𝜕𝑡
where 𝑟 and 𝜃 are the radial and circumferential coordinates, ℎ the oil-film thickness, 𝜇 the viscosity of the oil, 𝜔 the
rotational speed of the rotor and 𝑡 the time.
The temperature in the oil film is computed with an appropriate energy equation, see Ref. [1]. The information of the
elastic deformation due to the oil pressure can be acquired from a 3D-linear-elastic structural model, which is integrated into
the multibody model using a model reduction approach.
SIMULATION RESULTS
Run-up simulations are performed with the fully-coupled model. A spectrum of a run-up simulation is shown in Figure
2a. The system response is highly non-linear and exhibits different self-excited vibration effects. A detailed description of the
nonlinear effects can be found in Ref. [6], for instance. The elastic deformation of the thrust bearing is depicted in Figure 2b.

(a)
(b)
Figure 2: (a) Spectrum of a run-up simulation; (b) elastic deformation of the taper-flat thrust bearing
CONCLUSION
An analysis of a coupled model has been conducted to find out the dynamic behaviour and transient bearing loads of an
automotive turbocharger. The rotor system shows a highly nonlinear behaviour including different bifurcations, self-excited
vibrations and jump phenomena. For that reason, a quasi-static approach, which is often used to dimension bearings, is not
applicable for the considered turbocharger model, and a detailed fully-coupled model is necessary to predict the nonlinear
interaction phenomena correctly.
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PARAMETER ESTIMATION IN VEHICLE DYNAMICS: TRAIN, TRACK AND FAULT
MONITORING
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Summary This paper presents examples for the use of Kalman filtering techniques: Parameters which influence the dynamics of a train are
identified from acceleration data. The algorithm identifies critical changes in spring and damper characteristics. Random influences due to
the naturally occurring track irregularities are included.

INTRODUCTION
Railway vehicles are susceptible to different types of damage: Wheels, springs, dampers and various other structural
components are important for a safe operation of the vehicle. A good maintenance of the vehicles is therefore important for
safety reasons. As monitoring during operation is currently not possible for some components, the most critical components
are sometimes replaced based on operation time, even if the component might be fully functional. This work is focused on
techniques to check the system’s health during operation. Several authors have presented approaches of using state-estimation
techniques in vehicle dynamics – and in some cases they have used them also for parameter estimation or fault detection, see
e. g. [1, 2, 3, 4]. A possible way of doing this is based on acceleration data measured at different points on the vehicle’s body.
The motion of these reference points is caused by the interaction of the different components of the vehicle.
DYNAMIC MODEL
The vehicle’s dynamics is described as a multibody system. The excitation is random due to the interaction of the wheel
with an uneven rail. The parameters, like spring- and damper-characteristics, masses and moments of inertia influence the
nonlinear dynamics of the vehicle. Multiple nonlinear components are included in the train model, which serves as an example
for the described techniques. Often, the exact values of the parameters are unknown and might even change over time.
The dynamic model of the vehicle under consideration is shown in Figure 1: It consists of a car body, two bogies, four
wheelsets and two motors. Several suspension elements are included in the model (solid lines in the close-up), these elements
are connected to the different bodies (circles).

Figure 1: Components of the train model
Car body, bogie and motor dynamics can be characterized by six degrees of freedom each. Prescribing constant speed, the
wheelset dynamics is considered as two dimensional and characterized by lateral y w and yaw motion ψ w .
∗ Corresponding

author. Email: ellermann@tugraz.at

2569

Using Newton-Euler equations, and transforming the equations of motion into state-space form, we obtain a system of
equations in the form
ẋs = As xs + Bs xr
ys = Cs xs + Ds v

where As is the state matrix, Bs is the process noise matrix resulting from the track, Cs is the output matrix and Ds is the
measurement noise matrix.
A common approach for the description of the random track irregularities is based on power spectral densities: A general
form of these spectra is given in ERRI B176 [5] and based on the coefficients in the polynomial description of these spectra,
the track irregularities are described by a set of form filters as
ẋffi = Affi xffi + Bffi wffi
yffi = Cffi xffi .
Combining the equation of the train and the track in one set of equations gives
ẋ = Ax + Bw
y = Cx + Dv .

(1)

with
A=


As
0


 

Bs Cffi
0
, B=
, C = Cs
Affi
Bffi

 

xs
0 , x=
.
xffi

EVALUATION
The general form of a multibody system as described before is then used in state estimation – but sets with slightly different
parameter values are considered in the estimation process. The estimation of the system’s state is obtained from an optimal
and robust filter. Thus, state-space data is generated, which is then compared with the reference system, i. e. the motion data
from the train under consideration. The procedure is a fault detection and identification (FDI) process. Linear and nonlinear
residual generators are applied for the detection and isolation of faults in the system. The parameter set with the best fit for
the state-space data of the real system is considered as the closest fit for the system description. This parameter set gives
information about critical changes in the components of the train but it also holds information about the wheel-rail interaction.
The analysis of selected test cases shows that for the given system it is possible to detect a failure of the suspension system
from the system’s dynamic response and different possible sources for the changes in the dynamical behavior are presented.
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THE EVALUATION OF STEERING PERFORMANCE OF DRILLING ASSEMBLIES
BASED ON MULTIBODY DYNAMICS APPROACH
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Summary The multibody dynamics approach is introduced to simulate the whole drilling process of the directional drilling system combined

with bit-rock interaction principle, which results the new born wellpath while drilling. The drilled wellpath trajectory of the simulation results
can be used to evaluate the steering performance of a specific drilling assembly clearly and intuitively as a reference for directional driller.

INTRODUCTION
Directional drilling is widely used to reach a reservoir which is inaccessible with normal vertical drilling. The wellpath
control is very important to reach the target zone of the reservoir. However, the wellpath is difficult to predict before
drilling and influenced by many factors such as bottom hole assembly configuration (position, gauge and quantity of the
stabilizers, length and diameter of the drill collars), drilling parameters (weight on bit, rotation speed), formation anisotropy.
Therefore, a multibody model of drilling system is built to predict the wellpath and experimental results are compared with
simulation results to validate the effectiveness of the multibody model of drilling assembly.
MULTIBODY MODEL OF DRILLING SYSTEM
As illustrated in Fig. 1(a), the drilling system consists of two subsystems: the surface driving system and the downhole
drillstring system. The surface driving system includes drawworks which is used to raise or lower the drillstring through the
drill line. Topdrive is used to rotate the whole drillstem clockwise under the commands from the control room. Drillpipe and
bottomhole assembly (BHA), which steers the wellbore trajectory are included in the downhole drillstring system. The drill
pipes connect the surface system to the downhole drillstring and transmit the torque from the surface to the BHA. The main
parts of the the BHA consist of drill collars, measurement while drilling (MWD), stabilizers, and drill bit. Drill collars are
used to provide sufficient weight on bit (WOB) for efficient drilling and control the control the wellbore trajectory
combined with stablizer (Fig. 1(b)). MWD measures real-time inclination, azimuth of the wellbore and transmit these
measurements to the surface control room through the mud pulses. When the drillstring is dropped and rotated, the drill bit
scraps the rock. Hence the new wellbore is born and extends.

Fig. 1 (a). Schematic of drilling system (b). Different configurations of BHA assembly
The drilling system is built under the frame of multibody dynamics. The bit, stabilizer, drawworks, topdrive are modelled
with rigid bodies. The drillpipe, drill collar, MWD are simulated with flexible Timoshenko beam.[1] The threaded
connection between neighbouring drill components is formulated with fixed joints. Contact force between the drillstring and
the wellbore is specially modelled by force element through contact points which are used to identify whether there is
contact between them or not. Bit-rock interaction principle is used to connect the WOB and rate of penetration (ROP) to
drill a new wellpath resulting a dynamic boundary for the drilling system. [2]
a) Corresponding author. Email: liujp13@mails.tsinghua.edu.cn
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SIMULATION RESULTS AND EXPERIMENT VALIDATION
INSIDES (In Silico Dynamical Experiment Simulator) developed by Tsinghua University under the frame of multibody
dynamics is used to simulate the drilling system of COSL (China Oilfield Services Limited) in XinJiang, China. As is
shown in Fig. 2, simulation wellpath and experimental wellpath from the measure depth of 2693m to 2721m are compared.
And we can find that the simulation result fits well with the experimental result. The difference between them is no more
than 0.5m. In addition to that, the influence of outer diameter of drill collars is shown in Fig. 3. We can see that drilling
assembly which has smaller outer diameter drill collars will have larger build (better steering performance), which is in
accordance with field tests.

Fig. 2 The comparison between Simulation result and experiment result

Fig. 3 The simulation result of different outer diameter (OD) of drill collars
CONCLUSIONS
The multibody dynamics approach can be used to simulate the whole drilling process of the directional drilling system and
evaluate the steering performance of a specific drilling assembly clearly and intuitively as a reference for directional driller on
the basis of drilled wellbore trajectory.
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Summary A modification of a multibody formulation making use of generalized strains is proposed in which the generalized strains are
defined by implicit constraint functions. This modification yields a greater freedom in defining these strains so they can more closely fit
the actual behaviour of deformable finite elements. Modified planar and spatial beam elements are presented. Examples involving large
deflections of beams are presented to show the improved performance of the modified elements.

OUTLINE OF THE PROCEDURE
A finite element formulation for modelling flexible multibody systems was initiated by van der Werff and Jonker [1, 2]
and further developed to the present day. This formulation makes use of generalized strains and geometric transfer functions.
For each element, generalized strains, εe , are defined as explicit functions of the nodal coordinates, xe ,
εe = D e (xe ),

(1)

where the deformation functions are denoted by D e . The number of independent generalized strains for an element is equal
to the number of independent nodal coordinates minus the number of degrees of freedom of the element as a rigid body.
It is proposed to make the formulation more general by the use of implicit relations between the generalized strains and
the nodal coordinates, which can be expressed as constraint equations,
C e (εe , xe ) = 0,
e

(2)

e

where the form of Eq. (1) is a special case with C = D (xe ) − εe . An advantage of this modification is the greater generality
and freedom of choosing the generalized strains, so they can be described by simpler expressions or they can more closely
match physical strain distributions. Also the number of generalized strains for a type of element can be reduced if some modes
of deformation are suppressed or increased if additional internal modes of deformation need to be described in order to obtain
a higher accuracy or to describe superelements [3]. Disadvantages are the possibly higher complexity of the constraints and
the increased size of some system matrices.
The formulation of the procedure to derive the equations of motions is largely analogous to the original procedure. Dependent coordinates and generalized strains can be chosen, so that their number is equal to the number of constraints in Eq. (2),
and the other free coordinates and generalized strains are degrees of freedom. Geometric transfer functions that give the
coordinates and the generalized strains as functions of the degrees of freedom, and also their derivatives, can be calculated. A
difference from the original formulation is that Lagrangian multipliers dual to the constraints can be introduced, besides the
generalized stresses σ e dual to εe , which still have a clear physical meaning in most cases.
SOME FINITE ELEMENTS
Flexible beams are statically determinate structures, that is, no compatibility equations exist between the six beam deformations, and therefore an assumed strain approach to formulate finite beam elements can be easily applied. For the planar
beam element, a constant axial strain and a linearly varying curvature can be assumed. The differential equations for the elastic
line can be integrated from one nodal point to the other to obtain three constraint equations of the form (2). The integration
can be done exactly or approximately. As the derivatives are easy to calculate, a Taylor series approximation is used here.
Transverse shear can be included with or without introducing additional generalized strains. For a higher accuracy, additional
assumed strains for the axial strain of the central line and the curvature can be introduced.
For spatial systems, the rotations of nodal points are described by Euler parameters. The constraint for the Euler parameters
can be described by an equation of the form (2) without the need to introduce a generalized strain with a dual generalized
stress with an ambiguous physical meaning.
A spatial beam element can be modelled in a way similar to the planar beam element, where the curvatures in the two
bending directions are linearly interpolated and the specific torsion angle as well as the axial strain are constant. A more
accurate element can be obtained by interpolation the specific torsion angle by a linear or a quadratic function, which allows
in addition the description of constrained warping for thin-walled beams.
The mass distribution needed for the derivation of the equations of motion can be described by an independent interpolation; as no spatial derivatives are needed, a lower order of accuracy can be used. The existing description [4] is still satisfactory
for the basic planar and spatial beam elements.
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ILLUSTRATIVE EXAMPLES
Some example systems that have been analysed before are used to illustrate the performance of the presented beam
elements. A planar cantilever beam with a transverse tip load undergoing large deflections is used as a first example. For the
static deflection, a quartic rate of convergence is obtained, which contrasts with the original formulation of the beam element,
which has a quadratic rate of convergence [5]. Even a higher rate of convergence is obtained if a higher order interpolation of
the strains is used.
As a second example, a spatial curved beam bent in a circular arc of 45 degrees, clamped at one end and loaded by a
tip force perpendicular to its plane, is considered. It is shown that the initial shape of the beam can be described exactly in
a straightforward manner. In this case, the rate of convergence is quadratic, as for the original beam element, but the error
constant is smaller. The order of convergence can be increased to quartic by choosing a linearly varying specific torsion angle.
In all cases, fewer elements are needed to obtain an accurate solution.
As a dynamic example, a planar falling flexible beam is simulated. The flexural rigidity of the beam can be made very
small and large deflections of the beam may occur, especially near the tip of the beam. The simulation does not break down
for this case, as does a simulation with the original beam element, although the solution may become inaccurate near the tip
of the beam.
CONCLUSIONS
The proposed modification of the definition of generalized strains for modelling multibody dynamic systems is shown to
be feasible and to lead to a versatility that can be used to obtain sufficiently accurate solutions with fewer elements. This
advantage countervails the disadvantage of a more complicated formulation.
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Summary The dynamics of connected vehicle networks with long-range connections are investigated. The stability of uniform traffic flow is
examined using a modal perturbation analysis that is tailored for high dimensional systems with near-symmetric network structure. The
modes of the network are approximated about the modes of the corresponding symmetric network. This approach allows one to obtain modal
dynamics and assess the impacts of long range communication on the stability of traffic flow of connected vehicle systems.

INTRODUCTION
Using wireless vehicle to vehicle (V2V) communication, connected vehicles may act upon information obtained from
multiple other vehicles ahead, including those beyond line of sight. The connected cruise control (CCC) algorithm considered
here not only implements information from the vehicle directly ahead [2], but also uses relative velocity with respect to vehicles
located further downstream. This can significantly increase highway lane capacity compared to human driven traffic, where each
vehicle only uses information from its immediate predecessor [1]. In early implementation of connected vehicle systems such
CCC vehicles will be mixed with human-driven vehicles. Thus, the applied control strategy shall have a high level of modularity
and shall exploit all available V2V information from transmitting vehicles ahead. To be able to evalueate the performance of
such networks requires a method that can account for heterogeneity over the network without being computationally demanding.
Here we use perturbation theory to incorporate long-range connections and decompose the network dynamics into oscillatory
modes. Then we analyze the stability of each mode, where dynamics are described by a small number of equations. This allows
us to quantify the benefits and drawbacks of ad-hoc wireless communication on the traffic flow.
NETWORK-BASED MODAL PERTURBATION ANALYSIS
We consider N vehicles traveling on a single-lane ring road, so that the i-th car follows the i + 1-st car and the position of its
front bumper is denoted by si while its velocity is vi . The motion of the i-th vehicle is described by
ṡi = vi ,
σmax

v̇i = α V (si+1 − si − `) − vi + β (vi+1 − vi ) + ∑ βiσ (vi+σ − vi ),

(1)

σ =2

where α and β are the control gains for the headway hi = si+1 − si − ` and relative velocity vi+1 − vi , and V (h) is the optimal
velocity function which gives the desired velocity for each vehicle as a function of headway [2]. The relative velocity feedback
using the velocity of vehicle i + σ has gain βiσ 6= 0 if vehicle i + σ transmits its information to vehicle i. The uniform flow
pseudo-equilibrium is given by si = v∗t + s0i such that s0i+1 − s0i = hi ≡ h∗ and vi ≡ v∗ = V (h∗ ) for i = 1, . . . , N. Linearizing
the dynamics of the resulting connected vehicle network in the vicinity of uniform flow we obtain

ŷ˙ = Ĵ0 +

N

σmax

∑ ∑


Ĵp (i, σ )βiσ ŷ,

(2)

i1 = 1 σ1 = 0

where ŷ = [yT1 , . . . , yTN ] with yi = [sei , vei ]T represent the deviations about the uniform flow. The matrix Ĵ0 contains the terms
arising from the nearest-neighbor headway and relative velocity feedback, whereas the matrices Ĵp (i1 , σ1 ) represent the
long-range communication.
When no long-range links are present (βiσ = 0 for all i and σ ), the block-circulant structure of Ĵ0 allows us to perform a
modal coordinate transformation ŷ = T̂0 ẑ, where the matrix T̂0 represents a discrete Fourier transformation [3]. In the new
modal coordinates ẑ = [zT1 , . . . , zTN ]T the dynamics of the system are given by ẑ˙ = D̂0 ẑ, where D̂0 is block diagonal, meaning
that the dynamics of the modes are decoupled, i.e., ẑ˙ k = [D̂0 ]k ẑk for k = 1, . . . , N. These modal coordinates describe traveling
waves along the road, and the stability of all modes guarantees the stability of the uniform flow.
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To determine the effects of the long-range links, we approximate the modal dynamics of the system using Taylor expansions
around the symmetric network with respect to βiσ :
N

σmax
σmax
1 N
1 N
(1,2)
(1,2,3)
[D̂2 ]k βi1 σ1 βi2 σ2 +
∑
∑ [D̂3 ]k βi1 σ1 βi2 σ2 βi3 σ3 + . . .
∑
∑
2
6
i1 =1 σ1 =2
i1 ,i2 =1 σ1 ,σ2 =2
i1 ,i2 ,i3 =1 σ1 ,σ2 ,σ3 =2
(3)
where [D̂]k represents the dynamics of mode k. To perform this expansion we must determine a transformation matrix T̂ as
an expansion about T̂0 , that block diagonalizes Ĵ to some order in βiσ . The expansion can be performed up to arbitrary order
and the circulant structure of Ĵ0 allows one to reduce the complexity of equations for arbitrarily large numbers of vehicles and
arbitrary communication structure. The obtained modal approximations (3) can then be used to characterize the effects of the
long-range links on the stability of the uniform flow.

[D̂]k = [D̂0 ]k +

σmax

∑ ∑

(1)

[D̂1 ]k βi1 σ1 +

RESULTS

Figure 1: (a-c) Top: Connected vehicle system with N = 11 and V2V links of length σ = 2, 3, 4. Bottom: Stability charts in the (h∗ , βσ )plane with α = 1 and β = 0.3. (d-f) Top: Connected vehicle system with N = 11 and V2V links of length σ = 2 and σ = 3 in union,
embedment, and cascade configurations. Bottom: Stability charts in the (β3 , β2 )-plane for h∗ = 20, α = 1, β = 0.6. Note, that we used the
simplified notation βiσ = βσ . Black solid curves are stability boundaries of modes 2 and 3, red dashed curves are boundaries obtained using
(3) expanded up to third order in βiσ . In the gray shaded region the uniform flow is stable, in the white region the uniform flow is unstable.

Using the developed methodology we first examine the effect of adding a long-range communication link of given length.
Figure 1 (a-c) shows stability charts for an 11-car network with extra links of lengths 2, 3, and 4. Indeed, the stability improves
with increasing the corresponding βσ . Longer links are more effective for stabilizing modes with lower mode numbers, while
shorter links are more effective for stabilizing modes with higher mode numbers.
The modal perturbation approach can also be used to examine the effects of multiple V2V links. Figure 1(d-f) shows
stability charts for 3 different configurations of an 11-car system with one V2V link of length 2 and one V2V link of length 3.
The stability boundaries in the three cases are slightly different, namely for the embedment and cascade configurations the
boundaries are convex, meaning that combining the V2V links in these configurations is beneficial for stability.
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FROM IUTAM SYMPOSIA TO THE
INTERNATIONAL ASSOCIATION OF VEHICLE SYSTEM DYNAMICS
Werner Schiehlen
Institute of Engineering and Computational Mechanics, University of Stuttgart, Stuttgart, Germany
Summary The Union is engaged in the scientific work in all branches of theoretical and applied mechanics, one of them is vehicle
dynamics. International organizations occupied in closely related fields are admitted by IUTAM as affiliated organizations. In this paper
it is shown how IUTAM served as protagonist for IAVSD to be established as a worldwide association. Road vehicle suspensions, e.g.,
are a topic of general interest to IUTAM and of high priority to IAVSD.

EARLY DEVELOPMENTS
The First International Conference on Vehicle Mechanics was held May 16 – 19, 1968 at Wayne State University,
Detroit, Michigan, USA, under the chairmanship of Herbert K. Sachs who served as editor of the Proceedings [1], too. The
2nd International Conference on Vehicle Mechanics took place September 6 – 9, 1971 at Paris VI University, France,
followed by the 3rd meeting renamed as International Conference on Vehicle System Dynamics (VSD), August 12 – 15,
1974 at Virginia Polytechnic Institute and State Univerisity, Blacksburg, USA. The Proceedings [2] and [3] were also
published by Swets & Zeitlinger, Amsterdam, The Netherlands. In addition, due to the great importance of the topic a
journal [4] was established.
IUTAM SYMPOSIA
Encouraged by IUTAM President Warner Koiter in 1972 the Division for Mechanics of the Dutch Royal Institute of
Engineeers applied for the sponsorship of a IUTAM Symposium on Dynamics of Vehicles on Roads and Railway Tracks.
At the General Assembly of IUTAM held 1972 in Moscow, Russia, it was decided to accept the Dutch application and to
hold 1975 the IUTAM Symposium at Delft University of Technology in Delft, The Netherlands under the chairmanship of
Hans Pacejka. This 1st IUTAM Symposium was also announced as the 4th Conference on Vehicle System Dynamics. The
Symposium dealt with the dynamics of vehicle-road and vehicle-rail systems. The scope of the subjects has been restricted
mainly to those problems where the contact forces, acting between vehicle and road or guiding system, are of primary
importance. Attention was given to the presentation of new methods and techniques which are useful in tackling vehide
dynamics problems like lateral dynamics, stability and control analysis, vehicle ride on rigid and elastic supports [5].
In 1977 the 5th VSD – 2nd IUTAM Symposium on Dynamics of Vehicles on Roads and Railway Tracks was held
September 19 – 23, 1977 in Vienna, Austria under the chairmanship of Alfred Slibar and Helmut Springer [6]. Due to the
high competition for IUTAM Symposia sponsorship, the Union had decided to decline further applications on a regular
basis from the vehicle dynamics community. Therefore, an International Association for Vehicle System Dynamics
(IAVSD) has been formed by decision of the Scientific Committee of the 5th VSD – 2nd IUTAM Symposium in Vienna,
Austria on September 20, 1977. On September 22, 1977 the first Board of the Association was formed, consisting of five
officers and six trustees.
The main objectives of the Association include the promotion of the development of the Science of Vehicle Dynamics, a
discipline that is based upon the theory of motion of ground based vehicle systems, and to encourage engineering
applications of this field of science. These objectives fit so perfectly to objectives of IUTAM that IAVSD was immediately
admitted as Affiliated Organization [7].
The objectives of IAVSD are based on theoretical mechanics, and they are characterized by the common application to
road and rail vehicles. This is visualized in its logo.

The rolling motion of ground vehicles requires sophisticated method from the theory of contact mechanics, and the
fundamental principles of steel wheels on steel tracks are similar to those of rubber wheels on concrete tracks. These are the
challenges of vehicle system dynamics and the mystery of its success.
Corresponding author. Email: schiehlen@itm.uni-stuttgart.de
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IAVSD SYMPOSIA
Starting with the 6th IAVSD Symposium held in Berlin, Germany, September 3 – 7, 1979, the series of biennial symposia
at selected locations around the world has been set up. The accompanying symposium proceedings have contributed greatly
to a better understanding of problems related to ground vehicle system dynamics. The latest 24th IAVSD Symposium took
place in Graz, Austria, August 17 – 24, 2015 and was again a great success. The forthcoming 25th IAVSD Symposium will
be held in Rockhampton, Australia. Then, IAVSD has visited all continents of the world.
A big event for IAVSD was the selection of its proposal for a Minisymposium on the topic “Vehicle System Dynamics”
by the IUTAM Congress Committee to be included in the 20th International Congress of Theoretical and Applied
Mechanics (ICTAM200) held in Chicago, Illinois, USA, August 28 to September1, 2000. The Minisymposium comprised
one sectional lecture and four introductory lectures all published in the ICTAM 2000 Proceedings [8]:
Adaptive Nonlinear and Learning Techniques for Control of Vehicle Ride Dynamics by T.J. Gordon,
Software Tools: From Multibody System Analysis to Vehicle System Dynamics
by W. Kortuem, W. Schiehlen, M. Arnold,
Rail Vehicle Dynamics for the 21st Century by R.J. Anderson, J.A. Elkins, B.V. Birkle,
Fundamentals of the Lateral Dynamics of Road Vehicles by R.S. Sharp,
A Mechatronic Approach to Advanced Vehicle Control Design by M. Abe, K. Hedrick.
Additonal selected papers of the Minisymposium were published [9], too.
EXAMPLE ROAD VEHICLE SUSPENSIONS
Vehicle ride dynamics is for IUTAM and IAVSD of scientific interest due to the complexity of modelling and the advanced
solution methodologies. An early paper [10] from the 2nd IUTAM Symposium deals with the computational modelling of a
semi-trailing arm suspension using the multibody dynamics software and sinusoidal road roughness resulting in frequency
responses for ride comfort and ride safety. A recent paper [11] from the 24th IAVSD Symposium considers new premium
cars with controllable adaptive shock absorbers allowing the driver to change the characteristics of the car during driving.
Electronically adjustable dampers are available, e.g., from ThyssenKrupp Bilstein and applied by BMW as electronic
damper control (EDC). Then, there remain three uncertain parameters, damping dA, tire stiffness and body mass, and fuzzy
arithmetic techniques are required as an advanced solution methodology like the software package FAMOUS. The result is
shown in the conflict diagram of standard deviations for comfort over safety due to random road roughness.
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A SERVO-CONSTRAINT FRAMEWORK FOR CONTROL OF VARIOUS TYPES OF
UNDERACTUATED MULTIBODY SYSTEMS
1

Robert Seifried∗1 , Merlin Morlock1 , and Svenja Otto1
Institute of Mechanics and Ocean Engineering, Hamburg University of Technology, Germany

Summary The control of underactuated multibody systems is often a challenging task since less control inputs than degrees of freedom
are available. A systematic approach for feedforward control design of underactuated multibody systems is the use of servo-constraints
for model inversion. For various systems the dynamics of the obtained inverse model can be very different. Therefore different numerical
solution approaches are required. The obtained feedforward control can then be combined with feedback control. The presented framework
is verified experimentally using two underactuated multibody systems with very different structural properties, namely an overhead crane
and a flexible parallel manipulator. Questions concerning practical implementation and real-time capability are addressed.

INTRODUCTION
Underactuated multibody systems have less control inputs than generalized coordinates. Typical examples of underactuated multibody systems are manipulators with passive joints, cranes, cable robots, and flexible multibody systems. One
challenging control task for multibody systems is end-effector trajectory tracking. Thereby the system output is an endeffector point which should follow a trajectory predefined in time and space, e.g. the tool center point of a manipulator or
the load of a crane. In order to obtain a good performance in end-effector trajectory tracking a two design-degree of freedom
control structure is often used, combining feedforward control with additional feedback control action. Both parts can be
designed largely independent from each other. In trajectory tracking of multibody systems the major control action is due to
the feedforward control, while the feedback control has only to account for small disturbances and uncertainties. The feedforward control is given by the inverse model of the multibody system. Due to the underactuation, classical approaches known
from fully actuated systems, such as inverse kinematics and inverse dynamics, cannot be applied here. A very appealing and
efficient feedforward control design approach for underactuated multibody systems is the use of so-called servo-constraints,
which can be seen as generalization of classical geometric constraints [1, 2]. In contrast to methods from nonlinear control
theory [3], this does not require burdensome symbolic computations and allows a systematic treatment of different systems.
SERVO-CONSTRAINTS FOR MODEL INVERSION
The basic idea of servo-constraints is the enforcement of output trajectory tracking by introducing constraint equations,
yielding a set of differential-algebraic equations (DAEs),
M (q)q̈ + f (q, q̇) = C T (q)λ + B(q)u,
cg (q) = 0,
c(q) = h(q) − y d = 0.

(1)
(2)
(3)

Thereby, Eq. (1) represents the equation of motion of a multibody system, with generalized coordinates q, mass matrix
M , generalized forces f , input matrix B and control inputs u. Equation (2) arises if additional geometric constraint are
present, e.g. due to kinematics loops. Then, in the equation of motion (1) the Lagrangian multipliers λ are introduced, with
∂ c (q )
C = ∂gq . These are the reaction forces due to the geometric constraint given by cg . This case also occurs, if the system’s
kinematics are described using cartesian coordinates instead of generalized coordinates. Finally, Eq. (3) represents the servoconstraints, which should be enforced by the control. Thereby h(q) is the system output and y d is the desired output trajectory.
Equations (1)-(2) represent the forward dynamics. Adding Eq. (3) yields the inverse model. The numerical solution of this
inverse model provides the control inputs ud which are necessary to reproduce the desired output trajectory y d . In addition,
the inverse model provides the trajectories of all generalized coordinates q d , which are necessary for feedback control design.
Comparing the forward dynamics model with geometric constraints (given by Eq. (1)-(2)) with the inverse model (given
by Eq. (1)-(3)) shows firstly some structural similarities. In both cases a constraint equation on position level is introduced.
However, in the case of geometric constraints, the constraints are enforced by the Lagrangian multipliers λ which are collocated with the geometric constraint. Then, the matrix P = CM −1 C T is non-singular and thus the resulting DAE of the
forward dynamics has differentiation index 3. In contrast, in the case of servo-constraints, the constraints are enforced by
the control inputs u, which are mostly not collocated with the servo-constraints. For systems in minmal coordinates it is
∂ h(q )
P = HM −1 B with H = ∂ q , which corresponds to the decoupling matrix in nonlinear control theory [2]. If additional
∗ Corresponding
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constraint equations cg are present, they can be treated as special case of servo-constraints. Due to the non-collocation, servoconstraint problems can show much more complex properties, which have to be understood in order to obtain a meaningful
numerical solution for the inverse model. Different cases can occur for underactuated multibody systems:
Case 1: The matrix P is non-singular, and therefore the DAE has also differentiation index 3. In this case the inverse model
is also a dynamic model. In reference to nonlinear control theory this dynamics is called internal dynamics [3]. Due to the
non-collocation the internal dynamics might be stable or unstable. In the case of stable internal dynamics, the inverse model
can be computed by forward time integration of the DAE (1)-(3). Examples of such systems are flexible manipulators, where
the system output is not the end-effector point but the joint angles collocated with the drives.
Case 2: As in case 1 the matrix P is non-singular, however the internal dynamics is unstable. Then, forward time integration
of the DAE (1)-(3) would yield unbounded control inputs ud , and is therefore not feasible. Alternatively one might compute a
bounded solution for the DAE (1)-(3) from a two-sided boundary value problem [2]. The boundary values are the unstable and
stable manifold of the internal dynamics at starting-point and end-point, respectively. While the obtained control input remains
bounded, it is non-causal, i.e. some small control action before the start of the trajectory tracking is necessary. Examples of
such systems are flexible manipulators, where the system output is the end-effector point.
Case 3: The matrix P is singular, and it can be shown that then the DAE has index larger 3. The remaining internal dynamics
might be again stable or unstable. Examples are manipulators with so-called joint elasticity with added damping, i.e. elasticity
and damping in the drive train between the motors and the manipulators’ links.
Case 4: Differentially flat systems can be inverted purely by algebraic manipulations and using a finite number of differentiations of the desired output trajectory y d . In this case the matrix P is singular, i.e. the DAE has again index larger 3. However,
the inverse model does not contain any dynamics. Therefore, the system (1)-(3) can be solved efficiently with very simple
implicit integrators, such as Euler-backwards integration. Examples of such differentially flat systems are cranes.
APPLICATION EXAMPLES AND EXPERIMENTAL VALIDATION
Two underactuated multibody systems are considered to demonstrate the control design framework using servo-constraints
for different cases. The first system is a parallel manipulator with flexible links, see Fig. 1 left. The manipulator consists of
two carts moving on linear axes which are actuated by linear servo-drives [4]. On top of each cart one elastic link is mounted
with a revolute joint which are connected to each other via a third revolute joint in the middle of the longer arm. This is a
system which represents either case 1 or 2, where internal dynamics remains in the inverse model. If the tip of the longer arm
is used as system output the internal dynamics is unstable, representing case 2. If a slightly different system output is used, the
internal dynamics can become stable and case 1 occurs. The second example is an overhead crane such as used for containers,
see Fig. 1 right. The system consists of a crane cart which is actuated along a linear axis. On this cart 4 motors are mounted,
each of them actuating the length of one crane cable. If the load is the system output, the underactuated system represents
case 4. The system is differentially flat and the inverse model does not contain any dynamics. Experimental results for both
systems are presented, showing the efficiency and accuracy of the presented framework. Also aspects of implantation, real
time capability of the inverse model, and possible additional feedback control are discussed.

Figure 1: Considered underactuated multibody systems: parallel flexible manipulator (left) and overhead crane (right).
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THE DISCRETE ADJOINT METHOD IN MULTIBODY DYNAMICS
Wolfgang Steiner∗1 , Karin Nachbagauer1 , and Thomas Lauss1
1

Faculty of Engineering and Environmental Sciences, University of Applied Sciences Upper Austria, Wels, Austria

Summary A problem arising frequently in multibody dynamics is to determine unknown input signals such that an objective function is
minimized. The adjoint method is the most efficient way to compute the gradient of any objective function by solving a system of ”adjoint”
differential algebraic equations backwards in time. The key idea of this method can also be applied directly to the time-discrete multibody
system resulting in a set of adjoint difference equations, which yield the gradient of the discretized objective function. In this paper we
present the discrete adjoint equations associated to the equations of motion of a multibody system, which are discretized by any implicit
one-step integration method and describe how the obtained gradients can be transformed for varying time discretizations.

We consider multibody systems with redundant generalized coordinates q ∈ RNq in the descriptor form
M(q)q̈ + CT
q λ = Q(q, q̇, u, t),

C(q) = 0

(1)

where M denotes the mass matrix, Cq = ∂C/∂q the constraint Jacobian, λ ∈ RNλ the vector of Lagrange multipliers
and Q the vector of generalized forces. Moreover, u ∈ RNu is Ra vector of time dependent input signals which should be
t
determined such that an objective function of the form J(u) = t01 φ(q, q̇, t) dt is minimized. The adjoint method serves
as the most efficient way to compute the gradient of J, see [3] or [1]. It determines its first variation from the solution of
linear adjoint equations with time variant coefficients resulting from the solution of Eqs. (1). There are two strategies for this
purpose, the equations of motion of the multibody system and adjoint equations may either be separately discretized from their
representations as differential-algebraic equations, or, alternatively, the equations of motion of the multibody system may be
discretized first, while the discrete adjoint equations are derived directly from the discrete multibody system equations.
DISCRETE ADJOINT GRADIENT COMPUTATION
To solve the system equations (1) a proper numerical integration scheme must be applied, which computes positions,
velocities, accelerations and the Lagrange multipliers at a time instant ti . Denoting the state vector xT = (q, q̇, q̈, λ) and the
inputs u at time ti as xi and ui , an implicit one-step method and an initial condition have the general form
F(xi , xi−1 , ui , ui−1 , ti , ti−1 ) = 0, i = 1 . . . n and G(x0 , u0 , t0 ) = 0

(2)

For example, the HHT-algorithm [2] is given by the function



T
(Mq̈)i + (1 + α) CT
q λ − Q i − α Cq λ − Q i−1
 qi − qi−1 − hq̇i−1 − 1 h2 [(1 − 2β)q̈i−1 + 2β q̈i ]
2
F(xi , xi−1 , ui , ui−1 , ti , ti−1 ) = 

q̇i − q̇i−1 − h[(1 − γ)q̈i−1 + γ q̈i ]
C(qi )






(3)

where h = ti − ti−1 is the timestep size and α, β, γ are parameters. For a given control sequence u0 . . . un Eq. (2) defines
the sequence of state vectors x0 . . . xn at given time steps t0 . . . tn . (The function G defines initial postions, velocities,
accelerations and Lagrange multipliers at t0 .) The goal is to determine the gradient of the discretized objective function
Jˆ =

n
X

ηi φ(xi , ti ) =

i=0

n
X

ηi φ(xi , ti ) + y0T G(x0 , u0 , t0 ) +

i=0

n
X

yiT F(xi , xi−1 , ui , ui−1 , ti , ti−1 )

(4)

i=1

with respect to ui . Here, ηi are proper weighting factors which are used to approximate an integral in the continous objective
ˆ which are zero
function. Moreover, we have also added the terms y0T G(x0 , u0 , t0 ) and yiT F(xi , xi−1 , ui , ui−1 , ti , ti−1 ) to J,
for any choice of the adjoint state vectors y0 . . . yn because Eqs. (2) must hold. Consider now a control sequence u0 . . . un
for which the states x0 . . . xn have been computed by solving Eqs. (2) and Jˆ has been evaluated by inserting into Eq. (4). We
ask, what happens to Jˆ if the controls are slightly changed by δui . For that purpose, we introduce the Jacobian matrices
A0 :=

∂G
,
∂x0

∗ Corresponding

B0 :=

∂G
∂u0

and for i = 1 . . . n: Ai :=

∂F
,
∂xi

A0i :=

∂F
,
∂xi−1

Bi :=

∂F
,
∂ui

B0i :=

∂F
∂ui−1
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Moreover, we set φx,i := ∂φ/∂xi . With these notations the first variation of the objective function (4) is given by
δ Jˆ =

n
X

T
η i φT
x,i δxi + y0 (A0 δx0 + B0 δu0 ) +

i=0

=

n
X

yiT (Ai δxi + A0i δxi−1 + Bi δui + B0i δui−1 )

i=1

n−1
X

T

ηi φx,i +

yiT Ai

+

T
yi+1
A0i+1



δxi +

yiT Bi

(5)
+

T
yi+1
B0i+1




δui

T

+ ηn φx,n +

ynT An



δxn +

ynT Bn δun

i=0

If we now define y0 . . . yn by the equations
T
T
0
T
T
η i φT
(6)
x,i + yi Ai + yi+1 Ai+1 = 0, i = 0 . . . n − 1, and ηn φx,n + yn An = 0

P
n−1
T
B0i+1 δui + ynT Bn δun since the terms with δxi cancel out.
the first variation of Jˆ reduces to δ Jˆ = i=0 yiT Bi + yi+1
Considering Jˆ ultimately as a function of u0 . . . un this formula yields the gradients

T
∂ Jˆ
∂ Jˆ
0
= BT
yi+1 , i = 0 . . . n − 1, and
= BT
(7)
i yi + Bi+1
n yn
∂ui
∂un
For that purpose, the adjoint variables must be computed from Eqs. (6). Notice that theses equations are linear and can be
solved recursively by starting with the last one to obtain yn and then computing yn−1 , yn−2 , . . . y0 .
OPTIMIZATION AND VARYING DISCRETIZATIONS OF THE OBJECTIVE FUNCTION
ˆ 0 . . . un ). In the simplest case,
The gradient given by Eq. (7) can be used to find a minimum of the objective function J(u
ˆ
one can update a guessed control sequence u0 . . . un in the direction of the negative gradient by setting ui → ui − κ∂ J/∂u
i,
ˆ
where κ is a parameter which can be found, for example, by means of a line search method, such that J becomes as small as
possible with the updated control sequence. By repeating this process we will approach a local minimum of Jˆ after a number
ˆ
of iterations. An alternative optimization strategy is to look for a solution of the equations ∂ J/∂u
i = 0. For example, the
well-known BFGS-method [1] can be applied for that purpose, which estimates the Hessian matrix of Jˆ from the gradients
of succesive iterations. However, in both cases one has to take care about the fact that the time discretization t0 . . . tn used
for Eq. (2) may change during the optimization process, in particular, if the numerical error is controlled. Hence, we need
ˆ 0 . . . un ) be
a way how to associate the gradients for different discretizations of a continous objective function J. Let J(u
ˆ
a discretization of J, and let ∂ J/∂ui be its gradient computed with the discrete adjoint method. Moreover, suppose that
Jˆ0 (u00 . . . u0n0 ) is a different discretization of J. Then the gradient ∂ Jˆ0 /∂u0i can be determined as follows.
Rt
The first variation of a continous objective function J(u(t)) is a linear functional with the form δJ = t01 Hu (t) δu(t) dt.
Herein, Hu is the derivative of the Hamiltonian function with respect to the controls, which is associated to any optimal
control problem, e. g. see [3]. Hence, δJ can be approximated by
n
X
∂ Jˆ
ηi Hu (ti )δu(ti ) ≈
δJ ≈
δui
∂ui
i=1
i=1
n
X

0

and by δJ ≈

n
X
i=1

0

ηi0 Hu (t0i )δu(t0i )

n
X
∂ Jˆ0 0
δu
≈
∂u0i i
i=1

(8)

0
0
0
ˆ
ˆ0
Since δu(ti ) = δui and δu(t0i ) = δu0i we recognize that ∂ J/∂u
i = ηi Hu (ti ) and ∂ J /∂ui = ηi Hu (ti ). Thus, the values of
−1 ˆ
the continous function Hu (t) at t0 , t1 , t2 , . . . are given by Hu (ti ) = ηi ∂ J/∂ui . They can be used to interpolate the values
of Hu (t) at the time step t0i and to compute ∂ Jˆ0 /∂u0i = ηi0 Hu (t0i ).

CONCLUSIONS
We presented the discrete adjoint method for a general implicit one-step solver of the equations of motion of a multibody
system in descriptor form. The are two advantages of this approach compared with the continous adjoint method: 1. No
seperate solver is required for the continous adjoint equations. 2. Using the discrete adjoint method, e. g. in combination with
the HHT-algorithm, the objective function may also depend on the accelerations. In the continous case, accelerations are not
contained in the state vector, but have to be expressed by the equations of motion, which lead to very complex Jacobians.
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NONLINEAR DYNAMICS OF FLEXIBLE MULTIBODY SYSTEMS WITH UNCERTAIN
INTERVAL PARAMETERS
Qiang Tiana), Zhe Wang & Haiyan Hu
School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China
Summary The dynamics of flexible multibody systems with interval parameters is initially studied. The flexible multibody systems with rigid

and flexible bodies are described by using a unified mesh of the absolute nodal coordinate formulation (ANCF). A non-intrusive computation
methodology is proposed to efficiently solve the governing Interval Differential Algebraic Equations (IDAEs). Firstly, the Interval Differential
Algebraic Equations (IDAEs) are directly transformed into the nonlinear interval algebraic equations by using the generalized-alpha algorithm.
Then, the Chebyshev surrogate models for these nonlinear interval algebraic equations are established by using the Chebyshev tensor product
(CTP) sampling method and Chebyshev collocation method (CCM). To circumvent the interval explosion problem and maintain computation
efficiency, the scanning method is used to determine the upper and lower bounds of the deducted surrogate models. Finally, two numerical
examples are studied to check the efficiency and effectiveness of the proposed methodology.

INTRODUCTION
The multibody systems inevitably contain uncertain parameters, such as the uncertain material density, uncertain Young's
modulus, uncertain geometrical parameters, and uncertain excitation amplitudes. For example, the dynamics of the multibody
systems with joint clearance has been extensively studied by Flores et al. [1] and Tian et al. [2]. However, the clearance sizes
for all their simulated models are deterministic parameters. In fact, due to wearing problems, manufacture and assembly errors
these clearance sizes cannot be accurately measured. Therefore, the dynamic analysis of multibody systems without taking
these uncertainties into account cannot accurately reveal these systems true dynamic behaviors.
The Monte Carlo simulation is one of the most widely used methods to study the uncertain problems. However, it is well
known that the Monte Carlo simulation is very inefficient. The non-statistic methods are more efficient and have a broader
scope of application. Sandu et al. [3] used the polynomial chaos (PC) methods to simulate a rigid planar single pendulum
mathematically described by a set of Differential-Algebraic Equations (DAEs) with index-3. However, for the PC methods
the probability density functions of all the system random parameters are required, which is very difficult to obtain. For
practical multibody systems, it is usually easier to get the bounds of the uncertain parameters than to obtain the probability
density functions of uncertain parameters. The interval method is one of the non-probabilistic methods and mainly used to
study the problems with uncertain, but bounded parameters. However, there are very few studies focused the dynamics of
flexible multibody systems with many uncertain interval parameters. The main reasons are the wrapping effect inherited from
the interval operations [4] and inefficiency of the solution algorithms for Interval DAEs (IDAEs). Based on the work by Wu
et al. [5], the authors [6] proposed a Chebyshev tensor product (CTP) sampling method and a Chebyshev collocation method
(CCM) to study the dynamics of rigid-flexible multibody systems with many uncertain interval parameters. The lower and
upper bounds of dynamic responses are determined by scanning the Chebyshev surrogate model not the IDAEs. In this work,
the efficiency of the algorithms previously proposed are further improved, and the dynamics of multibody system with interval
clearance size is also initially studied.
DESCRIPTION OF FLEXIBLE MULTIBODY SYSTEMS VIA ANCF
In this study, the rigid-flexible multibody system is meshed by using a unified mesh of the Absolute Nodal Coordinate
Formulation (ANCF). That is, the flexible parts are meshed by using the finite elements of the ANCF, while the rigid parts
are described via the ANCF Reference Nodes (ANCF-RNs). The ANCF was originally proposed by Shabana [7] to accurately
model the flexible multibody system subject to both large overall motions and large deformations. Many finite elements of
the ANCF have been proposed and used to mesh the flexible parts of various flexible multibody systems. It has also been
demonstrated that by using the ANCF-RN many complex constraint conditions can be simplified.
COMPUTATION METHODOLOGY FOR SOLVING THE IDAES
Under the framework of ANCF, the flexible multibody systems with uncertain interval parameters can be mathematically
described by a set of IDAEs with index-3, as

M(μ, ξ)q(μ, ξ)  F(q(μ, ξ))  ΦqT (q(μ, ξ), t ) λ(μ, ξ)  Q  q(μ, ξ), q(μ, ξ) 

Φ(q(μ, ξ), t )  0


(1)

By using the definition of interval array and according to the generalized-alpha algorithm, the solution of Eq. (1) can be
obtained by solving the nonlinear algebraic equations,
a) Corresponding author. Email: tianqiang_hust@aliyun.com.
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M(ς, ζ)q( n1) (ς, ζ)  F q( n1) (ς, ζ)  ΦqT λ ( n1) (ς, ζ)  Q( n1) (ς, ζ)

0
Φ(q( n1) (ς, ζ), t ( n1) )


(2)

Once, the solution of Eq. (2) is obtained, the interval response can be further calculated by

[Vˆi ]  [min(Vi (ς, ζ)), max(Vi (ς, ζ))], (i  1, 2,..., k )

T
T
T T

V(ς, ζ)  [V1 (ς, ζ),V2 (ς, ζ),...,Vk (ς, ζ)]  [q(ς, ζ) , λ (ς, ζ) ]

(3)

By using the CTP sampling method the sampling value in Eq. (2) of the interval parameters can be obtained. The
computation processes are also parallelized by using OpenMP directives.
NUMERICAL EXAMPLES
Figure 1 shows the initial configuration of a six-arm flexible robot. Let all the six-arm lengths contain the uncertainty of
10% of their nominal values. Figure 2 gives the Y-displacement interval bounds of the robot end-effector. According to the
computational time for solving the deterministic DAEs once, the estimated total computational time for solving the scanned
IDAEs would be 1850 days. While the computational time for solving the scanned CCM surrogate model is just 9796.97
seconds. Figure 3 shows a planar slider-crank system with revolute clearance joint. The size of joint clearance is regarded as
an uncertain interval parameter, and is set as [0.3 0.6] mm. Figure 4 depicts the slider acceleration interval responses.
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CONCLUSIONS
An efficient non-intrusive computation methodology is proposed to study the dynamics of the complex flexible multibody
systems with many uncertain interval parameters. The computation methodology is initially used to study dynamics of systems
with joint clearance. Many new dynamics behaviours are observed. More results will be presented at the conference.
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OPTIMAL DESIGN OF FLEXIBLE MECHANISMS USING A GENERALIZED
EQUIVALENT STATIC LOAD METHOD
Emmanuel Tromme∗1 , Valentin Sonneville2 , James K. Guest1 , Olivier Brüls2 , and Pierre Duysinx2
1
Department of Civil Engineering, Johns Hopkins University, Baltimore, MD, USA
2
Aerospace and Mechanical Engineering Department, University of Liège, Liège, Belgium
Summary The equivalent static load (ESL) method is a powerful approach to solve dynamic response structural optimization problems.
The method transforms the dynamic response optimization into a static response optimization under multiple load cases. The ESLs are
defined based on the transient analysis response whereupon all the standard techniques of static response optimization can be used. In the
last decade, the ESL method has been applied to perform structural optimization of flexible components of mechanical systems modeled as
multibody systems. This method considers the optimization of isolated components during the static response optimization. The present
research proposes a generalized ESL method accounting for the entire system during the static response optimization, which enables to
formulate the constraints with respect to the mechanism and not restricted to the individual components. The proposed method relies on a
Lie group formalism which has appealing properties to derive efficiently the ESL. Examples validate the method.

TWO APPROACHES FOR THE OPTIMAL DESIGN OF FLEXIBLE MECHANISMS
Nowadays, two approaches can be identified to perform the structural optimization of mechanical system components.
The first one, namely the fully coupled approach, incorporates the time response coming directly from the MBS analysis into
the optimization problem. Hence, this approach leads to a dynamic response optimization problem. The computational cost
to solve this problem may be high as it requires the computation of the sensitivities of the displacements, velocities and accelerations. Further, the treatment of time-dependent constraints is an essential problem as it drastically affects the convergence
of the optimization process. However, this approach is totally general and can accommodate all types of constraints. In order
to reduce the computational cost, a lot of research has been conducted to remove the time dependency out of the problem.
An important breakthrough has been made by Kang, Park and Arora [3] who proposed a rational method to define Equivalent
Static Loads (ESL) to optimize flexible mechanisms. This method leads to the second approach, namely the weakly coupled
approach, wherein an ESL is evaluated for each time step and for each component to design, producing the same displacement
field as the one generated by the dynamic load at the considered time step. These ESLs are fixed during the static response
optimization process whereupon cycles between the MBS analysis and the optimization process are required to account for
the design variable change over the ESLs. Nonetheless, even if the method is general, it has been developed for MBS based
on the floating frame of reference formalism. This formalism separates the elastic coordinates from those describing the gross
motion of the rigid bodies. The traditional ESL method [3] relies on this property which enables to define the ESLs for
each optimized component by simply isolating some parts of the equations of motion. Indeed, this formalism computes the
component deformation with respect to its material (body-attached) frame whereupon the ESL definition is unambiguous.
NONLINEAR FINITE ELEMENT FORMULATION
In the present work, a nonlinear finite element approach formulated on a particular Lie group is considered. The nonlinear
finite element approach aims at accounting for the full flexibility of the different components in an integrated manner and
enables the analysis of mechanism deformation undergoing large and fast joint motions. Moreover, this approach is wellsuited to solve advanced optimization problems such as topology optimization problems, which renders it appealing to design
optimal flexible mechanisms.
The Lie group theory offers several advantages for the finite element analysis of systems with large rotation variables [4].
Firstly, the equations of motion are derived and solved directly on the nonlinear manifold, without an explicit parameterization
of the rotation variables, which leads to important simplifications in the formulations and algorithms. Secondly, displacements
and rotations are represented as increments with respect to the previous configuration, and those increments can be expressed
in the material frame. Therefore, global geometric nonlinearities are automatically filtered from the relationship between
incremental displacements and elastic forces, which strongly reduces the fluctuations of the iteration matrix during the simulation [1]. Taking profit of these properties, the ESLs can be evaluated efficiently. It turns out that they can be defined as the
internal forces of each component since these latter are defined in the nodal local frame [5]. This contrasts with a classical
nonlinear finite element formulation [2] wherein a post-processing step must be added to define the ESLs.
Hence, during the static response optimization problem, for each time step n, the deflection of body b, ∆nb , resulting from
b
the ESL, gn,eq
, is computed as,
b
Kbt (p) ∆nb = gn,eq
,
(1)
where Kbt (p) is the tangent stiffness matrix of body b, depending on the design parameter vector p but not on the time step n.
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LIMITATION
A severe limitation of the ESL method concerns the static response optimization that is performed on decoupled components. As observed in Eq. 1, the superscript b indicates that the equation is related to a lone component. Ergo, the optimization
problem must be formulated in such a way that each component has its own set of constraints. Imposing multicomponentbased constraints, e.g. a global behavior constraint, is thus difficult since the components are optimized independently.
GENERALIZATION OF THE TRADITIONAL ESL METHOD
The proposed method removes this limitation by generalizing the traditional ESL method to account for the entire system
during the static response optimization problem so that multicomponent-based constraints can be considered. In order to
compute the deflection of the system, ∆n, resulting from the global ESL, gn,eq , Eq. 1 must be extended to account for
kinematic joints between components. Resorting to the equations of motion of the mechanism and linearizing them around
the deformed configuration at time step n, the deflection of the system is obtained by solving iteratively the following equation,


 

∆n
gn,eq
Kt BTn
=
,
(2)
∆λ
∆Φ
Bn 0
where Bn is the gradient matrix of the kinematic constraints Φ, which are used, e.g., to model kinematic joints. The Lagrangian multiplier vector λ results from the Lagrange multiplier method to incorporate kinematic constraints.
This generalization is performed efficiently within the Lie group formalism since the system flexibility is accounted in an
integrated way and the tangent stiffness matrix, which is defined in the local nodal frames, can be considered as independent
of n. The additional cost to solve the nonlinear equation is rather limited since the update at each iteration is limited to the
matrix Bn , which accounts for the modification of the component relative displacement.
The proposed generalization has been validated on classical benchmarks, such as the structural optimization of a 2-dof
robot (Fig. 1(a)) and a 4-bar mechanism (Fig. 1(b)). The results are in agreement with the fully coupled method which is
considered as the reference method.
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Figure 1: Kinematic models.
CONCLUSIONS
The proposed method supersedes the traditional ESL method by considering the entire system during the static response
optimization and removing the implicit assumption of optimizing decoupled components. The use of the Lie group formalism
enables this generalization at a low extra-cost since the cost to solve the nonlinear problem is limited to the update of the
kinematic constraint gradient matrix. This approach seems promising to solve industrial applications.
The first author acknowledges support provided by the Whiting School of Engineering at the Johns Hopkins University.
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AN UNDERWATER INERTIA-BASED PROPELLED VEHICLE DYNAMICS AND
PERFORMANCE
Elżbieta Jarzębowskaa)
Institute of Aerospace Engineering and Applied Mechanics, Warsaw University of Technology, Warsaw, Poland
Summary The paper addresses dynamics of variable mass or configuration mechanical systems subjected to holonomic or nonholonomic
constraints, which are imposed due to systems desired performance, tracking specified motions or control needs. It presents an analytical
dynamics modeling framework whose novelty is that nonholonomic constraints can be merged into variable mass system dynamics and final
motion equations are free of the constraint reaction forces so they can be used directly to control design. Many engineering systems change their
mass or configuration when they move, e.g. inertia-based propelled underwater vehicles or mobile robots and manipulators transporting loads.
An underwater inertia-based propelled vehicle model dynamics and performance illustrate the theoretical development presented in the paper.
The paper contribution is two folded. It presents a unified approach to constrained variable mass or configuration systems modeling and
introduces analytical dynamics methods to nonlinear control for solving engineering problems.

INTRODUCTION
The paper addresses dynamics of variable mass or configuration mechanical systems, which can be additionally
subjected to holonomic or nonholonomic constraints. The constraints on these systems are due to their desired performance,
tracking pre-specified motions or are control constraints. There is quite a lot of engineering systems whose mass or
configuration change when they move or change of mass is their way of propulsion. The examples of significant
engineering importance are underwater vehicles which are often inertia–based propelled, ground mobile robots and
manipulators, whose mass or configuration change due to carrying loads, or excavating machines or others transporting
various materials. They work and deliver services so they are controlled systems with specified performance, see e.g. [1].
The beginning of the theory of variable mass systems is attributed to Mieszczerskii [2]. The Second World War and
years after it brought new results oriented to military and space exploration applications. The beginning of analytical
mechanics of variable mass systems is dated when Lagrange equations were derived for them [3]. Research on variable
mass systems is intensive and latest results with references to other works can be found in [4]. There, holonomic systems
with mass being mostly a time function are considered.
There are no, to the best of the author knowledge, a unified approach to generation of variable mass systems motion
equations, when they are constrained by holonomic and nonholonomic constraints. Additionally, the equations should be
applicable for a model-based controller design. A good example of a variable mass and configuration system is an
underwater vehicle which is inertia–based propelled in both pure mechanical and hybrid case, when additional batteries are
added to facilitate or speed up its maneuvers. The vehicle changes its mass due to the change of amount of water in its tanks
and its inertia changes due to an extra mass, which may move inside the vehicle to support maneuvers such as turning,
pitching and yawing. Underwater vehicles serve many purposes, e.g. sea bottom exploration, military purposes, or
elimination of pollutions from sea waters. Variety of mission related control goals, written in constraint equation forms,
may be formulated for them, e.g. monitoring tasks, motion along pre-specified trajectories or with pre-defined velocity
changes. Underwater vehicles are thus constrained variable mass and configuration systems, which need to be controlled.
The paper presents a unified dynamics modeling framework which enables generating equations of motion for
constrained variable mass and configuration systems. The novelty of the framework is that variable mass systems may be
subjected to holonomic or nonholonomic constraints, which may be material, control based or task based, provided they can
be presented in the form of algebraic or differential equations.
The paper contribution is two folded. It presents a unified modeling method for constrained variable mass and
configuration systems and introduces the latest analytical dynamics methods to nonlinear control.
An example of underwater glider dynamics and performance illustrates the theoretic analytical modeling method.
VARIABLE MASS AND CONFIGURATION SYSTEM DYNAMICS
Assumptions for derivation of motion equations for variable mass systems are that the mass change undergoes the
Mieszczerskii mass change scheme [1], mass may be a function of time, positions and velocities, and a system may be
subjected to holonomic or nonholonomic constraints.
The unified constrained dynamics for variable mass systems yields the following equations of motion specified in
generalized coordinates q for q∈Rn

d  ∂T
dt  ∂q& µ
a)

 ∂T
b  d  ∂T
−
− Qµ − Pµ + ∑  
 ∂q µ
β =1  dt  ∂q& β


 ∂g β(1)
 ∂T
−
− Qβ − Pβ 
=0.
 ∂q β
 ∂q& µ


µ=b+1,…,n
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(1)

where: T is the system kinetic energy, Qσ are generalized forces that act upon a system, σ=1,...,n, mass mi = mi (t , q, q& ) .
The constraint equations are presented in the form
(1)
q& β = g β (t , q1 ,..., qn , q& k +1 ,..., q& n )

(2)

k
n−k
with the partition of the generalized velocity vector as q& = (q& β , q& µ ), q& β ∈ R , q& µ ∈ R
.
Pσ are generalized forces due to the mass change and

2

2
2
 2


v ∂ρ
dmi  ∂ri vi ∂mi d  vi ∂mi 
d  v ∂ρ 
dρ  ∂r




or Pσ = ∫∫∫  Φ +
v
−
+
dV ,
Pσ = ∑  Φi +
vi 
−
+

dt  ∂qσ
2 ∂qσ dt  2 ∂q&σ 
dt  ∂qσ
2 ∂qσ dt  2 ∂q&σ 
i =1
V 








dmi
with Φ i =
ci being a reactive force, ci = ui − vi are relative velocity vectors of mass dm joining i-th particle of a
dt
system. Both ui and vi have to be presented in generalized coordinates.
Equations (1) admit the following properties:
- They are free of constraint reaction forces so they can be directly transformed into a dynamic control model by adding
control forces at their right hand sides.
- Constraint equations, both position and kinematic material and task-based, can be merged into (1).
- Their form is the same as for constant mass systems so they can be used when a system configuration changes only.
- They reduce to Maggi equations for first order nonholonomic systems when mass is constant [5].
N

DYNAMICS AND PERFORMANCE OF AN INERTIA-BASED PROPELLED UNDERWATER VEHICLE
The underwater glider inertia-based propelled and equipped with two water tanks located at the front and back of the
vehicle. The longitudinal plane is a symmetry plane for the glider with the water tanks. The motion equations for the glider
are derived based upon (1) in its body frame. The constraints (2) are put upon the glider velocity components.

a)

b)

c)

Figures below present the following: a) change of the vehicle vertical motion when the water in the water tanks is gradually
reduced to half, b) the influence of the pre-specified velocity for the vehicle range of motion, c) turn of the vehicle with different
forward velocities and the same vertical one.

References
[1] Antonelli G.: Underwater Robots, Heidelberg, Springer, 2014.
[2] Mieszczerskii I. V.: Motion equations of a variable mass particle in a general case - Works on mechanics of variable mass bodies, Gostiechisdat, (in
Russian), Moscow, 1949.

[3] Kosmodemianskii A. A.: Lectures in Mechanics of Bodies with Variable Mass, Uczionnye zapiski M.G.U.. vol. 154, Mechanics, 1951.
[4] Cveticanin L.: Dynamics of Bodies with Time-Variable Mass, Heidelberg, Springer, 2016.
[5] Jarzębowska E.: Model-Based Tracking Control of Nonlinear Systems, Taylor & Francis, Boca Raton, 2012.

2588

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A VARIATIONALLY CONSISTENT APPROACH TO CONSTRAINED MOTION
John T. Foster ∗1
1
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Austin, Austin, TX

Summary A variationally consistent approach to constrained rigid-body motion is presented that extends DAlemberts principle in a way
that has a form similar to Kane’s equations. The method results in minimal equations of motion for both holonomic and nonholonomic
systems without a priori consideration of preferential coordinates.

INTRODUCTION
Deriving equations-of-motion for rigid-bodies subject to constraints has a rich research history dating the work of Lagrange. For holonomic constraints, the classical approach is to utilize Lagrange’s equations augmented with undetermined
(Lagrange) multipliers. In the more problematic case of nonholonomic constraints, several principles have been proposed
and debated, notably a general principle for nonlinear, nonholonomic constraints attributed to Appell by Ray [1]. Both of
these methods involve casting the problem with excess degrees-of-freedom in the form of Lagrange multipliers that are later
eliminated in the solution process.
Udwadia and Kalaba [2] provided a new perspective on constrained motion through the use of the Moore-Penrose psuedoinverse to generate a matrix that proportionally weights unconstrained accelerations to come into compliance with the constraints of the system. They make the clever analogy that the abstract proportionality matrix is Nature’s feedback controller,
limiting unconstrained accelerations. The resulting equations derived via their technique are minimal with respect to the
generalized coordinates without a priori selection or use of “felicitous” coordinates. However, their approach, based on
generalized inverse operations, is quite mathematical in nature and the mechanistic interpretation is somewhat fuzzy. Additionally, their method requires that the constraints are linear with respect to the generalized accelerations. In a brief and
apparently overlooked interpretation of Udwadia and Kalaba’s method, Barhorst [3] provided a variational principal that is
shown to be equivalent to the abstract proportionality matrix approach for the case considered, but is provided from a physical
perspective that extends from D’Albembert’s principle. The equations that Barhorst presented can be utilized to efficiently
generate equations of motion for rigid-bodies with either holonomic or nonholonomic constraints. They are also formulated
in a vector-based approach familiar to engineers and have a form that makes computer implementation straightforward. As it
has been ignored in subsequent literature on the subject, the utility of these equations seems to not be apparent. This may be
because Barhorst’s primary goal in his Brief Note was to provide an alternative view on the results of Udwadia and Kalaba,
he presented the fundamental variational principle without derivation (and only for the linear motion of particles), and left
an important component in a generic form, i.e. the explicit form of the constraint-coupling matrix is not given. Additionally,
no examples for how to use these equations have ever appeared in literature. The purpose of this paper is to complete the
variational principle presented by Barhorst and provide an example for the application of the principle for a nonholonomic
system.
BARHORST’S METHOD FOR GENERATING UNCONSTRAINED EQUATIONS OF MOTION
A variational principle that can be used to generate equations-of-motion subject to holonomic or nonholonomic constraints
is (presented without derivation for brevity)

 i
X
∂ ẋi ∂ q̇m (q̇n )
∂ ẋ
0=
(Fi − Ii ) ·
+
δ q̇n +
∂ q̇n
∂ q̇m ∂ q̇n
i
 i

X
∂ω
∂ω i ∂ q̇m (q̇n )
(Ti − Ji ) ·
+
δ q̇n .
(1)
∂ q̇n
∂ q̇m ∂ q̇n
i
for q̇n independent generalized speeds, and q̇m dependent generalized speeds, who’s dependence is specified by k = 1, 2, . . . , m
constraint equations of the form
Ck (qj , q̇j ) = 0
j = 1, 2, . . . , n + m.
Fi and Ii are the internal and D’Alembert interial force vectors of the body i in the inertial reference frame, respectively. ẋi =
ẋi (qj , q̇j , t) is the translational velocity. ω i = ω i (qj , q̇j , t) is the angular velocity of the body i in the inertial reference frame,
T are external torques, J are rotational inertia vectors. This variational principle will be utilized in to generate equations-ofmotion for arbirary δ q̇n on a nonholonomic example in the sequel.
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Figure 1: Two-wheeled cart driven by electrostatic forces. The wheels turn independently.
A NONHOLONOMIC EXAMPLE
A physical setting for a true nonholonomic problem that incorporates both external forces and torques is given in [4].
Consider the cart shown in fig. 1 which has distributed electric charges on it and is subject to an external electric field E in
f and moment-of-inertia, I. It has massless wheels that can turn
the x direction. The cart is a rectangular block of mass M
independently allowing it to move along any smooth path. The wheels do not slip, so that motion is always perpendicular to
the axle. The motion of the cart is the distance traveled along the path s in the direction θ relative to x. The forward speed
of the cart is ṡ. The cart has a charge Q at its center and charges q and −q at the front and rear a distance b from its center,
respectively. Clearly, the velocity of the cart in the x, y plane is constrained to the following conditions
C1 = ẋ − ṡ cos θ = 0,

C2 = ẏ − ṡ sin θ = 0.

(2)

Now utilizing the approach presented in the previous section for which no modification is needed for the nonholonomic
system. First we choose ẋ and ẏ to be the dependent speeds, i.e. ẋ = ṡ cos θ and ẏ = ṡ sin θ. Exercising the projection
equations, without giving any consideration to preferential or felicitous coordinates, the first term of (1) for arbitrary δ q̇n and
the fundamental lemma of the calculus of variations is




∂ ẋ ∂ ẋ ∂ ẋ ∂ ẋ ∂ ẏ
∂ ẋ
∂ ẋ
∂ ẋ
+
+
+ cos θ
+ sin θ
= (F − I) ·
.
(3)
0 = (F − I) ·
∂ ṡ
∂ ẋ ∂ ṡ
∂ ẏ ∂ ṡ
∂ ṡ
∂ ẋ
∂ ẏ
Substituting in the vectors
F = EQ î,

f(ẍ î + ÿ ĵ),
I=M

ẋ = ẋ î + ẏ ĵ,

and evaluating
fs̈ − EQ cos θ,
0=M

(4a)

where the time-differentiated form of (2) is used to eliminate ẍ and ÿ. The second equation of motion can be derived via the
second term (1) for arbitrary δ q̇n in a similar fashion resulting in
I θ̈ + 2bEq sin θ = 0.

(4b)

(4) can be verified correctly using Lagrange’s equations with multipliers. Again, the advantage of the approach shown here
are that the introduction of multipliers is completely unnecessary.
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SIMULATION OF A VEHICLE SEPARATED FROM VEHICULE PLATOON
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Summary When four vehicles move in the platoon, one vehicle separates from the platoon. The velocity control model of the
vehicles is presented in this study. The model is defined by means of the multi-leader type Helly model. The model parameters are
determined by minimizing the objective function defined as the summation of delay time, overshoot, deviation and so on. The
model is applied for the simulation of the traffic flow in four vehicles platoon. The results show that the model can control the
velocity of the vehicles adequately.
INTRODUCTION
Vehicle platoon attracts the attention for enhancing the traffic capacity safely and overcoming traffic congestion. The
vehicle platoon allows many vehicles to move in the very short vehicle distance and accelerate or brake simultaneously. Since
it is difficult for human beings to control vehicles safely in the very short vehicle distance, electric and mechanical control
system is necessary. In this study, the vehicle platoon of four vehicles is considered and then, one vehicle separates from the
platoon. The model for controlling the vehicle velocity is formulated from the vehicle following model. The model parameters
are determined by solving the optimization problem. The objective function is defined as the weighted sum of the variables.
The parameters are applied for controlling the velocity of the vehicles in the platoon and a vehicle separating from the platoon.
CONTROL MODEL
Velocity Control Model
The velocity control model is formulated by Helly model [1]. The model to control velocity according to the information
from the nearest forehand and the leader vehicles is given as follows.
𝑥𝑛̈ (𝑡 + Δ𝑡) = 𝛼(𝑥̇ 𝑛−1 (𝑡) − 𝑥̇ 𝑛 (𝑡)) + 𝛽(𝑥𝑛−1 (𝑡) − 𝑥𝑛 (𝑡) − 𝐷𝑛 (𝑡)) + γ(𝑥̇ 0 (𝑡) − 𝑥̇ 𝑛 (𝑡))

(1)

The variable 𝑥𝑛 (𝑡), 𝑥𝑛−1 (𝑡) and 𝑥0 (𝑡) denotes the positions of the vehicle 𝑛, the nearest forehand vehicle of the vehicle
𝑛 and the lead vehicle of the platoon respectively. The parameter 𝛼, 𝛽 and γ denote the sensitivities (model parameters).
The function 𝐷𝑛 (𝑡) gives the desired vehicle distance, which is given as follows [2].
𝐷𝑛 (𝑡) = 0.3049𝑥̇ (𝑡) + 0.0029{𝑥̇ 𝑛 (𝑡)}2

(2)

Parameter Design
The optimization problem is defined as follows.
minimize 𝐽
𝛼, 𝛽, 𝛾 ∈ [0,1],
Subject to ⌈Δ𝑥𝑛−1 (𝑡)⌉, ⌈𝑥0̇ (𝑡)⌉

(3)
(4)

The objective function is given as follows.
𝐽 = 𝜔1 𝑇𝑑 + 𝜔2 𝑂𝑠 + 𝜔3 𝐸𝑙𝑖𝑚 + 𝜔4 𝐷

(5)

The variable 𝑇𝑑 , 𝑂𝑠 , 𝐸𝑙𝑖𝑚 and 𝐷 denote the delay time, overshoot, steady-state deviation and the value of the integral of the
difference between the desired and the measured vehicle distances, respectively. The variable 𝜔1 , 𝜔2 , 𝜔3 and 𝜔4 denote the
weight parameters.
SIMULATION RESULT
Traffic flow simulation is performed when one vehicle separates from the platoon of four vehicles (Fig.1). The positions
of four vehicles in the platoon are shown in Figure 2. The graph is plotted with the time as the horizontal axis and the vehicle
position as the vertical axis, respectively. At the time of 12.5 second, the 1st follower vehicle separates from the platoon. After
that, the 2nd and 3rd follower vehicles accelerate and reach the forehand vehicles.
a) Corresponding author. Email: kita@is.nagoya-u.ac.jp.
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CONCLUSIONS
The velocity control model of the vehicles in the platoon was presented in this study. The model was defined by means of the
multi-leader type Helly model. The model parameters were determined by solving the optimization problem. The model was
applied for the simulation of the traffic flow in four vehicles platoon. One vehicle separates from the platoon successfully and then,
the vehicles following to the separating vehicle accelerate the leader vehicle adequately.
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Figure 1: 1st follower vehicle separated from the platoon

Figure 2: Positions of vehicles in platoon.
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SOLVER COUPLING WITH ALGEBRAIC CONSTRAINTS: AN INDEX-2 CO-SIMULATION
APPROACH
Daixing Lu1a), Pu Li1 & Bernhard Schweizer1
Institute of Applied Dynamics, Technical University of Darmstadt, Darmstadt, Germany

1

Summary A co-simulation method on index-2 level is presented and analyzed with respect to numerical stability and convergence behavior.
Therefore, two arbitrary mechanical subsystems are considered, which are coupled by algebraic constraint equations (i.e. by rigid joints). In this
work, we act on the assumption that each subsystem has its own solver, which integrates independently from the other subsystem solver. A
weak coupling approach is used for coupling the two subsystem solvers. The coupling method analyzed here is based on the well-known
stabilized index-2 formulation for multibody systems (GGL-formulation). The presented coupling technique is semi-implicit and based on a
predictor/corrector approach.

CO-SIMULATION TECHNIUQUE
Starting with the pioneer work of Ref. [4] on multirate methods for the simulation of subsystems with different time
scales by using different time steps in each subsystem, a large number of methods for solver coupling have been developed
and applied in many different fields of application. Solver coupling and co-simulation methods have been successfully used
in the field of vehicle and engine dynamics, for solving fluid/structure interaction problems and for analyzing
multidisciplinary problems including coupled electromechanical problems [2][5][8][11]. An important field for cosimulation methods is represented by coupled multibody/finite-element problems. Coupled multibody/finite-element models
have for instance been used in Ref. [1] to simulate pantograph-catenary interaction problems. For the combined simulation
of multibody and hydraulic systems, co-simulation approaches have been applied in Ref. [7]. Solver coupling incorporating
smoothed particle hydrodynamics and discrete particle models in connection with multibody dynamics has for instance been
used in Ref. [10]. On the one hand, co-simulation methods are frequently applied for solving multidisciplinary problems. On
the other hand, solver coupling is also used in monodisciplinary applications for parallelizing the solution process.
Concerning the physical coupling of the subsystems, one has generally to distinguish between solver coupling with
algebraic constraints and solver coupling based on constitute laws. Coupling two mechanical subsystems for instance can be
accomplished either by physical force/torque laws (i.e. by applied forces/torques) [1][2][5] or by algebraic constraint
equations (i.e. by reaction forces/torques) [6][9]. In the current work, we only consider constraint coupling. As for
numerical time integration methods, one can distinguish between explicit, implicit and semi-implicit solver coupling
methods.
The coupling technique investigated here uses the equations of motion in the stabilized index-2 formulation according to
Ref. [3]. The key idea of this formulation is to use the constraint equations on position and on velocity level simultaneously.
Incorporation of the constraint equations on velocity level is accomplished by defining additional Lagrange multipliers.
With the additional multipliers a projection term can be introduced in the kinematical differential equations so that the
constraint equations on velocity level can be fulfilled together with the constraint equations on position level.
NUMERICAL ANALYSIS
Application of the stabilized index-2 co-simulation approach for coupling 2 arbitrary multibody subsystems by algebraic
constraints is in detail described in Ref. [9]. As an example, we consider the classical planar four-bar linkage depicted in
Figure 5. This system consists of three rigid links and four ideal revolute joints. To decompose the overall system into two
subsystems, link 2 is split into two parts (𝑚21 and 𝑚22 ). The first subsystem contains link 1 (𝑚1 = 1 kg, 𝐽1 = 1/
12 kg 𝑚2 , 𝑙1 = 1 m) and the left part of link 2 (𝑚21 = 1 kg, 𝐽21 = 1/12 kg 𝑚2 , 𝑙21 = 1 m). The second subsystem is
represented by the right part of link 2 (𝑚22 = 1 kg, 𝐽22 = 1/12 kg 𝑚2 , 𝑙22 = 1 m) and by link 3 (𝑚3 = 2 kg, 𝐽3 =
2/3 kg 𝑚2 , 𝑙3 = 2 m). The two subsystems are coupled by a fixed joint as shown in the figure. The system is driven by the
torque 𝑀𝑧 (𝑡) = 0.5 ∙ 𝑡 Nm, which is applied at the center of mass of link 1. Gravity acts in negative y-direction (𝑔 =
𝜋
9.81 m/s 2 ). As initial conditions, 𝜑1,0 = rad and 𝜑̇ 1,0 = 0 rad/s have been chosen. Simulation results are collected in
4
Figure 1, where the displacement 𝑥21 (𝑡) of the center of mass 𝑆21 is shown. The figure also depicts the coupling equation
𝑔𝑐𝑎𝑥 (𝑡) = (𝑥21 + 0.5 ∙ 𝑙21 ∙ cos 𝜑21 ) − (𝑥22 − 0.5 ∙ 𝑙22 ∙ cos 𝜑22 ) = 0 for the fixed joint in 𝑥-direction. The co-simulation
has been carried out with different macro-step sizes, namely 𝐻 = 1𝐸 − 3, 𝐻 = 5𝐸 − 4 and 𝐻 = 1𝐸 − 4.

a) Corresponding author. Email: lu@ad.tu-darmstadt.de.
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Figure 1. Planar four-bar linkage: interpretation as two double pendulums coupled by a fixed joint; simulation results for
the four-bar linkage for different macro-step sizes: displacements 𝑥21 (𝑡), constraint equations 𝑔𝑐𝑎𝑥 (𝑡).
CONCLUSIONS
The semi-implicit co-simulation technique investigated here shows stable and convergent simulation results for the case
that the coupling variables are remained constant during the macro-step. The presented method is tailored for solver
coupling with algebraic constraints and uses a formulation on index-2 level without numerical drift. Since explicit methods
often fail in connection with constraint coupling, the investigated method may represent an efficient and robust technique to
handle solver coupling with algebraic constraints. A direct comparison with explicit coupling schemes shows the improved
stability of the semi-implicit method. The proposed method requires no detailed subsystem information, since the Jacobian
matrices have small dimensions and can simply be calculated numerically by finite differences. The presented co-simulation
approach shows good numerical stability properties. Stable simulations can be achieved in a wide parameter range and also
for the case that the subsystems have very different mechanical properties. The global errors of the position and velocity
variables converge with 𝒪(𝐻2 ); the corresponding locals errors converge with 𝒪(𝐻3 ).
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PARAMETRIC STUDY ON FLEXIBLE MULTIBODY DYNAMICS
VIA MODEL REDUCTION
Kai Luo, Cheng Liu a) & Haiyan Hu
School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China
Summary The paper presents an approach of reduced-order model (ROM) for parameterized flexible multibody systems described by the
Absolute Nodal Coordinate Formulation (ANCF). The finite elements of ANCF is capable of describing nonlinear dynamics of flexible
multibody systems with coupled overall motions and large deformations. In a neighborhood of specified parameters, the sampling ROMs
are obtained offline by projecting the system dynamic equations onto the subspace of the reduced-order bases (ROBs) using the Proper
Orthogonal Decomposition (POD) and Galerkin methods. Then the remaining ROMs with uncertain sets of parameters in the
neighborhood can be computed for online simulation via a manifold interpolation approach so that the dimension of a parametric
multibody system is significantly reduced. The accuracy and efficiency of the proposed approach is validated through a case study of a
free-falling double-pendulum system composed of two flexible beams with uncertain parameters, such as Young’s modulus, beam length
and gravitational acceleration.

INTRODUCTION
The large-scale flexible multibody systems subject to overall motions and large deformations can be modeled by the
nonlinear finite elements of Absolute Nodal Coordinate Formulation (ANCF) [1-3], which however requires high
computational cost. Model reduction methods provide remarkable potentials for efficient simulations of flexible multibody
dynamics by properly approximating the system. The POD (Proper Orthogonal Decomposition) method [4], one of the most
popular model reduction methods, gives the optimal reduced linear representation of the original model in the sense of the
average squared distance from the statistical viewpoint. Generally, the model reduction is performed using a Galerkin or
Petrov-Galerkin projection. The obtained low-dimensional reduced-order model (ROM) is expected to be applied to the
problems of flexible multibody systems, such as design optimization, control system design, uncertainty quantification,
stability analysis, real-time simulations etc. Most of the applications mentioned above involve changes of parameters, say,
material parameters, geometry parameters, input forces and other physical parameters. Therefore, the present study focuses
on model reduction for parametric flexible multibody systems. The POD-based ROM can reproduce accurately the
nonlinear dynamics of the full-order system whereas it lacks robustness when varying the values of parameters. Thus, a
method of interpolation on manifold for the reduced-order bases (ROBs) [5] can be used to obtain a new ROM with respect
to an unknown set of parameters in the neighborhood of several pre-computed sampling points. After that, an efficient
online simulation can be performed by using the new ROM combined with a hyper reduction technique [6].
MODEL REDUCTION AND MANIFOLD INTERPOLATION
Solution scheme for parametric flexible multibody systems
The parametric flexible multibody systems in this study are modeled by using the finite elements of ANCF, of which the
generalized coordinates contain the global position coordinates and the position gradient coordinates. Consequently, the
derived dynamic equations of the system have a constant mass matrix and show no centrifugal and Coriolis forces explicitly.
Therefore, the key issue of the present study is to solve efficiently the Differential Algebraic Equations (DAEs) associated
with numerous sets of unknown parameters by using model reduction. The total process can be divided into two phases,
including the offline one and the online one. The sampling ROBs and ROMs with respect to several sets of specified
parameters are computed offline by using the POD scheme and Galerkin projection. And the ROBs and ROMs associated
with the desired parameters for online simulation can be subsequently obtained with the manifold interpolation method.
Model reduction using POD and Galerkin projection
The POD scheme is performed to compute the ROBs by extracting the solution snapshots (the time series of generalized
coordinate increments) from the full-order model of high-fidelity. Then the truncated ROBs are carefully chosen according
to the dominant oriented energy of the snapshot data. Afterwards, the ROM is obtained based on the Galerkin projection of
the full-order model onto the subspace of the ROBs. In the offline stage of a parametric problem, the above reduction
operation needs to be repeated for several times to derive ROBs and ROMs associated with specified parameters.
ROM adapting via interpolation on manifolds with respect to parameter changes
With the pre-computed sets of ROBs, a new set of ROBs with respect to arbitrary parameters in the neighborhood of the
sampling ones can be obtained via interpolation. However, direct interpolation of the ROBs cannot guarantee the
orthogonality of the constructed ones, which may lead to the breakdown of simulation. Since the ROBs belong to the
Grassmann manifold, a manifold interpolation approach [5] can be applied. First, the sampling ROBs are mapped onto a
tangent space to the manifold so as to release the orthogonality constraint. Subsequently, the mapped data is interpolated in
a) Corresponding author. Email: liucheng_bit@aliyun.com
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this space using a preferable univariate or multivariate approximation method. Finally, the interpolated result is mapped
back to the original manifold to derive the desired ROBs, and the ROBs is further applied to construction of a new ROM for
online simulation.
CASE STUDY
Free falling of a double pendulum of two beams with uncertain parameters
This case study presents the effectiveness of the proposed method by simulating the dynamics of a flexible doublependulum system with changes of parameters, including Young’s modulus, beam length and gravitational acceleration.
Figure 1 shows the initial configuration of the double pendulum composed of two beams with square cross-sections. There
involve there uncertain parameters, namely, Young’s modulus of the two beams E∈[1.0e9 Pa, 1.0e10 Pa], the length of
Beam 2 L2∈[0.4 m, 0.6 m] and the gravitational acceleration g∈[gearth/6, gearth] where gearth=9.81 m/s2. Other related
geometry sizes and the connected relationship between ground and Beam1 and between the two beams are also shown in
Fig. 1. The material density and Poisson’s ratio are set to be 1610 kg/m3 and 0, respectively. Figure 2 a, b and c shows the
time history of Y-displacement of the tip point C for different models corresponding to the desired parameters E, L2 and g,
respectively. It can be indicated that the dynamics responses computed by the interpolated ROM are in good consistency
with those of the full-order model and the directly computed ROM based on POD.
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Figure 1 Initial configuration of a double pendulum

a. E=3.5e9 Pa, L2=0.5 m, g=gearth
b. E=1.0e9 Pa, L2=0.57 m, g=gearth
c. E=1.0e9 Pa, L2=0.5 m, g=2gearth/5
Figure 2 Time history of Y-displacement of tip C with respect to different uncertain parameters
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Summary We propose the model of a flexible mechanism that adapts to unstructured terrains. The locomotion mechanics is inspired by the
one of multi-legged organisms such as millipedes and millipedes, whose efficiency in exploring unstructured environments is due to high
redundancy and robustness of their locomotion system based on multiple contacts with the terrain. Leg to ground contact kinematics can be
modeled as a peristaltic displacement wave [1], with periodic contact that provides redundancy and robustness for locomotion. The body of
the mechanism is modeled as a Timoshenko beam, whose kinematics captures the basic morphology of millipedes and centipedes bodies.
With respect to our work in [2] we propose a different locomotion model that is based on the mechanics of legged peristaltic locomotion
[3]. A Lagrangian approach is used to derive the governing equations of the system that couple locomotion and shape morphing, that are
illustrated by simulation results.

RELATED WORK
An important part of current robotic research has been and is inspired by features characterizing animal organisms, due
to their inherent robustness and adaptability to uncertainties in the interaction with unstructured environments [4]. In order
to achieve robustness and system adaptability with respect to different environments, mobile multibody robots have been
developed from classical manipulators by considering rigid body chains interacting with the environment in a variety of
modes. In the framework of flexible members, several researches have recently proposed finite dimensional (with large
number of degrees of freedom) and distributed systems capable of high deformability and large displacement of the end
effector [5].
DESCRIPTION OF THE MODEL AND RESULTS

Body
Legs

Contact
(a)

(b)

Figure 1: (a) Details of the dorsal structure of selected millipedes. (By Animalparty (Own work) [CC-BY-SA-3.0 (http://
creativecommons.org/licenses/by-sa/3.0)], via Wikimedia Commons; (b) schematic snapshot of the profile
of the legs’ extremities.
Millipedes have a slender body comprised of an exoskeleton which can be schematized as a chain of coaxial rings with two
legs each, which possesses an internal cartilaginous spine with spinal elements connected by three degrees of freedom joints,
see Fig. 1(a). The locomotion can be characterized by two mechanisms, namely the spinal locomotion and the concertina
locomotion, and it is schematized by the two stages kinematics illustrated in Fig. 1(b), comprised of a stage in which the leg is
in contact with the ground to create the thrust associated to friction, and a recovery stage in which the leg is not in contact. In
the works [3, 1] the overall pattern has been identified as analogous to a peristaltic wave, that typically propagate in the bodies
of warm-like organisms. This mechanism is inherently redundant and robust as many contact points with the ground ensure
persistent thrust for forward locomotion, and allows shape morphing with respect to nonzero curvature of the substrate, with
filtering of local asperities through the coupling between the legs and the body. Fig. 1(b) schematically shows a snapshot of
the profile of the legs’ extremities; by considering a continuous distribution of legs, we approximate the contact profile by the
traveling wave


2πN
x + ct , x ∈ [0, `],
r sin
`
∗ Corresponding

author. Email: dspinell@uottawa.ca
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where r is the length of the limbs (assumed to be the same), c is the speed of propagation, x is the abscissa along the body of
length `, and the integer N represents the number of legs in contact with the substrate at a given time t. Note that the sign of
the time term in the traveling wave profile is chosen so that contact points travel left to right with respect to the body oriented
as in Fig. 1(b).
To describe the motion of the system we consider the composition of a rigid body placement with a small deformation
about the rigid body configuration. The rigid body placement is described by the change of coordinates x(X, t) = d(t) +
R(θ(t)) (X − δ`E1 ) that maps X from the reference configuration to x in the current rigid body configuration. The rigid
change of coordinates is as usual composed of a rigid body displacement d with respect to the origin of a fixed reference
frame, and by the action of the rotation tensor R(θ). The small deformation about the rigid body placement is described by a
map χ that takes points x and maps them to the point χ(x, t) in the current deformed configuration as χ(x, t) = x + U(x, t),
where U is a small deformation, that consistently with the the linearized planar Timoshenko beam theory is given by U(x, t) =
(u(x1 , t) − X2 ψ(x1 , t))e1 + w(x1 , t)e2 , where ei are rotated orthonormal basis vectors (floating reference frame) that are
used to describe the rigid body placement, and u, ψ and w are respectively the axial displacement, the rotation of the cross
section, and the traversal displacement all with respect to the rigid body placement. The velocity of a point χ in P is obtained
as its material time derivative, that is therefore given by
χ̇ = ḋ + θ̇W(x − d) + U̇

(1)

where θ̇W is the skew-symmetric tensor ṘRT . The system is driven by the peristaltic wave pattern on the legs described
above, which is either constitutively related to a distributed action on the body, in which case the action is equivalent to an
external force, or it is geometrically related to kinematic descriptors in (1), in which case it acts as a prescribed kinematic
term. The evolution equations are then obtained by by minimizing the action functional, and the corresponding weak form of
the system of governing partial differential equations is reduced to a system of ordinary differential equations by projecting
the spatial parts of the deformation fields along the Timoshenko beam basis functions [2].
Simulation results in Fig. 2 are obtained by setting a nondimensional peristaltic wave propagation speed c = 0.1, and
by letting the system track a profile composed as the sequence of parabolic and straight portions, with non-smooth curvature
transition between the two parts. Figure 2(a) shows eight snapshots of the system, with the state across the point with change
of curvature occurring around time 100 sec. The zoom of this snapshot is shown in Fig. 2(b). Results illustrate how the system
driven by legs’ peristaltic locomotion patterns result in path tracking and shape morphing, and it delineates a theoretical and
simulation framework to design a class of autonomous mobile robotic devices.
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Figure 2: (a) Snapshots of the system tracking a profile (terrain) and shape morphing while driven by a peristaltic wave; and
(b) zoom of the snapshot at the critical point corresponding to non-smooth change of curvature of the terrain.
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Summary This paper presents an electric booster brake system, consisting of a motor and a rotational-to-linear motion mechanism which may
replace the traditional vacuum booster. The system meets all the relevant requirements of electric vehicles and active safety technologies, such
as brake booster without vacuum pump, coordination with regenerative braking, active brake function, etc. A sliding mode controller is
proposed to implement the brake booster function using Lyapunov function approach to ensure the algorithm robustness. A number of
simulations are conducted using a hardware-in-the-loop test rig. The simulation results show that the proposed controller leads to fast generation
of booster brake forces fast, and provides a comfortable brake pedal feeling.

INTRODUCTION
Nowadays, most road vehicles still use conventional brake systems based on vacuum boosters. However, there exist two
distinct disadvantages of the conventional brake systems: (1) it requires an engine to drive the vacuum booster, and motors
and vacuum pumps will be needed for electric vehicles to provide vacuum source, thereby causing the brake system bulky
and expensive; and(2) friction brakes will produce braking forces as long as the driver presses the brake pedal, and it makes
the conventional brake systems can't coordinate with regenerative braking. To meet the two requirements for a non-vacuum
system and to coordinate regenerative braking[1], an electric booster brake system (E-booster) is developed in this research;
a vacuum booster is replaced with a motor, and the motor can be easily controlled to generate different brake pedal feeling
depending on respective driver expectation. The E-booster can realize different working modes under different conditions,
such as brake booster mode and regenerative braking mode. Shown in Figure 1 is the block diagram of the E-booster
actuator, the motor is used to drive the actuator by using a worm gear and a rack gear to amplify the output torque, and the
rack gear converts rotational motion into linear motion, thereby forcing the master cylinder piston into reciprocating motion
to regulate hydraulic pressure.
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Figure 1. Block diagram of the E-booster actuator
BRAKE BOOSTER CONTROLLER DESIGN
The goal of the brake booster controller is to generate proper brake booster force in order to assist the driver to stop the
vehicle, and also provide comfortable pedal feeling. A sliding mode controller is proposed in this paper to control the rack
tracking with the push rod. As shown in Figure 1, the torque balance equation of the E-booster actuator can be expressed as
follows [2]
(1)
Tm  J mm  Bmm  g (t )
where g (t ) represents the sum torque caused by the master cylinder pressure and system friction, J m the inertia of the
motor, Bm the coefficient of the motor.
The sliding surface  is defined by

  ( xr  x p )  c( xr  x p )
where xr  kmm represents the rack stroke, it is determined by the rotor angle of the motor, x p  k p p

(2)
represents the

push rod stroke, which is determined by the brake pedal angle, c represents a positive constant,  m and  p can be
measured by the pedal angle and motor angle sensors respectively. The Lyapunov function is defined as follows
1
V  J m 2
2
Differentiating Equation (3) with respect to time, and using Equation (1),
a)

(3)
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We assumed the following inequality
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and  is a known positive constant, substituting Equation (5) into Equation (6), yields
V '  km Tm  Bmm  g (t )  (t ,m , p ) 

(5)

(6)

Let

Tm  Bmm  g (t )  K sgn( ) ( K   )
After some manipulations, Equation (6) becomes
V '  km   K sgn( )  t (m , p , I )   km K |  | km t (m , p , I ) km ( K   ) |  | 0

(7)

From Equation (3) and Equation (7), yields
V ( ( t ))
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Thus,  will reach the sliding surface   0 in a finite time, and the controller is stable according to Equation (7).
|  (t ) ||  (0) | 

SIMULATION RESULTS
Shown in Figures2 and 3 are the hardware-in-the-loop simulation results using the brake booster controller. Figure 2
presents the time history of master cylinder pressure, rack stroke (R-S), and pedal force. The brake pedal force is
significantly decreased by using the brake booster function of the E-booster prototype, and the pedal feeling is comfortable
due to the smooth and continuous pedal force curve. Figure 3 presents the time history of  , push rod stroke (P-S), rack
stroke, push rod velocity (P-V), and rack velocity (R-V). At the beginning, there exists a gap between the push rod and the
rack, thus,   0 ; however, it is quickly reduced to zero after the brake pedal is applied, the stroke and velocity of the rack
follow the stroke and velocity of the push rod well, respectively. The experimental results verify the robustness of the brake
booster algorithm.
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Figure 2. Rack stroke, pedal force and pressure
CONCLUSIONS AND FUTURE DEVELOPMENTS
An electric booster brake system is developed with the replacement of the traditional vacuum booster by a motor, and a sliding
mode brake booster controller is also proposed using Lyapunov function to ensure controller robustness. The simulation results
show that the E-booster can realize the brake booster function, and the proposed algorithm generates booster brake forces fast,
and forces the rack to track the push rod well to ensure comfortable brake pedal feeling. The future work will focus on the
coordination with regenerative braking by using the E-booster.
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DEFORMABLE-RIGID SWITCH IN COMPUTATIONAL SIMULATION OF
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Summary This paper presents the application of deformable-rigid (D2R) switch technique in the computational analysis of a bus rollover test,

in accordance with ECE R66 regulation. Using an explicit nonlinear dynamic finite element code LS-Dyna, a bus bay section model for
rollover is prepared. All parts are switched to be rigid and merged with a master part in the free falling process. To tune the model with the real
test, the flow chart and key parameters are given. The result proves the validity of D2R in the rollover analysis, and the mass and inertia are kept
unchanged. The D2R switch makes the run of the detailed model applicable by reducing computation cost, thus making it valuable for design
analysis and evaluation.

Introduction
The Regulation No.66 of Economic Commission for Europe (ECE R66) is enforced to guarantee the passenger safety in
ground vehicle rollover accident. Residual space is the main concern due to the requirement to be not penetrated by any
structures or components in the rollover accident to ensure the passenger safety. In the latest version of the ECE R66
Regulation (v.2006) [1], a computer simulation of rollover test of complete vehicle is accepted as a method equivalent to the
physical testing of complete vehicle and body sections.
In the ECE R66 test, the vehicle is placed on a slowly tilting platform, and it starts to fall off at its equilibrium position
when its centre of gravity reaches the highest position. To consider the 3D motion [2], the free falling process is necessary to
be included in the simulation. The vehicle behaves as a rigid body before contact with the ditch surface, and starts to deform
under impact. Usually, on account of the model complexity and limited computation resources, the deformable-rigid (D2R)
switch technique, provided in LS-Dyna, is necessarily used to reduce the computation time cost.
Using the D2R switch in the vehicle model, key parameters and the flow chart of simulation are given and discussed in
the paper in order to tune the model according to the real test data. It is also shown to be applicable and promising for the
evaluation of the structural integrity and design improvement of a complete full-scale vehicle model using the D2R switch.
Deformable-rigid (D2R) switch and finite element model
D2R switch
Shown in Fig.1, the model needs to be switched from the “deformable” to the “rigid” state at the beginning (Position A),
and get a reverse switch back to the original state before the hitting of ground (Position B). This round-way switch can be
implemented in LS-Dyna using the keyword *DEFORMABLE_TO_RIGID_AUTOMATIC. The activation of the switch
can be controlled by the time [3].
It’s recommended to switch all parts in the model to avoid error in mass calculation [4]. A master rigid body is suggested
to be specified for the D2R switch. It is chosen as one of initial rigid bodies in the model. During the switch, all deformable
bodies are merged with the master rigid body. The choice of master rigid body can be arbitrary, whereas it needs to avoid
the one with special boundary conditions. Rigid bodies initially existing in the model should be excluded from the switch
list [4], otherwise they will also be merged with the master. This merge is irreversible, and it leads to inaccuracy of model.
The potential energy variation during the free falling process is the key factor for the rollover analysis. Thus, the mass
and inertia of the model must be kept unchanged by the D2R switch, which can be verified in results [4].

Fig.1 Rollover test of ECE R66 [1]

Fig.2 Bus bay section model with roof and floor hidden

Fig.3 Initial state of simulation

FE model
Fig. 2 illustrates a model of the bay section built to simulate the rollover test for the typical bus. The total mass of the
unloaded bay section (without passengers) is 1811 kg. The model contains approximately 187,000 shell elements, using
a)
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four-node Belytschko-Tsay formulation with 5 integration points through the thickness. The material model includes
materials of type 24 (024 PIECEWISE_LINEAR_PLASTICITY) and type 20 (020 RIGID). Contact and constrain cards are
used for the inter-connection of both deformable and rigid parts. Welding is modelled using the tied contact between parts
with type 24 shell elements as welds.
The simulation starts with the equilibrium position shown in Fig.3. The initial rotation velocity is set to a negligible
value. The gravity is applied as the external loading. A rotary hinge is built where the lower frame touches the platform
shoulder. The lower half of hinge is fixed in space while the upper half is connected with the frame. Thus, the hinge here
replaces the contact definition. The failure of hinge is activated when the bay section leaves the platform.
The contact of the bay section and ground is implemented as *RIGIDWALL_PLANAR, also shown in Fig.3.
The simulation was performed for 4.5s of event using MPP LS-Dyna on the supercomputing facility GREX, Westgrid
(Compute Canada) with 12 cores. The simulation time was 12.3 hours. The rigid state of D2R lasts for 2.48s. It’s found that
the simulation during this D2R rigid state is about 3.4 times faster than the rest of simulation.
Key parameters and simulation process
In order to tune the model with the available rollover test data (video providing deformation history), the key parameters
are identified and shown in Fig.4 along with the flow chart of simulation. It is summarized below.
Firstly, set “Initial rotational velocity”, then do initial run and record “Hitting time”, which is expected to be equivalent
to the test data; set “D2R switch time” smaller than “Hitting time” but very close to it, and “Contact birth time” to be equal
to “D2R switch time”; Secondly, set a proper “Time step” during D2R switch to get an accepted mass increase due to mass
scaling; Finally, set “Hinge failure time” obtained from the test video as the time when the bay section leaves the platform.

Fig.4 Key parameters and tuning process

Fig.5 Moments of hitting
ground and maximum deformation

Fig.6 Energy curve

Results and discussion
The results of simulation when the bay section hits the ground and when the deformation of structure is maximal are
presented in Fig.5. It’s shown that the side frame is severely bent at seats’ connection.
The energy curve is shown in Fig.6. At 2.54s, the bay section hits the ground, thus kinetic energy reaches the peak and
internal energy starts to increase rapidly. The total energy is kept conserved before and after the rollover, thus the validity of
the model is proved.
From the obtained result one may conclude that as the kinetic energy and resultant velocity is continuous, the model mass
is kept correct during the D2R switch. By choosing different master rigid bodies, it’s shown that the potential energy curves
are the same. Then it proves that the D2R switch doesn’t change the inertia.
Conclusion
The D2R is an efficient technique in LS-Dyna for the vehicle rollover analysis which reduces the computation cost of
simulation treating the model as rigid in the free falling process. Also, it’s necessary to avoid wrong internal energy
developed by gravity in free falling. Application of D2R in a complete vehicle model will be useful for design improvement
evaluation to meet the regulation requirement. Extracted loading will be beneficial to the refinement of bus components.
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ARCHITECTED MATERIALS: PERFORMANCE THROUGH BISTABILITY
Katia Bertoldi1, Jordan Raney1, Sicong Shan1, Sung Hoon Kang2, Jennifer Lewis1, Neel Nadkarni3, Chiara Daraio4,
Dennis Kochmann3
1
School of Engineering and Applied Sciences, Harvard University, Cambridge, United States
2
Department of Mechanical Engineering, John Hopkins University, Baltimore, United States
3
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, United States
4
Department of Mechanical and Process Engineering, ETH Zurich, Zurich, Switzerland
Summary Although the study of the effect of shape and geometry on the mechanical response of solid objects has a long history,
the surge of modern techniques to fabricate structures of complex form paired with our ability to simulate and better
understand their response has created new opportunities for the design of architected materials with novel functionalities (also
referred to as metamaterials). In this talk I will show that by carefully designing the meso-structure, novel effective behavior at
the macroscale can be achieved.

In recent years we have witnessed the emergence of materials in which the meso-scale structure has a prominent role
and whose mechanical behavior is governed by structure rather than chemistry. Here, I will focus on the mechanical
properties of a specific class of such architected materials: highly non-linear periodic and elastic structures comprising
bistable elements.
Harnessing snap-through instability to design reusable energy absorbing materials
Energy absorbing materials are widely deployed for personnel protection, crash mitigation in automobiles and aircrafts, and
protective packaging of delicate components. Many strategies have been investigated to create materials that efficiently
dissipate mechanical energy, including plastic deformation in metals, fragmentation in ceramics, and rate-dependent viscous
processes. However, in all of these systems there are challenges associated with either reusability or rate dependency.
Most recently, mechanical metamaterials have been fabricated in novel geometries to realize recoverable energy-absorbing
behavior in elastic systems, suggesting novel strategies for mechanical dissipation of energy.

Figure 1: (a) Drop of multistable and control samples (consisting of the same structures but taped to make all beams
intentionally collapsed prior to the drop test) with raw eggs attached to their top from h = 12.5 cm. The eggs attached to the
multistable structures survive, while those on the control samples break upon impact. (b) Acceleration–time curve for a
multistable structure and the corresponding control sample dropped from h = 7.5 cm
We recently reported a new class of architected materials in which the energy inserted into a system during loading is
trapped in the form of elastic deformation of a large number of bistable elastic beams [1]. Our design is motivated by the
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observation that, in contrast to an elastic beam that buckles under axial compression, but fully recovers its initial shape
when unloaded, a bistable beam snaps between two different stable configurations and retain its deformed shape after
unloading. Therefore, such a bistable beam is capable of locking in most of the energy inserted into the system during
loading and can be used as an energy absorbing element.
We first combined experiments and simulations to systematically investigate the effects of the beam geometry on its
mechanical response and then demonstrated that bistable elastic beams can be arranged to form energy-trapping materials
(Fig. 1). Our strategy offers several advantages; it can be applied to structures with various length scales (from micro to
macro) and provides a simple modular design scheme, so that the
mechanical response can be tuned by controlling
geometric parameters guided by a ``phase diagram''. Moreover, the loading process is fully reversible, allowing the
structures to be consistently reused many times, with the energy absorption unaffected by loading rate or history.
Harnessing snap-through instability to achieve stable propagation of mechanical signals in soft media
Soft structures with rationally designed architectures capable of large, nonlinear deformation present opportunities for the
design of unprecedented, highly-tunable devices and machines. However, the highly-dissipative nature of soft materials has
inherently limited the way in which such systems can be used. We recently investigated an architected soft system
comprised of elastomeric, bistable beam elements connected by elastomeric linear springs. The dissipative nature of the
polymer readily damps linear waves, preventing propagation of any mechanical signal beyond a short distance, as expected.
However, the unique architecture of the system enables propagation of stable, nonlinear solitary transition waves with
constant velocity and pulse geometry over arbitrary distances. Since the high damping of the material removes all other
linear, small amplitude excitations, the desired pulse propagates with high fidelity and controllability. This phenomena can
be used for control signals as we demonstrate through the design of soft diodes and soft mechanical logic gates.
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MECHANICS OF EVAPORATION-DRIVEN FOLDING OF GRAPHENE SHEETS
Qingchang Liu & Baoxing Xu a)
Department of Mechanical and Aerospace Engineering, University of Virginia,
Charlottesville, VA 22904, USA
Summary We propose a mechanics theory of folding two-dimensional (2D) graphene sheets from rapid evaporation of its liquid suspension.
Using an energy criterion that contains the competition among bending energy of graphene sheets, surface energy of graphene sheets and liquid
and their interfacial energy, and binding energy of folded graphene sheets, we are able to quantitatively correlate folded three-dimensional (3D)
graphene structures with both geometric size and surface wettability of 2D graphene sheets. Theoretical predictions of folded 3D graphene
structures agree well with parallel molecular dynamics simulations. Our theory is of immediate interest to the study of crumping/folding original
2D structures to 3D shapes through evaporation of a liquid suspension.

INTRODUCTION
Crumpling or folding two-dimensional (2D) structures such as graphene sheets into three-dimensional (3D) structures
has been considered a facile route to scale up them to macroscopic level. The formed crumpled structures can inherit the
merits of 2D structures such as superhigh specific surface area, extreme electrical conductivity and ultrahigh toughness by
resisting aggregation of planar graphene sheets when they are packed up to macroscopic scale, and attracts tremendous
attention for wide applications from supercapacitors to energy absorbers. In comparison with 3D graphene patterns that are
often achieved through mechanical buckling deformation in a substrate [1], the recent developed liquid-assisted folding of
graphene sheets from evaporation of its liquid suspension provides a novel manufacturing technique due to easy delivery of
folded structures. For example, crumpled balls of graphene are observed in experiment through rapid evaporation of an aerosol
dispersion of micrometer-sized graphene oxide sheets [2-4]. When the solvent solution or concentration of graphene oxide
sheets changes, 3D porous graphene oxide structures can also form spontaneously through evaporation of the liquid phase
[5]. The crumpling mechanism of graphene sheets are expected to be led by the competition of interfacial energy and elastic
bending energy of graphene sheet, with the former promoting and later resisting folding of structures. Herein, we will present
the first theory for quantitatively describing the folding process of 2D graphene sheets from evaporation of liquid. By
considering the competition of solid-liquid interfacial energy, liquid/solid surface energy, binding energy and elastic bending
energy of graphene sheets in water liquid, we construct an energy criterion that takes into account both geometric size and
surface wettability of graphene and can be used to identify the folded pattern and stability of 3D graphene structures. Extensive
molecular dynamics (MD) simulations are also performed in parallel to examine the folding process and show good
consistence with theoretical predictions.
ENERGY ANALYSIS AND THEORY MODEL
Consider a mixture of a single flexible graphene sheet and water liquid (Figure 1a), depending on surface wettability of
the graphene, it either wraps the water droplet with one side in contact with water and the other exposed to the air, or is
wrapped up by water droplet with both sides in contact with water at equilibrium. The wrapping state can be determined by
classic Young’s equation via a contact angle of water droplet sitting on a graphene surface 𝜃𝑐 . At 𝜃𝑐 < 90° , the surface of
graphene sheet is hydrophilic, and it will be wrapped by the water droplet, and at 𝜃𝑐 > 90° , the surface of graphene is
hydrophobic and it stays outside the water droplet. Given the volume of water droplet,𝑉 , the radius of water droplet,
𝑟𝑤𝑒 =(3𝑉 𝑒 /4𝜋)1/3 , can be obtained by approximately simplifying to a spherical ball at equilibrium, where the superscript 𝑒
represents equilibrium state without evaporation of water. Along with formation of the water droplet ball due to minimization
of surface energy, the graphene sheet will deform and the deformation is dominated by energy, 𝐸:
𝐸 = 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 + 𝐸𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 + 𝐸𝑏𝑒𝑛𝑑𝑖𝑛𝑔 + 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔
(1)
where 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 includes surface energy of both water droplet and graphene, 𝐸𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 is the water-graphene interfacial
energy, 𝐸𝑏𝑒𝑛𝑑𝑖𝑛𝑔 is the elastic bending energy of the graphene sheet, and 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔 is the binding energy of the graphene
sheet that overlaps together if happens. Once the evaporation of water liquid occurs, the equilibrium of water-graphene
interactions will break. If the profiles of graphene sheet at equilibrium (i.e. Figure 1 patterns I, II, III, IV) will continue to
deform, the energy 𝐸 will decrease, otherwise they will recover, where if the recovery happens, we consider the evaporation
will not fold the graphene sheet. Therefore, an energy variation, ∆𝐸, can be employed to determine the evaporation-driven
folding of the graphene sheets after equilibrium, that is,
∆𝐸 = 𝐸 − 𝐸 𝑒
(2)
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Obviously, if ∆𝐸 > 0, evaporation of water liquid will not fold the graphene sheet, and if ∆𝐸 < 0, the energy 𝐸 will
decrease, favorable to further folding graphene sheet. Though analysis, ∆𝐸 can be obtained. For example, for pattern I, we
have:
∆𝐸 =

1
8𝜋3

𝐿3 +

(2ℎ+𝑤) 2
𝐿
4𝜋2

+(

2
ℎ2 +𝑤ℎ−2𝑟𝑤

2𝜋

−

𝐸0
4𝜋2 𝛾𝑤

)𝐿 +

𝐵𝑤

(3)

2𝛾𝑤

where 𝐿 and 𝑤 is graphene length and width, respectively. 𝐵 is the bending stiffness of the graphene sheet and 𝛾𝑤 is the
surface tension of water molecules. By solving Eq.3, the critical graphene sheet 𝐿𝑐 = 9.8 𝑛𝑚 that corresponds to ∆𝐸 = 0
can be obtained. Beyond the 𝐿𝑐 , ∆𝐸 < 0 and pattern I will continue to deform with the evaporation of water molecules.
Similar procedures as Eq. 3, Equations can be constructed for patterns II, III and IV and the corresponding critical length of
graphene sheets for self-folding can be determined.
To predict the size of final folding patterns and geometric features, we will continue to employ the energy criterion. For
example, for the patterns I, assume it is composed of an overlapped part with length 𝑙𝑜 and interlayer distance of 𝑡 and
bended graphene with a partial circle of radius 𝑟𝑔 , with a small increment ∆𝑙𝑜 , we can have:
∆𝐸 = −2∆𝑙𝑜 𝑤𝛾𝑔 + 𝐵𝜋𝑤 (

2𝜋

𝐿−2(𝑙𝑜 +∆𝑙𝑜 )

−

2𝜋

𝐿−2𝑙𝑜

) − ∆𝑙𝑜 𝑤𝛾𝑏𝑖𝑛𝑑𝑖𝑛𝑔

(4)

The stable folded pattern with the overlapped length 𝑙𝑜 can be estimated by ∆𝐸 = 0. Figure 1b shows the overlap length 𝑙𝑜
obtained from theoretical estimations. Comparison with MD results shows good agreement for all unfolding and folding
patterns, validating the robustness of theoretical models.

Figure 1: (a) Mixture of a single graphene sheet with water liquid and stable patterns of formed graphene sheet
accommodated with water droplet in equilibrium. (I) and (III) represents an open circle pattern, and (II) and (IV) represents
a spiral pattern. The wrapping state of water droplet with graphene sheet depends on the surface wettability of graphene,
patterns I and II correspond to a hydrophilic surface of graphene, and pattern III and IV correspond to a hydrophobic surface
of graphene. (b) Comparison of theoretical prediction and MD simulation of the overlap length 𝑙𝑜 in the ultimate stable
folded patterns for different lengths of graphene sheets L in water liquid.
CONCLUSIONS
We have investigated the folding of graphene sheet in a liquid environment from evaporation of liquid phase and developed
an energy criterion that drives the folding process by considering the competition of surface, interfacial, bending and binding
energies. Two folding patterns of racket-like and spiral profiles that depends on the geometric shape and surface wettability of
graphene sheet are found. The extensive MD simulations have verified the competition of energy and agrees well with theoretical
analysis.
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ASYMMETRIC BIFURCATION OF FGM MICROBEAM
ACTUATED BY THERMO-ELECTRICAL LOADINGS
Xue Chen 1 & Shaker A. Meguid 1a)
Department of Mechanical and Industrial Engineering, University of Toronto, Toronto, Ontario, Canada.

1

Summary This paper investigates the symmetric snap-through buckling and asymmetric bifurcation behaviours of an initially curved
functionally graded material microbeam subject to the electrostatic force and uniform/non-uniform temperature field. The beam model is
developed in the framework of Euler-Bernoulli beam theory, accounting for the through-thickness power law variation of the beam material and
the physical neutral plane. Based on the Galerkin decomposition method, the beam model is simplified as a two-degree-of-freedom reducedorder model, from which the necessary snap-through and symmetry breaking criteria are derived. The work results reveal the significant effects
of the power law index on the snap-through and symmetry breaking criteria. They also reveal that the non-uniform temperature field can actuate
the functionally graded material microbeam and induce the snap-through and asymmetric bifurcation behaviours.

INTRODUCTION
The bistable Micro-Electro-Mechanical Systems based on initially curved microbeams have drawn considerable
attention from the research community due to their various potential applications such as optical switches, micro-valves,
and non-volatile memories. The initially curved beam (arch) under transverse forces may exhibit two main instabilities:
symmetric snap-through buckling and asymmetric bifurcation. Studies on snap-through and asymmetric bifurcation of
homogeneous microbeams have been largely reported in the literature [e.g., 1−4]. In this paper, we extend our earlier work
[4] to study the snap-through and asymmetric bifurcation of the initially curved functionally graded material (FGM)
microbeam under thermo-electrical loadings.
MODEL FORMULATION
The studied FGM microbeam system is shown in Fig. 1(a). By using Euler-Bernoulli beam theory and taking the first
two buckling modes in Galerkin decomposition method, we obtain the two-degree-of-freedom reduced-order model as:

γ (n) s112 q13 + It1 (ΔT , n) + ( b11 − γ (n) s112 q02 − P(ΔT , n)s11 ) q1 + γ (n) s11s22 q1q22 − b11q0 = −βv I1 (q1 , q2 )
γ (n) s222 q23 + I t 2 (ΔT , n) + ( b22 − γ (n) s11s22 q02 − P(ΔT , n) s22 ) q2 + γ (n) s11s22 q12 q2 = − β v I 2 (q1 , q2 )

(1a)
(1b)

where q0 is the dimensionless initial arch rise, q1 is the dimensionless midpoint deflection, and q2 is the generalized
coordinate of the second buckling mode; Ȗ is stretching parameter, P is thermal axial force, It1 and It2 represent the
transverse force from thermal moment, and ȕv is voltage parameter; I1 and I2 are integrals depending on q1 and q2, b11, b22,
s11, and s22 are constants; ǻT is temperature variation, and n ( 0) is a power law index determining the variation of beam
material (see Fig. 1(b)). Detailed derivations of Eq. (1), and expressions and values of the parameters can be found in [5].

Fig. 1. (a) Initially curved functionally graded material microbeam under distributed electrostatic force (direction indicated
by arrow). (b) Variation of volume fraction of metal along beam thickness at different levels of power law index n.
FGM MICROBEAM ACTUATED BY ELECTRICAL LOADING
Considering an FGM microbeam under a uniform temperature increase and using Eq. (1), we show the effects of power
law index n on the snap-through and asymmetric bifurcation behaviours in Figs. 2(a) and (b). We also derive the analytical
expressions of necessary criteria for the existence of snap-through and asymmetric bifurcation, and plot them in Figs. 2(c)
and (d). The power law index influences the temperature-induced axial force, which in turn influences the instability
behaviours and the corresponding criteria.
a)
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Fig. 2. (a), (b) Bifurcation diagram of FGM microbeam actuated by electrical loading. (c), (d) Minimum allowable ratio
between the initial arch rise and the beam thickness for the existence of snap-through and asymmetric bifurcation.
FGM MICROBEAM ACTUATED BY THERMAL LOADING
By generating a uniform heat source in the beam and applying a temperature change to the beam ends, we can also
actuate the FGM microbeam, and induce snap-through and asymmetric bifurcation behaviours as shown in Fig. 3.

Fig. 3. Bifurcation diagram of FGM microbeam actuated by thermal loading.
CONCLUSIONS
This paper is concerned with a unified study on snap-through and asymmetric bifurcation of an initially curved functionally
graded material (FGM) microbeam under thermo-electrical loadings. The two-constituent material variation through the beam
thickness is taken into account using a power law model. The governing equations, which consider the physical neutral plane, are
developed and solved by the Galerkin decomposition method. Our results, which are based on the two-degree-of-freedom
reduced-order model, show that the power law index plays a significant role in the snap-through and symmetry breaking criteria.
Our results also show that the FGM microbeam can be actuated by the non-uniform temperature field.
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PULL-IN AND NONLINEAR DYNAMIC BEHAVIOR OF TORSIONAL
MICRORESONATORS
Claudia Comi ∗1 , Alberto Corigliano1 , Valentina Zega1 , and Sarah Zerbini2
1
Civil and Environmental Engineering, Politecnico di Milano, Milan, Italy
2
AMS group, STMicroelectronics, 2010 Cornaredo, Milan, Italy.
Summary Torsional microresonators find application in a number of microdevices, including gyroscopes and resonant accelerometers [1],
magnetometers, mass detection devices and micro-mirrors. The study of torsional resonators, also in the nonlinear regime, is therefore
needed in order to properly design and test such devices. Here a static characterization of the resonator is shown together with a study of the
non-linear dynamic behavior. Two analytical approximations (III and V order) of the dynamic frequency response of the torsional resonators
are compared to the numerical solution of the full dynamic model and a limit domain is found in the bias voltage - actuation voltage plane.

TORSIONAL RESONATOR AND STATIC PULL-IN
Figure 1a shows the top SEM image of the silicon torsional microresonator here studied. A mass is connected to the
substrate by two torsional springs which allow for its out-of-plane rotation θ (counterclockwise positive). During the dynamic
functioning, the torsional resonator is kept in resonant oscillation according to its torsional natural mode by the driving
electrode located below it on the substrate with an initial gap g0 , while one further independent electrode placed on the
substrate allows for motional current detection (see Fig. 1b).
For the electrostatic characterization, the mass of the resonator, together with the sensing electrode, are grounded while
the driving electrode is swept with a constant incremental voltage VP until pull-in occurs. The experimental results in terms
of capacitance variation versus polarization voltage VP are shown in Fig. 1c by dots: they are in very good agreement with
the analitical prediction (continuos line). The static pull-in voltage turns out to be 20.5 V.
NON-LINEAR DYNAMIC BEHAVIOR OF TORSIONAL RESONATOR
In the real device operation condition, the mass is polarized at V = VP and a varying actuation voltage va is applied to the
driving electrode. Starting from the one-degree-of-freedom approximation presented in [3], here a numerical solution of the
full nonlinear dynamic model is shown together with two different analytical solutions, valid under the hypothesis VP >> |va |
and θ << 1 rad: the ’III order approximation’ usually used for describing this kind of devices [4] and the more accurate ’V
order approximation’. While the three solutions behave in the same way in the linear regime, in Fig. 2a it is shown how the
’III order approximation’ is not accurate to describe the non-linear dynamic behavior of this resonator even in the range of
small θ. Moreover, when the hypothesis VP >> |va | is no more valid, both the III and V order approximations are not suitable
to give the real behavior as shown in Fig. 2b.
Finally, in order to fully characterize the dynamic behavior of the resonator under study, a limit domain in the VP − |va |
plane has been numerically obtained (see Fig. 3a). For values of the actuation and polarization potentials below the black
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Figure 1: (a) SEM image of the torsional resonator fabricated through the Thelma⃝
STMicroelectronics [2]; (b) schematic side view of the torsional resonator; (c) capacitance variation for different bias voltages:
experimental measurements for increasing and decreasing voltage (dots) and theoretical prediction (black curve).
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Figure 2: Frequency response of the torsional resonator of Fig. 1 for different actuation conditions: analytical III and V order
approximations are shown together with the numerical curve. (a) VP =7 V and |va | = 61 mV; (b) VP = 0.5 V and |va | = 1 V.
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Figure 3: (a) Limit domain of the torsional resonator shown in Fig. 1; (b) frequency responses of the torsional resonator under
the actuation conditions A and B shown in Fig. 3a by dots.
curve, the numerical frequency response of the resonator shows the ’common’ hysteretical non-linear behavior with two jumps
between the two stable branches (see the black curve in Fig. 3b and in Fig. 2a), while for combinations of VP and |va | above
the orange curve, a different non-linear behavior is obtained (see the orange curve in Fig. 3b and the black curve in Fig. 2b):
the resonant curve for decreasing frequencies reaches, without any hysteretical phenomena, an asymptotic value of θ = 0.023
rad which is the maximum rotation physically allowed to the resonator.
CONCLUSIONS
A static characterization of the torsional resonator is here presented and a good agreement between theoretical prediction
and experimental data is found. As for the non-linear dynamic behavior, the limits of the commonly used analytical ’III order
approximation’ are underlined. A new more accurate analitical V order approximation is here obtained and compared with
the numerical solution. Finally, the limit domain that can guide both the design and the operation phases is presented.
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MECHANICAL CHARACTERIZATION OF MATERIALS AT MICO/NANOSCALE UNDER
BENDING
Mohamed Elhebeary1 & Taher Saif 1a)
Mechanical Science and Engineering Department, University of Illinois Urbana-Champaign, Illinois, USA

1

Summary This paper presents a new method for testing materials at the micro/nanoscale under bending in-situ in SEM and
TEM. The method consists of a straining stage with built-in force and displacement sensors. The sample is co-fabricated with
the stage to eliminate any misalignment error. The method is applied to test the strength of silicon micro-beams under bending.
The study reveals significant strengthening of silicon compared to that under uniform tension. This strengthening is
contributed by stress localization near the surface of the beams close to the anchors, and the stress gradient from the surface
to the neutral axis. Stress localization reduces the incidence of flaws that typically trigger premature fracture in the uniformly
loaded samples, i.e., uniaxial tension. Most MEMS supporting beams are subjected to bending during operation. Their design
landscape can be broadened by exploiting the effective strengthening of materials under bending – a paradigm that remains
untapped to date.
BACKGROUND
Most of the reported bending tests were carried out using AFM [1,2] or nanoindenteation[3,4]. However, there are several
uncertainties in the directionality and the location of the applied load [5,6]. In addition handling and misalignment errors are
unavoidable [7]. In the current design the sample is co-fabricated with the stage to avoid these shortcomings. The chip-based
stage, actuated by a piezoactuator, applies bending moments on micro/nanoscale beam specimens. The new stage minimizes
uniaxial state of stress in the specimen, but maximizes bending stress over a small volume such that high stresses can be
reached within a small volume on the specimen without a premature failure by fracture.
DESCRIPTION OF THE NEW TESTING TECHNIQUE
Analytical and finite element (FE) models are developed to predict the behavior of the novel stage. The analytical model
accounts for the geometric non-linearity of the sample, but assumes simplified boundary conditions. The numerical model,
employing a FE package, tests the validity of the analytical model. Figure 1 shows a 3D schematic of the new design. One
end of the stage is held fixed during the test, while the other is displaced along the loading direction using a pin fitted through
the hole and connected to a piezoactuator (Fig. 1.a). A bending
sample with a rectangular cross section is placed transverse to
the straining direction (Fig. 1.c). The long two parallel soft

Figure 1 a) 3D schematic of the proposed stage with
Figure 2 a) FE model of the stage , and b) 2D
b) a close-up near the bending specimen and c) the
schematic of the stage during loading
specimen.
beams (S) serve the function of the horizontal spring of
the schematic (Fig. 2.b). During straining, they allow the end of the bending sample to approach each other with minimal
resistance, thus minimizing the tension on the sample. Due to the double beam design, they prevent rotation of the sample
beam at the anchor, mimicking the zero slope boundary condition. The P=P(y) relation from both the models match (Fig 2),
implying that the analytical model can be used to optimize the stage design.
EXPERIMENTAL RESULTS AND CONCLUSIONS
A 3D printed stage was fabricated to illustrate the capabilities of the new design (Fig.3a). The elastic modulus of PA2200
was measured (E=637.8MPa) which matches the results from uni-axial tension tests on the same specimen. Guided by the
theory, the bending stage is fabricated according to the process (Fig.4). Figure 5 shows the 200µm thick chip and the coa)
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fabricated specimen and sensor gauges. The chip is stretched by applying voltage to the piezoactuator inside scanning electron
microscope (SEM) to bend the SCS specimen (32x39x2.5µm3) until fracture (Fig.5d,e). The load-deflection relation during
loading and unloading is linear and reversible implying elastic response (Fig.6). The elastic modulus of silicon along <110>
is found to be 169.9±5.8 GPa, in good agreement with literature [8,9]. Bending stress measured at the anchors of the specimen
reached 4.15 GPa before failure, about three times higher than the failure stress of silicon under uniaxial tension [9].

Figure 3 a) 3D printed stage (PA2200) during testing, b)
and c) are close-up views of the gauges of the stage and
the sample, and d) force-deflection relation of the
sample during loading
Figure 5 a) SEM image of the stage with a zoom-in view
on the b) sensors area (applied load, P=Kyδ, δ is the
change in distance between G0- G1 , and δy is the change
in distance between G1- G2 ), and c) specimen, d)
deformed beam during testing, and e) specimen after
failure

Figure 4 Fabrication process flow 1) patterning the
backside, 2) DRIE etching, 3) Patterning the top side,
and finally 4) DRIE etching the top side.
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UTILIZATION OF SELF-EXCITED OSCILLATION FOR MASS SENSING IN LIQUID
Daichi Endo1 , Hiroshi Yabuno ∗1 , Yasuyuki Yamamoto2 , and Sohei Matsumoto2
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Summary The ultrasensitive mass detection in viscosity regime is investigated which is based on the relative change of the amplitude
ratio in using self-excited coupled microcantilevers, depending on the mass to be measured. The velocity feedback to produce selfexcited oscillation to the microcantilevers compensates the inﬂuence of the viscous damping effect in measurement environment and
enables the detection of a very small mass with nano-gram order in the viscosity regime. It is expected by the proposed method to
perform high-accuracy quantitative measurements of biological samples such as human cells and DNA in liquid environments, where
they are active. In this presentation, we will show the design of coupled microcantilevers and the measurement result for the mass in
liquid.

INTRODUCTION
Recently, high-performance sensors using a microcantilever have been developed for a variety of purpose including
measurements of substances such as pH in solution[1] and surface sensing by atomic force microscope[2]. In particular,
the studies of ultrasensitive mass sensor using cantilever have been investigated widely[3], and it is known that the method
based on the eigenstate shift in coupled cantilevers has much more accuracy compared with based on the eigenvalue
(frequency) shift[4]. In conventional methods, the eigenstate has been identiﬁed from the magnitude ratio of the resonance
peak of the frequency response curve in the coupled cantilevers under the external excitation[4]. However, this method
is not suitable to the mass sensing in viscous environments because the peak of the frequency response curve does not
exactly reﬂect the eigenstate due to the viscosity. Moreover, in much higher-viscosity environments where the resonance
peak itself does not exist in the frequency response curves. In order to overcome a such difﬁculty, we have proposed a
novel method by using self-excited oscillation[5]. The method directly determines the eigenstate without the frequency
response curve. The mass detecting experiment was performed using the coupled microcantilevers in air. The validity of
our proposed method was investigated in our research[5, 6]. In this study, we report the detection of the very small mass
using self-excited coupled microcantilevers in liquid. The accuracy of experimental results is quantitatively discussed.
DESIGN OF COUPLED MICROCANTILEVERS
Figure 1(a) is the picture of the coupled microcantilevers with the mass to be measured. The cantilevers are fabricated
by etching from an SOI wafer and the dimensions of each cantilever are 500 μm×100 μm×10 μm. The area surrounded
by a black dashed line in Fig. 1 (a) corresponds to the overhang for the coupling and its dimensions are 150 μm×100 μm.
The mass to be measured are build by using the 3D laser lithography system (nanoscribe.:Photonic Professional GT) on
the tip of the cantilever 2 and their constructions are an arch-shape as frangible. Their mass are 2.48 ng calculated from
the density of the photoresist(=1.190 g/cm3 ) and the volume of the structure.
Figure 1(b) is a discretized analytical model, where x1 and x2 correspond the displacements of cantilevers, 1 and 2,
relative to the lateral excitation Δx of the supporting point of the coupled cantilevers, respectively.
As in our previous study[5], the ﬁrst eigenstate of the coupled microcantilevers is expressed as follows:
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Figure 1: (a) Picture of the coupled microcantilevers with the mass to be measured. (b) Discretized analytical model.
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where κ = kc /k and δ = Δm/m are the dimensionless coupling stiffness and dimensionless added mass ratio, respectively. When the sample to be measured is not attached, i.e., δ = 0, the amplitude ratio of cantilevers 1 and 2 is 1:1
from Eq. (1), and when the sample is attached on the tip of the cantilever 2, the amplitude ratio deviates from 1:1 and the
magnitude of the amplitude of the cantilever 2 increases in accordance with Eq. (1). Even if the mass to be measured is
very small, by making the the dimensionless coupling stiffness κ weak, we can obtain the deviation of the amplitude ratio
from 1:1 largely and realize the small mass detection with high-sensitivity.
MEASUREMENT RESULTS IN VISCOUS REGIME
We have conducted the mass measuring experiment using coupled microcantilevers shown in Fig. 1(a). In the experiment, cantilevers are ﬁxed to an acrylic case ﬁlled with water and vibrated by a piezoelectric actuator sticked on the
bottom of the acrylic case. The vibrations of cantilevers are measured by laser Doppler vibrometers (Polytec.:MSA-500
Micro System Analyzer). In order to induce self-excited oscillation in the coupled cantilevers, the signal of the displacement of cantilever 1 integrated by an analog circuit is input to the piezoelectric actuator. As a result, we can generate
self-excited oscillation to the coupled microcantilevers in accordance with the previously proposed feedback rule[5].
18
16
14
ǻme [ng]

12
10
8
Experimental
Theoritical
Standard deviation
Interporation of

6
4
2
0
0

2

4

6

8
10
ǻm [ng]

12

14

16

18

Figure 2: Measurement results for structures to be measured in liquid.
Figure 2 shows measurement results for the mass to be measured in liquid. The ordinate and abscissa indicate the
experimentally determined mass values of the structure to be measured (Δme ) and their nominal values calculated from
the density and the volume of structures (Δm), respectively. The plots  are mass values obtained from the eigenstates shift
under self-excited oscillation in the experiment. When the plots  fall on the straight line of gradient 1, the experimentally
determined mass values are in complete agreement with the nominal values. As can be seen from Fig. 2, the plots 
deviate from the straight line, however, the plots  are changing linearly, so that we can realize the quantitatively mass
sensing by using the interpolation of the experimental data as a calibration line.
CONCLUSIONS
In this study, we have achieved the measurement of a mass with the order of nanogram in liquid by self-excited
oscillation using the coupled microcantilevers. By fabricating the smaller coupled microcantilevers and optimizing the
coupling stiffness of overhang between two cantilevers, we expect that the sensitivity could be in picogram range or less.
In near future works, we perform high-accuracy quantitative measurements of biological samples such as human cells and
DNA in liquid environments, where they are active. Furthermore, it is expected by the method to measure the reaction
process of biological samples.
This work was partially supported by a Grant-in-Aid for Scientiﬁc Research C (Grant No. 25420195) from Japan
Society for the Promotion of Science (JSPS) and Mitsutoyo Association for Science and Technology (MAST).
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Abstract There has been relatively little study on time-dependent mechanical properties of nanowires, in spite of their utmost
importance for the design, fabrication and operation of nanoscale devices. Here we report a dislocation-mediated, fully
recoverable, plastic behavior in penta-twinned silver nanowires. In-situ tensile experiments inside scanning and transmission
electron microscopes show that penta-twinned silver nanowires undergo stress relaxation upon loading and complete plastic
strain recovery upon unloading, while the same experiments on single-crystalline silver nanowires do not exhibit such a
behaviour. Molecular dynamics simulations reveal that the observed behaviour in penta-twinned nanowires originates from
the surface nucleation, propagation and retraction of partial dislocations. More specifically, vacancies reduce dislocation
nucleation barrier, facilitating stress relaxation, while the twin boundaries and their intrinsic stress field promote retraction of
partial dislocations, resulting in full strain recovery.
Introduction
One-dimensional (1D) nanostructures are widely regarded as among the most important building blocks for a broad
range of applications including nanoelectronics, optoelectronics, energy harvesting and storage, and nano
electromechanical devices. In the case of metallic nanowires (NWs), dislocation nucleation from free surfaces has been
identified as a dominant deformation mechanism, in contrast to the forest dislocation dynamics in bulk materials. Here
we report an unusual time-dependent deformation behaviour in penta-twinned Ag NWs, with stress relaxation upon
loading and complete strain recovery upon unloading (1).
In-situ tensile testing of Ag NWs
We performed in-situ tensile experiments inside scanning and transmission electron microscope (SEM/TEM) using
a microelectromechanical system (MEMS)-based testing system (2). First, stress relaxation experiments were conducted
by loading the thermal actuator to a given displacement and, while the actuator displacement was held constant, the
specimen relaxed as a function of time. Since the experiment was not under true displacement control, the load on the
specimen decreased and the specimen elongation increased at the same time. Subsequently, complete strain recovery
was observed after unloading when turning off the thermal actuator. Fig. 1a shows the stress–strain response during a
typical tensile test of a penta-twinned Ag NW in four steps: loading, relaxation, unloading and recovery. During the
relaxation step, the stress decreased with time while the strain increased. Fig. 1b shows the strain and stress as functions
of time at three stress levels. Upon unloading, the strain in the NW completely recovers in about the same amount of
time as the relaxation.
In-situ TEM tensile testing
indicated that the stress
relaxation and strain recovery
in the penta-twinned Ag NW
are
accompanied
by
nucleation and annihilation of
dislocations, respectively, as
shown in Fig. 1(f-i). Before
the relaxation step (Fig. 1f),
there were no dislocations in
the NW as the strain increased
to 1.6 %. At the relaxation
Figure 1 | In situ measurements of stress and strain evolution in Ag NWs.
step, a dislocation network
appeared in < 5 min. The dislocations were terminated at the TBs (Fig. 1g). During the unloading step, the applied load
gradually decreased to zero but the dislocations remained (Fig. 1h). In the recovery step, the dislocation network
gradually retracted and suddenly disappeared after ~8 min (Fig. 1i). After 15 min, the NW was totally recovered.
Overall the same relaxation and recovery behaviours were observed in all five penta-twinned Ag NWs with different
diameters (48 to 121 nm). The same experiments were conducted for five single-crystalline Ag NWs with diameters of
70 to 152 nm at similar stress levels for the penta-twinned Ag NWs, but neither stress relaxation nor recovery of plastic
strain were observed in any of them as shown in Fig.1(c-d).
MD simulations of stress relaxation and strain recovery
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To reveal the underlying mechanisms behind the observed relaxation and recovery behaviours of penta-twinned Ag
NWs, we performed a series of molecular dynamic (MD) simulations. We introduced a population of vacancies with
concentration from 0% to 2% in the simulated samples. To investigate stress relaxation behaviors, we first stretched the
simulated samples to a strain of 1.8%, and then monitored stress relaxation while the applied strain was held fixed. With
1% vacancies introduced in the penta-twinned NWs, the stress gradually decreased from an initial stress of 1.15 GPa by
about 200 MPa in 2 ns, as illustrated in Fig. 2a. The insets in Fig. 2a capture a sequence of partial dislocation nucleation
events in the TB-separated nanograins. The partial dislocation nucleation events exhibit a one-to-one correspondence
with discrete stress drops in the stress relaxation profile shown in Fig. 2a, indicating that the stress relaxation is a direct
consequence of dislocation nucleation in the penta-twinned nanostructure.
Similar to experiments, after stress relaxation the simulated
samples were subsequently unloaded to a stress-free state.
When the applied stress came down to zero, there was still a
0.21 % of strain remaining in the sample, as shown in Fig. 2b.
Continuing relaxation of the sample under zero stress resulted
in complete recovery of the residue strain after 0.3 ns (see Fig.
2c). This behavior is very similar to the experimental
observations. Figure 2d and 2e illustrate two snapshots of the
deformed sample during relaxation and recovery, respectively.
During stress relaxation, partial dislocation loops were found
to nucleate spontaneously from aggregated vacancy clusters
near free surface and then expand through the grain interiors
separated by the five TBs. Each discrete dislocation nucleation
event leads to a visible stress drop in our simulation. During
subsequent strain recovery after unloading, partial dislocation
loops were seen to retract from the five-fold TBs under zero
applied stress, resulting in complete strain recovery. It is
Figure 2 | Recoverable plasticity and associated
known that there exists a repulsive force between TB and
dislocation activities.
curved dislocation loop. When the external stress is removed,
the repulsive force from the TBs appears to induce reverse motion of dislocations by pushing the non-inserted segments
as well as extracting the inserted segments from the TBs back toward where the dislocations were nucleated.
To further demonstrate the unique role of TBs in the recovery behaviour of NWs, we performed two additional
simulations for a single-crystalline NW and a bi-crystalline NW with a single TB in the middle – a mono-twinned NW.
We observed nearly full plastic strain recovery in the mono-twinned NW, but not in the single-crystalline NW. In the
mono-twinned NW, the TB effectively blocks the motion of leading partials, preventing them from escaping out of the
sample (see Fig. 2f-g), allowing them to retract back from the TB under the residual internal stress field upon
unloading, leading to plastic strain recovery. In contrast, in the single-crystalline NW, dislocations nucleated travelled
across the NW and eventually escaped out of the sample, leaving a permanent surface step. Besides the twinned NW,
we have also investigated bi-crystalline NWs with different types of regular GBs (such as low-angle/high-angle tilt GBs
and mixed GB). It is found that the tilt and tilt-twist mixed GBs either failed to block the dislocation or trapped the
dislocation, resulting in no strain recovery.
In summary, we have discovered an unusual dislocation-based stress relaxation and strain recovery behaviour in
penta-twinned Ag NWs via in-situ SEM/TEM tensile testing, TEM microstructural characterizations and large-scale
MD simulations. This behaviour consists of two facets: stress relaxation under an applied strain and complete plastic
strain recovery upon unloading. Our studies indicate that stress relaxation originates from the nucleation of leading
partial dislocations assisted by vacancy diffusion, while the complete strain recovery is due to the reverse motion of
partial dislocations driven by the repulsive force from the TBs and the intrinsic stress field due to the five-fold twin. The
simulations demonstrate that the TBs play a crucial role in the observed phenomenon: TBs are effective obstacles for
dislocations and produce a repulsive force to drive the reverse motion of dislocations during unloading. In contrast to
previous studies in nanocrystalline metals due to a cooperation of dislocation- and GB- mediated processes (3); the
present study demonstrates a new type of stress relaxation and full plastic strain recovery induced by TB-dislocation
interactions. Our study opens up a promising prospect of designing one-dimensional nanostructures with timedependent strain recovery capabilities.
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NONLINEAR BEHAVIOUR OF CARBON NANOTUBE-BASED RESONATORS
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Summary In the present study, a new size-dependent nonlinear model is developed for analyzing the behaviour of carbon nanotube-based
resonators. Molecular dynamics simulation is then performed in order to parametrize and validate the size-dependent continuum model at
the nano scale. The equations of motion are discretized by means of the Galerkin technique and solved employing the pseudo-arclength
continuation technique. A new universal pull-in formula is also developed for predicting the voltage corresponding to the static pull-in.

INTRODUCTION
Recent technological advances have facilitated the development of nanoelectromechanical systems (NEMS). NEMS devices operate at significantly high frequencies with very low power consumption. Carbon nanotubes (CNTs) [1] can be used
as suitable candidates for nanomechanical resonator due to their light mass and high stiffness. The investigations on the static
and dynamic characteristics of CNT-based resonators are based on either continuum or molecular models. There are a few
studies utilizing molecular dynamics (MD) simulations to predict the behaviour of carbon nanotube resonators, for instance,
by Yoon et al. [6]and Kang and Kwon [2]. Reviewing the continuum-based studies, Sapmaz et al. [5] performed a theoretical
investigation on the nano-electro-mechanical effects in a doubly clamped suspended CNT. Poot et al. [4] studied the bending mode vibration in suspended CNTs. These investigations were continued by Ouakad and Younis [3] who examined the
nonlinear dynamics of electrically actuated CNT resonators under DC and AC electric loads.
In the present study, for the first time, the fully nonlinear coupled longitudinal-transverse equations of motion of a CNTbased resonator are derived employing the modified couple stress theory. The equations of motion are expanded while keeping
the nonlinear terms up to fifth order, and then discretizd using the Galerkin technique. A molecular model is also constructed
so as to obtain Young’s modulus of the CNT and validate the continuum model. The validated size-dependent continuum
model is then employed in order to examine the nonlinear behaviour of the CNT-based resonator.
MODEL DEVELOPMENT
Consider a doubly clamped CNT-based resonator, consisting of a single-walled CNT of length L, cross-sectional area
A, second moment of area I , radius R, thickness h, and Young’s modulus E, positioned at a distance b from the gate
underneath. x and z denote the axial and transverse coordinates; u.x; t / and w.x; t / represent the longitudinal and transverse
displacements, respectively. For such a system, the fully nonlinear equations of motion can be obtained as
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where "0 and  are the strain and curvature of the centreline, respectively, and is the angle of the centreline with the x axis;
 is the shear modulus, and P is the axial load; cu and cw are damping coefficients; VDC and VAC are the DC and AC voltages,
respectively.
Expanding Eqs. (1) and (2) and keeping nonlinear terms up to fifth-order and discretizing the resultant equations, employing the Galerkin technique, yields a set of nonlinear ordinary differential equations. This set is solved numerically employing
the pseudo-arclength continuation technique.
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Figure 1: AC frequency-amplitude curves of the system with VDC D 2:0 and VAC D 0:16: (a, b) the maximum and minimum amplitudes of the transverse
motion at x D 0:5, respectively; (c) the maximum amplitude of the longitudinal motion at x D 0:75. Solid and dashed lines represent the stable and
unstable solutions, respectively.

RESULTS
Employing molecular dynamics simulations, Young’s modulus of CNT is predicted to be 905 GPa. The numerical results
are then obtained for a CNT-based resonator with L D 3000 nm, R D 1:0 nm, and b D 300 nm, employing the continuum
model; l D 0 and P D 0. Figure 1 shows the AC frequency-amplitude curves of the system when VDC D 2:0 and VAC D
0:16. The figure shows that the system displays a complicated resonant response with many bifurcation points as well as
softening and hardening behaviours. Comparing sub-figures (a) and (b) shows that the system oscillation around the deflected
configuration is not symmetric. It is worth noting that, when varying the excitation frequency, a secondary resonant region
appears in the vicinity of ˝=!1 D 1:9, with only hardening-type behaviour.
UNIVERSAL PULL-IN FORMULA
Developing a universal pull-in formula for CNT-based resonators allows for fast estimation of the pull-in voltage. The
following analytical-empirical formula is suggested for estimating the pull-in voltage (with less than 5% error) for a clampedclamped CNT-based resonator with 1000  L  5000 nm, 1  R  5 nm, and 0:06  b=L  0:18:
r
i
h
Vpull

in

D

Œ.EAb 4 / = .2L4 / 76:36 .b=R/0:213

91:66 :

(3)

CONCLUSIONS
The nonlinear behaviour of a CNT-based resonator has been examined numerically. Molecular dynamics simulation is
performed to obtain Young’s modulus of the CNT. The nonlinear resonant response of the system is examined showing
complicated response and different bifurcation points, even for small actuation voltages. A universal pull-in formula is also
developed for predicting the pull-in voltage in clamped-clamped CNT-based resonators.
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Summary Theeoretical investiggations on adsorrption and diffusion of Li-ion on
o graphene surfface are made based
b
on an anallytical model. T
The
equilibrium position, binding eenergy and adsoorption stabilityy are discussed. The path-depenndence and periiodic characterisstics of interactiion
energy and tanngential forces arre analyzed for diffusing of Li--ion on graphenne surface. In adddition, the influuence of size, eddge and defects of
graphene on thee diffusion of Lii-ion is investigaated.

IN
NTRODUCTIION
In recent decade, graphhene has beenn paid much aattention as ann ideal candidaate for the devvelopment of high-sensitiviity
sensors [1], ddrug delivery ssystem (DDS)) [2], and rechaargeable lithiuum-ion grapheene battery [3]] and so on. However, there is
still a comm
mon unsolvedd major scienntific questionn for these applications. It’s to develop an analyytical model to
quantitativelyy describe thee adsorption annd diffusion oof atom/ion onn graphene suurface, which can be furtheer applied to thhe
interaction beetween nano-pparticles or atoomic force miccroscopy (AFM
M) and grapheene surface.
ANA
ALYTICAL M
MODEL
A monolaayer graphenee is assumed tto be perfect, flat and infinnite at atomicc scale (as shoown in Fig. 1(a)). Due to iits
periodic honeeycomb latticee structure, thee total interacttion potential uu(r) of adsorption atom/ion and graphenee is also perioddic.
Then, the perriodic nature oof the total intteraction potenntial u(r) can bbe expressed as Fourier serries [4]. It is assumed
a
that thhe
interaction pootential betweeen the adsorrption atom/ioon and carbonn atom in thee graphene caan be expressed by 6-12 L
L-J
potential. Theen the interacttion potential between
b
atom/
m/ion and graphhene surface ccan be derivedd as [5]:
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If following ddimensionlesss variables aree introduced A* A / a 2 , z * z / a, g * ga, V * V / a, x* x / a, y* y / a, u * u / H , then
the dimensionless form off total energy can be obtainned. Furtherm
more, let F* u * (r* ) , andd then the norrmal and laterral
interaction foorces between the atom/ion and
a graphene can be obtaineed in the Carteesian coordinaate system [5]..

Figure 1. Schematics of thhe graphene wheere (a) the rhom
mbus connectingg the centers of ffour adjacent heexagonal is seleected as a twop
unit ceell, (b) hexagon with three particular adsorptioon sites: hollow (on top of a hexxagon, H-), top (on top of a C--C
dimensional primitive
bonnd, T-), and briddge (on top of a carbon atom, B
B-) [5].

RESULT
TS AND DISC
CUSSIONS
The equaation (1) definnes the interaaction potentiaal between a single atom/iion and graphhene surface. Obviously, itt’s
dependent onn the position oof the adsorptiion atom/ion oon graphene annd the parameeters of L-J pootential. In thiss work, Li-ionn is
selected as thhe adsorption ion to study thhe interaction characteristiccs. At first, thee equilibrium height and binnding energy of
Li-ion on threee particular ppositions, incluuding hollow (on top of a hhexagon, H-), top (on top off a C-C bond, T-), and bridgge
a)
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(on top of a ccarbon atom, B
B-) sites (as shhown in Fig. 1(b))
1
are calcuulated. We fouund that H-sitee is the most sttable adsorptioon
site, and T-sitte is the most unstable.
The initiaal adsorption ssite is assumedd to be H-site,, and a Li-ion is assumed too migrate alongg different dirrections, such as
0º, 15º, 30º, 60º
6 angles froom the x-axis. The interactioon potential annd tangential force betweenn the Li-ion annd graphene ffor
different diffu
fusion directioons are shownn in the Fig. 2.
2 It can be seeen from thesee figures that the interactioon potential annd
tangential forrce are path-deependent for ddifferent diffusion directionns. Simultaneously, it can bee found along the same lattiice
orientation, suuch as 0º and 60º angles, the variations off interaction ppotential and taangential forcee are the samee [5].

Figure 2. The variations
v
of (a) iinteraction potenntial, and (b) inteeraction force beetween a Li-ion and graphene foor different diffuusion directions, 0º,
15º, 30º, 660º angles from tthe x-axis [5].

The geom
metric sizes andd edges of grapphene have innfluence on thee adsorption annd diffusion off an atom/ion on the graphene
surface [6]. Five
F
kinds of m
monolayer graaphene sheets with differentt geometric sizes (n=1, 7, 119, 37 and 61,, where n is tthe
number of heexagonal carboon rings, as shhown in Figurre 3(a), n=37 is given onlyy) are construccted to analyzee the interactioon
between the aadsorbing Li-ioon and grapheene. When a L
Li-ion diffuses along
a
the x dirrections on thee surface of thhe graphene wiith
different geom
metric sizes, th
the variations of interaction potential can be illustrated in the Figuree 3(b). Obviouus size and eddge
effects can bee seen. In addittion, the influeence of vacancyy defects in graaphene (as shoown in Figure 3(a))
3
is considered to study tthe
diffusion of L
Li-ion. The inteeraction potent
ntial of Li-ion m
migrating acrooss defective arrea has appareent variations, and a hexagonnal
ring defect haas a greater eff
ffect than a sinngle-atom vacaancy defect. When
W
the vacanncy defect is bbig enough, Li--ion can migraate
through the grraphene form vvacancy defecttive area to anoother side.

Figure 3. Schem
matics of (a) thee graphene with the
t size n=37, annd two kind of vacancy
v
defects, (b) the variationns of interaction potential betweeen
the L
Li-ion and monoolayer graphene w
with different geeometric sizes allong the x-directtion [6].

C
CONCLUSIO
ONS
Theoreticaal analyses off equilibrium height,
h
adsorpttion stability aand diffusion for
f a single L
Li-ion on graphhene surface aare
presented based on an analyytical model, annd the mechannism of adsorpttion and diffusiion are revealeed. The results in this paper aare
advantageous to improve thhe efficiency off drug deliveryy based on grapphene, high-peerformance rechargeable lithiium-ion batteriies,
and lithium sttorage in carboon materials, aand which can be further appplied to manufaacture more addvanced technoology equipmeent
to enhance thee energy transffer efficiency.
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Summary Nanoscale materials and devices are distinctly different in both properties and functions from their macroscopic counterparts.

Having a deep insight into these peculiar properties and functions are crucial to realizing innovative nanotechnology. In two-dimentianl
materials, the energy dissipation, structure-dependent dynamic characters and the coupling between external fields and intrinsic local fields are
essential issues for developing nanoelectromechanical systems and high-efficient energy conversion technology.

It is widely known that when the spatial scale goes down from macroscale to nanoscale, temporal scale will reduce to
nano to femtosecond. It is more important that the related energy scale of an externally applied field will drop for eighteen
orders from joule (1 Newton times 1 meter) to attojoule (1 nanoNewton times 1 nanometer = 6.42 eV), falling into the
energy scale of the local fields of matter which consist of electronic structures, charge, molecular orbital and spin states.
Therefore, at nanoscale, matters will show distinctly different performances from their bulk materials mainly due to the
strong coupling between the local fields of matter and external applied fields. Such nanoscale multifield couplings can turn
very common materials such as carbon, even insulating boron nitride, into functional nanomaterials with fantastic properties
we expected for nanoelectronics, spintronics as well as high efficient energy conversion devices.
It will also be demonstrated by our recent findings that exceptional functional properties in the intrinsically insulating hBN nanostructures (Nano Lett. 10, 5049, 2010; 13, 3232, 2013; JACS 133, 14831, 2011, Small 2015) and exotic properties
of transition metal dichalcogenide (ACS Nano 7, 7126-7131, 2013; Phys. Rev. Lett. 112, 205502, 2014).
Recently we also found that an induced ‘waving electronic potential’ can be observed in graphene as it is dipped - ‘waved’
- in and out of seawater1. We also found that drawing a droplet of ionic solutions over the surface of graphene can induce
“drawing electric potential” in the graphene2. The potentials are found to be raised by the moving boundary of the electric
double layer formed at the interface of the droplet and graphene surface, or the solid-air-liquid boundary of a graphene sheet
across a liquid surface. The findings extend centuries’ old theories of electrokinetic effects and help understand the
behaviour of carbon nanomaterials in liquids, which has been subject to conflicting reports for over a decade. The novel
effects have been used to demonstrate energy harvest from dropping droplets, sensing the handwriting on graphene and
stimulating a sciatic nerve of a frog. The waving potential, which is proportional to both the speed and the size of the
graphene, can also be scaled up by connecting in series or parallel for possible applications in self-powered functional
sensors such as tsunami monitors to wave energy harvest, monitors and remote ocean devices.
It is more interesting that the coupling promising us to break the 10 nanometer limitation of energy beam fabrication
down to subnanometre scale3,4. Such extraordinary mechanical-electric-magnetic coupling effects in nano systems open up
new vistas in functional nanodevices compatible with the concurrent technology for efficient energy conversion, selfpowering flexible devices and novel functional systems.
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MULTI SCALE MODELING OF MECHANICAL BEHAVIOUR OF 2D SINGLE WALL
CARBON NANOTUBE NETWORK
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Abstract Single Wall Carbon Nanotube (SWCNT) aerogels form 3D nanotube networks that are held together via van der Waals interactions at
the nodes. These aerogels show an initial elastic deformation up to a compressive strain of 9%. However this observation is contradicted by the
fact that the VDW interaction between two nanotubes is strongest when they are parallel to each other. Therefore, a fundamental understanding
of mechanical properties of nanotube aerogels and their relationship with the node properties is required. In this work we propose a model for
studying the mechanical behavior of a SWCNT random network using a multi scale modeling approach. Van der Waals interaction at the nodes
between two nanotubes is modeled using Molecular Dynamics (MD). Results obtained from the atomistic simulation are fed into a Finite
Element Model (FEM) to study the mechanical behavior of the random network of nanotubes at continuum scale.

INTRODUCTION
Single Wall Carbon Nanotube (SWCNT) aerogels are highly porous, isotropic structures with random filamentous
networks of nanotubes cross-linked at nodes via VDW interactions as shown in figure 1a.1,2 Figure 1b shows a schematic
stress-strain curve for SWCNT based aerogels under compression.2 This curve shows three characteristic regimes: a linear
elastic regime (strain < 9%), a plateau regime (9% < strain < 60%) and a densification regime (strain > 60%). It is
speculated that the initial linear elasticity may be caused by bending of nanotubes2 or rotation of nanotubes about the nodes
between nanotubes.4 The plateau region can be associated with the collapse of cells due to elastic buckling of the nanotubes2
and/or breaking of nodes.2 In the densification regime, when opposing cell walls touch each other, deformation is due to the
compression of nanotubes, giving rise to a sharp increase in stress.3

b

a
2

Figure 1: a) Free standing aerogels with tailorable node properties. b) Stress-strain curve of an aerogel.

The fact that aerogel networks with unmodified (Van der Waals) node properties show some amount of elasticity
without the presence of any restorative force at the nodes is intriguing. In this paper we try to explain this fact by studying
the non-linear behavior of a SWCNT random network using a multi scale modeling approach. Our model in this study is
confined to a two dimensional network.
a

𝐹𝑦! + 𝐹𝑦!
𝜎𝑦 =
2𝐿
𝜎𝑦
𝐸𝑛 =
𝜀

b

c

Figure 2: a) Calculation of stress
and elastic modulus of the SWCNT
network. b) The random network of
SWCNTs used in the FEM
calculations. c) The atomic
configuration for MD simulations.

METHOD
A random network is generated by sequentially placing nanotubes at random in a periodic unit cell until the desired
network density is reached. A node is formed wherever two nanotubes intersect. Dangling ends and isolated nanotube
clusters are removed prior to FE analysis. In FEM, carbon nanotubes are modeled as Euler-Bernoulli beam elements with
three degrees of freedom at each node (two translation and one rotation). A node between two carbon nanotubes is modeled
as a combination of three 2D uncoupled springs. Two of them resist translation in the x and y directions, and the third is a
torsional spring that resists rotation along z-direction. The network is subjected to cyclic boundary conditions.5 A
compressive strain ε is applied in y direction. The solution is obtained using ANSYS Mechanical APDL software. The
resulting forces in the y-direction on the nodes located at the top and bottom boundary of the network are stored and the
data is used to calculate the elastic modulus En of the network as shown in figures 2a and 2b. VDW interactions between
a)
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nanotubes are modeled via MD simulations using the Lennard-Jones potential and the configuration shown in figure 2c.6 In
the first simulation, the angle between nanotubes γ is varied, while in the second simulation the sliding of one nanotube
against the other is studied. The variation of the total energy of the system is plotted in both cases.
RESULTS & DISCUSSION
Figures 3a and 3b show the variation of energy curve obtained from the two MD simulations. For the first case, the
energy of system is minimum when γ is zero; thus, the parallel configuration of the nanotubes is most stable. The second
derivative of this curve gives stiffness of the torsional spring that is used in the FEM. A pre-strain term equal to the value of
stiffness times the angle between two nanotubes is added at each node in the FEM in order to account for the torque that
acts to bring nanotubes in equilibrium configuration. Similarly, the second derivative of the energy curve in the second case
gives the stiffness of springs that resist translational motion in x and y directions. Force resulting from compression and
stretching of these springs can be obtained from the first derivative. The maximum value of this force is taken as the
fracture strength of the nodes between nanotubes.
a

b
Figure 3: a) Variation of energy with
respect to γ b) Variation of energy in case
of sliding

Figure 4a shows the variation of elastic modulus of the network En with respect to stiffness of the torsional spring, Kz.
For small values of Kz, En varies linearly and becomes constant at a value that is comparable to the bending stiffness of the
nanotube. This means that for weak nodes, deformation of the network is governed by the rotation of nanotubes about
nodes, while for stronger nodes, bending of nanotube dictates the overall deformation. Figure 4b shows the stress-strain
curve for the network when both fracture of nodes between nanotubes and pre-strain term is taken into account. The curve
shows an initial linear elastic regime. The response starts deviating from linear elasticity when a significant number of
nodes have broken (shown in red). Eventually the network fails at around 10% strain when there are not enough nodes left
to form a connected network. Note that even though a pre-strain term is added, that accounts for irreversible nature of VDW
interactions; the stress-strain response is still very similar to the case of no pre-strain (shown in blue). This is because VDW
interactions are very weak in nature.

Figure 4: a) Variation of elastic
modulus of the SWCNT network
with torsional spring stiffness, Kz.
b) Stress-strain curve of the
network.

a

b

CONCLUSIONS
In this work, a multi scale modeling method to study mechanical behavior of SWCNT network is established. MD
simulations provided insight into VDW interactions of nanotubes at atomistic scale simultaneously providing a measure of
resistance offered against sliding and rotation of nanotubes at nodes. FEM results show that in linear regime deformation of
network is governed by rotation of nanotubes about nodes since value of Kz obtained from MD simulation is very small. These
results also suggest that nanotubes networks can be elastic in initial linear regime as observed experimentally.2,7 This is
attributed to the very weak nature of VDW interactions The linear elastic regime is followed by a nonlinear stress-strain
curve when a significant number of nodes in the network have ruptured.
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NANOMECHANICAL CHARACTERIZATION OF BORON NITRIDE AND CARBON
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Summary The mechanical strengths of the interfaces formed by individual boron nitride and carbon nanotubes with epoxy resins and poly(methyl
methacrylate) (PMMA) are characterized by in situ electron microscopy nanomechanical single-tube pull-out techniques. The nanomechanical
measurements reveal the shear lag effect for the load transfer on the tested nanotube-polymer interfaces. Boron nitride nanotubes are found to be
capable of forming stronger binding interfaces with polymers than comparable carbon nanotubes. Both boron nitride and carbon nanotubes bind
more strongly with epoxy than PMMA. The research findings help to better understand the load transfer on the tube-polymer interface and
the tube’s reinforcing mechanism, and ultimately contribute to the optimal design and performance of nanotube-reinforced polymer
nanocomposites.

INTRODUCTION
The unique light-weight and high-strength characteristics of fiber-reinforced polymer nanocomposites are attractive for
a number of structural applications ranging from bodies of aerospace shuttles and aircraft to automobile and sports equipment
components. Carbon and boron nitride nanotubes (CNTs and BNNTs) are two types of light and strong one-dimensional fibers
and hold great promise as reinforcing additives for polymer nanocomposites. However, the mechanical performance of
nanotube-reinforced polymers remains far from reaching the anticipated level. Understanding the interfacial stress transfer
and ultimately having a good command of the nanotube-polymer interface are one of the key scientific challenges to be
tackled. This is because the realization of the reinforcing effect of the high-strength additive nanotubes relies on an adequate
load transfer on the tube-polymer interface. To date, a vast majority of the studies on nanotube-reinforced polymers were
performed at the macroscopic level and yielded merely bulk material properties, from which the interfacial strength properties
can only be evaluated qualitatively and indirectly. Direct and quantitative measurements of the interfacial strength between
individual nanotubes and polymers by using microscopic-level single-tube pull-out techniques remain quite limited (for
CNTs) or unexplored (for BNNTs). In this paper, we present and discuss the experimental characterization of the mechanical
strengths of CNT and BNNT polymer interfaces by using in situ electron microscopy nanomechanical testing techniques.
EXPERIMENTAL AND METHODS
The nanotube polymer interface strength was characterized by
using an in situ electron microscopy nanomechanical single-tube
pull-out technique [1], as illustrated in Figure 1. In this testing
scheme, the nanotube-polymer interface is engineered inside a
sandwiched polymer-tube-polymer thin-film composite. A
protruding tube is stretched by an incrementally displaced atomic
force microscopy (AFM) cantilever until the embedded tube segment
is pulled out of the polymer matrix. The CNTs and BNNTs employed
in this study are synthesized using chemical vapor deposition and
high-temperature pressure methods, respectively, and their diameters
Figure 1 3D illustration of our in situ nanomechanical
are found to be polydispersed and mostly within the ranges of 2-4.2
single-tube pull-out measurement inside a scanning
nm and 1.9-3.9 nm, respectively [2, 3]. Epoxy resin (Epon 828) and
electron microscope.
PMMA are the two types of polymer matrices employed in this study.
The nanomechanical single-tube pull-out tests were performed inside an FEI Nanolab 600 scanning electron microscope
(SEM). Pre-calibrated AFM probes with spring constants within the range of 0.04-0.09 N/m were employed as the force
sensors. The AFM sensor was mounted to a 3D piezo stage that possesses 1 nm displacement resolution in the X-Y-Z axes.
Electron beam induced deposition of Pt was utilized to weld the free end of the protruding tube to the tip of the AFM sensor.
RESULTS AND DISCUSSION
Figure 2(a) shows one representative single-tube pull-out measurement on a CNT-epoxy interface [2]. Figure 2(b) shows
the dependences of the measured pull-out load on the embedded tube length for the four types of interfaces formed by CNTs
and BNNTs with epoxy and PMMA [1-3]. For all four types of interfaces, the pull-out load first increases with the embedded
a)
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length, and then reaches a plateau, which is a clear sign of the shear lag effect for the load transfer on the nanotube-polymer
interfaces. The interfacial shear strengths of BNNT-polymer interfaces are found to be higher than those of the comparable
CNT-polymer interfaces. The maximum interfacial shear strengths of BNNT-epoxy and BNNT-PMMA interfaces reach about
323 and 219 MPa [3], respectively, compared with about 270 MPa for CNT-epoxy interfaces [2] and about 163 MPa for CNTPMMA interfaces [1]. The superior load transfer capacity of BNNT-polymer interfaces is ascribed to both the strong van der
Waals interactions and Coulomb interactions on BNNT-polymer interfaces. Our studies also reveal that both BNNTs and
CNTs bind more strongly with epoxy than PMMA. The findings of the extraordinary mechanical strength of BNNT-polymer
interfaces suggest that BNNTs are excellent reinforcing nanofiller materials for light-weight and high-strength polymer
nanocomposites. This study demonstrates that our in situ nanomechanical single-tube experimental technique can be used to
characterize the unique nanomechanical signatures of the interfaces formed by nanotubes with a variety of polymer matrices,
thus enabling a convincing quantification and comparison of the interfacial strength across different nanotube-polymer
material systems.

Figure 2 (a) Selected SEM snapshots of one representative single-tube pull-out test on a CNT-epoxy composite: (top) before
and (bottom) after pull-out. All scale bars represent 500 nm. (b) The measured dependence of the pull-out load on the
embedded tube length for the four types of interfaces formed by CNTs and BNNTs with epoxy and PMMA. The dots represent
the experimental data. The dashed lines represent the respective linear fitting curves to the data sets whose tube embedded
lengths are below or above the critical embedded length.
CONCLUSIONS
In this paper, we report the experimental measurements on the mechanical strengths of CNT and BNNT polymer
interfaces using in situ electron microscopy nanomechanical single-tube pull-out techniques. Our nanomechanical
measurements reveal that BNNTs can form stronger binding interfaces with polymers than comparable CNTs, and their
binding strengths with epoxy are higher than those with PMMA. The research findings contribute to a better understanding
of the load transfer on the tube-polymer interface and the tube’s reinforcing mechanism, and ultimately the optimal design
and performance of nanotube-reinforced polymer nanocomposites.
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SERPENTINE MOTION THROUGH A FRICTIONLESS CHANNEL
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Summary Serpentine (or undulatory) motion within a smooth channel is theoretically investigated and fully validated by systematic
experiments. The experiments are performed on an elastic rod, straight in its unloaded configuration, constrained within a rigid and frictionless
curved channel. A proof-of-concept model for a channel is designed and realized, with the shape of an Euler spiral, in which friction is reduced
to a negligible amount by using roller bearings.

INTRODUCTION
Gray was the pioneer in the study of snake propulsion and he identified four mechanisms for snake locomotion: serpentine
motion, concertina movement, side-winding, and rectilinear propulsion, see [1,2,3]. The principal mechanical concept
underlying serpentine locomotion was explained by Gray [1,2,3] in terms of a release of elastic energy generated through
muscular contraction. His model, based on a chain of rigid pieces connected to each other with rotational springs, explains
the counterintuitive phenomenon where locomotion can occur in the absence of friction. This is also in agreement with the
experimental observation that serpentine motion ceases when a snake is confined to a straight or circular channel.
More recently, Bigoni and his co-workers [4, 5, 6] have discovered the relation between configurational forces (or Eshelbylike forces) and the mechanism of motion through a release of elastic energy. In [7] they have shown how longitudinal
propulsion can be achieved in a perfectly frictionless and smooth channel by applying a torque at the end of the structure.
The presentation focuses on the theoretical derivation and the experimental proof of serpentine (or undulatory) motion, the
first type of the four mechanisms for of snake locomotion. We consider an elastic rod, straight in its undeformed
configuration, and constrained within a rigid and frictionless curved channel as shown in Fig. 1.

Fig.1: An extensible elastic rod (rectilinear in its undeformed configuration) of length l within a smooth curvilinear channel.
Its configuration is defined by the evolution in time of the curvilinear coordinate [(t).

The propulsive force is generated through a release of elastic energy stored within the elastic rod and is strictly connected to
the development of Eshelby-like (or configurational) forces. The propulsive force is derived through different approaches:
(a) energetic formulation, (b) integration of the equations of motion, complemented by a ‘micromechanical’ derivation of
the channel reactions acting on the elastic rod (Fig. 2) and providing the Eshelby-like forces.

a)
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Fig 2: Micromechanics of an elastic rod inside a frictionless rigid channel that shows the reactions developing at the contact
points

Finally, a frictionless channel with the shape of a clothoid spiral was designed and realized. The friction between the rigid
channel and the elastic rod was reduced by employing modified roller bearings. The experiments, performed on elastic rods with
uniform and variable bending stiffness, fully confirm the theoretical predictions.
CONCLUSIONS
The serpentine (or undulatory) motion within a frictionless channel was theoretically investigated by using both variational
calculus and micromechanics. The analytical results are substantiated through experiments using purpose designed and built
apparatus.
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Summary Defects in carbon nanotubes influence their properties. In this research, the energy landscape is calculated for a variety of
distributions of Stone–Wales defects and pentagon-heptagon (5-7) defects using a model based on the dislocation theory. The equilibrium
configurations are solved using the conjugate gradient method, and the saddle point on the minimum energy path between two equilibrium
configurations is calculated using the nudged elastic band method. Many equilibrium configurations related to the lattice trapping of the
5-7 defects are obtained. The configurations are stable, because the Peierls-Nabarro barrier of the movement of these defects are relatively
large. The total energy depends not only on the mean value of relative displacement but also on the complexity of the configurations of the
defects. Evolution of the defects is organized based on the graph theory. The results provide fundamental information to discuss the stability
of thermal activation of defects.

ANALYSIS MODEL OF CNTS WITH STONE–WALES DEFECTS
Carbon nanotubes (CNTs) have extraordinary mechanical properties and distinctive applications [1]. Generally, their
properties can be affected by defects such as Stone–Wales (SW) and pentagon-heptagon (5-7) defects. SW defects can be
separated into pairs of 5-7 defects [2]. Plastic deformation due to slip of the 5-7 defect pair and pseudoclimb has been
reported theoretically [3]. In this study, we use a theoretical formulation in terms of the relative displacement on the slip-plane
[4] and the relationship between energy and the configuration of the 5-7 defects. Figures 1 (a) and (b) show schematics of
cross–section of a perfect (11,0) CNT and a CNT with SW defect, respectively. The relative slip in the cross–section can
be expressed by the relative displacement of atomic sites denoted as (−5, −4, · · · , 4, 5). Open and solid circles indicate the
position of the upper and lower atoms, respectively.
Table 1: Constants and valuables

(a)

(b)

Figure 1: Cross-section of (11,0)-CNT:
(a) Perfect lattice, (b) with
Stone-Wales defect

γ(u)
ul
a
d
∆
bs0
br0
µ, ν
fext

Generalized stacking fault energy (γ – surface)
= u(sl )/a; Nondimensional relative displacement
Lattice
√constant
= a/ 12; Lattice spacing between slip planes
A parameter (0.15 ∼ 0.19, depending on radius of CNT)
= µ(1 + ν)a; A parameter
of stiffness
√
= µ(1 + ν)a/{8 3(1 + 3ν)}; A parameter of stiffness
Elastic constants
An external force

EQUILIBRIUM CONFIGURATIONS AND MINIMUM ENERGY PATH
According to the theoretical formulation by Wang et al.[4], the total energy Etotal is described as the sum of Peierls-Nabarro
potential, Eγ , elastic interaction, EΩ , interaction between neighboring sites, Eb and potential of external force, Ef as shown
in the following equations. Each term is described using the relative displacement, ul (l = 1, n). For (11,0)-CNT, sites
l = 1, 2, · · · , 6, · · · , 11 correspond to −5, −4, · · · , 0, · · · , 5, respectively.
Etotal (u) = Eγ + EΩ + Eb (+Ef ), where u = (u1 , u2 , · · · , un ),
( I
) ∑
(
)(
)
n
a µa2
2
Eγ = γ(u(s))ds =
1 − cos(4πul ) 1 + ∆ sin (2πul ) ,
2 4π 2 d
l=1
[ (
)
(
) ]
n ∑
n
∑
bs0
1 π
1 π
1
EΩ =
Ωlj (auj )(aul ), where Ωlj =
cot (l − j) +
− cot (l − j) −
,
2a
n
2 n
2 n
j=1
Eb =

l=1
n
∑
l=1

1 r 2
b a (ul − u[l−1] )2 ,
2 0

where (u[l] = uMOD(n+l−1,n)+1 ),

Ef = −

n
∑
l=1

(1)
(2)
(3)

a
fext ul
2

(4)

The parameters are shown in Table 1. The static equilibrium configurations are obtained to solve ∂Etotal /∂u = 0 using
the conjugate gradient method. Then, the nudged elastic band method (NEB) [5] is used to determine the minimum energy
path (MEP) between two equilibrium states.
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RESULTS AND DISCUSSION
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Figure 2(a) shows the distribution of relative displacement for equilibrium configurations obtained using the conjugate
gradient method and the saddle points obtained using the NEB method. The distribution of atomic displacement ∑
is highly
n
localized at the core region of the 5-7 defects. Figure 2(b) shows a set of energy as functions of the average slip ū = n1 l=1 ul ;
Etotal (black), Eγ (red), EΩ (yellow), Eb (blue). It is found that the physical meaning of configuration ‘sol.2’ is the unstable
equilibrium point (saddle point) between perfect lattice and SW defect. Figure 2(c) shows the configurational force (PeachKoehler force), which is defined as the derivative of the total energy with respect to average relative displacement, of the
5-7 defects. The overall character of the profile of the curve agrees with the prediction according to the dislocation theory,
but the curve oscillates locally. Many equilibrium configurations exists due to the lattice trapping of 5-7 defects. These
configurations are stable, because the Peierls-Nabarro barrier between them are relatively large. Figure 3 shows the graph of
transition, annihilation, and movement of defects in CNTs. The schematic illustrations of configurations are located on an
energy-relative displacement plane, and the processes of structural change are shown with the activation energy and released
energy. One 5-7 defect pair in SW defect can be separated from another with energy consumption, and the SW defect is
annihilated with significantly reduced energy to attain stability.
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Figure 2: Configuration and energy landscape: (a) Relative displacement, (b) energy landscape, and (c) configurational force

Energy

7.11(0.50)
4.87(5.38)
4.66(5.86)

6.11(2.55)

5.57(3.81)

3.28(9.32)

3.91(7.70)

0.88(17.01)
4.89(5.31)
5.30(4.42)
6.88(0.93)
1.00(16.54)
6.35(2.03)

1.40(15.03)
5.60(3.65)
4.21(6.96)
0.65(18.03)

nucleation
movement
annihilation
E a ( ∆ E ) E a : Activation energy
∆ E : Energy released

Relative displacement

Figure 3: A schematic illustration of energy graph for CNTs with different transition and annihilation defects

CONCLUSIONS
The equilibrium configurations of defects in CNTs and their related MEP have been determined using a lattice defect
theory, and then transition processes of the structural changes of defects have been discussed from the graph theory point of
view. The quantitative results provide fundamental information of complex energy landscape to discuss the stability of thermal
activation of defects.
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Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, Poland
Summary In the present work we propose a framework for modeling volumetric actuators – a special class of mechanical systems that can
transform the parallel work of micro-actuators, distributed throughout an actuator’s volume, into a macroscopic force that scales with this
volume. The proposed model takes into account the expected finite deformation of actuators and the coupling between the deformation and
micro-actuation, which can strongly influence an actuator’s behavior. Finite element implementation details are presented, together with
numerical examples and results.

VOLUMETRIC ACTUATORS
Volumetric actuators are a specific class of mechanical systems. Their output forces are produced by micro-actuators
distributed over their volumes and working in parallel. This is in contrast to other actuators, examples of which are hydraulic
and pneumatic cylinders, whose forces often result from surface interactions and are proportional to their cross-sectional areas.
The advantage of well-designed volumetric actuators is that their maximum output forces are proportional to the number of
micro-actuators in their interior, and so to their volumes.

Figure 1: Volumetric actuators. Left: schematic of a sarcomere—a subunit of animal muscles. Center: DEM model of a
modular-robotic collective actuator, built of spherical units. Right: principle of operation of a volumetric actuator.
An example of such systems is the sarcomere [1], which is ubiquitous as a fundamental active subunit of animal muscles.
Similar artificial systems are also being considered, e.g., as an application of the MEMS and NEMS technology. In Fig. 1(left),
a schematic of the sacromere is presented, with heads of myosin molecules (black) working as micro-actuators, pulling
adjacent actin filaments (gray), and producing an overall contracting force. Quite similarly, an artificially designed modularrobotic structure works as a two-directional actuator [2, 3], see Fig. 1(center). Here, the spherical micro-robots form two
separate, strongly bonded frames (blue and gray) that are pushed/pulled against each other by active (red) modules.
Finally, Fig. 1(right) shows the general principle of operation of a (linear-motion) volumetric actuator. The actuator is
composed of two interdigitated solid structures (black and gray in the figure), with micro-actuators (gray rectangles) distributed
between them throughout the volume. Each micro-actuator pushes (or pulls) the two structures in opposite directions, exerting
a micro-force f . The micro-forces sum over the volume, yielding the total force F produced by the actuator.
TWO-DOMAIN MODEL
In the proposed two-domain model, two inter-penetrating domains Ω1 and Ω2 , see Fig. 2, move against each other along
some permitted directions (isolines Ψi = const). Actuators can, in general, undergo finite deformations that can affect their
properties, and vice-versa. Neglecting body forces, the weak form for two interacting actuator parts can be written as
G(ϕ, δϕ) = G1 (ϕ, δϕ1 ) + G2 (ϕ, δϕ2 ) + Gc (ϕ, δϕ) = 0,

(1)

where δϕ = {δϕ1 , δϕ2 } are the variations vanishing on Γui ,
Z
Z
DWi
· ∇δϕi dVi −
T ∗i · δϕi dSi , i ∈ {1, 2}
Gi (ϕ, δϕi ) =
Γti
Ωi DF i
∗ Corresponding

(2)
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Figure 2: Continuum mechanics model.
are the weak forms derived form (hyper)elastic potentials Wi , with deformation gradients F i = ∇ϕi , and

Z 
 ∂Ψ2
F 1 ∇Ψ̄1
−1
Gc (ϕ, δϕ) =
· (δϕ1 − δϕ2 ) dV1
ρ Ψ1 (X 1 ) − Ψ2 (X̄ 2 )
(∇ϕ̄2 ) + f¯
kF 1 ∇Ψ̄1 k
∂ X̄ 2
Ω̄1

(3)

is the contact part of the weak form (1), in which X̄ 2 is a point of Ω2 such that ϕ̄2 = ϕ2 (X̄ 2 ) coincides with the point
ϕ1 (X 1 ), Ω̄1 = ϕ−1
1 (ω1 ∩ ω2 ), and Ψ̄1 is a scalar field complementary to Ψ1 in the sense that ∇Ψ̄1 are parallel to the isolines
of Ψ1 . The first term in (3) is the enforcement of the condition that corresponding isolines of Ψ1 and Ψ2 must coincide, and
the second term imposes actuation of the intensity f¯ in the direction tangent to a deformed isoline ∇Ψ̄1 .
The above formulation has strong analogies to earlier works on formulations for contact problems [4], and it is particularly
suitable for the finite element method implementation. In the present work, the necessary FE procedures have been derived
using the symbolic system AceGen, and the subsequent FE calculations are performed in the AceFEM environment [5].
EXEMPLARY 2D FEM RESULTS
As an example, a two-dimensional contracting actuator is analyzed, as depicted in Fig. 3. Two constituent parts of the
actuator are 20 × 10 mm2 rectangles, clamped at opposite sides, with the initial 5 mm overlap. A plain-strain hyperelastic
material model for both parts is applied, with the Young’s modulus E = 1 MPa and Poisson’s ratio ν = 0.4.

Figure 3: Exemplary FEM results. Left: initial mesh (f¯ = 0). Right: deformed mesh (f¯ = 0.03 [N/mm3 ]).
In Fig. 4, the expected non-uniform deformation is presented, with horizontally-aligned stress gradients in the contact
zone, which is characteristic of volumetric actuators.
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Figure 4: Sxx stress field in the deformed configuration for the left and right part of the actuator (f¯ = 0.03 [N/mm3 ]).
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Summary A long-standing challenge in material design is to overcome the conflict between strength and toughness, as they are generally
mutually exclusive. To address this challenge, we rationally design cellulose-based nanopaper and investigate the dependence of their
mechanical properties on constituent cellulose fiber size. Surprisingly, we find that both the strength and toughness of the nanopaper increase
simultaneously (40 and 130 times, respectively) as the average diameter of constituent cellulose fibers decreases from 27 micrometers to 11
nanometers, suggesting the promising potential toward an anomalous but highly desirable scaling law: The smaller, the stronger AND the
tougher. There are abundant opportunities to utilize the fundamental bottom-up strategy to design a novel class of functional materials that are
both strong and tough.

The mechanical properties of materials are inherently tied to the material
structure, ranging from atomic structure to grains, fibrils, and layers. There
have been tremendous efforts in recent years to develop materials with higher
strength, by using smaller scale material structures (down to nms). For example,
by decreasing the grain size of crystalline metals (thus more grain boundaries),
dislocation motions (thus plasticity) are more restricted, leading to a higher
strength. On the other hand, such treatments also minimize the possible
mechanisms (e.g., crack-tip blunting) to relieve local high stress, resulting in
lower toughness. The atomic scale origins of high strength of a material, e.g.,
Fig. 1. An anomalous but desirable strong directional bonding and limited dislocation mobility, are also essentially
scaling law of mechanical properties the roots for brittleness and low toughness of the material. In short, the wellrequires defeating the conventional recognized scaling law of “The smaller, the stronger” comes with a price of
conflict of strength vs. toughness.
sacrificing toughness (Fig. 1).
Despite the consensus on mutual exclusiveness of strength and toughness, a significant gap exists between engineering
practice and scientific considerations. So far, there exists only rather limited success in attaining both strength and
toughness, which often involve material-specific, complicated or expensive synthesis processes and thus are hardly
applicable to other materials. A general and feasible mechanism to address the conflict between strength and toughness still
remains elusive.
To gain insight toward a generally applicable solution to the challenge of attaining both strength and toughness, we
investigate the mechanical properties of cellulose-fiber-based paper, with constituent building block size ranging from 10s
mm down to 10 nm, from which we unveil a highly desirable but hard-to-achieve scaling law of mechanical properties of
cellulose-based nanopaper that is anomalous to conventional understanding: both the strength and toughness of the
nanopaper increase simultaneously (40 and
130 times, respectively) as the size of the
constituent cellulose building blocks decreases
(from a diameter of 27 µm to 10 nm). These
stimulating results suggest the promising
potential toward a new and highly desirable
scaling law: the smaller, the stronger AND the
tougher.
Cellulose is the most abundant biopolymer
on earth and has long been used as the
sustainable building block for paper. Wood
fibers are the main natural source of cellulose
and have an intrinsically hierarchical structure
(Fig. 2a). A 20~50 µm thick wood fiber Fig. 2. (a) Hierarchical structure of wood biomass and the characteristic of
comprises thousands of nanofibrillated cellulose fibrils. Note the rich inter-chain hydrogen bonds between
cellulose (NFC, 5-50 nm in diameter), each of neighboring cellulose molecular chains. (b) Single cellulose chain repeat
which can be disintegrated into finer unit. Note the six hydroxyl groups (red solid circles) in each repeat unit.
a)
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elementary fibrils consisting of cellulose molecular chains.
Cellulose molecule is a linear chain of ringed glucose molecules, with a repeat unit (Fig. 2b) comprising two
anhydroglucose rings (C6H10O5) linked through C-O-C covalent bond. Rich hydroxyl groups in cellulose molecule (six in
each repeat unit) enable facile formation of hydrogen bonds, both intra-chain and inter-chain.

Fig. 4. Intriguing results from our pilot study: an anomalous scaling law of strength and toughness of cellulose-based
nanopaper. (a) Schematic of cellulose nanopaper, made of a network of NFC. Inset shows HR-TEM image of a ~10nm
NFC. (b) Stress-strain curves of cellulose paper made of NFC of various diameters. As the NFC diameter decreases, both
tensile strength and ductility of the cellulose paper increases, leading to an anomalous scaling law shown in (c): The
smaller, the stronger AND the tougher. (d) Further reveals that the tensile strength scales inversely with the square root of
NFC diameter. (e) Optical (inset) and SEM images of a CNT film made of network of CNTs. (f) Lack of inter-CNT
hydrogen bonds, the CNT film is shown to have a much lower tensile strength, and toughness than the cellulose nanopaper,
although the constituent CNTs and NFCs have similar diameter (~10nm).
Motivated by the unique molecular feature and attractive mechanical properties of cellulose, we rationally designed
highly transparent, mechanically strong nanopaper and investigate the dependence of mechanical properties of nanopaper on
constituent NFC size. Surprisingly, we revealed the simultaneous and significant increase of both the tensile strength and
toughness of nanopaper as the constituent NFC diameter decreases, a highly desirable but hard-to-achieve scaling law in
advanced materials design (Fig. 4a-d). To further shed insight on the anomalous scaling law of strength and toughness of the
cellulose nanopaper, we also fabricated CNT films of comparable thickness that are made of network of CNTs with
diameter similar with NFC fibers (Fig. 4e). It turns out that the strength and toughness of cellulose nanopaper are also much
higher (9 and 195 times, respectively) than those of the CNT films (Fig. 4f).
The above results suggest the following mechanistic understanding on the exceptional mechanical properties and
anomalous scaling law of cellulose nanopaper: while the increase in tensile strength of cellulose nanopaper is attributed to
reduced intrinsic defect size as the constituent NFC size decreases (the smaller, the stronger); the simultaneous increase in
toughness essentially results from the significant increase of hydrogen bonding among NFC fibers as their diameter
decreases (and thus their surface area increases).
CONCLUSIONS
We conducted a first-of-its-kind pilot study on the mechanical properties of cellulose-fiber-based paper, with constituent
building block size ranging from 10s mm down to 10 nm, from which we reveal a fundamental bottom-up strategy to achieve
both high strength and toughness that is generally applicable for a wide range of other material building blocks.
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GRAPHENE INTERACTIONS BY DISPLACEMENT-CONTROLLED NANOINDENTATION
Ji Won Suk1, Seung Ryul Na2, Rodney S. Ruoff3 and Kenneth M. Liechti2a
School of Mechanical Engineering, Sungkyunkwan University, Suwon, 440-746, Republic of Korea
2
Research Center for the Mechanics of Solids, Structures and Materials
Department of Aerospace Engineering and Engineering Mechanics
The University of Texas at Austin
Austin, Texas 78712
3
Institute of Basic Sciences Center for Multidimensional Carbon Materials & Department of Chemistry and
School of Materials Science and Engineering
Ulsan National Institute of Science and Technology, Ulsan 689-798, Republic of Korea
1

Summary In this paper, we examine the adhesive interactions between a diamond indenter and mono-, bi- and trilayer graphene
on silicon oxide. Nanoindentation experiments were also conducted on bare silicon oxide and highly ordered pyrolytic graphite
(HOPG) as controls. Force profiles obtained under displacement control revealed the complete adhesive interactions during
approach and withdrawal. The strength, range and energy of the underlying interactions between the tip and the contact surface in
addition to those between graphene and silicon were extracted by an inverse, numerical analysis at the continuum level. There was
evidence of both Van der Waals and capillary forces and graphene did appear to screen interactions between the probe and silicon
oxide.
INTRODUCTION
The wet-transfer of graphene grown by chemical vapor deposition has been the standard procedure for transferring
graphene to any substrate. However, the nature of the interactions between large area graphene and target substrates under
these conditions is relatively unknown. The adhesion energy associated with interactions between graphene and silicon has
been measured by particle intercalation and blister tests [1-3]. While the energy levels are commensurate with van der Waals
interactions, recent wedge tests coupled with interferometry have revealed that the strength and range of the interactions were
respectively much smaller and larger than those typically associated with van der Waals forces [4]. The objective of the work
presented here is to examine such interactions over smaller spatial domains by nano indentation, supported by continuum
analysis, in order to extract traction-separation relation parameters based on force profiles.
EXPERIMENTS and ANALYSIS
Graphene was grown on copper foil using chemical vapor deposition.
A thin layer of PMMA was spin coated on the graphene as a reinforcing
layer for the wet transfer process, which consisted of etching away the
copper foil, transferring the graphene to a silicon chip and then removing
the PMMA with solvent and heating to 400°C in a hydrogen/argon
atmosphere. The process was repeated for bi- and trilayer graphene. Bare
silicon oxide surfaces were cleaned with piranha solution just prior to
indentation and fresh HOPG surfaces were prepared by exfoliation. The
contact surface of the specimen was indented under displacement control
in a Hysitron Triboindenter with a corner cube indenter. This provided
force profiles that were able to detect the adhesive interactions between the
probe and the graphene during approach and retraction (Fig. 1). There was
adhesive hysteresis in the force profiles from samples consisting of bare
silicon oxide, mono-, bi- and trilayer graphene on silicon oxide and
graphite. There was also evidence of partial separation between monolayer
graphene and silicon.
The configuration was analyzed numerically using ABAQUS with
interactions between the probe and contact surface being accounted for by
traction-separation relations that differed for approach and retraction (Fig.
2a). The procedure that was adopted to determine the traction-separation
relations that provided the best fit to the measured force profiles was as
follows: For approach, in all cases, the measured force profiles were
subtracted from the Hertz force profile. Since this is the zero interaction
a)

Fig. 1: Force profiles a) comparison of all
samples, b) bare silicon oxide, c) monolayer,
d) bilayer and e) trilayer graphene and f)
graphite.
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RESULTS
The traction-separation relations for diamond/graphene interactions (Fig.
2a) serve as a template for all other cases. The initial snap due to water bridge
formation when the tip was 6 nm from the surface. The peak tensile traction

 0a was 50 MPa. It was necessary to include a repulsive interaction  r of
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case, any difference was taken to be due to the interactions between the
contact pairs. The traction-separation relations that provided the best fit to this
difference in force profiles were determined iteratively. For withdrawal,
different mechanisms had to be accounted for: a) for silicon oxide, capillary
effects were dominant and were modeled by a constant traction (10 MPa) over
the interaction range (10 nm); b) for single layer graphene, delamination
between the graphene and silicon oxide and capillary interactions between
graphene and the diamond tip were considered; c) for graphite, the initial part
of the traction-separation relation for interactions between the tip and graphite
during withdrawal was obtained using the same fitting process that was used
for approach (comparison with Hertz force profile) until capillary interactions
became dominant. It is possible that there may also have been interlayer
delamination in the graphite, but this was beyond the scope of the present
study. The interaction between graphene and silicon oxide was also accounted
for with an adhesion energy of 420 mJ/m2, a strength of 100 MPa and a range
of 9.6 nm. The energy level was obtained from previous wedge tests [4], but
the strength of the interaction had to be much higher and the range lower than
previously determined in order to make sure that complete separation did not
occur along the graphene/silicon interface, as this mechanism was never
observed.
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Fig. 2:
a) traction-separation
relations for interactions between
diamond and graphene for approach
and withdrawal, (b) comparison of
measured and fitted force profiles.

-200 MPa and an equilibrium spacing of 2.35 nm in order to capture the rising portion of the force profile. The initial
w

withdrawal was captured with a peak tensile interaction  0 of 100 MPa between the diamond and graphene, followed by
a constant traction of 10 MPa for 10 nm to represent the thinning of the water bridge. Similar features but with differing
magnitudes were extracted for the other cases as noted in Table 1. It can be seen that, for approach, the interaction between
diamond and HOPG was the weakest, but conditions encountered during contact made it much stronger
CONCLUSIONS
In summary, the displacement-controlled nano indentation
experiment, with ultralow-noise force measurements, allowed the
complete nonlinear adhesive interactions between a diamond
indenter and mono-, bi- and trilayer graphene on silicon oxide to be
observed. As the number of graphene layers was increased, there
was a transition in the adhesive interactions between the tip and the
surfaces that ranged from that of bare silicon oxide to that of
graphite. Nonetheless it appears that even monolayer graphene is
able to screen interactions between the probe and silicon oxide.
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Abstract Anelastic materials exhibit gradual full recovery of deformation once a load is removed. At macroscopic scale,
however, anelaticity is usually very small or negligible. Here we show that single-crystalline ZnO can exhibit anelastic behaviour
that is up to four orders of magnitude larger than the largest anelasticity observed in bulk materials, with a time-scale in the order
of minutes. In-situ SEM tests of individual NWs showed that, upon removal of the bending load and instantaneous recovery of
the elastic strain, a substantial portion of the total strain gradually recovers with time. We attribute the observed large anelasticity
to stress-gradient-induced migration of point defects, as supported by electron energy loss spectroscopy (EELS) measurements,
analytical modeling and also by the fact that no anelastic behaviour could be observed under tension. Finally, we show that ZnO
NWs exhibit a high damping merit index, suggesting NWs with point defects are promising for damping applications.
Introduction
NWs exhibit a host of novel properties that are being exploited for many applications including energy harvesting and
storage, flexible/stretchable electronics, sensing, and nanoelectromechanical systems. So far a vast majority of research on
mechanical properties of NWs has been focused on size-dependent elastic modulus and strength [1], with very few studies
on time-dependent responses. This work reports an unexpected phenomenon of large anelastic relaxation and energy
dissipation in single-crystalline NWs under bending [1].

a

b

c

In-situ bending test of ZnO NWs
The bending tests were performed at the room
temperature using a microelectromechanical system
(MEMS) based nanomechanical testing stage inside an
SEM [2,3]. After the NW was held at a bent
configuration for certain time (holding time), the
MEMS actuator was retracted and the shape of the NW
was monitored in real time (Fig. 1). It can be seen that
a large portion of the bending strain recovered
instantaneously while the rest recovered gradually with
time, as shown in Fig. 1a.

Fig. 1b shows the evolution of the anelastic strain
of a ZnO NW (54 nm in diameter) for an initial (total)
bending strain of 1.94% with six different durations of
holding time. Here the initial or total strain is the sum
of anelastic strain and elastic strain, right before the
load is removed. It can be seen that the recovery of the
Figure 1 Recovery and damping behaviors of a ZnO NW. (a) anelastic strain depends on the holding time – the
series of images showing the elastic and anelastic recovery. (b) shorter the holding time, the faster the recovery. Fig. 1c
Anelastic strain as a function of recovery time for six different shows the evolution of the anelastic strain for a holding
durations of holding time. The NW diameter was 54 nm and time of 15 minutes under five different initial strains.
the initial bending strain was 1.94%. (c) Anelastic strain as a Larger initial strain led to larger anelastic strain. The
function of recovery time for five different initial bending anelastic strain almost fully recovered with time (e.g.,
strains. The holding time was 15 minutes in all five cases. Supplementary Fig. 1b, with holding time of 15
Solid lines in both (a) and (b) represent the fitting data from minutes and recovery time up to 40 minutes). The
finite element analysis. Error bars for strain measurement in (b) anelastic strain was as large as 0.64% (in the case of
and (c) were ~5.4%.
4.1% total strain). A theoretical model was developed
to understand the relationship between the diffusion of point defects and the measured anelastic behaviour [2]. Finite
element simulations were performed to simulate the bending and relaxation processes under the same conditions as in the
experiments. A number of defect types with corresponding diffusivities and initial concentrations were considered. The
a)
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evolution of the anelastic strain was calculated as functions of the initial strain and holding time, and compared to the
experimental results (Fig. 1).
To corroborate the conclusion that the anelastic behaviour results from diffusion of point defects, further investigation
on the defect structures in ZnO NWs was performed. Transmission electron microscopy (TEM) investigations shows that
ZnO NWs are uniform in diameter and there is no extended structural defects (e.g., stacking faults or dislocations) in them.
Aberration-corrected STEM/EELS was employed to
a
c
investigate the stoichiometry of ZnO NWs under bending.
Diffusion of point defects across the diameter would lead to
a difference in stoichiometry at the two sides of a bent NW
(named as inner side and outer side in the following). Here,
an individual ZnO NW protruding from a TEM grid was
bent into a loop. Five positions with different bending
strains were chosen along the axial direction (Fig. 2a, b).
The quantitative EELS results showed that the atomic
b
d
percentage of oxygen (i.e., stoichiometry) is different at the
inner and outer sides; the outer side is always richer in
oxygen than the inner side. By contrast, for un-deformed
(straight) regions the inner side and outer side have nearly
the same stoichiometry, as expected. The same
phenomenon was observed in three additional NWs in a
similar bending geometry. The differences in oxygen
atomic percentage between inner and outer sides for the
Figure 2 (a) HAADF-STEM image showing a bent NW selected points are shown in Fig. 2c. The largest difference
for EELS analysis. (b) Bending strain as a function of in oxygen atomic percentage is at Position #3, ~4.2 at.%,
positions in the bent ZnO NW. (c) EELS analysis showing which corresponds to the largest total bending strain,
the difference in oxygen concentration between outer and ~2.9%. Fig. 2d shows a nearly linear relationship between
inner sides of the bent ZnO NW at different positions. the difference in oxygen concentration and the bending
Position #0 was taken from a straight part with zero strain as well as the anelastic strain (following Fig. 2b). The
bending strain. Error bars are from the variation in EELS results suggested that during relaxation, more oxygen
stoichiometry (~0.5 at.%). (d) Linear relationship between vacancies diffuse from the tensile (outer) to the
the difference in oxygen concentration (between outer and compressive (inner) side than zinc interstitials in the
inner sides) and the total bending strain and the anelastic opposite direction, leading to higher oxygen percentage in
strain.
the outer side.
In summary, we have reported large anelastic behaviour in single-crystalline NWs governed by stress-gradient-induced
migration of point defects. The observed anelasticity was attributed to a type of nonlinear Gorsky relaxation that involves
the diffusion of two types of point defects under an inhomogeneous stress field. The large anelasticity in ZnO NWs resulted
in high mechanical damping with the merit index of 1.13. The large magnitude of the anelasticity is attributed to the high
strain applied to the NWs, while the small diffusion distance, enormous stress gradient and large diffusivity result in the
short relaxation (recovery) time scale. The large diffusivity in NWs is due to the surface-mediated bulk diffusion and
reduced activation energy under ultrahigh stress. The present study also suggests a useful experimental approach to study
transport and equilibrium properties of point defects at the nanoscale. Since point defects have been reported to exist in
many nanostructures [4], the reported anelasticity is expected to have broad impacts in nanotechnology. With the rapid
progress in large-scale synthesis of NWs, our study suggests that crystalline NWs with point defects could serve as highly
efficient damping materials for a broad range of applications in aerospace, automotive, energy and biomedical industries.
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EXAMINATION OF INTERACTIONS BETWEEN DEFORMATION MECHANISMS IN FCC
THIN FILMS USING SEM-DIC
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Summary This presentation will discuss an on-going experimental investigation of the interaction between dislocation glide and grain
boundary sliding (GBS) in columnar Al thin films under tensile loading. Due to the oligocrystalline microstructure of the specimen, these
mechanisms can be characterized without sub-surface ambiguity. In this investigation, tensile strain was applied in-SEM to Al films with
thicknesses of hundreds of nanometers, using a custom thermal actuator MEMS device, and full-field surface displacements were
measured using a high-resolution combination of scanning electron microscopy and digital image correlation. Novel methods for
microscale pattern deposition and SEM spatial and temporal distortion corrections were utilized for high accuracy results. Analysis of the
resulting full-field, high resolution data linking deformation behavior and underlying texture provided insight into the interaction between
GBS and dislocation-based deformation mechanisms in Al thin films.
INTRODUCTION
This research is aimed towards understanding the relationship between deformation mechanisms, particularly grain
boundary sliding (GBS) and dislocation glide, in polycrystalline columnar thin films. It is hypothesized that a synergistic
relationship exists between these mechanisms, and that the nature of this relationship will vary from bulk material due to the
magnified effects of free surfaces. These claims are supported by (a) the fact that increasing shear stress on a grain boundary
(GB) simultaneously enables GBS and decreases the energy barrier for slip transmission through the boundary; and (b) there
is evidence that the in-grain dislocations, commonly observed in bulk materials, exist in very low densities in films with
thicknesses on the order of 100 nm [1,2]. Current research and modeling of crystal plasticity largely treats deformation
mechanisms as separate events. Thus, the relationships between them -- whether collaborative or competitive, simultaneous
or sequential -- remain unclear and supported by limited experimental data. These ambiguities lead to inaccuracies in
material modeling, and consequently a failure to optimize material design. This paper and talk discusses experimental
investigations aimed towards improving predictions of damage-inducing stress localization, and ultimately towards
improving the capability to develop small-scale materials with greater resistance to failure.
EXPERIMENTAL METHODS
A unique experimental approach is taken that
accounts for the inhomogeneities in polycrystalline
materials, unlike methods that employ either
property values that are bulk averages or micro- and
nanoscale analyses (e.g. nanoindentation) that only
sample very small fractions of the specimen. My
experimental approach addresses these shortcomings
by capturing a full-field strain analysis of
polycrystalline thin film deformation using SEMenabled digital image correlation (termed here as
SEM-DIC)[3-5] combined with spatial/temporal
distortion corrections and chemically functionalized
nanoparticle deposition for unprecedented resolution
Fig.1 Electrothermal MEMS actuator used to strain the thin film
and accuracy. DIC is a technique by which surface
specimen; chevron thermal beam are oriented so they expand and
strains are determined by comparing digital images
push the center shuttle forward when joule heated, straining the
captured during the deformation process. By
attached specimen
tracking the movement of identifiable surface
features, full–field strains can be calculated. This approach is used to map strains in columnar free-standing thin films under
tensile load, applied via MEMS-based actuation. In order to generate a comprehensive strain map, Au nanoparticles are selfassembled on a chemically functionalized sample to create a random, high contrast, traceable pattern. GBs are located by
pre-test electron forescattered diffraction (EFSD) [6-8] grain orientation maps. SEM micrographs of the same area
(identified using FIB-applied platinum markers) are captured in-situ during tensile loading, and used to create strain maps
via SEM-DIC. Since the accuracy of the SEM image is of critical importance for calculating strains, temporal and spatial
distortions that occur in the micrographs are corrected using a proven MATLAB code created by this research group[4].
a)
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Aluminum (Al) is used as the model test material for two primary reasons. First, it is commonly used numerous
applications microelectronics to lightweight structural alloys. Second, Al has a face centered cubic (fcc) crystal structure,
and therefore only 12 slip systems, making it ideal for examination of GB sliding and dislocation slip. The thickness of the
columnar films will be on the order of 100 nm, with <111> fiber texture and variable grain sizes. The specimens will be cofabricated with a MEMS actuator similar to that described in [9]. The actuator-sample system, seen in Fig.1, was chosen
because (a) it is capable of high-resolution stress application, necessary for testing nanostructured samples; and (b) precise
sample alignment is accomplished by using a single photolithography mask for the device-sample unit. Fabrication of the
sample-device unit was performed at the Lurie Nanofabrication Facility at the University of Michigan.

RESULTS AND DISCUSSION
The acquired SEM-DIC strain fields are expected to provide insight into relationships between deformation mechanisms
and microstructural neighborhoods in the film. As demonstrated by past work, both GBS and dislocation glide are active at
room temperature, but grain size of the film, magnitude of GB misorientation and dislocation source concentration will
determine the dominant mechanism. Prior studies have shown that GB sliding becomes more significant with decreasing
grain size, while dislocation glide behavior becomes more significant with increasing grain size (Hall-Petch behavior) and
low angle boundary misorientation [10-13]. A related trend is expected to be observed by testing specimen with various
average grain sizes, achieved by varying deposition and annealing temperatures during fabrication. Computational work
indicates that a transitional nanoscale grain size range likely exists, between the GB slide and dislocation glide dominated
regimes [10]. However, the significant decrease in dislocation density, commonly observed in fcc thin films [1,2], may
cause a shift in the bulk transitional grain size (~10 nm). Results of this work will provide experimental insight into this
transitional regime, and how it is affected by low dislocation concentration. Observed interaction between these two
deformation mechanisms will be compared to computational studies.
Understanding polycrystalline deformation in nanostructures is significant for numerous applications, yet present
knowledge of the subject is limited. The next step to take in advancing this knowledge is to examine deformation
mechanisms as interrelated systems, rather than individual occurrences. This innovative and comprehensive experimental
approach moves beyond bulk property averages and assumptions of homogeneity to address the complexities of
polycrystalline thin film microstructure. Outcomes from this research will contribute to the advancement of nanotechnology
and integrated circuits as well as a more sophisticated understanding of plastic deformation.
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ON-CHIP TESTING DEVICE FOR THE MICROMECHANICAL CHARACTERIZATION OF
POLYSILICON FILMS
Ramin Mirzazadeh(a), Aldo Ghisi & Stefano Mariani
Politecnico di Milano, Department of Civil and Environmental Engineering, Milano, Italy
Summary Due to an increasing miniaturization demand, the characteristic size of moving parts of MEMS devices may become comparable to

the material length-scale, i.e. to the average grain size in case of polysilicon films. This can lead to a deviation of the response of the device
from the expected one, or to an increased scattering due to stochastic features of the film morphology. In this work, an on-chip test is exploited
to assess the effects of film morphology on the overall mechanical response of thin, slender specimens. Different electrostatic actuation/sensing
configurations have been designed, to also distinguish the said mechanical effects from those due to overetch. To explain the observed
scattering in the MEMS output, two coupled electro-mechanical models of the system have been developed: an analytical reduced-order one,
and a numerical one to fully account for the heterogeneity of the film.

INTRODUCTION: THE ON-CHIP TESTING DEVICE
On-chip testing might be a viable tool to characterize the structural films of MEMS (micro electro-mechanical systems)
at the micromechanical level. The sensitivity of the device response to the investigated properties should be as higher as
possible, avoiding instability phenomena like pull-in [1]. When the properties of the moving structure are somehow
different from those of the substrate upon which the film is (epitaxially) grown, the effects of residual stresses should be
also kept to a minimum.
In compliance with the above reported requirements, a device has been designed for on-chip testing of polysilicon films,
see Fig. 1: the tested specimen is a thin beam, whose in-plane width is 2 μm. The beam is connected on one side to a
massive anchor, and on the other side to a proof mass, denoted as rotor in Fig. 1. The beam can be subjected to different
loadings, thanks to the two sets of stators around the plate: the lateral stator mainly induces a translation of the rotor, and so
a coupled shear/bending deformation of the beam; the (electrically connected) anti-symmetric top and bottom stators cause
instead an in-plane rotation of the rotor, and so a pure bending of the beam. Both the mentioned stators can also sense the
motion of the rotor, through the change of the capacitance between the two electrodes. The size of rotor and stators and the
initial gap between them have been designed to allow electrostatic sensing/actuation with a rather standard laboratory
equipment, delaying considerably the pull-in instability.
Table 1. Geometric dimensions of the device.
Parameter

value

beam length (𝑙)

2, 3, 4, 5,10, 20 μm

in-plane beam width (𝑤)

2 μm

out-of-plane beam thickness (𝑡)

22 μm

initial gap between rotor and stators (𝑔𝑜 )

2 μm

Figure 1. SEM picture of the on-chip test device
featuring a 20 μm-long beam.
The dimensions of the device are reported in Table 1; due to its small size, within each single die several devices have
been fabricated with a varying length 𝑙 of the beam. The varying in-plane slenderness of the beam 𝑙/𝑤, and the two types
of sensing/actuation have been devised to distinguish the effects of: i) polysilicon morphology, ii) stress intensification close
to reentrant corners, and iii) overetch linked to the fabrication process. As the average grain size of the tested polysilicon is
a)
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around 1 μm, the very small ratio between the beam width and the said grain size has allowed to enhance the scattering in
the mechanical response of the device due to the polycrystalline morphology.
To induce a quasi-static loading, the voltage has been varied smoothly and slowly in time during each test. Results are
reported in Fig. 2 for the exemplary case of the 20 μm-long beam, in terms of capacitance change vs applied voltage when
top and bottom stators are used for both actuation and sensing; experimental data are compared in the two graphs with the
outcomes of analytical and finite element models, described in what follows. The classical nonlinear response is shown, see
e.g. [1], with a tendency to pull-in around 40 V. An interesting scattering in the response of the 15 tested samples can be
also observed, proving the sensitivity of the output to defects or micromechanical features of the polysilicon film [2,3].
MODELING
To provide a micromechanical interpretation of the experimental results, a reduced-order analytical model has been first
set by exploiting the equilibrium between electrostatic and elastic forces. Due to its slenderness, the sample has been
modelled according to Euler-Bernoulli beam bending theory, and the electric fringe fields have been neglected. Next, a
coupled electro-mechanical model has been developed in the commercial finite element code ANSYS-APDL. In this latter
case, polysilicon has been modelled in a Monte Carlo analysis with a random morphology, obtained with two-dimensional
Voronoi tessellations featuring a stochastic orientation of the crystal lattice of all the grains. To also bound the mentioned
spreading of the experimental curves, two solutions have been computed with the two models, with silicon being assumed
as a single-crystalline orthotropic material with the direction featuring its maximum or minimum value of the Young’s
modulus, in the crystal plane (100) [4], aligned with the longitudinal beam direction. The results of the two models are
compared with the experimental data in Fig. 2.

(a)
(b)
Figure 2. Comparison of the experimentally measured sample response in the case 𝑙 = 20 μm, with (a) analytical and (b)
numerical results.
DISCUSSION AND CONCLUSIONS
As reported in Fig. 2a, the analytical model somehow overestimates (as expected) the system stiffness, and therefore predicts
a capacitance change under the applied voltage lower than the experimental output. The numerical model, see Fig. 2b, yields
instead more accurate bounds, as it can catch the real deformation field in the beam, especially close to the anchor and the
connection with the plate. The scattering in the results of the Monte Carlo analysis due to the random morphology of polysilicon
only, obviously leads to a better estimation of the real beam response in comparison with the homogeneous cases.
Although the model results have provided much insight into the coupled electro-mechanical response of the system, out-ofbounds experimental trends can be always found and must be properly understood. Since polysilicon morphology is not the only
source of uncertainties at the microscale, further effects due to imperfections and to a non-homogenous overetch of the film, as a
result of the fabrication process, will be considered next. To help distinguish these effects, further measurements and simulations
using all the other sensing/actuation configurations will be accordingly carried out.
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STIFFNESS THRESHOLD OF RANDOMLY DISTRIBUTED CARBON NANOTUBE
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Abstract The properties of carbon nanotube (CNT) networks (CNTNs) may change suddenly with the variation of network density, such as

the onset of conductivity at the electrical percolation threshold. In this paper, the stiffness of CNTNs is studied and especially the existence of
stiffness threshold is revealed. Two stiffness thresholds, which are critical densities to judge whether or not the network can carry load and
whether or not it can carry load effectively respectively, are found by theoretical analysis as well as numerical simulation, and are predicted by
simple invariants. The two thresholds divide the stiffness behaviour into three stages: zero stiffness, bending dominated and stretching
dominated stages, which can be described by a piecewise function of network density and the CNT aspect ratio. This work provides a
theoretical foundation for the design optimization and property prediction of CNTNs.

Keywords: threshold; mechanical properties; stiffness; carbon nanotube
INTRODUCTION
Carbon nanotube (CNT) is well known for its remarkable electrical and mechanical properties. To utilize these microscale superior properties in macro-scale structural and functional materials, CNT network (CNTN), with low density and
high porosity, is considered as an effective structure form, thus has wide applications and draws many attentions. Studies
show that with increasing network density of CNTNs, there may be sudden changes in the properties, such as the sudden
change in electrical conductivity at the electrical percolation threshold [1]. Besides, some sudden changes in mechanical
properties are observed experimentally and numerically in CNT composites and some other similar materials. Therefore, it
is reasonable to infer that increasing CNT density in CNTNs may lead to sudden change in their mechanical properties. The
aims of this paper are to reveal the stiffness threshold mechanism for randomly distributed CNTNs, and to establish the
relation between topology and stiffness of CNTNs, which may be readily used to guide the design optimization and strength
analysis in practical applications.
THE STIFFNESS THRESHOLD AND THE BENDING-STRETCHING TRANSITIONAL THRESHOLD
Qualitative investigation on the stiffness thresholds
CNTN is conductive only when the conductive path is formed. The lowest CNT density to form the conductive path is
the electrical percolation threshold. Similarly, the load-transfer path must be constructed for CNTN to carry load, and the
corresponding critical CNT density is defined as stiffness threshold, which is a criterion to judge whether or not the network
is capable of carrying load. Moreover, when CNTNs can carry load, the deformation modes of CNTs have significant
influence on the efficiency of load transfer. For CNTs, axial stretching can transfer load more efficiently than bending, and
thus leads to higher stiffness. Hence there is a critical point at which the dominated deformation mode of CNTs changes
from bending to stretching. The corresponding CNT density is defined as the bending-stretching transitional threshold,
which is criterion to measure whether or not most of the CNTs in network are utilized effectively to carry load.
Theoretical analysis on the stiffness thresholds
To predict the thresholds and explain their underlying mechanisms, the load-transfer analysis as well as geometric
probability analysis is employed. The stiffness threshold is considered to be determined by the statical determinacy of CNTs,
which is dependent on their topological relation, as shown in Fig.1, and is estimated quantitatively by the stabilization
fraction [2] of network. The bending-stretching transitional threshold is supposed to be influenced by the CNT intersection
type in CNTN, as shown in Fig.2, and is evaluated by the defect fraction [2] of network.
(a)

(b)

(c)
V (c)

T (b)

X (a)

Fig. 1 The stabilization processes of CNTs in CNTN
a)

Fig. 2 Three typical intersections in CNTN
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Two stiffness thresholds, i.e. stiffness threshold ̂ thE1 and bending-stretching transitional threshold ̂ thE2 are found and
validated to divide the stiffness behaviour into three stages: zero stiffness, bending dominated and stretching dominated
stages [2]. Both the two thresholds are larger than the electrical percolation threshold ̂ the . Therefore, CNTNs present 4
different types of behaviours with increasing network density ̂ , as illustrated in Fig. 3: (1) neither electrical conductive
nor able to carry load; (2) electrical conductive but unable to carry load; (3) electrical conductive and able to carry load by
bending dominated deformation; and (4) electrical conductive and able to carry load by stretching dominated deformation.
Type 1

Type 2

Type 3
I

F

I

F

I

I

F

I

F

Non-conductive
Conductive
Cannot carry load Cannot carry load

0

Type 4

I

̂ the

Conductive
Carry load by bending
dominated deformation

̂ thE1

Conductive
Carry load by stretching
dominated deformation

̂thE2

Network density

Fig. 3 Overall views on the four types of electrical and mechanical properties of CNTNs, with three critical values:
electrical percolation threshold ̂ the , stiffness threshold ̂ thE1 , and the bending-stretching transitional threshold ̂ thE2 .
According to the theoretical analysis and the numerical simulation, the average intersection number on each CNT Nint
is revealed as the only dominant factor for the electrical percolation and the stiffness thresholds, it is approximately 3.7 and
5.2 for ̂ the and ̂ thE1 of 2D networks respectively. For 3D networks, they are 1.4 and 4.4 respectively. Moreover, Nint
also affects the bending-stretching transitional threshold, combined with the CNT aspect ratio. The average intersection
14
number divided by the fourth root of CNT aspect ratio Nint CNT
is found to be an invariant at ̂ thE2 , which is 6.7 and 6.3
for 2D and 3D networks, respectively.
STIFFNESS PREDICTION BASED ON THE THRESHOLDS
Based on the two thresholds, a simple piecewise expression is proposed to describe the normalized elastic modulus of
CNTNs Ê , and is expressed as

0
0  ˆ  ˆ thE1

2

 ˆ E2 ˆ E1 
Eˆ   kE ˆ  ˆ thE1
ˆ thE1  ˆ  ˆ thE2 ,
(1)
 2  th   th 


kE  ˆ  ˆ thE1  ˆ thE2 2 
ˆ  ˆ tE2
h

where kE is the linear slope of the stretching dominated stage, and is taken as π /12 and 1/6 for 2D and 3D networks,
respectively.












CONCLUSION
This paper studies the sudden change in stiffness of the CNTNs and especially reveals the existence of stiffness threshold.
Simple formulas to predict the stiffness and stiffness thresholds are established, and will provide great convenience for the
optimum design and property prediction of CNTNs.
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GROWTH AND MECHANICAL PROPERIES OF METAL NANOWHISKERS
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Summary Single-crystalline, defect and flaw free nanowhiskers were grown by physical vapour deposition under ultra-high
vacuum conditions. The investigated microstructure of the nanowhiskers is unique, no dislocations or grain boundaries were
detected. The shape of the prismatic body can be explained by a classical Wulff theorem. The mechanical properties of the
nanowhiskers were investigated by tensile and bending set-ups. For both set of experiments mechanical strength close to the
predicted theoretical values were found. The onset of plasticity is determined by the nucleation and propagation of Shockley
partial dislocations. Advanced nanostructures based on said nanowhiskers are also reported and their behaviour under
mechanical loading is presented.
INTRODUCTION
Physical properties of materials changes if the dimension of the investigated devices decrease. This is especially true if
one of the dimensions falls below a certain threshold; often this critical size is found to be in the order of ~100 nm, but
depends strongly on the physical property which is investigated in a particular experiment. One reason for the size effects is
the changing ratio of bulk volume to surfaces, it is moot weather the surfaces are free (crystal)-surfaces or internal
interfaces. Also the influence of other defects, as dislocations or vacancies increases with decreasing dimensions. Since
nanostructures are anticipated to be the building blocks for future nanodevices in several research areas as nanorobotics,
biomedicine or sensor technology, knowledge on fabrication, handling and corresponding properties of zero- (e.g.
nanoparticles), one- (e.g. nanowires) and two- (e.g. ultra-thin films) dimensional nanostructures has to be gathered.
Quantitative results can be received by usage of structures with tailored microstructure. In the past our group concentrated
in growing thin films physical vapour deposition (PVD) and recently conceived a method to fabricate one-dimensional
metal crystals with the same methods.
NANOWHISKER GROWTH
One-dimensional nanostructures attracted in the past years a high interest due
to their properties. Ceramics, semiconductor and carbon materials are easily
synthesized as in nanowire shape with typical diameters of several dozen
nanometers and length-diameter ratios of 1000:1. However, only the metals as
one of the oldest were difficult to fabricate in similar geometries. From the start
of the last century up to the 1950ies microscopic and macroscopic whiskers were
synthesized by metal halide reduction [1], the original fabrication process was
already published in a mining book from 1574 by Lazarus Ercker. The
fundamental principles of these processes were the evaporation of a metal salt,
the reduction of said salt in the vapour phase and the condensation of the
Figure 1: SEM micrographs of Cu nanowires
elemental metal atoms on a usable substrate.
grown on Si (111) substrate surfaces. The
We modified this ancient recipe to be accommodated in ultra-high vacuum
deposition rate was 0.05 nm/s; the growth
PVD systems and grow perfect defect and flaw free nanostructures with
temperature 680°C.
diameters of several ten nanometers, attached on substrates. Metals with face
centred (Cu, Ag, Au, Pd), body centred (Fe), and hexagonal (Co) crystal structure were synthesized successfully as onedimensional nanowhiskers (NWs) with the new technique. Suitable substrates are, for most metals, Si crystals, or Mo and W
wires covered with 30 nm C by magnetron sputtering. The metals are deposited at high substrate temperatures (~60% T M)
and low deposition rates (0.05 nm/s). Figure 1 show a typical scanning electron microscopy image for Cu grown on Si(111)
substrates.
NANOWHISKER PROPERTIES
Microstructure
Scanning and Transmission Electron Microscopy (SEM and TEM) analysis on the NW microstructure for fcc NWs
yielded the following results: (i) The NWs are freestanding and prismatic with no taper along the NW axis; (ii) the surface
facets are the low energy surface planes of the corresponding metals, typical four {111} and two {100} planes; (iii) the
a)
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cross-section is close to the predicted Wulff shape; (iv) the NWs axis is parallel to the <110> crystal direction; (v) the NWs
are perfect single-crystals, no flaws, dislocations nor grain boundaries are typically observed in the bulk of the NWs.
Physical properties
The investigations of the physical properties of the NWs focused on the mechanical strength and the onset of the plastic
deformation. Mechanical test were performed on the grown elemental NWs [2-5]. Independent of testing method, either
bending or tensile test, the NWs performed remarkably well. Due to the perfect crystal structure, the NWs exhibit tensile
and bending strengths close to the predicted theoretical strength [6]. Post mortem and in-situ TEM revealed that the
deformation is carried by partial dislocation nucleation and propagation, therefore by formation of stacking faults.
Nucleation of further partial dislocations on adjunct planes leads consequently to twin formation. The twin boundary is a
perfect 3{111}<110> symmetrical tilt grain boundary.
Correlating with the low defect density in the NWs is the low conductivity. No size effect is observed but a constant
conductivity, again, close to the theoretical limits. Also, the magnetic domain structure was studied by electron holography.
Only one single domain is present in ferromagnetic metallic nanowhiskers.
Stress evolution in bilayer NWs
Because the NWs are freestanding, one
sided coatings can be easily achieved by
depositing a second material without rotation
of the specimens. Applying rotation would
yield core-shell structures. Mismatches in
lattice parameters and growth stresses lead to
Figure 2: TEM micrograph of Ni/Cu nanowire. a) due to the lattice mismatch the
structure is bend towards the Ni layer. b) increasing of the temperature leads to
bending of the nanostructure. Annealing could
straightening and cooling to slight reverse bending.
lead (i) to stress relaxation or (ii) change in
bending due to the difference in thermal
expansion coefficients. Figure 2 depicts such a case where a Cu NW was covered on one side with a polycrystalline Ni layer.
Due to annealing to 600°C, first the growth stress is relaxed and then secondly with cooling the NW bends slightly to the
opposite direction because of the differences in thermal expansion.
CONCLUSIONS
Concluding we will present a brief summary on the growth of single-crystalline, defect and flaw free NWs and then explore
(i) the consequences of the perfect microstructure on mechanical properties and (ii) the possibilities to use the uniqueness in
crystal quality to fabricate novel new nanostructures. Core-shell structures, layered NWs, bamboo-structures and nanotubes were
grown and the most recent results will be presented and discussed.
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Summary The paper deals with simulation issues that can be raised during the design process of a piezoelectric micromachined ultrasound

transducer (PMUT). The presence of multiple interactions between electric, mechanical and acoustic fields is accounted for by a multiphysics
computational model, which is adopted in order to carry out parametric analyses and design-of-experiments with the main objective of
optimizing the device performances. The complexity of the model is increased by the possible presence of large deformation, which are treated
in the framework of geometric non-linear analysis.

INTRODUCTION
Piezoelectric Micromachined Ultrasound Transducers (PMUTs [1]) are widely used for many practical purposes.
Medical acoustic imaging is a primary field of application, related to the propagation and reflection of acoustic waves in
human tissues; hydrophones exploit the in-water propagation of ultrasonic pulses; rangefinders are related to in-air wave
propagation, with by far lower frequency than those required for water-coupled devices; fingerprint recognition can greatly
benefit from the peculiar features of PMUTs; further applications are represented by non-destructive testing, velocity
sensing and object recognition. In many cases, a large array of PMUTs is adopted, in order to increase the spatial resolution
[2]. In this paper, focus is on an air-coupled PMUT, whose vibration frequency should be around a few hundred kHz. The
active material is represented by lead zirconate titanate (PZT), which in the past has been avoided for such applications, in
spite of its good figures of merit, because of technological issues related to the integration of PZT thin films in MEMS [3].
In recent years, much progress has been made in improving PZT thin films and their properties [4], so that PZT can now be
effectively adopted in MEMS. A suitable computational model of the air-coupled, PZT-based PMUT can be profitably used
to carry out parametric analyses and design-of-experiments, with the main purpose of increasing the device’s performances.
MODELLING ISSUES
The paper is related to modelling issues of an air-coupled PMUT, which can be schematically described as a suspended
membrane (of circular shape) with active material stacked on its top surface (see Figure 1). The design of such a device
calls for accurate, fast and reliable simulation techniques. The model should be able to capture the multiple interactions
between the electric, mechanical and acoustic fields. The ultrasound transducers are plate-like structures, which can be
modelled by means of a modified CLT model, with the introduction of piezoelectric effects [5]. The latter has been
simplified by neglecting the “direct effect”, namely the creation of electric current due to mechanical deformation. The
“indirect effect” is represented by a planar strain, induced by the current flowing in the vertical direction: such an applied
strain yields the vertical deflection of the plate. The aforementioned simplification is correct in the actuation phase only,
whereas the sensing of the echoes requires the conversion of the mechanical deformation into an electrical signal. The
model has been completed by the acoustic coupling with the surrounding medium, to provide a numerical estimate of the
emission efficiency, and has been implemented in the context of the Finite Element Method, with shell-like elements for the
laminate structure and solid elements for the acoustic fields. A suitable structural-acoustic interface has been introduced, to
correlate the pressure and the velocity in the mechanical and the acoustic domains.

Figure 1. Cross-section schematic view of a MEMS ultrasound transducer: the structural suspended diaphragm is a poly-silicon layer; the active layer is
located on the upper surface, with top and bottom electrodes.
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Moreover, it was necessary to account for some non-linearity, given by the presence of residual stresses, whose presence
has been evidenced in previous works [6]. A geometric non-linear analysis has been devised, so that the stiffness variation
due to residual stress is suitably accounted for. It was also mandatory to consider that the initial shape of the membrane is
no longer flat, since the residual stresses are not evenly distributed on the various layers that constitute the cross-section.
The initial configuration was represented by a curved surface, whose shape should be computed at the beginning of the
analysis. Such a behaviour has an important impact on the dynamical response of the device. The proposed model has been
developed in order to cope with that effect, which has been somewhat overlooked in previous works.
RESULTS
The proposed model has been used to explore the capabilities of PZT-based PMUT and to carry out some parametric
analyses. The laminate cross-section, whose detailed view is not reported here for the sake of brevity, contained the
structural polysilicon layer, the electrodes and the PZT layer in different configurations: (i) a central disc of PZT with lower
radius with respect to the structural membrane; (ii) an annular ring of PZT, which started from the outer clamped-in edge of
the structural layer. Some of the results of parametric analyses are reported in Figure 2, with reference to configuration (i).
Two geometric parameters are considered: the radius of the structural membrane and the coverage ratio of the PZT layer. It
is possible to notice that the diaphragm’s stroke (which is connected to the emission efficiency) attains a maximum value at
a certain PZT ratio around 72% and is steadily increasing along with the membrane’s radius. On the other hand, it is
necessary to consider the variation of the first vibration eigen-frequency f0, which is related to the operation conditions of
the PMUT. A trade-off situation is envisaged, which should be carefully considered in the design procedure.

Figure 2. Parametric analyses with respect to the radius of the structural membrane and the coverage ratio of the PZT upper disc.

CONCLUSIONS
A non-linear multiphysics model has been developed in order to provide a suitable simulation tool for air-coupled, PZTbased micromachined ultrasound transducers. The model is able to capture the phenomena, which occur in the real operation of
the device and which have been in some cases disregarded. The execution of the analyses is fast enough to be used in parametric
studies, which represent an important point in the design procedure. The obtained results highlight some interesting features of
the device’s behaviour.
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Summary As our ability to build ever smaller machines develops so does the need for simulation techniques that can accurately capture
the behaviour of these nanocomponents. To empower designers, new simulation methods must be developed to allow for easy and fast
iterations of designs. To this end we have sought to incorporate piezoelectric modelling within an atomistic finite element model of boron
nitride nanotubes. The ability to capture these effects allows for the design of nano scale electromechanical devices. We built and tested
the model by using it to calculate the piezoelectric tensor coefficients for armchair boron nitride nanotubes, subjected to an axial torsional
loading and compared our values to those generated using density functional theory that are available in the literature.

INTRODUCTION
Interest in nanotubes and their potential applications has been growing ever since their initial prediction over two decades
ago. Different materials have been investigated as potential candidates for nanotube formation starting with the most well
known, carbon, but other materials such as carbon nitrides, boron nitrides, sulphides, selenides, halides and transition metal
oxides have been investigated [1]. Concurrently, there has been development of micro, meso and nano scale machines looking
to provide new technological capabilities in many different research fields. Components of these miniature machines are
an obvious application for nanotubes, however new methods for accurately modelling these structures are required. The
standard methods for macro scale modelling rely on the assumptions of continuum mechanics, where as at smaller scales
the molecular structure of the materials becomes apparent leading to unacceptable inaccuracies. Although computational
chemistry has produced tools for modelling molecular structures they normally require significant computational resources
when attempting to model large systems of atoms. One method that attempts to provide molecular modelling capabilities
while allowing for rapid computation is to model the molecular structure as a space frame structure (as can be seen in figure
1a) by using force constants developed for molecular mechanics software to provide the effective beam (Euler-Bernoulli or
Timoshenko) properties [2]. These “atomistic” finite element models have been investigated for over a decade by multiple
authors, examining different nano materials and using different finite element beam formulations [3, 4, 5].
We want to expand this technique by providing a method for calculating properties other than the mechanical ones that
have been investigated previously. The focus of this work was on developing a novel method for calculating the piezoelectric
response of nanotubes. Boron nitride nanotubes have been shown to have piezoelectric properties which have been investigated, mostly computationally, providing us with a means for testing the validity of our method.

(a) The finite element model of
a nanotube showing beam elements as black lines and the
nodes as green circles.

(b) The charges of the atoms of the
boron nitride nanotube as calculated
using QEq.

(c) The results of our simulations showing a similar trend in
the piezoelectric coefficient as the nanotube chiral number (an
analogue for the tube radius) is increased.

Figure 1
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THE METHOD
Piezoelectric phenomena are generated by the creation of atomic dipoles in a material which are at least somewhat aligned.
In the case of boron nitride nanotubes the atomic dipoles are caused by distortions of the nanotube lattice that result in breaking
of the threefold symmetry of the lattice. This symmetry breaking leads to dipole creation whereby the electron distribution of
the atoms loses symmetry resulting in a dipole moment of the atom.
A simple method for understanding this behaviour is to consider a polarisability of the atom, a constant which describes
the ratio of the dipole moment of the atom generated by an external applied field and the strength of the applied field. Using
atomic polarisability we can calculate the dipole moment of an atom due to an applied field, for our purposes it was thus
necessary to find a suitable method for calculating the electric field at the atom sites of our deformed nanotube lattice.
The method we used was one developed for use with molecular mechanics simulations called charge equilibration (QEq).
This method uses physical properties of the atoms, the ionisation energies and electron affinities, and the atom positions as
the initial inputs for a method to approximate the charge distribution within a molecule (an example of which can be seen in
figure 1b). Using this method we were able to generate charges for the atoms in the deformed nanotube and then use these
charges and the position data for the atoms to calculate the electric field at the atom sites. With the field calculated we could
then apply the polarisability to find the dipole moments of the atoms.
TESTING THE METHOD
To determine the accuracy of the method we chose to generate the piezoelectric coupling tensor coefficients of a variety of
different sized armchair boron nitride nanotubes under an axial shear load (for results see figure 1c). By varying the degree of
the shear stress in the tube due we could calculate the dipole moment per unit area (dipole density) of the tube for each applied
shear stress. We were then able to find the gradient of the dipole density as a function of shear stress using finite differences.
This gradient is the tensor coefficient for the piezoelectric coupling tensor.
Table 1: Results from our model and other authors work.
Authors
Current work
Sai & Mele [6]
Naumov et al [7]

Method

ez,xy (Cm−1 )

Atomistic FE with QEq
DFT/Berry’s phase
DFT/Ab initio
DFT

−1.46 × 10−9
−3.63 × 10−10
−2.60 × 10−10
−3.57 × 10−10

Our results show reasonable agreement with calculations for the tensor values based on DFT calculations (see table 1) but
further refinement of the method is required. Future work will seek to address this by examining other piezoelectric nanotubes,
such as zinc oxide, so that suitable corrections can be introduced to the relevant physical constants.
CONCLUSIONS
We developed and tested a method for the simulating piezoelectric response of boron nitride nanotubes. The method
provides us with an approximation of the piezoelectric properties of the nanotubes but will be refined through future work.
We have shown the method has potential to be used for simulating nanostructures and therefore has the potential to be used as
a tool for designing nano scale machines that utilise piezoelectric effects that are present in certain materials.
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Summary In this paper, the strength properties of a ductile nanoporous material are investigated by means of a non-linear homogenization
approach based on the modified secant method. The material is described as a rigid ideal-plastic solid matrix, obeying to a von Mises strength
criterion, and containing isotropically- distributed spherical nanovoids. Aiming to properly account for local strain-rate heterogeneities, a
3-layered model is adopted. A novel closed-form macroscopic strength criterion is established, and successfully compared with available
numerical data, resulting in an effective enhancement of previous-established theoretical predictions.

The development of materials characterised by a nanosized microstructure has recently given rise to a growing research
interest, involving experimental tests, numerical simulations and theoretical models, aiming to investigate the influence of
nano-inclusions or nanopores on the overall material response. An important class of nanostructured materials consists in
nanoporous media, characterised by reduced mass density, high surface-to-volume ratio, good levels of strength and generally
exhibiting a ductile behaviour. From a mechanical point of view, one of the most important aspect concerns the influence, for
a fixed porosity value, of the size of voids on the macroscopic material strength properties. In the framework of a continuum
approach, such a void-size effect has been generally addressed by adopting coherent-imperfect interface laws to describe
cavity surfaces. Early works involving void-size effects have been focused on the effective elastic properties of nanoporous
materials. In contrast, few attention has been paid so far to the influence of the size of voids on the material plastic behaviour.
In the framework of non-linear homogenization (NLH) methods, mention is made to the very recent model [2] (denoted in the
following as DK), consisting in a generalization of the well-established strength criterion [5] for classical porous materials to
nanoporous ones. However, the DK strength model strongly overrates available numerical evidence [4, 6], mainly for high
stress-traxiality levels. In this light and in the framework of NLH-based techniques, present paper (see [1]) aims to establish
a consistent and accurate strength criterion for nanoporous materials properly accounting for void-size effects and able to
recover available benchmarking evidence.
Let Ω be a material representative volume element (RVE), whose exterior boundary is ∂Ω. Let the RVE be comprised
of a rigid ideal-plastic solid matrix Ωs , obeying to a von Mises strength criterion with support function π s , and isotropicallydistributed spherical cavities of radius a. The RVE is assumed to undergo homogeneous strain-rate boundary conditions,
prescribed in terms of the constant tensor D. Denoting as σ, d, and v the microscopic stress, strain-rate and velocity fields,
respectively, the following boundary-value problem, involving equilibrium, compatibility and plastically-admissibility conditions, is introduced.

Problem P For a given D, find σ(z), d(z), v(z) s.t.
div σ = 0
d = sym(∇v)
∂π(z, d(z))
∂d
v =D·z
σ=

in Ω
in Ω

(1a)
(1b)

in Ω

(1c)

in ∂Ω

(1d)

where vector z identifies the position of a point in Ω, and π is equal to π s in Ωs and zero otherwise.
By considering the local support function π as the potential of a fictitious viscous material, equation (1c) can be thought as
representative of a fictitious non-linear behaviour described by the constitutive relationship


C z, d(z) : d(z)
if z ∈ Ωs
σ(z) =
(2)
0
if z ∈ Ω \ Ωs
where the the fourth-order secant stiffness tensor C is isotropic, with volumetric (namely, k) and shear (µ) secant muduli equal
to:
σ̂(z)
1
k → +∞,
µ(z, d(z)) = √ p
(3)
d
2 3 J2 (d(z))
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σ̂ and J2d = dd : dd /2 (with dd the deviatoric part of d) being the von Mises strength (possibly varying in space) and the
deviatoric second strain-rate invariant , respectively. Accordingly, Problem P can be considered as associated to a fictitious
incompressible material, whose constitutive law (2) is representative of a non-linear (owing to the dependency of C on the
strain rate d by means of J2d ) and pointwise homogeneous (due to the space dependency of σ̂ and d) response.
In order to obtain an analytical solution, a simplified version of Problem P is introduced, by describing C as a piecewiseconstant (in space) tensor. With reference to the n-layered model [3], the sub-domain partition Ω = ∪n+1
α=1 Ωα with n = 3
shown in Fig. 1a is considered, consisting in 3-layered composite spheres, confocal to nanovoids and embedded into the solid
matrix. Each composite sphere comprises the void region, an imperfect-coherent interface (allowing for void-size effects) and
an interface-to-matrix transition zone. In each subregion Ωα , both the von Mises parameter and the second strain-rate invariant
d
are assumed to be constant in space, namely σ̂(z) = σ̂α and J2d (d(z)) = J2α
. Thereby, the non-linear problem underlying
the determination of strength properties for nanoporous materials is reduced to a non-linear viscous one defined on a fictitious
piecewise homogenenous medium. Due to previous assumptions, Eq. (2) simplifies as follows:

C α : d(z)
if z ∈ Ωα with α ∈ {2, . . . , 4}
σ(z) =
(4)
0
if z ∈ Ω1
p
d
).
where C α is defined in terms of secant moduli (3), with µ = µα and µα = σ̂α /(2 3J2α
By solving via a perturbative procedure Problem P with Eq. (4) in place of (1c), and by means of NLH-based techniques
[7], a novel analytical closed-form strength criterion (denoted as BDKV [1], herein not reported for brevity) is derived. A
suitable value for the volume fraction of the composite spheres is determined, aiming to optimize the criterion performance
at pure hydrostatic stress states. As a consistency indication and as special cases, BDKV criterion recovers previouslyestablished NLH-based analytical strength estimates both accounting [2] or not [5] for void-size effects. Results obtained via
BDKV highlight that a suitable description of void-size effects can be experienced, resulting in an increase of the predicted
strength features as the void length decreases, especially for high triaxiality levels (Fig.1b). Furthermore, comparisons with
respect to both theoretical predictions [2] and finite-element-based calculations [4, 6] show consistency and accuracy of the
proposed formulation, resulting in a significant improvement of the benchmarking NLH-based model DK [2] (Fig.1b).
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Summary This paper compares the performance of electrostatically actuated and electromagnetically actuated micromirrors. The static and
dynamic characterization of both types of micromirrors is carried out. We find that micromirrors actuated electromagnetically via a Lorentz
force can realize much larger (20 times more) torsion angles than electrostatically actuated micromirrors for the same mirror structure.

INTRODUCTION
Micro-Electro-Mechanical Systems (MEMS) are widely used microfabricated sensors and actuators. Torsional MEMS
actuators, such as torsional micromirrors, are an important MEMS application extensively used in digital projection displays
and optical switches. MEMS are actuated electrostatically, electromagnetically and electrothermally. Electrostatic actuation
is quite efficient, however, it is limited by the pull-in instability [1]. Electrostatic micromirrors use fixed electrodes to rotate
a mirror plate around a suspension axis. Zhang [2], found that the mirror torsion angle is highly dependent on the size and
position of the electrodes. In addition, the electrostatic force used to rotate the mirror also produces a downward (piston)
motion bringing the mirror closer to the electrode leading to early pull-in.
Electromagnetic MEMS actuators based on the Lorantz force have also been used in many applications because they
provide a large stroke [1]. Cho et al. [3], fabricated an electromagnetically actuated micromirror that can rotate around the x
and y axes and deflect along the z axis. They found that, utilizing z axis actuation is useful in aligning the light path between
the source and micromirror which results a good coupling among optical components. In this paper, micromirrors that utilize
electrostatic and electromagnetic actuation have been statically and dynamically evaluated and compared to investigate the
relative merits of the two actuation methods.
ACTUATOR MODEL
We investigate a micromirror, Fig. 1, consisting of two parallel cantilever beams supporting a reflective microplate and
two identical left and right electrodes placed below it. The micromirror is made of polysilicon with dimensions show in Figure
1. The equations of motion of the microplate deflection w and torsion φ under electrostatic actuation are given by:

Figure 1: (a) Layout of the micromirror. (b) Bending and (c) torsional motions
meq ẅ + (cvb + cs )ẇ + keq w = Fes1 + Fes2
(1)
Jt φ̈ + cvt φ̇ + kt φ = Tes1 + Tes2
(2)
where Fes1 , Fes2 , Tes1 , and Tes2 are the electrostatic forces and torques applied by the left and right electrodes on the
microplate, respectively, cvb and cvt are the viscous damping in bending and torsion, and cs is the squeeze film damping.
Moeover, the microplate is actuated electromagnetically to enhance the torsional angle, and the equation of motion is given
by:
Jt φ̈ + cvt φ̇ + kt φ = Tem
(3)
where Tem is the electromagnetic torque due to the interaction of the current passing in the loop made of the support beams
and microplate and an external magnetic field due to the permanent magnets marked by N and S in Fig. 1(c).
RESULTS
Figure 2(a) shows the variation of the static torsional angle as the DC voltage of the left electrode only is increased obtained
from numerically solving Eqs. (1) and (2) and an FEM of the micromirror. The maximum torsion angle under electrostatic
forces was 0.04◦ at 13.5 V. Beyond that point, the edge of the micromirror comes in contact with the substrate.
Solving Eq. (3) numerically for the torsion angle under electromagnetic actuation with a current I = 3.3 mA and variable
magnetic field density B, we achieved a maximum torsion angle of 1◦ at 1.4 T, Fig. 2(b). Due to the linear relationship
between the magnetic field B and Lorentz force, a linear relationship is seen in Fig. 2(b) between B and φ.
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Figure 2: (a) Static torsion φ vs. actuation voltage.

b. Static torsion φ vs. magnetic field B.

The dynamic response of the micromirror under harmonic electromagnetic excitation was also found by integrating Eq.
(3) numerically and compared to experimental results. The micromirror was actuated by a current I = 3.3 mA and an external
magnetic field B = 64 mT. The FFT of the mirror edge displacement and velocity measured using a laser vibrometer is
compared in Fig. 3 to the FFT of the numerically predicted motions at the natural frequency of the micromirror torsional
motions ωn = 182 kHz. Good agreement is seen between the numerical and experimental results.

Figure 3: a. The FFT response of the displacement.

(b) The FFT response of the velocity

CONCLUSIONS
We compared numerically and experimentally electrostatic and electromagnetic micromirrors. The results show that
electromagnetic excitation is more efficient than electrostatic actuation. Specifically, the maximum torsion angle obtained
under electromagnetic actuation is 1◦ which is more than 20 times the maximum angle obtained under electrostatic actuation
0.04◦ . The underlying reason is under electrostatic actuation the micromirror moves towards the bottom electrode as it rotates
in torsion. This piston motion reduces the space available for the mirror torsional motion. On the other hand, electromagnetic
actuation does not induce piston motions leaving the space between the mirror and the substrate for use by torsional motions
only. Moreover, we validated the dynamic model of the electromagnetically actuated micromirror by comparing its results to
experimental measurements at resonance.
Acknowledgment: The first author would like to acknowledge the support of Jazan University, Saudi Arabia.
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DEVELOPMENT OF A ROBUST COUPLED ATOMISTIC-CONTINIUUM MODEL FOR
CRACK PROGAGATION IN CRYSTALLINE MATERIAL
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Summary A robust finite temperature force-based atomistic-continuum model is developed incorporated with non-linearity of atomic potential considered. The model is implemented using LAMMPS and parallel FEM codes making it scalable for 3D problems to investigate
the crack propagation in crystalline material focused on the critical stress state and energy release rate. Furthermore, we compare the results
of coupled model with pure MD simulation to investigate the size dependence and demonstrate the necessity of using coupled model.

INTRODUCTION
Modeling deformation processes of materials at nano-scale help us understands the fundamentals of material behavior.
While molecular dynamics(MD) simulations has been widely used for atomistic level studies, the spacial and temporal scale
limitation causes many issues such as unphysical boundary conditions, extremely large strain rate. For spacial scale specifically, many efforts have been made to develop different kinds of coupled atomistic-continuum methods to save computational
cost and increase simulation domain size. In this work, we present a coupled framework focused on following features: 1.
Non-linearity of the atomic interaction considered; 2. Finite temperature in atomistic domain; 3. Efficient parallel implementation to solve large 3D problem. It is shown that in nickel the non-linearity plays very important role in reducing the error of
coupling model, similar trend is expected to be seen in other metallic materials. The coupled model is then used to investigate
the crack propagation in single crystal nickel with center crack embedded. Bi-axial loading is applied to suppress dislocation
at beginning. For both coupled model and pure atomistic model, stress distribution, the strain energy release rate and critical
stress are analyzed. Analysis shows that if given same whole domain size, the coupled model gives similar results as pure
atomistic model while saving significant computational cost. And size-reduced MD model underestimates the energy release
rate of crack propagation process.
ROBUST COUPLED ATOMISTIC-CONTINUUM MODEL
The whole simulation domain is subdivided into three domain, atomistic domain ΩA , continuum domain ΩC and interface
domain ΩI . ΩA is governed by atomic interactions using LAMMPS and ΩC is governed by nonlinear elastic constitutive
relation using FEM respectively. Continuum and atomistic representation coexist in ΩI , where the compatibility and force
equilibrium conditions are applied. The compatibility is achieved by enforcing the position of the node being the time average
⟩
⟨
of all nearby atoms surrounded:
∑
a
c
uk =
(wi ui )
(1)
i

where uck is the displacement of node k, uai is the displacement of one neighbor atom i,
as 1/nk with nk being all neighbor atoms of node k, and ⟨·⟩ denotes the time average.

wi denotes the weight function, taken

The force equilibrium is achieved by applying the external force on atoms based on the reaction force at the node.
∑
fkc =
(wi fiext )

(2)

i

where fkc is the reaction force of node k since it is given displacement boundary condition, uai is the external force on atom i.
We use an iterative process to find equilibrium configuration when all interface node stops moving.
We apply Langevin dynamics and damping at atomistic system inside interface domain to keep canonical ensemble and
have unwanted elastic waves with large wave length damped. More details of the coupled model and implementation can be
found in [1].
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NON-LINEAR ELASTIC CONSTITUTIVE RELATION
It is known that for most atomic iterations, the elastic strain energy can be approximated by quadratic form only near
the equilibrium position. At nanoscale, due to the locally defect-free feature the crystalline material can withhold several
percent strain before crack or dislocation nucleation. Therefore non-linear elastic behavior can not be ignored for these highly
deformed nano-scale samples.
For simplicity, a third order constitutive relation is used to consider non-linear effect. With proper calibration, a defect
free sample under 5% uniform bi-axial deformation shows the difference of considering non-linear effect in figure 1.
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Figure 1: Comparing of average deformation gradient at interface of atomistic and continuum: (a) linear elasticity (b) nonlinear elasticity .

RESULT
The stress distribution of single crystal nickel with center crack applied with biaxial loading and energy release rate
measured is shown in figure 2. The stress distribution demonstrates the effectiveness of coupling give a consistent stress
contour from two domains. And the energy release rate plot shows that using larger domain granted by coupled model gives
more accurate value of energy release rate.

(a)

(b)

Figure 2: (a)σ22 distribution under bi-axial loading, (b)energy release rate measured by coupled model and smaller pure
atomistic sample
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EFFECTS OF LATERAL STRAIN AND CORNER GEOMETRY ON SELF-ROLLING OF
NANOMEMBRANES
Cheng Chen and Jun Songa)

Department of Mining and Materials Engineering, McGill University
Summary The present study, for the first time, systematically examined the role of lateral (thermal/lattice) mismatch strain on the self-

rolling of nanomembranes. Employing (finite-element modeling) FEM simulations and analytical method, the root cause for the
considerable discrepancy between theoretically predicted and experimentally measured curvatures is quantitatively clarified, and the
significance of lateral strain to longitudinal/lateral rollup competition is demonstrated. A novel design strategy based on corner geometry
engineering has been proposed to enhance the yield of unidirectional rollup, validated by FEM simulations.

BACKGROUND / STATE OF THE ART
The broad applications of self-rolling nanomembranes in nano-elecromechanical/micro-electromechanical systems
(NEMS/MEMS) have driven extensive research efforts, aiming to control the size and shape of the rollup structure1,2. To
achieve this objective, accurate knowledge of the mechanics underlying the rollup process is of vital importance. Nonetheless,
despite many theoretical studies3-5, considerable discrepancies (e.g., in rollup curvature) between model predictions and
experimental measurements exist. Various possibilities have been proposed to explain the discrepancy, including nonlinear
strain effect6, surface tension and reconstruction7. Nonetheless, inconsistency exists and quantitative assessement remains
absent. Furthermore, one important component missing in previous modeling studies is the considerable of lateral
(thermal/lattice) mismatch strain and competition of roll-up direction.
DESCRIPTION OF METHOD/MODEL
Based on Ritz minimization techniques and Von-Karman formula8, we proposed one analytical model for bidirectional
rolling up of nanomembranes. In this model the contributions of both the longitudinal and tansverse mismatch strains to the
rolloing curvature are considered. Quasi-static and dynamic FEM simulations have been performed on a bilayer
nanomembrane model system, illustrated in Fig. 1a. The 4-node doubly curved thin/thick shell element with reduced
integration (S4R) was used. The variation of mismatch strain was achieve by assigning different thermal expansion
coefficients to materials and varying temperature.
RESULTS AND DISCUSSION
The FEM simulated evolution of the rollup diameter of curvature (D) as a function of the longitudinal mismatch strain is
presented in Fig. 1b, in comparision to the model prediction for unidirectional rollup, under different degree of lateral straining
(represented by the parameter that is defined as / with being the lateral strain), showing great agreement. The vertical
blue dash line and the star symbol in Fig. 1b respectively correspond to the particular case of GaAs/InGaAs and the D value
reported in a previous experiment 9,10, indicating the significant influence of lateral strain on rollup curvature. The competition
between longitude and lateral rollups is also demonstrated. We show that this competition can be effectively modulated
through the strategy of corner geometry engineering, as illustrated in Figs.2. Our findings provide valuable insights towards
the controllable fabrication of rollup structures for NEMS/MEMS applications.

a)
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Fig.1 (a) Schematic illustration of a nanomembrane model in the FEM simulation. (b) The FEM simulated (open symbols) and model
predicted (dashed lines) rolling diameter D as a function of the longitudinal mismatch strain under different degrees of lateral (indicated
by the parameter η). The verticle blue dash line corresponds to the particular case of GaAs/InxGaAs (i.e., =1.43 and the solid star symbol
indicates the D value reported in the study by Chun et al 9.

Fig. 2 FEM simulation results for rectangular nanomembranes (a) with and (c) without coner attachments (purple segaments), showing (b)
long-edge rolling and (d) short-edge rolling respectively. The red segaments indicate the clamped regions in rectangular nanomembranes,
while the rest of the nanomembrane is unconstrained.
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Summary In this work we continue to further develop the atomic-scale finite element method (AFEM) [1,3,4], to study the mechanical

behavior of pristine graphene sheets as well as those with vacancy defects. In the present AFEM implementation, the stiffness matrices were
obtained from a second-generation reactive empirical bond order (REBO) potential energy expression for hydrocarbons, as given by [2]. The
force-strain relationships for a pristine graphene sheet and a sheet with crack are obtained from AFEM and Molecular Dynamics (MD)
simulations in order to compare the accuracy and efficiency of AFEM. We also define the basic atomic elements on the edges and close to a
row of vacancies, and compare the total energy of the atomic elements from AFEM and MD, in order to study the influence of nanoscale cracks
and boundary conditions on the strength of graphene. The current formulation with modified atomic finite elements show good stability and
convergence.

ATOMIC SCALE FINITE ELEMENT MODELING
AFEM, as proposed by Liu et al., is formulated by finding a state of minimum total energy Etot of the system under
analysis with respect to the vector describing the position of the atoms, x.

dEtot
0
dx
The total energy of the system is given by:

(1)

Etot  U ij  x j  xi    Fi  xi

(2)

N

N

i j

i 1

In equation (2), Uij denotes the internal energy stored within the atomic bonds. In this work, the “second generation”
empirical potential of Brenner et al [2] is used to describe the interaction between the atoms:

Uij  f  rij  VijR  bijVijA 

(3)

where rij is the distance between the atoms i and j; bij is the bond order term; VijR and VijA are the repulsive and attractive
term. The term Fi, in Equation (2), is the external force acting on the ith atom.
Considering Taylor expansion of the total energy Etot around the equilibrium point and substituting it into Equation (1),
the AFEM equations are given by:

K u  u  P

(4)

with the stiffness matrix K (u) and the non-equilibrium load vector P, respectively, given by:
K u  
P  Fi 

d 2 U tot
d xd x
d U tot
d x

(5)
x  x 0

(6)
x  x  0

IMPLEMENTATION STRATEGY AND NUMERICAL RESULTS
With AFEM it is possible to simulate the mechanical behaviour of nanomaterials such as a graphene sheet. Fig.1(a) shows
the complete atomic element (10 atoms). The central atom, number 1, interacts with the first and second set of neighbours. The
total energy of this element determined through the REBO potential [2] is Uel= -7.8073 eV/Å, at zero strain. Fig. 1(b) shows a
finite graphene sheet mesh. The physical domain to be analyzed lays within the red hatched box. The atoms in red are considered
to be outside the physical mesh, which means that their potential energy should not be included in the energy of the whole
system. On the edges of the physical domain the basic atomic element will have to be modified to account for the atoms and
connections that are missing, or outside the analyzed physical domain, as can be seen in Fig. 1(c). The central atom of this edge
element is indicated by a black circle in Fig. 1(c). The atoms in blue represent the complete atomic element. Notice that some
a)
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atoms are not in the physical domain. The modified element that must be considered for this edge is represented by a thicker
black line. The total energy for this edge atomic element is Uel-edge= - 5.2864 eV/Å. A similar procedure must be applied to all
kinds of edge-elements.

(a)
(b)
(c)
Figure 1: (a) complete atomic element; (b) graphene sheet; (c) a modified edge atomic element
Fig. 2(a) shows a graphene sheet with a missing atom, intended to simulate a defect. Atom vacancies also require the basic
element to be modified. In our previous work using only the basic element in Figure 1 (a), we noted substantial convergence and
stability issues with defects as well as edges [3,4]. The atoms in blue shows the modified basic atomic element because of the
vacancy defect. The total energy for this atomic element is Uel-mod= -4.9821 eV/Å, at zero strain. Applying the described
concepts, the force-strain curve from AFEM implementation is compared in Fig. 2(b) to the results obtained using the molecular
dynamics (MD) code LAMMPS. In the MD simulations, the same Brenner potential at 1 K and non-periodic boundary
conditions were used.

(a)
(b)
Figure 2: (a) Graphene sheet with vacancy defect; (b) force-strain relationship from AFEM and MD
CONCLUSIONS
The “second generation” empirical potential of Brenner et al was implemented to calculate the total energy for the
complete atomic element, and for different arrangement of atomic elements, taking into account edge and vacancy effects.
AFEM and MD results show good agreement with the use of modified basic atomic finite elements compared to our
previous studies that showed stability and convergence problems with the basic AFEM.
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ANALYSIS OF THERMAL NOISE IN FREQUENCY-MODULATED GYROSCOPES
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Summary Thermal noise in microgyroscope arise due to molecular agitation inside beam springs, suspended mass and the surrounding

environment. It is one of the fundamental limits to the precision of micro-electro mechanical system (MEMS). Previously research has been done
on thermal noise for amplitude modulated microgyroscope. This paper presents analysis of thermal noise for frequency modulation
microgyroscope. The microgyroscope is comprised of a cantilever beam with a proof mass at its free end coupled electrostatically with two fixed
electrodes. The microgyroscope undergoes coupled flexural vibrations in two orthogonal directions when subjected to base rotation around the
beam’s longitudinal axis. The rotation rate is measured by detecting the shift in the natural frequencies of two closely spaced global vibration
modes. We investigate the effect of thermal noise on the natural frequency of the microgyroscope. We analyzed analytical expressions for the
effect of thermal noise on the frequency modulation microgyroscope and compare the output signals due to both the rotation rate and thermal
noise.

INTRODUCTION

The MEMS microgyroscope offers key advantages over conventional inertial sensing technologies, including compact design
and low cost [1]. Microgyroscopes measure angular displacement or speed in a wide range of applications including consumer
electronics, navigation, and control of aerial systems and ground vehicles [2]. Most microgyroscopes operate as amplitude
modulation systems, where the mechanical sense-mode response is excited by the input angular velocity, which is modulated by
the drive-mode vibration caused by the Coriolis Effect [3]. This paper presents the effect of thermal noise on frequency
modulated (FM) microgyroscope. The FM method implements a resonant sensing technique, which directly measures the angular
rate by detecting the difference between the natural frequencies shift of the two closely spaced vibration modes.
Noise generated by temperature fluctuation occurs in any mechanical system. Commonly in large-scale sensors, this kind of
noise is usually neglected. However, as a device is reduced in size, these thermal noises or vibrations become significant for
MEMS scale sensors [1]. Generally, microgyroscope are limited by a number of noise sources including electrical noise and
systematic errors, and thermal noise. However, for such small mechanical structures and low values of displacement in the
sensing direction, thermal noise mainly considered as the theoretical sensitivity limiting factor. Mechanical thermal noise occurs
due to vibrations of atoms in the materials from which a device is made and the environment in which the device operates.
ANGULAR RATE DETECTION BASED ON FREQUENCY MODULATION
The microgyroscope presented here operates based on the resonant sensing principle. In FM microgyroscope, the shift in
natural frequency of the system is measure when it is subjected to a variation in a given physical quantity. In this case, a high-Q
cantilever vibrating on resonance serves as the frequency-determining component of the angular input. Angular rotation
perpendicular to the sense and driver direction cause instantaneous changes in the oscillator frequencies which are detected by a
frequency modulated methods. This technique is highly sensitive and has the potential to address a large dynamic range [4]. The
MEMS gyroscope described here, include a suspended mass, which is excited in the direction perpendicular to the substrate (zaxis). The cantilever is kept oscillating at its resonant frequency by applying positive feedback through the oscillator control
amplifier. This amplifier is equipped with an automatic gain control (AGC) circuit which maintains the vibration amplitude at a
constant level. When the system applied with angular rate along the x-axis, it generates periodic vibrations in an orthogonal
sense direction (y-axis) due to the Coriolis Effect, Figure 1. The angular rate is then measured by analysing the shift in the natural
frequencies of the sense and drive modes.

Figure 1. A 3D model of the Microgyroscope.
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THERMAL NOISE IN FREQUENCY-MODULATED GYROSCOPES
The equipartition theorem states that energy is shared equally amongst all energetically accessible degrees of freedom. Hence,
it relates the temperature of a system with its average energies in the cantilever motion described by [5]
1
1
2
(1)
〉 = 𝑘𝐵 𝑇
𝑚𝜔𝑜 〈𝑦𝑡ℎ
2
2
2
〉 is the mean-square displacement of the end of the cantilever beam due to thermal excitation. The spectral
where 〈yth
noise density (Nth (f)) and mean-square displacement are related by [5]
2
〈𝑦𝑡ℎ
〉=

1 ∞
∫ 𝑁 (𝑓)𝑑𝑓
2𝜋 0 𝑡ℎ

(2)

and spectral noise density can be further described by
𝑁𝑡ℎ (𝑓) = |𝐺(𝑓)|2 Ψ𝑡ℎ (𝑓)

(3)

where |𝐺(𝜔)|2 is the response function of the cantilever (damped harmonic oscillator) given by
|𝐺(𝑓)|2 =

(𝑓02

1/𝑚2
− 𝑓 2 )2 + (𝑓0 𝑓/𝑄)2

(4)

and Ψ𝑡ℎ (𝑓)is the thermal white noise drive given by
(5)

Ψ𝑡ℎ (𝑓) = 4𝑚𝑓0 𝑘𝐵 𝑇/𝑄

If we ignore noise components with a modulation frequency on the order of the oscillator linewidth and less, we may write
an approximate expression for the spectral noise density Nth in each sideband in terms of the modulation frequency as follows:
𝑁𝑡ℎ (𝑓𝑚 ) = K 𝐵 𝑇/𝑚𝑓𝑜 𝑄𝑓𝑚𝑜𝑑 2

(6)

The phase noise energy is given by 𝑁𝑜𝑝 (𝑓𝑚 ) =𝑘𝑁𝑡ℎ (𝑓𝑚 )/2) and in the case where it is necessary to calculate the effective
frequency deviation over some finite baseband bandwidth say (𝑓𝑛1 − 𝑓𝑛2 ) then [6]:
(𝛿𝑓)2 = ∫

𝑓𝑛2

𝑓𝑛1

(

2𝑁𝑜𝑝 (𝑓𝑚 ) 2
𝑓𝑚 𝑑𝑓𝑚 )
𝐸𝑐

(7)

where 𝛿𝑓 is the mean-square frequency modulation due to this noise source C, is the oscillator energy (carrier power)
2
given by 𝐸𝑐 = 𝑘𝑙 𝑦𝑜𝑠𝑐
) over the bandwidth of measurement. Integrating Eq. (7) over the bandwidth of measurement, the
minimum detectable frequency shift of a cantilever beam oscillator incorporated in a self-oscillating system with positive
feedback has been estimated.
𝛿𝑓 = √

(8)

𝑓0 𝑘𝐵 𝑇𝐵
2 〉
𝑘𝑄〈𝑦𝑜𝑠𝑐
CONCLUSIONS

In conclusion, analytical expressions for the effect of thermal noise on the FM microgyroscope has been presented. We
found a general expression for thermal frequency noise as a function of measurement bandwidth and a cantilever
microgyroscope oscillation. The frequency modulated detection system offers an alternative to conventional amplitude
modulated which allows increased sensitivity through increased cantilever Q and eliminate the trade-off between the gainbandwidth and dynamic range. By taking advantage of this increased sensitivity, the frequency modulated technique allows
the measurement of much weaker angular rate, opening new applications of MEMS gyroscope.
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POLYMER INJECTION MOLDING OF MICRO/NANO STRUCTURED DEVICES FOR
DISPOSABLE POINT-OF-CARE DIAGNOSTIC APPLICATIONS
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Summary Tooling is critical in replicating multi-scale patterns for mass production of polymer microfluidic devices using the microinjection
molding process. The present work compares the fabrication of various micro/nano structured tool inserts using stainless steel, nickel and
Bulk Metallic Glasses (BMGs). Tool performance is evaluated in terms of surface roughness, hardness and tool life. Compared to stainless
steel, nickel and BMGs are capable of integrating length scales from 100 to 10-8 m and are good candidates to rapidly produce polymer
microfluidic chip components in mass manufacturing quantities.

INTRODUCTION
Developments in microsystems technology show there is an increasing requirement to integrate multiscale functionality on progressively smaller platforms. Typically, microfluidic devices for DNA/protein
separation and single DNA molecular manipulation exhibit a series of micro-scale channels with
integrated sub-micron and nanometre scale features. Producing such components and systems requires
integrating manufacturing processes across the length scales from 10-2 to 10-7 m. Most of these devices
are fabricated using silicon or glass so as to take advantage of well-developed patterning technologies.
Developing future applications and markets for microfluidic technologies, such as point-of-care
diagnostics, and public health and environmental monitoring, will require large volumes of inexpensive
products. This requires using mass production methods. For a variety of reasons, polymers are gradually
replacing silicon and glass for the fabrication of microfluidic devices. Injection molding is a most costeffective method to mass produce polymer micro-components and is increasingly important in
manufacturing microsystems. Bulk metallic glasses (BMGs) can be machined or thermoplasticallyformed with sub-micron precision while still retaining often-desirable metallic properties such as high
compressive strength. These novel materials thus have enormous potential for use as multi-scale tools
for high-volume manufacturing of polymeric MEMS and information storage devices.
TOOL MANUFACTURING
Figure 1 compares the simplest manufacturing process chains that we have used [1] to produce mold
insert tools from Stavax stainless steel, Nickel and BMG. In die-sinking EDM, the microfluidic pattern
was first milled on a graphite/copper electrode; a thermal erosion process then takes place between the
tool and workpiece under a controlled electric spark, which has the effect of eroding the workpiece to
form a replica of the electrode on a stainless workpiece (Fig. 1(a)). This process offers force free
machining independently from the mechanical properties of the processed material and allows batch
production of micro dies and molds for injection molding and hot embossing. We have also used two
processes to fabricate Ni tool inserts, namely, using a micro milled Al master (Figure 1(b)) or a Si master
(not shown) with a wide range of features varying in size from tens to hundreds of microns. Finally, we
fabricated a BMG tool from a ternary BMG (composition Zr47Cu45Al8) and used an FEI Quanta 3D FEG
Dual Beam FIB to machine sub-micron and nano scale features, as shown in Figure 1(c).
DEMONSTRATOR DEVICE
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Based on the separation principle using electrophoresis [2], a demonstration chip was designed, as
shown in Figure 15. The mixed sizes of DNA molecules are injected into the top two square chambers
(Figure 2). Once the voltage is applied to DNA, the charged DNA molecules move to the other end
chamber. The chip contains multi scale features including sub micron pillar arrays. The presentation will
describe the manufacturing of this component and will discuss high volume processing issues.

(a)
(b)
(c)
Figure 1. Process chains for manufacturing tool inserts. (a) Micromilling of graphite/copper electrode
and die-sinking EDM of stainless steel; (b) machining of an aluminium master with trenches using
micromilling and the subsequent creation of a Ni insert tool with inverted trench patterns by
electroforming and dissolving of Al; (c) direct Focussed Ion Beam milling on a BMG workpiece.

Figure 2. Demonstrator nanofluidic design (polymer component) manufactured in HDPE via injection
molding using BMG insert tool.
CONCLUSIONS
A prototype BMG injection molding tool capable of producing centimeter long polymeric components,
with sub-micron surface features has been used to manufacture a nanofluidic component. This offers
significant potential for commoditizing next generation diagnostic devices.
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EFFECT OF A SPECIAL REINFORCEMENT ON THE NANOCOMPOSITE PROPERTIES
Igor Guza)
Centre for Micro- and Nanomechanics, School of Engineering, University of Aberdeen, Scotland, UK
Summary A multi-component model for predicting the mechanical properties of nanocomposites reinforced with whiskers and
nanocomposites reinforced with bristled nanowires is presented. The mathematical formulation of the model is based on using the
Muskhelishvili complex potentials for each domain occupied by a separate component. As an example, the effective elastic constants are
computed for a generic fibrous composite with three different densities of bristles growing on the core reinforcing fibres.

INTRODUCTION
A new brush-like nano-composition was reported in [1]: the CdTe nanowires coated with SiO2 nanowires, nearly
parallel bristles growing perpendicular to the surface. The structure “CdTe nanowire - SiO2 nanowires” consists of three
components: CdTe wire forms the solid core, which is jointed continuously with coating from SiO2 nanowires in the form of
some solid shell, and then the shell is coated periodically by bristled and smooth zones. Bristled nanowires can be used for
the ultimate purpose of fabricating composite materials with improved fibre-matrix adhesion and hence the increased shear
strength. In order to study the effective properties of the entire composite and the effect of reinforcement with bristled
nanowires on the overall performance of the material, a four-component model is required.
DERIVING THE EXPLICIT EXPRESSIONS FOR EFFECTIVE CONSTANTS
This work follows the general methodology presented in [2-4]. The model assumes that fibres are arranged in the matrix
periodically as a quadratic or hexagonal lattice. Then the representative volume element (unit cell) consists of the matrix
and a coated fibre, Fig. 1. At that, the coating itself has several sub-components, which is a new feature of the model: the
coated fibre consists of three different parts: a solid core, a solid coating (homogeneous shell), and a “bristled coating”
(composite shell). The fourth component in the model is the matrix. A segment of the model representing the core fibre with
solid coating and bristles attached to the solid coating is shown in Fig. 2. Subsequently, the following notations are used: (1)
for the fibre core, (2) for the fibre solid coating, (3) for the fibre bristled coating and (4) for the matrix.
Three out of four components are homogeneous materials, e.g., EPON828 epoxy matrix, SiO2 solid coating and CdTe
solid fibre core, with known properties. However, the bristled coating is itself a composite consisting of, e.g., the EPON828
matrix reinforced by SiO2 nanowires. The effective properties of this component must be evaluated separately beforehand,
for instance, by using the classical Voigt and Reuss bounds [5]. For this purpose, we would need to know the diameter and
the length of bristles, and their number per unit surface area of nanowires. Also, in order to use the known formulas of the
rule of mixture, we assume here that all the bristles are parallel to each other, i.e. that the properties of the bristled coating
(3), Fig. 1, do not change with the radius, since the length of SiO2 nanowires used for reinforcement is rather small.
The mathematical formulation of the model is based on considering the four simple states of plane elastic equilibrium of
the unit cell (a square with the side lunit, Fig. 3) - i.e. longitudinal tension, transverse tension, longitudinal shear and
transverse shear - and using the Muskhelishvili complex potentials [6] for each domain occupied by a separate component.
The model yields explicit formulas for five effective elastic constants. The possible case of imperfect adhesion between the
fibre core and the matrix can be taken into account by considering one of the four components, i.e. the coating layer, with
the appropriately reduced properties.
fibre:

unit cell:

core CdTe
solid
coating
SiO2

matrix

bristled fibre:
fibre
bristled
coating

Figure 2

fibre
CdTe+SiO
bristle
coating
SiO2

A(1)
A(3)
A(2)

Figure 1.
a) Corresponding author. Email: i.guz@abdn.ac.uk.
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Figure 3.
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The cornerstone of the analytical procedure is the representation of the Muskhelishvili potentials by: a harmonic
complex function, which is regular in the domain of fibre core (circle A(1) in Fig. 3); a function in the form of Laurent series,
which is regular in the domain of fibre solid coating (ring A(2) in Fig. 3); a function in the form of Laurent series, which is
regular in the domain of fibre bristle coating (ring A(3) in Fig. 3):

ϕ (1) ( z ) =

∞

∑
k =0

a2(1k)

z 2 k +1
,
2k + 1

ϕ ( 2) ( z ) =

∞

∑

a2( 2k) z 2 k +1 ,

ϕ (3) ( z ) =

k = −∞

∞

∑a

k = −∞

(3) 2 k +1
2k z

,

and a doubly-periodic function constructed utilising the Weierstrass functions in the domain of the matrix (A(4) in Fig. 3):
∞ ∞
∞
1 ∞
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z 2 n+1
,
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+
−
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2n + 1  k =1 n=1
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∑

∑∑

∑

(1)
( 2)
(3)
( 4)
where αn,k are the constants used in the theory of Weierstrass functions; λ = 2r(3)/lunit; a2k
, a2k
, a2k
, a2k
are the yet
unknown coefficients in the series; z is a complex co-ordinate in the transverse cross section, and i is imaginary unit. Then
the averaged stresses and strains for each of the domains are calculated using the contour integrals [4] and substituted into
the three boundary conditions of perfect bonding between the components on the domain interfaces, Fig. 3. This procedure
results in the following expression for the effective longitudinal shear modulus of entire four-component composition, G*:

(

*
G * = G12
= [G( 4) c ( 4) + 2c (3) + c ( 4) G( 4) G(−31) + 4c ( 2) 1 + G(3) G(−21)

)

−1

(

+ 8c (1) 1 + G(3) G(−21)

) (1 + G
−1

) [

−1 −1
] c ( 4)
( 2 ) G(1)

+ (2 − c ( 4) )G( 4) G(−31)

]

−1

where c(1), c(2), c(3) and c(4) are the volume fractions of the fibre core, the fibre solid coating, the fibre bristled coating and the
matrix, respectively. The above equation yields the well-known formulas for two-component and three-component models
[7] as the particular cases, see [3,4]. The latter will follow from the above if the volume fraction of bristled coating c(3) = 0
and the shear moduli of bristled, G(3), and solid, G(2), coatings are the same; the former will follow if, additionally, the
volume fraction of solid coating c(2) = 0 and the shear moduli of solid coating, G(2), and fibre core, G(1), are the same.
Similarly, the explicit expressions for other effective constants for the entire four-component composition are deduced.
The developed method can be also extended to the case of multiple fibre coatings, which is useful for studying the
mechanical response of other nano-scale structures, e.g., multi-walled nanotubes. In this case we will have a (N+3)component model for fibre core (1), the fibre solid coating (2) (which is simulated by a thick shell), the matrix (4), and the
bristled coating (3) consisting of N thin sub-coatings [4].
RESULTS AND DISCUSSION
To illustrate the proposed method, a generic nanocomposite with three different densities of bristles growing on the core
reinforcing fibres was considered. The values of all five effective elastic constants representing the transversely-isotropic
material response were computed. The results for composites reinforced by the bristled nanowires show that the properties in
longitudinal direction are the most sensitive to the density of bristles. The increase in the number of bristles per unit surface of
the fibres gives a very strong rise to the value of Young’s modulus. However, the shear modulus, which is the driving parameter
for the strength estimation of the entire composite, is less sensitive to this factor [3]. The difference between the values of shear
modulus for the considered cases of sparse, medium, and dense density of bristles is less than 3%. In the same time, the presence
of bristled fibres itself – either with dense, medium, or sparse density of bristles – gives the significant increase in the shear
modulus in composites if compared with the case without bristles. In the considered examples, the increase in the shear modulus
from 1.4 times in the case of sparse reinforcement to 2 times in the case of dense reinforcement was achieved (depending on the
volume fraction of the matrix) [4]. As a next step, after gathering the necessary experimental data, the effective properties for
various practical nanocomposites can be computed using the proposed four-component model.
The suggested approach is the first step towards modelling bristled nanowires and their application. Even a four-component
model is an idealisation of the complex internal structure of the considered materials. However, it can provide us with important
insight into some basic relationships between the properties of constituents and the overall performance of such materials.
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Summary The passage of low-density electric current (10's-100's of A/mm2) through metals to improve their formability is becoming an

accepted practice in the manufacturing industry. In this study, we seek to determine if, as suggested, the formability is simply due to Joule
heating or an entirely new class of deformation mechanism, such as electrically induced plasticity. We have developed a micro-device testing
method that allows in situ observation of electromechanical behavior in metals in transmission electron microscopes. The advantage of this
method is that due to the nanoscale size of the specimen high current densities are achieved without appreciable increase in temperature, which
removes the Joule heating aspect. We have used this method to study the in situ behavior of single crystal copper (SCC) under nominal strain
and current density of up to 5000 A/mm2. The results show that at least for SCC electric current does not affect dislocation behavior.

INTRODUCTION
In recent years, researchers have shown many interesting and advantageous effects of the concurrent application of lowdensity electric current (101-102 A/mm2) on the formability of metals that can be utilized to markedly improve material
processing techniques involving bulk or localized deformations. Complete elimination of springback, reductions in flow
stresses of up to one order of magnitude, and enhancements in strains-to-failure by up to eight times have been
demonstrated for various pure metals and alloys under uniaxial loading conditions (e.g., [1,2]). Two hypotheses have been
proposed for the enhanced behavior: 1) the Joule heating effect, and 2) the electroplasticity effect (e.g., electron interaction
with dislocations). Historically, both of these hypotheses originated in response to experiments conducted in the 1970s and
80s, in which high-amperage, short-duration (mostly alternating) current pulses (~103-108 A/mm2; <10-5 s) were applied to
mechanically deforming metals [3]. However, interpretation of material responses observed in those experiments has proven
difficult due to the dynamic, transient effects of the coupled thermal, electrical and mechanical fields [4]. It is also
suggested here that the overreliance on bulk scale observations to date (e.g., [3,4]) has been a detriment in understanding the
nature of the electrically assisted deformation of metals (EADM). To address these limitations in conventional approaches,
we have developed a micro-device testing method that utilizes the unique advantages of micro/nanotechnology in in situ
investigation of coupled material behavior [5]. Using this in situ capability, we have directly investigated electrondislocation interplay in single crystal copper (SCC) with a focus on electroplasticity without the Joule heating effect. In the
ensuing text, we describe the micro-device testing method followed by results and discussion, and conclusions.
MICRO-DEVICE TESTING METHOD
The microdevice has three main components: an electrically insulated (SiO2-coated) Si frame, a dog-bone shaped
specimen, and silver wires (Figure 1a). The frame is designed to prevent mechanical loading of the specimen during
handling/operations and to fit onto a commercial electromechanical TEM holder. The silver wires are connected on one end
to the electrical feedthrough from the TEM holder and on the other to the sample, which itself is attached to the frame with
an Ag epoxy. The microdevice is fixed on one end and the other can be pulled in nominal displacement control. This
particular device offers multiple advantages: 1) in situ electromechanical TEM capability, 2) ability to achieve high (~103
A/mm2) current density owing to the submicron-size specimen cross-section, 3) uniform electrical current and nominal
stress, up to the small strain limit, in contrast to traditional TEM specimens, and 4) effective thermal management.
The first feature provides an opportunity to directly observe the movement of dislocations due to electric current, if any.
The second allows minimal power and safety management because the input electric current requirement goes down to mA
range. The third feature is critical in simplifying the analysis of the operative deformation mechanisms, and the last feature
is invaluable because it is obtained through the removal of any significant Joule heating despite the vacuumed environment,
which permits independent observation of the electron-dislocation interaction. This is directly the result of the fact that for a
given electric current density, the current and power scale by the square and cube of the characteristic length of the
specimen. And, since the characteristic length of the specimen is in microns, as will be shown next, the power generated due
to Joule heating is negligible. In fact, analytical and numerical simulations show that for a pure copper sample with the
gauge length of 10 µm and cross-section of 100 nm X 10 µm, only 5 mA of current produces 5000 A/mm2 of current
density with a corresponding power of 8.33 µW that results in a maximum temperature increase of <1 °C in the sample.
For brevity, details of the fabrication of the Si frame, assembly of the microdevice, and procedure for the in situ
electromechanical experiments in the FEI Tecnai G2 TEM are withheld here, and instead some information is only given for
the intricate sample preparation. Foils of single crystal copper (SCC) of 50 µm are spin-coated with photoresist layers. Then
a) Corresponding author. Email: siddiq.qidwai@nrl.navy.mil.
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laser patterning is done with a solid-state, frequency tripled 𝑁𝑑: 𝑌𝑉𝑂4 pulsed laser (355 nm, 10 W, repetition rate of 50
kHz, and ~90 nsec pulse width) to co-fabricate the specimen frame (5 mm x 1.5 mm) and the dog-bone shaped specimens
(20-40 µm in width) from the foil. Liquid ferric chloride etching is subsequently applied to clear the potentially damaged
surfaces. The specimen frame with the specimen is then assembled with other components of the micro-device after which
the nanoscale gauge section (10 µm length, 100 nm x 10 µm cross-section) is obtained with focused ion beam milling (FEI
Nova 600) (Figure 1b-c). Lastly, the specimen frames are cut by either laser or mini-scissors, as seen in Figure 1a.
RESULTS AND DISCUSSION
To experimentally confirm the absence of significant Joule heating the thermal drift of the specimen was quantified first.
Matlab-based image correlation algorithms were used to analyze images at different current densities. With a current of 500
A/mm2 and without current, comparable drifts of 18.45 nm/min and 15.0 nm/min, respectively, were measured.
Additionally, no change in the microstructure of the SCC specimen was found. To observe electron-dislocation interaction,
the following in situ procedure was adopted. First, tensile strain was applied incrementally using the TEM holder to the
point that dislocations under observation started mobilizing. One or, if possible, several of such dislocations were held in the
field of view at that strain, and a specific electric current density is concurrently allowed to pass through the specimen
continuously. In the next step, the electric current is shut off and the smallest incremental strain is applied again. TEM
images were taken at every step a minute after the application of mechanical or electrical loading to achieve steady state.
This experimental procedure was carried out a few times on two different specimens and showed no effect of electric
current on dislocation motion. For example, in one such case, a dislocation loop formed at a given mechanical strain but the
application of 500 A/mm2 current density showed no movement in that dislocation. However, the smallest possible strain
increment by the controller applied after that yielded a movement. This behavior was consistent up to 5 kA/mm2 current
density, as shown in Figure 1d-e.
While these results show no electron-dislocation interaction in SCC, they do not disprove its potential existence in other
metals, such as titanium [1] and duplex steel alloys, with much larger set of slip systems and diverse dislocation dynamics
mechanisms compared to the face-centered cubic system of SCC. A near-term study is planned along these lines in which
polycrystalline samples of progressively complex material systems will be investigated.

Figure 1: The novel method for in situ electromechanical testing of metals: (a) a schematic of the micro-device with major component
detailsl; (b)-(c) close-up view of the sample (A) showing the intricate design and size; and (d)-(e) dislocations w/o (d) and w/ (e)
application of current in a mechanically strained state without any changes in their location.

CONCLUSIONS
In the course of this study, we have been able to develop a micro-device method for the in situ characterization of
submicron-micron scale specimens under concurrent electromechanical loading, which has not been done before in attempts
to understand EADM. It provides a great opportunity to test the hypothesis of electroplasticity because the observations can
be made in the absence of Joule heating at the very scale at which electron-dislocation interactions are expected. Any
changes observed from the pure mechanical behavior have to be induced by electric current only. This absence of heating
remains effective for very large current densities (at least until 5 kA/mm2). Additionally, the uniform cross-section of the
specimen also ensures that the interpretation of results remains a simpler prospect. The utility of the micro-device method is
demonstrated through the investigation of EADM in pure SCC, and while the effect has not been observed the roadmap for
further studies on other material systems has been streamlined.
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Summary A size-dependent model for the electrostatically actuated Nano-Electro-Mechanical Systems (NEMS) is presented with Casimir

force. Based on strain gradient elasticity theory and Hamilton principle, the governing equation and boundary conditions are derived. The
numerical solution is obtained with help of Generalized differential quadrature method and pesudo-arclength algorithm. The results reveal that
the pull-in voltage of system is reduced by Casimir force, So it is important for design to make a study of the effect of Casimir force on NEMS.

1. Introduction
With the development of science and technology, the structure of the micro/nano scale is widely used in physics, chemistry,
biology and other fields due to its small volume, low power consumption advantages. However, micro/nano structure different
from the traditional mechanical structure. So far, a large number of experimental studies have found that when the
characteristic size of structure size is enough small, it's mechanical properties will change, that is size effect phenomena.
A typical electrostatically actuated NEMS includes two parts: a fixed electrode and a conductive deformable electrode
(figure 1). An applied voltage between the two electrodes. When the voltage increases beyond a critical value, the movable
electrode becomes unstable and collapses onto the fixed electrode, which is called the pull-in instability phenomenon.
The strain gradient elasticity theory[1] is proposed to predict the size-dependent phenomena. has been applied to study
the linear and nonlinear Euler beam, linear and nonlinear Timoshenko beam and Reddy-Levinson beam, and is also
employed to investigate the size-dependent pull-in phenomena in MEMS[2].
In quantum field theory, the Casimir effect is physical forces arising from a quantized field. So the Casimir force
should be considered with the decrease in device dimensions from the micro to nanoscale [3,4]. For nanoscale structures in
NEMS which will be studied in the present paper, the nonlinearities and Casimir force together with strain gradient terms
are considered simultaneously here.
2. Theoretical formulations
Consider a straight beam subjected to voltage V between the two electrode plates, as shown in Fig. 1.

Figure 1 Schematic of a fixed-fixed NEMS

The Casimir effect energy between the two electrodes is

Fc 
where Planck's constant

=1.055×10-34 J

S .
Fe 

c 2b
240(g w)4

 bV 2
2(g w)

2

(1 

(1)

2 gw
)
 b

(2)

in which,   8.854  10 C N m is the dielectric constant of the gap medium.
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in which, x is the position along the beam length, w is bending displacement. A and I are the area and moment of inertia of the
cross section. N0 is is positive or negative depending on either a tensile or compressive axial applied load or residual force. E is
a) Corresponding author. Email:bwang@sdu.edu.cn
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Young's modulus. μ is shear modulus, l0 , l1 and l2 are the independent material length scale parameters (MLSPs) associated with
the dilatation gradients, deviatoric stretch gradients, and symmetric rotation gradients, respectively.
The both ends clamped boundary conditions are as follows,

w  0,

w
 0,
x

 3w
0
x 3

for x  0, L

(4)

in which, the first and second equstions are the classical boundary conditions and the last is the non-classical boundary
conditions.
The static problem of a electrostatically actuated micro beam can be solved numerically with help of Generalized
differential quadrature method[5] and pesudo-arclength algorithm.
3. Numerical Results and Discussion
Studying the Casimir force effect on micro-electromechanical system for clamped-clamped beam. The geometrical and
material properties of the system are L=400μm, b=100μm, h=1μm, d=0.2μm, E=151Gpa and Poisson's ratio v=0.3. We
assume that all material length scale parameters are the same, i.e. l0=l1=l2=l. Here l=0.1μm, residual stress is zero. The
numerical results is shown in figure 2, where red line represents the result without considering Casimir force effect, and
purple line represents the result considering Casimir force effect. The figure shows that Casimir force not only reduces pullin voltage Vpl, but also reduces pull-in displacement wpl significantly from p1 to p2. To study the size effect induced by
strain gradient, the beam with parameters L/k=2000nm, b/k=500nm, h/k=15nm, d/k=10nm, E=151Gpa, v=0.3 are studied,
where k is size scale as defined above. The MLSP is taken to be Cl=0.1μm. The results predicted by the present model are
also compared with classical model as shown in figure 3. the pull-in voltage increases firstly and then decreases sharply to
zero with size scale k decreasing when Casimir force is considered.

Figure 2 Effect of Casimir force on the pull-in voltage

Figure 3 The effect of size scale (k) on the normalized
pull-in voltage (Vp/k)

4. Conclusions
By considering Casimir force, a size-dependent model for electrostatically actuated nanobeam device is established based
on the strain gradient elasticity theory and Hamilton principle. The governing equation together with boundary conditions is
solved numerically with GDQ method. The results show that Casimir force can reduce the external applied voltage.
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Summary While the perfect Si can’t be used to store Na and Mg interstitials in Na-ion batteries (NIBs) and Mg-ion batteries (MIBs), the

defects of 30° partial dislocation caused by the mismatch strain may improve the performance of Si anode according to the multi-scale
simulation results. It is found that deformation can provide more stable sites to accommodate impurities and enhance the binding strengths.
Moreover, it is thermodynamically and kinetically favorable for Na and Mg concentrating in the defect areas. On the other side, those defects
may restrict the diffusion of interstitials and turn into limiting factors of charge/discharge rate of NIBs and MIBs.

INTRODUCTION
In recent years, rechargeable metal-ion batteries are receiving greater interest since their convenience and wide
application [1]. Batteries based on Na and Mg ions are currently attracting increasing attention as alternatives to LIBs [1].
Using conversion chemistry to form alloys is the general method to store a large number of ions. One of the representative
examples is Si, which has high theoretical Mg (Mg2Si) and Na (NaSi) capacity [2]. To promote the application of Si anode,
many works have been presented about the interaction of Na [3] and Mg [4] with perfect Si crystal. Unfortunately, recent
investigations indicate that Si anode is unsuitable for the storage of Na and Mg ions [5] since the binding strength is not
sufficient [3,4]. However, all the previous literatures do not consider defects, such as dislocations, which may potentially
change distribution and diffusion of dopants [6-9]. With the insertion of Li, Na and Mg interstitials, Si anode experiences a
large volume expansion [4]. If the corresponding stress exceeds the yield value, Si anode will undergo plastic deformation
companied by the nucleation and motion of dislocations [10]. Those dislocations have the records of trapping impurities (As,
Al, P and Li) in their cores [6-9]. The 30° partial are chosen in this work to comprehensively investigate the effects of
defects on the performance of Si anode.
COMPUTIONAL METHODS AND MODELS
We use the multi-scale simulation method for coupling quantum mechanical (QM) and molecular mechanical (MM)
methods in the investigations. As shown in Fig. 1a, the DFT method is used to accurately study the interaction of inserted
dopants with QM region. The force field method is used to deal with the rest areas (MM region). More details of the multiscale simulation method can be found in Ref. 11. An infinite system with 30° partial dislocation dipoles is calculated by the
application of periodic boundary conditions (PBCs). The whole model is oriented along the [111], [11-2] and [1-10]
directions with the size of 9.51, 16.14 and 2.33 nm, respectively. All the Si atoms in the MM region are calculated by the
Stillinger-Weber (SW) potential [12]. The calculations of QM region are performed by using the program package of
SIESTA [13]. More details of the parameters and validity tests can be found in our previous literature [6].

Fig. 1. (a) The binding energy differences (eV) with respect to tetrahedral (Td) site in the 30° partial dislocation core
and surrounding areas. The microstructures and nearest neighbors of (b) Oct-A and (c) Oct-B.
RESULTS AND DISCUSSION
The stable positions, binding energies and migration barriers of Na and Mg in perfect Si are calculated by using the SW
potential. It is found that Na and Mg prefer to stay at the tetrahedral (Td) site with the binding energies of -0.82 eV and -1.01
eV, respectively. The negative signs indicate that the binding of Na and Mg with Si are insufficient. From the Td site, Na
and Mg periodically move along the route of T d-Hex-Td. The migration barrier of Na is 1.04 eV and Mg is 1.02 eV.
As shown in Fig. 1, the calculated stable positions in the dislocation core are denoted Oct-A and Oct-B, respectively.
The binding energy of Na (Mg) at Oct-A is 0.72 (0.622) eV, which is 1.54 (1.63) eV larger than the T d site. At Oct-B site,
a)
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the binding energy of Na (Mg) is 0.684 (0.6) eV, which is 1.5 (1.6) eV larger than the T d site. Those energy differences may
be caused by the fact that the deformation of dislocation may provides more space than perfect Si to accommodate the
compressed interstitials. More important, 30° partial dislocation can change the negative binding energy to positive. As a
result, Si anode is suitable for the storage of Na and Mg impurities. This may shed light on the design and application of Si
anode in NIBs and MIBs.
The binding energy differences of Na and Mg with respect to Td site are shown in Fig. 1a. Those differences present
how strong the outside regions of dislocation enhance (positive) or weaken (negative) the binding of Na and Mg with host
Si atoms. Because the energy differences of Oct-A and site L are almost the biggest, we studied the diffusion properties of
Na and Mg among those two sites, which are shown in Fig. 2. It can be seen that it is thermodynamically favorable for them
to diffuse into the 30° partial dislocation core but not to diffuse out. Since the barriers of Na and Mg diffusion into the
dislocation core (site L→Oct-A) are 0.18 eV and 0.17 eV less than the results of perfect Si crystal, it is kinetically favorable
for them to diffuse into the dislocation core. Finally, Na and Mg interstitials may concentrate in the dislocation core.

Fig. 2. (a) The schematic view of Na and Mg diffusion among 30° partial dislocation core (Oct-A) and surrounding area
(site L). (b) and (c) are the corresponding lowest energy path of Na and Mg, respectively.
The diffusions of Na and Mg in 30° partial dislocation core are mainly dominated by the motion among Oct-B sites
with barriers of 2.73 eV and 2.81 eV, respectively. The corresponding schematic trajectories and lowest energy curves in
one period are presented in Fig. 3. Those energies are 1.69 eV and 1.79 eV larger than the defect-free Si. In other words, the
presence of the 30° partial may retard the motion of dopants and become a limiting factor of charge/discharge rate of NIBs
and MIBs.

Fig. 3. (a)-(b) The schematic view of interstitials diffusion along the 30° partial dislocation core from Oct-B, and the
corresponding lowest energy pathway of (c) Na and (d) Mg in one period.
CONCLUSIONS
The multi-scale simulation method is used to study the effects of 30° partial dislocation on the performance of Si anode in
NIBs and MIBs. Because of the deformation of 30° partial dislocation, Si anode is suitable for the storage of Na and Mg
impurities. In addition, Na and Mg interstitials may tend to concentrate in these defects areas. However, the presence of 30°
partial dislocation may lead to low rate capability of NIBs and MIBs.
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Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta T6G 2G8, Canada
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Abstract One phenomenological expression for self-rippling energy is used to study the effect of an applied force on ripple formation of

otherwise free-standing graphene ribbons. The two coefficients of the used expression depend on specific mechanism of self-rippling and
can be determined based on observed wavelength and amplitude of ripple mode. Thus the obtained model is challenged by detailed
comparison of its predictions with some known data available in literature. The present model predicts that the rippling can be controlled
or even suppressed with an applied tensile force, or collapsed into narrow wrinkles (of deformed wavelengths down to around 2 nm) under
an applied compressive force. In particular, the estimated minimum tensile strain to eliminate rippling is about 0.06-0.26%, in remarkable
agreement with known data (0.25%-0.4%).

INTRODUCTION
Intrinsic rippling has been observed in free-standing single-layer graphene sheets [1] and has aroused researchers’ enormous
interest. Such self-rippling is characterized by out-of-plane deflection which causes stable periodic ripple mode. Since rippling
have a profound impact on electronic, chemical and mechanic properties of graphene sheets, it is of great interest to understand
the intrinsic driving force for self-rippling and to develop simple theoretical models for rippling-related mechanical
phenomena. Motivated by the role of van der Waals attractive force in rippling-related phenomena [2], an approximate model
was proposed in a previous work [3] for the rippling energy of free graphene ribbons. However, a technical difficulty
associated with the simplified rippling energy expression derived in [3] is that the derived expression cannot be written as a
desired smooth integral form of the deflection and its derivatives, which limits its applicability to other rippling-related
mechanical phenomena. Here, instead, a phenomenological integral expression proposed in [3] is employed to study the effect
of an applied force on ripple formation of free graphene ribbons, whose two undetermined coefficients can be estimated by
the observed wavelength and amplitude of associated ripple mode.
THE PROPOSED MODEL AND DETERMINATION OF ITS TWO COEFFICIENTS
For a free-standing graphene ribbon treated as an elastic beam, with the proposed expression of rippling energy, the total
potential energy can be written into a desired elegant integral form as
L
EI L
(1)
U L ( A, m) 
( wxx ) 2 [1  ( wx ) 2 ]dx    ( wx ) 2 (1  4 w2 )dx,

0
0
2
where L is the length of the graphene ribbons, EI is the bending rigidity of the ribbon,  and  are two undetermined
positive parameters, w is the deflection of graphene ribbon. For a periodic ripple mode w( x)  A sin(mx) , where A is
the amplitude and m is the wavenumber, the total potential energy (per unit length) of the graphene ribbon is
EI 2 4
1
(2)
U ( A, m) 
A m (1  A2 m2 )   A2 m2 (1   A2 ).
2
4
the minimization conditions of (2) give

EI

2 2
2
   2 (3  A m )m ,


1
1  A2 m 2

1
4
,
  2
A 3  A2 m 2

where EI  b 1 eV is the bending rigidity of graphene ribbon of width b. Thus, the parameter pair

(3)

 ,  for a graphene

ribbon of width b can be determined based on known experimental data of the wavelength and amplitude of observed ripple
mode from (3). Using the known experimental data [1, 4-6] on wavelength (5-10 nm) and amplitude (0.5-1 nm) of ripple
modes of free-standing monolayer graphene at room temperature, the estimated ranges of the two coefficients  and  by
(3) are
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2
  0.107 0.427( Jm ),
b
  3.3 1017 1.3 1018 (m2 ),


(4)

THE EFFECT OF AN APPLIED FORCE ON RIPPLE FORMATION
With the model with the above-listed two determined coefficients, it is of great interest to challenge the model by detailed
comparison of its predictions to some known data. For this purpose, let us study the effect of an applied force on ripple formation.

For a periodic rippling mode w( x)  A sin(mx) and with the rippling energy, the total potential energy (per unit length)
of a single-layer graphene ribbon subjected to a constant axial force T is
EI 2 4
1
T
3
(5)
U total ( A, m) 
A m (1  A2 m2 )  A2 m2  (1  A2 m2 )   A2 m2 (1   A2 ).
2
4
2
16
Using the minimization condition of (5) with respect to both A2 and m 2 , the effect of an applied force ( Tb /  ) on the
deformed wavelength (which is the wavelength observed in experiments) given by  '  (1   ) , where λ is the wavelength
in the undeformed configuration and  is the effective contraction of graphene ribbon) and the associated amplitudewavelength ratio of the ripple mode is shown in Fig.1 for a graphene nanoribbon of width b with a chosen typical parameter
pair  / b  0.427( Jm1 ),   1.3 1018 (m2 ) .

Fig.1 The effect of an applied force ( Tb /  ) on “deformed wavelength” and “deformed amplitude-wavelength ratio”
It is concluded from Fig.1 that
1. With an applied tensile force, ripples can be controlled or even fully suppressed. This conclusion is consistent with relative
references, such as [7].
2. The minimum tensile strain to eliminate rippling is about 0.06-0.26%, in remarkable agreement with known data (0.25%-0.4%) [8].
3. Under sufficient compressive stress, ripples would be collapsed into narrow standing wrinkles (of minimum wavelengths
around 2 nm) with relatively large amplitude-to-wavelength ratio. This is consistent with known references, such as [2, 9].
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AN ANALYTICAL MODEL FOR POROUS SINGLE CRYSTALS WITH ELLIPSOIDAL
VOIDS
1

Armel Mbiakop1 , Andrei Constantinescu1 , and Kostas Danas* 1
LMS, CNRS, Ecole Polytechnique, University of Paris-Saclay, Palaiseau, France

Summary A rate-(in)dependent constitutive model for porous single crystals with arbitrary crystal anisotropy (e.g., FCC, BCC, HCP etc)
containing general ellipsoidal voids is developed. The proposed model, denoted as modified variational model (MVAR), is based on the
nonlinear variational homogenization method. Periodic multi-void finite element simulations are used in order to validate the MVAR for a
large number of parameters including cubic (FCC, BCC) and hexagonal (HCP) crystal anisotropy, various creep exponents, several stress
triaxialities, various void shapes and orientations and porosities. The MVAR model is in good agreement with the FE results for all cases
considered in the rate-dependent context. A simple way of calibrating the MVAR is also depicted in the rate-independent context so that an
excellent agreement with the FE simulation results is obtained. In this last case, this proposed model can be thought as a generalization of
the Gurson model in porous single crystals.

INTRODUCTION
The constitutive response of metallic alloys is strongly affected by voids originating in the manufacturing process, that
have an important effect on the lifetime as well as deformability of materials. Indeed, the growth of initially present processing
induced voids in a nickel based single crystal superalloy as well as in standard polycrystals played a significant role in limiting
creep life, as recently shown by experimental observations [1] at high enough temperatures on tensile specimens.
Even so, there have been only a handful of models for porous single crystals which deal with special void geometries,
loading conditions and slip system orientations. Such studies involve the study of cylindrical voids with circular cross-section
in a rigid-ideally plastic face-centered cubic (FCC) single crystals or that of spherical voids and general loading conditions
[2, 3]. While each one of these studies has its own significant contribution to the understanding of the effective response
of porous single crystals none of them is general enough in the sense of arbitrary void shapes and orientations and general
loading conditions.
In this regard, in the present study we develop a three-dimensional model that is able to deal with arbitrary crystal
anisotropy, arbitrary ellipsoidal void shapes at any given orientation and general loading conditions [5]. The proposed model
is based on appropriate extension of a former work of the authors [4] in two-dimensional porous single crystals.
THEORY
In this section, we define first the constitutive response of the matrix phase which follows a classical crystal viscoplastic
law and then we summarize the homogenized model for the porous single crystal.
Constitutive response of the matrix
Let us consider now a reference single crystal which undergoes viscoplastic deformation on a set of K preferred crystallographic slip systems. At this stage, for simplicity in the homogenization procedure elasticity effects are neglected. These
systems are characterized by the second-order Schmid tensors µ(s) (∀s = 1, ..., K) and the the Schmid law given by
µ(s) =


1  (s)
m ⊗ s(s) + s(s) ⊗ m(s) ,
2

τ (s) = σ · µ(s) .

(1)

with m(s) and s(s) denoting the unit vectors normal to the slip plane and along the slip direction in the sth system, respectively,
while σ is the applied stress and τ (s) is the resolved shear stress acting on the sth slip system. The constitutive behavior of
the matrix phase is then characterized by the viscoplastic stress potential U such that
U (σ) =

K
(s) (s)
X
γ̇ τ
0

s=1

0

n+1

τ (s)
(s)

!n+1
.

(2)

τ0

Obviously, in this last expression, U is a homogeneous function of degree n + 1 in the stress σ, K is the total number of active
(s)
(s)
slip systems, n ≥ 1, γ̇0 and τ0 denote the creep exponent, the reference slip-rate and the reference flow stress (also denoted
as critical resolved shear stress CRSS) of the sth slip system, respectively. In addition, let us notice that the limiting values of
the exponent, n = 1 and n → ∞ correspond to linear viscoelasticicty and rate-independent perfect plasticity, respectively.
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Homogenized model for porous single crystal
The MVAR effective stress potential of a porous single crystal is given by
−n

K γ̇ (s) τ (s)

(n+1)/2
X
0
0
b (s) · σ
emvar (σ; sα ) = (1 − f )−n
U
σ·S
,
n+1
s=1
where

(3)

"
#
K
X
f b −1 (s)
(i)
(s)
(s)
(s)
(r)
(r)
b
Q (µ , w1 , w2 , n ) −
S =µ ⊗µ +
µ ⊗µ
.
K
r=1

(4)

b is a fourth-order microstructural tensor [5] and is related to the well known Eshelby tensor serving
where f is the porosity, Q
to bring the dependence of the model upon the void shape (aspect ratios w1 and w2 ) and orientation vectors (n(i) , i = 1, 2, 3).
RESULTS
Figure 1 shows cross-sections of the effective gauge surfaces in the Σm − Σeq plane for (a) FCC, (b) BCC and (c) HCP
porous single crystals. Various creep exponents n = (1, 2, 5, 10) are considered while the porosity is set to f = 1% . In
the context of this figure, we observe a very good agreement between the MVAR predictions and the FE results for the entire
range of creep exponents n. In any case, the maximum error is found to be in the order of ∼ 5%. For f = 1%, in Fig. 1a,
and relatively high triaxialities, the n = 1 curve crosses the rest of the curves leading to a stiffer response at large stress
triaxialities XΣ but this is not the case in the case of a BCC crystal in Fig. 1b. In turn, in the context of HCP porous crystals
(Fig. 1c), we find, rather surprisingly, that the MVAR estimate leads to a fully incompressible response in the case C1 (3
slip systems), irrespective of the value of porosity, void shape or orientation used, as shown in Fig. 1c. The explanation of
such a response can be attributed to virtual “rigid” directions in the composite thus leading to pressure-independent response.
To investigate this further, we consider the cases of HCP singles crystal with pyramidal Π2 (C2 ) and combination of basal,
prismatic and pyramidal Π2 active slip systems (C3 ). In these cases where more slip systems are activated, the MVAR
predictions lead gradually to more compressible responses. In other words, in Fig. 1c, one observes that the HCP crystal C3 ,
with 12 slip systems is more compressible than the HCP crystal C2 , with 6 slip systems. These predictions are fully confirmed
by corresponding FE calculations.
a)

b)

-

f = 1%, FCC

eq

c)

-

f = 1%, BCC
MVAR
FEM

Σeq

10

eq

K = 3, C1

10

K = 6, C2

5

5
2
MVAR
FEM

f = 1%, n = 10, HCP

n=1

2
n=1

MVAR
FEM

K = 12, C3

Figure 1: Gauge surfaces in the Σm − Σeq plane in the case of a porous (a) FCC, (b) BCC and (c) HCP single crystal comprising spherical
voids for range of creep exponent n. Comparison between the MVAR model and the FE results for a porosity f = 1%. In (c) different
number of active slip systems are considered.
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AN EXTENSION OF THE GURSON MODEL INVOLVING LODE ANGLE
Ahmed Benallal
LMT-Cachan, ENS cachan/CNRS/Université Paris-Saclay, Cachan, France
Summary A parametric representation of the effective yield surface for a voided material with yielding of the matrix governed
by both the effective stress and the third stress invariant is formulated here in the framework of the Gurson approach to ductile
fracture.

INTRODUCTION
While earlier micromechanical analyses suggests ductile fracture to be dependent on stress triaxiality [1, 2, 3],
experimental evidence also shows effects of Lode angle (see e.g. Barsoum and Fakeslog [4]. In a recent paper
[5] we assessed the effects of the third stress invariant in the yielding of ductile porous solids in the framework of
the Gurson approach with the yielding behavior of the matrixwith von Mises yielding criterion.The present study
goes along the same lines and its objective is the consistant introduction of the Lode angle in the framework of the
Gurson approach when the yielding behaviour of the matrix is dependent on both the effective stress and the third
stress invariant.
CONSTITUTIVE RELATIONS FOR POROUS SOLIDS INVOLVING THE LODE ANGLE
We use the following notations. σ and ˙ denote the microscopic stress and strain rate in the matrix while
the macroscopic stress and strain rate are called respectively Σ and Ė. The invariants of the microscopic stress
tensor are the hydrostatic stressqσm , the von Mises equivalent stress σeq and the stress Lode angle ω respectively


det s
where s is the stress deviator and repeated
defined by σm = 31 σii , σeq = 32 sij sij and ω = 13 arccos 27
3
2 σeq
summation is used. The invariants for the macroscopic stress are defined exactly in the same way and denoted
Σ, Σeq and Θ. We also use the invariants of the microscopic strain rate tensor ˙ defined similarly by ˙m = 13 ˙ii ,
q


˙
˙eq = 23 ˙ : ,
˙ ζ = 13 arccos 4 det
and those of the macroscopic strain rate Ė denoted Ėm , Ėeq and η.
˙3eq
The constitutive behavior of the matrix of the porous solid is considered as incompressible, isotropic, rigidplastic and the plastic flow obeys to normality. The yielding of the matrix is described by a yield function f
positive and homogeneous of degree one in the stress in the form f (σ) = σeq g(ω). Function g(ω) describes
possible effects of the third invariant of stress on yielding. The yield surface defined by σeq g(ω) − σ0 ≤ 0 is
assumed convexe and smooth, thus satisfying in particular g 0 (0) = g 0 ( π3 ) = 0.
The dissipation function, denoted π, is defined by π()
˙ = σ : .
˙ Owing to convexity of the yield function f and normality, the function π()
˙ is obtained for every ˙ by usual procedures and found to be π()
˙ =
σ0 ˙eq
√ 2
=
σ

˙
G(ζ).
The
function
π
is
only
dependent
on
the
Lode
angle
of
the
strain
rate
ζ.
0
eq
0
2
g (ω(ζ))+(g (ω(ζ)))

With the Gurson ’s cell [3], a hollow sphere cell with external radius b and a void with radius a, and porosity
3
3
f = ab3 , one uses a spherical coordinate spherical system (r, θ, φ) and the variable change λ = rb3 . The trial field
used by Rice and Tracey [2] and Gurson [3] is given by ˙ = Ė0 + λĖm eD with eD = 1 − 3 er ⊗ er where er is
the unit vector in the radial direction and 1 the second order unit tensor. Defining the quantities
√

δ = 18 −2 3 sin(2η) cos(2θ) sin2 (φ) + cos(2η)(3 cos(2φ) + 1) + 4
(1)
√

µ = 14 2 3 sin(η) cos(2θ) sin2 (φ) + 3 cos(η) cos(2φ) + cos(η)
(2)
Ėm
together with the strain rate triaxiality ratio H = Ė
, the effective strain rate and the Lode angle are respectively
eq
p
2
H 2 −8λ3 H 3
given by ˙eq = Ėeq 1 − 4µλH + 4H 2 λ2 and cos 3ζ = cos 3η+6(1−2δ)λH+12µλ
.
3
2 2
(1−4µλH+4H λ ) 2
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Parametric representation of the yield criterion
R
˙
with V the volume of the porous material
Computing the macroscopic dissipation by Π(Ė) = V1 V π()dV
and using the general results for porous plasticity given in [5], the following parametric representation of the
effective yield criterion is obtained with dΩ = sin ϕdθdϕ
Σm
σ0
1
6π

R

1
f

1

0
1 g (ω(ζ))G(ζ)
g((ζ))
Ω sin 3ζ

R

2

h

=

1
6π

Σeq = U + V , cos 3Θ =

U=
σ0
4π

σ0
4π

R

R

1
f

1

1
f

1

R

R

0
1 g (ω(ζ))G(ζ)
g(ω(ζ))
Ω sin 3ζ

0
1 g (ω(ζ))
G(ζ)
Ω sin 3ζ g(ω(ζ))

1
f

1

√ G(ζ)[2λH−µ]2

R
Ω

1−4µλH+4H λ2

1−2δ+4λHµ−4λ2 H 2
1−4µλH+4H 2 λ2

2

h

R

∂Π
∂ Ėeq

1 ∂Π
Ėeq ∂η

+

(cos 3η+6(1−2δ)λH+12µλ2 H 2 −8λ3 H 3 )(2λH−µ)
(1−4µλH+4H 2 λ2 )2

−

i

dλdΩ
λ



U U 2 − 3V 2 cos 3η − V V 2 − 3U 2 sin 3η
(U 2 + V 2 )

=

σ0
4π

R

1
f

R

1

Ω

1−4µλH+4H λ2

=

σ0 H
2π

R

1
f

1

−

R
Ω

dλdΩ
λ2

+

(cos 3η+6(1−2δ)λH+12µλ2 H 2 −8λ3 H 3 )(1−2λHµ)
(1−4µλH+4H 2 λ2 )2

√

∂δ
− sin 3η−4Hλ( ∂η
)+4H 2 λ2 ( ∂µ
∂η )
1−4µλH+4H 2 λ2

G(ζ)[− ∂µ
∂η ]

1−4µλH+4H 2 λ2

+

(3)

(4)

3/2

√G(ζ)[1−2µλH]2

cos 3η−4Hλ(1−2δ)+4µλ2 H 2
1−4µλH+4H 2 λ2

V =


dλdΩ
λ

dλdΩ
λ

i

dλdΩ
λ2 (5)

+

2Hλ(cos 3η+6(1−2δ)λH+12µλ2 H 2 −8λ3 H 3 ) ∂µ
∂η
(1−4µλH+4H 2 λ2 )2



dλdΩ
λ2 (6)

In the absence of Lode angle effects in the yield behaviour of the matrix and after integration with respect to λ, the
results obtained in [5] are recovered. The parametric representation given above allows for some explicite results.
For purely hydrostatic loadings H → ±∞, the macroscopic stress is also purely hydrostatic. One finds that
2
− 32 ln f
Σm
Σm
3 ln f
if H → +∞. This result is also directly obtained if one
σ0 → g(0) when H → −∞ while σ0 → g( π
3)
analyses the hollow sphere considered here on its own, subjected to macroscopic hydrostatic stress Σm . Notice
here how the Gurson result is changed and especially the fact that positive mean stresses are affected by g( π3 ) while
negative mean stresses are affected by g(0).
When H → 0, it is easily checked that expression of the macroscopic yield surface is Σeq g(Θ) = (1 − f )σ0 .
which is up to the size reduction factor 1 − f exactly the equation of the yield surface of the matrix. The situation
is similar as in the Gurson model and actually holds for any matrix yield surface.
With some approximations, it is felt that a full explicite expression can be obtained under more general situations. This will be discussed in the future.
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ABSTRACT
The origin of the rate-sensitive behaviour of plasticity over strain rate regimes from 10#$ to 10$ s #& has been assessed
with reference to three key mechanisms: dislocation nucleation, time of flight (dislocation mobility) and thermally activated
escape of pinned dislocations. A new mechanistic formalism for incorporating thermally activated dislocation escape into
discrete dislocation plasticity (DDP) modelling techniques is presented. It is shown that nucleation and dislocation mobility
produce rate-sensitive behaviour for strain rates in the range 10' to 10$ s #& , but cannot do so for significantly lower strain
rates, for which thermally-activated dislocation escape becomes the predominant rate-controlling mechanism. At low strain
rates, the strong experimentally observed rate-sensitive behaviour of Ti alloys, manifested as stress relaxation and creep, is
shown to be captured well by the new thermal activation DDP model.
INTRODUCTION
The rate sensitivity of the plastic deformation of alloys has long been of scientific interest and technological relevance.
Rate sensitivity is strongly material dependent and much work has been done in order to understand its mechanistic basis.
Its manifestation is often through the observed progressive increase in flow stress from low strain rates ( < 10* s #& to
high strain rates ( ≥ 10* s #& in a positively rate sensitive material. It is argued that the plastic deformation is moderated
by thermal activation events at low strain rates while being controlled primarily by viscous drag at high rates. Discrete
dislocation plasticity is a modelling technique in which slip on defined active crystallographic systems is represented
through explicit representation and motion of discrete dislocations. In the classical two-dimensional DDP model, there are
two parameters associated with time scale: first, the dislocation source nucleation time ,-./ describes the operation of the
Frank-Read source from a trapped dislocation segment to a full, glissile loop, and second, the ratio of viscous drag
coefficient and shear modulus 0 1 characterises the time scale of a dislocation moving within an obstacle-free crystal
matrix. A systematic study of rate sensitivity in DDP revealed that quasi-static DDP is able to predict the rate sensitivity in
the high strain rate regime of ( ≥ 10* s #& . Beyond ( = 10* s #& , plasticity is controlled primarily by viscous dissipation,
and the constitutive rules used in classical DDP models give rise to the rate dependence of the material. When obstacles are
present, rate sensitivity is affected by the strength assigned to obstacles since, ordinarily, there is no explicit time associated
with obstacle escape, i.e. the leading dislocation is released from an obstacle immediately after the resolved shear stress
exceeds a critical strength, so that classical DDP cannot account for the rate sensitivity in the low strain rate regime. In this
paper, we address the roles of dislocation nucleation and time of flight or mobility, and present a new formalism for
incorporating thermally activated dislocation escape in numerical DDP techniques. We utilise a systematic methodology by
considering single crystal stress relaxation in order to study the mechanistic contributions to observed rate-sensitive
behaviour over the strain rate regime 10#$ to 10$ s #& .
RESULTS AND DISCUSSIONS
The motion of dislocations can be hindered by several types of obstacle such as forest dislocations, solute atoms and
small precipitates, etc. In the DDP formulation presented here, obstacles are modelled as points on the slip planes and may
be assigned a time ,345 , which is a thermal activation-related, stress-related variable describing the required time for pinned
dislocations to escape obstacles. We consider a dislocation line gliding along its slip plane that becomes pinned by a group
of obstacles. The dislocation experiences a thermal activation event under the applied stress τ enabling it to attempt to
overcome the energy barrier and escape the obstacles. The frequency of successful jumps 6 to escape obstacles
considering only forward activation was first introduced by Gibbs and subsequently utilised by Dunne, considering both
forward and backward activation events. The value of ,345 can be derived based on the local thermal activation event
which may be expressed as the inverse of the successful jump frequency, i.e. ,345 = 1 6.
In order to investigate the rate sensitivity dependence arising from nucleation, mobility and thermal activation
systematically, these three processes are analysed independently using a consistent methodology: a single HCP crystal
undergoing prismatic slip is considered, under conditions of stress relaxation with uniaxial loading. The crystal is first
stretched plastically followed by a period of strain hold at the maximum strain, and the resulting stress relaxation during the
hold period is examined for each mechanism in turn to quantify the resulting rate sensitivity.
a)
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As shown in Fig.1a, both the analytical solutions and DDP simulations reveal that the rate sensitivity manifested as
stress relaxation resulting from both dislocation nucleation and mobility diminishes to insignificant levels for strain rates
lower than 10* s #& . At higher strain rates greater than 10$ s #& , there is found to be a contribution to rate sensitivity from
both dislocation nucleation and mobility mechanisms, and the effect from nucleation is found to be stronger at lower strain
rates than that for mobility. On the other hand, as shown in Fig.1b, at low strain rates the rate sensitivity is predominated by
the thermal activation process and the rate-sensitive range is affected by the activation energy. It is seen that increasing
activation energy appropriately leads to a higher energy barrier and as a consequence, a larger obstacle escape time
constant. The rate-sensitive range of strain rate shifts to higher strain rate for lower activation energy, since in this case,
pinned dislocations more easily overcome the energy barrier required to escape obstacles. Hence the average dislocation
velocity is higher which leads to a higher rate-sensitive range.

Fig.1. Relative contributions of (a) nucleation time, mobility of dislocations and (b) thermally activated dislocation escape on
controlling stress relaxation and its time response from DDP simulations (symbols) and analytical results (lines).

CONCLUSIONS
The rate sensitivity of 2D discrete dislocation plasticity has been studied systematically, and is argued to originate from
three independent mechanisms which are, respectively, dislocation nucleation, time of flight (the dislocation mobility) and
finally, thermally-activated dislocation escape from pinning obstacles. The thermal activation of escape has been addressed
in this paper and a formalism presented for its incorporation within numerical DDP modelling techniques. The regimes of
strain rate from 10#$ to 10$ s #& over which each of the three mechanisms operates and predominates has been examined.
It has been shown that at high strain rate (( ≥ 10* s #& ), the rate sensitivity is largely controlled by the dislocation nucleation
process and the free flight (mobility) of dislocations. At low strain rate (( < 10* s #& ), there is little or no rate sensitivity
originating from either the nucleation process nor the dislocation mobility, and it is argued that the predominant mechanistic
basis for observed rate sensitivity originates from thermally activated processes which assist dislocations pinned at obstacles
to escape.
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CONTINUUM MODEL AND SIMULATIONS FOR MICROSTRUCTURAL EVOLUTION IN
DEFORMATION PROCESSES
1

John L. Bassani1a)
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Summary A model is developed for a class of anisotropic elastic-plastic solids in which the orthotropic triad that characterizes the
symmetry of the microstructure evolves with deformation. Constitutive equations for microstructural spin are based upon an exact
relationship between that spin, the material spin, and the plastic rate of stretching that has been derived using representation theory for
tensor-valued functions. Simulations of necking, shear banding, and buckling display significant effects of microstructural evolution on
strain localization. Recent work on microstructure evolution in complex fluids also will be discussed.

Introduction
Processes involving large-strain, deformation of metallic alloys, metal-matrix composites, polymers, or polymer matrix
composites, as well as many mechanisms of ductile failure, typically involve significant changes in microstructure and the
corresponding evolution of ansiotropic macroscopic properties. In particular, limits to formability that are critical to many
important manufacturing technologies as well as processing of materials depend strongly on the evolution of microstructure.
Nevertheless, relatively simple and analytically-tractable continuum models that account for microstructural evolution and
can be readily employed in computer-aided design, in process control, and in failure analyses are lacking.
Over the last 40 years or so, there has been substantial progress in modeling large-strain plastic deformation1,2 ranging
from phenomenological engineering plasticity theories to more elaborate micromechanical models. Modeling capabilities
for fixed microstructures (with an array of available yield functions and associated flow rules) are well in hand 3 .
Nevertheless, accurate models at a comparable level of phenomenology that account for microstructural changes with the
concomitant evolution of (local) anisotropy are essentially non-existent. Micromechanically-based models have been
developed, but they typically involve levels of complexity that are not practical for engineering design and analysis.
Two prominent applications among many where simulation-based design has tremendous potential are in the stamping
of metallic sheet materials and deformation processing of polymers. The forming of complex shapes typically involves large
inelastic deformations and the evolution of microstructure. Micromechanically-based models for texture evolution in
polycrystals have steadily developed, with pioneering work coming from the Los Alamos group lead by U. F. Kocks4 and
building on the rigorous computational procedures of Asaro and Needleman5 and others. In addition to the simpler Taylor
model and finite element simulations with individual grains discretized, Tome and Ponte Castaneda and co-workers6 have
been developing non-linear homogenization techniques which greatly improve on Taylor models for grain-level fields while
being less computationally intensive than the full finite element calculations. Several general observations follow: i) those
approaches are generally much more computationally intensive than any engineering plasticity model, including those with
anisotropic behaviors; ii) constitutive assumptions that enter those models, e.g. at the single crystal level, are necessarily
idealizations of real behaviors; and, in any event, iii) those models are generally far too complex to be used by designers.
The framework for microstructural evolution developed here, which is at the same level of complexity and
phenomenology as the widely-used flow rules for plastic strains, circumvents those issues and can be readily fit to
experiments and micromechanical simulations. A finite element implementation also has been developed. Several problems
involving strain localization are considered, including necking, neck propagation, shear banding, and buckling. In each of
those problems, microstructural evolution is shown to have a strong effect.
The Model and a Simulation of Sheet Necking
The evolution of microstructure, e.g. polycrystalline texture, void or particle distributions, or molecular orientation, is
known to affect anisotropic macroscopic response. For example, initially random (isotropic) textures evolve through large
strain processes to impart continuously-varying preferred orientations. As a result, wire drawing leads to transversely
isotropic properties and sheet rolling leads to orthotropic properties. As a polycrystalline sample is deformed into a complex
shape or as damage progresses, texture continues to evolve and inevitably will be non-uniform throughout the part. For
deformation-induced anisotropy, it is plausible to assume that the local anisotropy possesses three mutually orthogonal
symmetry planes at each material point, which we call persistent orthotropic symmetry. The principle axes of anisotropy
are, therefore, orthotropic unit vectors, denoted eˆ i , i  1,3 , that characterize the effective symmetries of the microstructure
and rotate (locally) as the material deforms. Rotation of the symmetry axes is determined by the microstructural spin, which
is an anti-symmetric tensor that is taken to be the difference between the material and plastic spins. To fully characterize
microstructural evolution, constitutive relations are required for both the plastic parts of the rate of stretching and the spin.
a)

Corresponding author. Email: bassani@seas.upenn.edu.

2684

In the setting of finite elastic-plastic deformations, the standard multiplicative decomposition F  F e F p is adopted.
 1 is partitioned into elastic and plastic parts L  Le  Lp , and each further partitioned into
The velocity gradient, L  FF
symmetric and asymmetric parts. Since the microstructural vectors are assumed to remain orthonormal at every stage of
deformation (i.e., in the current configuration), their evolution can be expressed in rate form in terms of the anti-symmetric
tensor  that governs the spin of the microstructure:
eˆ   eˆ , i  1, 2,3 , where
  W e  F e F e 1  W  W p ,
(1)
i

e



i



a

p

and W, W and W are the asymmetric parts of the material, elastic and plastic velocity gradients. Therefore, to evolve
the microstructure, a constitutive relation for the plastic spin, W p , is required. Using representation theory, Pan and
Bassani7 have shown that W Ip is directly related to the shear components of DpI , where the subscript I denotes tensors
pulled-back to the so-called intermediate configuration. With respect to the bases eˆ oi which define the material symmetry:
p
p
Wˆ I12
 3 Dˆ pI12 , Wˆ I13
  2 Dˆ pI13 , Wˆ Ip23  1 Dˆ pI 23 ,

(2)

where i are scalar-valued functions depending on well-defined invariants of stress and the microstructural (2nd order)
tensors, and the overstrike ^ denotes components with respect to the orthotropic bases eˆ oi . The key relations (2), which
imply persistent orthotropic material symmetry, are exact and reflect the non-coaxiality in the intermediate configuration of
the plastic part of the rate of stretching and the orthonormal director vectors.
As noted above, microstructural evolution generally has a significant effect on strain localization. One example is the
formation of a shear band in sheet material whose texture evolves with deformation. The three scalar functions i in (2)
are fit to experimental data for microstructural evolution in a textured steel sheet taken from the literature7. We have
implemented the model as a user material model in ABAQUS. One fully three-dimensional simulation is depicted in Fig. 1.
The effects of microstructural evolution, as summarized in the figure caption, are very large.

(a)

(b)

(c)

(d)

Fig. 1. Finite element simulation of localized sheet necking in uniaxial loading. Graphics are plastic strain distributions: (a) with
zero plastic spin corresponding to dashed curves in (c) and (d); (b) with the microstructural evolution model fit to data for a sheet
steel corresponding to solid curves in (c) and (d). Two initial orientations o of the tensile axis relative to the initial principle axis
of anisotropy (e.g., the sheet rolling direction) are considered: o =30o (black curves) and o =45o(red curves). Microstructural
evolution, which is accounted for with plastic spin, significantly affects the forming limit: the maximum loads in (c) are reduced; the
forming limit in (d) increases by 30% for o =30o and decreases by a factor of 4 for o =45o, which is a huge affect.

CONCLUSIONS
The framework for microstructural evolution described in this brief note is at the same level of complexity and
phenomenology as the widely-used flow rules for plastic strains and can be readily fit to experiments and micromechanical
simulations. Through analyses and simulations, we have demonstrated significant effects of microstructural evolution on
various large elastic-plastic deformation processes including necking, shear banding, and buckling.
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Summary In this paper, a nonlinear constitutive model accounting for anisotropic plasticity using the concept of structural tensors and
formulated in the framework of multi-surface plasticity is proposed. To determine the parameters of the constitutive model and to further
validate the model, a finite element model of a plain weave repeating unit cell (RUC) is set-up. The model is fitted and compared to volume
averaged stress-strain response generated from the RUC.

MATERIAL MODEL
Plastic anisotropy is described using the method of structural tensors as developed by [1]. A second order structural tensor
is defined as Mi = Ni ⊗ Ni (i = 1, 2, 3) where Ni (i = 1, 2, 3) are unit vectors pointing in priveleged directions of the
material. Additionally, the unit vectors Ni are orthogonal to each other.
In general, orthotropic materials can be characterized by three symmetry planes, described by the structural tensors Mi (i =
1, 2, 3). To this end, two yield functions are defined
p
(1)
Φi = σ · (Ai [σ]) − (σyi − Ri ) , Ai = ai (Mi ⊗ Mi ) i = 1, 2
such that they account for yielding in N1 and N2 directions respectively. Furthermore, a third yield function to account for
yielding in N3 direction and shear yielding is defined as:
p
Φ3 = σ · (A3 [σ]) − (σy3 − R3 )

A3 = a3 (M3 ⊗ M3 ) + a4 (I − (M1 ⊗ M1 + M2 ⊗ M2 + M3 ⊗ M3 )) + a5 D 1 − 4 (M1 ⊗ M1 )

+ a6 D 2 − 4 (M2 ⊗ M2 )
(2)


α
α
α
α
where the fourth-order tensors D 1 and D 2 are given by Dijkl
= 12 Mik
δjl + Mjl
δik + Milα δjk + Mjk
δil , α = 1, 2 and I
is the fourth-order identity tensor. The prefactors ai (i = 1, 2, 3) are related to the uniaxial yield stresses σ̄11 , σ̄22 and σ̄33 in
the three orthogonal directions, whereas the coefficients ai (i = 4, 5, 6) are related to the shear yield stresses σ̄12 , σ̄13 and σ̄23 .
The final form of the constitutive equations of the model is summarized below:
• Stress tensor

∂ψe
(E1 , E2 , E3 , G1 , G2 , G3 , ν12 , ν13 , ν23 )
∂ε
p
Φi = σ · (Ai [σ]) − (σyi − Ri ) , i = 1, 2, 3

σ=

• Yield functions
• Evolution equations

ε̇p =

P3

• Discrete Kuhn-Tucker conditions

i=1

A [σ]

λ̇i p

σ · (A [σ])

λ̇i > 0,

,

Φi 6 0,

κ̇ =

P3

i=1

λ̇i

λ̇i Φi = 0

i = 1, 2, 3

The linearized version of the strain energy function ψe proposed for modelling biaxial composite materials in [2] and Voce’s
exponential hardening function Ri = −Qi (1 − e−βi κ ) are here chosen for all numerical considerations. For the numerical
aspect and the implementation of multi-surface plasticity, the reader is referred to [3].
MESO MODEL
To determine the material parameters of the constitutive model and for verification, an idealized geometry of the internal
architecture of a plain weave repeating unit cell (RUC) is generated with a length of 3.8mm and a thickness of 0.4mm,
see Figure 1. Furthermore, the RUC is assumed to be part of a much larger material specimen, therefore periodic boundary
conditions are applied through equation constraints in the ABAQUS/standard software package. The tows and the matrix are
modelled as General Electric 218CS (GE218CS) continuous tungsten wire and cold worked oxygen free high conductivity
copper (OFHC) material respectively, with actual experimental data obtained from [4]. A standard von-Mises yield function
with isotropic hardening is here adopted. The material parameters obtained after fitting are given in Table 1.
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Material
Tungsten
Copper

E [MPa]
677887.67
135248.74

ν
0.28
0.34

Q0 [MPa]
987.2
148.1

β
52.6
2994

Table 1: Tow and matrix material constants
Figure 1: Meshed RUC
RESULTS AND DISCUSSIONS
First, the parameters of the constitutive model are identified by subjecting the RUC to σ11 , σ22 , σ33 uniaxial tensile stress
as well as τ12 and τ23 shear loading. Based on the obtained stress-strain response, the engineering constants, the yield stresses
and the constants of the three exponential hardening functions are determined after fitting the constitutive model, see Table 2.
The fit is performed such that σ33 − ε33 matches best as it is impossible to match all four flow curves with Q3 and β3 , see
Figure 2.
E1 [MPa]
513,665.83
σ̄11 [MPa]
1097.71
Q1 [MPa]
745.00

E3 [MPa]
414,945.00
σ̄22 [MPa]
1097.71
Q2 [MPa]
745.00

G12 [MPa]
386,167.50
σ̄33 [MPa]
1014.14
Q3 [MPa]
794.50

G13 [MPa]
284,167.50
σ̄12 [MPa]
463.126
β1
49.86

ν12
0.274
σ̄23 [MPa]
249.255
β2
49.86

ν13
0.313
σ̄13 [MPa]
249.255
β3
53.09

ν23
0.437

Table 2: Constants of the constitutive model
For verification, the RUC is subjected to a bidirectional tensile test. From Figure 3, both models agree very well. Also
the yield stress for uniaxial tension in comparison with biaxial tension appears to be the same. This implies that the yield
functions Φ1 , Φ2 and Φ3 form a cuboid in stress space and are independent of each other. For this reason the yield stress for
uniaxial tension, bidirectional tension as well as tension and compression will result in the same value.

Figure 2: A fit of the constitutive model to the RUC response

Figure 3: Comparison between meso- and macro-model

CONCLUSION
To properly describe plastic anisotropy, it is important that the yield functions responsible for the projection of the normal
components of the Cauchy stress tensor in privileged directions of the material are dependent on all three normal stresses.
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STRENGTH PROPERTIES OF NANOPOROUS MATERIALS:
A MOLECULAR DYNAMICS APPROACH
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Summary Strength properties of an aluminium single crystal containing a spherical nanovoid are investigated by means of a Molecular
Dynamics (MD) approach, in the case of a fixed porosity level and for different values of the void size. Elasto-plastic mechanical response,
under triaxial strain-based conditions and including axisymmetric and shear states, are numerically investigated, and allows to identify the
corresponding limit stress states. The dependence of the macroscopic strength properties on all the three stress invariants is quantified. Voidsize effects are clearly shown. In detail, it is observed that reducing the void radius induces a strengthening of the sample. Furthermore,
the occurrence and the amount of void-size effects strongly depend on the Lode angle, resulting in a shape transition of both meridian and
deviatoric strength surfaces when the void radius is varied.

Since the recent arising of advanced nano-technologies, as well as of innovative engineering design approaches, nanoporous
materials have been extensively studied in the last two decades, leading to a considerable worldwide research interest in both
industrial and academic domains. In fact, owing to their excellent rigidity and strength properties, nanoporous materials
open towards groundbreaking applications in several technical fields, involving ultra-high performance devices and challenging multifunctional uses. In order to fulfil to these promising applications, one of the most fundamental aspect consists in
characterising and predicting the strength properties of these materials, as dependent on the size of voids.
Due to the lack of an exhaustive experimental characterization, numerical methods addressing Molecular Dynamics can be
considered as an effective alternative to provide benchmarking evidence (see for instance [4, 5]). As a matter of fact, MD-based
simulations account for material arrangement at the atomistic level, automatically furnishing helpful insights on nanoscale
effects. Nevertheless, current MD simulations are generally limited to the analysis of particular admissible stress states only
(computed under uniaxial, volumetric or shear conditions), without considering more complete multiaxial scenarios, and
thereby not allowing for more comprehensive insights. In this sense, the central purpose of the present paper is to investigate
strength properties of nanoporous materials under multiaxial loadings via a MD-based approach (see [1]).
2R

z
FCC lattices

Z

[001] //z

[100] //y

X

Y

x

[010] //x

y

Figure 1: Synoptic scheme of proposed Molecular Dynamics model.
Let a material neighbourhood of a nanoporous medium be considered (Fig. 1), characterized by a periodic nanostructure
along the global Cartesian directions X, Y and Z. The representative cell consists in a nano-single crystal of aluminium (i.e.,
FCC lattices), embedding a spherical void of radius R. The simulation domain, undergoing to periodic boundary conditions,
is subjected to triaxial strain-based expansion (TXED ) and compression (TXCD ), as well as to shear strain conditions (SHRD ).
For each case, different triaxiality levels have been considered, describing deformation paths ranging from pure deviatoric
states to pure hydrostatic ones. Denoting
as Σ the computed macroscopic √
stress tensor (with Σd its deviatoric part) the Haigh√
Westergaard invariants ζ = tr Σ/ 3, r = (Σd : Σd )1/2 , cos 3θΣ = (3 6 det Σd )/(Σd : Σd )3/2 are adopted for giving a
three-dimensional description of the strength states. For a fixed porosity value (p = 1%), strength properties of nanoporous
samples have been investigated by varying the void radius from 0.541 nm to 2.977 nm.
The strength properties of bulk (i.e., p = 0) and nanoporous (p = 1%) samples are depicted in Fig. 2 in the meridian (ζ, r)
(Figs. 2a and 2c) and in the deviatoric ζ = const (Figs. 2b and 2d) planes. As main aspects, performed computations show:
(i) a clear influence of all the three stress invariants on strength properties; (ii) a complex relationship between the applied
∗ Corresponding

author. Email: brach@ing.uniroma2.it

strain states and the obtained stress ones; (iii) significant void-size effects. With reference to Figs. 2a and 2b, the strength
domain of the bulk sample is characterised by a significant pressure-dependence and a clear influence of the stress Lode
angle, resulting in triangular-shaped cross sections in the deviatoric plane. In the case of nanoporous domains, meridian and
deviatoric strength surfaces in Figs. 2c and 2d are shown to be significantly affected by void-size effects, mainly resulting in
the improvement of the strength properties when void radius reduces. The occurrence and the amount of such a strengthening
effect strongly depend on the value of the stress Lode angle. In detail, referring to Fig. 2d for a fixed hydrostatic stress level
ζ, the highest (respectively, lowest) influence is observed in the case of a triaxial expansion (resp., compression). As a result,
a shape transition occurs in the deviatoric profiles, passing from a multi-sided polygonal shape to a triangular-like one, when
the void size reduces. For the herein-adopted porosity level, the dependence of strength properties on the void radius has been
shown to practically disappear when void size assumes values greater than 2.7 nm.
Accordingly, present numerical results can be considered as an useful contribution to provide comparative benchmarks
for validating and calibrating theoretical strength criteria for nanoporous materials. In detail, proposed computations clearly
indicate some criticisms in available continuum mechanics-based strength models (e.g., [2, 3]), suggesting the need to derived
novel and more comprehensive theoretical formulations.
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ANALYTICAL AND NUMERICAL TOOLS FOR RELAXATION IN CRYSTAL PLASTICITY
Sergio Conti1 and Georg Dolzmann ∗2
1
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2
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Summary Results concerning the relaxation of variational models in crystal plasticity will be presented. These results include complete
analytical formulas for the relaxation of special model energies in simplified geometries and two dimensions and a proposed concept for a
fully discrete numerical algorithm that can be used to compute the relaxation for a given deformation gradient or to compute this relaxation
for many gradients at the same time and during a finite element calculation.

RELAXATION
The starting point of our discussion is the time discrete model for the evolution in the framework of crystal plasticity
which was in particular advocated in [3, 11, 13]. We use the multiplicative decomposition of the deformation gradient in the
spirit of [9, 10], i.e., F = Fe Fp where F = Du denotes the deformation gradient, Fe the elastic and Fp the plastic part of the
deformation gradient. This plastic part encodes the deformation obtained from one or several simple shear deformations in a
prescribed number of slip systems, see [14] for a justification of the continuum framework. If we represent the simple shear
in one of the finitely many slip systems as Fp = I + γi si ⊗ mi then the model energy can be written as
(
τ γ + κγ 2 if F = R(I + γsi ⊗ mi ), R ∈ SO(n), γ ∈ R, i ∈ {1, . . . , N } ,
W (F ) =
∞
otherwise ,
where τ is the critical shear stress and κ the strain hardening modulus. It is well-known that the resulting energy density does
not have the right convexity properties in order to allow an application of the direct method in the calculus of variations and
therefore one passes to the relaxed energy
Z
qc
W (F ) =
inf
W (F + ∇φ)dx ,
(1)
1,∞
φ∈W0

((0,1)n ;Rn )

(0,1)n

see [8, 12] a detailed discussion of all the technical aspects of relaxation and the fundamental role of relaxation in modern
mathematical theories for materials and [4] for first results towards relaxation with the constraint of incompressibility.
It turns out to be an extremely hard problem to find closed analytical formulas for the relaxation given by the foregoing
formula. In a two-dimensional model situation with two orthogonal slip systems this was studied in [7] and just recently the
case of three slip systems has been analyzed in [5].
In view of these analytical difficulties, it is mandatory to develop numerical schemes. If a part of the analytical relaxation
can be carried out, then one may use semi-discrete approaches in the sense of [1, 2]. However, if the situation is too complex,
then a fully discrete scheme might be the only solution. We will present one approach in this direction of a scheme that
computes laminates of higher orders at all Gauss points in a finite element simulation. Finally outstanding open questions will
be discussed.
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ROLE OF THE MATRIX PLASTIC FLOW ON THE MECHANICAL RESPONSE OF
POROUS SOLIDS
Oana Cazacu1a), Benoit Revil-Baudard1 & Nitin Chandola1
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1

Summary It is shown that the mechanical response of porous metallic materials is strongly influenced by the particularities of the plastic
flow of the matrix. This is demonstrated by comparing the dilatational response of porous solids for which the matrix is described by
Tresca, von Mises, and Cazacu et al. [1] yield criterion, respectively. The analytical plastic potentials of the respective porous solids are
developed using rigorous limit analysis theorems and upscaling techniques. If the matrix plastic response is governed by Tresca’s yield
criterion, the rate of void growth or collapse is much faster than in a porous von Mises solid. However, if the plastic flow of the matrix is
described by an odd function that accounts for both slip and twinning at single crystal level, the yield locus of the porous solid does not
display any symmetry, with dramatic consequences in terms of the rate of void evolution, and ductility.
In this study a kinematic homogenization approach is used to study how the particularities of the plastic flow of the
matrix affect the effective response both in terms of yielding and void evolution. Specifically, analytical plastic potentials
are developed for porous solids for which the plastic behavior of the matrix is described by von Mises yield criterion, and
by criteria depending on both invariants of the stress deviator, namely Tresca and Cazacu et al. [1] criterion. In each case,
the porous solid is supposed to contain randomly distributed spherical voids. The limit-analysis is conducted for both tensile
and compressive loadings, the imposed local velocity being compatible with uniform macroscopic strain rate boundary
conditions. If the plastic behavior of the matrix is governed by the von Mises criterion, the plastic dissipation is
π d 

Mises





2
2 + 2D11
 Dm  b / r  1  3cos2θ  ,
  T 2 d I2  d II2  d III
/ 3   T 4 Dm2  b / r   4 D11
6

(1)

3

while in the case when the matrix obeys Tresca's criterion, the local plastic dissipation is
Tresca

π d 

=  T  d I  d II  d III  / 2,

(2)

where dI, dII, dIII are the principal values of the local strain d, D is the imposed macroscopic strain rate tensor, which is

supposed to be constant and axisymmetric; D’ its deviator, Dm its mean, while σ T is the uniaxial yield in tension of the

matrix, and r and  are spherical coordinates. Because Tresca's yield criterion depends on both invariants of the local stress
deviator, the corresponding plastic dissipation depends on both the sign and ordering of the principal values of d (see Eq.
(2)) Thus, unlike the case when plastic flow is governed by the von Mises criterion, the expression of the local plastic
dissipation in terms of the invariants of the imposed strain rate tensor D is not unique. For example, if Dm  0 and D11
 0:
π d 

Tresca

(1/ 2) D2 b / r 6 +D2 + 2D' D b / r 3 +

 11

m
11 m 


 σT

6
3
2
'
2
 
(3/2) Dm  b / r  +2D11Dm  b / r  cos  2θ  +D11

(3)

(for all possible expressions of the local plastic dissipation see Cazacu et al. [2]). Comparison between Eq.(1) and Eq.(3)
shows the strong differences between the plastic dissipation associated with Mises and Tresca criterion, respectively. Note
that in the literature (e.g. [3]) it is usually assumed that coupling between shear and mean stress effects, i.e. the “cross-term”
'
D11
Dm can be neglected. However, this assumption amounts to erasing the specificities of the plastic flow of the matrix,
since this leads to: π  d Mises  π  d Tresca   T 4 D2m  b / r 6  4 D11
2 , and the resulting effective yield criterion for the porous
solid being the same, i.e. that of Gurson [3]. However, the plastic potential of either the porous Tresca or porous Mises solid
can be calculated analytically without making such an assumption (see [2], [4]), leading to new insights concerning ductile
damage. Specifically, if the plastic behavior of the matrix is governed by either the Von Mises or Tresca criterion, the
overall yield surface ought to be centro-symmetric. For triaxialities T different from 0 or ±∞, there are very specific
combined effects of the mean stress,m and third-invariant J3 on yielding, the yield point characterized by J3 ≥0 and a given
triaxiality T being symmetric, with respect to the axis m = 0, to the yield point characterized by J3 ≤0 and (-T). The two
criteria coincide only for purely deviatoric or purely hydrostatic loadings. The centro-symmetry of the respective yield loci
has dramatic influence on the void evolution, which depends on the sign of J3 as well as on the sign of the triaxiality, T.
Fig.1 show the predicted void growth and void collapse in terms of the effective macroscopic equivalent strain, Ee for
axisymmetric loadings at fixed triaxiality, T=2 corresponding to J3≤0. Note that the rate of void evolution is much faster in a
a)
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porous solid with Tresca matrix than in a porous solid with von Mises matrix. Furthermore, Gurson's [3] predicts the
slowest void growth (half of that predicted by Tresca’s).
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Figure 1: Evolution of the void volume fraction: comparison between the predictions of Gurson's [3] and Cazacu et al [4]
criteria for porous solids with von Mises matrix and that of Cazacu et al [2] criterion for a porous solid with Tresca matrix
for triaxiality T = 2.
Cazacu et al [1] proposed an yield criterion that accounts for the specific plastic deformation mechanisms as single crystal
level through a parameter k. If plastic deformation is due to slip obeying Schmid law, k=0 and the criterion reduces to von
Mises criterion whereas if plastic deformation is due to both slip and twinning, k is non-zero, and the yield criterion
accounts for tension-compression asymmetry. In the latter case, the yield locus of the respective porous solid lacks any
symmetry, and there is a strong effect of J3 for all triaxialities.
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Figure 2: (a) Comparison between gauge surfaces from FFT full-field simulations (symbols) and Cazacu and Stewart’s [5]
yield surface (k=0.3), for loadings with J 3 > 0 and J3 < 0; (b) Effect of k on void growth: comparison between predictions
according to [5]and Gurson [3] for T = 2.
These unusual features have been confirmed by full-field calculations (Fig. 2(a)) and lead to specific effects in terms of void
evolution (see Fig. 2(b)).
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DUCTILE FAILURE OF SHEAR-DOMINATED “HAT” SPECIMENS
Edmundo Corona ∗1
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Summary This work addresses the response and ductile failure of an A286 steel “hat” specimen that develops high shear deformations
when loaded in compression. After significant plastic flow, the load-deflection response of the specimen exhibits a maximum followed
by a gradual decrease in the load culminating in catastrophic failure. Finite element models with calibrated elastic-plastic response and a
Johnson-Cook failure model failed to predict the load maximum. Introducing lower ductility to a small percentage of the elements caused
material failure to nucleate and induce the load maximum in the simulations. As observed in the experiments, relatively little material
damage was needed to produce the load maximum.

INTRODUCTION
Many penetration and puncture problems are influenced by the ductile failure of metals under high states of shear. Numerical simulations of such problems require implementation and calibration of appropriate plasticity models and ductile failure
criteria that can replicate the response of the material. In order to accomplish this, it is essential to also experimentally measure the actual material response. In this work careful material experiments conducted on A286 steel followed by numerical
modeling of the response and failure of shear-dominated “hat” specimens were considered. An expanded presentation of the
experimental work is given in [1].
The experimental set-up and a close-up picture of the shear specimen are shown in Fig. 1. The specimen is 1.25 in. (3.2
cm) tall and has a width of 0.395 in. (1.0 cm). It was compressed quasi-statically in displacement control between two platens
as shown, thus symmetrically inducing high shear deformation at two locations, which will be referred as “ligaments”. Both
the compressive load P and the distance between the two platens ∆ were recorded during the tests. The typical load-deflection
response of the specimen is labeled “Test” in Fig. 2, with ∆ normalized by the ligament height H = 0.125 in. (3.2 mm). The
repeatability of this response was verified through 15 test repetitions.
The specimen response was characterized by a load maximum, followed by a slow decrease in load with further displacement until catastrophic failure occurred. Figure 3 shows that two cracks growing through the high-shear ligament, starting at
the two extremes, were responsible for the decrease in load. The length of these cracks grew steadily until a critical point was
reached where the two joined through the complete thickness of the specimen resulting in catastrophic failure.

Figure 1: Photographs of experimental set-up and a specimen.

MATERIAL CHARACTERIZATION AND FINITE ELEMENT MODELING
A separate set of tests were conducted on uniaxial tension specimens of circular cross-section cut from the parent plate at
three in-plane orientations 45 degrees apart. The tests indicated that the yield stress of the material in shear was approximately
5% lower than would be expected from isotropic yield. This was accounted for in the numerical simulations by using Hill’s
yield criteria in a classical elastic-plastic model with isotropic hardening. A series of tests on axisymmetric notched specimens
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Figure 2: Comparison of experimental and numerically generated load-deflection responses.

Figure 3: Micrograph showing cracks growing through one high shear ligament.
subjected to tension were also conducted to fit a Johnson-Cook failure criterion. The test data exhibited the expected increase
in ductility with decreasing triaxiality.
A doubly-symmetric finite element model of the specimen was constructed using hexahedral continuum elements. Mesh
convergence of the load-deflection response was verified, suggesting that elements with sides in the range of 0.002 in. (0.05
mm) were needed in the vicinity of the high-shear ligaments. Material failure was simulated via immediate element deletion
upon satisfying the Johnson-Cook criterion.
NUMERICAL RESULTS
The results obtained when the model described above was used are shown in Fig. 2 with the label “No Damage”. Up until
the point where the calculations were stopped, the Johnson-Cook failure criterion had not yet been satisfied at any location
in the specimen. Note that the model does not produce the load maximum observed in the experiments and is unsatisfactory.
Based on experimental observations that inclusions in the metal were breaking and generating mini-cracks, the model was
modified to include a small percentage of elements with lower ductility to seed material damage at relatively low strains. The
Johnson-Cook criterion was not modified in the rest of the elements. The predicted results when 5% of the elements were
given lower ductility are shown by the curve labeled “Damage”. It can be seen that this model produced a load maximum,
although the subsequent load decrease occurred much faster indicating that the crack growth is not predicted accurately.
The nucleation of damage in the simulations, however, occurred at the same locations observed experimentally. As in the
experiments, the model showed that only a small amount of damage is required to induce a load maximum. Although work
remains, a possible material damage mechanism has been implemented in simulations that produced results that were closer
to experimental observations.
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FEM CRYSTAL PLASTICITY LAW BASED ON DISLOCATION DYNAMICS: ULTRASONIC
SHOT PEENING.
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Summary Ultrasonic shot peening is a cold surface treatment used to extend the fatigue life of metallic components. a long time
process generated a strong plastic deformation, which could lead to a surface nanostructuration. Finite element crystal plasticity
allows describing both modification microstructure and residual stress computation. In the present study, numerical simulation of
ball impact was performed using a crystal plasticity based dislocation dynamics code.
MANUSCRIPT
Ultrasonic Shot Peening (USP) is a cold surface treatment derived from Conventional Shot Peening (CSP). These
processes are used to improve the fatigue life of metallic components. Indeed, Roland et al. [1] performed tractioncompression fatigue tests on peened and non-peened stainless steel samples and showed fatigue life improvement due to
shot peening. The same type of experiment was performed by Tian et al. [2] but with nickel-based alloy samples. Lu and Lu
[3] showed that thousands of impacts induced hardening on a treated surface, while Ortiz et al. [4] focused on
microstructure modification and Xing and Lu [5] on residual compressive stress. Moreover, Lu, K. and Lu, J. [6] observed
that a long time process generated a strong plastic deformation, which could lead to a surface nanostructuration.
The experimental study of ultrasonic shot peening showed that the number of impacts increased with the number of beads
while the mean value of impact depths decreased. Discrete Element Method (DEM) analysis was consistent with
experimental surface analysis regarding the number of impacts and predicted a decrease in the mean value of impact
velocities with an increasing number of beads. Then, impact effects on the material were analyzed using explicit finite
element simulations. The impact depth, absolute maximal compressive stress and its corresponding depth were obtained
regardless of the initial impact conditions identified by DEM analysis.
Moreover, combined DEM-FEM analysis showed that the mean value of impact depths decreased with increasing number
of beads. This result, consistent with surface analysis, appeared to be linked to the decrease in impact velocities.
Furthermore, the present analysis allowed for differentiating both configurations in terms of residual stress to determine the
effect of the process according to the number of beads.
Then combined analysis was a reliable tool for predicting residual stress induced by USP. Furthermore, USP is also used for
microstructure change at the surface, leading to nanostructuration. Thus, the introduction of a mechanical behavior based on
crystal plasticity would complete the understanding of process effects by analyzing microstructure change under impacts.
As noted by Cottrell in 1953, work hardening is the most challenging problem in dislocation theory. Progress in multiscale
modeling, now provides means for incorporating more physics into current strain hardening models. Substantial progress
has been achieved regarding the connection between mesoscale studies and the continuum framework. Codes for crystal
plasticity appeared some years ago. Recent codes for the polycrystal treat the local nature and number of active slip systems
inside the grains, as well as their evolution. The current trend is, then, to develop dislocation-based constitutive formulations
at the scale of slip systems. Such models involve, however, extensive parameter fitting and are, paradoxically, totally unable
to treat the complex behavior of single crystals.
The objective of the present work is to show that the predictive ability of crystal plasticity code can be considerably
improved by making use of the available information arising from theory, and dislocations dynamics simulations. For this
purpose, a dislocation-based constitutive formulation for strain hardening in face-centered cubic crystals will be presented
[7,8]. This multiscale approach is based on the storage-recovery framework expanded at the scale of slip systems. A
parameter-free formulation is established for the critical stress and the storage rate, taking advantage of recent results
yielded by dislocation dynamics simulations. The storage rate of dislocations in the presence of forest obstacles is modeled
for the first time at the level of dislocation intersections and reactions.
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The mean free path per slip system is found to be inversely proportional to the critical stress. It also depends on the number
of active slip systems, which leads to an orientation dependence of stage II strain hardening in agreement with experimental
data. The total storage rate is obtained by including three additional contributions, notably that of the self-interaction, which
leads to a model for stage I hardening.
In a first step, results obtained by implementing such a constitutive framework in the crystal plasticity code ANAIS for the
single crystal are shown. In a second time, integration of grain boundary effect in such behavior law based on actual
distance and back stress effect will be presented. And finally, a comparison between experimental and numerical results
obtained on an ultrasonic shot peening test will be analyzed. A Typical result is given on figure 1. In particular, the number
of balls on the residual stress induced by USP will be studied.

Figure 1: EBSD mapping of disorientation and strain map calculated by crystal plasticity approach for one impact obtained
after ultrasonic shot peening test
Keywords:

Crystal Plasticity, Finite element, Ultrasonic shot peening
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UNRAVELING TEXTURE, TRIAXIALITY AND ANISOTROPY EFFECTS IN HCP
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Summary We discuss the complex interactions arising from inherent plastic anisotropy, texture and stress triaxiality in Mg polycrystals using
crystal plasticity modeling and simulation. The micromechanics of deformation originating from initial textural variations are mapped and
their influence on the deformed textures for increasing triaxiality is resolved. We discuss the implications of the distribution and evolution
of the deformation modes at increasing amounts of triaxiality on failure. The results demonstrate the role of the inherent plastic anisotropy
at the single crystal level on the macroscopic deformation anisotropy, limit loads and strain localization.

INTRODUCTION
Magnesium (Mg) and Mg alloys are exemplary candidate materials that find use in applications ranging from automotive
to biomedical sectors. However, the complex intrinsic plastic anisotropy at the single crystal level and strong texture effects
often relate to damage intolerance in Mg alloys limiting their acceptance as a preferred structural material. This is further
exacerbated under complex loading conditions, which influence their micromechanics and macroscopic responses in a complicated manner. Recent experimental studies indicate that stress triaxiality, defined as T = σh /σe where σh is the mean
hydrostatic stress and σe is the von Mises equivalent stress, significantly affects the failure characteristics of Mg alloys [1, 2].
Developing a sound understanding of the coupling between the intrinsic plastic anisotropy, texture and stress triaxiality is
imperative in order to enable designing lightweight micro and macrostructures using Mg alloys. In particular, it is critical to
understand the role of deformation mechanisms in textural evolution and its implications on the failure processes with varying
triaxiality conditions, which is not well understood. Motivated by these outstanding issues, we investigate the micromechanics
of polycrystalline Mg subjected to triaxial stress states using a three dimensional HCP crystal plasticity modeling framework
[3]. Observations from 3D finite element simulations of smooth and notched round bar specimens subjected to tensile loading
are compared with the experimental results reported in Ref. [1].
MODEL DESCRIPTION
In the polycrystal FE model, we define each grain comprising multiple finite element as an Euler angle set {E} =
{φ1 , φ, φ2 } using the Bunge rotation scheme to obtain the actual orientation of the grain in the polycrystalline ensemble. In
the present work, φ1 causes rotation of [101̄0] in the plane of the sheet, φ causes rotation of [0001] away from the sheet normal
direction and φ2 results in rotation of [101̄0] out of the plane of the sheet. We assume a normal distribution for each of the
three angles in {E} with their mean values equal to zero and standard deviations {∆E} = {∆φ1 , ∆φ, ∆φ2 }, respectively. In
the following, we present some illustrative results from our simulations for different microstructural fabrics that mimic rolled
sheet textures. In addition to smooth round bar geometry, two notched round bar geometries are considered - RN10 and RN2
(see Ref. [1] for appropriate definitions of RNα) where RN2 has higher notch acuity than RN10.
RESULTS AND DISCUSSION
Macroscopic responses: Figure 1a shows the normalized load (F/A0 ) at a fixed applied strain for the smooth, RN10 and
RN2 specimens for different {∆E} = {∆φ1 , ∆φ, 0} combinations. In smooth specimens, for a given in-plane texture (∆φ1 )
the weakening of out-of-plane texture (higher ∆φ) shows in a non-monotonic load behavior. In notched specimens the trend
appears monotonic with a weaker out-of-plane texture resulting in weaker load carrying capacity.
An interesting observation shown in Fig. 1b is that, smooth specimens exhibit strain localization in the form of a shear
band. While this aspect was reported by Kondori and Benzerga [1] it is rather unusual given the bar geometry. Our analysis
shows that this uncommon behavior results from unequal distribution of slip on prismatic systems. Moreover, the critical
strain to localization depends on the textural strength exhibiting a non-monotonic trend as a function of ∆φ1 .
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Figure 1 Macroscopic characteristics of Mg polycrystalline specimens under different stress triaxiality conditions. Panel (a) shows
normalized load (MPa) and Panel (b) shows critical strain for initiation of shear localization for different {∆E} cases

.
Micromechanical characteristics: While the detailed micromechanical characteristics will be discussed during the presentation, here we briefly mention the role of deformation mechanisms. The most active slip modes are prismatic hai (prism slip)
along the sheet transverse (T) direction and pyramidal hc + ai slip (P2 slip) along the sheet normal (thickness, S) direction,
which are systematically affected by the initial textural variations. Notched specimens show relatively higher P2 slip activity
compared to prism slip whereas the reverse is true in the smooth specimens (for the same initial texture). Further, they also
exhibit increasing propensity to extension twinning (ET), shown in Fig. 2. In comparison, ET activity is much smaller in
smooth specimens and becomes more negligible for initially sharper textures (i.e. low ∆φ1 and ∆φ.

(a) hL = +0.25

(b) hL = 0

(c) hL = −0.25

Figure 2 Distribution of ET along the normalized notch height (hL in RN10 specimen with {∆E} = {10◦ , 0◦ , 0◦ } at a fixed strain
εA = 0.2.

CONCLUSIONS
Textural variations and inherent plastic anisotropy couple with triaxiality to produce rich mechanical characteristics of
Mg microstructures. Detailed investigations reveal that the modulation of deformation mechanisms at the microscopic scale
affect the macroscopic deformation anisotropy, which could in turn affect failure characteristics in a non trivial manner. Such
numerical investigations are expected to provide insight into designing stronger and tougher Mg microstructures.
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DUCTILE POROUS MATERIALS WITH A MOHR-COULOMB MATRIX:
THEORY AND NUMERICAL BOUNDS
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Summary We investigate the specific effects of Mohr-Coulomb matrix on the strength of ductile porous materials. To this end, we first
perform a theoretical study based on a careful kinematics limit analysis. Then, we develop an advanced numerical procedure which delivers
for the strength properties both static (lower) and kinematic (upper) bounds. The latter are used to assess and validate the theoretical model.

Following Gurson [4], consider a hollow sphere model, but here with a rigid perfectly plastic Mohr-Coulomb matrix,
subjected to axisymmetric uniform strain rate boundary conditions. A specific aspect of the Mohr-Coulomb yield function is
its dependency on all the three stress invariants (the equivalent stress σe , the mean stress σm and the Lode angle θL ):
(
)
c
sin(ϕ)
σm −
=0
(1)
F(σ) = σe +
ζ(θL )
tan(ϕ)
with

1
1
ζ(θL ) = √ cos(θL ) − sin(ϕ) sin(θL )
3
3
Note that the case of a Drucker-Prager matrix, already studied by [3], corresponds to a criterion depending only on the first
two invariants. Moreover, for an internal friction angle ϕ = 0, the Mohr-Coulomb yield function reduces to the Tresca one.
Taking advantage of an appropriate family of three-parameter trial velocity fields accounting for the specific plastic deformation mechanisms, we first provide a solution of the constrained minimization problem required for the determination of
the macroscopic dissipation function. The macroscopic strength criterion is then obtained by means of a Lagrangian method
combined with Karush-Kuhn-Tucker conditions. Owing to the above mentioned specificities of the Mohr-Coulomb matrix
(plastic compressibility, sensitivity to third stress invariant), a careful analysis and discussion of the plastic admissibility condition (which involves the knowledge of the sign of the principal strain rates) is required.
The proposed procedure leads to a parametric closed-form expression of the macroscopic strength criterion (see [1]). The
later explicitly shows a dependency on the three macroscopic stress invariants. In the special case of a friction angle equal
to zero, the established criterion reduced to recently available results for porous Tresca materials [2]. For completeness, the
macroscopic plastic flow rule and the voids evolution law are fully detailed.
For validation purpose, an advanced numerical Limit Analysis of a hollow sphere having a Mohr-Coulomb matrix is carried out. The static and kinematic limit analysis approaches are recalled for the numerical purposes. Then, we present the
hollow sphere model, together with its axisymmetric FEM discretization. After an adaptation of a previous static code, an
original mixed (but fully kinematic) approach dedicated to the axisymmetric problem has been elaborated with a specific
quadratic velocity field associated to the triangular finite element. Despite the less good conditioning inherent to the axisymmetric modeling, the final conic mixed code appears very efficient, allowing to take into account numerical meshes highly
refined. After a first validation in the case of spherical cavities and isotropic loadings, for which the exact solution is known,
numerical lower and upper bounds bounds of the macroscopic strength are provided for axisymmetric loading states. The
numerical data are used to assess and fully validate the theoretical results. Effects of the the friction angle and that of the
porosity are illustrated.
In detail, considering axisymetric loadings (Σx = Σy ), let us introduce the generalized loading vector in a Cartesian coordinates system (with orthonormal basis (ex , ey , ez )): Σm = 13 (2Σx + Σz ), Σgps = Σx − Σz .
Figure 1 illustrates effects of the porosity, while in Figure 2 are displayed the effects of material friction angle. The results are
normalized by the matrix cohesion c. In general, a significant improvement of the numerical results is obtained, comparatively
to that presented in [5].
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Moreover, a very remarkable agreement is obtained between theory and the present numerical bounds [6]. A marked effect
of porosity is noted, in particular in compression zone. Significant asymmetries of the obtained surfaces are also observed,
more particularly when the friction angle increases and the porosity is fixed: in particular, the tension and the compression
hydrostatic points are reduced and increased respectively with an increase of ϕ). Note that the particular asymmetry of the
obtained strength surfaces is a signature of the dependency of the macroscopic criterion on all three stress invariants (and
notably the third one).
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Figure 1: Porous Mohr-Coulomb material: comparison of the predictions by the proposed strength criterion with the numerical bounds for
a friction angle ϕ = 5 degrees and different values of porosity: f = 0.01 and f = 0.10.
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Figure 2: Porous Mohr-Coulomb materials: comparison of the predictions by the proposed strength criterion with the numerical bounds
for a porosity: f = 0.01 and different values of friction angle ϕ = 5 degrees, ϕ = 10 degrees and ϕ = 25 degrees.
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Summary This paper is concerned with modeling the influence of physical aging on the yield- and postyield-behavior of glassy materials. To
that end, the concept of two distinct subsystems (kinetic and configurational) is combined with elasto-viscoplasticity. Using nonequilibrium
thermodynamics, it is shown that the stress tensor is in general not simply related to the derivative of the thermodynamic potential with respect
to deformation, but that there can be non-potential contributions (akin to hypoelasticity) that vanish as the system tends to thermal equilibrium.

MODELING THE YIELDING-RESPONSE OF AGING GLASSES
The yielding of glassy systems, e.g. glassy polymers, is strongly affected by the ongoing physical aging of the material.
The aging process roots in the fact that microstructural changes occur on different time scales: There are both frequent (and
small) changes to the microstructure around local-equilibrium states, as well as much more rare (and more drastic)
microstructural changes due to transitions from one local minimum across an energy barrier to another local minimum. The
latter dynamics is observed as aging. To account for this discrepancy in time-scales and for the aging dynamics, one has
advocated using two subsystems (called ‘kinetic’ or ‘vibrational, and ‘configurational’) that equilibrate at significantly
different rates. To that end, a so-called fictive / effective / configurational temperature has been employed [1-3], in addition
to the regular (kinetic) temperature. To describe the effect of aging on the yielding response of glasses, continuum
approaches to elasto-viscoplasticity (e.g. [4]) have been combined with the two-subsystem concept, e.g. see [2, 3].
IDENTIFICATION OF THE CONSTITUTIVE RELATION FOR THE STRESS TENSOR
In this contribution, the General Equation for the Non-Equilibrium Reversible-Irreversible Coupling (GENERIC) [5-7]
is used to study in detail the thermodynamic restrictions on such two-subsystem elasto-viscoplasticity formulations [8].
Specifically, we concentrate on the proper identification of the constitutive relation for the stress tensor. It is shown that the
Hamiltonian structure of the reversible dynamics in GENERIC, particularly the Jacobi identity, imposes severe constraints
on that constitutive relation. However, within these constraints, there is room for stress tensor contributions that cannot be
expressed in terms of the derivative of the thermodymamic potential with respect to deformation, but rather there are nonpotential contributions allowed (akin to hypoelasticity). The origin of these additional contributions can be explained as
follows: The constitutive relation for the stress tensor is tightly linked with the reversible dynamics of all dynamic system
variables, including the two variables that describe the kinetic and configurational subsystems. If these two subsystems are
coupled with each other in a non-trivial way during reversible dynamics, this automatically gives rise to additional
contributions to the stress tensor.
It can be shown that these additional stress tensor contributions vanish as the system approaches thermal equilibrium.
However, since much of the mechanical experiments on glasses are performed while aging is still ongoing, careful reexamination of experimental results may help to determine the non-potential stress contributions. In this contribution, these
additional non-potential stress-tensor contributions are compared with latest modelling efforts in the literature on glassy
materials [2, 3], and their significance is discussed in the light of processes of the underlying microstructure. Finally, this
contribution closes with a comparison to complex fluids modelling [7, 9], where the non-trivial coupling of microstructural
variables also gives rise to additional stress tensor contributions.
CONCLUSIONS
It has been demonstrated that, in two-temperature models for the aging and yielding of glasses, the stress tensor in
general can contain contributions that are not related to the derivative of the thermodynamic potential with respect to
deformation. These non-potential contributions have an effect on how experimental results can be described by such twotemperature models. This, in turn, carries potential for improving the current modelling of stress-relaxation in aging glassy
systems.
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3D DIRECTIONAL COARSENING IN SINGLE CRYSTAL SUPERALLOYS FOR MULTIAXIAL APPLICATIONS
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1

Summary Turbine blades are used in the hottest part of the aero-engines and are made of Ni-based single-crystal superalloys chosen for their
exceptional mechanical performances at high temperatures. However, at high temperature/low stress conditions, Ni-based single crystal
superalloys are subjected to a directional coarsening of the strengthening γ’ phase, known as γ’ rafting. This microstructural evolution influences
the mechanical behavior and the damage. When subjected to multiaxial state of stresses, the microstructure is highly convoluted and has to be
modeled in order to improve the mechanical response and lifetime prediction. A 3D formulation of the γ’ directional coarsening is therefore
expressed and compared with a high-temperature creep test performed on a bi-notched specimen developing multiaxial stress/strain fields.
The 3D microstructural model is providing good performances and can be then used for improving the mechanical and lifetime prediction
of turbine blades experiencing multiaxial state of stresses due to their complex geometry.

INTRODUCTION
The development and exploitation of gas-turbine blades casted from nickel-base superalloys in single crystal form has been
one of the most successful industrial and commercial ventures relating to advanced structural materials over the last twenty
years. These limiting components are used in the hot section of the engine and are therefore subjected to high-temperature
creep deformations during in-service operations. This extreme thermo-mechanical environment leads to phase transformations
as well as stress and microstructure gradients which dramatically alter mechanical properties. Indeed, a directional coarsening,
known as γ’-rafting (see Figure 1), is observed in single-crystal superalloys for temperatures above 800 °C and sufficiently
high applied stresses [1, 2]. This phenomenon corresponds to a change in the γ’-phase aspect from a cuboidal to a platelet
shape and is correlated to the sign of the misfit [3, 4], the crystallographic orientation [4, 5], and the amount of plastic
deformation [6].
5 µm
σ0

Figure 1: MC2 γ/γ’ microstructural evolution
during a multi-interrupted creep-fatigue test at 1050
°C/160 MPa: (a) at the beginning of the experiment
(cuboidal γ’ morphology) and (n) after 2.41 h
(secondary creep stage – rafted γ’ morphology).
Note that the γ’ phase appears in dark.

The orientation of the γ’ rafts is dependent on
the principal stresses [7]. Thus, multiaxial
(a)
(b)
loading due to the intricate geometry of the
turbine blades and the mechanical gradient
generated by the cooling channels is highly disturbing the microstructure which modifies the local mechanical response. It is
therefore essential to determine properly the evolution of the γ channel thickness in 3D in order to improve the predictability
of models dealing with multiaxial state of stresses.
MODEL PRESENTATION
The 3D directional coarsening model is based on a work previously done by the author who developed a microstructuresensitive model in a crystal plasticity framework [8]. This model is able to predict the mechanical response and the lifetime
of specimens subjected to thermo-mechanical loading. The strain rate formulation of the γ’-phase evolution is taken into
account the dissolution/precipitation of γ’ precipitates during non-isothermal loading (fthermic) , as developed in [9, 10] and
validated by synchrotron radiation [11], the homothetic growth due to high temperature conditions which leads to a
spheroidization of the γ’ precipitates (fhomothetic) , and the directional coarsening due to dislocation motions inside the γ channels
(fmechanic) . The final expression of the γ’ thickness may be summarized by the following equation:

w  w0 f thermic  (1  f mechanic  f homothetic )

Eq. 1

γ’ rafts are perpendicular to the maximum principal stress, as shown by Cormier et al. [7] nearby pores. Therefore, the
principal plastic strains are used since principal stresses and principal strains occur in the same directions and Matan et al.
have shown that a creep strain threshold is necessary to be overcome so that the γ’ rafting process become significant and can
proceed [12]. So, the former expression for fmechanic based on the accumulated plastic strain is modified as follow:
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f mechanic 
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1  sinh 1 ( 0 )

f diffusion3  p
p

→

f
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Eq. 2

1  sinh 1 ( 0 )

In this equation, ν is the accumulated viscoplastic strain, ξ is a strain rate dependent function, ν0 is a temperature dependent
material parameter, fdiffusion is a function taken into account the fact that the γ’ microstructural evolution is a temperaturedependent phenomenon, and 

p
p

is the principal plastic strain vector.
NUMERICAL RESULTS

A <001>-oriented specimen was designed to generate a non-uniform and multiaxial complex mechanical field by the presence
of two asymmetrical notches (see
Figure 2). Thus, the γ/γ’ microstructure should evolve according to the local mechanical field of this sample which was tested
under non-isothermal conditions with a reference level at 1050 °C/F = 410 N. An overheating of 20 s at 1200 °C under load
was performed after 24 h of creep to obtain the influence of the plastic strain on the kinetics of both dissolution/precipitation
and γ’ rafting development. After the overheating, the specimen was crept for 30 more minutes at 1050 °C.
wy (nm)

y
x

σ

Figure 2: Microstructural observations of the γ’ rafted microstructure at the end of the test by scanning electron microscopy and
compared with the microstructural state predicted by the FE simulation for the y direction.

As observed in Figure 2, the 3D coarsening model gives a good result in terms of microstructural prediction. Indeed, the model
is well predicting where the non-rafted microstructure is located (top-left microstructure) and where the γ’ thickness is reduced
due to the precipitation of fine γ’ precipitates within the γ channels (bottom-right microstructure).
CONCLUSIONS
The model performance was tested comparing finite element simulations and experimental results on a bi-notched specimen
generating strong multiaxial strain/stress fields. A rather good agreement of the microstructure model’s predictions with the
observation was obtained. The new 3D directional coarsening model is then able to tackle complex geometries and loads at
high temperatures.
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Summary Gradient nano-grained (GNG) materials possess both high strength and high ductility. Recent experiments attributed the outstanding

synergetic properties to the extra hardening induced by the grain size gradient (GSG) structure. Here we developed a theoretical model to
reveal the underlying correlation between the strong extra strain hardening achieved in the nano-grained layers of the gradient structure
and the non-uniform deformation of the lateral surface observed in experiments. The proposed model led to the establishment of a simple
physical law that can be expressed as H *  A* , where H * and A* are two dimensionless parameters. The former represents the extra
strain hardening, while the latter characterizes the non-uniform deformation of the lateral surface. The values of these two parameters can
be obtained through the experimental data, which undoubtedly validated the proposed physical law.

INTRODUCTION
Nano-grained metals and alloys are usually strong but brittle. However, one of our co-authors Wu et al. [1] observed a
strong strain hardening behavior (Fig. 1) in the nano-grained layers of the GSG region in a GNG interstitial free (IF) steel
sample, up to a tensile engineering strain of 0.25. They attributed the extra strain hardening to the non-uniform deformation
in the lateral surface (Fig. 2). However, the critical issue of how the non-uniform lateral surface deformation induces the
extra hardening has yet to be addressed [2]. Therefore, in the present study a theoretical model will be developed to
quantitatively correlate the non-uniform deformation in the lateral surface of the GNG sample with the extra strain
hardening achieved in the GSG layer based on the experimental observations made by Wu et al. [1] and the concept of
geometrically necessary dislocations (GNDs) [3, 4].
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Figure 1. Variation of hardness increment H (defined as the difference between the hardness along the thickness dimension of the
sample “after” and “before” a tensile test ) of GNG IF steel samples subjected to various tensile strains with respect to the depth h [1].
The short dashed lines represent the extra hardening (i.e., H g ) achieved in the GSG structure resulting from the non-uniform
deformation in the lateral surface for  e  0.25 .

Figure 2. Schematic diagram of a GNG sample subjected to a uniform tensile strain  z : (a) before tensioning and (b) after tensioning
before occurrence of necking. The GNG sample consists of two GSG surface layers sandwiching a CG core.

MODEL DESCRIPTION
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It has been widely accepted by researchers that non-uniform deformation is usually accommodated by GNDs [3, 4]. In
this section, we will develop a physical model to correlate the non-uniform deformation in the lateral surface with the extra
strain hardening ( H g in Fig. 1) achieved in the GSG layer of the GNG sample based on the concept of GNDs. Fig. 3(a)
presents a schematic diagram of the GNDs induced by the non-uniform deformation near the lateral surface of the GSG
layer. A unit layer of thickness h is selected for analysis. The value of h is assumed to be small enough such that the
deformed lateral surface can be approximated as a straight plane, that is, ‘AB’ can be viewed as a straight line. It is assumed
that the GNDs are spaced equally along the sample depth h near the deformed lateral surface in the unit layer. The density
2
of GNDs is then derived as: GSG  a b  h   , where b is the magnitude of Burger’s vector of GNDs. By using Taylor’s


relation and Von Mises flow rule, we obtained a physical law that can be expressed as in a simple form as: H *  A* , where
H *  H g  2H  H g   2 (  is shear modulus) and A*  a a* ( a* is a constant) are two dimensionless parameters,
which represent the extra strain hardening achieved in the GSG region and the non-uniform lateral surface deformation,
respectively.

Figure 3. The GNDs in a GNG sample subjected to uniaxial tension. (a) GNDs near the deformed lateral surface in the GSG region; (b)
GNDs in a unit layer (grey area in (a)).

RESULTS AND DISCUSSIONS
Fig. 4 presents the variation of two dimensionless parameters derived from the proposed model, i.e., H * and A* ,
with respect to the sample depth h for a GNG IF steel sample at  e  0.25 in the GSG region. The results show that the
values of both parameters first increase to a maximum value and then decrease, and they are comparable in magnitude. The
value of A* at h 0.314 μm is in good agreement with that of H * at large h, i.e., h  80,120 μm  , and they

H* or A*, 10-5

approximately approach an equal maximum value at the same sample depth h. The significant quantitative difference
between the two parameters at small h is due to the significant influence of noise in the measured height profile data,
because a small noise in lateral displacement data could generate a significant error in calculating its slope, i.e., the value of
parameter a. As a result, the two parameters are deemed in agreement with each other, thus validating the proposed physical
law.
40
30
20
10
0
-10
-20
-30

h=0.2 m

H*

A*

h=0.314 m

h=0.6 m

20

40

60

80

100

120

h, m

Figure 4. Comparison of two sample depth dependent dimensionless parameters, i.e., H * and A* .
CONCLUSIONS
A physical law has been derived to correlate the strong extra strain hardening ( H * ) achieved in a grain size gradient
structure with the non-uniform deformation ( A* ) in the lateral surface of a GNG material based on the existing
experimental observations and the concept of GNDs.
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INTERNAL STRESSES
IN DEFORMATION-INDUCED
MICROSTRUCTURES
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IN DEFORMATION-INDUCED
MICROSTRUCTURES
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Summary Crystal FE computations are carried out to evaluate back and forward stresses in deformation-induced microstructures
made of soft channels and hard walls. The computed mean phase values and profiles are close to the measured ones, showing that
PSB and cell backstresses amount to 10-20% of the remote stresses whereas vein/channel ones are negligible. The plasticity
behaviour in walls is taken into account based on DD computation results. Consequences in terms of maximum stable dipole
height, crystal kinematic hardening and similitude laws are finally discussed.
INTRODUCTION
The amplitude of the internal stresses generated by dislocation microstructures such as persistent slip bands (Fig. 1 a),
cells and veins / channels [1] has been the subject of many controversies. Based on dislocation measurement by TEM, some
authors claim that their amplitude may reach one-half of the remote stress in dislocation poor channels of PSBs and several
times the remote stress in the neigbouring dislocation rich walls [2]. X ray diffraction measurements lead to mean soft phase
internal stresses of about 20% of the remote stress in both PSBs and cells produced by tensile deformation [3]. Some of these
measurements based on the asymmetrical broadening of line profiles have been recently validated, at least qualitatively by
using submicrometer spatial resolution [4]. On the contrary, other authors notice that the dipole height histograms are similar
in walls and channels, which makes them think that internal stresses are in fact negligible [5,6]. More recently, CEBD
measurements [6] have shown that the local stresses do not differ much in the veins and channels [4].
The composite model proposed by Mughrabi [1] explains the origin of internal stresses induced by the incompatible plastic
deformations in soft and hard phases. Nevertheless, the accurate modelling of the internal stresses produced by the various
deformation-induced dislocation microstructures is still missing. The deduced close-form expressions of internal stresses may
allow the improvement of the simulation of crystal tensile hardening and the Bauschinger effect. Such physically-based
modelling is still lacking whereas hardening laws due to dislocation-dislocation interactions have been proposed recently [7].
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Fig. 1 : a) PSB microstructure made of periodic walls and channels (copper, room temperature (RT), cyclic loading) [8]; b)
sketch of the PSB microstructure and c) computed & measured profiles of the resolved shear stress through wall and channel
in PSBs, copper, RT. (experimental data: [6] after [2]). The left & right wall sides correspond respectively to x/dc=0 & x/dc=1.
COMPUTATION OF INTERNAL STRESSES
Crystal finite element (FE) computations are carried out using numerous meshes of PSBs (Fig. 1 a) embedded in an
elastic matrix. Cubic elasticity and crystal plasticity laws are used together with the FE software, Cast3M. The values of PSB
thickness, channel & wall widths have been measured by TEM at various temperatures in nickel and copper and reported in
literature. In a first approach, walls are assumed to behave elastically in qualitative agreement with in-situ TEM observations
[9] and theoretical evaluations of the wall critical shear stresses induced by their high densities of dipolar loops [5,10].
Therefore, on the worst, an overestimation of the internal stresses is expected. On the contrary, channels deform plastically.
It has been checked that the specific values of the channel shear stress and hardening slope affect negligibly back and forward
stresses. Additional FE computations are carried out in order to evaluate internal stresses in cells and veins / channels critical.
Finally, discrete dislocation dynamics computations [11] are carried out accounting for PSB walls made of dipolar loops using
measured densities [5]. The mean phase stresses and stress profiles computed by both approaches are compared together. The
wall plasticity laws walls are deduced from DDD & incorporated in the previous FE computations for the sake of comparison.
RESULTS
a)
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As assuming elastic walls, the computed mean channel backstresses in copper and nickel PSBs range between 10 and 20% of
the remote stress whatever the temperature. Their contribution to the remote stress decreases with temperature increasing.
Because the average internal stress is equal to zero and the wall volume fraction is generally low (Fig. 1 a), the mean wall
forward stresses are much higher and reach about two times the remote stresses (Figs. 1 c & 2 c). At room temperature, the
backstresses reach 10-15% of the remote stress whereas the forward stresses around 125%. The computed mean phase values
agree well with the values measured in PSBs [1,3,6]. The difference between predicted and computed stresses is within the
measurement accuracy. Moreover, the predicted resolved shear stress profiles through walls and channels are rather close to
the ones measured by TEM observations (Figs. 1 c & 2 a). But they differ somewhat close to the walls. It should be noticed
that mean internal stresses should be equal to zero, which holds for the computed profiles, but not for the measured ones. The
stress evaluation close to walls may be biased by small loop radius measurement & crude tension line coefficient values.
In the case of cells widely observed during either high amplitude cyclic loading or tensile straining, the backstresses computed
in the soft phase are definitively not negligible with respect to the remote stress. They reach about 20% of the flow stress
whatever the metal, crystal orientation and plastic strain magnitude. The predicted and measured values differ generally by
less than the measurement accuracy [3]. The microstructure configuration of veins/channels is finally investigated. The
predicted values are generally low and almost negligible. These results agree once more with the values measured by CEBD
[6] and X-ray diffraction [3]. Therefore, the computed mean soft phase internal stresses can reach 20% of the flow stress in
PSBs and cells, but are negligible in looser microstructures such as the vein / channel one. Such discrepancies may be
explained by the differences between the PSBs and cells geometries on one side and the veins/channels geometry on the other
side. In the first case, the plastic deformation of the soft phase is clearly hindered by the hardly deformable walls, whereas in
the second case, the soft matrix contains hard phase inclusions, which configuration is more deformable than the first one.
The evaluations of PSB wall forward stresses allow an improvement in the prediction of the maximum stable edge dipole in
PSB walls whatever the metal and temperature (Fig. 2 b), using the classical formula reported in [5]. This explains the huge
discrepancy between measured heights and the ones computed as using the remote stress, often reported in literature [5,6].
Interestingly, the computed channel backstresses obey similitude laws with respect to channel thickness as the remote stress
does [1]. Finally, for PSBs and cells, close-form expressions are deduced from the numerous FE computation results allowing
the proposal of constitutive laws. Nevertheless, the prediction of deformation-induced microstructure characteristic lengths
depending on material, temperature and loading conditions is still missing for closing the whole set of equations.
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Fig. 2: a) same plots as in Fig. 1 c but for Ni at RT (experimental data [3]); b) computed and measured maximum dipole
heights in copper and nickel PSB walls [12,5]. Either the remote shear stress or the wall shear stress (including forward stress)
is used in the computation of the maximum stable dipole height.
References
ϭ ^ĂƵǌĂǇD͕<ƵďŝŶ>͘W͘  WƌŽŐ͘DĂƚ͘^Đŝ͘ϱϲ͗ϳϮϱͲϳϴϰ͕ϮϬϭϭ͘ 
Ϯ DƵŐŚƌĂďŝ,͘ĐƚĂDĞƚĂůů͘ϯϭ͗ϭϯϲϳʹϳϵ͕ϭϵϴϯ͘
ϯ ,ĞĐŬĞƌD͕͘dŚŝĞůĞ͕͘,ŽůƐƚĞ͘  ͘DĞƚĂůů͘ϴϴ͗ϯϮϭʹϯϮϴ͕ϭϵϵϳ͘
ϰ >ĞǀŝŶĞ>͕͘͘>ĂƌƐŽŶ͕͘͘zĂŶŐt͕͘<ĂƐƐŶĞƌD͕͘͘dŝƐĐŚůĞƌ:͕͘͘ĞůŽƐͲZĞǇĞƐD͕͘͘&ŝĞůĚƐZ͘:͕͘>ŝƵt͘EĂƚƵƌĞDĂƚĞƌŝĂůƐ͕ϱ͗ϲϭϵͲϲϮϮ͕ϮϬϬϲ͘
ϱ ,ćŚŶĞƌW͕͘dŝƉƉĞůƚ͕͘,ŽůƐƚĞ͘ĐƚĂ͘DĂƚĞƌ͘ϰϲ͗ϱϬϳϯͲϱϬϴϰ͕ϭϵϵϴ͘
ϲ <ĂƐƐŶĞƌD͕͘͘'ĞĂŶƚŝůW͕͘>ĞǀŝŶĞ>͘͘/Ŷƚ͘:͘WůĂƐƚ͘ϰϱ͗ϰϰͲϲϬ͕ϮϬϭϯ͘
ϳ <ƵďŝŶ>͘W͕͘,ŽĐdŚ͕͘ĞǀŝŶĐƌĞ͘ĐƚĂDĂƚĞƌ͘ϱϳ͗ϮϱϲϳʹϮϱϳϱ͕ϮϬϬϵ͘ 
ϴ DƵŐŚƌĂďŝ,͕͘ĐŬĞƌŵĂŶŶ&͕͘,Ğƌǌ<͘/Ŷ͗&ŽŶŐ:d͕ĞĚŝƚŽƌ͘&ĂƚŝŐƵĞŵĞĐŚĂŶŝƐŵƐ;^dDͲ^dWϲϳϱͿ͘WŚŝůĂĚĞůƉŚŝĂ;WͿ͗^dDϲϵʹϭϬϱ͕ϭϵϳϵ͘
ϵ dĂďĂƚĂ͕d͕͘&ƵũŝƚĂ͕,͕͘,ŝƌĂŽŬĂ͕D͘Ͳ͕͘KŶŝƐŚŝ<͘WŚŝů͘DĂŐ͘ϰϳ͗ϴϰϭʹϴϱϳ͕ϭϵϴϯ͘
ϭϬ ^ĂƵǌĂǇD͘/Ŷƚ͘:͘WůĂƐƚ͘Ϯϰ͗ϳϮϳʹϳϰϱ͕ϮϬϬϴ͘
ϭϭ ^Śŝy͘:͕͘ƵƉƵǇ>͕͘ĞǀŝŶĐƌĞ͕͘dĞƌĞŶƚǇĞǀ͕͘sŝŶĐĞŶƚ>͘:͘EƵĐů͘DĂƚ͘ϰϲϬ͗ϯϳͲϰϯ͕ϮϬϭϱ͘
ϭϮ ŶƚŽŶŽƉŽƵůŽƐ:͘'͕͘ƌŽǁŶ>͘D͕͘tŝŶƚĞƌ͘d͘WŚŝůŽƐ͘DĂŐ͘ϯϰ͗ϱϰϵʹϲϯ͕ϭϵϳϲ͘

2709

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

DUCTILE FAILURE OF AN ALUMINUM ALLOY UNDER MODERATE TO LOW
TRIAXIALITIES
Martin Scales1a), Nicholas Tardif2, Kelin Chen1, & Stelios Kyriakides1
Research Center for Mechanics of Solids, Structures & Materials, University of Texas at Austin, Austin, Texas, USA
2
Université de Lyon, CNRS, INSA-LYON, LaMCoS, Villeurbanne Cedex, France
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Summary Custom Al-6061-T6 tubular specimens with a 1 mm thick test section are loaded to failure under radial paths of shear and tension.
Deformations are measured with 3D digital image correlation. The thin-walled test section and use of DIC allow the stress and local
deformations to be established from experimental measurements alone. The stress and deformation within the test section are uniform until a
load maximum is reached, beyond which deformation localizes into a circumferential band with width the order of the wall thickness. A series
of experiments show that the strain at failure monotonically increases as the triaxiality decreases, in contrast to previously-reported results for
this alloy. The strains at failure are also significantly larger than previously-reported values. Numerical simulations demonstrate that the
deformation, including localization, can be reproduced reasonably accurately to large strains with suitably-calibrated plasticity models.

BACKGROUND
Recent work on ductile failure under shear-dominant stress states has challenged the long-accepted premise that the strain
at failure monotonically decreases with increasing triaxiality. Advancement in the field is challenged by the fact that ductile
failure is preceded by large, highly localized deformations which are difficult to monitor and introduce an unknown stress
state. We present results from experiments on tubular specimens loaded to failure under radial paths of shear and tension. A
thinner test section machined into the specimens has nearly uniform stress and deformation up to the onset of localization,
and provides minimum constraint to its development. 3D digital image correlation (DIC) is used to monitor the localized
deformation up to rupture. The results differ significantly from other recent findings, and highlight the role that localization
plays in accurately establishing a material’s strain at failure.
EXPERIMENTAL
Setup and Procedure
Our specimens are machined out of commercially available 51 mm diameter Al-6061-T6 tubes. Each specimen is
230 mm long and has a uniform test section at mid-length that is 10.2 mm long and 0.965 mm thick. The ends of the tubes
are gripped leaving approximately 12.7 mm lengths on either side of the test section unconstrained. The specimens are
loaded to failure under radial paths of axial and shear stress in an axial/torsional biaxial testing machine. Loading is
accomplished by prescribing a rotation (or displacement) and using the corresponding torque (force) as the command signal
for the force (torque) – see [1,2]. 3D DIC is used to monitor surface strains across the full test section. This setup allows the
stress and local deformations to be established directly from the experimental measurements.
A Typical Experiment
A radial stress experiment in which the nominal axial and shear stress are equal is outlined here. The specimen was
loaded in rotation control. Figure 1 shows the nominal shear stress (T ) plotted against the relative rotation (φ) between the
edges of the test section. The response follows the expected path with a linearly elastic region followed by mild hardening.
The stress reaches a maximum (^) of 168 MPa at a rotation of about
Al-6061-T6
7 deg. Beyond the limit load deformation localizes in a circumferential
T 200 Exp. 2-17
4 6
zone
with a height that is of the order of the wall thickness (to). The
2
8
1
(MPa)
10
test section rotates an additional 2.5 deg. with the stress decreasing.
160
The rate at which the stress decreases accelerates just before failure,
which is accompanied by a sudden load drop. The axial stress120
elongation response follows a similar trajectory, with a normalized
elongation (δ/Lg) of 0.035 at the limit load and 0.044 at failure.
80
The deformation of the test section and accompanying localization
is qualitatively demonstrated in Fig. 2 with an image of the test section
40
and the strains computed by the DIC system superimposed on the
Σ=T
-4 -1
•
surface in the final image prior to failure. The relative rotation
γ ~ 2x10 s
0
between the top and bottom of the test section is seen through the
0
2
4
6
8 o 10 misalignment of the yellow triangles, which were initially aligned, and
φ
by the distortion of the originally-rectangular analyzed zone.
Fig. 1 Nominal shear stress-rotation response
a)
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Fig. 3 Strain profiles across localization zone.
Fig. 2 Deformed specimen test section
A quantitative visualization of the deformation and severity of localization is shown in Fig. 3, where profiles of
equivalent plastic strain across the height of the analyzed zone are plotted. Profile numbers correspond to the 10 stations
marked on the response in Fig. 1. Profiles  and , corresponding to stations preceding the limit load, show that the strain
is essentially uniform across the analyzed zone. In , just after the limit load, the profile bends upward indicating that
localization has commenced. At stations  through  the strain grows in an increasingly narrower zone. At station , just
before failure, the strain has grown significantly within a span of about 1.5to and reaches a maximum of 0.57. In the last
station recorded, , the strain has increased further but intensifies over a central span of just one wall thickness, reaching a
peak of 0.921. Collectively the results demonstrate the very high strain gradients that develop prior to rupture.
Summary of Failure Strains
A set of experiments with varied stress ratios was conducted
to span triaxialities from 0.072 to 0.57. In Fig. 4, the maximum
equivalent plastic strain in the last DIC image recorded prior to
failure (DIC Max) is plotted against the corresponding
triaxiality. Also shown are the failure locii for this material of
Johnson-Cook and Beese et al. [3]. The present failure strains
monotonically increase with decreasing triaxiality and are nearly
three-times higher than those previously reported. These results
demonstrate the importance of an experimental setup that
permits localized deformation to develop free of constraints,
coupled with a diagnostic method capable of capturing the high
gradients that develop. This combination enabled measurements
of stress and strain at failure directly from the experiments and
without resort to numerical analysis and constitutive models.
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Fig. 4 Measured failure strains vs. triaxiality.

ANALYSIS
Results from numerical simulations of the experiments demonstrate that the deformation, including localization, can be
reproduced quite accurately to large strains by suitably-calibrated plasticity models that include the prevalent anisotropy
(e.g., [4]).
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Summary An innovative approach to the modelling of transformation plasticity in metals and alloys is undertaken, considering the sole
Greenwood-Johnson mechanism wherein the phenomenon is attributed to microplasticity in the weaker mother phase, arising from differences
of specific volume between the two phases. This approach is based on combination of analytical calculations, micromechanical numerical
simulations and experiments. This paper is devoted to the analytical part. A model of growth of an ellipsoidal core of daughter phase in an
ellipsoidal volume of mother phase, in the absence or presence of some external stress, is developed. The case of a prolate, spheroidal core is
envisaged in a first step. The results evidence the influence of the core shape upon the overall deformation of the cell obtained after its complete
transformation, in the absence or presence of some external stress.

PRESENTATION OF CONTEXT
The wording transformation plasticity has been coined to designate the anomalous plastic behaviour of metals and
alloys during solid-solid phase transformations, especially during cooling. It is commonly observed that during such
transformations, plastic flow occurs without any threshold, that is for any level of applied stress, no matter how small; the
rate of plastic strain is not arbitrary but governed by the rate of transformation from the mother- to the daughter-phase, and
increases with the stress applied. Accurate modelling of this phenomenon is of paramount importance for numerical
simulations of welding, quenching and more generally all thermomechanical processes involving solid-solid phase changes,
in order to correctly predict residual stresses and distortions.
Transformation plasticity is commonly attributed to two distinct mechanisms proposed some years ago by GreenwoodJohnson [1] and Magee [2] respectively. In Greenwood and Johnson’s interpretation, transformation plasticity arises from
standard (dislocation-induced) plasticity at the microscopic scale, occurring in the weaker, mother phase even in the absence
of external stress, because of the difference of specific volume between the two phases which generates internal stresses. In
Magee’s interpretation, transformation plasticity is not due to ordinary plasticity but to the (elastic-like) “transformation
strain” accompanying the transformation, which is “oriented” by the external stress applied. In practice, the GreenwoodJohnson mechanism seems in most cases to account for most of the effect observed, the sole exception being the case of
shape memory alloys in which the specific volumes of the phases are almost identical so that this mechanism is absent.
Theoretical models of transformation plasticity have been developed, generally considering the sole mechanism of
Greenwood and Johnson since it seems to be the only one amenable to some theoretical treatment through homogenization.
The most classical one is that of Leblond et al. [3]. This model is based on consideration of a spherical cell of mother phase
subjected to some external stress, in which a spherical core of daughter phase gradually grows. It yields an expression of the
rate of the overall plastic strain (the “transformation plastic strain rate”) during the transformation, involving the external
stress and the rate of transformation. This expression does not involve any adjustable parameter, but only the yield stress of
the mother phase and the difference of specific volume between the phases. It has repeatedly been found to satisfactorily
reproduce the results of dilatometry experiments under small applied stresses, and used many times in numerical
simulations of thermomechanical processes.
One drawback of this model, however, lies in the overall isotropy of the (spherical) model geometry considered. This
isotropy implies that in the absence of external stress, the microscopic plastic strain in the mother phase must average out to
zero, because the average value must be a multiple of the unit tensor, and its trace is necessarily zero; that is, the overall
strain after complete transformation of the volume must only reflect the difference of specific volume between the phases,
in the absence of any macroscopic expression of plasticity. Unfortunately this is often observed not to be true in actual
experiments, the overall strain after complete transformation being clearly influenced by plasticity: for instance, the
specimen often does not recover its original dimensions at the end of a full thermal cycle, clearly indicating the presence of
irreversible effects. The current explanation of such features lies in the overall morphological anisotropy of the
transformation: for various reasons, the growing cores of daughter phase are closer to ellipsoids with specific principal
directions than to spheres, so that the average value of the microscopic plastic strain in the mother phase has no reason to be
a multiple of the unit tensor and consequently does not vanish, even in the absence of external stress.
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PURPOSE OF THE WORK
With the accurate prediction of residual stresses and distortions in mind, it is therefore important to develop an extended
model of transformation plasticity in metals and alloys, based on consideration of the sole mechanism of Greenwood and
Johnson like that of Leblond [3], but incorporating effects of possible morphologic anisotropy. A research programme has
just been launched for this purpose.
OUTLINE OF RESEARCH PROGRAMME
The programme will involve three aspects:
1) Analytical calculations extending that of Leblond [3] through consideration of growth of an ellipsoidal core of
daughter phase within an ellipsoidal volume of mother phase, instead of a spherical core within a spherical volume.
Two types of calculations are planned, in the absence and presence of some external stress.
2) Micromechanical numerical simulations of the growth of cores of daughter phase within a matrix of mother phase,
aimed at confirming or improving the analytical calculations. Two types of simulations are planned: elementary
ones, performed by the finite element method, involving the growth of an ellipsoidal core of daughter phase within
an ellipsoidal volume of mother phase, just like in the analytical calculations; and more complex simulations, using
Moulinec and Suquet’s [4] FFT-based numerical homogenization scheme, involving multiple cores of daughter
phase more or less randomly dispersed within a large volume of mother phase.
3) Experiments of free (unconstrained) dilatometry or dilatometry under various applied stresses, aimed at measuring
the overall strain during and at the end of transformations, and simultaneously examining morphologic anisotropies
(as characterized by the final shape and orientation of the grains of daughter phase).
ANALYTICAL CALCULATION OF THE GROWTH OF A PROLATE SPHEROIDAL CORE OF DAUGHTER
PHASE WITHIN A PROLATE SPHEROIDAL VOLUME OF MOTHER PHASE
The talk is devoted to the presentation of the first analytical calculations performed, which consider the growth of a
prolate spheroidal core of daughter phase within a confocal prolate spheroidal volume of mother phase. Two distinct
calculations, in the absence and presence of an external stress, are presented. These calculations make a heavy use of
(axisymmetric) spheroidal coordinates (𝜆𝜆, 𝛽𝛽, 𝜙𝜙) for which the iso-𝜆𝜆 surfaces are confocal spheroids while the iso-𝛽𝛽
surfaces are orthogonal hyperboloids, plus a trial incompressible velocity field expressed in these coordinates,
approximately describing the velocity field in the surrounding shell of mother phase resulting from the transformationinduced expansion of the spheroidal core of daughter phase. This field was discovered by Gologanu et al. [5] and
successfully used by these authors to study void growth and ductile rupture in porous metals containing prolate spheroidal
cavities, so it is hoped to also be a good approximate field for the phase growth problem.
The main results of these calculations are two-fold:
1) In the absence of external stress, the overall strain after complete transformation has a nonzero deviatoric
component due to plasticity: the expansion of the cell, instead of being one third of the difference of specific
volume between the phases in all directions of space, is less than this value in the direction of the axis of rotational
symmetry of the spheroids, and more in the two orthogonal directions.
2) In the presence of some external stress, the transformation plastic strain (that is, the difference between the plastic
strains obtained without and with the external stress) is slightly less than for growth of a spherical core within a
spherical matrix.
Both of these theoretical predictions seem to be in qualitative agreement with the results of some old but high-quality
experiments of Desalos [6].
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CONSTITUTIVE MODEL OF SERRATED YIELDING AT EXTREMELY LOW
TEMPERATURES INCLUDING MECHANICAL AND RADIATION DAMAGE
1
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Summary The paper describes the constitutive model of discontinuous plastic flow (DPF, serrated yielding), that occurs at extremely low
temperatures. A physically-based constitutive description of material behaviour, including damage evolution of mechanical and radiation origin,
has been developed. The stress serrations are evaluated on the basis of changes in dislocations density, instead of a phenomenological
unobservable function of state parameters. The mechanical damage description is based on the Lemaitre-Chaboche approach, whereas, the postirradiation damage evolution is based on the Rice and Tracey evolution law for the size of clusters of micro-voids.

DISCONTINUOUS PLASTIC FLOW (DPF)
The problem of constitutive modelling of material, that exhibits instability at extremely low temperatures, was examined
by the authors in Ref. [4] and Ref. [5], for uniaxial and multiaxial cases, respectively. Also, some conference presentations
addressed the problem, e.g. Ref. [1], [2]. The phenomenon is met during monotonic tension of a sample at extremely low
temperatures (for instance in liquid helium at 4.2K). First, elastic deformation is followed by regular plastic flow. However,
after some plastic strain threshold is exceeded, the yielding becomes discontinuous (serrated). At the macroscopic scale one
observes repeated sudden drops of stress value, while strain increases monotonically (Fig. 1a). After each drop of stress,
short relaxation process goes on (stress value decreases asymptotically), and then elastic reloading follows until an updated
yield surface is reached. The macro scale effect is physically explained at the micro level, by postulating thermo-mechanical
nature of the observed instability. Namely, the density of dislocations (ȡ) increases significantly due to the evolution of
lattice barriers (Lomer-Cotrell locks), which block their motion. After critical interaction of L-C barriers density (B) and
shear stress (Ĳe) at the head of dislocation pile-up, the barriers are broken and spontaneous motion of dislocations happens.
Such a collective effect triggered by avalanche-like crossing of Lomer-Cottrell locks by edge dislocation pile-ups manifests
itself in the form of macroscopic slip (sudden increase of the permanent plastic strain) and temperature increase (due to
plastic power dissipation). It is observed that the slip takes place at a fixed value of total strain. Since the plastic part of
strain increases jump-like, the elastic one decreases by the same value, and hence the drop of stress is observed. Together
with the plastic strain, the mechanical damage evolves in the material. For initially irradiated material, the mechanically
induced damage is combined with the radiation-induced counterpart.
NEW FEATURES OF CONSTITUTIVE MODEL
Stress serrations
The way the drop-of-stress value is calculated, is the key point of any constitutive model that includes the DPF
phenomenon. Here, new approach, based on micro scale, is proposed. The relation between the after-serration stress (ı) in
the lattice and the after-serration density of dislocations (ȡ0) is defined as:
σ = M τ 0 + Gα b ρ0
(1)

(

)

p

whereas, just before serration the stress value (ı ) stays on the yield surface and is related to dislocation density by:
σ p = M τ 0 + Gα b ρ

(

)

(2)

where M is the Taylor factor, Ĳ0 stands for the shear stress of internal friction, G is the shear modulus, Į is the coefficient of
dislocations interaction, b denotes length of the Burgers vector. Hence, the plastic strain serration increment is expressed as:
Δε pserr = MGα b / E ρ − ρ0
(3)

(

)

depending on the density of dislocations before and after the drop of stress (Fig. 1b). The evolution law for the density of
dislocations prior to serration, including creation and annihilation terms, is given in Ref. [3, 4, 5]. It is assumed that afterserration density of dislocations is not kept at initial level (ȡ00), but evolves during the loading process and depends on the
current plastic strain and density of dislocations prior to serration:
ߩ ൌ ൬

Ǥଷଵ
ఌ భǤఱ

 ͲǤʹ൰ ߩ

(4)

Also, the value of B does not entirely vanish after a particular serration. After-serration values of these parameters are ‘foot
prints’ of the repeated process of accumulation, followed by failure of the barriers.
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Figure 1: a) Four stages of plastic flow: continuous hardening, serration, relaxation, elastic reloading back to hardening
curve; b) Density of dislocations in the course of serrated yielding
Mechanical damage
Within the framework of continuum damage mechanics, the mechanically induced damage is ruled by the plastic strain
and is described by a parameter Dm, following the Lemaitre-Chaboche kinetics:
௦బ

ఙమ

ο ܦൌ ቀሺଵିሻమ

ଶாௌబ

ቁ οߝ ߝ  ߝ

(5)

Post-irradiation damage
The evolution of post-irradiation damage parameter ( ܦሻis also ruled by the plastic strains [6]:
(6)
ο ܦൌ  ݎߨ ݍଶ ൫݁ݔ൫ʹ ߝܣ൯ െ ͳ൯οߝ
where qA stands for surface density of clusters of voids caused by radiation and depends on the irradiation dose; r is the
mean cluster radius and evolves according to the Rice and Tracey law: ο ݎൌ ݎ൫݁ݔ൫ ߝܣ൯ െ ͳ൯. It is postulated that the
increments of the mechanically induced damage parameter and the post-irradiation damage parameter are added to obtain
increment of total damage parameter ο ܦൌ ο ܦ ο ܦ. The macroscopic emanation of damage evolution consists in
degradation of the elasticity modulus (unloading and reloading modulus) from initial Young’s modulus to a current
effective one (Fig. 2)  ܧൌ ܧሺͳ െ ܦሻ.

Figure 2. Change of the effective modulus in the course of serrated yielding due to mechanically induced damage.
CONCLUSIONS
A new approach is proposed for evaluation of drop of stress during serrated yielding. The physically based formulation is
based on the density of dislocations met in the material just before and just after serration. These values are likely to be estimated
in experiments. The foot prints of repeated serrations are included by the assumption of evolution of the initial density of
dislocations, which, after serration, is not restored to a virgin material value. Also, the after-serration density of the LC locks is
reduced to non-zero value. The constitutive model is supplemented with damage evolution, including the mechanically induced
as well as the post-irradiation damage.
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STRAIN LOCALIZATION DURING DISCONTINUOUS PLASTIC FLOW AT EXTREMELY
LOW TEMPERATURES
Jakub Tabin a) & Błażej Skoczeń
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Summary The phenomenon of strain localization in the course of discontinuous plastic flow (DPF) at extremely low temperatures is

investigated. DPF is observed mainly in fcc metals and alloys strained in cryogenic conditions, practically down to absolute zero. Recent
experiments indicate strong strain localization in the form of shear bands propagating along the sample. The Dirac-like temperature response is
measured by thermometers located within the gauge length of the sample. Spatio-temporal correlation indicates smooth shear band propagation,
as long as the process of phase transformation remains on hold. The model of temperature distribution represented by Green-like solution of
heat diffusion equation describes the strain localization effect.

DPF VERSUS PLC
The phenomenon of strain localization in the course of discontinuous plastic flow (DPF, serrated yielding) at extremely
low temperatures has not been addressed in the literature. On the other hand, a significant effort has been focused on the
mechanism of shear bands initiation and propagation during the so-called PLC (Portevin-Le Chatelier) effect, observed in
certain materials at room temperature. The reason for such a dramatic lack of information on the behaviour of materials at
extremely low temperatures is related to testing conditions. The experiments are carried out inside a double-wall cryostat,
which is not transparent and usually tightly equipped with necessary instruments. Thus, there is practically no possibility to
scan the surface of the sample by means of such instruments like thermographic camera, in order to detect possible effects
of strain localization. In order to do so, specific deduction methods have to be used, which has been explained in the present
paper.
MOTION OF SLIP BANDS DURING DPF
Thermodynamic conditions of DPF are strictly linked to the so-called thermodynamic instability, related to vanishing
specific heat when the temperature approaches absolute zero. Macroscopic character of DPF is reflected by stress
oscillations as a function of strain (time) and generation of plastic power partially converted to heat during each serration.
The relevant stress-strain and temperature-strain curves are shown in Fig. 1.

Figure 1 Tensile test results: the stress-strain curve (red) and temperature-strain curve (blue) for 304 stainless steel at liquid
He temperature (4.2 K). Visualization of slip band evolution along the specimen.
It is worth pointing out, that during tensile tests of stainless steel (304, 304L, 316, 316LN) the plastic strain induced 𝛾 → 𝛼′
phase transformation [1] is also observed. This fcc-bcc phase transformation is represented by hardening effect, well visible
in the stress-strain curve. The stress-strain and the temperature-strain characteristics (Fig. 1) indicate the nature of slip band
propagation during cryogenic tensile test performed on 304 stainless steel. Analyzing the results, it is worth focusing on
temperature spikes distribution in the range without phase transformation (no hardening). The envelope of the temperaturestrain curve (spikes) may suggest the nature of slip band evolution during tensile test at liquid He. Temperature distribution
in this range has regular form (comb-like profile), which occurs when the slip band freely propagates from one extremity of
the specimen to the other. On the other hand, distribution of temperature spikes in the hardening range is random, which
reflects irregular and constrained motion of the slip bands (Fig. 1).
a)
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MULTISCALE THERMO-MECHANICAL CONSTITUTIVE MODEL OF DPF
Such experimental evidence of strain localization process must be taken into account in the constitutive model of DPF
by locating the representative volume element (RVE) inside the slip band. DPF consists in massive failure of lattice barriers
associated with increase of the resolved shear stress at the heads of dislocations pile-ups, until the stresses reach the level of
cohesive strength of the material [2,3]. The kinetics of DPF is expressed by:

B  FLC+   , T ,  pH  p  pLC 

+
Where 𝐵̇ denotes rate of the number of barriers per unit surface, 𝐹𝐿𝐶
is function of dislocations density 𝜌, temperature 𝑇
and stress 𝜎, whereas, 𝑝𝐿𝐶 represents the threshold above which the lattice barriers massively develop and 𝐻(. . ) denotes
the Heaviside function.
The plastically active process, including plastic slip accompanied by abrupt drop of stress, takes place inside the slip band
and the plastic work is partially converted to heat. For what concerns the thermodynamic aspect of slip band propagation,
the amount of heat generated in the course of loading can be approximately estimated by means of simple energy balance. It
leads to evaluation of temperature increase (spike), resulting from low temperature thermodynamic instability (Fig. 2a). The
experimental results indicate that the response of thermometer (size of spike) depends on the place where the slip band
occurs (Fig. 2b).

Figure 2 Comparison of a) numerical and b) experimental stress-strain
(red) and temperature-strain (blue) curves corresponding to DPF (304
stainless steel).

The thermo-mechanical process leading to
temperature oscillations can be more precisely
described by means of heat diffusion analysis,
including temperature response at a distance
from the heat source. Temperature profile
(spikes) obtained as a result of heat diffusion
analysis (involving thermodynamic parameters
and variables depending on temperature) turns
out very similar to what is measured during the
experiment (Fig. 3) .
However, as soon as the phase transformation
process takes place, the motion of slip bands is
hindered by formation of the secondary phase
inclusions. For this reason, the temperature
spikes occurring during the phase transformation
are randomly redistributed (Fig. 1). Most
probably, the free path of a slip band is limited
to the average distance between the secondary
phase inclusions and the initiation of slip band
has random character. This part of the process,
seen from the point of view of temperature
measurements, has disordered character.

Figure 3 Time response of thermometer during tensile test of 304
stainless steel at liquid He temperature, a) experimental results, b)
numerical results.
CONCLUSIONS
Physically based multiscale constitutive model of DPF has been substantially improved by adding correct description of
slip band propagation and related thermo-mechanical effects. An explanation of DPF coupling with the fcc-bcc phase
transformation process at extremely low temperatures is underway.
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Summary We aim to investigate the interaction between an edge dislocation and a self-interstitial-atom cluster in body-centered-cubic Fe. In
our simulations, dislocation climb mechanism is introduced into the deformation process at low strain rates, and a newly discovered defect
attached to the dislocation line pins down the dislocation incompletely at high strain rates. The difference on thermally activated mechanisms
during the dynamic response of plastic deformation induces the variation of critical resolved shear stress, which reflects the lattice resistance of
dislocation gliding. In this study we see the coupling of strain rate and thermal activation governs nonequilibrium reaction mechanisms in the
defect evolutions.

INTRODUCTION
In the plasticity of most pure metal and some alloys, the coupled displacive-diffusional mechanism dominates
deformation at low strain rates and high temperature [1]. In irradiated metals, both athermal glide of dislocation and thermal
activation of point defect diffusion are responsible for the kinetic process of plastic flow. Point defect clusters act as
obstacles to moving dislocations, leading to hardening when self-diffusion rate are not significant. While the absorption of
point defect creates individual jogs, a unit process through which dislocation climb occurs [2]. Unfortunately, dislocation
climb is almost impossibly obtained from conventional molecular dynamics, which is incapable of offering atomic-scale
details in the low strain-rate regime due to the time scale limitations [3].
In 2013, a newly developed atomistic approach [4] based on transition state theory (TST) [5] and the concept of a straindependent effective activation barrier was proved to be useful in revealing the deformation mechanism over strain rates
from 10-7 s-1 to 107 s-1. We chose edge dislocations for the sensitivity of its low intrinsic lattice resistance to strain rates
would be more interesting, and the climb mechanism of edge dislocations is what we mostly concern about.
RESULTS AND DISCUSSION
First, we searched the transition states by ABC method without any external load applied, to find out possible diffusion
processes between the SIA cluster and the edge dislocation. The reaction pathway varies according to the relative position
of the two defects, and obviously to the local strain environment also. There are two transition states before the SIA cluster
is totally absorbed by the edge dislocation. In the first transition state, the SIA cluster finds itself a new position which is
closer to the dislocation by a migration towards it, and in the second transition state, the SIA cluster attaches to the
dislocation in a configuration we call C3 here. By NEB method, the diffusion barriers associated to these states are
determined. The transition state of the cluster migration needs activation energy as high as 0.54 eV, for it reveals cross-core
diffusion in which SIAs behave like solute atoms. From compress strain field to tensile strain field, lattice resistance is
significant and complicated even though the SIA cluster generally has a high mobility in the bulk. More importantly, the
energy barrier from C3 configuration to a jog pair of the dislocation is found out to be 0.48 eV in the compressive-strainfield case and 0.58 in the other. Such high barriers indicate that the SIA cluster which composes of two dumbbells is not
easily absorbed by an edge dislocation.
The recently developed atomistic approach named ABC-T method is applied for constructing a mechanism map in the
phase space of strain rate. To present the dynamic response of the system, the stress-strain curves at strain rates of 10-2 s-1
and 105 s-1 are plotted and separately colored into green and blue in Fig. 1. When the SIA cluster is placed in the
compressive strain field, at strain rate of 10-2 s-1, jog pair forms almost immediately when the system begin to deform, with
activation energy of 0.41 eV. The jogged dislocation glides at a stress of 100 MPa which is actually the lattice resistance
brought by periodically spaced jog pairs with intervals of 8 nm, the length of simulation cell along dislocation line. At strain
rate of 105 s-1, the SIA cluster is attached to the dislocation in C3 configuration when the dislocation moves to a new
position where two defects are only 4 angstroms away from each other. The difficulty of C3 configuration diffuse to jog pair
declared by the high energy barrier we found by NEB method introduces quite strong “quasi-pinning” effect at this high
strain rate. The “quasi-pinning” effect we named here refers to the phenomenon that, it needs nearly 160 MPa to drag C3
configuration along with the dislocation to move together. This phenomenon implies a low mobility of C3 configuration,
and meantime an intimate bond between C3 configuration and the dislocation. Due to this “quasi-pinning” effect, the
dislocation line would be bowed between the C3 configurations such as Fig. 2 shows, since PBC is applied along 112
direction.
a)
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Summary The elastoplastic response of polycrystalline voided solids is idealized here as rigid-perfectly plastic. Bounds on the macroscopic plastic strength for prescribed microstructural statistics and single-crystal strength are computed be means of a linear-comparison
homogenization technique. Hashin-Shtrikman and Self-Consistent results in the form of yield surfaces are reported for cubic and hexagonal
polycrystals with isotropic texture and varying degrees of crystal anisotropy. Improvements over earlier linear-comparison bounds of up to
forty per cent are found at high stress triaxialities. In the case of deficient crystals, the Self-Consistent results assert that voided aggregates
of crystals with four independent systems can accommodate arbitrary deformations, those with three independent systems can dilate but
not distort, and those with less than three independent systems cannot deform at all. We report the sharpest bounds available to date for all
classes of material systems considered.

INTRODUCTION
Plastic growth of microcavities in polycrystalline ductile solids can be significantly influenced by the crystallographic and
morphological textures of the aggregate [1]. Theoretical analysis of this process requires micromechanical models that relate
the macroscopic stress state with the microscopic plastic deformation in polycrystalline voided systems. A fairly simple approach to the problem consists in idealizing the mechanical response of the individual grains as elastically rigid and plastically
non-hardening, and employing homogenization techniques to bound the macroscopic plastic strength of the polycrystal in
terms of the single-crystal strength and the statistics of the morphology and orientation distributions of the grains and voids.
It is already known that the first-order bounds of Taylor and Reuss become futile in the presence of a vacuous phase —the
Reuss bound predicts vanishing strength, while the Taylor bound predicts infinite strength under purely hydrostatic loadings.
Sharper bounds incorporating higher-order statistics were derived by deBotton & Ponte Castañeda [2] making use of the idea
of a linear-comparison medium that is optimally selected via a suitably designed variational principle. This allows the use of
any linear homogenization approach to generate corresponding results for nonlinear polycrystals. Idiart & Ponte Castañeda
[3] later showed that these bounds make implicit use of a relaxation in the variational scheme which weakens the resulting
bounds. Eliminating this relaxation leads to sharper bounds at the expense of increasing the computational complexity. In this
work we evaluate the impact of the relaxation in the context of cubic and hexagonal systems with varying degrees of crystal
symmetry and porosity.
RESULTS
Figure 1 reports results for polycrystalline solids with hexagonal crystal symmetry with ratio c/a = 1.59. Single crystals
are
 assumed to deform plastically on three sets of slip systems: three
 basal systems {0001} h1120i, three prismatic systems
1010 h1120i, and twelve first-order pyramidal-hc + ai systems 1011 h1123i. Two hundred crystal orientations were prescribed according to a Sobol sequence in order to generate textures as close as possible to isotropy —see [4]. Relaxed (doubleprimed) and non-relaxed (unprimed) bounds were generated by means of the Hashin-Shtrikman (HS) and Self-Consistent (SC)
approaches to homogenize the linear-comparison medium. The bounds are seen to produce smooth, closed and convex surfaces that are enclosed by the Taylor surface, as they should, and the relaxation is seen to have a notorious detrimental impact
on these surfaces, especially at large stress triaxialities. Indeed, the overall impact of the relaxation as measured by the norms
of the “elastic” domains is ∼ 21%, but the impact on the shear strength is ∼ 1% while on the hydrostatic strength is ∼ 40%.
Similar results —not shown— have been obtained for cubic polycrystals. More striking, however, is the fact that the nonrelaxed HS bounds are sharper than the relaxed SC” bounds above a certain stress triaxiality, a feature never observed in the
context of fully dense systems. Recall that the Hashin-Shtrikman approach provides bounds for the entire class of polycrystals with prescribed one- and two-point statistics, which includes the subclass of polycrystals that realize the Self-Consistent
scheme. Thus, the non-relaxed HS results constitute rigorous upper bounds for all other results, including the relaxed SC”
results. This is an indication that the loss resulting from the relaxation depends more crucially on material parameters such
as heterogeneity contrast than on the number of slip systems of the constituent crystals. It is recalled that linear-comparison
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Figure 1: Bounds on the yield surface of isotropic hexagonal polycrystals with porosity f = 0.05, subjected to axisymmetric
loadings. Relaxed (double-primed) and non-relaxed (unprimed) bounds of the Hashin-Shtrikman (HS) and Self-Consistent
(SC) type. Dashed lines indicate directions of constant stress triaxialities X σ = 1/3, 1, 2, 4.
techniques like the ones considered in this work are known to give fairly accurate predictions for voided systems under low
to moderate stress triaxialities but unrealistically strong predictions under high triaxialities —see [4]. While the significant
improvements found in this work are not expected to render the predictions for high triaxialities realistic, they are expected to
enlarge the range of stress triaxialities for which the predictions are accurate.
Further calculations as a function of crystal anisotropy show that the shear and hydrostatic strengths of voided polycrystals
behave like σ ce ∼ M γe and σ cm ∼ M γm as M → ∞, where M is the relevant slip contrast. The exponents depend on the
bounding method and the number J of linearly independent slip systems of the single crystals left in the limit. When J is
less than five, the crystals become deficient. In this case, the Taylor bound predicts γe = 1 and γm is undefined, while for the
Hashin-Shtrikman bounds predict γe = γc = 1 independently of crystal symmetry. By contrast, the exponents γe and γc displayed by the Self-Consistent bounds are different and do depend on crystal symmetry. From the numerical results generated
for various cubic and hexagonal systems it was inferred that γe = (4 − J)/2 and γm = (4 − J)(3 − J)/2. The expression for
γe is the same as that previously inferred in [5] for the shear plastic strength of fully dense polycrystals. According to these
laws, there can be voided aggregates of deficient crystals that can still accommodate arbitrary macroscopic deformations.
However, spherical deformations cannot be accommodated by polycrystals with less than three independent systems, while
deviatoric deformations cannot be accommodated by polycrystals with less than four independent systems. In other words,
the Self-Consistent results assert that voided aggregates of crystals with four independent systems can accommodate arbitrary
deformations, aggregates of crystals with three independent systems can dilate but not distort, and aggregates of crystals with
two independent systems cannot deform at all.
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Summary Materials deformed under high strain rates can exhibit failure through formation of shear bands. Shear band formation is often
associated with Hadamard instability and strain localization into an emerging coherent structure. We assess the contributions of various
effects leading to localization in the simplest model for which the stress exhibits strain softening and strain rate sensitivity. A linearized
analysis indicates that the combined effect leads to Turing instability. Then we consider the nonlinear problem and introduce a set of selfsimilar variables. A class of special solutions is obtained which pinpoints the emergence of a coherent localized structure and the formation
of a shear band. This solution is associated to a heteroclinic orbit of a certain dynamical system. The orbit is constructed numerically and
yields almost explicit shear localizing solutions.

A SIMPLE PARADIGM FOR LOCALIZATION
Shear bands are narrow regions of intense shear observed during the plastic deformation at high strain rates; they form one
of the most striking instances of material instability and have been analyzed extensively e.g. [8, 2, 1, 4, 6]. From early studies
[7] it was recognized that Hadamard instability due to strain softening response plays a key role to the onset of instability. At
the same time, once instability sets in, higher-order effects like rate dependence or strain-gradients get triggered and affect the
response. The objective of this paper is to analyze the competition between Hadamard instability (caused by strain-softening
inelastic response) and strain-rate dependence. We consider the model
 n
vx
, γt = vx ,
(1)
vt =
γ x
which describes a shearing deformation with v the velocity in the shear direction and γ the (plastic) strain. Here, elastic effects
are ignored and the strain is the total plastic strain, n measures the effect of strain-rate sensitivity. Note that for n = 0 the
system (1) reduces to the system of elasticity with stress-strain response τ = τ (γ) = γ1 in the unstable regime. This system
is elliptic in the t-direction and exhibits Hadamard instability. Despite this fact, for n ≥ 0, (1) admits the class of universal
solutions
1
vs (x) = x, γs (t) = t + γ0 , σs (t) =
.
(2)
t + γ0
describing uniform shearing with the parameter γ0 measuring the initial strain. The objective of this work is to analyze the
competition between Hadamard instability and strain-rate dependence, and in particular to describe the stability or instability
of the uniform shearing solutions both at (a) the linearized as well as (b) the nonlinear level. It is well known that Hadamard
instability is connected to the catastrophic growth of oscillations. One issue to address is how rate dependence kills the
oscillations and produces a concentration of strain, as observed in experimental studies of shear bands.
The model (1) is among the simplest where this competition can be analyzed. As (2) is a time dependent solution it generally will lead to non-autonomous systems. An exception is for the response τ (γ) = γ1 which offers the great simplification that
it leads to autonomous sytems and is thus selected here. Exploiting this fact, through a transformation into relative variables,
the problem of studying the stability properties of (2) is transformed into the study of the stability properties of the equilibrium
(1, 1, 1) for the nonlinear system


(Vx )n
Vτ = Σx =
, Γτ = Vx − Γ .
(3)
Γ
x
System (3) describes relative perturbations, for instance Σ = σ/σs (t), and thus offers the right yardstick to judge stability of
the time dependent solution (2), in the spirit of [4].
LINEARIZED STABILITY ANALYSIS
First, we perform a linearized stability for the equilibrium (1, 1, 1) for the system (3). The linearized analysis gives the
following result: (a) For n = 0, as expected, all modes grow exponentially fast and indicate catastrophic growth and Hadamard
instability. (b) For 0 < n < 1, the modes still grow and are unstable but at a tame growth rate. In fact, in this regime the
behavior is that of Turing instability. (c) For n > 1 strain-rate dependence is strong and stabilizes the motion.
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THE NONLINEAR PROBLEM
In the second part we study in detail the nonlinear system (3). Motivated by scaling properties of the system we look for a
self-similar solution of the form




n
n
n
τ
λ −1+ 2−n
τ
λ 2−n
τ
λ 2−n
V̄ ξ , Γ(x, τ ) = e
Γ̄ ξ , Σ(x, τ ) = e
Σ̄ ξ
where ξ = xeλτ ,
(4)
V (x, τ ) = e
where λ > 0 is a parameter. One can easily check, that if such solutions exist, then they will localize as time proceeds. Their
existence is based on constructing a solution for the nonlinear system of singular ordinary differential equations

λ

n
V̄ + ξ V̄ξ
2−n




= Σ̄ξ , ,

λ

2
Γ̄ + ξ Γ̄ξ
2−n


= V̄ξ − Γ̄ ,

Σ̄ =

V̄ξn
Γ̄

,

(5)

that determines the profile (V̄ , Γ̄, Σ̄). Such singular systems may (or may not) have solutions and this is determined by a caseby-case analysis. In the present case, one can remarkably de-singularize the problem and transform it to an autonomous system
of three first-order differential equations. One then shows by a combination of dynamical systems techniques and numerical
computation that the system has a one-parameter family of heteroclinic connections. Of these, a special one corresponds to
a smooth heteroclinic connection for the nonlinear system (5) that in turn gives rise to a coherent localizing structure. The
heteroclinic orbit is represented by the red dotted line if Figure (a), while the variables depicting the velocity v and the strainrate u = vx are depicted in Figures (b) and (c), respectively. The rigorous analysis validates the heuristic asymptotic results

x

(a) The heteroclinic orbit (red dotted line)

(b) Localizing strain rate

x

(c) Localizing velocity profile

Figure 1: (a) the heteroclinic orbit; (b) and (c) the emerging structure
in [3] that the onset of localization can be predicted by an asymptotic analysis in the style of the Chapman-Enskog expansion
of the kinetic theory.
CONCLUSIONS
The instability occuring in rate-dependent localization resembles (at the linearized level) the so-called Turing instability
familiar from problems of morphogenesis [5]. The combined effect of Hadamard instability and rate dependence can suppress,
at the nonlinear level, the oscillations and result into a single run-up of concentration that appears like the shear bands observed
in experiments.
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1

Summary Nano-metallic-multilayers (NMMs) are one of the irradiation-tolerant materials due to the high ratio of interfaces that can act as
effective sinks for irradiation-induced defects, like helium (He) bubbles. The mechanical behaviours of NMMs can be both affected by the
interface and He bubbles, which are closely related to the layer thickness. In this paper, the macroscopic mechanical behaviours of Cu/Nb
multilayer with He bubbles are explored by crystal plasticity model (CPM) coupled with the elastic-viscoplastic self-consistent (EVPSC)
method. At the microscopic grain level, the dislocation forest hardening, layer thickness-dependent He bubble hardening and interface
hardening are considered in the CPM for different types of individual grains (Cu and Nb). Next, the mechanical behaviors of the
composite grain (equivalent inclusion) are obtained by the Mori-Tanaka method. At the macroscopic level, the self-consistent scheme is
adopted to predict the macroscopic mechanical behavior of NMMs.

INTRODUCTION
Helium can be produced in nuclear materials by nuclear transmutation, and He atoms usually exist in the form of
nanometric bubbles or clusters due to their low solubility. The presence of nanometric He bubbles in metals has a
significant influence on their plastic behaviors, especially the synergistic effects of He and other existing radiation-induced
defects. To help design He-tolerant materials and predict the life time of components in nuclear reactors, many studies have
been performed, including the corresponding research on NMMs[1,2]. It is found that multilayers have not only high strength,
but also excellent irradiation tolerance. The interface of NMMs is effective sinks for radiation-induced point defects, He
atoms, etc. Hence, multilayer systems may be applied in nuclear fusion reactors in the future. However, up to now, there are
few theoretical models proposed to study their mechanical properties with He irradiation effect. Therefore, in this work, we
build a theoretical framework to simulate the elastic-viscoplastic deformation behaviors of NMMs with He irradiation effect
by using the CPM coupled with EVPSC.
THEORETICAL MODEL
Elastic-viscoplastic self-consistent scheme with composite grains
In order to predict the macroscopic mechanical behavior of He irradiated NMMs systems which are made of various
kinds of individual grains in each layer, a representative volume element (RVE) occupying a region V is chosen from the
multilayer system, as shown in Fig.1(a). The RVE, occupying both the regions of layer A and layer B, and the interface
between them, contains N inclusions with interface, and every inclusion is called a composite grain. The property of each
composite grain is decided by the behaviours of individual grains in layer A and B, their volume fractions and the interface
between them. Then, the composite grain is embedded in the effective medium, and the macroscopic elastic-viscoplasitc
behavior of NMMs can be obtained by the EVPSC method[3-5].

Fig. 1 Schematic view of the elastic-viscoplastic self-consistent method for NMMs. (a) An RVE with N inclusions (made of
the grains from layer A and B, and the interface between). (b) A representative individual inclusion embedded in an infinite
homogenous effective medium.
a) Corresponding author. Email: hlduan@pku.edu.cn
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The mechanical behaviour of inclusion can be obtained by using Mori-Tanaka approximation, i.e.,
AB,vp −1

AB,vp

B𝑖AB = �𝑓𝑖A B𝑖B + 𝑓𝑖B B𝑖A : A𝑖
�: �𝑓𝑖A 𝐈 (4) + 𝑓𝑖A 𝐈 (4) : A𝑖
�
AB,vp
where A𝑖
is the viscoplastic concentration tensor linking the viscoplastic deformation of grain A (B𝑖B) and grain B (B𝑖B),
A
B
𝑓𝑖 and 𝑓𝑖 denote the volume fraction of the grain A and grain B in the 𝑖-th inclusion, respectively. The local mechanical
behavior of different inclusions is related to the macroscopic behaviour, which can be derived from the secant selfconsistent scheme:
𝐜e
̇
̇ vp + �𝐈 (4) − 𝐒 E �: A𝐁𝑖 e : 𝐄̇ vp + 𝐒 E : 𝐒 e : C𝑖AB : 𝛆̇ AB,VP
�
𝛆̇ AB
𝑖 = A 𝑖 : �𝐄 − 𝐄
𝑖
AB,VP
(4)
AB
AB 𝐜 e
𝐁e ̇ vp
vp
E
̇
̇
𝛔̇ 𝑖 = C𝑖 :A𝑖 : ��𝐄 − 𝐄 � + �𝐒 − 𝐈 �: 𝛆̇ 𝑖
− A𝑖 : 𝐄 �
where 𝐒 E is the well-known Eshelby tensor. The macroscopic strain rate 𝐄̇ and stress rate 𝚺̇ of heterogeneous materials
can be expressed as
AB
AB
and
𝚺̇ = ∑𝑁
𝐄̇ = ∑𝑁
𝑖=1 𝑓𝑖 𝛆̇ 𝑖
𝑖=1 𝑓𝑖 𝛔̇ 𝑖
where 𝑓𝑖 is the volume fraction of the 𝑖–th inclusion.
Constitutive equations for single crystal
Based on the classical crystal plasticity, the viscoplastic deformation can be expressed by
𝛆̇ vp = �

𝑁𝑠

𝐑𝛼 𝛾̇ 𝛼

𝛼=1

where 𝐑𝛼 and 𝑁𝑠 respectively denote the Schmid tensor and the number of slip system (𝑁𝑠 = 24 for BCC and 𝑁𝑠 = 12
for FCC). 𝛾̇ 𝛼 is the strain rate of slip system 𝛼, it can be expressed as
1⁄𝑚
|𝜏 𝛼 |
𝛾̇ 𝛼 = 𝛾̇0 � 𝛼 �
sign(𝜏 𝛼 )
𝜏𝑐
where 𝜏 𝛼 is the resolved shear stress, and 𝜏𝑐𝛼 is the critical resolved shear stress which includes intrinsic lattice friction 𝜏0 ,
the dislocation forest hardening 𝜏𝑑𝛼 , the interface hardening 𝜏𝑖𝑖𝑖𝑖𝑖 , and the He bubble hardening 𝜏𝐻𝐻 . Therefore, the CRSS
can be expressed as
𝜏𝑐𝛼 = 𝜏0 + 𝜏𝑑𝛼 + 𝜏𝑖𝑖𝑖𝑖𝑖 + 𝜏𝐻𝐻
RESULTS

We present a micromechanical theory framework to study the size-dependent mechanical behaviors of NMMs
with/without He ion implantation effect. According to the result we obtained by comparing the numerical results with
corresponding experimental data, it can be found that: (1) the numerical results match well with the experimental data[2,6]. (2)
The dislocation forest hardening plays a significant role for NMMs, and the strain hardening coefficient (SHC) is almost
zero after yielding. (3) The contribution of He bubble hardening reduces with the decrease of layer thickness. (4) The
mechanisms of interface hardening and dislocation forest hardening dominate in the case of thin layer, and the He bubble
hardening becomes a dominant one when the layer becomes thicker.
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1

Summary The mechanical behavior of non-irradiated and neutron irradiated Fe-Cr alloys is studied by means of a self-consistent plasticity
theory, which accounts for the radiation-induced defects at the grain level by using an elastic-viscoplastic self-consistent method as the scale
transition to obtain polycrystalline responses. Attention is paid to two types of radiation-induced defects: interstitial dislocation loops and solute
rich clusters, which are the main sources of hardening in Fe-Cr alloys at medium irradiation doses. Both the hardening mechanisms and
microstructure evolutions are investigated by a crystal plasticity model by using recently available experimental data on microstructures, and by
implementing hardening rules on the basis of atomistic data. Dislocation loops are treated as strong thermally activated obstacles and solute rich
clusters as weak precipitates that can break under shear. Good agreement with experimental data is achieved for both the yield stress and strain
hardening of non-irradiated and irradiated Fe-Cr alloys.
INTRODUCTION
Irradiation-induced hardening and premature fracture are major concerns for the intermediate-temperature application of
high Cr ferritic/martensitic steels as structural materials in nuclear reactors below 300~350 0C. The microstructural changes
at the sub-nanometre scale in irradiated Fe-Cr alloys have been studied extensively by several complementary experimental
techniques, such as positron annihilation and small angle spectroscopy as well as atom probe tomography (APT) techniques.
In the range of low to moderate irradiation doses (0.1 ~ 1 dpa), several types of irradiation-induced defects have been
identified, namely, (i) DLs of size up to ten nm (see e.g. Ref. [1]), (ii) α′ clusters (Cr rich precipitates) of size not
exceeding several nanometres, (iii) sub-nanometre vacancy clusters containing several point defects, and (iv) SRCs
(NiSiPCr-enriched clusters) containing Mn, Ni, P, Si and Cr of a few nanometres. Based on the previously established
experimental data and theoretical knowledge on the role that DLs and Cr solid solutions play on the plastic flow, we extend
in this paper the crystal plasticity method [2] (CPM), already developed for pure Fe, to study the plastic deformation of FeCr alloys under neutron irradiation. Despite extensive studies, it is still not clear how the SRCs affect the material behavior.
To this end, we will attempt two scenarios representing the limiting cases:(a) assuming that SRCs are small DLs that are
decorated by solutes, and therefore can be treated as a0/2<111>DLs enabling their instantaneous absorption, and (b)
assuming that SRCs originate from the vacancy-solute drag and clustering, so that solute gathering is enhanced by the
presence of vacancies. In this case, according to our previous studies on Fe-Ni-Cu alloys, the SRCs should be treated as
weak precipitates whose shear strength smoothly decreases with the amount of plastic deformation as a result of multiple
shearing events.
CONSTITUTIVE EQUATIONS
Single crystal model
According to the standard power law, the plastic shearing rate γα is expressed as:
τα

α

γ = γ0
α

τ αCRSS

1
m

sign(τα ),

(1)

where τ and γ0 denote the resolved shear stress (RSS) and a reference shearing rate and m is the strain rate sensitivity.
The critical resolved shear stress (CRSS) ταCR SS consists of the contributions of the irradiation-induced DLs (ταl ), SRCs
(ταc ), Cr solutes (τs ), lattice friction (τf ), network dislocation (ταn ) and grain boundaries (τGB ), i.e.,
ταCRSS = ταl + ταc + τs + τf + ταn + τGB .
(2)
Self-consistent model for polycrystals
The elastic-viscoplastic self-consistent (EVPSC) method is applied to obtain the macroscopic behavior of irradiated
polycrystals, which effectively accounts for the mutual interaction of individual grains and their orientations [3]. The local
mechanical behavior of different grains is related to the macroscopic behavior through the strain rate concentration relation,
which can be derived from the secant self-consistent scheme:
a)
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e

e

vp

e

εi = ACi : E − E vp + ABi : E vp + S E : S e : (Ci : εi − C e : ABi : E vp )
(3)
vp
Ce
Be
e
E
vp
σi = Ci : Ai : [S : Σ + S − I4 : εi − Ai : E ]
(4)
where SE is the well-known Eshelby tensor. The macroscopic strain rate E and stress rate Σ of heterogeneous materials
can be expressed as
E = Ni=1 fi εi and Σ = Ni=1 fi σi
(5)
where fi is the volume fraction of the i-th grain.εi and σi denote the average rates of strain and stress in the i-th grain,
respectively.
RESULTS
For the irradiated Fe-Cr alloys, both the yield stress and flow stress would be affected by the presence of radiation-induced
defects. As shown in Fig. 1(a), the yield stress increases from 230 MPa up to 420 MPa for the Fe-9Cr alloy irradiated up to 0.6
dpa and tested at 573 K. Meanwhile, the strain hardening rate decreases for the irradiated samples. These results correspond to
the model where the SRCs are treated as weak precipitates under shear. The presence of SRCs with high density significantly
increases the level of flow stress, and therefore assists the stress activated absorption of DLs. The detailed analysis of different
hardening contributions to the yield stress measured after irradiation to 0.6 dpa at 573 K is given in Fig. 1(b).

Figure 1. (a) Left: stress-strain curves of irradiated Fe-Cr alloys at 573 K and 0.6dpa. Solid lines are theoretical results and solid
points are experimental data. The SRCs are treated as weak precipitates under shear. (b) Right: the contribution of different
hardening mechanisms to the yield stress compared with experimental data for irradiated Fe-Cr alloys at 0.6 dpa and 573 K.
CONCLUSIONS
In this work, we proposed a theoretical model for the thermo-mechanical plastic response of Fe-Cr alloys accounting for the
neutron irradiation induced defects at elevated temperatures. A CPM accounting for irradiation-induced defects (DLs and SRCs),
Cr solid solution and grain boundary strengthening is developed to describe the stress-strain responses at the grain level. The
EVPSC method is then used to obtain the macroscopic behavior of polycrystalline Fe-Cr alloys. Finally, the model is
parameterized using existing experimental data. The numerical results based on the proposed model indicate that (1) In the nonirradiated Fe-Cr alloys, the yield stress increases almost linearly with the Cr content, and the solid solution hardening dominates
at the elevated temperatures, (2) In the Fe-Cr alloys irradiated up to 0.6 dpa, TEM-visible DLs and nanometric SRCs provide
major contributions to the net flow stress, (3) The analysis of the evolution of DLs and SRCs in conjunction with the plastic
deformation suggests that the best agreement with the experimental data is achieved if the SRCs are treated as weak obstacles
under shear.
References
[1] Matijasevic M., Almazouzi.: Effect of Cr on the mechanical properties and microstructure of Fe-Cr model alloys after n-irradiation. J. Nucl. Mater 377:147154, 2008

[2] Xiao X. Z., Song D. K., Xue J. M., Chu H. J., Duan H. L.: A size-dependent tensorial plasticity model for FCC single crystal with irradiation. Int. J. Plast
65:152-167.

[3] Xiao X. Z., Song D. K., Xue J. M., Chu H. J., Duan H. L.: A self-consistent plasticity theory for modelling the thermo-mechanical properties of irradiated
FCC metallic polycrystals. J. Mech. Phys. Solids 78:1-16.

2727

XXIV ICTAM, 21-26 August 2016, Montreal, Canada
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1,2,3

Summary High strain rate plastic deformation results in significant temperature rise due to the rapid rate of heat generation by dislocation

motion. Dislocation dynamics (DD) models have historically been purely mechanical and quasi-static. The neglect of thermomechanical effects
is a significant source of error in predicting stress loading behaviour observed in high strain rate DD simulations. A two-dimensional, fullycoupled thermomechanical DD model based on the eXtended Finite Element Method (XFEM-DD) was recently developed to address
thermomechanical effects by capturing heat generation of dislocation motion. Simulations using this model have qualitatively demonstrated the
increased significance of thermal effects and temperature rise with increased strain rates, as well as increased accuracy in capturing stress-strain
behaviour. The XFEM-DD will be refined through the inclusion of previously neglected inertial effects and the impact on the accuracy of load
behaviour will be determined.

BACKGROUND
Plastic deformation of crystalline solids is attributed to the mechanisms of dislocations (crystallographic defects) at the
atomic level [1]. Significant temperature rise is caused by the rapid rate of heat generation by dislocation motion as a result
of high strain rate plastic deformations [2]. Dislocation dynamics (DD) models have been widely used as a framework to
investigate plastic phenomena [3]. However, DD models have historically neglected thermal effects which has been found
to be a significant source of error [2, 4]. Consequently, a two-dimensional, fully coupled thermomechanical dislocation
dynamics model based on the eXtended Finite Element Method (XFEM-DD) was recently developed as a first step in
addressing thermomechanical effects by considering dislocations as individual moving heat sources [2].
METHODOLOGY
The governing equations which form the basis of the existing XFEM-DD [2] have been augmented with inertial terms.
Consider a domain Ω which contains 𝑛𝑑 dislocations and is bounded by Γ. For dislocation 𝛼, the active part of the
glide plane (i.e., where slip has occurred) is denoted as Γ𝑑𝛼 .
The differential equations governing the coupled model are the equilibrium equation and the heat equation:
(1)

∇ ∙ 𝛔 + 𝜌𝐟 = 𝜌𝐮̈
𝐶𝑝 𝜌𝛉̇ + ∇ ∙ 𝐪 = 𝑆

(2)

where 𝛔 is the Cauchy stress tensor, 𝐟 is the body force, 𝐮̈ is the acceleration, 𝐪 is the heat flux density, 𝛉 is the
absolute temperature change from a stress-free reference temperature Ω0 at the point 𝐱 ∈ Ω at time 𝑡, 𝑆 is the body heat
source, and 𝛉̇ is the material time derivative of 𝛉. Material properties of the body including mass density, specific heat
capacity, and coefficient of thermal conductivity are denoted as 𝜌, 𝐶𝑝 , and 𝑘, respectively.
XFEM
The approximation for the temperature field uses the standard finite element approximation. For local displacement, the
application of XFEM uses enrichments to reflect discontinuities created by edge dislocations in addition to the standard
displacement approximation [2]. A dislocation is described by the location of its core, the orientation of its glide plane, and
by its Burgers vector. Enrichments are locally applied only to nodes of elements intersected by the active part of the glide
plane. We can then denote 𝒮 and 𝒮 𝛼 as the set of all nodes and the set of nodes with supports cut by Γ𝑑𝛼 , respectively.
Accordingly, the local displacement approximation for a domain with 𝑛𝑑 edge dislocations with Burgers vectors 𝐛𝛼 per
[2] is
𝑛𝑑

𝐮

ℎ (𝐱,

t) =

∑ 𝑁𝐼𝑢 (𝐱)𝐝𝐼 (𝐱, 𝑡)
⏟
𝐼∈𝒮

standard interpolation

a)

+ ∑ 𝐛𝛼 ∑ 𝑁𝐽𝑢 (𝐱) [𝐻(𝑓 𝛼 (𝐱)) − 𝐻 (𝑓 𝛼 (𝐱𝐽 ))]
𝛼=1
𝐽∈𝒮
⏟

(3)

enriched interpolation
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where 𝑁𝐼𝑢 are the standard FEM shape functions, 𝐝𝐼 are the nodal degrees of freedom, 𝐱𝐽 are the coordinates of node 𝐽,
𝐻 is the Heaviside step function, and 𝑓 𝛼 is the signed distance to Γ𝑑𝛼 .
It is important to note that a unique feature of the XFEM-DD is that heat generation within the domain is captured by
considering the motion of individual dislocations as moving heat sources [2]. The heat generated by each moving
dislocation 𝛼 at time 𝑡 is calculated through the rate of work done by the Peach-Koehler force on the dislocation [2]:
𝑠𝛼 (𝑡) = 𝛽[𝐅 𝛼 (𝑡) ∙ 𝐯 𝛼 (𝑡)]

(4)

where 𝐅 𝛼 is the Peach-Koehler force on dislocation 𝛼, 𝐯 𝛼 is the velocity of dislocation 𝛼, and 𝛽 is a coefficient which
represents the fraction of work converted to heat.
Thus, the body heat source term in Equation (2) which represents the heat generated by the motion of all dislocations in
the domain is
𝑛𝑑

(5)

𝑆(𝐱, 𝑡) = ∑ 𝑠𝛼 (𝑡)𝛿(𝐱 − 𝐱 𝛼 )
𝛼=1

where 𝐱 𝛼 is the position of dislocation 𝛼, and 𝑠𝛼 is the heat generated by the motion of dislocation 𝛼 at time 𝑡.
RESULTS

Figure 1. Stress-strain behavior at different loading rates without (left) and with (right) thermomechanical coupling [2]
The refined XFEM-DD model will consider inertial effects through augmentation of the governing equations described in the
last section. Using this model, stress-strain behaviour of the coupled model will be compared to uncoupled results. Simulations
using the existing XFEM-DD have been able to qualitatively capture the increased importance of thermal effects and impact of
temperature rise, in particular, softened stress-strain behaviour (see Figure 1) [2]. Accordingly, the relationship between
temperature rise and increased strain rate of the refined model will be investigated. Finally, the cost-benefit between accuracy
and computational costs will be assessed with respect to the existing and refined XFEM-DD model.
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MODELING THE 3D PLASTIC ANISOTROPY OF MAGNESIUM AZ31B ALLOY
1

Yazid Madi ∗1,2 , Amine Benzerga3 , and Jacques Besson1
MINES ParisTech, PSL Research University, MAT - Centre des matriaux, CNRS UMR 7633, Evry, France
2
EPF-Ecole d’Ingénieur-e-s, Sceaux, France
3
Department of Aerospace Engineering, Texas A&M University, College Station, USA

Summary In this paper, the quasi-static plastic deformation of a hot-rolled magnesium AZ31B thick plate is investigated at room temperature
in both tension and compression. A macroscopic two-surface model is used to describe the complex anisotropic behavior of this material.
The model accounts for plastic anisotropy as well as yielding asymmetry due to twinning. The primary deformation mechanisms, glide
by dislocation motion and twinning, are treated separately. A comprehensive database is used for model identification, which includes
specimens along the plate principal directions and off-axes specimens along diagonal orientations in principal planes. Flow stresses and
strain anisotropy (R-value) coefficients are included in the identification procedure. The parameter optimization strategy is presented. It is
shown that the model captures the anisotropic behavior of the material.

MATERIAL AND TESTING
The material used is from a 32mm-thick, hot-rolled AZ31B plate provided by Magnesium Elektron company in the H24
condition (strain hardened and partially annealed) [1]. The plate rolling direction is referred to as L, the long transverse
direction as T and the short transverse or through-thickness direction as S. Specimens are tested in tension and compression
at a strain rate of 10−3 s−1 for loading along principal directions (L, T and S) and along all diagonal orientations within
principal planes (LT, LS and TS) (Fig. 1-a). Uniaxial compression tests are obtained from a previous study [2] with the
experimental procedure described in [1]. These were supplemented with new uniaxial tension tests. All tests were carried out
at room temperature on a servo-hydraulic testing machine under displacement control. A mechanical extensometer was used
to measure axial strains and in addition, each test was paused at regular strain intervals to measure the lateral diameters using
a caliper.
CONSTITUTIVE MODEL
The constitutive model proposed in [3] was used to describe the material elastoplastic behavior. Two plastic yield surfaces
are introduced so as to account for both glide and twinning mechanisms. Each surface describes plastic anisotropy using the
linear transformation method proposed in in Barlat et al. [4] (symmetric yield surface for glide) and Cazacu et al. [5] (nonsymmetric yield surface for twinning). The total inelastic strain tensor results from the additive contribution of glide εg and
of twinning εt .
Plastic deformation due to glide
The model is based on the definition of an effective stress σg function of the stress tensor σ:

σg =


 1/ag
1
|Sg2 − Sg3 |ag + |Sg3 − Sg1 |ag + |Sg1 − Sg2 |ag
2

(1)

where Sg1 , Sg2 and Sg3 are the eigenvalues of a modified stress deviator sg defined as: sg = Lg : σ where Lg is a fourth order
tensor which introduces 6 parameters to describe the anisotropic distorsion of the yield surface along the axes of orthography
[4]. The yield surface is expressed as:
Φg = σg − Rg (pg , pt )
(2)
where Rg (pg , pt ) corresponds to the flow stress expressed as a function of the cumulated plastic strain due to glide pg and
twinning pt . Rg (pg , pt ) is expressed as:




1
2
Rg (pg , pt ) = Rg0 + Q1g 1 − e−bg pg + Q2g 1 − e−bg pg + Hg pt
(3)
Parameter Rg0 is set to the yield stress in transverse direction (T). Plastic flow associated to dislocation glide is then obtained
assuming normality as:
∂σg
ε̇g = ṗg
(4)
∂σ
with: σg ṗg = ε̇g : σ. This equation provides an implicit definition of the cumulated plastic strain pg .
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Plastic deformation due to twinning
The yield surface for twinning is based on the definition of an effective stress σt function of the stress tensor:

 
at
at  1/at
at
1
+ |St3 | − kSt3
+ |St2 | − kSt2
|St1 | − kSt1
σt =
2

(5)

where St1 , St2 and St3 are the eigenvalues of a modified stress tensor st defined as: st = Lt : J : σ where J is the fourth order
tensor that relates a second order tensor to its deviator. Lt describes anisotropy and introduces 9 material parameters [5]. k
describes the strength differential effect (−1 < k < 1). The yield surface is finally expressed as:
Φt = σt − Rt (pt )

(6)

where Rt (pt ) corresponds to the flow stress expressed as a function of the cumulated plastic strain due to twinning pt . R(pt )
is expressed as:
 1



2
Rt (pt ) = Rt0 + Q1t ebt pt − 1 + Q2t 1 − e−bt pt + Ht pt
(7)
Parameter Rt0 is set to the yield stress in the transverse direction (T). As for gliding, the flow rule is obtained applying the
∂σt
. The cumulated plastic stran pt is obtained by: ε̇g : σ = ṗt σt
normality rule as: ε̇t = ṗt
∂σ
IDENTIFICATION AND RESULTS
The identification of the various material parameters was performed following an iterative procedure similar to one presented in [3]. Flow stresses and strain anisotropy (R-value coefficient) are taken into account in the identification. From the
comparison between simulations and experiments of illustrative directions presented in Fig. 1, it is shown that the model can
capture very well the material complex behavior. A relatively good agreement is obtained both in terms of plastic flow stresses
and strain anisotropy.
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Figure 1: Results from experiments (symbols) versus simulations (lines). (a) Orientation of the specimens extracted from a
hot-rolled magnesium AZ31B thick plate. (b) Engineering stress, F/S0 , versus axial strain, ∆l/l0 . (c) Radial contraction,
∆Φ/Φ0 , versus axial strain, ∆l/l0 .
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1

Summary Experimental tests under different proportional loading conditions were performed to investigate the constitutive behaviour of a rare-

earth magnesium alloy (ZEK100) rolled sheet at room temperature, under quasi-static conditions. An anisotropic yield function for HCP materials
with yield asymmetry, CPB06, was calibrated from monotonic experimental data. To evaluate the performance of the yield criterion, nonproportional experiments were performed with an emphasis on the cyclic shear test. It was observed that although slip and twinning mechanisms
govern the response of the magnesium alloy under proportional loadings, reversed loadings can activate the de-twinning mechanism as well
leading to a substantial Bauschinger effect.

INTRODUCTION
Magnesium alloys have the potential for significant weight reduction and improved fuel economy in the automotive industry
due to their low density and high specific ultimate tensile strength compared to conventional steel and aluminium alloys.
However, the implementation of magnesium alloys as wrought products is currently limited because of their low ductility at
room temperature due to a limited number of available deformation mechanisms in their HCP crystal structure. The dominant
slip systems of magnesium alloys at room temperature are basal slip followed by prismatic and pyramidal slips with higher
critical resolved shear stress (CRSS). Twinning can also provide an independent deformation mechanism [1]. Under cyclic
loading with strain path changes, a de-twinning mechanism can also appear [2]. In general, magnesium alloys in the form of
rolled sheets or extrusions exhibit severe anisotropy and tension-compression asymmetry [3].
The objective of the present work was to investigate the room temperature constitutive behaviour of a rare-earth magnesium
alloy sheet, ZEK100, under quasi-static strain rates undergoing monotonic and cyclic loadings. The material was subjected to
a variety of monotonic and proportional loading conditions including uniaxial tension, equal-biaxial tension, shear, planestrain tension and uniaxial compression. Furthermore, the behaviour of the material under cyclic shear condition was
investigated. Studying the behaviour of the material under both monotonic and cyclic deformation can shed light into the type
of deformation mechanisms accommodating plastic deformations and provide insight into utilizing suitable constitutive
modelling approaches for predicting the response of materials.
PROCEDURE, RESULTS AND DISCUSSION
A rare-earth rolled magnesium sheet, ZEK100 (O-temper), with a nominal thickness of 1.55 mm was used in the present study
(1.3%wt. Zn, 0.2%wt. Nd, 0.25%wt. Zr and 0.01%wt. Mn). The monotonic experiments performed on the ZEK100 were
selected to cover a wide range of stress states to reveal the anisotropic behaviour of the material. Using the results of
experimental tests, the CPB06ex2 yield criterion [4] was calibrated for one plastic work level (corresponding to the equivalent
plastic strain of 0.01 for the uniaxial tension test in the rolling direction). The severely anisotropic behaviour of the material
is apparent from inspection of the yield surface in Figure 1 with a clear asymmetry between the tension region (first quadrant)
and compression region (third quadrant). This can be explained by deformation being slip-dominated in tensile loading while
yielding in compression is mostly governed by the twinning mechanism which activates at lower stresses [3]. Abedini et al.
[5] has demonstrated the significant evolution of the ZEK100 yield surface with deformation as the shape of the yield surface
and level of tension-compression asymmetry changes during deformation. At larger strain levels, the yield stress in
compression eventually becomes larger than in tension.
Fully-reversed cyclic shear tests were performed on the ZEK100 to complete a full cycle and half with a cumulative shear
strain of approximately15%. The cyclic shear response of the material is plotted in Figures 2 for the shear test loaded in the
diagonal direction of the sheet with the principal stress components in the rolling and transverse directions. It can be seen
from Figure 2 that the shear response of the ZEK100 in reversed conditions shows a lower value of yield stress indicating a
Bauschinger phenomenon that is attributed to the de-twinning mechanisms. This can be explained with the fact that the twin
nucleation stress is higher than the stress needed for de-twinning for which no nucleation is needed [2]. Furthermore, it can
be seen from Figure 2 that the second and third yielding regions demonstrate a more gradual yielding compared with the
abrupt initial yielding transition. It has been reported that twinning mechanisms result in a sharp yielding behaviour while detwinning is characterized by gradual yielding [2] indicating again that a de-twinning mechanism is active in reverse shear
conditions.
a) Corresponding author. Email: aabedini@uwaterloo.ca
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Fig 1: CPB06ex2 yield locus at plastic work level of 2.24 MPa (equivalent plastic strain of 0.01). Circles show the experimental results.
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Fig 2: Absolute shear stress vs. absolute cumulative shear strain response for the ZEK100 in cyclic condition. The shear response in
monotonic condition is also plotted for comparison [6]. The vertical axis represents the absolute shear stress. The first region of loading is
labelled as “1” while the reversed loading is labelled as “2”. Finally the last region “3” is in the same direction as the initial loading.

CONCLUSIONS
Monotonic and cyclic tests were performed on a rare-earth magnesium alloy sheet (ZEK100). It was shown that the monotonic
response of the ZEK100 is highly anisotropic with tension-compression asymmetry due to the activation of slip and twinning
mechanisms in tension and compression, respectively. The shear response of the material in reversed loadings exhibited the
Bauschinger effect indicative of activation of the de-twinning mechanism. Constitutive modelling of the response of the material
in monotonic and cyclic conditions will be considered in future contributions.
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Summary This work develops a gradient-divergence theory of small deformation viscoplasticity based on a set of microstresses; the second
law of thermodynamics and; a constitutive theory accounting for the divergence of the plastic strain. Using the principle of virtual power, a
microforce balance is obtained. Restricted by the local free energy imbalance, the constitutive relations together with microforce balance are
shown to constitute a nonlocal flow rule which is a nonlinear partial differential equation in the plastic strain tensor. Thus the flow rule is shown
to generalize the Gurtin-Anand model in [3].
INTRODUCTION
The study of strain gradient plasticity has been motivated due to inability of the classical plasticity to model material
behaviour at infinitesimal length scales. However, existing strain gradient theories such as that of [1] and [3] do not account
for dependence on the divergence of the plastic strain and the effect of an internal microforce. Hence, the need of a
plasticity theory which addresses these situations. This work is aimed at obtaining the flow rule of a strain gradient theory
that accounts for the divergence of the plastic strain wherein each microstress is assumed to be additively decomposed into
energetic and dissipative part, thus extending the work in [3].
BASIC KINEMATICS
Let 𝒖(𝒙, 𝑡) be the displacement vector of a point 𝒙 in a body 𝐵 undergoing small deformation. The displacement
gradient ∇𝒖 is assumed to be additively decomposed as
∇𝒖 = 𝑯𝒆 + 𝑬𝒑 , 𝑡𝑟 𝑬𝒑 = 0
(1)
𝑯𝒆 accounts for stretching and rotation of material and 𝑬𝒑 is known as the plastic strain that accounts for irreversible
restructuring of material. The basic kinematic variables for this work are 𝑯𝒆 , 𝑬𝒑 and 𝒖. To account for some specific
defects in material structure, plastic strain gradient ∇𝑬𝒑 , divergence of plastic strain 𝑑𝑖𝑣 𝑬𝒑 , and Burgers tensor ∇ × 𝑬𝒑
would be incorporated into power expenditure expression so as to obtain a microforce balance for a body undergoing plastic
deformation. Each of these kinematic terms or variables would be conjugate to some microstresses. These microstresses
would be related to each other through the microforce balance. It should be recalled that the kinematic terms ∇ × 𝑬𝒑 and
𝑑𝑖𝑣 𝑬𝒑 can be expressed in terms of the plastic strain gradient ∇𝑬𝒑 . Clearly by definition
𝑝
(∇ × 𝑬𝒑 )𝑖𝑗 = 𝜖𝑖𝑝𝑞 𝐸𝑗𝑞,𝑝
(2)
𝑝
𝑝
𝒑
(𝑑𝑖𝑣 𝑬 )𝑖 = 𝐸𝑖𝑘,𝑘 = 𝛿𝑘𝑟 𝐸𝑖𝑘,𝑟 .
(3)
Therefore in formulating the microforce balance, the conjugate of these kinematics terms must be put into consideration.
Since the Burgers tensor ∇ × 𝑬𝒑 can be written in terms of the plastic strain gradient, we shall assume that the free energy
includes dependence on the Burgers tensors in a way that the plastic strain gradient is dropped. It should also be noted that
the plastic strain gradient ∇𝑬𝒑 can be written in terms of the Burgers tensor ∇ × 𝑬𝒑 given in component form as
𝑝
𝑝
𝐸𝑖𝑗,𝑘 = 𝐸𝑖𝑘,𝑗 − 𝜖𝑠𝑗𝑘 𝐺𝑠𝑖 ,
(4)
where 𝐺𝑠𝑖 = (∇ × 𝑬𝒑 )𝑠𝑖 . Thus in obtaining the microforce balance, we would assume that the conjugate microstress of the
plastic strain gradient contains a microstress conjugate to the Burgers tensor which can be written in terms of the plastic
strain gradient written in (2).
FORCE BALANCES
It would be assumed that: an internal microforce 𝝌 is work-conjugate to 𝑑𝑖𝑣 𝑬𝒑 ; a macrostress 𝑻 is work-conjugate to
𝑯𝒆 ; a microstress 𝑻𝒑 is work-conjugate to 𝑬𝒑 and; a polar microstress 𝕂𝑝 is work-conjugate to ∇𝑬𝒑 . The internal power
expenditure over an arbitrary region 𝑃 of 𝐵 takes the form
𝑊𝑖𝑛𝑡 = ∫ (𝑻: 𝑬̇𝒆 + 𝑻𝒑 : 𝑬̇𝒑 + 𝝌 ∙ 𝑑𝑖𝑣 𝑬̇𝒑 + 𝕂𝒑 ⋮ ∇𝑬̇𝒑 )𝑑𝑉

(5)

𝑃

and the external power expenditure due to the body force 𝒃 on 𝑃, macrotraction 𝒕 and microtraction 𝑲 on 𝜕𝑃 is given by
𝑊𝑒𝑥𝑡 = ∫ 𝒃 ∙ 𝒖̇ 𝑑𝑉 + ∫ (𝒕 ∙ 𝒖̇ + 𝑲: 𝑬̇𝑝 ) 𝑑𝐴.
𝑷

(6)

𝜕𝑃

Let 𝜗 = (𝜹𝒖̇ , 𝜹𝑯̇𝑒 , 𝛿𝑬̇𝑝 ) be a list of virtual velocities. The principle of virtual power states that
Corresponding author. Email: aborokini@unilag.edu.ng
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(7)
𝑊𝑖𝑛𝑡 (𝑃, 𝜗) = 𝑊𝑒𝑥𝑡 (𝑃, 𝜗).
This principle allows us to obtain the macroforce balance given by
𝑑𝑖𝑣 𝑻 + 𝒃 = 𝟎,
(8)
with the traction condition given as
𝑻𝒏 = 𝒕.
(9)
This macroforce is obtained by choosing 𝛿𝑬̇𝑝 = 𝟎. Using the same principle of virtual power (where we choose 𝛿𝒖̇ = 𝒐 and
apply the divergence theorem) we obtain the microforce balance
(10)
𝑻𝑜 = 𝑻𝒑 − 𝑠𝑦𝑚𝑜 (∇𝝌) − 𝑑𝑖𝑣 𝕂𝑝 ,
with microtraction condition
(11)
𝑲 = 𝑠𝑦𝑚𝑜 (𝝌⨂𝒏) + 𝕂𝑝 𝒏.
𝑻𝑜 is the deviatoric part of the macrostress 𝑻, 𝑠𝑦𝑚𝑜 (∇𝝌) is called the symmetric deviatoric part of the gradient of the
microforce 𝝌. The tensor product 𝝌⨂𝒏 is a dyad.
CONSTITUTIVE RELATIONS AND FLOW RULE
Following the work in [2] we assume that each microstress say 𝚷 is additively decomposed as
𝚷 = 𝚷𝑒𝑛 + 𝚷𝑑𝑖𝑠 ,
(12)
where 𝚷𝑒𝑛 and 𝚷𝑑𝑖𝑠 are the energetic and dissipative parts of 𝚷 respectively. The free energy imbalance for this plastic
process is obtained as (following the second law of thermodynamics)
𝜓̇ − 𝑻: 𝑬̇𝒑 − 𝝌 ∙ 𝑑𝑖𝑣 𝑬̇𝑝 − 𝑻𝒑 : 𝑬̇𝒑 − 𝕂𝒑 ⋮ ∇𝑬̇𝒑 ≤ 0,
(13)
where 𝜓 is called the Helmholtz free energy, taking the form
𝜓 = 𝜓(𝑬𝒆 , 𝑬𝒑 , 𝑑𝑖𝑣 𝑬𝒑 , ∇ × 𝑬𝒑 ).
(14)
Consistent with the free energy imbalance and the formulation in [2], we define and deduce
𝜕𝜓
𝜕𝜓
𝜕𝜓
p
𝑻=
(15)
, 𝑻𝒑 =
, 𝝌𝒆𝒏 =
,
and (𝕂𝑒𝑛 )𝑗𝑞𝑝 = (𝑠𝑦𝑚𝑜 ℙ)𝑗𝑞𝑝 ,
𝜕𝑬𝒆
𝜕𝑬𝒑
𝜕𝑑𝑖𝑣 𝑬𝒑
𝜕𝜓
𝑝
where (ℙ)𝑗𝑞𝑝 =
𝜖𝑖𝑝𝑞 and 𝐺𝑖𝑗 = 𝜖𝑖𝑟𝑠 𝐸𝑗𝑠,𝑟 . The free energy is obtained in quadratic form as
𝜕𝐺𝑖𝑗

1
1
1
1
𝜓 = 𝜅|𝑡𝑟 𝑬𝑒 |2 + 𝜇|𝑬𝒆𝑜 |2 + 𝜇|𝑬𝒑 |2 + 𝜇𝑄 2 |𝑑𝑖𝑣 𝑬𝒑 |2 + 𝜇𝐿2 |∇ × 𝑬𝒑 |2 ,
2
2
2
2

(16)

where 𝑄 and 𝐿 are called energetic length scales associated with 𝑑𝑖𝑣 𝑬𝒑 and ∇ × 𝑬𝒑 respectively. The dissipative
microstresses based on the von Mises yield criterion are given in terms of their corresponding power conjugate as follows
𝑑 𝑝 𝑚 ∇ 𝑬̇𝒑
𝑑 𝑝 𝑚 𝑑𝑖𝑣 𝑬𝒑̇
𝑑 𝑝 𝑚 𝑬̇𝑝
𝒑
𝑝
2
,
𝑻
)
,
𝕂
=
𝑙
𝑆
(
)
.
(17)
𝝌𝑑𝑖𝑠 = 𝑞2 𝑆𝑜 ( )
=
𝑆
(
𝑜
𝑜
𝑑𝑖𝑠
𝑑𝑖𝑠
𝑑𝑝
𝑑𝑝
𝑑𝑜
𝑑𝑝
𝑑𝑜
𝑑𝑜
𝑆𝑜 is the initial yield strength, 𝑑𝑜 is the initial flow rate, 𝑚 is the rate sensitivity parameter and 𝑑 𝑝 is the effective flow
rate defined by
2

2

2

𝑑 𝑝 = √|𝑬̇𝑝 | + 𝑞2 |𝑑𝑖𝑣 𝑬̇2 | + 𝑙 2 |∇𝑬̇𝑝 | ,

(18)

where 𝑞 and 𝑙 are called dissipative length scales associated with 𝑑𝑖𝑣 𝑬𝒑 and ∇𝑬𝒑 respectively. Substitute (15) and (17)
in (10), we obtain the consequent flow rule of viscoplasticity
𝑻𝑜 + 𝜇(𝐿2 ∆𝑬𝒑 + (𝑄 2 − 𝐿2 )𝑠𝑦𝑚𝑜 (∇𝑑𝑖𝑣 𝑬𝒑 ) − 𝑬𝒑 )
𝑑 𝑝 𝑚 𝑬̇𝑝
𝑑 𝑝 𝑚 𝑑𝑖𝑣 𝑬̇𝑝
𝑑 𝑝 𝑚 ∇ 𝑬̇𝒑
2
2
= 𝑆𝑜 ( )
−
𝑞
𝑆
(𝑠𝑦𝑚
(∇
[(
)
]))
−
𝑙
𝑆
𝑑𝑖𝑣
[(
)
].
(19)
𝑜
𝑜
𝑜
𝑑𝑜
𝑑𝑝
𝑑𝑜
𝑑𝑝
𝑑𝑜
𝑑𝑝
CONCLUSIONS
Thus relation (19) constitutes a more generalized form of the Gurtin-Anand model. It reduces to the Gurtin-Anand plastic
flow rule [3] in either cases: 𝑄 = 0 , the free energy is independent of the plastic strain and 𝑞 = 0 or;
𝑄 2 𝑠𝑦𝑚𝑜 (∇ 𝑑𝑖𝑣 𝑬𝒑 ) − 𝑬𝒑 = 𝟎 and 𝑞 = 0.
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ESTIMATION OF SHEAR STRESS IN MACHINING USING THE TEMPERATURE
DISTRIBUTION ON THE TOOL FACE
1Applied
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Summary Given an experimentally determined discrete set of steady-state temperature measurements along the region of contact of the work
material with the rake face of the tool, an inverse method is used to obtain an estimate of the shear stress in the work material near the toolmaterial interface.

INTRODUCTION
Despite many years of study, the determination of accurate constitutive response models for the flow stress in materials
for finite-element simulations of high-speed machining operations remains a difficult unsolved problem. Most attempts to
model the material response using experimental data have been based on direct methods that fit compression test data of small
samples of the material of interest to a given highly nonlinear constitutive response model. The main problem with this
approach has been that the conditions under which compression tests can be performed are not nearly as extreme as the actual
conditions that are present in a typical high-speed machining operation [1], so that a machining process simulation using the
nonlinear material response model necessarily requires huge extrapolations in order to simulate the cutting conditions.
One area of machining research in which significant progress has been made in the past few years has been on the
measurement of the 2D temperature distribution on the chip–tool interface, using infrared thermography. In particular, Menon
and Madhavan [2] have reported high accuracy temperature measurements during high-speed machining of a titanium alloy,
using single wavelength thermography with an instrumented transparent tool. For their experimental cutting conditions, they
have obtained a 1D temperature distribution as a function of distance along the rake face of the tool, along an internal cross
section of the chip–tool interface, with an estimated combined standard uncertainty of less than 1%.
OUTLINE OF RESULTS
Motivated by this work, we have been investigating a new approach to the problem of estimating flow stress in machining,
that is based on an inverse method. By finding an asymptotic solution of a convection-diffusion problem that models the flux
of heat into the chip and the tool during a cutting experiment, the temperature distribution along the tool face can be shown
to satisfy Abel’s equation, a Volterra integral equation of the first kind with a weakly singular kernel, convolved with the flow
stress [3]. Inversion of this Abel transform provides an estimate of the distribution of flow stress in the chip material near the
tool-chip interface.
Because the temperature data are experimentally determined, estimation of the flow stress by inversion of the Abel
transform under these circumstances is an ill-posed problem. In this talk, we will show that the Truncated Singular
Components Method (TSCM) of Rust [4],[5], which has been successfully used to find approximate numerical solutions of
Fredholm integral equations of the first kind with noisy data, can also be applied to find approximate numerical so lutions of
the Abel equation, and thus an estimate of the flow stress in the work material can be obtained.
CONCLUSIONS
We have applied our method to three sets of temperature data on the tool-chip interface that were obtained in a series of
orthogonal cutting experiments on AISI 1045 steel by Davies, et al. [6]. In these tests, the cutting speed was held fixed at
3.7 m/s, and the temperature distribution along the rake face of the tool was determined for three different uncut chip
thicknesses h1; the temperature results are plotted on the figure below (left). The corresponding estimates of the shear flow
stress f using our method, without correcting for the heat flow into the tool, are also plotted in the figure (right).
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1

Summary Shot peen forming is a cold work process that consists in impacting a thin metallic part with small shots at high velocities so that the

plastic deformations of the material close to the surface generates a significant distortion of the whole structure. In this work, we use the concept
of eigenstrains (/stress-free deformations) to predict the result of conventional peen forming treatments when applied to large aluminium sheets.
A set of validation experiments consisting in uniformly shot peened rectangular aluminium panels is presented and compared to simulations
outcomes. The results are in qualitative agreement only but nevertheless represents progress in comparison with existing procedures.

BACKGROUND
Shot peening is a mechanical surface treatment that consists in the controlled bombardment of the surface of a metallic
part with hard shots at high velocities. Under the effect of impacts, the surface of the part is plastically deformed over a
depth of several tenth of a millimetres for typical applications. The incompatibility of deformations between the upper layer
and the core of the part, unaltered by the treatment, has two consequences: (i) the introduction of a compressive residual
stress field near the surface beneficial for fatigue applications and (ii) a distortion of the structure that is all the more
important when its flexural rigidity is low (peen forming).
Peen forming has been extensively used by the aerospace industry over the past fifty years as a viable and economical
way to shape wing skins and fuselage panels. Nevertheless, in spite of several contributions from the peening community,
numerical tools developed so far either require significant calibration, hence lacking flexibility, or do not have the ability to
make quantitative predictions. As a result, the determination of appropriate process parameters for each new part to be
formed relies on the ‘know how’ of a few experts and often implies costly trial an error adjustments. More problematic
perhaps, the full potential of the process, that is the whole range of achievable deformed shapes, is under exploited.
Our work aims at addressing this issue by developing a procedure able to simulate the full industrial process – including
the peen forming of pre-stressed parts – with a degree of accuracy high enough for use during preliminary design phases.
Here, some progress made on the simulation of conventional peen forming are presented.
MODELING APPROACH
Only treatments with a high density of impacts are considered so that the state of the matter after peening can be
considered the same over the whole part.
For a given target material and treatment couple, the post-peening state is characterized by the distribution of plastic
strains 𝜀 𝑝𝑙 as a function of depth only. The latter is obtained either experimentally or numerically. Here, plastic strains are
seen as eigenstrains [1], i.e. a generic source of anelastic deformation installed in the structure, the physical cause of which
is of no importance as long as we are only interested in the deformed shape of the part.
Following a procedure similar to the one used in Ref. [2], the eigenstrain profile is inputted in a finite element model of
the whole part by thermal analogy: the part is discretized using multi-layer shell elements and ‘virtual’ thermal expansion
coefficients 𝛼 are defined in each ply so that 𝜀 𝑝𝑙 (𝑧𝑖 ) = 𝛼𝑖 ∆𝑇 in the 𝑖 𝑡ℎ ply. The model is then subjected to a unit
increment of temperature ∆𝑇 leading to the deformed shape. In the event of identical in plane components for the
eigenstrain profile (perfectly isotropic material or lack of experimental data), small amplitude random noise is superimposed
to the thermal expansion coefficients in order to trigger geometrical instabilities likely to occur when panels of regular
geometry are uniformly peened (See fig.1.b-c).
RESULTS
A preliminary validation of the procedure has been conducted on flat 1m x 1m aluminium 2024-T351 panels of uniform
thicknesses (5, 10 and 15mm). These panels were subjected to three different peen forming treatments representative of
industrial conditions. During peening, the parts were free to deform and the orientation of the shots feed was kept
perpendicular to the initial surface. Plastic strain profiles have been determined both from impact simulations and
experimentally extracted from X-Ray diffraction measurements using the inverse procedure described in [3].
The simulations (fig.1.d) are in qualitative agreement with experimental data. The procedure also proved to be able to
capture a transition in the deformed shape of the panels from a spherical to a cylindrical one as the thickness is decreased
for a given treatment.
a) Corresponding author. Email: martin.levesque@polymtl.ca
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DISCUSSION
The initial objective of quantitative predictions has not been achieved yet. Several avenues for improvement have been
identified, namely, a better characterization of the eigenstrains fields and the correction of a flow in our peening setup. A
second experimental campaign is on the way at the time of writing. Significant progress in comparison with existing
procedures has nevertheless been made with regard to the simulation of the process. The idea of working with eigenstrains –
well established in other domains like welding and laser peening – that was so far overlooked by the shot peening
community enables to:
(i)

Estimate the deformed shape of large parts in a single computational step: since the plastic strain field is not altered
by the springback of the structure as long as the transformation remains elastic, the introduction of the appropriate
eigenstrain field yields the expected result provided a potential path dependency is taken into account.

(ii)

Ease the simulation of complex treatments:
(a) Partition of the finite element model to take into account different (or the absence of) treatments in some areas
is straightforward.
(b) Eigenstrains fully characterize the post peening state ([4]) and are mostly independent of the geometry of the
part ([5]). It is therefore conceivable to establish databases of such profiles that could be used to simulate most
peening operations from scratch through a procedure similar to the one presented here.
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Figure 1 – (a) Eigenstrain profile corresponding to a reference treatment extracted from residual stress XRD measurements
using the inverse procedure described in [3] – Deformed shape of a 15mm (b) and 5mm (c) thick AA2024-T51 panel
subjected to the reference treatment – (d) Comparison of experimental (left) and numerical (right) out of plane
displacements for the two panels. The eigenstrain profile from fig1.a has been used for the simulations – All dimensions are
in mm
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1

Abstract In this work, a numerical simulation of hot shape rolling is done by using a novel Local Radial Basis Function Collocation Method

(LRBFCM). This meshless method requires no integration or any mesh generation (polygonisation). The simulation is based on strong form
mechanical and thermal models. Overall, this 3D rolling process is reduced to 2D slices, used as computational domains, aligned towards the
rolling direction. On each slice the deformation and temperature fields are calculated by assuming that there is no strain or heat flow in the
rolling direction. By this approach large deformations can be calculated through a series of small deformation increments on each slice.
Ideal plastic material model is considered in the calculations. A computer application based on C# is developed to analyze and visualize the
results of this method. Simulation of continuous steel rolling mill is considered as demonstration of the approach.

INTRODUCTION
Computational solid mechanics has always been an important task for researchers. There are numerous cases to perform
and many different methods to solve the complex system of equations, each with its own advantages and disadvantages. The
rolling simulation is an example of a very complex 3D problem. However, it is also critical to simulate the deformation steps
due to better understanding and control of the system. The main aim of the simulation is to make correlation between input
process variables and numerical results over the workpiece in terms of displacement, strain, stress and temperature. Recently
meshless numerical methods [1] gained an important role for being a substantial alternative to the classical numerical methods,
such as Finite Element method (FEM) [2]. Meshless methods is a numerical technique that uses collocation nodes over the
domain and boundary. An outstanding choice to solve fluid flow and solid mechanics problems is the Local Radial Basis
Function Collocation Method (LRBFCM). This method was first used to solve the diffusion problems in [3] and elasticity
problems in [4]. Moreover, this method is successfully applied to solve fluid mechanics [5] and solid mechanics [6-8]
problems. In this paper, simulation of hot shape rolling is performed by using LRBFCM.
PHYSICAL MODEL
The rolling simulation system is analysed over 2D slices aligned towards the rolling direction which is also called traveling
of a slice. Each slice has time depended position, area and velocity. The rolling simulation is capable of running over a
complete rolling schedule which consists of up to 10 rolling stands and each with specific groove geometry. One slice is
calculated at a time and continued by the next one until it reaches end of the rolling schedule. First it is checked if there is a
contact with the groove of not, if so both mechanical and thermal modes are run. If there is no contact, only the thermal model
is run.
Thermal model
The governing equation of the thermal model over a 2D slice is
T
cp
    k T   Q ,
t
with  , c p , T , t , k , Q standing for density, specific heat, temperature, time, thermal conductivity and heat generation rate due
to deformation, respectively. The boundary condition applied on the boundaries of slice is Robin type in point p

k

T  p, t 
n 

 h T  p, t   TR  p, t   ; p   ,

R
at slice boundaries  , with h standing for the heat transfer coefficient, T standing for the reference temperature.

Mechanical Model
In the mechanical model, the displacement filed is calculated from the governing equation
LT σ + b  0 ,
where L is the derivative operator, σ is the vector of stresses, and b is the body force vector, considered b  0 . Using
different stress-strain relations depending on either elastic or plastic material model, stresses can be related to displacements
using plastic stiffness matrix C which includes effective stress  and effective strain  relation. Later the system of
nonlinear equations are solved by direct iteration.
a) Corresponding author. Email: umut.hanoglu@imt.si.
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Essential and natural boundary conditions are used on the boundaries
u=u,
nT σ = τ ,
respectively, where u is the displacement vector, u is the prescribed displacement vector, n is the unit normal vector
and τ is the prescribed traction vector.
SOLUTION PROCEDURE
Thermo-mechanical rolling simulation starts with creating a uniform node arrangement over the initial computational
domain or slice. The solution procedure is based on overlapping 8 noded ( N  8 ) local influence domains. A function and
its derivatives can be approximated for a node position using its neighbouring points in a local influence domain. Radial basis
Functions (RBF),  n  p  

 px  pxn 

2

  p y  p yn   c 2 , c is set to 32 and first order polynomial functions ( N p  3 ),
2

 n1  p   1,  n 2 p   px  xmean ,  n 2 p   py  ymean , are used as approximation functions which are multiplied with
collocation functions. The details of the calculation of the collocation constants and solution procedure are explained in [8].
NUMERICAL EXAMPLE
A computer application with user friendly interface has been created to see the results for each slice during the rolling
simulation. The results can be seen over a specific slice in terms of temperature, displacement, strain and stress fields.

Figure 1: A rolling schedule which consists of 6 rolling stands, when the initial size of the billet is 105 X 60 mm is
simulated. The figures of displacement vector field on the left and strain vector component (  xx ) filed on the right are shown
for the last contacting slice under the last roll.
CONCLUSIONS
In this paper, numerical simulation of hot shape rolling of steel is described based on LRBFCM. The solution procedure is a
carried out by straight forward meshless method based on RBFs. In the calculations, the slice method is used to reduce the 3D
system to 2D. Thermal and mechanical models are described with their corresponding boundary conditions. An example of the
simulation results is shown. This paper differs from [7] by inclusion of the ideal plastic deformation.
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A NOVEL MATERIAL MODEL FOR THE LARGE-SCALE SIMULATION OF
TEMPERATURE DEPENDENT INELASTICITY
1
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Rensselaer Polytechnic Institute, Troy, New York, 12180 United States of America

Summary Solder is a fundamental material used to connect chip to chip carrier. The reliability of electronic packaging is limited by the
ability of the chip/chip carrier interconnects (solder balls) to withstand thermo-mechanical strain. The primary cause for this strain is thermal
mismatch in properties among the constituent materials. In this study, a novel material model for simulating the mechanical response of the
solder balls during the packaging process is developed. The model includes Norton creep, J2 plasticity and thermo-elasticity within a finite
strain framework. A finite element based numerical method, together with a return-mapping algorithm, is developed from the constitutive
equations. The numerical routine is implemented into the multi-physics code ALBANY for simulating large-scale solder ball problems on
high performance computers.

INTRODUCTION AND MOTIVATION
Electronic products serve an essential role in our daily lives. During the use of an electronic device information is electronically transmitted between integrated circuits (ICs) . Physically, ICs are small dies made of silicon or other semiconducting
materials that are interconnected by several levels of electronic packaging. The first level of electronic packaging is mounting
ICs on a chip carrier, which protects the die from the environment and makes the device easy to handle [1]. This is the focus
of our work.
Flip chip packaging is a method used in the first-level packaging for interconnecting semiconductor devices, such as IC
chips, to external circuitry [2]. One critical stage in this method is the cooling stage. The composite device that consists of
chip, solder balls and chip carrier undergoes such a cooling stage after the solder balls are melted with hot air reflow. The
cooling stage raises some concerns about the reliability of solder balls. There is often a mismatch of coefficient of thermal
expansion (CTE) between the chip, the chip carrier material, and the solder balls, resulting in a stress across the solder balls [3].
This stress may eventually lead to fatigue failures. The failure of a single solder joint could compromise the functionality of
an entire device.
The mechanical response of the solder ball material is often inelastic, with a rate-independent component (J2 plasticity)
and a rate-dependent component (creep). When modeling the creep response of metals, there are two common choices:
Anand’s creep model and the Norton creep model. Anand’s model is popular, however, it has many parameters which makes
it difficult to calibrate and employ in practice. Norton’s model is simpler with fewer parameters. However, to our knowledge
a finite deformation counterpart of this model that works in concert with rate-independent elasticity has not been developed.
This forms the major thrust of our effort.
MATHEMATICAL FORMULATION
The equation of equilibrium for a material undergoing slow, quasi-static deformation is given by
DivP + ρ0 B = 0, in B

(1)

where ρ0 : B → R is the reference density and B is the body force. P is the 1st Piola-Kirchhoff stress tensor, has the
following relationship with Cauchy stress tensor σ,
P = JσF−T .

(2)

Here F is the deformation gradient and J = detF is the determinate. τ := Jσ is the Kirchhoff stress tensor.
We employ a multiplicative split of the deformation into an elastic and an inelastic part. The stress depends on the elastic
component through a standard compressible, Neo-Hookean relation. The evolution of the inelastic part is governed by an
associative flow rule. The flow rule contains two inelastic strain rates: plastic and creep. The J2 plastic part is driven by a
Von-Mises yield condition, and a strain hardening law.
The creep-rate is governed by a Norton creep model, which can be expressed as,


1
Q
γcr = A exp − ·
kskc1
(3)
R T (t)
where γcr is creep strain rate, A is a relaxation parameter of the material, Q is an activation energy, R is the gas constant, T
is the absolute temperature at time t, s is a measure of stress and c1 is a stress exponent.
∗ Corresponding
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NUMERICAL ALGORITHM
We apply the finite element to solve the equations of equilibrium. The Galerkin method then yields,
F int (σ n ) − F ext (tn ) = 0, n = 0, 1, 2, · · · , N.

(4)

F int is the global internal force vector, which is a function of σ n , F ext is the global external force vector and is a function of
tn . Equation (4) holds for all time discrete time instances, tn .
We solve the non-linear system (4) with Newton’s method in ALBANY. To evaluate the left hand side, we develop a returnmapping algorithm, F, that given {σ n , Fin , Fn , αn }, together with the nodal displacement information dn+1 and constitutive
equations, yields {σ n+1 , Fin+1 , Fn+1 , αn+1 }. That is
σ n+1 = F(dn+1 ).

(5)

Using this algorithm (5) in (4), we arrive at a set of non-linear equations for the nodal displacements dn+1 . We employ the
Newton’s method to solve this equation, and within this we evaluate the Jacobian by applying automatic differentiation.
We implement the above numerical algorithms within ALBANY and verify our model. The numerical results from our
model compare well with analytical solutions when we perform uni-axial tension tests on a cube, with both infinitesimal and
finite strains.
APPLICATIONS
We have performed simulations of solder ball problems using the model developed in the previous sections. We consider
small and large-scale simulations, with more than billion degrees of freedom. In the figures below we show a simulation result
from a 3 × 3 solder ball array with 8.2 million finite elements.

Figure 1: Stress distribution for a 3 × 3 solder ball array as it relaxes.
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Summary The results of experimental studies of irreversible deformation of heterogeneous materials that contain micro-cracks, pores, inclusions,
and other structural heterogeneities are analysed. The dependencies of deformation properties of the materials on loading conditions are examined
and common mechanisms and some features of their behaviour are specified. The constitutive relations for elastoplastic materials, which
properties are susceptible to the stress state types are proposed. The features of irreversible bulk deformation are studied and the conditions for
unique solution of boundary value problem are formulated. The applicability of proposed constitutive relations is demonstrated on the solution of
plane stress crack problem for materials under consideration.

MECHANICAL PROPERTIES OF HETEROGENEOUS METERIALS
For heterogeneous materials there is no single curve of the dependence between von Mises equivalent stress and equivalent
strain. The equivalent stress-strain curves depend on loading conditions [1]. These effects are revealed in structural graphite
materials, rocks, concrete, refractory ceramics, cast iron, some composite materials and others. The stress state type can be
1
defined by the parameter 𝜉 = 𝜎/𝜎0 , where 𝜎 = 𝜎𝑖𝑖 is the hydrostatic component of the stresses and 𝜎0 is von Mises
3

3

equivalent stress, 𝜎0 = √ 𝑆𝑖𝑗 𝑆𝑖𝑗 , 𝑆𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝛿𝑖𝑗 . This parameter determines on the average the ratio of normal stresses to
2

shear stresses in solids and it is named stress triaxiality. The mechanical properties of media under consideration can be
illustrated by experimental data for rocks. Diagrams of the dependence between effective stress 𝜎0 [MPa] and effective strain
2

1

3

3

𝜀0 = √ 𝑒𝑖𝑗 𝑒𝑖𝑗 , where 𝑒𝑖𝑗 = 𝜀𝑖𝑗 − 𝜀𝛿𝑖𝑗 , 𝜀 = 𝜀𝑖𝑖 is bulk strain, obtained under proportional loading of cylindrical specimens
of white marble are shown in Fig. 1. The experiments were carried out under axial compression and lateral pressure with
different ratios of axial stress to lateral pressure. Curve 1 corresponds to uniaxial compression, 𝜉 = −0.333, and curves 2–7
correspond to the following values of parameter 𝜉: −0.407 (2), −0.464 (3), −0.55 (4), −0.63 (5), −0.79 (6), −1.39 (7). The
samples of white marble had the density 2.71 g/cm3 and the porosity 0.92%. The relation between the hydrostatic component
of stresses and bulk strain for the same types of proportional loading are shown in Fig. 2. Instead of a single curve there is a
set of curves 𝜎0 ∼ 𝜀0 . It means that the shear and bulk properties of this material are interrelated. From Fig. 2 one can see
that under conditions of compressive stresses, the dilatation of a material is possible, so that the hydrostatic stress and the bulk
strain may have different signs, although under the uniform triaxial compression, the material exhibits a linear dependence of
the bulk strain on the hydrostatic stress.

Fig. 1: Equivalent stress-strain curves for
white marble under different conditions of
proportional loading.

Fig. 2: Relations between hydrostatic
component of stresses and bulk strain for
white marble.

Fig. 3: Equivalent stressstrain curves for cast iron
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Similar equivalent stress – strain curves can be obtained for the cast iron SCh 15-32. Curves 1 and 6 correspond to the
uniaxial tension (𝜉 = 0.333) and the uniaxial compression (𝜉 = −0.333), curve 3 corresponds to the simple shear (𝜉 = 0),
and curves 2, 4, and 5 correspond to the proportional loading with the values of parameter 𝜉 equal to 0.232, 0.064, and 0.126,
respectively. These diagrams are essentially nonlinear. The volume residual change can exceed 0.6%, which is
commensurable with the shear strains.
CONSTITUTIVE RELATIONS
The constitutive equations for the media under consideration can be formulated on the base of the deformation theory of
1
plasticity using the complementary potential energy function, that can be represented in the form Φ = (𝐴 + 𝐵𝜉 2 )𝜎02 +
2
[1 + 𝜅(𝜉)]𝑔(𝜎0 ). For the power law function 𝑔0 (𝜎0 ) = 𝑘𝜎0𝑛 /𝑛 the generalized stress-strain relations are
3
1
[𝐴 + 𝜆(𝜉)𝑘𝜎0𝑛−2 ]𝑆𝑖𝑗 + [𝐵 + Λ(𝜉)𝑘𝜎0𝑛−2 ]𝜎𝛿𝑖𝑗 ,
2
3
𝜆(𝜉) = 1 + 𝜅(𝜉) − 𝜅 ′ (𝜉)𝜉/𝑛, Λ(𝜉) = 𝜅′(𝜉)/(𝜉𝑛 ).
𝜀𝑖𝑗 =

The equivalent bulk strain and bulk strain are determined by the equations
𝑛−2
𝜀0 = [𝐴 + 𝜆(𝜉)𝑘𝜎𝑛−2
0 ]𝜎0 , 𝜀 = [𝐵 + Λ(𝜉)𝑘𝜎0 ]𝜎.

The bulk strain and the equivalent strain are interrelated, and this relationship depends on the type of stress state in a medium.
A quite satisfactory correspondence between theoretical stress - strain curves shown in Fig. 1 and Fig. 2 by solid lines and
experimental values of stresses and strains marked by points corresponding to different types of loading is observed. The
approximations for material functions are suggested. The conditions for the uniqueness of solution of boundary value problem
are the following:
𝐴 + [(𝑛 − 1)𝜆(𝜉) − 𝜉𝜆′ (𝜉)]𝑘𝜎0𝑛−2 > 0,
𝐵 + [Λ(𝜉) + 𝜉Λ′ (𝜉)]𝑘𝜎0𝑛−2 −

[𝜆′ (𝜉)𝑘𝜎0𝑛−2 ]2
> 0,
𝐴 + [(𝑛 − 1)𝜆(𝜉) − 𝜉𝜆′ (𝜉)]𝑘𝜎0𝑛−2

1
(𝐴 + 𝐵𝜉 2 )𝜎02 + [𝜆(𝜉) + 𝜉 2 Λ(𝜉)]𝑘𝜎0𝑛 /𝑛 > 0.
2

The crack problem under remote tensile stress normal to the crack plane is considered to study the influence of features of
material’s behavior on stress and strain fields near a crack tip and conditions for crack growth.
CONCLUSIONS
On the base of analysis of results of experimental studies of different heterogeneous materials, the constitutive relations are
proposed to describe the stress state susceptibility of materials properties, materials dilatation and other features of materials
behaviour. Quite satisfactory correspondence between experimental data and theoretical dependencies is demonstrated. For
specific material functions, the distributions of stresses, strains, and displacements near the crack tip are studied. The
conditions of the crack growth initiation are determined with the use of the invariant integral. It is shown that the amplitude
of singularity for the material with stress-state dependent properties is substantially lower than the corresponding value
obtained for the incompressible material.
Acknowledgements The work was carried out in the Perm National Research Polytechnic University with support of the
Government of Russian Federation (The Decree № 220 on April 9, 2010) under the Contract № 14.В25.310006, on June 24,
2013 and Russian Foundation for Basic Research, grants 14-01-00199, 14-01-92002.
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Summary A slab model with non-vertically aligned contact points is coupled with an elastic model of a split ring to model ring rolling. The
slab model uses rigid plasticity and Coulomb friction. The workpiece is assumed to be at yield on the rolls and locally has circular free
surfaces otherwise. The choice of four contact points and two neutral points are used to satisfy force and geometry end conditions within
the roll bite. A variable thickness and variable curvature beam model approximate the split ring. End conditions for both models must be
compatible, producing a coupling between the two models. Additionally, to time step through the process, the plastic deformation within
the roll gap must be estimated and tracked to update the unstressed thickness and curvature of the outer model. Comparisons will be made
to finite element simulations for a range of parameters and several methods of curvature prediction.

INTRODUCTION
Ring rolling is a common forming process to produce metal rings. The thickness of forged ring blanks are reduced while
the circumference is increased by passing the workpiece between two rolls with a separation less than the current thickness to
incrementally thin the workpiece. Analytical models remain of interest as short evaluation are required in closed loop control.
Slab ring rolling models have previously been presented [3, 2], however, none include the behaviour of the elastic ring or
properly treat the positioning of the contact points. Recent slab sheet rolling models have been developed to make curvature
predictions of the workpiece [4, 1] which is necessary for predicting the deformation of the outer ring.
MODEL FORMULATION
During ring rolling, plastic deformation predominantly occurs within the roll
bite, indicated by the shaded region in Figure 1. By assuming it is limited to this
region, the process can be considered in two parts: the ‘inner’ problem of plastic
deformation between the roll bites and the ‘outer’ problem of the elastic ring.
The inner and outer models are coupled by matching forces and geometry at the
entrance and exit to the roll bite.
Roll Bite Formulation
The roll bite model is formulated similar to that in [4]. The rolls are considered
rigid, the workpiece perfectly plastic and transverse material flow is neglected. Figure 1: Illustration of the ring rolling
Roll-workpiece interactions are modelled with a Coulomb friction model,
process.
v−U
τ=
µp,
(1)
|v − U |
where τ is the shear, p is the roll pressure, µ is the friction coefficient, v is the workpiece velocity on the boundary and U
is the roll velocity. A force balance of each vertical element provides conditions to determine ordinary differential equations
for the mean through thickness shear, τ̄ ; horizontal (in the x direction of Figure 2) stress on the top roll surface, σtop ; and
horizontal stress on the bottom roll surface, σbot . To close these equations through thickness variation in horizontal stress is
assumed to be linear and the workpiece is assumed to be at yield when in contact with roll surfaces,
2

2

(σx − σy ) + (µσy ) = k 2

(2)

where k is the yield stress in shear. The force balances can then be solved for




2
h0top
Fv,top + Fv,bot
h0bot
dσbot (htop − hbot )
=
− Fh,top htop +
+ Fh,bot hbot +
dx
6
2
2
2
 σtop

σbot
0
0
0
0
0
+
4htop htop − htop hbot − htop hbot − 2hbot hbot +
2htop htop + htop h0bot + h0top hbot − 4hbot h0bot
6
6




1
σtop + σbot 0
2
2
−
2htop − htop hbot − hbot Fh,top + Fh,bot +
htop − h0bot
6 (htop − hbot )
2
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dσtop
2
=−
dx
htop − hbot


Fh,top + Fh,bot +



σtop + σbot 0
dσbot
htop − h0bot −
2
dx



−1
dτ̄
τ̄ h0top − h0bot + Fv,top + Fv,bot .
=
dx
htop − hbot
where primes indicate differentiation in x and Fh/v,top/bot is the horizontal/vertical force acting on the top/bottom boundary.
The key development from [4] is to allow the inlet and outlet contact
points to vary. This requires assumed geometry of the free surfaces of the
workpiece to close the force balances in these regions. The geometry is detailed in Figure 2, It also requires six points, where the friction conditions
change, to be determined: inlet contact, neutral point and outlet contact on
the top and bottom rolls.
The surface velocity ratio at the neutral points must equal the roll speed
ratio,
v(xN,top )
Utop
=
.
Ubot
v(xN,bot )
where v(x) = vin ∆hin /∆h(x). This condition can be used to solve one
neutral point from the other.
Figure 2: Illustration of the roll bite geometry.
Given the bottom contact point of either end, the top contact point can
be determined using geometry. Assuming both the top free surface of the workpiece and the rolls are circular, as depicted in
Figure 2, the boundary equations are
2

2

2
(x − x0 − rin sin (θin )) + (y − y0 + rin cos (θin )) = rin
2

2
x2 + (Rtop + gtop − y) = Rtop
.

where gtop is the clearance between the defined axis and the bottom of the top roll. Eliminating y between these equations
produces a quadratic equation for the top contact point.
The remaining three points are then determined to satisfy both inlet and outlet conditions on the mean shear, τ̄ ; top
horizontal stress, σtop ; and bottom horizontal stress, σbot .
Ring Formulation
A curved elastic beam model with variable thickness and curvature is used to model the workpiece outside the roll gap as
a split ring. The extent to which the split is separated determines the relative angles, curvature and forcing at the ends of the
ring. These values define the geometry and end conditions of the inner problem so are iteratively solved between both models
to find values that satisfy both.
This formulation requires a known, unstressed thickness and curvature profile. As the process starts with a workpiece of
known geometry this requirement is initially satisfied but subsequent plastic deformations must be tracked as the processes
continues in a time stepping manner. As plastic deformation only occurs in the roll bite, predictions of the plastic roll
reduction and curvature change from the roll bite model are sufficient. Several approximations of curvature prediction have
been proposed in literature [4, 1] and these are compared within this framework.
CONCLUSIONS AND FURTHER WORK
We have extended a slab model to allow the position of the contact points to be determined. This accommodates more
arbitrary end conditions to be coupled to a curved beam model to describe the outer ring of the workpiece. To step forward in
time, as the workpiece is reduced, curvature and thickness predictions are required and must be tracked around the workpiece.
This will be implemented and comparisons will be made to finite element simulations for a range of parameters. Several
existing curvature predictions from slab models will be compared in this application.
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Summary The deformation mechanism of kink bands in a layered solid with a single-slip system is studied. The computational analysis
from our previous work, which used a spring–mass model is developed to discuss the criterion for the kink banding. An idealized model
from a viewpoint of the kinematic condition of compatibility formulated for the development of a ridge-shaped kink structure(RSKS) is
used to explain the results. A theoretical consideration based on the Maxwell stability criterion for the simple idealized model predicts the
dependency of the intensity of interlayer interaction.

INTRODUCTION
Nucleation of kink deformation under a compressive force in the direction parallel to the layers can be regarded as a type
of instability phenomenon[1,2]; the deformation mechanism is closely related to the geometrical nonlinearity of the layered
solid. In our previous works, the kinematic condition of compatibility is formulated for the development of a ridge-shaped
kink structure(RSKS) [3], and computational analysis of kink deformation is carried out using a practical model of layered
ceramics to study the effects of inter-layer slip and delamination[4]. In this study the deformation mechanism is discussed
from the viewpoint of the instability theory based on the Maxwell stability criterion[5].
MODEL AND METHOD OF COMPRESSION TEST
Computational simulation of kink deformation
A specimen of layered solid is compressed parallel to its layers as shown in Figure 1 . The force field of particles system
is given by total energy Φ that consists of contribution of the distance of neighboring particles in the same layer, Φbond ,
contribution of the angle of neighboring bonds, Φangle , and nonlinear interaction of different layers, Φinterlayer . Table 1 shows
parameters to study the effects of both intrinsic character of material (the inter-layer strength R and the stiffness of in-layer
bending, Cθ ) and external conditions (the velocity of constraint particle, vbc and the stiffness of elastic support, k).
Theoretical prediction of stress–strain relationship
An ideal model of kink deformation is studied for the theoretical prediction of mechanical properties as shown in Figure
2. We use the variables l, h, α, u, α∗ , γ (1) , γ ∗ , ω ∗ and their associated formulations from Ref. [3]. Under the ideal plasticity
assumption that the resolved shear stress τ ∗ = σ sin(2α∗ ) cos(2α∗ ) in a RSKS is a constant critical resolved shear stress
(CRSS), τ0 , during the development of kink deformation, the nominal compressive stress σ and the nominal strain ε = u/l
are expressed by α∗ . The stress σ is evaluated by:
σ = Eε

(pre-kinking),

and

σ = E(ε − εp )

(kinking and post-kinking)

(1)

where E denotes Young’s modulus. The plastic strain is εp = (h/l)γ (1) = (h/l)[tan(2α∗ ) − 2 tan α∗ ].
Layers
L

α

S2

l
vbc
1
x2
x1

−vbc
S1

(a)

φharmonic
rc
l −th layer

ν(l , i )

Particles of mass
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φ elastic
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Case 5s
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Figure 1: Spring–mass model(see Ref. [4])
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(1)

2l

Table 1: Analysis conditions(see Ref. [4])
φ angle

vbc

α α

(1)

R
1.0
1.0
0.3
0.3
0.1
0.1
0.3
0.1

vbc /v0
1.0
2.0
1.0
2.0
1.0
2.0
1.0
1.0

k/Cpair
10−4
10−4
10−4
10−4
10−4
10−4
10−3
10−3

(1)

α∗ γ
γ∗
ω∗

(1)

ω∗

γ∗ γ∗
α∗ α∗

(b)

u

(1)

γ

α∗
γ∗

ω∗

Figure 2: A simple model of
RSKS under uniaxial
compressive
loading:
(a) initial shape, and (b)
deformed shape (See,
Ref. [3])
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RESULTS AND DISCUSSION
Figure 3 shows structures for Case 3s. The gradation in the figure corresponds to the amount of rotation ω ∗ from
−60◦ (blue) to 60◦ (red). The kink bands develop with lattice rotation. Figure 4 shows the force–displacement diagrams.
All curves are composed of three stages: Stage 1) the force increases roughly in proportion to the displacement (pre-kinking),
Stage 2) the force drops rapidly (kinking), Stage 3) the force continues to stay low, then increases gradually with increasing
displacement (kinking and post-kinking). The transition from Stage 1 to Stage3 can be regarded as a instability, and the value
of the critical force for kinking primarily depends on the intensity of interlayer interaction, R, from a rough evaluation.
Figure 5 shows the force–displacement diagram predicted by Eq.(1) under a simplified condition. Here, h/l is set to 1/4,
and the three curves correspond to the case of a CRSS for interlayer slip, τ0 /E = 0.04, 0.012, and 0.004, assuming τ0 is
related to R. The force as a function of displacement is multivalued, and there is a range in which three of its values are
associated with a displacement. The shape of function is similar to the curve obtained for other microstructures[6].
The computational results cannot show the multivalue nature of the function, but simply show sudden drops of the force.
This phenomenon can be explained by the concept of the Maxwell stability criterion[5] (the Maxwell construction). That is,
during kinking, the released strain energy assists further deformation. Applying the Maxwell stability criterion to the curves
of Figure 5 gives us a good explanation of the dependence on R seen in Figure 4.

0.15

Linear Elasticity
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case 3
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case 5
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case 3s
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0.10

0.05

Nominal stress σ/E
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Figure 4: Force–displacement diagram
(computational results)

0
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0.10
0.15
0.20
Nominal strain ε

0.25

0.30

Figure 5: Force–displacement diagram
(theoretical prediction)

Figure 3: Structures of specimen
(Case 3s)

CONCLUDING REMARKS
We discussed the deformation mechanism of kink bands in a layered solid with a single-slip system. The criterion of
the kinking obtained through a computational approach was clarified by a theoretical consideration using a simple idealized
model based on the Maxwell stability criterion under the kinematic condition of compatibility.
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Summary Recently a meso-macro mean-field model formulated in the framework of viscoplasticity, including backstress effects, has been
proposed to depict the effects of transformation induced plasticity (TRIP) in Maraging steels for non-proportional loadings [1]. This model
has now been implemented in an implicit return-mapping formalism in the finite element code Zebulon. The implementaion is discussed and
the stability of the solution as a function of the time step is compared to an explicit solution. Performance tests for fully implicit and mixed
implicit-explicit solutions are carried out on larger structures. Local divergence issues, arising from the application of the Newton-Raphson
scheme and the strong coupling between the phase fraction and evolution equations are discussed. As a next step a micro-scale model
incorporating realistic transformation strains for lath martensite and crystal plasticity is developed, for the calibration of the macroscopic
transformation yield function as well as stress and temperature dependent kinetics.

For constitutive models capturing dissipative mechanisms, stress update algorithms are always required. In the straindriven process within a finite element model, the goal of such update algorithms is the computation of the state variables at
time tn+1 by means of the internal variables at time tn and the current strain tensor. An overview of stress update algorithms
can be found in [2] and in the references cited therein. Here it is pointed out that recently, so-called variational constitutive
updates, which were long known but rarely implemented, are increasingly gaining momentum [3]. Here we follow the
nowadays, most frequently applied implementation scheme, i.e. the so-called return-mapping or projection scheme. Within
this scheme, evolution equations and the flow rule are discretized by a backward Euler time integration and the unknowns
such as the plastic strain increment are computed by solving a system of nonlinear equations, with a standard NewtonRaphson iteration. In our model, formulated in a small strain formalism at the macro-scale, the interaction of plasticity and
TRIP is taken into account via a coupling of backstresses, supported experimentally by a certain percentage of recoverable
TRIP strain upon load reversal. Evidently, these backstress effects become an issue for non-proportional loading paths, i.e.
whenever the local stress state varies with time. The additional strain rate originating from TRIP is frequently described by a
flow rule in analogy to classical plasticity [4, 5]. The anisotropy of the transformation strain is reflected in the macroscopic
transformation-yield function. Basic ideas on its formulation on the RVE level in analogy to plasticity can be found in [6].
For instance tension-compression asymmetry is achieved with a third invariant. The resulting orientation meanfield tensor
εo , which is purely deviatoric, gives an average value of crystallographic orientation strains arising in the martensitic phase
pursuant to specifically activated martensitic variants. The variant interaction is taken into account on the mesolevel by
introducing an orientation back stress tensor. For the coupling between martensitic transformation and accompanied plastic
deformation, the β-rule [7] has been adopted only for the deviatoric strain parts, meaning that in the austenitic phase plastic
deformation and in the martensitic phase orientation strains and plasticity are taken into account. The volumetric strains are
treated with a linear scale transition rule. Thereby, the Greenwood–Johnson and Magee effect are dealt with separately on the
mesolevel. The modified β-rule also couples the meanfield orientation tensor, with plasticity of both phases on the mesoscale
directly. Therefore, i) each newly growing martensitic domain arises with the meanfield value of those variants preferred due
to the actual phase stress field and ii) further internal variables and evolution equations for orientation induced plasticity can
be omitted. While the direction of microstructure evolution can be described by thermodynamics it is the strong influence
of thermodynamic non-equilibrium mechanisms that entails the large variety and complexity of microstructures. Maybe the
most challenging part of models like this is to quantitatively describe the phase-fraction kinetics depending on the interplay
between stress, strain and temperature rates, by finding relations of reasonable parameters for internal transformation driving
and dragging forces. Note that this can no longer be done on a macroscopic level where only phase-averaged quantities appear,
therefore we develop a model on the microscale within one grain taking into account the highly anisotropic transformation
strains and rate independent crystal plasticity. The model should help to determine suitable parameters for yield functions
such as that of our model [1]. In maraging steels, martensite appears in the form of laths in a hierarchical manner, which
is a general feature of quenched steels with a low or negligible carbon content, such as plain low-carbon steels, low-carbon
and low-alloy steels, and interstitial free (IF) steels [8]. Particularly, laths having the same densest planes ({111}) form
a block, blocks form a packet, where each packet contains exactly 6 variants, and packets partition the grains [9]. Many
models merely use the Bain strains as strain input. However, the Bain orientation relationship does not exist. Therefore, it
is not appropriate for calculating transformation texture [10]. A complete crystallographic set of habit-plane shape strains
calculated from the phenomenological crystallographic-theory of martensite transformations including: The habit plane, the
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shape deformation and the orientation relationship (and implicitly the lattice-invariant deformation normally calculated with
a double shear formalism [11].) For the non-thermoelastically grown martensite considered here, the midrib of the lens like
plates (plane of initial, unconstrained growth) can be seen as the habit-plane [12]. The evolution the martensitic variants
is modelled within a visocplastic framework. Let λi be the volume fraction of the i-th variant, then the evolution of each
martensite variant fraction is given by (see [13]):
λ̇i =

ntr
1
hΦi i Hs [λ0 , λi ]
i>0
νtr tr


with Φitr = Λ0 − Λi − fc

and Hs [λ0 , λi ] = (λ0 )s1 (λi )s2

(1)

where Φitr is a overstress function ensuring that variants only start to form out of the austite if the difference between the free
enthalpies of austenite and martensite exceeds an energetic barrier fc [13]. The general formalism for multiple transforming
variants can be found in [14]. At the same time rate-independent single-crystal plasticity for a face-centered cubic lattice is
considered to quantify the plastic deformations in the untransformed austenite.
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YIELD SURFACE EFFECTS ON STABLITY AND FAILURE
William M. Scherzinger *
Solid Mechanics, Sandia National Laboratories, Albuquerque, New Mexico, USA
Summary This work looks at the effects of yield surface description on the stability and failure of metal structures. We consider a number of
different yield surface descriptions, both isotropic and anisotropic, that are available for modeling material behavior. These yield descriptions
can all reproduce the same nominal stress-strain response for a limited set of load paths. However, for more general load paths the models can
give significantly different results that can have a large effect on stability and failure. Results are shown for the internal pressurization of a
cylinder and the differences in the predictions are quantified.

INTRODUCTION
Stability and failure in structures is an important field of study that provides solutions to many practical problems in solid
mechanics. The boundary value problems require careful consideration of the geometry, the boundary conditions, and the
material description. In metal structures the material is usually described with an elastic-plastic constitutive model, which can
account for many effects observed in plastic deformation. Crystal plasticity models can account for many microstructural effects,
but these models are often too fine scaled for production modeling and simulation. In this work we limit the study to rate
independent continuum plasticity models.
When using a continuum plasticity model, the hardening behavior is important and much attention is focused on it.
Equally important, but less well understood, is the effect of the yield surface description. For classical continuum metal
plasticity models that assume associated flow the yield surface provides a definition for the elastic region of stress space
along with the direction of plastic flow when the stress state is on the yield surface. Often the direction of plastic flow is
overlooked even though it can have the greatest effect on the results of a simulation. For comparisons we consider a number
of models that employ different yield surface descriptions that describe isotropic and anisotropic material behavior. We consider
the yield surfaces due to Tresca, von Mises, Hosford [1], Hill [2], Barlat, et. al. [3], and Karafillis and Boyce [4].
As an example boundary value problem we examine the internal pressurization of an aluminum cylinder. The analysis
results show significant sensitivity to the form of the yield surface and insight into how assumptions in the constitutive
model affect the behavior.

Figure 1: Boundary value problem for the internal pressurization of a
cylinder in plane strain.
BOUNDARY VALUE PROBLEM
We consider the internal pressurization of an aluminum cylinder as shown in Figure 1. The problem is modeled using
continuum finite elements. We enforce plane strain in the axial direction; with 𝑅/ℎ = 100 the state of stress is nearly
plane stress. The material is 2090-T3 Al which has been parameterized for the Yld2004-18p model by Barlat et. al. [3]. The
parameterization is used to fit the Tresca, von Mises, and Hosford yield surfaces in such a way that the yield stress is
matched in uniaxial tension. The Hill yield surface is also fit so that the yield stresses are the same in uniaxial tension and
shear relative to the principal material directions. The material models are implemented in Sandia National Laboratories’
Sierra Solid Mechanics code [5], which is used to solve the boundary value problem. The finite element model is loaded
through a prescribed radial displacement on the inner surface of the cylinder and the internal pressure is calculated from the
reaction forces and the current geometry. This is necessary so that a solution can be found through the maximum load.
*
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MODELING RESULTS
The internal pressure is plotted in Figure 2 as a function of the radial displacement for models using the Barlat, Hill, and
von Mises yield surfaces. The Barlat and Hill yield surfaces are two choices one can choose for an anisotropic model, but
they give significantly different results; the results using the Hill model have a maximum pressure that is approximately
15% higher than that calculated with the Barlat model. This shows a significant difference in behavior for two models that,
to the extent that they can, model the same material behavior.

Figure 2: The pressure vs. radial displacement curve for the internally
pressurized cylinder showing significantly different results for 2090-T3 Al.
We analyze the results to understand the influence of the yield surface on the structural loads. The stress paths are
plotted in plane stress space in Figure 3. For this load path the effect of the yield surface is obvious. While the yield stress in
the circumferential direction is the same for all three models, and the yield stress in the axial direction is the same for the
two orthotropic models, the results are very different, even for the orthotropic models. The shape of the yield surface
between the two material directions along with the different plastic flow directions leads to significant differences in the
results.

Figure 3: The pressure vs. radial displacement curve for the internally pressurized
cylinder showing significantly different results for 2090-T3 Al.
We have many choices for plasticity models, and many aspects of a plasticity model - including the hardening model,
temperature dependence, and rate dependence - are important. The yield surface, however, is often overlooked. As shown in
this work, significantly different results can be obtained for models that ostensibly capture the same behavior.
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MICROSTRUCTURAL EFFECTS IN NICKEL-BASED ALLOYS DAMAGE DURING
PLASTIC LOADING
Shakhrukh Ismonov, Monica Soare
General Electric Global Research, Niskayuna, NY, USA

Summary It was experimentally observed in the literature that damage during low cycle fatigue of polycrystalline nickel-based alloys
initiates in the areas with highly localized plastic strains. In our study alloy-R88DT with densely populated annealing twins, the interface
between the twin and the parent grain is especially prone to local damage since it coincides with the slip planes. This is mor e evident
when the interface is characterized by high Schmid factors and low elastic modulus grain. Crystal plasticity simulations are performed in
order to identify numerically the microstructural factors, such as crystalline orientation of the grain–twin pair, elastic properties of the
grain and twin, twin geometry, promoting high total stain in the material and thus high probability of damage. Maps indicating the strain
localization are provided in the space defined by grains/twins orientations at high temperatures where multiple types of slip systems are
activated.
Introduction
R88DT material is a precipitation strengthened polycrystalline superalloy used in the gas turbine disks due to its excellent
elevated temperature properties such as high tensile strength, superior creep resistance, and high resistance to fatigue crack
growth. The crack nucleation process at the microscale was studied experimentally [1,2] and location of damage was
identified. For this material with high annealing twin density, the interface between the twin and the parent grain appeared
to be the weakest link, especially if it is characterized by a high Schmid factor and high discrepancy in the elastic modulus
of the two sides of the interface. Using crystal plasticity models, the current study identifies the orientations (of the grain
and associated twin) for which the interface may experience high plastic deformations and thus high probability of failure.
First a micro-structurally informed crystal plasticity model was developed at high temperature. Single crystals with
representative microstructures were created and mechanically tested under different crystallographic orientations for model
calibration. The model calibrated on single crystal data was then used in a polycrystalline structure to predict the
macroscopic stress-strain response. Once validated, the model was applied for various grains/twin orientations in order to
identify the high interface strains scenarios.
MECHANICAL TESTS, CHARACTERIZATION AND MODEL DEVELOPMENT
Tensile and compressive tests of representative material, single crystal oriented in 3 different directions ([100], [110], [111])
were conducted at 1200oF. Tensile tests were performed at a strain rate between 1e-3 to1e-4/s while compression tests were
performed at constant strain rate of 1e-3/s. Selected specimens were deformed to rupture, while others were interrupted
around 7% strain for microstructure characterizations. The mechanical tests were followed by TEM characterization for
deformation mechanisms understanding. Mechanisms as plastic slip alongside primary and secondary octahedral systems,
stacking-faults formation and precipitate shearing have been observed. Their activation was highly dependent on crystal
orientation. Figure 1 shows the dominant mechanisms for [100] and [111] loading direction. Interestingly strong tensioncompression asymmetry has been observed at tested temperature in [111] orientation.

a)

[100] tension sample Pairs of {111}½[011]
dislocations shearing the precipitates

b)

[111] tension sample. Pairs of 1/6[211]
partials
Figure1. TEM observations for single grain specimens. Strongly coupled {111}½[011]
dislocation pairs observed for [100] oriented sample (a)), dislocation activity in {111}1/6[211] observed for [111] oriented sample (b))
(Courtesy of Mallikarjun Karadge, GE Global Research)

The observed mechanisms have been incorporated in a viscoplastic constitutive model and implemented in a finite element
code based on framework proposed by Lee [4, 5]. The model was able to distinguish the activation of octahedral primary
and secondary slip systems for different crystallographic orientations, to capture the tension compression asymmetry and to
predict very well the initial yield values. Applied on the actual samples geometries (cylindrical with circular cross-section)
a)
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the model captured the ellipsoidal deformed cross section of the tension samples and extensive shearing of the compression
samples.

Figure 2 Deformed cross-section of the [111] tensile sample as observed in the experiment and predicted by the crystal plasticity model

RESULTS AND CONCLUSIONS
Experimental observations presented in the literature [1, 2] showed correlations between the the high damage probability
locations and high strains locations (which are most often at the interface between grains at their associated annealing
twins). Due to the FCC structure of the studied alloy, the interface grain- coherent twin is always in a {111} type of plane.
Using the calibrated visco-plastic model, we constructed a contour map of the maximum projected strains at the grain –twin
interfaces, in a sphere representing the grain orientation (Figure 3c).This type of map can provide a rapid estimation of the
damage probability when comparing various grains orientation. We observed numerically that the high strains locations are
cumulated effect of high Schmid factor (Figure 3a)) locations and high grain/twin difference in elastic modulus (Figure 3b),
in agreement with the experimental observations. The method can be efficiently applied (and maps reconstructed) for
various stress and temperature levels.

Figure 3 Contour maps of the elastic modulus difference, maximum [111] Schmid factor difference and projected strain difference between a
grain and its associated annealing coherent twin. Each point on the sphere represents a loading direction. Figure 3c – gives a first order
indication of the orientations with higher probability of failure (red areas)
The authors would like to acknowledge Shenyan Huang and Mallikarjun Karadge (General Electric Global Research) for their
contributions to the experimental and microstructural characterization parts.
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AN ELASTIC-VISCOPLASTIC CRYSTAL PLASTICITY MODELING AND STRAIN
HARDENING FOR PLANE STRAIN DEFORMATION OF PURE MAGNESIUM
Weidong Songa)
School of Mechatronical Engineering, Beijing Institute of Technology, Beijing, China
Abstract A rate-dependent elastic-viscoplastic constitutive model is proposed to simulate the plane strain deformation of
pure magnesium crystal. The basal, prismatic and pyramidal slip systems in the parent grain, compressive twinning (CT)
and tensile twinning (TT) are incorporated in the model. The constitutive descriptions of CT and TT are distinguished to
better characterize their effects on the overall hardening of magnesium single crystals. The plane strain numerical schemes
of seven different orientations for loading and fixed boundary are considered and their various mechanisms and
characteristics of plastic deformation are discussed. These computational predictions are carefully compared with their
corresponding macroscopic experimental observations and other numerical results. These results prove that it is necessary to
distinguish different twinning systems and their associated hardening laws for the plastic deformation of magnesium and its
alloy.
MODELING THEORY
Geometric kinematics
According to the assumption of pseudo slip for the deformation twinning, the plastic part of crystal velocity gradient
tensor is co-produced by the slip in the matrix (un-twinned region), twinning in the matrix and slip in the twinned region [1].
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where the sl denotes the shear rate on the slip system  ; f  and tw represent the volume fraction and shear rate on the
twin system  respectively; sl  tw denotes the shear rate on the slip system  produced in the twinned region;
N tw , N sl and N sl  tw , respectively, denote the total number of twin systems, slip systems and slip systems in the twinned
region; n * and m* denote the direction of slip or twinning and the normal to the slip or twin plane;  denotes the tensor
product.
The total Cauchy stress is superimposed by the volume fraction of twinning with the Cauchy stresses of slip and
twinning.
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Hardening theory
The deformation of CT prefers the Hall-Petch mechanism. It is clear that the twinning boundary is similar to the grain
boundary and it reduces the length of the slip in the Hall-Petch mechanism. So the growth of CT will promote the hardening
of whole grain. However, when the volume fraction of CTs reaches a saturation value, there are some decreases for strain
hardening rate. A simplified expression was adopted to describe the hardening of CT by considering the nucleation and
growth of CT.
b



sct  ct

 N ct

 hct   f m    
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(3)

where hct and b are both the parameters to control the hardening rate of CT.
Because there are wider dislocation cores in TT than CT, TT can nucleate and grow up more easily and saturate faster.
This phenomenon is consistent with latent hardening by dislocation transmutation and incompatible with the Hall-Petch
effect. It is very similar to the mode of hardening of slip system, so the hardening rate of twinning from the influence of TT
on itself is substituted by a form of resembling the hardening rate of slip.
h 
(4)
stt tt  htt sec h 2  tt tt    
 s  tt   0  tt
where htt is the initial parameter of hardening rate on TT system  ;  0tt and  stt denote the critical resolved shear
stress and saturated stress on TT system  respectively;  tt is the cumulative shear strain on all the TT.
a)
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CRYSTAL PLASTICITY SIMULATION MODEL
Kelley and Hosford [2] conducted a detailed study for the plane strain deformation of magnesium whose initial
directions have been determined in the experiments under loads of different directions. They adopted a channel-die
experimental test: the sample was compression in one direction, while the second one was constrained by a fixed rigid wall
and the third one was free. The identical schedule is used in the simulations of present paper. Seven different loads and
fixed directions are adopted. Graff et al. [3] performed their model to simulate the seven orientations with Voce hardening.
But they did not consider the pyramidal slip <a> and CT for deformation of magnesium. Zhang and Joshi [4] also made a
similar simulation. The predicted results of this paper will be compared with the experimental data and their simulation
results.
RESULTS AND DISCUSSIONS
The parameter values are calibrated for constitutive equations by comparing with the experimental data. The parameters
for each slip or twinning system will keep fixed in all the cases. Only orientations E and F will be presented for the
limitation of page [2]. The {10 12} twinning is the first deformation mode to be activated for the orientation E and F. The
grains are reoriented while the volume fraction of TT reaches a critical value. The CT and non-basal slip (i.e.
pyramidal<c+a>slip in case E, prismatic and pyramidal<a> slip in case F) in the reoriented material are required to
accommodate the further strain. The Euler angles of orientation E are changed from (90°, 90°, 60°) to (-90°, 5.56°, 60°).
This orientation is only 5.56° away from case B. So the deformation mechanisms of post-TT are CT and
pyramidal<c+a>slip which are same to the orientation B. The Euler angles of orientation F are from (90°, 90°, 30°) to (5.11°, 33.58°, -91.95°). The CT, prismatic and pyramidal<a> slip become the dominate deformation modes for orientation F
after the implementation of the TT.

Fig. 1. Comparison of stress-strain curves from plane-strain compression predictions with experiments and other simulations (orientations
E and F).

CONCLUSIONS
A rate-dependent CPCM was presented to simulate the plane-strain deformation of magnesium single crystals. The
differences between tensile and compressive twins are distinguished. The crystallographic reorientation due to twinning is
considered. And the numerical simulations of seven orientations are carried out. The activity and influence of each
deformation mechanism are identified.
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AN INFLUENCE OF CYCLIC LOADING ON STRESS COMPONENT REDUCTION
IN THE TRANSVERSAL DIRECTION
Tadeusz Szymczak1a), Zbigniew Kowalewski2
Centre for Material Testing, Motor Transport Institute, Warsaw, Poland
2
Department for Strength of Materials, Institute of Fundamental Technological Research, Warsaw, Poland
1

Summary The paper reports results of tests where monotonic deformation was conducted in assistance of cyclic straining in the perpendicular
direction. Two variants of strain signals combinations were applied, i.e. monotonic tension with torsion cycles and monotonic torsion with
tension-compression cycles. The amplitudes of cyclic strain were lower than ±1%, frequency levels were selected within the range from 0.005
to 1 Hz. Independently of the cyclic strain direction applied the material response was similar. A stress reduction with the cyclic strain
amplitude increase was obtained for direction of monotonic loading.

INTRODUCTION
An effect of cycles on material subjected simultaneously to monotonic loading was investigated with special emphasis
to find possible application for technological forces reduction. Such approach is widely used by research groups trying to
modify the so called KOBO method, [1, 2]. This technique enables to produce tubes, rods and other types of profiles at
lower forces, than those necessary during conventional processes execution, [3]. In typical procedures an application of the
KOBO technique enforces large deformation in direction of cyclic loading [1, 2]. However, as it has been shown by other
researches [4, 5] the same effect can be achieved using cyclic loading of significantly lower strain amplitude. Such aspect of
analysis is not sufficiently recognized as yet. Therefore, the main aim of this paper is to study variations of stress-strain
curve due to monotonic deformation assisted by cyclic loading under a range of strain amplitudes and different frequencies.
EXPERIMENTAL PROCEDURE
The experimental procedure contained three stages. Firstly, monotonic tension and monotonic torsion tests were carried
out. Afterwards, monotonic tension assisted by cyclic torsion (symmetrical cycles) with step increasing strain amplitude was
performed. The third stage was planned to have step increasing strain amplitude of tension-compression cycles
superimposed on monotonic torsion. All tests were performed at room temperature using thin-walled tubular specimens of:
60 mm – total length; 15.7 mm – gauge length; 0.75 mm – wall thickness, Fig. 1. Axial and shear strain components in the
form of monotonic and sinusoidal functions were used to control the loading programme, Fig. 2a. In the case of torsionreverse-torsion cycles the following magnitudes of shear strain amplitude were taken: ±0.1, ±0.2, ±0.4, ±0.8%, while
frequency was equal to 1Hz. The tests to identify a frequency effect were conducted for values lower than 1Hz under
constant strain amplitude equal to ±0.4%. An influence of tension-compression cycles on monotonic torsion was
investigated for axial strain amplitude equal to: ±0.1, ±0.15, ±0.3 and ±0.75%.

(a)

(b)

(a)

Fig. 1. Thin-walled tubular specimen:
(a) geometry and dimensions, (b) zone for
location of strain gauges

Fig. 2. Test details: (a) loading programme, (b) comparison of standard tensile
characteristic to the responses under combined loading programme illustrated in
Fig. 2a

(b)

a) Corresponding author. Email: tadeusz.szymczak@its.waw.pl
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RESULTS AND THEIR ANALYSIS
The 14 MoV 6-3 steel commonly applied in automotive industry was selected for testing. It is used to produce car elements,
engine parts and suspensions. Tensile parameters of the steel were as following: Young’s modulus - 1.9×105 MPa; yield
point - 523 MPa; ultimate tensile stress - 653 MPa. The representative results from tests are presented in Figs. 2÷4. As it is
shown in Fig. 2, the steel in tension direction exhibited significant stress reduction due to presence of torsion cycles. This
effect became to be stronger with the increase of shear strain amplitude. The tensile stress drop attained 90% for the highest
strain amplitude considered. Similar effect has been observed during monotonic torsion assisted by tension-compression
cycles, Fig. 3. Again, with the increase of the cyclic strain amplitude, the shear stress magnitudes diminished dramatically.
Shear stress drop attained the level of ~30, ~150 and ~200 MPa for cyclic strain amplitude equal to ±0.15, ±0.3, ±0.75%,
respectively.
In the final step of the experimental programme an influence of cyclic torsion frequency on the monotonic tension was
investigated. Three levels of frequency were taken into account: 0.005, 0.05 and 0.5 Hz. In each test the cyclic strain
amplitude was the same: ±0.4%. The results are summarized in Fig. 4. As it can be seen, the axial stress lowered around 250
MPa for the lowest frequency considered. For the higher values of this parameter, i.e. 0.05 Hz and 0.5 Hz, such drop was
equal to 370 MPa and 470 MPa, respectively.
The experimental observations were modelled using the three surface model proposed by Mróz and Maciejewski [6].

Fig. 3. Variations of shear stress due to
presence of step increasing amplitude of
tension-compression cycles: 1 - 0.1%; 2 0.15%; 3 - 0.3%; 4 - 0.75 %, frequency 1Hz

Fig. 4. Effect of cyclic torsion frequency
on tensile curves

SUMMARY
Stress occurred during monotonic deformation can be significantly reduced by application of cyclic strain in the transversal
direction. This effect was visible for small values of cyclic strain amplitude and frequency, below ±1 % and 0.5 Hz, respectively.
In comparison to the initial state even 90 % stress reduction during monotonic loading can be achieved when assisted by cycles.
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EXPERIMENTAL RESEARCH OF CREEP, RECOVERY AND FRACTURE PROCESSES OF
ASPHALT CONCRETE UNDER TENSION
Alibay Iskakbayev1, Bagdat Teltayev2a), Femistokl Andriadi2,
Kayrat Estayev2, Elena Suppes2 & Ainur Iskakbayeva3
1
al-Faraby Kazakh National University, Almaty, 050040, Kazakhstan
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Summary There are given results of experiments over fine grained asphalt concrete on mode of direct tension under constant stress,
staged and cyclic loading at temperature of 20°С. Curves of creep and long-term strength have been constructed. Essential influence of
magnitude, duration of loading and resting between loadings on asphalt concrete failure time has been stated. Only 6-7% of strain
recovers after removing of the load.
INTRODUCTION
Asphalt concrete is one of the main materials to construct road pavements. Mechanical properties of asphalt concrete
depend on temperature, magnitude and duration of loading [1]. Under actual road condition, load magnitude of vehicles’
wheels on asphalt concrete pavement surface and loading duration change in wide range. Therefore practical importance is
determination of the mechanical behavior of asphalt concrete taking into consideration changes in mentioned above factors.
In this paper there are presented results of experiments over samples (size: 5х5х16 cm) of fine grained asphalt concrete
prepared using bitumen (grade of 100-130) on scheme of direct tension in different loading regimes at 20 °С temperature.
70 samples of asphalt concrete were tested.
CONSTANT STRESS
Testing under constant stress (creep) is one of the basic methods for determine behavior of viscoelastic material [2].
Testing of asphalt concrete samples was carried out on special constructed equipment. Obtained results showed that under
all stresses asphalt concrete samples were failed. Asphalt concrete creep curves have three characteristic sites (Fig.1): the
site I of unstabilized creep with decreasing rate, the site II of stabilized creep with constant (minimum) rate and the site III
of accelerating creep with increasing rate which precedes failure. Average relative durations of these sites are equal to 13 %,
63 % and 24 % respectively.
Constructed curve of asphalt concrete long-term strength is satisfactorily approximated by power function. Stress
change per one order causes changes in failure time of tree orders.
STAGED LOADING
Under actual road conditions vehicles with different weight parameters move on roads. Their axial loads vary in wide
range. Sequence of its application also essentially changes. Therefore there were tested asphalt concrete samples according
to staged loading scheme to estimate influence of loading sequence and its value on asphalt concrete failure.
The first sample was loaded by stress equal to 2.29 kg/cm2 (39.4 % from strength) during 40 seconds (loading rate
0,0573 kg/(cm2∙s) which had not changed for 60 s. Then with the same loading rate the stress was reduced till 1.57 kg/cm2
which was constant till the sample failure. The sample failure time was 1987 s.
The second sample was loaded firstly by stress equal to 1.7 kg/cm2 (27.0 % from strength) with the same loading rate
which was constant during 60 s. Then the stress was increased till 2.29 kg/cm2 with the same loading rate which was
constant till the sample failed. The sample failure time was 1024 s.
There was established that changes in small and big tension stresses sequences essentially influence on the asphalt
concrete failure time. In the case when the sample was firstly loaded by big stresses and then by small ones the failure
time increases almost for two times than the sample was loaded firstly by small stresses and then by big ones. This fact can
be explained by the fact that in the first case the duration of acting of big stress is essentially less than duration of acting of
small stresses.
CYCLIC LOADING
There are relaxation periods with different durations between loading sequences on roads. The sample of asphalt
concrete was tested according to the certain scheme to estimate relaxation effect. Firstly the sample was loaded by stress
equal to 1.38 kg/cm2 (23.8% from strength) with rate equal to 0.0626 kg/(cm2∙s) which was constant during 120 s. Then
a)
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the sample was unloaded fully with the same rate and it rested during 300 s. That regime of loading-unloading-rest was
carried out five times. The stress was constant after the 6 th time of loading till the sample failure (Fig. 2). Next sample of
asphalt concrete was tested under constant stress equal to 1.38 kg/cm2 till it failure. The times of the samples failure were
14 916 s and 5 836 s respectively.
LOADING WITH CONSTANT RATE
It was established that the asphalt concrete under investigated regimes of loading and temperature has essential
plasticity: only 6-7% of strain recovers; relaxation between serial loadings essentially increase the failure time - five time
relaxation with 300 s duration of each increased the failure time for 2.6 times.

Fig. 1 Creep curve of the asphalt concrete

Fig. 2 Curve of the asphalt concrete deforming at staged loading
Next samples of asphalt concrete were tested by loading with constant rate till failure. The results showed that
dependence of strain from stress is nonlinear. The influence of loading rate on asphalt concrete strength was found.
CONCLUSIONS
Experimental research of fine grained asphalt concrete samples at different regimes of loading showed, that: a creep
curve has tree stages of deforming; the curve of long-term strength is discribed by the power function; at big loads
dependence of stress from strain is nonlinear and plasticity is occurs.
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Summary Flutter and divergence instabilities are theoretically and experimentally analyzed in elastic structures with internal and external

damping. Despite of the fact that only the former (and not the latter) was believed to be a destabilizing effect, it is theoretically demonstrated
that the external damping plays a role similar to internal damping, so that both yield a pronounced destabilization paradox (in the Ziegler sense).
This finding and other features of the Beck and Pflueger columns are substantiated by an experimental campaign in which the follower forces
are obtained via dry friction with a newly designed experimental apparatus.

INTRODUCTION
Flutter and divergence instabilities may occur in elastic structures subject to tangential follower loads and well-known
examples are the Ziegler double pendulum and the Beck and Pflueger columns [1, 2]. A key point in these mechanical
frameworks is the realization of the follower force, which has been long debated and often considered of impossible
practical realization, as discussed in detail by Elishakoff [3].
The controversy about the realization of the force was definitively solved by Bigoni and Noselli [4], who showed how to
realize a follower tangential force in the Ziegler pendulum via Coulomb friction. Their idea, sketched in Fig. 1, was to
provide the follower force through a wheel of negligible mass mounted at the end of the Ziegler double pendulum and
constrained to slide against a frictional plane.

Fig. 1 Sketch of the experimental setup to realize a follower tangential force in the Ziegler double pendulum (figure adapted
from [4])
THE EXPERIMENTAL REALIZATION OF THE BECK’S COLUMN
The experimental realization by Bigoni and Noselli was found unsuitable for the analysis of the Beck and the Pflueger
columns, because if the ellipse of inertia of the cross-section of the rod to be tested is elongated, lateral torsional buckling
occurs and if the ellipse of inertia of the cross-section of the rod is a circle, flexure involves large deformation, too large to
produce the force necessary to flutter. Therefore, a new apparatus has been designed, following the scheme reported in Fig.
2 and realized.
The new experimental setup allows the first realization of follower tangential forces on elastic structures and allows a
systematic investigation of flutter, divergence, and dissipation-induced instabilities. In these experiments, internal and
external damping play a chief role, so that the effects associated to these two types of damping have been thoroughly
a)
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investigated. From theoretical point of view it is shown that external damping plays a destabilizing role qualitatively similar
to internal damping [5], a feature previously not believed, and which is now also experimentally confirmed.

Fig. 2 Sketch of the experimental setup to realize a follower tangential force in the Beck‟s column

The experimental realization of the follower force also permits the investigation of the so-called „Ziegler destabilization
paradox‟, where the critical force for flutter instability decreases by an order of magnitude when the coefficient of internal
damping becomes infinitesimally small. This instability is important since it represents an example of dissipation-induced
instability (in the sense explained in [6]) and the experimental setup allows for the first systematic investigation of this
instability.
CONCLUSIONS
A theoretical framework and an experimental setup have been proposed for the investigation of flutter and divergence
instabilities in elastic continuous structures, in the presence of internal and external damping. Results confirm theoretical results
that were demonstrated a long time ago, but never experimentally verified and pave the way to the realization of self-oscillating
mechanisms of completely new design.
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Dipartimento di Scienze e Metodi dell’Ingegneria, Università di Modena e Reggio Emilia

Summary Circular cylindrical shells are very efficient structures that have many applications and plays as key elements in several engineering fields. Shells usually exhibit a complicated dynamic behaviours because the curvature will effectively couple the flexural and in-plane
deformations together as the three displacement fields simultaneously appear in each of the governing partial differential equations and
boundary conditions. Therefore, it is understandable that the axial constraints can have direct effects on a predominantly radial modes. For
instance, it has been shown that the natural frequencies for the circumferential modes of a simply supported shell can be noticeably modified
by the constraints applied in the axial direction. In this paper the results of experimental tests on pre-compressed circular cylindrical shell
will be presented: different combinations of preload and harmonic external axial load have been tested but for brevity only few results are
shown.

SETUP AND TEST DESCRIPTION
The system under investigation consists of a circular cylindrical shell, made of aluminium, clamped both base and top
sides by means of two rings at two rigid supports (see Figure 1).The bottom support is an aluminium alloy circular disk rigidly
bolted to the shaker. The top disk is connected to the frame by means of a dynamic load cell, a stinger, and a static load cell.
The stinger is introduced in order to reduce the effects of misalignments. The frame provides an axial compression load and
the shaker provides a dynamic excitation: a sine step signal is generated by an ad hoc Matlab c script. A laser vibrometer is
used to measure the vibration of the side of the shell and its output is routed both to the spectrum analyser and to the controller.
The control system is open-loop in order to avoid control instabilities induced by nonlinear behaviour of the tested structures.
MODAL ANALISYS
The aim of the experimental modal analysis is to experimentally find the modes and corresponding eigenfrequencies which
characterise the dynamic behaviour of the structure. A complete preliminary modal analysis has been carried out for better
understand the shell behaviour and to identify natural frequencies, damping ratios and modal shapes of the modes by an impact
modal test with an impact hammer. More in details, three complete modal analysis between 1100Hz and 2000Hz have been
performed on the shell with three different level of preload at 0N , 50N and 100N . All experimental datas was post processed
in order to obtain the synthesised FRF and reconstructed with a dedicated Matlab c script, the modal shapes was identified
with the study in 3D representation and as map for better understand the shell properties. The effect of preload reflects a
reduction of the natural frequencies in all the considered modes.

Figure 1: system setup: (1) structure under test (2) shaker (3) shaker amplifier
(4) air cool system (5) static load cell (6) digital load gauge (7) force transducer
”pcb m231b” (8) force transducer amplifier (9) press system to apply static preload
(10) laser vibrometer (11)laser controller (12) shaker control system (13) pc (14)
spectrum analyzer ”ono-sokki cf-5220” (15a.b.c) 3 top accelerometers (15d) Base
accelerometer
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EXPERIMENT RESULTS
The experimental analysis was carried out with an open loop by a sine step from 1100Hz to 2000Hz, with a step frequency
of 1.0 Hz (in some tests reduced to 0.1Hz to better refine the study). Each run starting from the highest frequency (2000Hz)
towards the lower frequency (1100Hz) and backwards, each time varying the magnitude of the oscillations generated from
the shaker, from 0.1 V with regular steps of 0.1 V up to the maximum value of 1.0 V. These sweeps were repeated, both the
power supplied to the shaker and axial static load P0 are varied. The press system allows to vary the static axial load from a
minimum value P0 = 0N up to a maximum value P0 = 250N (safety limit to avoid shaker damage). Results are presented
for preload values of 100N and for different voltage levels. Symbols ”d” and ”u” mean decreasing (d, down) and increasing
(u, up) frequency sweep . The dynamic axial load, the lateral vibration and the accelerations at top and base of the shell are
measured to better highlight the dynamic behaviour.
Lateral velocity: 100N Preload
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Figure 4: Amplitudefrequency diagram of lateral velocity - 100N

Figure 5: Bifurcation Diagram of lateral velocity
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Figure 6: Waterfall of
lateral velocity drive
voltage 1.0V d
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(ii) 100N 1.0V DW 2 - 1134.00Hz - Velocity vs Base Acceleration
CONCLUSIONS
An ad hoc setup has been developed in order to measure both the dynamic load and the amplitude of vibration on the shell
surface; tests are performed at different preloads and different amplitudes of the axial dynamic excitation, they have shown
the existence of non linear behaviour in certain instability ranges. Chaos is found and a very well defined softening behaviour
can be observed together with a quasi periodic and multiple periodicity. Non linear dependence of the response on the preload
parameter is observed. Further experiments and correlation with numerical and theoretical models need to be performed in
order to fully understand the observed phenomena.
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Summary A bicycle wheel is a prestressed structure; the tensioned spokes hold the rim under compression. It can buckle due to the elastic
energy stored during construction or from external loads. This buckling mode, known as a “taco” or “potato chip” due to its saddle-like
shape, can result from either of two related failure mechanisms: (1) elastic buckling under uniform spoke tension, and (2) dynamic collapse
when loaded through the hub. Dynamic failure initiates from local buckling of the rim near the road contact. We derive an analytical
expression for the buckling tension for an unloaded wheel and simulate wheel collapse using non-linear finite-element calculations. We
present a lower bound for the load at which spokes will buckle. We find that increasing spoke tension increases the failure load, unless the
spoke tension is close to the buckling tension, in which case the wheel will collapse under even a small disturbance.

ANALYSIS AND DISCUSSION
The rim of a conventional bicycle wheel is connected to the hub by a set of slender spokes. Each spoke exerts a restoring
force on the rim proportional to the deflection of the rim at that point. If the spokes are closely spaced, the rim can be modeled
as a curved beam on a continuous elastic foundation [1]. The foundation stiffness in the radial and lateral directions are
ns Es As
ns Es As
cos2 α , kuu =
sin2 α
(1)
2πRLs
2πRLs
where ns is the number of spokes, Es and As are the Young’s modulus and cross-sectional area of a spoke, R is the rim
radius, Ls is the length of a single spoke, and α is the inclination angle of a spoke out of the center plane of the wheel.
krr =

Elastic buckling under uniform spoke tension
We first derive an analytical solution for the critical tension based on the principle of stationary potential energy. The
strain energy is decomposed into components for rim bending, torsion, spoke deformation, and a non-linear contribution from
the compressive force in the rim, U = Ubend + Utors + Uspokes + Unonlinear [2]. Decomposing the deformation into a series
of sinusoidal modes and setting the second variation δ 2 U = 0 leads to an expression for the critical buckling tension.


2πEI µ(n2 − 1)2
kuu R4
Tmax =
+
(2)
ns R 2
1 + µn2
EIn2
where EI is the rim bending stiffness, µ is the ratio of the torsion to bending stiffness GJ/EI, and n is the mode number.

Figure 1: (a) Mode stiffness for the first three rim modes and the overall wheel stiffness. The wheel buckles when the stiffness
of mode n=2 goes to zero. (b) Buckled wheel viewed from above. (c-d) Sinusoidal deformation modes.
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Dynamic collapse of a loaded bicycle wheel
When a bicycle wheel supports a vertical load, the load is supported by shortening of a few spokes underneath the hub [3].
If the load is great enough to cause spokes in this zone to lose tension entirely leaving the rim unsupported laterally, the wheel
will buckle locally which leads to catastrophic failure. Dynamic finite-element simulations of wheel collapse reveal a failure
process very similar to that which was qualitatively described by Brandt [4]. The failure process is modeled in ABAQUS
Explicit using beam elements for the rim and spokes (Figure 2).
The load-displacement curve for a loaded wheel exhibits non-linearity due to buckling of individual spokes underneath
the hub. We model this behavior by including a foundation yield stress, fy = ns T /2πR in the continuum elastic foundation
model. The yield stress represents the average line load at which the spoke loses tension. We implement this model using a
custom non-linear finite-element code (Figure 2 (c)). A lower bound for the onset of spoke buckling is given by
p
(3)
Pcrit = 2fy 4 4EI/krr .
The collapse load depends on the rim and spoke properties, as well as the spoke tension. Increasing spoke tension generally
increases the buckling load because the spoke system can bear a higher load before detensioning (note the non-linear behavior
in Figure 2 (c)). However, if the spoke tension is close to the critical buckling tension predicted by Equation 2, even a small
disturbance will lead to failure.

Figure 2: (a) Load-displacement curve for wheels with different spoke tensions. (b) Snapshots from a simulation of wheel
collapse. Spokes are hidden for clarity. (c) Comparison between direct numerical solution with ABAQUS Explicit (circles)
and continuum beam on elastic-plastic foundation model (red line).

CONCLUSIONS
The strength of a bicycle wheel is optimized through cooperativity between the rim and the spoke system. The spokes
must be tight enough to resist detensioning when the wheel is loaded and the rim must be stiff enough to distribute the load
over several spokes. Tightening the spokes beyond the critical tension described by Equation 2 will cause the wheel to buckle
without any external load. We described the mechanism of wheel collapse through numerical simulations and derived a lower
bound for the critical load for spoke buckling in Equation 3. These results can be used by designers and wheelbuilders to
optimize wheel strength for different riders and conditions.
References
[1] Pippard A.J.S, Francis W.E., On a Theoretical and Experimental Investigation of the Stresses in a Radially Spoked Wire Wheel under Loads applied to
the Rim, Philosophical Magazine, 11(69), pp. 233-285, 1932.
[2] Pi Y. L. and M. A. Bradford M. A., Elastic flexural-torsional buckling of continuously restrained arches, Int. J. Sol. Struct., 39, pp. 2299-2322, 2002
[3] Burgoyne C. J. and Dilmaghanian R., Bicycle Wheel as Prestressed Structure, J. Eng. Mech., 119, pp. 439-455, 1993.
[4] Brandt J., The Bicycle Wheel, Avocet, Palo Alto, 1993.

2771

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

NANOCOMPOSITE MICROBEAMS FOR SENSING APPLICATIONS
1
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2
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Summary The nonlinear dynamic behavior of nanocomposite microbeams excited near the primary resonance of the lowest modes is
investigated towards wide-band mass sensing applications. The aim of the study is to exploit and expand the frequency bandwidth of
the microdevice taking into account both the nonlinear bending effect of the frequency response and the significant frequency shift of the
frequencies due to the variation of carbon nanotubes (CNTs) volume fraction, a control parameter in the process design of the nanocomposite
material. A nonlinear inextensible Euler-Bernoulli model is employed to describe the large bending motions [1], and the Ehelby-MoriTanaka theory [2] is used to obtain an equivalent elastic law for the employed two-phase material. The nonlinear equation of motion
is discretized via the Galerkin method, the eigenvalues analysis is carried out to detect the frequency shift and the nonlinear frequency
response is unfolded and characterized using a pathfollowing technique.

INTRODUCTION
A great deal of research is being focused on the design and manufacturing of microdevices such as accelerometers, gyroscopes, microswitches for electronic circuits, gas sensors, miniaturized devices for structural health monitoring and signal
filtering. A lot of these microelectromechanical (MEMS) devices can be realized using microbeams designd to operate under
static or dynamic conditions near resonances.
An example of a micromechanical resonant gas sensor was proposed in [3] to perform high-quality measurements of the level
of matter in rarefied chemical vapors. The microcantilever was designed so that a portion of its surface could absorb a specific
type of molecules (matter) which, in turn, shifts the resonance frequency. Thus the frequency shift is used as indirect measure
of the level of matter in the gas in which the beam oscillates. A nonlinear study of a gas sensor was presented in [4] where
both the static and dynamic behaviors of the electrostatically actuated device were studied to avoid the pull-in which would
prevent the sensor from working.
EQUATION OF MOTION
For an inextensible Euler-Bernoulli nanocomposite beam (see Fig. 1 left), the full nonlinear equation of motion expanded
up to third order is given by the following nondimensional integral-partial-differential equation [1]:
)
(
)
∫ s
∫ 1 (∫ ξ 2
(
)
(
)
1
v̈ 1 − (∂s v)2 + ∂s v
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∫ 1
1
= f1 1 − (∂s v)2 + ∂ss v
(f1 ∂ξ2 v) dξ2
2
s
(1)
where v represents the bending displacement, k is the equivalent nondimensional bending stiffness that is a nonlinear function
of the CNTs volume fraction ϕc , the Young modulus and Poisson coefficients of the polymer hosting matrix (EM , νM ) and
CNTs (EC , νC ). The 3D constitutive equations for the nanocomposite reduced to a plane stress state (Saint-Venant conjecture)
are used to obtain the generalized stress resultants in terms of the beam generalized strains.
EIGENVALUE AND FREQUENCY RESPONSE ANALYSIS
The eigenvalue problem was first solved varying the volume fraction of CNTs. The results in Fig. 1 show that the
frequencies increase with increasing CNTs volume fraction while no appreaciable differences exist using different polymeric
matrices such as PEEK or Epoxy.
The frequency-response curves for the lowest three modes, for different excitation levels, are reported in Fig. 2 portraying a
hardening behavior of the first mode and a softening behavior of the second mode. Moreover, Fig. 2 (right) shows a number of
frequency-response curves obtained, at a given excitation amplitude, for various volume fractions. The peaks of the resonance
curves decrease with the growth of CNTs volume fraction. A closed-form formula, useful for design, that predicts the peak
resonance amplitudes was obtained. The (dashed) curve shown in Fig. 2 is an excellent approximation of the microbeam
behavior also in the nonlinear range.
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Figure 1: Carbon nanotube composite microbeam model (left). Variation of the lowest five nondimensional beam frequencies
with the CNTs volume fraction. The solid line indicates Epoxy nanocomposite microbeams, while the dotted-dashed line
describes PEEK nanocomposite microbeams.

Figure 2: Frequency-response curves of the lowest two modes of the micro cantilever for fixed values of CNTs volume fraction
(ϕc = 0.1%), for different excitation amplitudes (left). ω0 is the first natural frequency, Ω is the excitation frequency.

CONCLUSIONS
The eigenvalue and path following analyses of nanocomposite microbeams in large-amplitude bending showed that the
frequency bandwidth of the device, thought as a microresonator sensor, can be expanded using both the frequency shift due to
variations of CNTs volume fraction and the nonlinear bending of the frequency-response curves. Experimental work is being
carried out starting from the fabrication of arrays of microbeams.
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ELASTIC WAVE PROPAGATION IN HIGHLY DEFORMABLE LAYERED MATERIALS
1

Pavel I. Galich∗1 and Stephan Rudykh1
Department of Aerospace Engineering, Technion – Israel Institute of Technology, Haifa, Israel

Summary Elastic wave propagation in highly deformable layered matter with compressible neo-Hookean phases is investigated. The explicit
relations of the phase and group velocities in the finitely deformed incompressible layered materials are derived by utilizing an exact
analytical solution for the finitely deformed incompressible laminates. Moreover, based on the expressions of the phase velocities for the
finitely deformed compressible homogeneous material, the phase velocities of pressure and shear waves propagating orthogonally to the
layers in the finitely deformed compressible laminates are estimated.

INTRODUCTION
Elastic waves have been treated in detail due to doubtless significance for many fields: ranging from seismology to
medicine. The change in the media properties, stress-strain state and stiffening effects [1] can significantly transform elastic
wave propagation. Remarkably, even relatively simple homogeneous materials can be utilized to achieve acoustic functionalities such as disentangling of pressure and shear waves by application of the certain deformation [2]. Recently, fabricated
materials (referred as acoustic metamaterials) have attracted considerable attention due to acoustic properties which are not
commonly observed in natural materials, i.e. negative elastic moduli or/and mass density (which can result in a negative
refractive index, for example). Particular case of these metamaterials is capable of large deformations materials, referred as
the soft metamaterials, which open the promising opportunities of manipulating the acoustic properties by deformation. Thus,
elastic waves can be tuned by designing microstructures, which can be further actively controlled by external stimuli, for
example, by mechanical loading [3], electric or magnetic field.
The heterogeneity of the matter together with the deformations can stimulate the development of elastic instabilities [4, 5].
These sudden and reversible geometry transformations can be employed to change the acoustic characteristics [3]. On the
other hand, mechanical stimulus applied to the inhomogeneous media influences elastic waves by the change in the local
properties, for example, local softening/hardening. We show that the local deformations significantly influence elastic wave
propagation even if the geometry of the material does not tangibly change [6].
ANALYSIS
In this work, we focus on the metamaterials with the periodic microstructures (i.e. phononic crystals), which have attracted
considerable attention recently due to possibility of phononic band gaps (BGs). A specific case of the generic periodic
materials is the class of layered structures (see Fig. 1). Layered phononic crystals are easy to build in contrast to sophisticatedly
microstructured ones, while ,as we will show later, they can produce similar acoustic characteristics, actively tuned by the
application of deformation.

Figure 1:

Schematic representation of the periodic layered material made out of two alternating phases with volume fractions va and vb = 1 − va .
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To account for the finite deformation non-linear effects as well as for the material non-linearity, we analyse the wave
propagation in terms of the incremental small-amplitude motions superimposed on a finitely deformed state. By utilizing an
exact analytical solution for the finitely deformed incompressible laminates, we derive explicit relations of the phase and group
velocities in the finitely deformed layered materials. Moreover, based on the expressions of phase velocities for the finitely
deformed compressible homogeneous material, we estimate the phase velocities of pressure and shear waves propagating
orthogonally to the layers in the finitely deformed compressible laminates.
The explicit relations for phase and group velocities simplify construction of the slowness and energy curves clarifying
behaviour of elastic waves in the finitely deformed laminates. The example of slowness and energy curves for in-plane (with
polarization lying in plane e1 − e2 ) shear wave in the laminate undergoing in-plane deformation (the average deformation
gradient is equal to F̄ = λ−1 e1 ⊗ e1 + λe2 ⊗ e2 + e3 ⊗ e3 ) are presented on Fig. 2. Specifically, in-plane extension
decreases phase velocity of the in-plane shear wave propagating orthogonally to the layers, and increases it in case when the
wave propagates along the layers; while the in-plane compression influences phase velocity of the in-plane shear wave in an
opposite way. Slowness and energy curves on Fig. 2 clearly indicate that the elastic wave propagation strongly depends on the

a

b

Figure 2: a) Slowness curves for the in-plane shear wave in the laminate undergoing in-plane deformation (va = 0.1, µa /µb = 20, ρ0a /ρ0b = 1, where
µa and µb are the corresponding
p shear moduli of each layer, ρ0a and ρ0b are the corresponding initial densities of each layer). Scale is 0.4 per division,
slowness is normalized by
µ̄/ρ̄0 , where µ̄ = va µa + vb µb and ρ̄0 = va ρ0a + vb ρ0b . b) Energy curves for the in-plane shear wave in the laminate
undergoing in-plane deformation (va = 0.1, µa /µb = 20, ρ0a /ρ0b = 1). Scale is 0.3 per division, where group velocity is normalized by

p

ρ̄0 /µ̄.

applied deformation and direction of wave propagation in the layered materials, however, considerable transformations in the
geometry are absent.
CONCLUSIONS
We analysed elastic wave propagation in the finitely deformed layered materials with compressible neo-Hookean phases,
and estimated the phase velocities of pressure and shear waves propagating orthogonally to the layers. For the finitely deformed incompressible laminates, we derived exact relations of the phase and group velocities for the in-plane and out-of-plane
shear waves for all directions of wave propagation.
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Summary We use dielectric elastomers to mimic artificial inhomogeneous growth to observe and study mechanical instabilities.
Dielectric elastomers are part of a class of electro-active polymers that exhibit mechanical deformations when stimulated by
an electric voltage. Potential applications are numerous, ranging from sensors to actuators, displays or even energy
harvesting systems. The principle of dielectric elastomers is relatively simple [1]: an insulating polymeric sheet is covered
on both sides with a stretchable conductive layer (e.g. carbon black), which results into a deformable capacitor. When a
voltage is applied, the conductive layers convey charges with opposite signs, and are attracted to each other (fig.1).
Electrostatic forces tend to squeeze the elastic sheet across its thickness, which induces lateral extension as a result of
incompressibility (Poisson ratio close to ½). Such systems, when pre-stretched, have exhibited change in surface area up
200% upon the application of a uniform high voltage [2].

Figure 1: Principle of actuation: applying an electric field through a soft dielectric sheet
compresses the material along the field and extends it in the other directions.

In most cases [1] the elastomer is strongly stretched and clamped, or submitted to large dead loads before the voltage is
applied. Here, we are interested in similar systems, but without any prestrain and investigate the effect of a spatially non
uniform voltage. We find that the membranes under non-uniform load undergo mechanical instabilities. Such buckling-like
instabilities are not observed in other studies because of large tensile loading, but they are common in thin plates with
internal stresses (such as non-uniform plastic deformation in a torn ductile plate [4] or differential growth in hydrogels [5]).
As a first step, we propose to study simple geometries, where the sample is only partially covered with the conductive
coating. A disk where only the central zone or a peripheral annulus is growing would be a first example (fig. 4). These
systems, despite their apparent simplicity, display surprising features. The threshold buckling is surprisingly high and the
buckling pattern of the disk is strongly localized inside the active part (fig. 2). Secondary instability presenting radial
wrinkles may even be observed for high voltages (fig. 3). Predicting the threshold of buckling and the main characteristics
of the pattern (wavelength, extension) is complex, even in simple geometries. Linear stability analysis is not sufficient to
describe our experimental observations. A non-linear analysis is indeed necessary to capture, at least qualitatively, the
behavior of such systems from the buckling threshold to the evolution of the observed patterns.
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Figure 2: Buckling of a disk. The central black region: active part (here subjected to a
4kV voltage) is surrounded by a large passive zone with clamped edges by a PVC frame.
The red line is a laser sheet in razing incidence allowing us to observe the buckling. It is
clear that the buckling is very strongly localized in the active region.

Figure 3: Secondary instability of a disk (around 5kV): apparition of radial wrinkles

Figure 3: Buckling of a peripheral annulus (V=3kV). When voltage is applied, the active
part (black annulus here) increases its area, but as it is constrained inside a passive part
(appearing pink here) the system is unstable. For a high enough voltage, we observe a
buckling instability, resulting, for an annulus, in oscillations along the active zone.
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DYNAMICS OF LONG TUBULAR CANTILEVERS IN AXIAL FLOW
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Department of Mechanical Engineering, McGill University, Montreal, Québec, Canada
Summary The dynamics of slender cylinders in axial flow is considered, including very long cylinders. Both the conventional flow configuration, with the flow from the supported end towards the free one, and the reverse flow case are discussed. The system is subject to both
static and dynamic instabilities.

INTRODUCTION
Among the many engineering applications involving long cylinders in axial flow, here we mention two: (i) the ‘acoustic
streamers’ used in underwater oil and gas exploration and (ii) pre-assembled pipelines towed underwater for installation at a
desired location. Such systems are very slender and flexible and they are subject to static and dynamic instabilities if the axial
flow velocity is sufficiently high.
The first combined experimental and linear theoretical study of the system dynamics has been done by Paı̈doussis in 1966
and 1973 [1,2]. The dynamics has been re-examined by nonlinear theory in 2002 [3,4]. The nonlinear dynamical behaviour is
qualitatively similar to that predicted by linear theory [4].
DYNAMICS
Consider a cylinder of cross-sectional area A, length L, diameter D, mass per unit length m, and flexural rigidity EI, in
a fluid of density ρ flowing axially around the cylinder with flow velocity U . Figure 1 shows the system under consideration,
with a drogue at the free end. Placing the origin at the downstream end, for a horizontal system, neglecting pressurization and
gravity effects as well as dissipative forces, the simplest non-dimensional form of the linear equation of motion [5] is
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where u = (ρA/EI)1/2 U L is the dimensionless flow velocity, η = y(x, t)/L, ξ = x/L, β = ρA/(ρA + m), ε =
218 CHAPTER 2 CYLINDERS IN AXIAL FLOW I
L/D, τ = {EI/(ρA + m)}1/2 t/L2 ; cN and cT are the coefficients of the viscous forces acting on the cylinder in the normal
and longitudinal direction, respectively, and cb a base drag coefficient.
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Ives (1969), Pao (1970), Lee (1981), Lee & Kennedy (1985), and Kennedy (1987), all of which are
unfortunately based on the Païdoussis (1966a) form of the equations of motion, in which the viscousfrictional forces on the cylinder are taken into account inconsistently (see Section 2.2.2), rather than
∗ Corresponding author. Email: michael.paidoussis@mcgill.ca
on the corrected form of the equations as in Païdoussis (1970, 1973b) and as given in Section 2.2. The
dynamics according to the uncorrected and corrected equations is not dramatically different, provided
that the cylinder is relatively short (and the flexural rigidity is taken into account). This, however, is
not true for the very long cylinders considered here, precisely because the viscous-frictional effects are
then so very important. Hence, although some of these studies are quite admirable, their usefulness is
ultimately rather limited.†
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where χe = xe /L. The parameter f is related to the degree of streamlining of the free end. Thus, f → 1 for a well-streamlined
end, and f → 0 for a blunt one; generally, f < 1. It is also supposed that the bending moment at the free end is approximately
equal to zero: (∂ 2 η/∂ξ 2 )ξ=0 = 0.
2
2
If the flow past the cylinder is laterally confined, the added mass is no longer ρA but χρA, where χ = [(Dch
+D2 )/(Dch
−
2
D )] > 1, Dch being the diameter of the confining flow channel, and equations (1) and (2) need to be slightly modified; e.g.,
the first term in square brackets in (1) becomes χu2 (∂η/∂ξ) rather than u2 (∂η/∂ξ). With increasing χ the cylinder is generally
less stable.
Typically, the system with a pinned upstream end develops stationary yawing and divergence at low flow velocities and
flexural instabilities at higher ones (Figure 2). For a clamped rather than pinned upstream end, stationary yawing does not
arise, but the flexural instabilities do. An interesting feature of the dynamics is that there is a location along the cylinder where
the flow-induced tension vanishes,
andM.P.
downstream
of thatofpoint
[5].
M. Kheiri,
Païdoussis / Journal
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andcylinder
Structuresis
55under
(2015) compression
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Fig. 6. Variation of critical flow velocity (ucr =εn , where εn ¼ ð1=2Þεcf ) for static and dynamic instabilities of a flexible, neutrally buoyant (i.e. β ¼ 0:5) pinnedεcN ¼ εcTflow
). Thevelocity
numericaluresults
obtained via Galerkin's method are shown∗as Δ 1for f ¼0.7 and as ◯ for f ¼1.0. The
freeFigure
cylinder
a function
of εcf (εcf ¼critical
2:asThe
dimensionless
cr for divergence and flutter, divided by ε = 2 εcf , where cf = cN = cT
solid line shows the results obtained analytically via the Adomian Decomposition Method; the dashed line shows the linear interpolation on the numerical
is
the
frictional
drag
coefficient.
results. Other system parameters are cb ¼ 1 f , c¼ 0, χ e ¼ 0:00667, χ e ¼ 0:00785.

Early work suggested that the system remains stable for all flow velocities if it is sufficiently long. More recently, however,
it was found that flutter may occur even for very long systems [5,6], provided that the free end is not too blunt, as seen in
Figure 2. The oscillatory motion is concentrated near the free end.
The theoretical predictions of the dynamics and stability are in good agreement with experimental observations.
Interesting dynamics is also displayed by the ‘reverse flow’ system, where the flow is from the free downstream end
towards the supported end [7,8]. Flutter-like motions occur at low flow velocities (u = 0.3 − 0.4). At higher flow velocities,
the oscillation ceases, and eventually a static divergence takes place. Agreement between theory and experiment is good
qualitatively, and reasonably good quantitatively.
Fig. 7. A rigid pinned-free
cylinder undergoing a rotational motion.
CONCLUSION

The dynamics of a cantilevered cylinder (truly cantilevered or with the upstream end pinned) in forward and reverse axial
flow has been studied, and it is shown that the system is subject to both static and dynamic instabilities, with the static ones
occurring first for forward flow and last for reverse flow.
Support of this research by the NSERC of Canada and SMRI is gratefully acknowledged.
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Fig. 8. A rigid pinned-free cylinder with the forces and moment acting (a) on it and (b) on the tapering end-piece.
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STABILITY AND BUCKLING OF FLAT CIRCULAR CONFIGURATIONS OF A CLOSED,
INTRINSICALLY CURVED FILAMENT SPANNED BY A FLUID FILM
T. M. Hoang and Eliot Fried⇤
Okinawa Institute of Science and Technology Graduate University, Onna, Okinawa, Japan 904-0495
Summary We study stability and buckling behavior of generic flat circular configurations of flexible but inextensible loops made from
filaments with intrinsic curvature and spanned by liquid films. Three dimensionless parameters govern stability and buckling. Of these, the
dimensionless surface tension of the liquid film and the ratio of torsional rigidity to flexural rigidity of the filament are familiar from previous
works. The remaining parameter, namely the dimensionless intrinsic curvature of the filament, captures the influence of the curvilinear rest
configuration. In-plane and out-of-plane buckling modes corresponding to stable solution branches that bifurcate from the branch of flat
circular solutions are found to exist. The critical value of the dimensionless surface tension needed to induce out-of-plane buckling is found
to be less than that needed to induce in-plane buckling. The destabilizing influence of the intrinsic curvature can nevertheless be countered
by increasing the torsional rigidity relative to the flexural rigidity.

PRELIMINARIES
Consider a flexible loop made from a filament, with uniform circular cross section and mechanical properties, spanned by
a liquid film. Let the filament be modeled as an inextensible and unshearable rod with midline C. Suppose that the rod has
intrinsic curvature 0 , bending rigidity a > 0, and twisting rigidity c > 0. Additionally, let the liquid film be modeled as a
surface S endowed with uniform tension > 0. Assume that the curve C has no points of self-contact, that the surface S is
orientable, and that the midline C of the rod and the boundary @S of S coincide, so that C = @S.
Let t denote a unit vector field to C and introduce a consider field d satisfying
and

|d| = 1

(1)

d · t = 0.

Consistent with the special Cosserat theory of rods, the orthonormal triad {t, d, t ⇥ d} provides a material frame for C. By
(1)2 , d lies in the cross-section of the rod and admits a representation
(2)

d = cos p + sin b

in terms of the normal and binormal elements p and b of the Frenet frame {t, p, b} of C. Using a prime to denote differentiation with respect to arclength along C, consider the curvature vector  and the twist density ! of C, as defined by
 = t0

! = (d ⇥ d0 ) · t.

and

(3)

Let n denote a unit normal field for S, in which case the mean curvature S by given by
1
H=
divS n,
(4)
2
where divS denotes the surface divergence operator on S.
Bearing in mind the foregoing assumptions and notation, suppose that the total free-energy E of the system is of the
particular form
Z
Z
1
(a| 0 d|2 + c! 2 ) +
.
(5)
E=
C 2
S
On denoting the radius of the loop by R, simple considerations lead to three potentially significant dimensionless parameters:
↵=

c
> 0,
a

= R0

0,

⌘=

R3
> 0.
a

(6)

EQUILIBRIUM CONDITIONS
Granted that the system is mechanically isolated, the equilibrium conditions can be derived by requiring that the first
variation E of E obeys E = 0. These amount to a condition
(7)

H=0
on S along with two conditions
(a((

0 cos )p)0

c!b

c(

1

! 0 b)0

t)0 + t ⇥ n = 0

and

c! 0 = a0  sin ,

(8)

on C. In (8), is a Lagrange multiplier needed to ensure that the constraint of inextensibility |t| = 1 holds,  = ||. The
equilibrium conditions (7)–(8) are satisfied for any flat circular configuration of the system. For 0 = c = 0 the equilibrium
conditions (7)–(8) reduce to those of Giomi & Mahadevan [1] and Chen & Fried [2]. For 0 = 0 the equilibrium conditions
(7)–(8) become those of [3].
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STABILITY RESULT
An equilibrium state in which S has unit normal n and C has unit tangent t, unit normal p, director d with the form (2),
and curvature  and twist density ! determined by (3)2 is stable if and only if the second variation 2 E of E obeys
2

Z

E=
Z
+

a((1

0 

1

C

C

cos )|u00 |2 + 0 (

|u0 |2 + c(( !)2

!t · (u0 ⇥ u00 )

1

2

(p · u00 ) + 2 sin (p · u00 ) +  cos ( )2 ))
Z
0
1
00
! ( b) · u ) +
((divS u)2 tr ((rS u)2 ) + |(rS u)n|2 )
cos

(9)

0

S

for all u = r, where r denotes any parameterization r of S with restriction to C satisfying r 0 = t. For a loop made from an
intrinsically straight filament, 0 = 0 and (9) simplifies to a condition derived by Biria & Fried [4]. In particular, the stability
condition (9) is satisfied for a flat circular configuration of the system if the following inequalities hold:
◆
⇢ ✓
(↵ + )
(↵ + )
,
0
 1.
(10)
0  ⌘  min 3, 6 1
4↵ +
4↵ +
When 0 = 0, (10) reduces to the condition ⌘ = 3 obtained by Giomi & Mahadevan [1], Chen & Fried [2], and Biria & Fried
[4]. Hereafter, we assume that 0 > 0.
BIFURCATION RESULT
Buckling occurs if and only if the linearization of the equilibrium equations (7)–(8) about a trivial solution (i.e. a flat
circular configuration) has a nonvanishing solution. This yields to the following results:
A stable bifurcation from the flat circular solution branch to a flat noncircular solution branch occurs at ⌘ = 3 if the
intrinsic curvature 0 satisfies
✓r
◆
1
1
1
2
0 
↵+
.
(11)
↵ + 7↵ +
2R
4
2

From (11), the maximum allowable value of 0 corresponding to the onset of bifurcation occurs increases monotonically with
the ratio ↵ = c/a. Increasing c relative to a therefore increases the value of 0 at which the bifurcation from the trivial
solution branch to the flat noncircular solution branch occurs.
Alternatively, a stable bifurcation from the flat circular solution branch to a saddle-like out-of-plane solution branch occurs
)
< 3 if the intrinsic curvature 0 satisfies
at ⌘ = 6 1 (↵+
4↵+
1
2R

✓r

↵2

1
+ 7↵ +
4

1
↵+
2

◆

✓
1 p 2
 0 
↵ + 14↵ + 1
2R

◆

↵+1 .

(12)

Since the critical value of ⌘ in this case increases monotonically with ↵ for any choice of > 0 but decreases monotonically
with > 0 for any choice of ↵, and since the permissible range of 0 determined by (12) increases monotonically with ↵, it
follows that the destabilizing influence of 0 can be countered by increasing c relative to a.
CONCLUSIONS
We synopsized results concerning the stability and buckling behavior of a generic flat circular configuration consisting
of a liquid film spanning a flexible loop made from a filament with a curvilinear rest configuration characterized by the
presence of intrinsic curvature. We found in-plane and out-of-plane buckling modes. The critical value of the dimensionless
surface tension required to induce out-of-plane buckling is less than that required to induce in-plane buckling. However, the
destabilizing influence of the intrinsic curvature of the filament can be neutralized by increasing the torsional rigidity relative
to the flexural rigidity.
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TRANSITION WAVES IN PERIODIC MULTI-STABLE MECHANICAL SYSTEMS
Dennis M. Kochmann∗1 , Neel Nadkarni1 , and Vidyasagar Vidyasagar1
1
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, CA 91125, USA
Summary Multistable mechanical systems possess more than one stable equilibrium configuration; examples include buckling structures
as well as crystalline solids undergoing solid-solid phase transitions or ferroelectric switching. Under external loading, such systems
can produce strongly-nonlinear transition waves that switch between equilibria; this process is commonly accommodated by interfacial
motion (e.g., of phase boundaries or domain walls). We will derive the fundamental underlying dynamic theory and demonstrate – through
simulations and experiments – that it applies equally to the snapping of periodic buckled structures and ferroelectric ceramics.

INTRODUCTION: INSTABILITY-INDUCED TRANSITION WAVES
Instabilities in solids and structures are ubiquitous across length and time scales, and our engineering design principles
commonly aim to prevent those. In recent years, engineering mechanics has undergone a paradigm shift towards taking
advantage of instabilities. At the core of all instabilities lies a non-convex energy landscape that is responsible, e.g., for
phase transitions, localization, and structural buckling. Among others, such systems can give rise to strongly nonlinear
transition waves that switch between stable configurations (e.g., between phases or between buckling modes). Understanding
the underlying dynamic phenomena enables us to understand the physics of various microscale phenomena as well as to create
new interesting mechanical systems that exploit the effects of instability. Therefore, we have developed the underlying theory
and studied its application to selected examples including periodic snapping structures for mechanical logic and nonlinear
diodes, and domain switching in ferroelectric ceramics.
UNDERLYING THEORY OF NONLINEAR DYNAMICS
We consider a periodic lattice whose elastically-connected elements are attached to nonlinear multi-stable potential energy
landscapes. Examples of this scenario include periodic chains of elastically-coupled masses attached to buckled beams [1, 2]
as well as ferroelectric ceramics whose potential energy is multi-welled with respect to the atomic-scale polarization [3]. As a
result, phase or domain boundaries exist which separate regions of homogeneous configurations. Under external loads, those
boundaries move, thereby producing a kink transition wave whose propagation gradually switches the system locally from one
stable configuration into another. This process is observed in a myriad of physical systems spanning length and time scales
from atomistics to macroscopic structures. Based on the nature of the physical process, such systems are characterized as
non- or weakly-dissipative, dissipative, or diffusive. Non- or weakly-dissipative models have been used to explain phenomena
such as dislocation motion, ferromagnetic domain wall motion, dynamics of CNT foams, or lattices of bistable structures [1].
By contrast, diffusive or dissipative kinetics play an essential role in describing the physics of, e.g., ferroelectric domain
switching, magnetic flux propagation in Josephson junctions with tunneling losses, pulse propagation in cardiophysiology and
neurophysiology, sliding friction, or under-damped commensurate phase transition to name but a few (see [4] and references
therein). Although numerous theoretical studies have been devoted to characterizing the motion of phase boundaries particularly in 1D periodic physical, chemical or biological systems, the lessons learned almost exclusively apply to special cases
only, owing to the variety of nonlinear interaction potentials and non-convex on-site potentials. Here, we present a surprisingly
simple universal energy law that applies to all of the above dissipative and diffusive systems and uniquely links speed and
profile of transition waves to the energetics and kinetics of the periodic system. In non- or weakly-dissipative systems, the
energy is described well by its Hamiltonian which remains approximately constant as the wave propagates. However, energy
transport in dissipative or diffusive lattices is not well understood at present. Therefore, we focus on the dynamics of diffusive
and dissipative systems and derive an explicit energy transport law for such lattices [4].
APPLICATIONS: SNAPPING STRUCTURES AND FERROELECTRIC SWITCHING
We consider two particular applications. On the one hand, mechanical transition waves are found in structures undergoing
coordinated snap-buckling. Such a scenario arises, e.g., in periodic chains of elastically-coupled masses, where each mass is
exposed to a bistable on-site potential (e.g., because it is attached to a pre-buckled membrane, as shown in Fig. 1). Despite the
highly-complex geometry and the strongly-nonlinear interactions between the individual masses and the nonlinear potentials
of the buckled members, the resulting transition wave obeys a surprisingly simple linear scaling law which relates the kinetic
energy of the wave, the wave speed, the linear damping inherent in the system, and the difference in potential energy between
the two buckled states of the bistable elements.
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Figure 1: Demonstration of nonlinear transition waves in periodic structures (shown here is a chain of elastically-coupled
snapping membranes [2]) and in ferroelectric ceramics (shown is a phase-field-simulated domain structure). Upon excitation
by means of an impulse or an applied electric field, both systems produce nonlinear transition waves whose dynamics are
described by the model presented here.
On the other hand, we consider domain switching in ferroelectric ceramics (such as BaTiO3 or PZT whose domain switching characteristics have been examined in our laboratory [5]). This process accommodates the (re)poling of ferroelectrics under
large applied electric fields; Fig. 1 illustrates a simulated domain structure under quasistatic conditions in PZT. The motion
of a planar domain wall can be regarded as a transition wave in the very same way as the snapping structures above, and the
same fundamental theory applies. Therefore, we will show how our theory predicts the domain wall speed, among others, and
provides insight into the microstructural kinetics which are hardly accessible through experiments.
CONCLUSIONS
We present a fundamental theory of transition waves in dissipative and diffuse periodic systems that apply across scales
and, in particular, that apply equally to microstructural processes such as ferroelectric domain switching and macroscopic
structural phenomena such as the collective snapping motion of coupled bistable elastic members. The new theory is verified
numerically and experimentally for a variety of systems.
References
[1] Nadkarni N., Daraio C., Kochmann D.M.: Dynamics of a periodic structure containing bistable elastic elements: from elastic to solitary wave propagation. Phys. Rev. E 90:023204, 2014.
[2] Nadkarni N., Arrieta A.F., Chong C., Kochmann D.M., Daraio C.: Unidirectional Transition Waves in Bistable Lattices. Under review, 2016.
[3] Zhang W., Bhattacharya K.: A computational model of ferroelectric domains. part i: model formulation and domain switching. Acta Mater. 53:185-198,
2005.
[4] Nadkarni N., Daraio C., Abeyaratne R., Kochmann D.M.: A universal energy transport law for dissipative and diffusive phase transitions. Under review,
2016.
[5] Wojnar C.S., le Graverend J.-B., Kochmann, D.M.: Broadband control of the viscoelasticity of ferroelectrics via domain switching. Appl. Phys. Lett.
105:162912, 2014.

2783

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

MODAL ANALYSIS OF STRUCTURES IN PERIODIC STATES
Barend Bentvelsen1,2 and Arnaud Lazarus ∗1,2
1
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2
CNRS, UMR 7190, Inst Jean Le Rond d’Alembert, F-75005, Paris, France
Summary This presentation focuses on the numerical computation of linear vibrational modes, or Floquet Forms, of mechanical systems
in periodic states such as rotating machineries with imperfections or any structures that are in compressive or tensile periodic states. To
make our point, we present an original spectral method through the fundamental example of the oscillations of a 2D bi-articulated bar
submitted to a periodic compressive load at its end. We show that Floquet Forms generalize the concept of classic modal analysis for
structures in equilibrium states. Because of the complexity of the frequency spectrum of Floquet Forms as compared to the classic harmonic
modes of vibration, the type of instabilities encountered by periodically-varying structural systems is naturally much richer than systems in
equilibrium.

CONTEXT AND NEED
Modal analysis is a key concept in structural mechanics and is today commonly used by engineers in various fields such
as Civil Engineering, automotive, aerospace or rotor-dynamics industries. It especially allows to reveal intrinsic vibrational
properties of structures in equilibrium states, as well as their local stability, and it is therefore often a necessary step in the
design of structures.
Thanks to Floquet theory [1], it should be possible to extend this modal approach to structures in periodic states, i.e.
structures with mechanical or geometrical properties that vary periodically with time. Modal analysis of structures in periodic states could be of practical interest for many problems in mechanical engineering including the vibrational behavior of
rotating machineries with imperfections, the design of structures submitted to periodic compression or tension loadings or
the stability analysis of structures undergoing large oscillations [2]. Surprisingly, to the best knowledge of the authors, this
generalization of modal analysis has never been completely and clearly implemented. Due to the conceptual complexity of
the vibrational analysis of structures in periodic states, the developed numerical methods mostly focused on dynamic stability
[3, 4], neglecting the modal informations that are either ignored, inaccurate or even inaccessible from the computations. As
a consequence, the natural link between modal analysis of equilibrium and periodic states yet suggested by Floquet remains
largely unknown by the structural engineer and researcher community.
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Figure 1: (a) The system under study is a bi-articulated bar submitted to a compressive load with a period T = 2π/Ω at its end.
The load is either periodically conservative (η = 0, i.e. horizontal force) or non conservative (η = 1, i.e. following force). (b)
Steady-state bifurcation on a T -periodic orbit (Ω 6= 0 and η = 0). (c) Neimark-Sacker bifurcation on a almost-periodic orbit
(Ω 6= 0 and η = 1). (d) Static bifurcation on a new equilibrium state (Ω → 0 and η = 0). (e) Hopf bifurcation on a T -periodic
stationary state with T 6= 2π/Ω (Ω → 0 and η = 1).
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TASK AND FINDINGS
Here, through the archetypal example of a 2D bi-articulated bar submitted to a periodic compressive load at its end as
illustrated in Fig.1.a, we present an original and accessible spectral numerical framework that generalizes the modal analysis of
structures in equilibrium to structures in periodic states. Although apparently simple, this fundamental system encounters all
the classic instabilities of 2-dimensional dynamical systems that can be easily sorted depending on the fundamental frequency
of the state Ω and the parameter η as illustrated in Fig.1.b-e.
Thanks to a single algorithm based on the sorting of the eigenvalue spectrum of Hill’s matrix [5], our method allows to
compute Floquet forms (FFs) of periodically conservative or non conservative systems. FFs are almost periodic modal entities
reducing to classic harmonic vibrational modes for the particular case of structures in equilibrium states (for a system such
as the one illustrated in Fig.1.a, FFs are simply the 2 modes of vibration of the originally straight bi-articulated bar). Like
for classic modal analysis, FFs carry the intrinsic vibrational signature of the structure and their spectrum allows to assess the
linear stability of the periodic state as illustrated in Fig.2.b-e. In the general case when Ω 6= 0, the almost-periodicity of FFs
as well as the dependency of their frequency spectrum on Ω can cause the periodic state to lose stability and consequently lead
to steady-state, period doubling or Neimark-Sacker bifurcations as illustrated in Fig.1.b,c and Fig.2.b,c. In the particular cases
when Ω → 0, FFs reduce to harmonic eigenmodes and the equilibrium state can eventually become statically or dynamically
unstable depending on the loading parameter A as shown in Fig.1.d,e and Fig.2.d,e. Like in classic modal analysis, since
FFs are first order perturbations of stationary states, they carry the kinematic shape and temporal signature of the bifurcated
nonlinear vibrational responses such as illustrated in Fig.1.b-e. Their computation and analysis is therefore crucial for the
design of structures in periodic states.
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Figure 2: Argand representation of the spectrum s and s̄ of the 2 Floquet Forms of the system shown in Fig.1.b-e at the onset
of bifurcation. (b1 ) Steady state bifurcation. (b2 ) Flip or period-doubling bifurcation. (c) Secondary Hopf, or Neimark-Sacker
bifurcation. (d) Steady-state bifurcation or buckling. (e) Dynamic instability or flutter leading to a Hopf bifurcation.

CONCLUSIONS AND PERSPECTIVES
The algorithm presented in this article is a unified method to perform modal analysis of conservative or non conservative
systems in periodic states, including equilibria. This unique framework emphasizes the natural link between vibrational
behavior of standstill and periodically-varying systems that are common in mechanical engineering. Like for classic modal
analysis, this generalized modal approach should allow to design a broader range of structures by computing and analyzing FFs
which give better physical insight and understanding on the linear stability of nonlinear dynamical systems. This first study
on a simple archetypal 2 dof system will pave the way to the modal analysis of real structures in periodic state with a large
number of degrees of freedom. Due to the linear nature of those entities, the interesting properties of classic vibrational modes
should remain with FFs which could be promising candidates for modal reduction for structures in periodic states or predictors
in nonlinear algorithm such as Newton-Raphson method to compute nonlinear periodic orbits of vibrating structures.
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INSTABILITIES OF A COMPRESSED HYPER ELASTIC PRISM:
COMPETITION BETWEEN WRINKLES AND CREASES
Claire Lestringant ⇤1 , Corrado Maurini1 , Arnaud Lazarus1 , and Basile Audoly2
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Laboratoire de Mecanique des Solides, CNRS, Ecole polytechnique, Palaiseau, France

Summary We study the stability of a long hyper elastic prism whose cross-section is an isosceles triangle, subjected to axial compression.
Experiments reveal extended buckling modes (wrinkles) when the ridge angle is smaller than ⇡ 90 , and localized modes (creases) when
is larger than ⇡ 90 . The compression of a neo-Hookean half-space, which is known to produce creases, appears as a particular case of
our system ( = 180 ). With this aim to explain the competition between the extended vs. localized buckling modes, we carry out a linear
stability analysis based on a neo-Hookean (hyperelastic) model using the finite-element method. The first buckling mode and the associated
critical strain ✏c are obtained as a function of the angle at the apex. The simulations reproduce the different types of behaviors depending
on the ridge angle as seen in the experiments.

We investigate the buckling of a prism having a triangular basis made of a soft elastic polymer (Vynilpolysiloxane - VPS),
when subjected to axial compression. In our experiments, the prism is a ridge attached to a parallepipedic block. We used
VPS casting in a mold realized by rapid prototyping (laser cutter) to produce the samples. The block is then subjected to a
compressive load P which forces the prism to shrink longitudinally, see Figure 1a.
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Figure 1: (a): Geometry of undeformed sample and wrinkling mode under axial compressive load P : photo of the experiment
with ridge angle = 20 and side length l = 13 mm. (b): sketch of the undeformed cross-section and boundary conditions
used in the simulation. (c): Buckling strain as a function of the ridge angle . Numerical results are shown using red dots for
the anti symmetric wrinkling (ASW) mode and blue dots for the symmetric wrinkling (SW) mode. Prediction of a thin plate
model with varying thickness (dashed red line), and Biot strain corresponding the surface wrinkling instability of the lateral
faces (dashed blue line). Experimental results are shown with green dots.
For a sufficiently compressive load P , the prism buckles. The buckling mode observed in the experiments depends on
the ridge angle : it is an extended mode (wrinkles, as in Figure 1a) when the ridge angle is smaller than ⇡ 90 , and a
localized mode (creases) when is larger than ⇡ 90 . The well-studied compression of a neo-Hookean half-plane appears as
a particular case of our system ( = 180 ): our experiments reveal a transition from localized creases to extended wrinkles
when the ridge angle is decreased.
With the aim to explain these observations, we have set up a linear stability analysis of the compressed prism using the
finite-element method. The stability analysis is formulated in an original manner, namely as a polynomial eigenvalue problem
in the triangular cross-sectional domain, with the axial wavenumber q entering as the eigenvalue. This formulation allows to
address the case of an infinitely long prism with optimal numerical efficiency.
In the simulation, the first buckling mode and the associated critical strain ✏c are obtained as a function of the ridge angle
. The critical strain ✏c is small for slender cross-sections (✏c ! 0 for ! 0). A stability analysis based on the von Karman
equations for thin plates (with varying thickness) accurately captures the dependence of ✏c on for ! 0 as ✏c ⇠ 2 (see
dashed red line in Figure 1b, which is asymptotically consistent with the FEM results).
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Figure 2: (a): Sketch of the anti symmetric wrinkling (ASW) buckling mode predicted by the simulation for values of
below ⇡ 105 . (b): Sketch of the symmetric wrinkling (SW) buckling mode predicted by the simulation for values of above
⇡ 105 (above). Sketch of the symmetric creasing (SC) buckling mode obtained in the experiments for values of above
⇡ 90 (below). (c): Visualization of the first buckling mode in the cross-sectional plane: incremental radial strain DErr ,
shear strain DEr✓ and hoop strain DE✓✓ for a ASFW mode (top row, = 90 ) and a SSW mode (bottom row, = 120 ).
Here, r and ✓ are the polar coordinates in the plane of the cross-section. Note that the modes have a harmonic dependence on
the axial variable, not shown.
The buckling mode predicted by the plate model is an anti symmetric (flexural) wrinkling (ASW) mode, making the ridge
bend out of the plane of symmetry of the prism (see Figure 2a). A mode of this type is indeed predicted by the FEM analysis,
for all ridge angles below ⇡ 105 (red dots in Figure 1 and top row in Figure 2c).
When reaches ⇡ 105 , the critical strain ✏c of the edge mode becomes larger than the value 0.55 corresponding to the
surface wrinkling instability in a neo-Hookean half-plane [1]. Consistently, when is larger than ⇡ 105 the first buckling
mode predicted by the FEM analysis is a symmetric mode living on the surface of the lateral faces of the prism (see blue dots
and blue dashed line in Figure 1, and bottom row in Figure 2). For this mode, our linear analysis can only predict a wrinkling
mode having an harmonic dependence on the axial coordinate z, but it is known that modes of this type appear concurrently
with all possible wavelengths, and that the non-linear coupling between them gives rise to a creasing mode [2], [3]. In view of
this, the wrinkles living on the faces of the prism predicted by our linear analysis (SW modes) are consistent with the creasing
modes (SC) observed in the experiments. Buckling strain for creasing instability in a neo-Hookean half-plane ✏C is known to
be lower than buckling strain for wrinkling: ✏C < ✏B [3], this probably explains why edge mode maintains up to bigger in
simulations (105 ) than in experiments (90 ).
An elastic prism under axial compression is an interesting system that features a competition between creasing modes for
large ridge angles, like Biot’s Neo-Hookean half-space, and wrinkling modes for small ridge angles. We have observed this
competition in experiments, and explained it by a buckling analysis.
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PLASTIC BIFURCATION PARADOX FOR CIRCULAR AND RECTANGULAR PLATES
BONDED TO ELASTIC FOUNDATIONS IN BIAXIAL LOADINGS
Suresh Shrivastava1, Andre Bahous, and Bob Munlemvo
Department of Civil Engineering and Applied Mechanics
McGill University, Montreal, Quebec, Canada
Summary Exact bifurcation analyses are performed for circular and rectangular plates bonded to elastic foundations. The stresses
before bifurcation are biaxial for rectangular plates and equibiaxial for circular ones. Rival theories of strain hardening plasticity
model the plate material. For circular plates, the theories yield almost the same results regardless of the foundation. For
rectangular plates, the results are similar for equibiaxial loading. Large differences emerge for non-equibiaxial loadings.
1. INTRODUCTION
Buckling of plates on elastic foundations has relevance to delamination in sandwich or composite plates. Elastic plate
buckling has been presented in [1] for circular plates. Here such buckling for circular and rectangular plates is presented
when the plate is in the strain-hardening range [2] and [3] under biaxial loads. The foundation resistance is linear elastic.
Plastic buckling has a history of paradoxes. The column paradox was resolved by Shanley by showing that no unloading
occurs in plastic bifurcation. For plates, paradoxes persist. Generally, bifurcation loads from the incremental theory (the
right theory) are higher, even absurdly, than from the deformation theory (the wrong theory). Experiments support the latter.
2. CONSTITUTIVE RELATIONS
As bifurcation is an incremental phenomenon, relations connecting the stress increments to strain increments due to
bifurcation are needed. The moduli for the incremental relations are dependent on the pre-bifurcation stresses. These
stresses for the present biaxial case are: σ yy
0

The plane stress

= ασ xx0 with the equivalent stress σ eq0 = (3 / 2) sij0 sij0 = (1 − α + α 2 )σ xx0

J 2 deformation theory relations are [2, 3]: σ xx =
2 F ε xy where
Bε xx + Cε yy , σ yy =
Cε xx + Dε yy , σ xy =

B = ( E / ∆){λ + 3 + 3e + 4λα (α − 1)}, C = ( E / ∆){2(1 + α 2 )(λ − 1 + 2ν ) + α (5 + 3e − 5λ − 4ν )},
D= ( E / ∆){α 2 (λ + 3 + 3e) − 4λ (α − 1)}}, F= E (2 + 2ν + 3e),
∆= (1 − α + α 2 ){λ (5 + 3e − 4ν ) − (1 − 2ν ) 2 } + 3α (1 − λ + e)(1 − 2ν ).
In the above
=
λ Et =
/ E , e Es / E − 1.
the stress level σ

=σ

0
eq .Taking

Es , Et are the secant and tangent moduli from a uniaxial σ − ε material curve at

e = 0 yields the J 2 incremental theory relations. =
e 0 give the elastic relations.
λ 1,=

3. GOVERNING EQUATIONS
For circular plates, the governing equilibrium equation (and boundary conditions) follows from the principle of virtual work
σ=
P/t ,
together with Kirchhoff hypothesis, and Shanley’s concept of no unloading. For equibiaxial stresses σ=
rr
θθ

α = 1, the moduli are 2 F + C = D = B = E (λ + 3 + 3e) / {(1 + λ − 2ν )(2 + 2ν + 3e)} and the governing equation is
( Bt 3 /12)∇ 4 w + P∇ 2 w + kw =
0
2
4
where w is the deflection, ∇ , ∇ the harmonic and biharmonic operators in r − θ coordinates, P the load per unit length at
the periphery r = R , and k the foundation modulus. k = 0 when foundation is absent (a) outside or (b) inside r = cR .
For rectangular plates, the prebuckling stresses are biaxial. The above procedure yields the governing equation:

∂4w
∂4w
∂4w
∂2w
∂2w
t3
{B 4 + 2(2 F + C ) 2 2 + D 4 } + P( 2 + α 2 ) + kw =
0.
∂x
∂x ∂y
∂y
∂x
∂y
12
For equibiaxial loading, α

2
4
= 1 , the above becomes ( Bt 3 /12)∇ 4 w + P∇ 2 w + kw =
0 where ∇ , ∇ are in x − y system.

4. SOLUTION AND RESULTS FOR CIRCULAR PLATES
Solution w(ξ , θ ) = W (ξ ) cos( nθ ) where r = ξ R , n = number of nodal diameters, gives for foundation inside:

=
W1 (ξ ) A1 J n ( s2ξ ) + A2 I n ( s1ξ ), W2 (=
ξ ) A3 J n ( µξ ) + A4Yn ( µξ ) + A5ξ n + A6ξ − n for 0 < ξ < c and c < ξ < 1.
a) Corresponding author. Email: suresh.shrivastava@mcgill.ca
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−n
1
4
2
( µ 4 − 4γ 4 ± µ 2 ), γ=
12kr 4 / Bt 3 , µ=
12 Pcr R 2 / Bt 3 . For axisymmetric mode n = 0 , ξ is replaced by
2
ln ξ . For foundation outside:
=
W1 (ξ ) A1 J n ( µξ ) + A2ξ n , W2 (ξ ) = A3 J n ( s2ξ ) + A4Yn ( s2ξ ) + A5 I n ( s1ξ ) + A6 K n ( s1ξ ).
Matching of the solutions at the common boundary requires equality of the functions and their three derivatives. Support
2
s22 , s=
1

d 2W
dW
dW
conditions at r = R are (i) simple W =
M rr =
B 2 +C
=
0, or (ii) fixed=
W = 0 . Thus, one gets six homogeneous
dr

rdr

dr

equations in six constants. Vanishing of the determinant of these equations is the bifurcation condition.
The plate material is an Al=
alloy: ε σ / 76,500 + 0.002(σ / 300)7 σ in MPa,ν = 0.33, and the valid plasticity range is
170-310 MPa. The k values are for foam like material. For calculations, D = 610 mm. For simply supported plates, the
graphs and table below show that the incremental theory results match the deformation theory results within 1% regardless
of the foundation. For fixed plates (not shown) the loads are higher by ≈ 10% at the upper end of the plasticity range.
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5. SOLUTION AND RESULTS FOR RECTANGULAR PLATES
Amn sin(mπ x / a ) sin(nπ y / b) where a, b are lengths, and m, n are number of buckles, gives

t3
m 4π 4
m 2 n 2π 4
n 4π 4
m 2π 2
n 2π 2
{B 4 + 2(2 F + C ) 2 2 + D 4 }] / (t 2 + α t 2 )
a
ab
b
a
b
12
2 2
ka 2
For square plates (b = a ) in equibiaxial loads (α = 1) : σ =B π t (m 2 + n 2 ) +
, m =n =
1 for low k . For
cr
π 2t ( m 2 + n 2 )
12a 2
incremental theory, the loads are ≈ 15% higher for thick plates. For equal compression tension: B = D = (3λ + 1 + e) E / ∆
−1, n =
1, m =
2 for square plates.
C= (3λ − 3 − e + 4ν ) E / ∆, F= E / (2 + 2ν + 3e), and ∆= (2 + e − 2ν )(3λ − 1 + 2ν ) .Here α =
Dramatic divergence occurs between the two theories. Thin plates bifurcate at high plasticity for the incremental theory. In
contrast for the deformation theory, the bifurcation occurs at low plasticity and at low loads regardless of plate thickness.

σ cr =+
[k
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CONCLUSIONS
In equibiaxial compression, the paradox is muted; for SS circular plates it disappears. It emerges strongly in equal
compression-tension; the bifurcation loads are either too low or too high. The results call for more experimental and
theoretical researches, especially the former, to resolve the paradox.
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TAPE SPRING ROD MODEL AS A REGULARISED ERICKSEN’S BAR INVOLVING
PROPAGATING INSTABILITIES
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Summary This paper focuses on a tape spring rod model with an up-down-up elastic bending constitutive equation that explains the creation
of localised folds which involve propagating instabilities. A simplified version of a recently published planar rod model with flexible crosssection is presented and analysed as a regularised Ericksen’s bar problem. This simplified model allows to estimate the characteristic length
of the transition zones that govern numerical simulations.

THE BENDING-FLATTENING MODEL FOR PURE BENDING TEST
An original model of tape spring has been recently proposed by Guinot et al. [1]. This model is based on the reduction
of a classical shell model into a thin-walled planar rod model with flexible cross-section. This model has been improved by
Picault et al. [2] and extended to 3D motions [3]. It has been implemented in a finite element software and simulations have
demonstrated its ability to account for complex behaviour of tape springs such as the creation of localised folds. However,
a fine mesh is required to obtain reliable results whereas the use of coarse mesh leads to numerical issues that generate
perturbations on the overall response. In order to investigate these numerical troubles, a simplified version of the planar
rod model developed in [2] is presented in this work. Considering the pure bending test, additional assumptions lead to a
model with only two kinematic variables : the opening angle β e of the cross-section (Figure 1(a)) and the rotation angle θ
of the cross-section assumed to remain orthogonal to the centerline (Figure 1(b)). Only two coupled phenomena are kept :
the bending of the centerline and the flattening of the cross-section. Let s1 be the normalised curvilinear abscissa along the
centerline. The strain energy of the rod model is expressed with the normalised longitudinal curvature θ̃,1 a and the normalised
transverse curvature β̃ e :
Z l 


2 2(1 − ν)  2


1
2
e
1 + η(β̃ e )2 (θ̃,1 )2 + β˜e − 1 +
β̃,1
ue (θ̃, β̃ e ) = 2D (β0e )
− 2ν θ̃,1 β̃ e − 1 ds1
(1)
3
0 2
2

12a2 (β0e ) (1 − ν 2 )
,
45h2

with η =

(2)

in which a is the half-length of the cross-section, h its thickness, l = L/a is the normalised length of the tape spring, β0e is
Eh3
the initial opening angle. D = 12(1−ν
2 ) is the shell flexural rigidity with E the Young’s modulus and ν the Poisson’s ratio.

Cross-section plane

+
Tape spring
centerline

-

Figure 1: (a) and (b) definitions of variables β e and θ. (c) Tape spring deformed shape for an opposite-sense bending test and
(d) the related moment-rotation curve obtained with an arclength continuation method for both coarse and fine mesh.
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The pure opposite-sense bending test described by Seffen and Pellegrino [4] consists in applying two opposite rotations θi
around e2 at ends. During this test, a localised fold appears and the deformed shape involves three distinct zones : the folded
area where the cross-section is flattened (β e = 0), the non-deformed zones (β e = β0e ) and the transition ones. The momentrotation curve obtained with an arclength continuation method is plotted in Figure 1(d) for both coarse and fine mesh. The
plateau results from propagating instabilities that occur during the growth of the fold at the constant propagating fold moment
M ∗ . This plateau is affected by oscillations which amplitude and frequency depend on the mesh density.
LINK WITH THE ERICKSEN’S BAR PROBLEM
Taking the curvatures θ̃,1 and β̃ e as constants along s1 leads to the up-down-up law shown in Figure 2(a), which can be
seen as the local constitutive bending equation. This kind of law generates jumps between two deformation states at M ∗
(Maxwell load) corresponding to the equality of energies represented by areas A1 and A2 in Figure 2(a).
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Figure 2: (a) Up-down-up behaviour law and corresponding propagating fold moment M ∗ . (b) Value of longitudinal curvature
θ̃,1 (red) and opening angle β̃ e along a half tape spring and associated characteristic lengths lθ and lβ .
Considering the equilibrium of a bar with an up-down-up constitutive equation, Ericksen [5] has shown that the continuum
problem has an infinity of solutions, and that jumps occur for the mesh-dependent discrete problem. Truskinovsky [6] has
introduced high-order terms that regularise the problem in order to obtain a unique solution. Regarding equation (1), one can
see the presence of the first derivative of the transverse curvature β̃ e which has a regularising effect on the model. Because of
this term, jumps of solution are replaced by rapid transitions over some short characteristic lengths. As illustrated in Figure
2(b), estimates of characteristic lengths lθ and lβ linked to θ̃,1 and β̃ e are found with the simplified proposed model. A reliable
solution for the discrete problem is obtained when the size of elements is smaller than lθ , which is found to be shorter than lβ .
CONCLUSION
Starting from a complete planar rod model with flexible cross-section, a simplified bending-flattening model has been
created. This model helps to point out the origin of numerical instabilities which are observed during finite element simulations
with coarse mesh. The presence of the first derivative of the transverse curvature β̃ e introduces characteristic lengths related
to transition zones where propagating instabilities occur. Numerical issues are avoided when the length of elements is shorter
than the smallest characteristic lengths. Because numerical issues have been solved, authors are now able to determine the
optimal mesh density to perform finite element simulations.
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Summary We demonstrate the instability of the free surface of a soft elastic layer facing downwards. Experiments are carried out using a
system consisting in a gel of constant density ρ and shear modulus µ, put in a rigid cylindrical dish of depth h. When turned upside down,
the free surface of the gel undergoes a normal outgoing acceleration g. It remains perfectly flat for ρgh/µ < α∗ with α∗ ' 6, whereas
a steady pattern spontaneously appears in the opposite case. This phenomenon results from the interplay between the gravitational energy
and the elastic energy of deformation of the system.

Many materials such as biological tissues can withstand huge elastic deformations of more than several hundred percent.
Specific and fascinating patterns, reminiscent of those that can be seen in hydrodynamics, can then occur with these materials
[2, 1].
Out of the many instabilities experienced by liquids, the Rayleigh-Taylor instability (RTI)[4, 5] is outstanding because it is
easy to understand, not too difficult to rationalize and also important in√many technological and physical situations. The
dispersion relation for regular gravity waves on a deep ocean reads ω = gk, where g is the downward gravity acceleration,
ω/(2π) is the wave frequency and k its horizontal wave number.
As often noticed, if one turns the gravity upward, that is if
√
one changes the sign of g, ω becomes purely imaginary ±i −gk, showing the existence of fluctuations growing exponentially
with time. These fluctuations do not saturate and yield ultimately fingers of liquids in free fall. If one considers, as we do
below, a soft solid in air with its surface turned downward, there are a priori good reasons to believe that some sort of RTI will
set in.
In the experiments [3], we use aqueous polyacrylamide gels consisting in a loose permanent polymeric structure immersed
in water. The density of this incompressible elastic material is almost equal to that of water. It behaves as an elastic solid for
strains up to several hundreds of percent. The shear modulus can be tuned over a wide range by varying the concentrations in
monomers and crosslinkers, or the temperature. In our experiments, it lies between 30 and 150 Pa. The reagents generating

Figure 1: Views of the downwardly facing free surface of gels with different shear modulii. (a) µ = 78± 0.5 Pa; (b)
44 ± 0.5 Pa; (c) 43.3 ± 0.5 Pa; (d) 42.8 ± 0.5 Pa; (e) 41.0 ± 0.5 Pa; (f,g,h) 40.0 ± 0.5 Pa. The cylindrical dish is 18 cm
diameter and 2.75 cm deep. (a-g) Steady patterns obtained just after reversal. (h) The sample temperature was 50 degrees
when reversed. The snapshoot is taken after the sample has cooled to room temperature.
the gel are dissolved in ultrapure water and poured into the brim in a cylindrical dish. After the gel is made and its shear
modulus measured, the dish is inverted upside down. We observe that the surface of the thinnest and hardest samples remains
perfectly flat (Fig.1-a). In a narrow range of shear moduli and heights non propagating undulations grow spontaneously at the
free surface of the gel and remain permanently (Fig.1-b,c,d). For lower shear moduli or greater thicknesses, several cuvettes
appear next to each other at the surface, and remain permanently. Their number (from one to seven in our experiments) and
∗ Corresponding
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their size depend on the shear modulus (Fig.1-e,f,g) and of the thickness. Flipping again the container (so that the free surface
is horizontal and upward) leads to the perfectly flat surface we started from.
To obtain quantitative information about the surface deformation, a regular light grid is projected about the free surface (Fig.
2-a). If the free surface is flat, the image of the grid is not distorded (Fig.1-a). It is warped if the free surface is deformed,
this distorsion is the bigger the surface is more deformed (Fig.1-b-g). To measure the distortion, a rectangular lattice is fitted
with the recorded images (Fig. 2-b). The deviation is plotted as a function of α = ρgh/µ in Fig.2-c. Fitting functions
a + b(α − α∗ )c with these data gives α∗ = 6.05 ± 0.25, demonstrating the existence of an instability threshold at α∗ (Fig.
2-c). The elastic layer remains flat for α < α∗ , and it is unstable in the opposite case.
A linear analytic calculation taking into account the interplay between elasticity and gravity yields an instability threshold

camera

(b)
g

ρ,µ

h

5

z (cm)

elastic gel

x

mirror

(c)

10

Mean error (mm)

(a)

0

-5

1

.

0.8

0.6

0.4

projector
-10
-10

-5

0
x (cm)

5

10

0.2

5

5.5

ρgh/µ

6

6.5

Figure 2: Quantitative analysis of the surface distortion. (a) Experimental setup. (b) Full circles: intersections of the
distorted lines of the grid observed on a sample (µ = 41.5 ± 0.5 Pa). Solid lines defined the grid that best fits the observed
one. (c) Square root of the mean squared error with the grid that best fits the observed one as a function of α = ρgh/µ with
g = 9.81m · s−2 (full circles). The solid line is the best fit with the power law a + b(α − α∗ )c . We find α∗ = 6.05 ± 0.25.
for ρgh/µ = 6.223 · · ·, in nice agreement with the experiments.
A surprising and striking non linear feature of the instability (well beyond the threshold) is the difference in the observed
patterns between snapshots (f), (g) and (h) of Fig.1, all the three corresponding to the same shear modulus with the same container size. The first two are directly obtained from a gel of 40 ± 0.5 Pa at room temperature. The third one is obtained after
cooling sample of Fig.1-(f,g) upside down from 50 degrees down to room temperature. The shear modulus correspondingly
decreases from 44 ± 0.5 Pa to 40 ± 0.5 Pa. The cooling takes place gradually from the boundaries towards the center of
the sample, resulting in shear modulus gradients until thermal equilibrium is reached. The dramatic difference between the
observed patterns highlights the existence of several equilibrium configurations. This must be related to a complicated energy
landscape with several local minima far from the instability threshold, providing a particularly interesting challenge for non
linear physics and morphogenesis. Somehow the notion of instability as introducing a kind of free choice in the evolution of
a system shows up here. It implies that the ultimate state reached after such an instability depends not only on the growth of
the unstable structure itself but also on uncontrollable or at least hard to control small effects, like various inhomogeneities in
space and time. This is clearly evidenced in our experiment.
These results open the way for further fundamental studies, for instance concerning the dynamic formation and the largescale organization of the patterns, which are both of great importance for non linear physics and morphogenesis. RTI in
solids should also be found in more complex situations, such as biology, geology and industrial processing, with visco-plastic,
visco-elastic or non-isotropic materials. Moreover, the instability is expected to occur to structures subjected to more extreme
conditions (high accelerations, strong and non-uniform gravitational fields) where the direct observation is hardly possible.
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Summary Nematic elastomers are rubbery solids which have liquid crystals incorporated into their polymer chains. These materials are
characterized by unusual mechanical properties due to their ability to form fine-scale microstructure. In this work, we study thin membranes
made of nematic elastomers. Such membranes feature two potential instabilities – the formation of fine-scale material microstructure and
the formation of fine-scale wrinkles. We develop a theoretical framework to study thin membranes of nematic elastomers that accounts
for both instabilities, and we implement this framework numerically. Using both analytic and numerical studies, we show that the nematic
elastomers can suppress wrinkling. This has important implications on space and other engineering applications where there is a pressing
need to combat wrinkling in membrane structures.

INTRODUCTION
Membrane structures – often with thickness of the order of micrometers and lateral dimension of the order of meters –
are increasingly being exploited in space applications due to their high surface to volume ratio, light weight, and easy deployability. However, membranes offer little resistance to out-of-plane deformation and wrinkle under the typical (non-ideal)
boundary conditions required to pull membranes taut (see Figure 1(left)). This is undesirable. For instance, the effectiveness
of solar sails, which exploit large surface area to capture radiation pressure for propulsion, is diminished – by as much as 5
to 15% – by wrinkling. This has motivated a number of structural mechanisms to suppress wrinkling such as catenaries and
shear compliant borders. Nevertheless, wrinkling continues to be a challenge in the design of these systems.
Our current work is motivated by an alternative approach to suppressing wrinkles by exploiting the peculiar features of
nematic liquid crystal elastomers. This material couples the finite deformation elasticity of a cross-linked polymer network
with the anisotropy of liquid crystals pendent to this network. This marriage results in a solid with many novel features, one
being the ability to form microstructure under mechanical deformation. This is seen, for instance, in the clamped stretch
experiments of Kundler and Finkelmann [5] provided in Figure 1(right). Here, the average direction of the liquid crystal
molecules (represented by a director field n mapping to a unit vector) is uniform and aligned vertically in the undeformed
nematic elastomer sheet. Upon deforming the sheet via a stretch of the clamped boundary, microstructure is induced in the
form of fine-scale planar oscillations in this orientation. Importantly, wrinkling is not apparent in these experiments. This is
in stark contrast to conventional isotropic sheets, where one would expect wrinkling due to clamped stretching deformation.
MODELING NEMATIC ELASTOMER MEMBRANES: THEORY AND NUMERICAL STUDIES
Nematic elastomers are rubbery solids which have liquid crystals incorporated into their polymer chains. The liquid
crystals spontaneously align giving rise to a nematic director below a critical temperature. This alignment is accompanied by
a spontaneous stretch along and contraction transverse to the director (characterized by an anisotropy parameter r ≥ 1 with
r = 1 the degenerate case of no spontaneous deformation). As the director reorients, so does the spontaneous deformation;
conversely deformation leads to reorientation of the director. This emerges naturally from a theory of statistical physics for
nematic elastomers which leads to a free energy density with nematic-elastic coupling [1]. This free energy density predicts

Figure 1: Solar sail with shear compliant border, NASA Langley Research Center (left). Clamped stretching of nematic
elastomer sheet by Kundler and Finkelmann [5] and depiction of microstructure (right).
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Figure 2: Energy densities for nematic elastomer membranes and corresponding simulations
the emergence of microstructure including stripe domains in Figure 1(right), and explains many unusual features observed in
these materials [4, 3].
We start from this free energy density and rigorously derive and characterize an effective membrane theory for nematic
elastomers W mem as the Γ-limit of the bulk theory in the limit of small thickness. The behavior of these membranes is
characterized by four regimes depending on the principal stretch λM (F̃ ) := supe∈S1 |F̃ e| and the areal stretch δ(F̃ ) := |adjF̃ |
of effective planar deformation (Figure 2a): one denoted W where wrinkling leads to uniaxial tension, a second M where
nematic oscillations lead to equi-biaxial tension, a third L where wrinkling and microstructure reduces the effective membrane
energy and stress to zero, and a fourth S with no fine scale features and biaxial tension. While the regions W, S, L are similar
to usual elastic membranes, the region M is special to nematic elastomers. Remarkably, this region has zero shear stress even
in the presence of shear strain.
We implemented W mem in Abaqus/Standard via a user material model for plane stress elements, and used it to subject
an initially square membrane to displacement boundary conditions which mimic the non-ideal conditions seen in space applications (equibiaxial stretch in circled red region followed by shear). We find that the nematic membrane (r=1.2) remains
entirely in the regions M and S, characteristic of strictly planar deformation (Figure 2a, right-bottom). This is in marked
contrast with that of a normal elastic membrane (r=1, Figure 2a, right-top) that shows a significant region in W indicative of
wrinkling. Therefore, these simulations suggest that nematic elastomer membranes can suppress wrinkling.
To study this further, we formally derive a generalized Koiter-type theory where we allow nematic microstructure to form
freely (i.e. relax against microstructure), but penalize wrinkling through bending. The resulting theory has a planar energy
density WS (Figure 2b) at O(h) and bending energy at O(h3 ). We implement (a slightly modified version of) this theory in
Abaqus/Standard via a user material model for shell elements and study the stretch of a long rectangular strip with clamped
ends (following Zheng [6]). The panel on the right of 2b shows the results for various values of r. For usual elastic membranes
(r = 1), we observe significant amounts of wrinkling in agreement with the observations of Zheng [6]. In contrast, for nematic
elastomers (r = 1.3), we observe no wrinkling in agreement with the observations of Kundler and Finkelmann [5]. We once
again see that nematic elastomer membranes can suppress wrinkling.
CONCLUSION
We have derived a theoretical framework to study thin membranes of nematic elastomers that are characterized by two
potential instabilities – the formation of fine-scale material microstructure and the formation of fine-scale wrinkles. We have
shown through a combination of analytic and numerical studies that the presence of microstructure can suppress wrinkling.
This has important implications as there is a pressing need to combat wrinkling in many engineering system incorporating
membrane structures.
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INSTABILITY OF MRE FILM – SUBSTRATE BLOCK
UNDER MAGNETO–MECHANICAL LOADINGS
Erato Psarra ∗1 , Laurence Bodelot1 , and Kostas Danas1
1
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Summary The present study pertains to the bifurcation modes of a MRE film bonded on a non–linear elastic and highly compliant substrate.
The motivation derives from the increasing development of the magneto–sensitive elastomers and the magnetically trigered instabilities,
possibly applicable in actively controlled haptic systems, where a transverse magnetic field induces desirable surface patterns. The present
investigation aims at the active control of a surface roughness by exploiting the unstable regime of a critically stable MRE stiff film–
soft foundation. Being inspired by biological processes (e.g., skin wrinkling), a stable post–bifurcation mode of finite and controllable
wavelength is obtained. In order to do so, the boundary value problem and the post–bifurcation evolution have to be numerically solved, so
as to determine the constitutive material properties and the critical loads needed to trigger and control the instability. Novel manufacturing
and experimental procedures have to be put in place, driven by the simulation (FE) analysis and the analytical study of the film–substrate
problem. The present study introduces a fully featured magneto–mechanical experiment that yields the MRE film finite wrinkling, being
activated by low magnetic fields and proper pre–straining of the film–substrate system.

INTRODUCTION
Magneto–rheological elastomers (MRE) are ferromagnetic particle impregnated elastomers, whose mechanical properties
are altered by the application of external magnetic fields. The reversibility and repeatability of their response, combined
with a strong multi-physics coupling, render them applicable in sensors and actuators. However, one of the most restrictive
parameters in finding new applications – or widen the already known – is the usually high magnetic fields required to achieve
an efficient active control.
A primary structure, which is relatively easy to cope with analytically and fabrication wise, is the stiff film–soft substrate block. Literature provides several examples of such bilayers that buckle under purely compressive mechanical loads1 .
However, the present study aims at exploiting the magneto–elastic coupling of such a system, since wrinkling can be a result
of coupled magneto–mechanical loadings2 . Hence, the basic idea is to mechanically bring the structure near (but not at) a
critically stable state and then destabilize it with a tiny magnetic field (Figure 1a).
THEORY & NUMERICAL INVESTIGATION
The continuum formulation proposed is a Langrangian variational approach. It pertains to the minimization of a potential
energy function, which yields all the appropriate governing equations and boundary/interface conditions3 . At the heart of the
analytical theory lies a phenomenological isotropic free energy density that depends on both elastic (i.e., deformation gradient
tensor F) and magnetic (i.e., magnetic field B) properties of the materials.
To numerically account for the magnetic energy of the air in the potential energy formulation, it is required to mesh the
surrounding space. The finite element analysis (FEA) considers an isotropically particle filled film laying upon an elastic
substrate, for given substrate-to-film thickness ratios, Hs /Hf . The magnetic field is always applied in the direction of the film
thickness, while the stretch is applied along the interface direction (Figure 1b). Three external loading cases are studied: a
purely mechanical (λ 6= 1, b = 0), a purely magnetic (λ = 1, b 6= 0) and a combined magneto-mechanical (λ 6= 1, b 6= 0).
Figure 1c shows the critical value of the dimensionless applied magnetic field bc /µ0 ms (where, µ0 is the vacuum permeability
and ms the saturation magnetization), as a function of the substrate-to-film shear modulus ratio Gs /Gf , in the absence of
stretching (λ = 1).

Figure 1: (a) Pre and post-bifurcation regime of a MRE film-substrate block after the application of magneto–mechanical loadings; (b) Directions of load application and (c) Critical
value of the dimensionless applied magnetic field bc /µ0 ms as a function of the substrate-to-film shear modulus ratio Gs /Gf , in the absence of stretching (λ = 1).
∗ Erato
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Figure 2: (a) Critical value of the stretch ratio λc as a function of the substrate-to-film shear ratio Gs /Gf , in the absence of external magnetic field (b = 0) and (b) Different
shape configurations as a function of the substrate-to-film shear ratio Gs /Gf and the compressive load λ, in the absence of external magnetic field. Am denotes the maximum
wrinkle amplitude.

Figure 2a shows the critical value of the stretch ratio λc as a function of the substrate-to-film shear ratio Gs /Gf , in
the absence of external magnetic field (b = 0). A finite wavelength wrinkling is observed for Gs /Gf ≤ 0.6, while for
higher than this threshold values, the post–bifurcated configuration becomes non–periodic, indicating possible initiation of
creases. Figure 2b reveals the rich morphological post–bifurcated evolutionary behavior of the system, in the parameter space
of λ loading and Gs /Gf ratio.
FABRICATION & EXPERIMENTS
The substrate and the film are fabricated using standard silicones (e.g., ECOFLEX Shore). The reinforcing spherical
particles are in form of carbonyl iron powder. The materials are manufactured in the absence of magnetic field, hence leading
to isotropic MREs (Figure 3a,b,c). Different filler volume fractions are tested. The manufacturing process is a typical cross–
linked polymer obtained by 3 min mixing and 7 min degassing. To cast the material into the 40 x 40 x 40 (mm3 ) aluminum
mold, first we pour the film and immediately after the substrate on the top of the film. The bilayer is subjected to a 60 min
thermal processing at 70o C.
Purely mechanical, purely magnetic and combined magneto–mechanical tests are carried-out to experimentally reveal the
wrinkling effect. The magneto–mechanical experiment takes place into a 0.8 T maximum amplitude electro–magnet, while
the pre–stretch is applied by a 3D printed compression device, able to be incorporated into the magnet. Figure 3d shows
wrinkling at a critical magnetic field b = 0.29 T and a critical pre–strain λ = 0.85. The experiments are found to be in
accordance with the numerical and the analytical results.
CONCLUSIONS
The study involves the development of novel fabrication techniques and experimental testing procedures, combined efficiently with advanced theoretical and numerical models and tools. These altogether allow for the in-depth analysis and
understanding of the coupled nonlinear structure–property relation of the MREs, whereby we guide the design of a combined
magneto–mechanical wrinkling surface pattern.

Figure 3: (a) Macroscopic view of the MRE film–substrate block; (b) Microscopic topography of the MRE film–substrate block; (c) MRE film microstructural mophology by
Keyence Microscopy, c=30% particle volume fraction and (d) Instability of the Shore-0050/c=25% CIP MRE film adhered on the Shore-0010 substrate for 40 x 40 x 28 (mm3 )
block, of 0.8 mm film thickness, pre-stretched with λ = 0.85 and bc = 0.29 T , giving 5 wrinkles along its length.
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WRINKLING BEHAVIOR OF AN INFLATED DIELECTRIC ELASTOMER BALLOON
Guoyong Mao, Xiaoqiang Huang, Junjie Liu, Mazen Diab & Shaoxing Qua)
Department of Engineering Mechanics, Zhejiang University, Hangzhou, Zhejiang, China
Summary Wrinkles are often observed in a dielectric elastomer membrane when it is pre-stretched, inflated and then
electromechanically activated. In this study, a hybrid experimental and analytical study is conducted to investigate the role of various
parameters, i.e., the initial pre-stretch, initial inflation pressure and applied voltage, on the wrinkling behavior of an inflated dielectric elastomer
balloon, such as the nucleation sites, critical voltage and type of wrinkles. Snap-through instability and electrical breakdown of the activated
membrane are also analysed. Three-dimensional phase diagrams that delineate the different operation conditions of the activated dielectric
elastomer membrane are constructed to aid designing soft actuators.

INTRODUCTION
Dielectric elastomer (DE) as one kind of electroactive polymers, has attracted extensive studies in the field of smart
materials and structures, due to its superior properties, such as voltage-induced large deformation, fast response, quiet
operation, high energy density, light weight and low cost. DE is widely used as a soft transducer with unique
electromechanical property [1]. A typical DE transducer is composed of a DE membrane sandwiched between two
compliant electrodes (such as carbon grease). When subjected to a high voltage, the DE membrane contracts out-of-plane
and extends largely in-plane.
Usually, a DE membrane undergoing large deformation can experience three types of failure: mechanical, electrical and
pull-in instability. This electromechanically-induced large deformation needs to be studied and understood in order to
control it and tailor it to suit the applications as soft transducer. Generally speaking, instabilities, including pull-in instability,
snap-through instability, wrinkling and creasing, may lead to the failure of DE structure. Therefore, suppression of such
instabilities is very important. On the other hand, mechanical instabilities accompanied by large deformation can, if
rationally harnessed, pave the way for new functions and applications.
Recently, we conducted experimental and theoretical studies to investigate the wrinkling instability of a pre-stretched
DE membrane subject to a combination of internal pressure and high voltage [2]. We set up the analytical model for the
inflated DE membrane and study the wrinkling instability of the balloon considering the effect of pre-stretch, initial
inflation pressure and applied voltage [2]. We then create a bifurcation diagram that delineates homogenous zone, snapthrough instability and wrinkle instability for the DE membrane.
EXPERIMENT
The experimental setup is schematically shown in Fig. 1 of our previous publication [2]. Wrinkles are observed when a
step voltage is applied on the inflated DE balloon. The substantial observations are summarized in the following. (i) The
geometric characteristics of the wrinkle morphology and the nucleation sites depend on the inflation pressure, the applied
voltage, and the prestretch. (ii) The critical voltage to nucleate wrinkle decreases as the inflation pressure increases. (iii) The
location to nucleate the wrinkle shifts from the center to the boundary of the membrane as the inflation pressure increases.
(iv) The wrinkle morphology changes from stripe-like wrinkles to labyrinth-like wrinkles when increasing the voltage. (v)
The nucleation sites and types of wrinkles with initial pre-stretch near 1 are different from the above observations with
larger pre-stretches.
THEORETICAL PREDICTIONS
The experimental results showed that the nucleation sites and pattern are dominated by the initial inflation pressure and
the voltage. Moreover, pre-stretching the DE membrane can affect wrinkling instability of the inflated DE balloon. In the
following, analytical study is necessary to predict the wrinkling behavior of the DE membrane as a function of the prestretch, initial inflation pressure and voltage. In our study, the DE membrane is modeled using the membrane theory, and
the key assumptions in deriving the analytical model are stated as follows: (i) The shape change of the DE membrane during
charging is assumed to be negligible; (ii) The total stress (S+) in the current configuration is the sum of the mechanical stress
(S-) due to the mechanical loading and the compressive Maxwell stress (-S+M) induced by the electric field; (iii) If either of
the two in-plane stress components, Si+ (i = 1, 2) becomes negative, the membrane wrinkles immediately12. If s2+ < 0 and

s1+  0.5 s2+

, stripe-like wrinkles along the circumferential direction nucleate. If s1 < 0, s2 < 0 and

s1+ t 0.5 s2+

,

labyrinth-like wrinkles emerge. We developed the governing equations for this problem [2].
a)
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RESULTS
The experimental and analytical predictions show that the nucleation sites and patterns of the wrinkles of an inflated
dielectric elastomer membrane are dependent on the initial inflation pressure, the voltage applied, and the prestretch. As the
inflation pressure increases, the critical voltage to nucleate wrinkle decreases, while the location to nucleate the wrinkle
shifts from the center to the boundary of the membrane. Moreover, by increasing the amplitude of the applied voltage,
wrinkle morphology changes from stripe-like wrinkles to labyrinth-like wrinkles. The nucleation sites and types of wrinkles
with initial pre-stretch near 1 are different from the above observation, i.e., those with larger pre-stretches, i.e.,  2. While
wrinkles are more spread throughout the surface in the former case, they are localized either near the edge or the apex of the
inflated balloon in the latter. We also discuss and analyze snap-through instability and electrical breakdown of the activated
membrane. As shown in Figure 1, three-dimensional phase diagrams that delineate the different operation conditions of the
activated dielectric elastomer membrane are constructed.

Figure 1 3D phase diagram of pre-stretched DE membrane subject to electromechanical loads. (a) Safe area. (b) Snapthrough may occur if the DE balloon is inflated within this area. (c) Wrinkles occur if the DE balloon is subject to a step
voltage. (d) Cross area of (a) and (c). The pre-stretch ratio is varied as Opre 1, 2,3, 4,5 .
CONCLUSIONS
Results obtained from both experiment and analytical model show that various parameters, i.e., the pre-stretch, initial
inflation pressure and applied voltage, have significant effects on the wrinkling behavior of an inflated dielectric elastomer
balloon. The critical conditions for wrinkle nucleation conditions and patterns can be tuned by prestretch, initial inflation
pressure, and the voltage. Snap-through instability and electrical breakdown of the activated membrane were also determined.
Three-dimensional phase diagrams that delineate the flat state, wrinkle state or snap-through zones are also presented.
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DEFECT-CONTROLLED BUCKLING OF DEPRESSURIZED ELASTIC SHELLS.
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Summary We revisit the classic problem of buckling of spherical elastic shells under pressure loading, with an emphasis on determining the
role that engineered imperfections have on the critical buckling pressure. Since the 1960’s numerous theoretical and computational studies
have addressed this canonical Mechanics problem, but there is a striking lack of precision experiments to corroborate these predictions. We
perform an experimental investigation where thin shells of nearly uniform thickness are fabricated by the coating of hemispherical molds
with a polymer solution, which upon curing yields the elastic structure. Moreover, our manufacturing technique allows us to introduce a
single dimple-like defect with controllable geometric properties. By systematically varying the amplitude of this defect (smaller than the
thickness of the shell) we study the effect that these imperfections have on the buckling strength of our spherical shells. Small deviations
from the spherical geometry result in large reductions in the buckling pressure and our experimental results agree well with existing theories.
We then perform a broader exploration for other classes of defects, for which theoretical predictions are yet to be developed.

FABRICATION OF OUR THIN ELASTIC SHELLS
We have developed of a coating technique to fabricate nearly uniform hemispherical thin elastic shells that is analogous
to the traditional recipe to make chocolate eggs. We start with volume of liquid solution – Vinylpolysiloxane (VPS) or
Polydimethylsiloxane (PDMS) – and pour it onto a rigid spherical mold (inset of Fig. 1a). Gravity induces drainage and
viscosity of the fluids resists it. The drainage dynamics is such that it leads to uniform coatings frozen in time as the polymer
cures, which are subsequently peeled off from their mold. We have studied how the curing of the polymer affects the drainage
dynamics and eventually selects the final shell thickness, hf , and sets its uniformity (approximately 7% standard deviation in
hf between the pole and the equator). Using this technique we have fabricated shells in the range 30 < hf [µm] < 800.
A series of experiments has been performed where we have systematically varied material (VPS and PDMS, at different
temperatures) and geometric (radius of the mold, R) parameters. The results are plotted in Fig. 1a, where we find that the shell
thickness scales as hf ∼ R1/2 . The square-root dependence of hf on R can be rationalized by balancing the characteristic
curing time, τc , of the polymer solution against the characteristic drainage time, µ0 R/(ρgh2f ), obtained when balancing the
p
viscous stresses and gravity in the lubrication layer, to yield hf ∼ µ0 R/[ρgτc ], where µ0 is a characteristic viscosity of the
polymer, ρ its density, and g is the acceleration of gravity. The fact that all the data collapse onto a master curve (irrespective
of the polymer and curing temperature, over a wide range of R) supports this scaling analysis. We have also developed a more
formal lubrication theory for the flow field that takes the rheology of the polymer into account, which is able to even more
accurately predict the experimental results.
The robustness of the coating technique and its flexibility, two critical features for providing a generic fabrication framework, are shown to be an inherent consequence of the flow field (memory loss). Moreover, the shell structure is both independent of initial conditions and tailorable by changing a single experimental parameter: the waiting time between the preparation
of the polymer solution and the pouring onto the mold.

Figure 1: (a) Final
p thickness of the elastic shells fabricated using a coating technique (inset). The solid line corresponds to the
scaling hf ∼ µ0 R/[ρgτc ]. (b) Critical buckling pressure as a function of shell thickness. The dashed line corresponds to
the classic prediction, Eq. (1). (c) Knockdown factor as a function of R/h for three different shells (see legend).
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CRITICAL BUCKLING PRESSURE AND KOCKDOWN FACTORS
We proceed by performing mechanical tests on shells that were fabricated using the mechanism described in the previous
section. In Fig. 2b, we plot the experimentally measure critical pressure for the onset of buckling (imposed volume conditions),
and compare the results with the classic prediction [1]:
 2
h
2E
,
(1)
pcl = p
2
3(1 − ν ) R
where E is the Young’s modulus of the polymer and ν ≈ 0.5 its Poisson’s ratio. The classic theory consistently underpredicts
the data, as expected due to the presence of material imperfections. In Fig. 1c, we plot the ratio of the critical pressures measured experimentally and the prediction from Eq. (1), as a function of R/h and observe knockdown factors of approximately
30%, consistently with classic experimental results in the literature. These knockdown factors can be attributed to material
imperfections (e.g. small air bubbles trapped during the curing of the polymer).
TUNING THE CRITICAL BUCKLING PRESSURE THROUGH GEOMETRIC IMPERFECTIONS
The fabrication protocol described above was modified to produce thin shells containing engineered geometric imperfections at the pole. The starting point is a thick VPS shell fabricated using the original method, which is itself used as a flexible
mold (light green in Fig. 2a). Fresh liquid polymer is then poured onto this spherical mold (dark green in Fig. 2a), and the
ensemble is immediately placed under an Instron machine to apply an indentation displacement, w. This indentation load
deforms the flexible mold such that the final thin shell (upon curing and after pealing it from the mold) has a ’dimple-like’
geometric imperfection with an amplitude that can be accurately set by varying w. In Fig. 2b, we present the angular profile
of the imperfection (calculated with Finite Element Modeling for an indentation scenario during fabrication identical to the
experiments, in the range 30 < w [µm] < 240) and find that our shells have a profile similar to the “Type 1” defects considered
in the seminal paper by Koga and Hoff [2]. This now enables us to establish a direct connection to the predictions by Hutchinson [3], which, to the best of our knowledge, had to date not been directly compared to experimental data. In Fig. 2c, we plot
the experimental critical buckling pressure, normalized by the classic prediction Eq. (1), as a function of the dimensionless
amplitude of the geometric defect, δ = w/h. Our data closely follows the theoretical predictions, which do however provide
a consistent over-prediction. These findings have motivated us to consider the possibility that non-axisymetric considerations
at the onset of buckling may be important to more accurately describe the process.

Figure 2: (a) Schematic of the experimental protocol used to fabricate nearly spherical shells with a well defined geometric
imperfection at its pole. (b) Angular profile of the geometric defects of our shells compared with for Type 1 and Type 2 defects
previously considered by Koga and Hoff (image adapted from Ref. [2]). (c) Kockdown factor as a function of the amplitude
of the imperfection. The lines are theoretical prediction from axisymmetric buckling theory [2, 3].
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TRANSFORMATION SHIFT OF PERIODIC CELLULAR STRUCTURE
BY CONTROLLING INTERNAL STIFFNESS
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Summary In some instability phenomena as typified by Euler buckling, the pre-bifurcation deformation is infinitesimal. Engineers are
used to make a design to prevent the structure from falling down because of such unstable deformation. In this study, we propose a novel
bifurcation system for two-dimensional cellular structure, which shows that the pre-bifurcation deformation is not small. We previously
developed the structural unit, the geometry of which exhibits eight-fold rotational symmetry. Controlling the point of loading, the system
can switch between two types of auxetic transformation; the structure transforms into diamond cells or square cells. We here newly model
a modified structure by inserting linear springs between periodic unit cells and demonstrate the large deformation analyses under uniform
compression, which show the switching mechanism for the two different motions after the structure undergoes some extent of cell deflection.
We also discuss about the analogy mechanism of a linkage structure.

TRANSFORMATION SHIFT OF A PERIODIC STRUCTURE WITH CELL DEFLECTION
We consider the periodic assembly with a cell unit in the fashion of a square lattice [1, 2], as shown in Fig. 1(a). The
periodic cells are pivotally connected at their vertices on the boundaries. Additionally, a linear spring is periodically inserted
between adjacent cells. We assume all cell walls have a dimension of ℓ, stretching stiffness EA and bending stiffness EI.
Then, the couples of cells of same color are welded and the couples of cells of different color are pinned, respectively. We
here define a dimensionless parameter as k̃ ≡ kℓ3 /EI, where k is the constant of a half-length spring.
By applying the finite element method with beam elements [2], we perform the large deformation analyses of the proposed
structure for a change in k̃ under uniform compression load W . Figures 1(b) and (c) show the obtained stress–strain curves
for k̃ = 10.5 and 11.0, respectively, The two curves clarify that there is a bifurcation point between k̃ = 10.5 and 11.0 and
that the structural deformation shifts to a square patterned cell parallel to the loading direction when k̃ ≤ 10.5 and does to a
diamond patterned cell when k̃ ≥ 11.0 (see the insets in Figs. 1(b) and (c)). We hereafter call the former motion as Motion
II and the latter as Motion I. In this structural system, increasing k̃ changes the distortion of the internal square cells against
compression, which shifts the balance point of the resultant moment inside the squares. That is the switching mechanism
whether the squares rotate in the direction of Motion I or II.
The switching mechanism obtained provides the additional interpretation that the deformation of the finite-sized structure
with k̃ ≈ 11.0 strongly depends on the boundary conditions of the external loading. In other words, there is a possibility
of selecting the two types of deformations at will to control the boundary conditions, which might be useful in engineering
applications.
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Figure 1: (a) The periodic cellular structure [2]; the two equilibrium paths calculated by the compression analyses: (b) Motion
II for k̃ = 10.5 and (c) Motion I for k̃ = 11.0.
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THE MECHANICAL ANALOGY OF LINKAGE STRUCTURE
It is well known that there is an energy equivalence between structural mechanics and molecular mechanics [3]. In a
two-dimensional beam structure, the strain energy of a uniform beam under pure axial force and pure bending moment can be
respectively described as
UA =

1 EA
1 EI
(∆ℓ)2 and UM =
(2α)2 ,
2 ℓ
2 ℓ

(1)

where ∆ℓ is the axial stretching deformation and α is the rotational angle at the ends of the beam. In comparison with atomic
structure, a direct relationship between the structural mechanics parameters EA, EI and the molecular mechanics parameters
is obtained as follows:
EA
EI
= kr and
= kθ ,
ℓ
ℓ

(2)

where kr and kθ are the bond stretching force constant and bond angle bending force constant, respectively. According to
the relationship between structural and molecular mechanics, we here represent the cell deflection with the bending angle of
a bond to construct the bar-and-joint framework with flexible squares linked by rotational springs as shown in Fig. 2(a). Let
the stiffness of the rotational springs be r and the linear spring constant be k, respectively, we redefine the dimensionless
parameter as k̃ = kL2 /r.
We perform the large deformation analyses of the linkage structure subjected to uniform compression loading W for
k̃ = 4.6 and 4.7. Figure 2(b) shows the calculated stress–strain curves and it can be observed that the structure behaves as
Motion II for k̃ = 4.6 and does Motion I for k̃ = 4.7. The bifurcation of the transformations is located at ε ≈ 0.4. The shifting
mechanism obtained here is similar with that of the proposed cellular structure with cell deflection. Thus, the distortion of the
linked square induced by a change in the bonding angle shifts the equilibrium state of the moment, which causes switching
to Motion I or II. This suggests that the linkage structure has a wide range of applications from molecules to architecture and
that the simple mathematical model might allow the derivation of the exact solution of our proposed bifurcation system.
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NON-LINEAR RESPONSE OF ELASTIC SNAP-THROUGH STRUCTURES
Steven Wehmeyer1 , Matthew R. Begley ∗1,2 , Francis W. Zok2 , Christopher Eberl3 , and Peter Gumbsch3
1

Mechanical Engineering, University of California, Santa Barbara, California
2
Materials, University of California, Santa Barbara, California
3
IWM, Freiburg, Germany

Summary Moderate rotation beam theory is used to map out a complete quasi-static analytical solution. Insight from the quasi-static solution
is exploited to derive a single degree-of-freedom dynamic model. Complete regime maps are presented for the macroscopic lattice stress
and strain associated with snap-through, stable configurational changes, and the peak strains in the struts before and after snap-through. It
is demonstrated that snap-through behavior can only be achieved without densification by including struts in the loading direction that are
twice the lattice spacing. The paper concludes with a brief discussion of lattice concepts that enable exploitation of these behaviors.

INTRODUCTION
While topology optimization of linear behavior appears to be well in hand, the understanding and exploitation of non-linear
behaviors associated with large lattice deformation is far less established. This is particularly true for lattices that experience
large deformation yet small strains, which exhibit highly non-linear behavior despite the fact that members remain elastic.
Such behaviors are critical for lattices with very low relative density since elastic buckling of the members is prevalent, as
opposed to higher relative density lattices that are governed by inelastic deformation in stretch-dominated members.
Many have analyzed the structure presented here for load-deflection response [1], as well as used the highly non-linear
response as a benchmark test for different non-linear solution techniques for finite element analysis [2]. Figure 1A shows
one lattice concept for which the derived governing equations are applicable; this concept is motivated by the fact that the
geometry is arguably the simplest cellular lattice topology that will exhibit snap-through behaviors. The lattice material
consists of slender members oriented at an angle with respect to the global (X1 , X2 ) coordinate system. For compression
in one direction and suitable constraint in the other, one obtains a variety of behaviors, as shown in Figures 1B and 1C.
Depending on the strut angle and slenderness ratios, one can obtain: (i) non-linear but purely monotonic behaviors with no
snap-through, (ii) bi-directional snap-through (Figure 1B), and (iii) snap-through that leads to a second stable equilibrium
configuration upon unloading (Figure 1C). Referring to Figure 1, the inclusion of finite-sized ‘nodes’ at strut intersections
is motivated by the fact that certain behaviors would otherwise be influenced by densification (self-contact), because such
transitions occur at large displacements relative to the projected length of the struts in the loading direction.
RESULTS
This work presents a comprehensive analytical solution that elucidates the combinations of geometry and loading that
produce each type of behavior (Figure 2). These governing equations can be used in designing non-linear structures through
examination of relative density, macroscopic strains before and after snap-through, etc (see Figure 3). The full dynamic
equations, and insights generated by the quasi-static solutions, are used to develop an idealized single degree of freedom nonlinear model, which is used to elucidate the nature of structural damping and identify scenarios in which quasi-static behaviors
are sufficient to infer cyclic response (Figure 4). This enables rapid computation of complete regime maps indicating the type
of behavior expected, as well as contour maps of the critical loads, deflections and strut strains associated with unstable
transitions in lattice configurations.
Hysteresis in a loading-unloading cycle is typically inferred from the instability points identified with quasi-static solutions. This implicitly assumes that there is sufficient damping in the material (or boundary conditions) to suppress dynamic
oscillations during snap-through. While sometimes true, it is not clear from prior treatments when such assumptions are valid.
To gain general insight into the hysteresis introduced by unstable transitions, this work adopts a Kelvin-Voight viscoelastic
constitutive law, which serves a simple purpose: it introduces a dissipative time-scale that governs the transition from the
quasi-static time scale associated with slow loading rates to the much faster inertial time-scale triggered by an instability. This
can be used to accurately determine instances in which quasi-static solutions yield acceptable estimates of hysteretic losses.
References
[1] William F. W.: An approach to the non-linear behaviour of the members of a rigid jointed plane framework with finite deflections. The Quarterly Journal
of Mechanics and Applied Mathematics 17(4):451-469, 1964.
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FIG 1. Lattices formed from straight-sided struts. For some
configurations, bistable behaviors can only be achieved by using
finite-sized strut connections that eliminate self-contact at large
deformation.

FIG 3. Regime maps for design of bistable lattices. Three regimes
include no snap-through, bi-directional snap-through, and
permanent strain after unloading.

FIG. 2. Typical plane strain (e1 = 0) behaviors of angled struts:
(A) a comparison of full solutions and approximate solutions, B)
inferred quasi-static response for cycling under load control with
constant hysteresis, (C) inferred quasi-static response for cyclic
under load control where shakedown occurs after the first cycle,
due to a second stable equilibrium state.

FIG 4. Typical plane strain dynamic behaviors of angled struts with
low-frequency applied force. On the left, the dashed line is a scaled
plot of the applied force as a function of time; on the right, the
dashed line is the quasi-static force-displacement relationship
(assuming displacement control).
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DYNAMIC STABILITY OF BIAXIALLY STRAINED THIN SHEETS
UNDER HIGH STRAIN-RATES
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Summary This work pertains to the stability of structures under rapid loading rates when inertia is taken into account. In contrast to the
widely used approach using modal analysis to determine the structure’s fastest growing eigenmode — meaningful only for slow loading
rates — the present study analyzes the time-dependent response to spatially localized perturbations in structures, in order to understand the
initiation of the corresponding failure mechanisms. This approach is followed here to study the stability of rapid biaxial stretching of thin
plates. The nonlinear time evolution of a such a perturbation is studied numerically and it is shown that these structures are stable until the
time when the condition for the loss of ellipticity is reached. An analytical method, based on linearization, is used to define the size of the
influence zone of a point-wise perturbation and we study its dependence on constitutive laws and loading conditions.

BACKGROUND
The issue of dynamic stability of structures is an important engineering problem and a substantial amount of work has been
done to investigate the response of structures to impulse or time-dependent loads. As a result, and due to the many possible
definitions for the stability of time-dependent systems, the term dynamic stability encompasses many classes of problems and
different physical phenomena and has many interpretations, with inertia being the only common denominator.
In the absence of inertia, the processes of failure by a bifurcation instability mode in elastic solids and structures is well
understood and a general asymptotic methodology based on modal analysis has been developed; this approach has also been
used for the dynamic stability problem of elastic structures. Another idea, popular in fluid mechanics, has also been used for
the dynamic stability analysis of solids with more general constitutive laws under high rates of loading, according to which
one seeks the solid’s fastest growing eigenmode, or the wavelength associated with lowest necking strain. This method has
been repeatedly applied in the study of dynamic stability of various elastoplastic structures (bars, rings, plates, shells e.t.c.)
under high loading rates where the failure pattern and size of fragments is of interest.
However, experimental evidence from rapidly expanding electromagnetically loaded metallic rings by [4] shows no dominant wavelength at the necked pattern of the rings. Moreover, there is no evidence of influence of strain rate on the necking
strains, which are consistent with maximum force criterion of a rate independent constitutive law (Considère criterion). Motivated by these observations, [3] have recently studied the dynamic stability of an incompressible, nonlinearly elastic bar
at different strain-rates by following the evolution of localized small perturbations introduced at different times. The same
approach is followed here for the biaxial stretching of rapidly expanding thin plates, where we follow the time evolution
of spatially localized perturbations and their interactions, using linearized stability analysis and fully nonlinear numerical
calculations.
χ2
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τ
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Figure 1: Left: Schematic diagram of a biaxially strained plate; Right: Typical influence cone of an initial (τ = 0) perturbation at the origin (X = 0)
showing the evolution of the influence zones χ− (in red) and χ+ (in blue) of the slow and fast wave speeds along the corresponding radial direction.
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PROBLEM SETTING AND RESULTS
The novel idea here is to analyze the evolution of spatially localized perturbations of time-dependent, rapidly strained
plates under biaxial tension in order to understand the initiation of the corresponding failure mechanisms. We study a 2D,
incompressible, elastoplastic (rate-independent) plate, using a nonlinear constitutive law makes sense for real structures since
no unloading occurs until a point in the structure reaches the loss of ellipticity condition, at which point our calculations are
terminated.
Using a finite strain deformation theory of plasticity (based on logarithmic strain), we follow the time evolution of spatially
localized perturbations and their interactions. The nonlinear time evolution of such a perturbation is studied numerically using
FEM and it is shown that these structures are stable until the time when the condition for the loss of ellipticity is reached. An
analytical method, based on linearization, is used to define the size of the influence zone of a point-wise perturbation and we
study its dependence on constitutive laws and loading conditions. More specifically we determine the extent of the influence
zones χ+ and χ− , corresponding to the faster and slower wave speeds ν+ and ν− along a direction inclined by φ with respect
to the horizontal axis at dimensionless time τ . A 3D plotting of the two influence cones for the case of a uniaxial stretching
(load angle tan ψ = −1/2) of a power law material with uniaxial yield strain y = 0.002 and hardening exponent n = 0.22
is shown in Figure 1.

Figure 2: Green-Lagrange strain perturbation contours ∆E(χ, τ ) at three different dimensionless times a) τ = 0.17, b) τ = 0.35 and c) τ = 0.52 = τm ,
where only contours of ∆E ≥ 10−3 are shown in color. The extent of the influence zones χ− (φ, τ ) and χ+ (φ, τ ) for the slowest and fastest wave speeds
ν− and ν+ respectively, are also shown in these figures. Results calculated correspond to a hyperelastic constitutive law with a piecewise power law uniaxial
curve (y = 0.002, n = 0.22) and a loading angle tan ψ = −1/2.

The numerical calculation of the time evolution of the time evolution of an initial (τ = 0) perturbation at the origin
(X = 0) for three different dimensionless times τ is shown in Figure 2, where the last time corresponds to the onset of loss of
ellipticity along one direction (the one along which the strongly localized pattern of deformation appears) in the plate.
The proposed approach is useful for the stability analysis of more realistic structures under high strain rates. As one such
example we cite the recent work by [2] on the stability of a pressurized thin ring at high rates, where it is shown that for small
values of the applied loading rate, the structure fails through a global mode, while for large values of the applied loading rate
the structure fails by a localized mode of deformation, as also found recently in the experiments of [1]. Our study also shows
the sensitivity of the size of minimum and maximum influence zones with respect to the constitutive model used, and hence
the caution needed in using such calculations to predict failure patterns.
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Figure 1: The left ﬁgure shows a phase diagram on pattern selection deﬁned by Eq. (1). The blue solid curve is determined
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MULTI-STABILITY AND BIFURCATIONS OF THIN BANDS
1

Tian Yu1 and James Hanna ∗1
Engineering Mechanics Program, Department of Biomedical Engineering and Mechanics, Virginia Tech, U.S.A.

Summary Thin band- or strip-like structures are common motifs in flexible and deployable systems [1], serving as integrated connectors
[2], hinges, and umbilicals. We experimentally investigate a simple configuration representing the above type, a thin elastic band with
end constraints on position and orientation. These constraints correspond to a combination of compression and shear with respect to a
flat rectangular rest configuration. We vary the aspect ratio of the band, and the position and clamping angle at its ends. The buckled
structure remains developable up to limiting deformations that approach one of two types of state, each dominated by two singularities. At
intermediate deformations, the structure may adopt many distinct stable states. Transitions between these states can be smooth or violent,
and depend strongly on constraints such as the clamping angle.
In our presentation, we will relate our results to prior work on twisted strips [3, 4], and analytical models of anisotropic rods.

We employ 0.00500 -thick polyester shim stock bands of dimensions L and W . First the W -ends are displaced towards
each other by a fixed distance ∆L and clamped at a fixed angle θ (see Figure 1a). Then these ends are displaced laterally
by a variable distance ∆W , shearing the buckled band. The clamps are oriented vertically to minimize the effects of gravity.
Shearing is performed quasi-statically, and the process is often halted so that the band can be manually manipulated into other
local minima inaccessible by the shearing process.
p
At a limiting value of shear displacement ∆W = L2D + (L − ∆L)2 , where L2D = W 2 + L2 , the band’s diagonal
straightens and two conical singularities begin to form at its ends. Further deformation requires stretching rather than pure
bending. We characterize these limiting states as S-like or U-like, depending on whether the band lies on both sides or on one
side of the plane between the clamped ends (see Figure 1).

Figure 1: (a) S and (b) U configurations near the developable limit.
At intermediate values of shear displacement ∆W , a band may adopt many intermediate stable states, as shown in figure 2.
States named with + or − are symmetric pairs, so there are nine distinct states, which degenerate into five when the clamping
angle θ = 0◦ . Our initial attempt to classify these states uses geometric features such as inflection points.

Figure 2: Twelve stable configurations of a strip with aspect ratio W/L = 0.125, normalized compression ∆L/L = 0.5, and
clamping angle θ ≈ 5◦ .
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Figure 3: Shearing a band of aspect ratio W/L = 0.25 and normalized compression ∆L/L = 0.5, with different clamping
angles. Three time series from left to right. (a) θ = 15◦ , smooth transition from U to US+ ; (b) θ = 30◦ , snap-through from
U to WS- ; (c) θ = 45◦ , snap through from U to uUui.
Figure 3 shows the effect of clamping angle on the response of a band to shear. At low angles, a smooth transition to an
S-like state is observed. At slightly larger angles, the transition is a violent snap-through. At still larger angles, the system
snaps to a higher-mode shape. Prior to a snap, elastic energy is focused at two points on the structure (white arrows); this is
relaxed upon snapping.
Figure 4 shows the landscape of stable states and transitions for the examples in Figure 3 (a) and (c). The normalized
shear displacement ∆W/Wmax serves as a bifurcation parameter. Red lines show paths (one hysteretic and one not) traced
by sweeping the parameter up and down, beginning in the U state. In some cases (not shown), the system returns to a W state
rather than a U state. Gravity in the vertical orientation causes asymmetry between some + and − states. Snap-through can
involve significant inertia.

Figure 4: Bifurcation diagrams corresponding to Figure 3(a) (left) and (c) (right).
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Oscillatory behaviour of compressible hyperelastic shells subjected to dynamic inflation: A
numerical study
D. Aranda-Iglesias∗, G. Vadillo, and J. A. Rodrı́guez-Martı́nez
Department of Continuum Mechanics and Structural Analysis. University Carlos III of Madrid. Avda. de la
Universidad, 30. 28911 Leganés, Madrid, Spain
Summary This paper is concerned with the role played by material compressibility in the oscillatory behaviour of Mooney-Rivlin spherical
shells subjected to dynamic inflation. For that purpose we carried out a comprehensive numerical analysis using: (1) a finite differences
MacCormack’s scheme implemented in MATLAB and (2) a finite elements model implemented in ABAQUS/Explicit.

ABSTRACT
The oscillatory behaviour of a thick-walled spherical shell, due to the application of a step pressure in the inner face, is
investigated. The shell material is taken to be isotropic and compressible within the framework of finite nonlinear elasticity.
For that purpose we have developed two different numerical methodologies. The first one is a finite differences MacCormack’s
scheme first proposed by [1]. The second one is a finite elements model aimed to systematically verify and complement the
outcomes of the aforementioned finite differences method. We have detected that numerical dispersion and diffusion impose
limits to the capacity of the computational simulations to describe the shock wave that emanates from the inner surface of the
shell due to the application of the inflation pressure. Nevertheless, both numerical approaches capture the essential features
which describe the oscillatory behaviour of the shell, including the maximum stretch of the oscillation. Furthermore, we have
conducted a parametric study to assess the role played by applied pressure, material compressibility and shell thickness in the
oscillatory motion of the shell. Systematic comparison with the analytical solution for the incompressible limit first proposed
by [2] is carried out. We have shown the interplay between the maximum amplitude of the oscillation and the applied pressure,
and obtained the critical pressure for which the oscillatory behaviour is lost, leading to an unbounded expansion of the sphere.
Moreover, our calculations have revealed that the wave propagation within the specimen plays a key role in the dynamic
response of the shell. The phase portraits used to represent the oscillatory motion of the sphere show a characteristic sawtooth
shape that is accentuated with the increase of material compressibility and shell thickness.
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NUMERICAL ANALYSIS OF DYNAMIC STABILITY OF PLATE BY USING TOOLS USED IN
DYNAMICS
Łukasz Borkowski1a), Zbigniew Kołakowski2
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1,2

The aim of the study is to analyze an isotropic plate in terms of its dynamic stability (or its instability), by using tools that are
mainly used in the vibrations theory of dynamical systems e.g. in the theory of bifurcation and chaos. The results achieved by
using tools such as phase portraits, Poincaré maps, FFT analysis, Lyapunov exponents will be compared with the results
obtained by using the Volmir criterion.
In this presentation was examined a square isotropic plate with dimensions b=l=100mm, h=1mm and the material
constants E=200GPa, ν=0,3, joint supported on the all edges (Fig. 1). Dynamic compressive load was included in the plane
of the plate.

Fig. 1. Analyzed plate
Using research done by Volmir [1], the above plate can be described by following equation:
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Fig. 2. The graph of dynamic stability and instability of the plate (a) and the timing diagram of stress (b) [1].
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An analysis of dynamic stability consists of changing parameters σ0 and σt (Fig. 2b), which in turn allowed to create the
graph of dynamic stability and instability of the plate (Fig. 2a).
Comparison of the results obtained by phase portraits, Poincaré maps, FFT analysis and Lyapunov exponents [2] with the
results shown in Fig. 2a was made for the two values of the parameters k and θ/2Ω: an area of dynamic stability (k=0,3,
θ/2Ω=0,9), an area of dynamic instability (k=0,45, θ/2Ω=1,1).

Fig. 3. Phase portraits (a, b), Poincaré maps (c, d), FFT analysis (e, f) for the stability solution (a, c, e) and the instability
solution (b, d, f).
Summing up the results, it can be concluded that using tools used in dynamics it is possibile to designate the areas of
stability and instability for the study system. For phase portraits (Figs 3a, 3b) and Poincaré maps (Figs 3c, 3d) loss of
stability associated with a significant increase in the value of displacement and velocity (all studies have been done for the


initial conditions equal to x =0,01, x =0,00) and the nature of the resulting solutions. On the graphs of the FFT analysis,
during the transition into the area of instability, a signal spectrum is continuous (specification of dominant frequencies is
impossible) and significantly increased their amplitude. Using the Lyapunov exponents cannot precisely described when the
loss of stability take place. Both of the stability (k=0,3, θ/2Ω=0,9) and instability (k=0,45, θ/2Ω=1,1) areas we get the two
Lyapunov exponents equal to zero – a quasiperiodic solution (two disproportionate to each other frequency, so-called a 2D
torus). However, the use of the Lyapunov exponents is useful for the larger values of parameter k, which are not shown in
Fig. 2a. For k=1,60, θ/2Ω=1,1 the largest Lyapunov exponent reaches a positive value, the analyzed system goes into a
chaotic solution. This solution can be also observed in the Poincaré map (Fig. 4).

Fig. 4. Poincaré maps for the chaotic solution.
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A FINITE ELEMENT/QUATERNION/ASYMPTOTIC NUMERICAL METHOD FOR THE 3D
SIMULATION OF FLEXIBLE CABLES.
Emmanuel Cottanceau1,2 , Olivier Thomas ∗1 , Philippe Véron1 , Marc Alochet2 , and Renaud Deligny2
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Summary A flexible cable is modeled by a geometrically exact beam model with 3D rotations described using quaternion parameters. The
boundary value problem is then discretized by the finite element method. The use of an asymptotic numerical method to solve the problem,
requiring quadratic equations, is well suited to the quaternion parametrization. This combination of methods leads to a fast, robust and
accurate algorithm very well-adapted for the simulation of the assembly process of cables. This is proved by running many examples
involving complicated solutions.

INTRODUCTION
The use of numerical tools for design is crucial in automotive industry. Indeed,
they allow to limit the mock-up phases and thus reduce the design duration and the
manufacturing costs. Most of the car pieces being rigid body solids, CAD software
are nowadays widely used. However, these tools are not able to accurately predict the
behavior of flexible pieces. In particular, cables simulation represents an outstanding
challenge for the assembly process departments. Their structure is complex : a wire
is made up of copper filaments wrapped in an elastomer duct. These wires are most
of the time gathered in bundles which are themselves surrounded by various protections such as tape, PVC tube... All these features lead to very complex geometries. In
addition, the large displacements undergone by cables, due to their flexibility, bring
Figure 1: Cable harnesses.
geometric nonlinearities. Furthermore, design departments require fast computation
algorithms such that several design configurations can be tried. The current commercial softwares using computationally costly 3D elements are thus not adapted. In this context, we propose to build a dedicated
tool in which the cables are modeled by the geometrically exact beam theory and simulated by an original combination of
techniques: the finite element method for discretization, the quaternion parameters to describe rotations and an asymptotic
numerical method (ANM) to compute the branches of solution.
TECHNIQUES USED
Beam formulation
The slender geometry of cables and their flexibility make a beam model with large displacements/large rotations and small strains really appropriate. These geometrically exact
beam models consist in giving the position of the centerline of the beam and the rotation
of the sections. They have been widely studied during the last decades but are still of interest for research, mainly because of the difficulty to describe 3D rotations. Indeed, they
are not unique and among the main parametrizations existing, most of the papers have been
focusing on rotational vector-like formulation, highlighting the use of only 3 parameters [1].
However, it has been proved that at least 4 parameters are necessary to avoid any singularities. Consequently, quaternions based on Euler parameters seem an optimal choice (least
parameters avoiding singularities). Beyond their computational efficiency they also offer
an alternative description of rotations avoiding trigonometric functions, that we found very
well-adapted to be coupled with an ANM.
Finite element analysis
Figure 2: Beam kinematics.
Several authors have recently used the quaternions coupled with both finite element
methods (FEM) [2] and finite difference methods [3], leading to promising results. For the
purposes of our application, we preferred the use of the former. Indeed, the FEM is really convenient for the simulation of
complicated geometries, featuring easy assembly of multibody systems (such as piecewise cables). Our FE formulation is
obtained from the weak formulation of the beam. As recommended in [2], in numerical purposes, we added a Lagrangian
multiplier to keep the unity of quaternions, seen as a supplementary variable. In our code, we have used isoparametric elements
with a linear interpolation which seems sufficient if enough elements are employed.
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Asymptotic Numerical Method
To solve the nonlinear algebraic problem obtained from the FEM fint (u) = λfext (with internal force vector fint , external
force vector fext , unknowns vector u, load parameter λ), predictor-corrector algorithms are usually used. However, these
algorithms require the delicate choice of a step size which has to be small enough to get convergence but not too small
to keep efficiency. Besides, the convergence toward the equilibrium solution is never assured. An alternative is to use an
asymptotic numerical method [4] [5]. Such a method principle is, starting from a solution point, to seek the branch of
solution as an asymptotic expansion of an arc length measure, leading to a semi-analytical solution. The range of validity
of the series expansion is automatically computed and allows to define a new starting point for the next branch. The full
equilibrium diagram can then be computed iteratively. This method features 3 main advantages : the user does not have any
parameter to tune, it requires less computation time than a classical predictor-corrector method and it is not concerned by
convergence problems [4]. The main difficulty using this method is to put the system of equations under the quadratic form
R(u) = fint (u) − λfext = C + L(u) + Q(u, u) = 0 (with C, L and Q respectively constant, linear and quadratic operators).
However, the use of quaternions instead of the usual trigonometric functions leads to polynomial expressions which makes
the quadratization process very straightforward. Using both quaternions and the ANM is thus a very good combination.
RESULTS AND CONCLUSION

Figure 3: Post-buckling of a clamped-clamped beam. Equilibrium curve (left) and corresponding deformed shapes.

Figure 4: Formation of a plectoneme [3]. Equilibrium curve (left) and corresponding deformed shapes.
The full method has been implemented in Matlab. To solve the quadratic system R(u) = 0 with the ANM, use of the
free online package ManLab [6] has been made. Several standard examples of the literature for which an analytical solution
is known [1] [2], as well as examples featuring a more intricate bifurcation diagram have been run. On figure 3, the postbuckling of a clamped-clamped beam is illustrated. On figure 4, the experiment of [3] is reproduced numerically : it shows
the appearance of a plectoneme (loop) on a cable undergoing gravity by the sole rotation of the right end-section. These
results demonstrate the accuracy and the robustness of the method for a simple cable (one piece). They will lead our future
developments which will consist in testing the method on a great variety of cables and on more complex geometries. In
particular, we will focus on bundle-type structures whose cross-sections contain several wires. If concluding, this will allow
to simulate accurately the assembly process of cables and will constitute a very useful tool for industry.
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DYNAMIC INSTABILITY OF ANTISYMMETRIC CROSS-PLY LAMINATED COMPOSITE
CYLINDRICAL SHELLS
Mehdi Darabi a), Rajamohan Ganesan
Concordia Centre for Composites, Department of Mechanical and Industrial Engineering, Concordia University,
Montreal, Quebec, Canada
Summary In the present work, the non-linear dynamic instability of thin laminated composite cylindrical shells under periodic axial loading is
investigated. In particular, antisymmetric cross-ply laminates are considered. Donnell’s shallow-shell theory with von Karman-type of
nonlinearity are considsered in equations of motion. Galerkin’s technique is then applied to solve the non-linear larg deflection shallow-shell
eequations of motion and it leads to a system of nonlinear Mathieu-Hill equations. Using Bolotin’s method the instability regions and both stable
and unstable solutions amplitude of the steady-state vibrations are obtained. The effects of diffrent lamination schemes on the instability regions
and parametric resonance particularly the steady-state vibrations amplitude are examined. The present formmulation shows good agreement with
that available in the literature for linear instability analysis.
INTRODUCTION
The interest to study the dynamic stability behavior of engineering structures dates back to the text by Bolotin [1] which
addresses numerous problems on the stability of structures under pulsating loads. A comprehensive literature review covering
the period 2003- 2013 on non-linear vibrations of shells has been done by Alijani and Amabili [2].
To the present authors’ knowledge most of the works on dynamic instability are based on linear analysis and so lead to
dynamic instability regions. Stability analysis based on classical linear theories provided only an outline of the parameter
regimes where nonlinear effects are of importance. In the present work, the instability regions as well as steady-state
amplitudes of stable and unstable solutions are determined based on nonlinear large deflection shallow-shell equations of
motion which lead to a system of nonlinear Mathieu-Hill equations.The effects of different lamination schemes of
antisymmetric cross-ply laminated shells on both instability regions and ampiltude of steady-state vibrations are investigated.
SYSTEM MODELLING AND SOLUTION
A thin simply supported laminated composite cylindrical shell, having length 𝐿 and radius 𝑅 with respect to the
curvilinear coordinates (𝑋, 𝜃, 𝑍) which are assigned to the mid-surface of the shell is considered. The cylindrical shell is
subjected to a periodically pulsating load in the axial direction with the axial loading per unit length given by:
𝐹𝑥𝑥 (𝑡) = 𝐹𝑠 + 𝐹𝑑 𝑐𝑜𝑠𝑃𝑡
(1)
The non-linear von Karman strains associated with large deflections and curvatures according to Donnell’s theory are
considered. Introducing Airy’s stress function and neglecting the inertia forces in 𝑋 and 𝜃 directions, Galerkin’s technique
is then applied to the problem. It leads to a system of non-linear Mathieu equation as follow:
3
𝑀𝑚𝑛 𝑞̈ 𝑚𝑛 (𝑡) + 𝐾𝑚𝑛 𝑞𝑚𝑛 (𝑡) − (𝐹𝑠 + 𝐹𝑑 cos 𝑝𝑡)𝑄𝑚𝑛 𝑞𝑚𝑛 (𝑡) + 𝜂𝑚𝑛 𝑞𝑚𝑛
(𝑡) = 0
(2)
where 𝑀𝑚𝑛 , 𝐾𝑚𝑛 , 𝑄𝑚𝑛 and 𝜂𝑚𝑛 are matrices in terms of extensional, bending, bending-extensional coupling stiffnesses,
shell’s geometry properties and wave numbers for the studied laminate composite cylindrical shell.
Using Bolotin’s [1] method for parametric vibration, the solution of period 2𝑇 considering the first approximation is given
by the following equation:
𝑃𝑡
𝑃𝑡
𝑞(𝑡) = 𝑎 sin + 𝑏 cos
(3)
2
2
By substitution of Eq. (3) into Eq. (2) a system of two homogeneous linear equations with respect to 𝑎 and 𝑏 can be
obtained. This system has solutions that differ from zero only in the case where the determinant composed of the coefficients
is equal to zero:
3𝛾
2
1 + 𝜇𝑚𝑛 − 𝑛𝑚𝑛
+ 𝑚𝑛
𝐴2
0
4Ω2
𝑚𝑛
|
|=0
(4)
3𝛾
2
2
0
1 − 𝜇𝑚𝑛 − 𝑛𝑚𝑛
+ 𝑚𝑛
2 𝐴
4Ω𝑚𝑛

where 𝐴 is the amplitude of steady-state vibrations and is given by:
𝐴 = √𝑎2 + 𝑏 2
and
𝜔𝑚𝑛 = √

𝐾𝑚𝑛
𝑀𝑚𝑛

, 𝛾𝑚𝑛 =

𝜂𝑚𝑛
𝑀𝑚𝑛

, 𝑁∗ =

𝐾𝑚𝑛
𝑄𝑚𝑛

, Ω𝑚𝑛 = 𝜔𝑚𝑛 √1 −

(5)
𝐹𝑠
𝑁∗

,

μ𝑚𝑛 =

𝐹𝑑

(6)

2(𝑁∗ −𝐹𝑠 )

Expanding the determinant and solving the resulting equation with respect to the amplitude, 𝐴, two solutions are obtained for
𝐴 which are called stable-solution and unstable-solution corresponding to +𝜇𝑚𝑛 and −𝜇𝑚𝑛 respectively. Also the
dynamically unstable regions are determined by setting 𝐴 = 0 in equation (4).
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RESULTS AND DISCUSSION
The material properties used in the present analysis are : 𝐸1 ⁄𝐸2 = 40 , 𝐺12 ⁄𝐸2 = 0.5 and 𝜐12 = 0.25. For laminated
circular cylindrical shells, the critical static buckling load is approximated as [3]
𝑁𝑐𝑟 =

𝐸2 ℎ2

(7)

𝑅√[3(1−𝜈12 𝜈21 )]

Fig.1. (a) First dynamically unstable region, (b) variation of the first mode unstable regions with different lamination
schemes, (c) stable- and unstable-solutions amplitudes, (d) variation of the first mode stable-solution amplitude of
steady-state vibrations with various lamination schemes.
Figure 1 displays the dynamically unstable regions and both stable- and unstable-solutions amplitudes of steady-state
vibrations for an antisymmetric cross-ply laminated cylindrical shell having aspect ratios of 𝐿⁄𝑅 = 2 and 𝑅 ⁄ℎ = 200
subjected to tensile loading of 𝐹𝑠 = 0.1𝑁𝑐𝑟 . As can be observed from Figure 1(a) each unstable region is separated by two
lines which are not completely straight and they curved slightly outward with a common point of origin. Figure 1(c) shows
both stable and unstable solutions of amplitude-frequency relation of steady-state vibrations for a two-layered (90𝜊 /0𝜊 )
laminate corresponding to 𝐹𝑑 = 0.3𝐹𝑠 . It is observed from Figure 1(b) and 1(d) that unstable regions and amplitude of steadystate vibrations shift to the right along the frequency axis having higher frequencies of excitation. This shifting to the right of
the frequency axis is reduced once the number of layers is doubled and appears to converge at a certain value as the unstable
regions and amplitudes of steady-state vibrations of eight- and ten-layered laminates almost coincide with each other.
CONCLUSION
The present work has shown that there is vibration with steady-state amplitude in the instability region which approaches
almost constant amplitude when the excitation frequencies are increased. Hence, for more perfect and complete studies of
dynamic instability, the nonlinear analysis presented here is required to determine both the stable and unstable vibration
amplitudes in addition to instability regions. It has been shown that the amplitude of steady-state vibrations are decreased,
corresponding dynamically-unstable regions shift to the right along the frequency axis having higher frequencies of excitation,
and the widths of the instability regions are decreased when the number of plies are increased and further, convergence is
achieved at a specific number of plies in each case.
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EFFECT OF NON-LINEAR CONSTITUTIVE LAW ON COLUMN BUCKLING
1

Derek Hollenbeck∗1 , Soheil Fatehiboroujeni1 , and Sachin Goyal1
Department of Mechanical Engineering, University of California, Merced, CA, USA

Summary Columns with linear constitutive laws in bending can sustain higher than critical buckling load after buckling. In other words,
they have stable post-buckling behavior. However, a class of materials such as redwood exhibits cubic nonlinearity in the constitutive law
with softening effect. An analysis with simple idealized model reveals that such cubic nonlinearity in the constitutive law diminishes the
domain of post-buckling stability, and lead to catastrophic collapse. This work further investigates the finding by taking into account the
nonlinear constitutive law into beam theory.

It is known that certain materials such as redwood exhibit cubic constitutive law of the form [1]
σ = E 1  + E 2 3

(1)

where E1 , E2 are constants, σ is the axial stress and  is the axial strain. This nonlinearity translates into a similar nonlinearity
in the constitutive law for bending
q = E1 I1 κ + E2 I2 κ3

(2)

where q is the bending moment having restoring effect on the curvature κ, and I1 and I2 are the second and fourth moments of
cross-sectional area respectively. Accounting for the above nonlinearity in the Euler equation, and using perturbation analysis
for a clamped-free case, Haslach [2] showed that the post-buckling behavior becomes unstable beyond a critical value of E2 .
Szymczak and Mikulski [3] refined this analysis further with the tangent modulus theory, and found that even the buckling
load is reduced.

Figure 1: Idealized model of buckling of a clamped-free column. The torsional spring at the hinge captures lumped bending
stiffness as M = k1 θ + k2 θ3 , where k1 and k2 are constants and M is the restoring moment of the spring.
However, an analysis with simple idealized model, such as shown in Fig. 1, with the cubic nonlinearity in the constitutive
law reveals that the post-buckling behavior does not abruptly change from being stable to being unstable as the cubic nonlinearity in the constitutive law is increased. Instead, the domain of stability diminished smoothly as shown in the bifurcation
diagrams in Fig. 2. In other words, the post-buckling behavior is stable at the onset, but after at a critical value of θ, it becomes
unstable and the column collapses catastrophically. The critical value of θ does depend on the cubic nonlinearity factor k2 .
Motivated by this observation, we further investigated the post-buckling stability using a nonlinear beam theory. By
including higher order terms in the perturbation analysis of the beam, we observed similar trends as observed in the idealized
model. Therefore, we conclude that it is necessary to include higher order terms in the perturbation analysis that were ignored
in [2], to capture important trends in the post-buckling stability of the columns with nonlinear constitutive laws.
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Figure 2: Normalized critical buckling load is plotted against θ for several values of k2 while keeping k1 constant. The red
curve corresponds to the trajectory of the critical load for a linear constitutive law (k2 = 0). The stable post-buckling domain
is shrinking as |k2 | is increasing.
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STUDY ON DESIGINING THE SUPERIOR CRUSHING RESPONSE OF LIGHTWEIGHT
EGG-BOX PANEL
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Summary In this paper, study on designing the superior crushing response of lightweight egg-box panel is carried out which consisted of
a conical frusta and the base, by a using finite element method. There exists three kinds of deformation stages, and the compressive loaddisplacement curve for each stages, can be evaluated from that for semisphere and conical frusta proposed by other researchers, where the
strain-hardening effect can be relatively small. However, if the strain-hardening of material increases, the deformation behavior changes, and
the conventional estimation technique cannot be used. In order to take the strain hardening effect into consideration, instead of using yield
stress, one has to use an energy equivalent flow stress defined by the work-hardening exponent (n-value), and evaluate the compressive load.
Further, a controlling technique for the ideal compressive load-displacement curve is proposed by introducing the basement and changing
the length of the basement and the cone angle.

INTRODUCTION
It is confirmed by many researchers until now that egg-box used as a reinforcement board of the bonnets of the cars has
superior absorption properties. For example, the Deshpande and others (Deshpande and Fleck,2003) consider egg-box panel
is cone with the cover (conical frusta in the following) and build a movement hinge model to evaluate crush properties of the
conical frusta theoretically. Furthermore, we clarify a geometric condition which do not cause elastic buckling and collapse.
This give guidance to design a conical frusta as an energy absorption material in a crush process. However, there are few
geometry shape used for the examination of the egg-box panel and materials properties, and the coverage of the theoretical
model is not clear. Therefore, in this study we degined a model to have a shape and materials characteristic of real egg-box
and evaluate the shock absorption characteristic of the egg-box panel while analyzing numerical value of simulation based on
a finite element method.
METHODS OF NUMERICAL ANALYSIS
The commercial Finite Element analysis software, Msc.Marc, is used to evaluate the crushing response of elasto plastic
egg-box panel. As for the finite element mesh, a four node, thick-shell element is used for the 3D shell model and discretized.
For geometry the egg-box was represented by a periodic 3D shell model (Fig.1). The boundary condition defines as in fig. 2.
In fig.2, we locate two rigid bodies between the egg box panel, the lower rigid body is static and the upper rigid body is bring
close to egg-box panel and crush it. The friction between the rigid board and egg-box panel dose not consider it then.
Next, explanation on material properties. As a strain hardening characteristic of elasto plasticity materials, supposed all
elements with a homogeneous elasto plasticity body. Unless stated, the annealed Al 1050 H111 aluminium alloy was modelled
by isotropic Von Mises plasticity theory, with the uniaxial tensile response given by the stress-strain curves (Zupan et al,2003).
Young’s modulus E=70[GPa] of materials, Poisson ratio ν = 0.3, yield stress Y =30[MPa]. Also in our calculation, the Mises’
yield criterion and the updated Lagrangian method are used for formulating the nonlinear problem, and the Newton-Raphson
numerical method is applied for finding the root effectively.

u

P
Rigid Body

Rigid Body

Fig.1 Geometries of egg-box panel.
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Fig.2 Boundary conditions applied in FEM.
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RESULTS AND DISCUSSIONS
Fig.3(a) shows FEM result and experiment result (Zupan et al,2003) and both results are in good agreement. As can be
seen from fig.3(a), crush response of egg-box panel can be divided into three stages, stage1:elastic deformation of conical
cover, stage2:plastic deformation of conical cover, stage3:plastic deformation of the cone. Among these three stages, we
will evaluate stage2 to stage3 which the affect crush response of egg-box panel. Fig.3(b) shows the compressive load during
these stages can be approximated by equation (1) and (2) which proposed by Oliveria and Deshpande respectively. The large
difference between equation (1) and FEM result is due to effect of strain hardening of the material. Therefore, the effect
of strain hardening coefficient on the deformation behavior for model with angle ω = 60◦ and thickness t=1mm, is shown
in fig.3(c). For large strain hardening coefficient Eh the slope expands to the outside while cone deformed inside. As the
slope expand to the outside, strain energy caused by the expansion of strain at the circumference occurs, but this is ignored
in equation (1) and (2) as it considers only strain energy by the bending.Thus, it is concluded that the theoritical solution of
equation (1) and (2) becomes smaller than FEM result of egg-box.
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Fig.3 (a) Comparisons of FEM result and experiment result. (b) Comparisons of FEM result and analysis result.
(c) Deformation behaviours for egg-box with different hardening modulus Eh /E = 1/100.
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CONCLUSIONS
In this paper, study on designing the superior crushing response of lightweight egg-box panel is carried out which consisted
of a conical frusta and the base, by a using finite element method (FEM). It is found that there exists three kinds of deformation stages.However, if the strain-hardening of the constituent material increases, the deformation behavior changes, and
the conventional estimation technique cannot be used effectively. So in order to take into consideration the strain hardening
effect of the material properties, one has to use an energy equivalent flow stress σf l defined by the work-hardening exponent
(n-value), and evaluate the compressive load P by using σf l instead of yield stress Y . Further, a controlling technique for the
ideal compressive load-displacement curve is proposed by introducing the basement and changing the length of the basement
and the cone angle.
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ENHANCEMENT OF BUCKLING STRENGTH IN THE TAPERED SKELETAL ELEMENTS
OF MARINE SPONGES
Michael A. Monn1 and Haneesh Kesari ∗1
1
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Summary Biological structures, such as stems and bones, possess some very distinct mechanical designs. By comparing variants of these
designs using synthetic materials, scientists have shown that bio-inspired designs can lead to an enhancement of the materials’ properties.
However, a major criticism of pursuing bio-inspired engineering has been that there are scarcely any examples of structural biomaterials that
have been rigorously shown to contain a close-to-optimal design. To address this criticism, we discuss the skeletal elements of the marine
sponge Tethya aurantia called spicules, which are monolithic silica rods that are 1–2 mm long, 30–50 µm thick. The spicules’ mechanical
effectiveness is primarily limited by their buckling strength. Spicules possess a distinct taper along their length. Using recent mathematical
results, mechanical testing and computational modeling we show that the spicules’ tapered shape is very close to the shape that has the
greatest buckling strength.

INTRODUCTION
Structural biomaterials (SBs), such as bones and shells, possess some remarkable mechanical properties, such as high specific toughness and stiffness [1, 2]. Underlying the SBs’ remarkable properties are the structures’ unique mechanical designs,
which are a consequence of millions of years of evolution. These distinct designs have serendipitously inspired engineers to
come up synthetic materials that possess enhanced mechanical properties [3]. Currently, engineers are interested in making
the process of discovering new ideas and designs from nature more systematic. However, these efforts are being excessively
undermined by the idea that evolutionary adaptations do not create perfect designs, but rather only provide enhancements to
make biological materials perform well enough. Furthermore, there are scarcely any examples of SBs that have been rigorously shown to contain a close to optimal design. For this reason, it is natural to wonder whether evolution is even capable of
producing a “perfect” structure.
To provide a balanced perspective on the benefits of looking to nature for inspiration we discuss the form and function of
the skeletal elements of the marine sponge Tethya aurantia. These elements, called spicules, are axisymmetric, monolithic
silica rods that are 1–2 mm long, and 30–50 µm thick. The spicules are distributed in the sponges’ compliant collagenous body
to enhance its stiffness [4]. These spicules possess a distinct taper along their length, which we found be a highly uniform
feature across individual specimens. The spicules are internally homogeneous and we found that their deformation is linearly
elastic and that they break cleanly into two pieces in an abrupt, brittle fashion. From these two observations and the slender
nature of the spicules, we infer that they primarily fail through a buckling instability, which is triggered by the compressive
tractions that are distributed along their lengths.
The spicules most certainly experience various, complex compressive traction distributions along their length. However,
we show that of all possible compressive load distributions the case where the forces are concentrated at the ends is the most
critical. Furthermore, we found using numerical modeling that the compressive loads on the sponge body mostly appear as
concentrated forces on the spicule ends. Thus, the spicule’s performance is limited by the maximum compressive force that
it can support on its ends prior to encountering the buckling instability. It was proven only recently that columns that possess
what we term the Clausen profile can withstand the largest compressive end forces for a given volume of material before
buckling [5]. We found that the tapered profiles of the spicules are very close to the Clausen profile. In addition to maximizing
the buckling strength, we also show that small imperfections in the Clausen profile result in only minor decreases in the critical
buckling load. This design is therefore not only optimal, but also robust against potential fabrication constraints. Thus, our
results demonstrate that in at least some cases evolution can be powerful enough to lead us to the best solutions.
HYPOTHESIS AND SPICULE SHAPE MEASUREMENTS
Buckling is a phenomenon that occurs when an, often slender, element under compressive forces transitions from a purely
compressed state to a state characterized by large lateral deflections. This sudden transition, or “bifurcation”, in the deformation behavior results in a loss of the structure’s capacity to transmit loads and is characterized by increased compliance and
the presence of tensile stresses due to bending.
For an axisymmetric column with radius r that can vary with the position z along its length L. Of all possible r(z) over
[0, L], for which the total volume V is constant, the shape r̂(z) that results in the maximum load transmitted before the onset
of buckling is given by
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r̂(θ) = Lα sin(θ)


1
L
θ − sin(2θ)
z(θ) =
π
2

(1a)
(1b)

where the parameter θ varies from 0 to π, and α is the column’s aspect ratio [5]. This shape provides a 33% enhancement to
the critical buckling load over that of an equal volume cylindrical column.
The Clausen profile is a very gradually tapered shape; a feature that serves as the motivation for our study of the spicules.
Specifically, we hypothesize that the taper of the spicules maximizes structural support provided to the sponge by maximizing
their critical buckling load.
To test our hypothesis, we quantify the taper of 32 spicules by extracting the boundary of the spicule profile from stitched
SEM images. We consider four candidate models – constant cross-section (CCS), ellipsoid, double-cone, and the Clausen
profile – to describe the shape of the spicules. For each spicule measured, we fit the four models to the boundary data points
using the aspect ratio as the fitting parameter and minimizing the sum of squared errors (SSE) between the data and the
model. In order to select the best fit model we compute Akaike’s Information Criterion (AIC) for the four candidates for each
spicule [6]. We find that of the four candidate models considered, there is very strong support that Clausen profile is the best
descriptor of the spicule shape. This similarity between the Clausen profile and the measured taper of the spicules reinforces
our hypothesis that the tapered shape of the spicules is an adaptation for making the sponge body stiffer.
Table 1: Summary of model comparison metrics across the 32 spicules
SSE × 1000
mean
Clausen (1)
ellipsoid
CCS
double cone

0.16 ±
0.28 ±
0.77 ±
2.13 ±

SD
0.08
0.17
0.40
0.84

AIC
mean
-3608.3 ±
-3475.7 ±
-3205.6 ±
-2932.9 ±

SD
160.8
187.8
145.9
102.9

ROBUSTNESS OF THE CLAUSEN PROFILE
Finally, we investigate the sensitivity of the enhancement in buckling load to deviations from the perfect Clausen column
shape. Specifically we perturb the Clausen profile while enforcing the constraint that the volume of the perturbed and unperturbed columns must be equal. We numerically compute the buckling load for the perturbed shape and compare it to the
critical buckling load of the unperturbed Clausen profile. By generating 104 different randomly perturbed shapes, we estimate
the worst case reduction of the critical buckling load as a function of the magnitude of the perturbation.
We repeat this process for an equal volume CCS column and show that the critical buckling load of the Clausen profile is
affected less by imperfections in its cross-sectional area.
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Summary This paper provides an update on a recent sequence of results [4],[5],[6],[7],[8],[9],[10] concerning stability of non conservative
discrete systems which led to the emergence of the original concept of Kinematic Structural Stability (ki.s.s). This concept deals with the
property for a system (more accurately for an equilibrium configuration) to preserve or not its (linear) stability domain when it is subjected to
additional kinematic constraints. Conservative systems show a universal ki.s.s. whereas nonconservative elastic systems show a conditional
divergence ki.s.s. according to the second order work criterion. Flutter ki.s.s has not been characterized by a simple algebraic condition.

DEFINITION OF KI.S.S.
It is well-known that non conservative systems may exhibit some paradoxical behaviors like the well-known destabilizing
effect by additional damping (see [3] for example for a modern point of view). However, it is less reported that a similar
destabilizing effect may occur by additional kinematic constraint(s). To the best of our knowledge, it has been first mentioned
by J.J Thompson in [2] but it has never been really investigated until the last five years.
Ignoring then thisThompson’s work, authors of the present paper started in 2009 to investigate the links between stability and
the so-called second-work criterion first introduced by Hill [1] in a complete different framework, and more recently used by
considering stability of discrete systems under mixed perturbations. Coming back to the usual Lyapounov stability namely
stability under perturbations of initial conditions, the authors then questioned the property a stable equilibrium to remain
stable when the system is constrained by additional kinematic constraints. More accurately, suppose Σ a mechanical system
described by a finite family of coordinates q = (q1 , . . . , qn ) subjected to a load system which is described for the sake of
simplicity by a loading parameter p. Let q e an equilibrium configuration so that it is not removed with an increasing of p. We
then question the stability of q e when p is increasing and more accurately, using only a linear framework, we assume that the
motion about q e is governed by:
M Ẍ + K(p)X = 0
(1)
where M, K(p) ∈ Mn (R) are respectively the mass and stiffness matrices (at q e ) of Σ and X = (q − q e )T ∈ Mn1 (R). We
suppose that for p = 0, Σ is conservative stable and that the domain of stability of this equilibrium q e is [0, p∗ [ with eventually
p∗ = +∞.
A family of m linear kinematic constraints is a family C = (C1 , . . . , Cm ) of linear forms identified by the scalar product
with column vectors so that these constraints are equivalent to a matrix C = mat(C1 . . . Cm ) ∈ Mnm (R). The constrained
system will be denoted by ΣC and q e is then supposed to be still an equilibrium position of ΣC . Analogously, [0, p∗C [ is the
stability interval of the configuration 0 for ΣC .
The main question reads: what is the relationship between p∗ and p∗C ? More accurately, do we have p∗ ≤ p∗C as it always
happens for conservative systems? If not, can we explain why and can we find (or build) a family of constraints C so that
p∗C < p∗ .
Definition 1 If p∗ ≤ p∗C ∀C we say that the system (more accurately the equilibrium position of the system) Σ is universally
kinematically structurally stable or that its kinematical structural stability (ki.s.s) is universal. If there is a value p∗k (< p∗ )
such that p∗k ≤ p∗C ∀C, the ki.s.s. is only conditional. If there is no such p∗k , the ki.s.s is any. According to the mode of linear
stability (divergence or flutter) we also speak about divergence or flutter ki.s.s.
RESULTS ABOUT KI.S.S.
The results may be so summarized:
• Using Rayleigh quotient, an usual well-known result (Courant’s Theorem) claims that for conservative systems the
ki.s.s. is universal.
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• For nonconservative systems leading to (1) with a non symmetric matrix K(p), the divergence ki.s.s. is conditional.
More accurately, p∗k,div = p∗sw (< p∗ ) is the lowest positive root of the symmetric part Ks (p) of K(p). In other words,
as long as the second order work criterion holds, no kinematic constraint C may destabilize ΣC . Moreover,
 the number

a1


m < n of constraints is not significant. Finally, for p = p∗sw , the destabilizing constraint C = (U ) =  ...  such
an
that ΣC is divergence unstable (the constraint then reads a1 x1 + . . . + an xn = 0) must be chosen so that the vector U
is on the invert image by K(p∗sw ) of the isotropic cone of Ks (p∗sw ) (because of p∗sw < p∗div , K(p∗sw ) is invertible).
• For nonconservative systems, the flutter ki.s.s is any: there is a systematic analytical method for finding p∗k,f l by use
of calculations on Grassmmann manifolds but, according to the three degree of freedom systems Σ, p∗f l ≤ p∗k,f l or
p∗f l > p∗k,f l may occur.
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Summary In order to obtain the buckling load of deployable structure based on Scissor-like Element (SLE) in compression, its stability is
analyzed and discussed. In the process of analysis, the stability model of SLE is established based on the analysis of the elastic deformation of
bar, which can be applied to a linear array deployable structure with n SLEs. In the sequel of this process, the effect of various parameters
that affect the instability of the structure, such as the number of units, bar length and degree of deployment is being investigated, and the
theoretical analysis results are verified through comparing with the simulation results in ANSYS, which show that the new stability model
proposed here can predict the buckling load of scissor deployable structure. It can be concluded that the critical load of each unit should be
considered and the minimum value is chosen as the buckling load of this structure.

INTRODUCTION
A lot of spacecraft, such as large-diameter antenna, solar sail and solar power satellites, should be constructed in space,
which will evidently involve the dynamics and stability of deployable structure. The deployable structure researched in this
paper is one of the linear deployable mechanisms where scissor-like element (SLE) with the movement contractive function
is the basic unit, which consists of pairs of straight bars connected by pivots. Also, the analysis of deployable structure can
be divided into three stages in the time domain: start-up phase, steady expansion stage, unfolding end and locking phase[1].
In the first and second stage, the dynamic response and dynamic stress of the system obtained using the multi flexible body
system dynamics method are the main purpose of the study, while in the third stage, the objective is to obtain the critical
buckling load in advance to avoid structural instability, which can also be applied to the design of deployable structure.
Dynamics of deployable structures have attracted many scholars' and research institutions' attention. Also, a
considerable amount of experimental and theoretical works associated with clearance joints have been the subjects of many
investigations[2,3]. However, there are very few studies on the stability and critical load of deployable structure. Actually,
since the elastic curve and the buckling load of the slender column were expounded by Euler, the influence of the stability
on the structure performance has already attracted wide attention of scholars [4]. When the applied service loading exceeds
the critical value but does not reach the yield limit, the structure will be destroyed and its shape and accuracy will not be
assured due to the instability. Therefore, the stabilization of deployable structure is worth of further studying. For the
stability analysis of large space structures after unfolding and locking phase, the structure can be decomposed into a large
number of cells in the space domain. Then, the sub structure theory can be integrated into the stability analysis, which can
be utilized periodically to simplify the analysis process. Finally, the instability condition of the whole structure can be
obtained by analyzing the results of each substructure. In this paper, an SLE is taken for mechanical analysis and the results
are extended to any unit. Afterwards, a stability model obtained to compute the buckling load can be used to determine
whether the structure is unstable. Also, the theoretical results are verified in ANSYS.
MECHANICAL ANALYSIS OF DEPLOYABLE STRUCTURE BASED ON SLE IN COMPRESSION
Deployable structure consists of units and each unit is composed of pairs of bars connected to each other at their
midpoints by a sheer-resisting pivot. A number of identical scissor units arrayed along axis x form a linear array structure,
namely an SLE pantographic mechanism, which is shown in Figure 1(a). In the SLE pantographic mechanism, the ends of a
bar are hinged to the end points of the other SLE from right to left and the two nodes in the first SLE are subjected to
horizontal lateral loads, P. The deformation of An SLE is shown in Figure 1(b).

(a) Mechanical analysis of an SLE
(b) Structural stability analysis of an SLE
Figure 1 Mechanical and structural stability analysis of an SLE pantographic mechanism under lateral loads
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Because of the symmetry of the SLE and force depicted in Figure 1(b), the stability of the whole structure can be
represented by a bar. Considering the force and bending of the structure, the deflection of the end node can be obtained as
(1)

(2i − 1) sin γ
tan( β L) 
(2i − 1) sin γ
(2i − 1) sin γ
(2i − 1) sin γ
−
δ=
σ−
cos γ − 2(i − 1) tan γ sin γ

When the deflection

δ

β

α cot(α L)(σ − cos γ + 2i tan γ sin γ ) + cos γ + 2i tan γ sin γ + cos γ − 2(i − 1) tan γ sin γ 



tends to infinity the corresponding critical load can be written as


π 2 EI
 P1 = 4 L2 [cos γ − 2(i − 1) tan γ sin γ ]


π 2 EI
P =
 2 L2 (cos γ + 2i tan γ sin γ )

(2)

In Equation (2), the smaller values of P1 and P2 are chosen as the critical loads of deployable structure.
SIMULATION AND DISCUSSION
The deployable mechanism under consideration is composed of three basic units. It is subjected to the lateral load P in
the first unit, and the degree of deployment γ between the units and the horizontal plane is taken as 60 . As the analysis
of the deployable structure is carried out in space, the gravity effect is neglected. The cross-sectional shape of the bar is a
circular tube and the outer diameter and inner diameter are 0.244 m and 0.228 m, respectively. The length of a bar is L = 4m,
and the elastic modulus is taken as E = 2e11 Pa . Substituting the above parameters into the stability model (2), when

γ =60 , the corresponding minimum instability load of deployable structure is Pcr = 5.3687e5 N .
In order to verify the correctness of the theoretical model, scissor deployable structure is established in ANSYS
according to the physical parameters, and the corresponding load-displacement curves can be obtained, as seen in Figure 2.

Figure 2 Load - displacement curve of the scissor linear structure
It can be seen from Figure 2 that when the load gradually increased to 5.4267e5 N , the deformation of the deployable
structure increased sharply, which indicates that the deployable structure has collapsed and is no longer capable of bearing
load. At this point, the load is exactly what we need, that is, the buckling load. The simulation result and the theoretical
result calculated in the formula (2) are compared yielding the relative error about 1.08%, which is acceptable.
CONCLUSION
In this work, we have studied the stability of a linear array deployable structure based on SLE and derived a new
stability model to calculate the buckling load. The theoretical values and simulation results are in good agreement, which
confirm the correctness of the proposed method. Also, this result can be extended to the linear array deployable structure
with n units, which provides a basis for study of the stability of subsequent complex deployable structures.
Moreover, it can be concluded that the number of units, bar length, and degree of deployment jointly affect the critical
load of deployable structure. In the study of stability, the critical load of each unit should be considered and the minimum
value is chosen as the buckling load of this structure.
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Summary The compression of a hyperelastic layer-substrate structure is considered in our paper. We consider the whole structure is
relatively thin so that it will buckle when the external loads reach certain critical value. Considering the eﬀect of Young’s modulus between
layer and substrate, the asymptotic model equations are obtained by use of the combined series-asymptotic expansion method. Both the
linear and weak non-linear analysis are carried out in this paper. The good agreements of critical stretch from our model and the exact one
shows the validity of our model. Then, we unitizing the solvability condition technique to obtain the analytic solutions of two cases, i.e., the
ratio of Young’s modulus between layer and substrate is of O(1) or large. Corresponding numerical solutions verified that our approach can
obtain quite good results and from the analytic formulas of strains, deflections, one can easily see how the parameters aﬀect the quantities.

METHODS AND MODEL

~
X

L

~
Y
B

A

Figure 1: The geometry of the problem.
The geometry together with the Cartesian coordinates system for the current problem is shown in figure 1. The incremental
governing equations for the system with traction free boundary conditions for a static problem is well-known, one can refer to
(1) and (2) for details. Due to the complexity of the equations themselves, we adopt the combined series-asymptotic expansion
method (see also (3)) to derive the asymptotic model equations and the results are as following



h1 W + h31 W 2 + h32G2 + h33 W 3 + h13 WG2 + h38G4 + h39 W 2G2 + h40 W 4 + B(h3G,X + h6GW,X + h7 WG,X




2


+ h9 WW,XX + h35G2,X + h11GG,XX ) = ∆γ,
 +h14 WW,X G + h15 W 2G,X + h16G2G,X ) + B2 (h2 W,XX + h34 W,X
(1)


3
2
3
3

h17G + h20 WG + h36G + h27 W G + h41 WG + h42 W G + B(h18 W,X + h21 WW,X + h22GG,X





 +h28 W 2 W,X + h29 W,X G2 + h30 WGG,X ) + B2 (h19G,XX + h23GW,XX + h37G,X W,X + h25 WG,XX ) = ∆q,
where hi (i = 1, 2, · · ·) are related to m1 , e (the Young’s modulus ratio), ν and r (the thickness ratio). W and G denote the
leading order axial and shear strain. ∆γ and ∆q denote the incremental stress along X and Y directions, respectively.
POST-BIFURCATION ANALYSIS
We consider two cases, i.e., e is of O(1) or large. The weak non-linear analysis can be conducted by use of the solvability
condition and we directly show the results here. The two-terms asymptotic solutions are
√
√
Bh3 λ1
ϕ0
∆γ ϕ0 (d1 + d2 )∆γ
ϕ0
W ≈ bζ(W0 + ζW1 ) = ± 2 2
−∆γ
cos(λ1 X) +
+
− c2 ∆γcos(2λ1 X),
(2)
ϕ1
h1
2h1 ϕ1
ϕ1
B h2 λ1 − h1
√
√
ϕ0
ϕ0
G ≈ ζ(G0 + ζG1 ) = ± −∆γ
sin(λ1 X) − c3 ∆γsin(2λ1 X).
(3)
ϕ1
ϕ1

∗ Corresponding

author. Email: mahhdai@cityu.edu.hk

2829

Thus the leading order asymptotic solutions are
√
√
7
7
7
7 4
Bq3 λ1
3 ϕ0
3 ϕ0
5 G = ±e− 5
W ≈ ζ 5 W0 = ±e− 5 4 −∆γe 5
cos(λ
X),
G
≈
ζ
−∆γe 5 sin(λ1 X).
1
0
ϕ1 B2 q2 λ21 − q1
ϕ1

(4)

Where the coeﬃcients are related to the material and geometrical parameters.
Note that the validity of analytic formulas have been verified by the corresponding numerical results. With the obtained
analytic solutions, the deflection of the structure can be easily deduced and we find that both the curves of critical stretch and
the amplitude with Young’s modulus ratio are not monotone, which suggest a possible way to control the structure’s stability
and deflection. Fig.2 shows that when the whole displacement is fixed, we can use bilayer replace a single layer so as to
achieve the ideal deflection (adjust the material or geometrical parameters).
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(a) Dashed line is a single
layer and solid line is a bilayer.

(b) Dashed line is a single
layer and solid line is a bilayer.

CONCLUSIONS
The post-bifurcation analysis for a layer-substrate structure are studied both analytically and numerically. By constructing certain small geometrical parameters, the complicated governing equations are reduced to two coupled nonlinear ODEs
through the combined series-asymptotic expansions method. Then we solve the two coupled equations by use of the solvability
condition technique at the near-critical loads. Two cases are considered, i.e., e is of O(1) or large. Through the systematically
asymptotic analysis, it is found that, when e is of O(1), the nature of bifurcation is supercritical and the two-terms approximate
solutions for the leading order axial and shear strain are obtained, when e is large, the nature of bifurcation is subcritical and
the leading order approximate solutions are obtained. All the analytic results are verified by the numerical ones.
The obtained analytic formulas for the post-buckling solutions can give us useful insights about how the geometrical
and material parameters aﬀect the post-buckling states. Further, our results can give people certain insights when designing
a structure. one can control the stability and deflection amplitude of a composite layer by specifying the geometrical and
material parameters into certain domains.
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TORSIONAL WRINKLING BEHAVIOUR OF ANNULAR THIN ELASTIC SHEETS
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Summary Torsional deformations in annular thin sheets is a challenging problem in theoretical mechanics due to destabilizing torsional
shearing stresses that result in wrinkling. Determining the location, pattern, and evolution of wrinkles in these problems has important
applications in design and is an area of increasing interest in the fields of physics and engineering. In this work, nondimensional nonlinear von
Karman buckling equations are established, which are solved by the finite difference method to acquire the post-wrinkling characteristics. The
proposed theoretical model can accurately predict the critical wrinkling behavior and post-wrinkling characteristics of the annular thin sheets,
which are verified by the experimental measurement based on the digital image correlation (DIC) technique.

INTRODUCTION
Recently, thin film wrinkling has provoked extensive research owing to its importance in a wide variety of applications,
ranging from deployable gossamer spacecraft, biological tissues, to nanoscale devices [1]. Note that wrinkling, on one hand,
is a nuisance in some cases and, on the other hand, wrinkling may also be used as an efficient way of tuning the properties.
However, little attention has been paid to the theoretical studies on the post-wrinkling behavior of a thin elastic sheet,
mainly owing to the difficulties in the mathematical modeling and solution towards this mechanical problem [2]. Thus, in
this work, we aim to develop a nonlinear theoretical analysis on the torsional wrinkling behavior and conduct a non-contact
experiment to verify the correctness of our theory.
MATHEMATICAL MODEL
We consider a model of an annular thin sheet under inner torsion and outer tension. Thin elastic sheet wrinkling is
generally regarded as a typical nonlinear out-of-plane deflection, which can be derived from the non-dimensional large
deflection von Kàrmàn equations. For the annulus under inner torsion, the shape function of linear buckling can be
expressed as follows:
(1)
w   ,    W1    cos  n   W2    sin  n 
As to the wrinkling problem, the shape in Eq. (1) is considered as an initial configuration which is substituted in von
Kàrmàn equations to obtain the stress function  . The stress function comprises two parts, namely a general solution, 

*

and a particular solution  . The general solution,  , corresponds to the non-dimensional pre-bifurcation stress state and
**

*

the particular solution  can be obtained as:
**

  1      2    cos  2n    3    sin  2n 
**

(2)

Subsequently, Eq. (2) is substituted in von Kàrmàn equations, where 1    ,  2    and 3    satisfy the
following non-homogeneous differential equation groups with varied coefficients, where 1 and 2 are the operators:

1  1      4 1   

4
2   2      2   

4
2   3      3   

(3)

Eq. (3) can be solved by using a compound series method. Further, the stress state induced by the out-of-plane
deflection of the wrinkled thin sheet     ,   can be obtained. The variable stress     ,   intimately associated
**

**

with the wrinkle configuration should be considered in     ,   which is relevant to two variables,  and  .
w

Therefore, for arbitrary   i ,     ,   ,(  ,    ,  ) is only a function of the radial parameter  . Here, the solution,
w

W

w

 

  i

, to the fourth-order ordinary differential equation is obtained. Then, for the nonlinear wrinkling problem, we

can obtain:
w
a)

w

  ,    Re W     cos  n   Im W     sin  n 
w

i

w

  i

i

  i

(5)

i
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EXPERIMENT AND NUMERICAL RESULTS
The wrinkle configuration of the annular thin sheet in the post-wrinkling stage is obtained by using the VIC-3D
instrument based on the digital image correlation (DIC) technique. It has been proven experimentally that the DIC technique
is a highly efficient and reliable method for acquiring the wrinkle configuration with a satisfactory accuracy. In a typical
experiment, an annular thin film of polyurethane with 0.1 mm thickness is fixed on the torsion test device, and a pair of
CCD cameras is installed in front of the specimen, as shown in Fig. 1(a). During testing, a torsion shearing is applied on the
annular thin film by gradually rotating the central rigid disc, and a photo is taken on the wrinkle configuration (with
speckles) of the annular thin film resulting from rotation. Fig. 1(b) compares the experimental and theoretical results of the
wrinkle patterns under 2 Mmin torsions. Here, Mmin represents the minimum torque corresponding to the critical buckling
load factor, min . It can be ambiguously observed that the experimental and theoretical results are in good agreement with
each other.
(a)

(b)

Fig. 1. The wrinkling test device and the wrinkle patterns: (a) the wrinkling test device ; (b) the experimental and theoretical
results.
The enveloping lines of the in-plane post-wrinkling stress within one period are plotted in Fig. 2. It can be found that the
overall stress level in the post-wrinkling stage is much higher than that in the pre-buckling stage. The stress along the
wrinkle direction is dominant and concentrated around the inner boundary in a petal type. Such a stress distribution is
intimately associated with the wrinkle configuration in the post-wrinkling stage.
0;
0.157;
0.314
0.471;
0.628;
0.785
0.942;
1.099;
1.256
for different 

0.2

0.4

0.6



0.8

1.0

-0.04

(c)

0.04
0;
0.157;
0.314
0.471;
0.628;
0.785
0.942;
1.099;
1.256
for different 

0.00

0.00

0.00

-0.04

(b) 0.04





0;
0.157;
0.314
0.471;
0.628;
0.785
0.942;
1.099;
1.256
for different 



(a)0.04

0.2

0.4

0.6



0.8

1.0

-0.04

0.2

0.4

0.6



0.8

1.0

Fig. 2. The post-wrinkling stress distribution: (a) the radial stress, (b) the hoop stress and (c) the shearing stress.
CONCLUSIONS
In this work, the post-wrinkling stress and wrinkle configuration of an annular thin sheet, under inner torsion, are
theoretically solved by using the finite difference method based on the nonlinear von Karman buckling theory. The nonlinear
post-wrinkling characteristics of the thin sheet are predicted by using the proposed theoretical model and subsequently verified
by non-contact experimental tests. The wrinkle configuration is mainly sustained by the post-wrinkling stress in the postwrinkling stage, and a close interaction between them is revealed. The wrinkle evolution is dominated by the hoop postwrinkling stress along the wrinkle texture direction of the annular thin film. These results suggest that the linearized Donnell-von
Karman bifurcation theory is unable to accurately capture the interaction between the wrinkle configuration and the postwrinkling stress owing to the presence of a pre-buckling stress.
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Summary This paper proposes a new numerical technique to assess the dynamic sliding stability of structures. First, special finite elements
are developed to account for the effects of cohesive contact and tensile strength along interfaces regardless of the complexity of their
geometric irregularity. The developed elements can account for sliding, rocking and degradation of the mechanical properties along contact
interfaces during dynamic excitation. For illustration purposes, the proposed methodology is applied to an existing concrete dam subjected
to earthquakes. Based on the results, the simplifying assumptions commonly adopted in this type of analyses are criticized and are shown
to be unconservative in some cases.

INTRODUCTION
Sliding stability assessment of structures is crucial to ensure their safety against extreme dynamic loads such as earthquakes. Structures usually contain joints, which may constitute weakness zones where cracking, sliding and/or rocking may
occur under extreme loads [1-3]. The mechanical behaviour at a joint can be generally characterized by interface geometry,
friction angle φ, cohesion c, and tensile strength ft . However, it is common in simplified stability analyses to: (i) oversimplify
irregular joint interfaces, and (ii) neglect the effects of c and ft . In this paper, an original and efficient numerical technique is
developed to assess the dynamic sliding stability of structures while accounting for the effects irregular interfacial geometry,
friction angle φ, cohesion c, and tensile strength ft .
PROPOSED TECHNIQUE
Two types of nonlinear behavior can occur after cracking at a bounded structural joint: uplift and sliding. Sliding can be
divided into two phases: (i) the first, occurring when the joint basic frictional strength is exceeded; and (ii) the second, which
is triggered when the strength of the bounded joint interface, characterized by the cohesion c, is exceeded. When the second
sliding phase occurs, cracking is considered and c = 0. In the same manner, uplift can be divided into two phases: (i) the first,
corresponding to uplift of cohesionless joint interfaces; and (ii) the second which occurs as soon as the strength of the bounded
interface, characterized by tensile strength ft , is exceeded. When the second phase of uplift is active, cracking is considered
and ft = 0. When c = ft = 0, uplift and sliding at the interface is modeled using basic frictional contact finite elements
related to the friction angle φ as shown in Fig. 1 (a). To model c and ft , two types of interface elements are introduced in
Fig. 1 (a), denoted by TECs and TETs, i.e. abbreviations for Truss Element for Cohesion and Truss Element for Tensile
strength, respectively. The TECs are constrained to remain parallel to the joint interface while the TETs are constrained to
remain perpendicular to this interface during dynamic motion. When the first phase of sliding is triggered, a deformation
∆(TEC) is induced in the TEC, which starts to sustain a force F (TEC) as shown in Fig. 1 (b). This deformation increases
(TEC)
until ∆max where it reaches the ultimate strength of the TEC, which is related to cohesion c. At this level of strain, the
joint is cracked parallel to the interface, the TEC disappears and c = 0. When the first phase of uplift is triggered, the TET
(TET)
deforms by ∆(TET) and starts to sustain a force F (TET) as shown in Fig. 1 (c). This deformation increases until ∆max
where it reaches the ultimate strength of the TET related, which is related to tensile strength ft . At this level of strain, the joint
is cracked perpendicularly to the interface, the TET disappears and ft = 0. Therefore, the ultimate strengths of the TECs and
the TETs are governed by

(TEC) 
k (TEC) ∆max = τ − σ tan(φ) S = c S

(TET)
k (TET) ∆max = −σ S = ft S

(1)

where k (TEC) and k (TET) are the rigidity of the TEC and the TET, respectively, S is the tributary area associated with each
TEC or TET, τ is the shear stress, and σ is the normal stress at the joint. Truss elements are adopted because they are basic
finite elements available on most finite element software or can be easily programmed. They are implemented using bilinear
materials including a rupture option that causes their disappearance as soon as their ultimate strength is reached. The proposed
modeling procedure was successfully verified against analytical predictions based on Mohr-Coulomb failure criterion.
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Figure 1: Proposed finite elements at a contact interface: (a) properties; (b) TEC to model c; and (c) TET to model ft .
APPLICATION TO AN ACTUAL CONCRETE DAM
The proposed methodology is applied to an actual gravity dam with subjected to various earthquake-induced loads as
shown in Fig. 2. The following main conclusions could be drawn: (i) A simplified dam-rock geometry should be used with
caution as is may lead to inaccurate results for sliding safety factors and residual displacements; (ii) The values of cohesion
c and friction angle φ are as critical for dam stability assessment as dam-rock geometry; (iii) tensile strength ft should be
accounted for in seismic stability assessment; and (iv) Stress distributions at contact interface are substantially sensitive to
dynamic motion. The analyzes also demonstrate the importance of appropriately modeling contact at structural joints and
of selecting relevant mechanical parameters. This process calls for caution from the analyst who bears the responsibility of
assessing the conservatism or unconservatism of the obtained results with respect to safety evaluation of each structure studied.

Figure 2: Seismic response at dam-rock interface of the studied dam: (a) normal stresses; (b) tangential stresses.
CONCLUSION
This paper proposed an efficient numerical procedure to assess the dynamic sliding stability of structures. The proposed
technique uses special finite elements developed to account for the effects of cohesion and tensile strength along irregular
contact interfaces. For illustration purposes, the proposed methodology was applied to an existing concrete dam subjected to
strong ground motions. The developed approach was used to assess and criticize simplifying assumptions commonly adopted
in dynamic stability analyses. Although the application of the procedure was illustrated for concrete dams, it can indeed be
used to assess the dynamic stability of other types of structures comprising interfacial joints than can potentially slide or uplift.
References
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DYNAMIC INSTABILITY OF DOUBLY-TAPERED ROTATING LAMINATED COMPOSITE
BEAMS
1

Saemul Seraj1a and Rajamohan Ganesan1
Department of Mechanical and Industrial Engineering, Concordia University, Montreal, Quebec, Canada

Summary The dynamic instability of doubly-tapered rotating cantilever laminated composite beams due to periodic rotational velocity is

investigated. The Rayleigh-Ritz method in conjunction with the classical lamination theory is used to obtain the system mass and stiffness matrices
for the case of out-of-plane bending vibrations. Bolotin’s method is applied to determine the instability regions. The combined effects of width
and thickness taper on the dynamic instability of the rotating laminated beam are studied. In addition, to verify the instability analysis results, time
responses are investigated at different locations of the instability region by using the Runge-Kutta method.

INTRODUCTION
A rotating structure can experience dynamic instability due to periodic rotational velocity. When a cantilever beam swings
periodically, that is, oscillates about the axis of rotation, the dynamic bending stiffness varies harmonically that causes
transverse vibrations with gradually increasing amplitudes that are often called dynamic instability. This large amplitude
vibration could damage the rotating structure. Particularly in an aircraft engine or in a wind turbine, rotating blade experiences
periodic aerodynamic load. This periodic aerodynamic load converts the constant rotational velocity to the pulsating rotational
velocity. The excitation frequency of the pulsating load may coincide with the natural frequency of free vibration and blade
becomes dynamically unstable from the nominal equilibrium position. In the present work, the dynamic instability problem
caused by periodic rotational velocity of the doubly-tapered laminated composite beam is studied.
System description
A doubly-tapered laminated composite beam is shown in Figure 1(a), which can be designed by using four different taper
configurations as shown in Figure 1(b). The beam is attached to a hub. The hub rotates about its axis at periodic rotational
velocity Ω(𝑡). The periodic rotational velocity can be written in terms of static and dynamic rotational terms and parametric
resonance frequency as:
Ω(𝑡) = Ω0 + 𝛽 Ω0 𝑠𝑖𝑛𝜃𝑝 𝑡
(1)
Here, Ω0 is mean rotational velocity, 𝛽 is amplitude factor, 𝜃𝑝 is parametric resonance frequency and 𝑡 is time.

(a)

(b)

Figure 1: (a) Doubly-tapered rotating beam, (b) Thickness taper configurations
The equations of motion for this physical system with periodic rotational velocity can be written in matrix form as:
[𝑀]{𝑞̈ } + ([𝐾] + Ω2 (𝑡)[𝐾 𝐶 ]){𝑞} = {0}
(2)
𝐶
where, [𝑀], [𝐾], [𝐾 ] and {𝑞} are mass matrix, stiffness matrix, stiffness matrix due to centrifugal action and system
displacement vector respectively. Equation (2) represents the dynamic instability problem, and it can be solved by using
Bolotin’s first approximation [1] to obtain the eigenvalue system for the boundary between stable and unstable regions.
Results and discussion
In Figure 2, the instability region for a doubly-tapered (considering four different taper configurations) rotating composite
beam and for a uniform rotating composite beam have been illustrated, where the vertical axis represents parametric ratio,
which is the resonance frequency of the parametric exciting system divided by the doubled fundamental frequency, and the
horizontal axis represents the amplitude factor. The beam length is 25 cm and width is 2 cm at the fixed side. The mean value
of rotational velocity is 50 rad/s. The hub radius is taken as 0.025 m. The ply thickness is 0.125 mm and stacking sequence is
[0/90]9s. The doubly-tapered beams are obtained by dropping-off 18 plies and by considering 0.2 cm width at the free side.
Drop-off plies are replaced by the resin material. NCT-301 Graphite/Epoxy Prepreg has been selected to conduct the
numerical analysis, which is available in the laboratory of the Concordia Centre for Composites (CONCOM).

2835

)
𝜽𝒑

𝟐𝝎𝟏

(

P1 (0.4, 1.002)
P3 (0.5, 1.00)

Unstable region

P2 (0.6, 0.998)
(𝜷)

Figure 2: Instability region for 1st out-of-plane bending mode of doubly-tapered and uniform composite beams

Figure 3: Modal response 𝑞1 (𝑡) for the parametric points P1, P2 and P3
In Figure 2, the area inside the upper and lower boundary lines is an unstable region where the width of instability region
increases with the amplitude factor. Compared to the uniform composite beam, the width of instability region for the doublytapered (Configuration-D) beam is 53.03% (for 𝛽 = 0.5) less. Also, it can be understood from Figure 2, that beam with taper
Configuration-B has the smallest width of the instability region and beam with taper Configuration-D has the largest width of
the instability region among all the taper configurations considered.
If any parametric point (𝛽, 𝜃𝑝 /2𝜔1 ) of the structural system is in the unstable region, the system becomes dynamically
unstable. In order to verify such a statement, the modal response 𝑞1 (𝑡) corresponding to any parametric point can be
determined after solving the state-space form of equation (2) by using the Runge-Kutta method [3]. The modal response
should keep increasing with time when the beam is unstable. In Figure 3, modal responses of three different points (P1, P2
and P3 shown in Figure 2) are given for 1st vibration mode, where points P1 (𝜃𝑝 = 1814.2 rad/s, 𝛽 = 0.4) and P2 (𝜃𝑝 = 1806.3
rad/s, 𝛽 = 0.6) are located in the stable region and point P3 (𝜃𝑝 = 1810.4 rad/s, 𝛽 = 0.5) is located in the unstable region of
the doubly-tapered beam of taper Configuration-A. The modal responses of points P1 and P2 are confined within a scope of
about 0.01 m, while that of point P3 increases rapidly and exceeds 5 m within the same time duration. Hence, the structural
system corresponding to point P1 and point P2 is dynamically stable, but that corresponding to point P3 is dynamically
unstable.
CONCLUSIONS
The combined effects of width and thickness taper on the dynamic instability behavior of laminated composite beam are
significant. The double tapering significantly reduces the risk of dynamic instability caused by periodic rotational velocity.
An increase in the amplitude of periodic rotation increases the possibility of dynamic instability.
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THIN FILM WRINKLING: A SOLID-LIQUID INTERFACE INSTABILITY

Ali Davoodabadi, Congrui Jin, Timothy J. Singler*
Mechanical Engineering Department, State University of New York at Binghamton, NY 13902, USA

Summary When a small mercury (Hg) droplet is gently placed on a gold (Au) thin film deposited on a glass substrate, a complex process

ensues. The spreading of the Hg on the Au substrate under the action of an uncompensated Young force and the simultaneous penetration
of the Hg through the Au film via intergranular penetration comprise the first part of the process. This penetration allows Hg to reach the
Au/glass interface. The sustained transport of Hg from the drop on top of the film to the Au/glass interface, and its subsequent flow along
this interface serve to delaminate the Au film from the glass substrate and comprises the second part of the process. The delaminated film
is unstable to wrinkling and secondary finger-like growth of the wrinkles.

EXPERIMENTAL PROCEDURE
Different thicknesses of Au thin films (400nm, 700nm, and 1000nm) are deposited on pre-cleaned glass substrates using
an E-beam evaporator apparatus at room temperature. The sample is then placed on a platform equipped with three
synchronized cameras capable of capturing top, bottom and side view videos. A small droplet of Hg is gently placed on the
Au film. The mass of the Hg droplet is varied between tenths of a milligram to several milligrams to assess the effect of
droplet size on the wrinkling instability.
EXPERIMENTAL RESULTS
When the Hg droplet is placed on the Au thin film, it wets the top surface and establishes a stable contact line while
simultaneously penetrating into the film underneath. With continued penetration, the entire volume of Hg on the top surface
of the film is transported to the Au/glass interface and starts spreading out, delaminating the thin Au film from the glass
substrate. Wrinkling instabilities are observed during this spreading process, as shown in Fig. 1. Data for contact angle,
penetration time, interfacial spreading rate, and morphology of the Au film’s wrinkles and secondary finger-like growth of
the wrinkles can be acquired and analyzed from repeated experiments. Here we focus on the evolution of the wrinkles and
fingers as a result of structural instability. We observed that by varying the thickness of the Au film, the evolution of the
instability changes drastically. For a 400nm thick film (Fig. 1(a)), a dome-shaped axisymmetric delamination occurs in the
beginning of the spreading. Small corrugations then begin to appear around the rim of this region. These corrugations
subsequently grow radially to form fingers that are susceptible to tip splitting as they grow radially. The dome-shaped
delaminated region also exists in case of a 700nm thick film, but unlike the 400nm case, corrugations occur almost
immediately (Fig. 1(b)). But as the film thickness is increased to 1000nm, the dome-shaped region disappears and fingerlike growth is the only observable morphology (Fig. 1(c)). We observe that the number of fingers per unit length of the
circumference (wave number) deceases significantly as the thickness of the film is increased, as shown in Fig. 2. Moreover,
spreading slows down significantly with increasing film thickness, as shown in the time stamps in Fig. 1.
DISCUSSION AND THEORETICAL MODEL
The pressure at the forefront of the wetted region where the mercury, gold film, and glass meet (triple line) plays a
prominent role in determining the morphology of the instability’s evolution. In fact, for the spreading to continue at any
point, the liquid pressure must be great enough to be able to deform the thin film and proceed. Thus we suggest that one of
the reasons for transformation from axisymmetric to more stable non-axisymmetric finger-like spreading observed in Figs.
1 ((a)-(b)) is for the liquid to compensate its pressure drop caused by friction forces by creating an additional capillary
pressure inside the large surface curvature narrow fingers. Tip splitting can be explained by the same argument since the
fingers resulting from branching are narrower. The formation of initial corrugations around the rim can be rationalized by
considering the well-confirmed fact that once a thin film is subjected to large tensile stresses in one direction, it buckles in a
perpendicular direction to minimize the total energy and stabilize the situation 1-3. In this experiment, deflections of the thin
film to accommodate a large amount of liquid result in exceedingly large stretching in radial direction that induces buckling
in azimuthal direction. A theoretical model to simulate the whole process has been proposed. For the solid membrane, the

a) Corresponding author. Email: singler@binghamton.edu
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well-known Föppl–von Kármán equations, widely used to analyze membranes subjected to large deflections1-4, have been
adopted to simulate the deformation of the Au film, accounting for both stretching and bending effects. The flow of the fluid
is described by the Reynolds lubrication equation. The fluid and solid equations are coupled because the pressure in the
Föppl–von Kármán equations depends on the pressure in the fluid.

Figure 1. Effect of thickness on evolution of the instability, (a) thickness=400 nm, droplet mass=0.89 mg; (b) thickness=700 nm, droplet mass=1.11 mg;
(c) thickness=1000 nm, droplet mass=0.65 mg.

Figure 2. Wave Number drops significantly as the thickness of the film is increased.

CONCLUSION
It has been observed that spreading of liquid Hg at the Au/glass interface resulted in a wrinkling instability in which its
evolution (both temporal and spatial) strongly depends on the film thickness. A theoretical model has been proposed to
simulate this complex process.
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FORMATION OF WAVY INTERFACES IN LAYERED VISCO-HYPERELASTIC
COMPOSITES
Viacheslav Slesarenkoa & Stephan Rudykh
Faculty of Aerospace Engineering, Technion, Haifa, Israel
Abstract We study the buckling behavior of soft layered composites with visco-hyperelastic constituents. We show that critical strain and the
post-bifurcation geometry in such composites are defined by not only geometrical parameters, but also by rate-dependent properties of
constituents. This allows us to experimentally and numerically prove the possibility to tune amplitude of the post-bifurcation wavy patterns in
wide range by applying different loading rates. Moreover, we reveal the existence of optimal strain level, for which the tuning effect is the most
pronounced. Therefore, the composites with viscoelastic constituents can be directly tailored to achieve required microstructure tunability,
which may be useful for the various practical applications from elastic wave propagation to optical camouflage.

Rationally chosen microgeometry allows scientists and engineers to design and manufacture materials with enhanced
properties, which combine excellent strength and toughness [1] or flexibility and protection [2]. It was shown that internal
microstructures define not only mechanical but optical, acoustical, electromechanical or magnetic properties. Therefore
possessing control of geometry one becomes capable to tune the performance of materials and structures. This effect can be
amplified by the instability-induced microstructure transformations [3], the phenomenon which is frequently used in nature
designed materials. The ability to trigger dramatic geometric transformations opens exciting opportunities to design soft
reconfigurable materials and structures with tunable microstructures to achieve control over a large variety of material
properties. It was shown, that soft layered composites under compression demonstrate buckling phenomenon, which leads
to the formation of wavy patterns [4]. The wavelength as well as amplitude of such patterns at a particular strain level are
exclusively defined by the composite microstructure and by the contrast in the elastic moduli of the phases. It means that for
specific deformed state it is possible to achieve only one exclusive post-bifurcation geometry. This imposes restrictions on
admissible microstructure, and, as a result, the tunability of the material properties and functionalities is drastically limited.
In this study, we overcome this issue and show that it is possible to create various wavy microstructures in soft layered
composites with rate-dependent constituents. This will allow us to design the instabilities by controlling the governing
properties of the constituents through the deformation rate.
In order to prove the possibility to control post-bifurcation geometry we designed soft layered composites and
manufactured them by means of 3D printing. Basing on mechanical tests of raw resins, available for Polyjet technology, we
choose the combination of soft TangoPlus (TP) and more rigid FL9795-DM (DM) materials. Pronounced rate-dependent
behavior of latter, which shear modulus varies 8-10 times depending on the applied strain rate, allowed us to increase the
range of contrasts in elastic moduli of stiffer and softer constituents and, hence, to achieve an enhanced tunability of the
composite microstructures. Guided by theoretical and numerical predictions of buckling behavior in rate-independent
composites, we examined the composite with stiff phase volume fraction of 15 %. The thickness of the stiffer layers was
0.75 mm and the distance between them was 4.25 mm, while the width, height and out-of-plane depth were 85 mm, 35 mm
and 8 mm, respectively. The specimens were constrained by special fixtures to eliminate out-of-plane deformation and
maintain the plane strain conditions. The composite was subjected to compression up to 75 % of initial height at the strain
rates of 10-4, 10-3, 10-2 and 10-1 s-1. Numerical simulations were performed with a help of finite element software COMSOL.
We used simple neo-Hookean model to describe the behavior of TP matrix materials, while more complex Quasi-Linear
Viscoelastic model (QLV) [5], which is able to capture hyperelasticity as well as rate-dependent properties, was chosen to
approximate the behavior of DM layer material.
Experimental observations together with numerical simulations show that studied composite undergoes buckling,
however the value of critical strain, when bifurcation occurs, strongly depends on the applied strain rate [6]. Figure 1 shows
the variety of observed wavy patterns for the same strain value of 15% but for different strain rates. It is easy to see that due
to the rate-dependent behavior of constituents one is able to achieve the post-bifurcation patterns with different amplitudes,

Figure 1 Post-bifurcation wavy patterns for strain level of 15 % and strain rates of (a) 10-1, (b) 10-2, (c) 10-3 and (d) 10-4 s-1
a) Corresponding author. Email: slslesarenko@technion.ac.il, slslesarenko@gmail.com
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Figure 2 (a) - dependence of amplitude 𝐴𝐴(𝜀𝜀) on strain for different strain rates. The amplitude is normalized by the stiffer
layer thickness. The background color corresponds to the value of the tunability function, 𝜂𝜂 ∗ (𝜀𝜀). (b) - dependence of tuning
capability 𝜂𝜂(𝜀𝜀, 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ) on strain for different 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 = 1 s-1 [6]

depending on the applied strain rate. Finite element analysis allows us to follow the evolution of patterns amplitude during
loading (Figure 2a). We observe a rapid increase in the wrinkling amplitude directly after the bifurcation; however, after the
formation of the wavy patterns, the corresponding curves flatten with further increase in compressive loading. Obviously, at
each macroscopic strain level, different amplitudes can be induced by managing the strain rate. At the same time,
considering the strain rates which is slower than 1 s-1 (red squares on Figure 2a) and faster than 0.1 s-1 (blue circles), one
may notice that variety of achievable amplitudes for strain of 10% is much wider (0.1 < 𝐴𝐴(𝜀𝜀) < 1.1) in comparison with
strain of 20 % (1.9 < 𝐴𝐴(𝜀𝜀) < 2.1). To quantify this tunability phenomena, we introduce function, 𝜂𝜂(𝜀𝜀, 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ), which
describes the tuning capability for specific strain value 𝜀𝜀 and for strain rates range [𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ] and defines by equation
𝜂𝜂(𝜀𝜀, 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ) ≡ 𝐴𝐴(𝜀𝜀)|𝜀𝜀̇ =𝜀𝜀̇ 𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐴𝐴(𝜀𝜀)|𝜀𝜀̇ =𝜀𝜀̇ 𝑚𝑚𝑚𝑚𝑚𝑚

The defined tuning capability function can be expanded to capture any possible strain rates. In this case, previous equation
is modified as
𝜂𝜂 ∗ (𝜀𝜀) ≡ 𝜂𝜂(𝜀𝜀, 0, ∞) = 𝐴𝐴(𝜀𝜀)|𝜀𝜀̇ →∞ − 𝐴𝐴(𝜀𝜀)|𝜀𝜀̇ →0

Figure 2b show the dependence of the function 𝜂𝜂(𝜀𝜀, 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ) on the strain for the various ranges of strain rates
[𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ]. We observe that the tuning capability is non-monotonic function, and it reaches the maximum for a particular
strain level 𝜀𝜀𝑝𝑝 (𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜀𝜀̇𝑚𝑚𝑚𝑚𝑚𝑚 ). The overall performance of composite is limited by instantaneous and infinitely slow loading,
so the area under black curve on Figure 2b, representing 𝜂𝜂∗ (𝜀𝜀) function, encloses the admissible values of the tuning
capability in layered composites. While the tuning capability is limited by the value of 𝜂𝜂∗ function, the exact value of 𝜀𝜀𝑝𝑝
is defined by the material constants, in particular, by the Prony series constants of QLV model, capturing the rate-dependent
behavior of constituents. Consequently, by combining different materials pairs for composite constituents one may achieve
maximal tunability for the specific strain ranges.
Thus, we find that the combination of the elastic instability and visco-hyperelastic phenomena leads to a significant
increase the admissible range of tunable microstructures in soft layered composites. We found that the tuning capability
reaches its maximum for particular strain level, which, in turn, depends on the composite microstructure as well as on the
material properties of the constituents. Consequently, the composites with viscoelastic constituents can be directly tailored
to achieve required microstructure tunability. This can provide powerful means to control the material performance and
achieve new functionalities.
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BENDING CAPACITY OF INFLATED MESH-REINFORCED-MEMBRANE BEAM
Changguo Wang1, Qiang Tao1a), Zhimin Xie1, Huifeng Tan1
Center for Composite Materials, Harbin Institute of Technology, Harbin, China

1

Summary In this paper, an inflated MRM beam was fabricated, theoretical and experimental analysis were carried out to study its
bending capacity. Experimental results verified that an inflated MRM beam has higher load-carrying efficiency than a pristine
membrane beam. The inflated MRM beam performed novel wrinkling characteristics obtained by VIC-3D technique. This
provides a useful way to resist wrinkling for membrane structures. Theoretical analysis based on a Shell-Membrane Model was
also validated by experiments.
INTRODUCTION
Inflated membrane beams are the major load-carrying components of the space inflatable structures. Load-carrying
capacity is the major concerned issue on inflatable beam. Gossamer Space Inflatable Structures [1-2] such as isogrid inflatable
boom[3] were developed for their low packing volume, reduced mass and high load-carrying efficiency. Wang et al.[4]
proposed a Mesh-Reinforced-Membrane (MRM) concept. Numerical modelling and experiment were both carried out and
revealed that MRM has a higher load-carrying efficiency than pristine membrane.
In this paper, bending capacity of an inflated beam with MRM wall material will be studied. Theoretical analysis based
on Shell-Membrane Model will be firstly introduced when an inflated MRM beam subjected to a tip bending load. Then
experiments will be carried out to verify theoretical prediction.
THEORETICAL ANALYSIS
Membrane Model and Thin-walled Shell Model[5] are two main methods which are used to predict bending properties of
inflated beam. Combined these two models together, we a Shell-Membrane Model was developed to predict the bending
performance of an inflated MRM beam.
According to Shell-Membrane Model, the critical wrinkle force and collapse force of an inflated MRM beam are as
follows:

  p r 3
 w
Fwsm 
2
l
sm

Fcoll

  p r 3
l



2 2  t 2 rE1
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p r
4  
E2 1  12 21
E2  t 
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where: t , E , , r , l represents thickness, Elastic modulus, Poisson's ratio of membrane and radius, length of inflated beam,
respectively;  represents modifying factor;  w is the actual wrinkle angle in the experiment；In this case, r =0.03m,
l =0.6m, t Kap =25μm, E Kap =3GPa,  Kap =0.31. MRM is treated as an orthotropic material. t MRM =50μm, E1MRM =6.94GPa,

E2MRM =4.30GPa, 12MRM =0.34,  21MRM =0.30.
EXPERIMENTAL ANALYSIS
In order to elucidate the load-carrying efficiency, both pristine membrane beam and MRM beam were fabricated. Here
MRM is fabricated by using glass fiber tape (GFT) to reinforce Kapton membrane. Fig.1 shows layouts of the bending
experiments. The experimental deflection-load curves at internal pressure 10kPa and wrinkling patterns captured by VIC3D technique are shown in Fig.2, Fig.4. Seen from Fig.2, the critical wrinkle load and collapse load for inflated MRM beam
are 1.04N, 2.57N, respectively, while 0.88N, 1.47N for inflated Kapton beam. Mesh structure formed by GFT will
undoubtedly improve bending capacity of inflated beam, but will inevitably increase structure weight. Therefore define the
specific load calculated from the equation to evaluate the structure's load-carrying efficiency. Fig.3 shows the comparison
results of specific load between inflated Kapton beam and inflated MRM beam. From the view point of the specific load,
inflated MRM beam has higher load-carrying efficiency. Comparison theoretical results with experimental results shown in
Table 1 revealed Shell-Membrane Model is valid for predicting the critical wrinkle force and collapse force of inflated
MRM beam. As shown in Fig.4, the inflated MRM beam performed novel wrinkling characteristics. Wrinkles dispersed in
several meshes on the membrane, and were confined in these meshes. So GFTs play the role of “obstacles” during the
wrinkle propagation process. This provides a useful way to resist wrinkling for membrane structures.

a) Corresponding author. Email: taoqiang@hit.edu.cn.
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Table 1 Comparison theoretical results with experimental results
Tip Load

Theoretical results (N)

Experimental results (N)

Difference (%)

FwKM

0.93

0.88

5.68

KM
coll

1.35

1.47

-8.16

MRM
w

0.94

1.04

-9.62

MRM
coll

2.66

2.57

3.50

F

F
F

COMMENTS
An inflated MRM beam was fabricated, theoretical and experimental analysis were carried out to study its bending capacity.
Experimental results verified an inflated MRM beam has higher load-carrying efficiency than a pristine membrane beam. The
Shell-Membrane Model was validated by experiments. The inflated MRM beam performed novel wrinkling characteristics. This
provides a useful way to resist wrinkling for membrane structures.
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HIGHLY DEPLOYABLE MULTIFUNCTIONAL CELLULAR STRUCTURES WITH
HIERARCHY
Hamid Ebrahimi1, Babak Haghpanah2, Davood Mousanezhad1, Ranajay Ghosh1, and Ashkan Vaziri1a)
1
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2
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Summary In the present work we propose a new class of cellular structures with square and triangular grids, which are capable of dramatic
but controlled shape and size change through alteration of their underlying topological hierarchy. This high degree of geometrical change
can yield a correspondingly wide bracket of mechanical and multifunctional behavior of these structures.

ABSTRACT
The properties of traditional materials are fixed by their atomic or molecular arrangements and typically difficult to alter
further due to the constraints of sub continuum forces and relatively closely packed microstructure. Thus developing and
engineering new materials with either extreme properties or a non-traditional combination of behavior becomes extremely
challenging. This fundamental limitation of the properties can however be challenged by first noting that the overall
properties of a given material originate not just from the atomic constituents but their mutual arrangements, for instance,
their lattice structure.
Therefore, although coal, graphite, diamond and graphene are allotropes of carbon, their properties are strikingly
different. Taking the analogy of allotropy further, an adroit control of topological distribution of matter can be used to
engineer novel properties even at a larger scale. In this context, cellular materials, whose structure is made up through
scaling up of a fundamental geometrical unit cell can be seen as analogs of natural crystals and thus serve as an excellent
template for metamaterial development. More importantly, the meso-level organization and large free spaces inside cellular
structures make imparting geometrical changes in their underlying structure much easier compared to traditional materials
or composites. Since the overall properties of cellular materials are directly linked to the geometry of the underlying unit
cell, it becomes possible to herald materials capable of reversible change of properties through physical stimuli hitherto
impractical at large scale except in special cases such as piezoelectric, shape memory or specially designed glass materials.
In the present work we propose cellular structures with square or triangle grids, which are capable of dramatic but
controlled shape and size change through alteration of their underlying topological hierarchy. This high degree of
geometrical change can yield a correspondingly wide bracket of mechanical and multifunctional behavior since the overall
properties of cellular materials are intrinsically tied to their underlying topology. We are particularly interested in
investigating the elastic, as well as the phononic behaviour of these structures. We carry out an energy-based method to
obtain closed-form expression of Young’s modulus for hierarchical structures with underlying square-grid topology with
changing hierarchy. Furthermore, finite element (FE) based band structure calculations were employed to obtain the
phononic bandgap (i.e., frequency ranges of strong wave attenuation) evolution of these structures at different levels of
hierarchy. We find that the change in shape and size of these hierarchical structures can significantly affect the static and
dynamic responses, and they can be effectively used to tune the stiffness and bandgaps of these multifunctional hierarchical
cellular structures.

a) Corresponding author. Email: vaziri@coe.neu.edu
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HARNESSING DIRECTED BUCKLING FOR SWITCHABLE CONDUCTIVE PATHWAY
Gaojian Lin1, Dengteng Ge2, Shu Yang2 & Jie Yin1a)
Department of Mechanical Engineering, Temple University, Philadelphia, PA, U.S.A
2
Department of Materials Science and Engineering, University of Pennsylvania, Philadelphia, PA, U.S.A
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Summary Extensive studies have been conducted on buckling induced pattern transformation in free-standing structures while little attention in
constrained structure. Here we study the swelling-induced buckling of arrays of thin stripes with their bottom fixed to the substrate, as well as
their potential applications in switchable conductive pathway. We find that unlike the classical buckling of free-standing thin plate stripe only
showing one global half wave, multiple local waves are generated on the top through bottom constrained buckling. The explicit analytical
solutions for predicting buckled geometry are developed and validated by both finite element method (FEM) simulation and experiments.
Moreover, we demonstrate the use of buckling-induced controllable contacts in enabling design of switchable conductive pathway in electricity,
which opens up a wide range of novel application possibilities in conductive pathway, photonic/phonic wave guiding, and among others.
INTRODUCTION
Deterministic order is highly desired in surface patterning [1] and structural reconfiguration in metamaterials [2] through
deformation. However, buckling deformation, which can either bend up or down is energetically equivalent, often induces
geometrical frustration in structures and thus disordered configuration [3], presenting a challenge for structural ordering in
reconfigurable metamaterials. To control the ordered buckling configurations, we carried out a combined experimental and
numerical method to create large area of ordered and deterministic patterns of arrays of ridges with their bottom constrained
through directed buckling strategy. The deterministic control of buckling configurations is demonstrated in ridges consisting
of both hydrogel and Polydimethylsiloxane (PDMS) at multiple length scales.
(a)

(b)

50 mm

(d)

(c)

50 mm
Disordered

50 mm

Ordered

Fig. 1 (a) Schematic illustration of array of ridges with bottom constrained to substrate. (b) Tilted SEM images of hydrogel
micro-ridges before deformation. (c) SEM images of disordered buckling pattern in ridges after swelling-induced buckling.
(d) SEM images of ordered buckling pattern after directed buckling
RESULTS AND DISCUSSIONS
Fig. 1b shows the tilted SEM image of an array of undeformed hydrogel micro-ridges. Upon swelling, the free swelling
of ridges is constrained by their clamped bottoms to non-swelling rigid substrates, which renders the ridges under
compression and thus induces lateral buckling when beyond a critical strain. Despite the same buckled sinusoidal wavy
shape in each single ridge, a disordered buckled structural configuration is observed with randomly shifted phase angles
between ridges (Fig. 1c) owing to the bistability in each wave, where it can equivalently bend upward or downward and
thus the buckling direction is indeterminate. In contrast, after directed buckling, the disordered pattern transits to a longrange ordered one showing the same phase angle in (Fig. 1d).
The well-controlled phase angle of buckled waves in ridges can be used for enabling the new function in potentially
activating the switchable electrical conductive pathway through controllable buckling-induced ridge contacts. Fig. 2a shows
that for buckled ridges with the same phase angle, there is no contact after buckling between ridges since buckled ridges are
parallel to each other no matter how close they are. However, when ridges are shifted to certain distance, after buckling, the
physical contacts between buckled ridges are enabled due to their mismatched phase angles (Fig. 2b). Using this way, the
a)
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connections between ridges after buckling is established through buckling-induced contact. To demonstrate this new
function we apply conductive coating to the hydrogel ridges. Proof-of-concept experiments show that a Domino-like
conductive pathway in series can be reversibly activated through swelling-induced buckling and evaporation induced deswelling of ridges on rigid substrates (Fig. 2c). The lit LED light proves the success of the activation.

(a)

No Contact

(b)

With Contact

(c)
Buckle

Reverse

Fig. 2 (a) Schematic illustration of buckled parallel ridges without physical contact due to identical phase angles (b) After
phase angle shifting, contacts between parallel buckled ridges are enabled. (c) Proof-of-concept experiment on
demonstrating of activating switchable conductive pathway in array of ridges through buckling driven contacts. LED light is
on after buckling.
CONCLUSIONS
The directed buckling strategy opens a new avenue for creating highly ordered and deterministic buckled structural
configurations, where the original disordered buckling patterns with random distributed phase angle of buckle waves transit to
ordered one with the same phase angle. The directed buckling leads to the physical contacts between ridges, and thus enables the
functionality in activating switchable conductive pathway, which may find great potential applications in environmental hazard
sensors, display, electric circuits, phononic and photonic waveguiding, and active micro-fluid channels, and among others.
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BUCKLING DISTORTION OF ALUMINUM PLATES UNDER NON-UNIFORM WELDING
STRESS FIELD
Bin Zheng1,2, Haidong Yu2 & Xinmin Lai 1,2
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2
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Summary Thin aluminum plate is prone to buckle after welding. The buckling distortion is induced by the non-uniform welding stresses.
To predict the critical stress in the buckling distortion accurately, a rational analysis is presented in this paper. The non-uniform welding
stresses is represented by mathematical equations. Then, the prediction model of critical buckling stress is established to predict the
critical stress.
WELDING INDUCED BUCKLING ANALYSIS
The amount of the buckling distortion is large which significantly influences the dimensional accuracy and the assembly
process. Besides, it cannot be pushed back mechanically in general, once a plate has buckled. Thus, the welding induced
buckling is widely focused by many researchers. Masubuchi [1] investigated the buckling distortion in long steel strips after
welding. The critical buckling stresses under various boundary conditions were calculated by engineers at Kawasaki Heavy
Industries [2]. Frank [3] calculated the critical buckling force where the welding residual stresses are equivalent to the
uniform welding stresses. Actually, the welding residual stresses are non-uniform. In this paper, the critical residual stresses
are calculated by employing the non-uniform welding stresses.
NON-UNIFORM WELDING STRESS

The longitudinal compressive residual stresses generated by welding is the key factor leading to the buckling
distortion in welded structure. In Refs. [2-3], the longitudinal residual stresses are simplified to uniform stresses, as
shown in Fig. 1a, which is beneficial to the calculation of the critical buckling force. However, the welding residual
stresses are non-uniform in the welded structure, as shown in Fig. 1b. Here, the longitudinal residual stresses are
represented as
N x  N 0 ( y 2   y   )
(1)
where, N 0 is the average stress.  ,  , and  are coefficients.

Compressive
stress Nx-

Nx+
Real stress
Zero
line
Nx-

Y
X

a)

b)
Fig. 1 Welding residual stresses applied in the critical stress calculation
CRITICAL RESIDUAL BUCKLING STRESS

The residual welding stresses can be divided into compressive stress and tensile stress. For compressive stress, the
basic equation can be written as
4w
4w
4w
1
2w
 2 2 2  4   Nx 2
4
D
y
x y
x
x

(2)

where w is the deflection, D is the flexural rigidity of the plate, N x is the mid-plane load in X direction. In the
basic equation, the body forces are ignored. For compressive stress, the basic equation can be written as
a)
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The boundary conditions of the buckled plate after welding can be given as
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The equilibrium equation is given as Eq. (4). The continuity condition at the boundary of the tensile and
compressive stresses is written as Eq. (5). The critical buckling stresses can be solved with Eqs. (2-5).
CONCLUSIONS
The non-uniform welding stresses is represented in this paper. Then, the critical buckling stresses can be solved with
the basic equation and the boundary conditions. The study in this paper can help the critical stress predition.
ACKNOWLEDGEMENTS
The authors appreciate the financial supports by the National Basic Research Program of China (Grant No. 2014CB046600),
the National Natural Science Foundation of China (Grant No. 51275292).
References
[1] Masubuchi K.: Analysis of Welded Structures. Oxford, England 1980.
[2] Terai K.: Study on Prevention of Welding Deformation in Thin-Skin Plate Structure. Kawasaki Technical review 61:61-66, 1978.
[3] Frank P. K.: Buckling Distortion of Thin Aluminum Plates during Welding. Master Thesis, MIT Mech. Eng. Dept., Boston, 1975.

2847

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

UNFOLDING PROCESS OF COILING FIBERS MADE BY INSTABILITY-ASSISTED FUSED
DEPOSITION MODELING
Shibo Zou, Daniel Therriault & Frédérick P. Gosselina
Laboratory for Multiscale Mechanics, École Polytechnique de Montréal, Montréal, Québec, Canada
Summary Microstructured fibers with sacrificial bonds fabricated by instability-assisted fused deposition modeling (IFDM) exhibit high

toughness and stretchability. However, early breakage of backbone hinders the fiber from achieving higher toughness. Finite element analysis
using ANSYS was performed to analyse the unfolding process of a single coiling loop under uniaxial force. Results show that maximum von
Mises stress is found at the inner side of the previous top loop, which corresponds with the location of fiber breakage from experiments. Bending
continues to be the dominant factor for maximum stress during the unfolding process. Torsion contributes more to maximum stress with
decreasing fiber slenderness. The stress analysis of the unfolding process would help to optimize the fiber production by reducing maximum von
Mises stress to avoid early breakage of backbone. We hope that microstructured fibers made with IFDM could one day be used for safety-critical
applications, such as safety harness or bulletproof vests.

INTRODUCTION
By depositing either a thin filament of Newtonian viscous fluid [1, 2] or a slender elastic rod [3, 4] onto a moving belt, periodic
patterns are generated. These instability phenomena are known as the fluid mechanical sewing machine (FMSM) and the
elastic sewing machine (ESM), respectively. The patterns generated with the FMSM and the ESM are highly similar indicating
the dominance of the geometry of the problem over the constitutive relation of the material used [3]. Passieux et al.[5] harnessed
a similar instability phenomenon occurring in a fused deposition modeling (FDM) 3D printer to create patterned fibers.
Passieux et al.[5] demonstrated that this instability-assisted fused deposition modeling (IFDM) could be used to tailor the
mechanical properties of the fibers by picking the right patterns to make fibers with more or less toughness and rigidity.
However, early breakage of the fiber for some fabrication parameter values remains a big obstacle to increase the fiber’s
toughness. Previous experiments show that the location of breakage changes from the top of the loop to the site of broken
sacrificial bonds where stress concentration are generated depending on the fiber size and pattern. Therefore, a comprehensive
stress analysis of the unfolding process of a single coiling loop needs to be done to understand the cause of early breakage.

Figure 1. Simulation of a single coiling loop under uniaxial tension in ANSYS using model data from the literature: a, the coiling pattern in the
optical microscopy image was fabricated using the speed ratio (VE/VB) of 3.616 under a deposition height of 10 mm, which corresponds to the
steady coiling radius of 2.55 mm. Same parameters were used in this paper, including the geometrical model inputs and ANSYS simulation model.
b, uniaxial tension was simulated in ANSYS by fixing the left end of the fiber in the isometric view, and extending the right end. Apparent strain
was obtained by dividing the displacement of the right end by the initial distance between the left and right end.
a)
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A finite element analysis (FEA) of a single coiling loop was built based on the geometrical model for FMSM patterns
from the literature. Nonlinear analysis was carried out based on beam elements by FEA in ANSYS. Axial, bending, torsional
shear and von Mises stresses were calculated from FEA to provide a comprehensive stress analysis of the unfolding process.
METHODS AND RESULTS
Finite element model for single coiling loop
Brun, et al. [2] developed a geometrical model for FMSM patterns containing three coupled non-linear ordinary differential
equations. Although the fiber material we used in the experiment is a shear thinning fluid [6] rather than a Newtonian fluid,
the geometric results based on this model match well with experiment results. Symmetry was utilized to generate z coordinates
of the fiber pattern according to the diameter of the filament. The three-node beam element BEAM 189 was used to model
the unfolding of a single coiling loop with the geometric nonlinearities taken into account.
Finite element analysis results
Nonlinear analysis was carried out for the single coiling loop in ANSYS. The simulated coiled fiber is shown in Fig. 1 as
it is extended. Maximum von Mises stress is found at the inner side of the previous top loop, which corresponds with the
location of fiber breakage from experiments.
The preliminary results of Fig. 2 allow to understand the effect of slenderness on different stress components during the
unfolding process. In general, von Mises stress goes down with increasing slenderness. For bigger slenderness, torsional shear
stress is much smaller as expected, which is due to the reduction of torque for slenderer fiber. While mid-way bending peak
becomes more obvious for bigger slenderness, and the slenderer the fiber is, the longer the bending mid-way peak continues.
Thus, bending should be taken more care of when we choose slenderer fiber to minimize von Mises stress.

Figure 2. Maximum stress during the unfolding process of a fiber with wavelength ʄ = 5.23 mm and slenderness ratio: a, ʄ/d
= 3.49; b, ʄ/d = 34.87. Maximum bending and torsional moments are plotted versus strain in the insets.
CONCLUSIONS
Although torsion could be reduced by using slenderer fiber, bending continues to be a key factor for the fluctuation of maximum
stress during the unfolding process of coiling loop. Therefore, strategies which reduce the bending stress could be practised to
avoid early breakage of backbone and optimize the fiber production.
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A FFT METHOD FOR CONTINUUM DISLOCATION MECHANICS WITH
HETEROGENEOUS ELASTICITY
1

Komlan Sénam Djaka1, Vincent Taupin1 & Stéphane Berbenni1a)
Laboratoire d'Etude des Microstructures et de Mécanique des Matériaux, LEM3, UMR CNRS 7239, Université
de Lorraine, Ile du Saulcy, 57045 Metz, France

Summary A Fast Fourier Transform (FFT) method is developed to solve the elasto-static equations of the field dislocation mechanics for
periodic media with heterogeneous linear elasticity. After prescribing a Nye's dislocation density tensor, the incompatible and compatible parts
of the elastic distortion are obtained, respectively, from the resolution of a Poisson-type equation and a Lippmann-Schwinger integral equation
with incompatibilities. Both equations are solved through an iterative basic scheme based on intrinsic discrete Fourier transforms with centered
and rotated finite difference schemes, respectively. For a single pixel regularization of the dislocation density within the dislocation core, the
elastic fields due to dislocations with elastic heterogeneities are accurately obtained by the present method without Gibbs oscillations.
INTRODUCTION
The elastic theory of continuously distributed dislocations initiated by Kröner [1] and recently revisited by Acharya [2]
through the so-called Field Dislocation Mechanics (FDM) leads to a rigorous description of the incompatibility of the elastic
strain due to the presence of dislocations in crystalline solids. The elasto-static equations of FDM were recently solved for
linear elasticity within a FFT framework [3, 4]. In the latter, the equations for the incompatible elastic distortions and the
balance of momentum are solved in the Fourier space, while the resulting elastic fields are obtained in the real space by
using the inverse Fourier transform. An extension of this spectral approach to field dislocation and generalized-disclination
mechanics (FDGDM) was proposed in [4]. The elasto-static field equations of FDM in a linear heterogeneous medium yield
a Lippmann-Schwinger integral equation with incompatibilities arising from the presence of polarized (or geometrically
necessary) dislocation densities. The FFT scheme based on the iterative basic scheme (BS) allows solving the classic
Lippmann-Schwinger integral equation of the periodic boundary-value problem by the introduction of a modified Green's
function associated with a well-chosen reference medium [5]. The presence of elastic incompatibilities needs a two-step
numerical procedure starting from the resolution of Poisson-type equation. Motivated by the accuracy and the efficiency of
the FFT-based iterative scheme for heterogeneous elastic materials, we propose in this paper to extend the work described in
[4] to study the interactions between elastic heterogeneities and dislocations for periodic media. Special attention will be
paid to the control of the Gibbs phenomenon by using discrete Fourier transforms (DFT) together with centered finite
differences for the Poisson-type equation [4], and, with rotated finite differences for the Lippmann-Schwinger equation [6].

RESULTS AND DISCUSSIONS
The assessment of the present approach is conducted by comparisons with the analytical solutions [7] in the case of a single
edge dislocation of Burgers vector magnitude b=4.05×10-10m restricted to a single pixel located in the centre of a circular
inclusion embedded in a matrix phase of unit cell dimension 900b×900b. As an example of simulation results, the composite
material is discretized using a 2D FFT grid constituted of 2048×2048 pixels and the circular inclusion is ten times softer than the
matrix assuming isotropic heterogeneous elasticity. In this case, Figure 1(a) shows the occurrence of spurious Gibbs oscillations
regarding local stress field T11 (normalized by the shear modulus of the matrix µ M) when using the classical discrete
approximation of the continuous Fourier transform to solve both the Poisson-type equation (P) and the implicit LippmannSchwinger integral equation (BS) [5], here denoted by P- BS procedure. In contrast, a good approximation is obtained with
the centered finite difference scheme together with DFT to compute the Poisson-type equation (PC) and the rotated finite
difference scheme (BSR) together with DFT to solve the Lippmann-Schwinger equation, here denoted by PC- BSR
procedure. Indeed, it is shown (Figure 1(b)) that the local stress field inside the inclusion and around the “core region” of the
dislocation obtained with the present iterative basic scheme well matches the analytical solution (AS). The combination of
centered differences with DFT to compute the Poisson-type equation (PC) and the classic FFT approximation for LippmannSchwinger equation (BS) denoted here by PC- BS procedure also leads to satisfying results for such mechanical contrast
(Figure 1(b)). However, careful comparisons between the PC- BSR and the PC- BS procedures reveal the occurrence of little
Gibbs oscillations in the PC- BS solution contrary to the PC- BSR one (see Figure 1(c)). These observations reinforce the
conclusions given in the case of homogeneous elasticity [4]: such an intrinsic DFT scheme constitutes a suitable way to solve
Poisson-type equations without any Gibbs oscillations especially when the dislocation density is restricted to a single pixel.
On the other hand, as reported in [6], the DFT with rotated finite difference scheme to compute the modified Green tensor
improves the accuracy of the FFT method, in comparisons with [5]. The present FFT method is also suitable to simulate more
a)
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physical cases of interest in crystalline materials such as dislocation density dipoles constrained at discontinuity interface
between the matrix and the inclusion or located in the matrix phase of the composite material.

Figure 1: Stress profile T11 (normalized by the shear modulus of the matrix µ M) obtained in the case of an edge dislocation
density located in a single pixel at the centre of a soft circular inclusion (µ I = 2.3001×103 MPa, νI = 0.3647) with radius 40b
embedded in a hard matrix (µ M = 10 µ I, νM = νI) discretized using 2D FFT grid of 2048×2048 pixels: P-BS solution (green solid
lines) vs. analytical solutions (dashed lines) (a), PC-BS solution (red solid lines) and PC-BSR solution (blue solid lines) vs.
analytical solutions AS (dashed lines) (b), and zoom of Fig. 1b in the inclusion and near the matrix/inclusion interface revealing
Gibbs oscillations with the P-BS solution contrary to the P-BSR solution (c).

CONCLUSIONS
The FDM elasto-static equations with heterogeneous linear elasticity are solved with a spectral method based on the FFT basic
scheme and the solution of the incompatibility problem solved through a Poisson-type equation in the Fourier space. Accurate
and stable results are obtained by using a centered difference scheme with DFT to compute the Poisson-type equation (PC) and
the finite difference rotated scheme (BSR) for the modified Green's operator, here introduced as the PC- BSR procedure.
Further studies will be focused on the implementation of a spectral framework for the compl
complete
ete elastoplastic FDM field
equations by coupling the present FFT method to the transport of dislocation density numerically solved by a filteredspectral approach [8].
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NON-DESTRUCTIVE CHARACTERIZATION OF HETEROGENEOUS SOLIDS FROM
LIMITED SURFACE MEASUREMENTS
Yue Mei1 & Sevan Goenezen 1 a)
Department of Mechanical Engineering, Texas A&M University, College Station, TX, USA
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ABSTRACT
We present a novel methodology to characterize the linear elastic property distribution of a heterogeneous solid nondestructively from measured surface deformations (for example from Digital Image Correlation measurements) and mathematical model in linear elasticity. In this paper, we show the feasibility of this methodology on a theoretical heterogeneous
sample with a stiff inclusion surrounded by a softer background. The algorithms are based on finite element techniques and
the elastic properties are unknowns on mesh nodes and interpolated in the problem domain with linear shape functions. We
observe that a rich set of surface deformation fields is sufficient to recover the elastic property distribution uniquely, i.e., the
inclusion is clearly reconstructed and the contrast in the elastic property distribution is close to the target contrast in the
presence of noisy displacement data. This methodology could have important applications in detecting defects in aerospace
structures or as a novel screening approach for breast tumors.
INTRODUCTION
Characterizing the heterogeneous elastic properties of solids non-destructively requires measurement of displacement data
[1, 2] and robust inverse algorithms [3-6]. Measuring displacement fields from ultrasound data has been well developed and
used to map the elastic property distribution of soft tissues [7-9]. This has shown great potential in breast cancer screening
and diagnosis [7]. Alternatively, displacement data can be acquired using magnetic resonance imaging.
Recently, digital cameras were used to determine surface displacement fields of specimens, widely known as digital image
correlation (DIC). These systems are commercially available and allow the user to determine surface strains to potentially
infer inhomogeneity in the specimen’s interior. This type of analysis may help to analyse materials for inhomogeneity, assuming that they are supposed to be homogeneous. This, however, has the disadvantages that 1) it may not be simple to locate
the inhomogeneity from surface strains, and 2) many materials are heterogeneous and thus strain measurements on the surface
cannot directly be related to the interior heterogeneity. In this paper, we will show that DIC systems could potentially be used
to recover the full spectrum of the heterogeneous elastic properties. As investigated in [10] the feasibility of this technology
depends on a rich surface data set and efficient physics-based algorithms to robustly solve mathematically ill-posed partial
differential equations.
METHODS
The inverse problem is posed as a constrained minimization problem, where the objective function given by

=
F

k

Ni

∑∑ w (u

=i 1 =j 1

ij

i
j

( µ ) − (uij ) meas ) 2 + α ∫ | ∇µ |2 +c 2 d Ω

(1.1)

Ω

is minimized with respect to the unknown shear modulus distribution µ . Equation (1.1) is subject to the constraint of the
forward elasticity problem, solved via finite element methods. The first summation in
Equation (1.1) accommodates a total of k surface displacement sets and the second
summation minimizes the difference between the j-th measured surface displacement
point

(uij ) meas and computed displacement point uij ( µ ) for the i-th measurement

set. We note that the number of measured surface displacement points may vary between different data sets i , thus we denote the total number of measured displacement
points by N i . Further, wij denotes the weight for data set

i and point j and de-

pends on the finite element mesh discretization [10]. The second term represents the
total variation diminishing regularization term, ensuring a smooth overall solution of
Figure 1: Target shear modulus µ distri- the shear modulus distribution, while preserving sharp interfaces between objects in
the problem domain. The regularization factor α is chosen according to the noise
bution for the given problem domain
level in the measurements using Morozov’s principle or a smoothness criteria, and the
constant c is chosen to be a small number to avoid singularities. The nodal computed displacement of the j-th data set

uij ( µ ) satisfies the forward elasticity problem. We assume that the material is incompressible, implying that an additional
a) Corresponding author. Email: sevangoenezen@gmail.com.
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pressure variable is introduced and an incompressibility constraint imposed. Equation (1.1) is minimized with the limited
BFGS method using the adjoint equations [3, 4, 10] to calculate the gradient of the objective function with respect to the shear
modulus.
We will test this approach with theoretical noisy surface displacement, created by solving the forward finite element
problem. To this end the problem domain in Figure 1 consisting of a stiff inclusion ( µ = 5 ) embedded in a soft background
( µ = 1 ) is meshed with linear triangular elements and 61x61 uniformly distributed mesh nodes. The bottom edge is fixed in
vertical direction and indentations are applied on the top edge. Then the specimen is rotated by 90 degrees clockwise and
counter clockwise and indentations are applied for each rotation. Each indentation induces surface deformations extracted on
three edges, excluding the edge with vertically fixed nodes. About 2% white Gaussian random noise is added to the surface
displacement nodes to simulate noisy measured displacement data and used to recover the target shear modulus distribution.
RESULTS AND DISCUSSIONS
Shear modulus reconstructions using a set of 3, 9, and 15 noisy surface displacement sets (recall that each corresponds to
an indentation) are shown in Figure 2, left, middle, and right image, respectively. It is observed that the contrast in µ approaches the target shear modulus contrast with increasing number of data sets. Further, the shape of the inclusion becomes
slightly more circular as the data set is increased from 3 to 15. We note that the indentations are imposed as displacement
indentations and no traction boundaries are used. This implies that these shear modulus reconstructions are determined only
up to a multiplicative factor.
Thus, future work will involve
simulations with force indentations to test this methodology to
recover µ absolutely and
uniquely. Further, future work
will compromise to test 1)
smaller inclusions, 2) heterogeneous problem domain in 3D,
Figure 2: Reconstruction of µ with 3, 9, and 15 indentations.
and 3) limited surface displacement data on a more confined boundary, e.g., on one single face/edge.
CONCLUSIONS
We have presented a novel approach to recover the interior shear modulus distribution from surface displacements only.
The results show that this method is robust in the presence of noisy data and leads to a unique µ reconstructions for a proper
data set. This work has great importance in that it requires only a set of digital cameras to acquire surface displacement data
and map the specimen’s interior. Further studies are needed to investigate uniqueness and data requirements. Also, a proof of
concept with experimental data is essential. Even though the noise level in the synthetic surface displacement data is of the
order being reported for data from DIC systems, the nature of experimentally acquired surface displacement noise may be
different than the synthetically added white Gaussian random noise.
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MOLE
ECULAR DYNAMICS
D
S STUDY OF
F THE INTERFACIAL
L DEBOND
DING DUE T
TO
CYL
LINDERICA
AL NANO-IINCLUSION
N
Yi Cui, Zengtao Cheen a)
Dep
partment of Mechanical
M
Eng
gineering, Un
niversity of Albberta, Edmontton, AB T6G 11H9, Canada
SSummary The corresponding sttress-strain relation and the nucleeated void volum
me fraction of thhe composite maaterial are monitored during
uuniaxial loading using the modifi
fied embedded atom model (MEA
AM). Due to the presence of the inclusion-matrixx interface, both tthe effect of
eenergy minimizaation and config
guration relaxatio
on are investigatted to ensure ann initial physicall bonding of thee two materials. During the
stretching of sim
mulation box, the localized deco
ohesion tends to initiate on the portion of the in
interfacial circum
mference facing the loading
ddirection. The siimulation resultss also reveal thatt the simulation size and strain rrate influence thhe onset of interrfacial decohesion while the
tthickness of the simulation
s
box haas virtually no im
mpact. The largesst simulation sizee contains an incluusion up to 105.11 nm in diameterr with a total
oof 10.6 million attoms. An enlargeed simulation sizee not only lowerss the yield stress bbut also the strainn of decohesion iinitiation

INTR
RODUCTION
N
It is of greeat importancee to understand
d the interfaciial debonding and related m
material fracture due to the bbi-material
iinterfaces in orrder to model the
t mechanical response of a broad range oof engineering materials [1]. For example, tthe silicon
oor aluminium-oxide inclusion
ns are found to
o be fatigue craack nucleation sites in Al-Si ccastings [2]. As for ductile fraacture, the
vvoid initiation from the second-phase particles or other im
mpurities is thee first stage off the void evoluution during thhe damage
aaccumulation. Broek [3] poiinted out that large second phase
p
particless can determinne the momentt and location of ductile
ffracture, but they
t
are not essential
e
to thee fracture proccess itself. Onn the contraryy, he concludeed that smallerr particles
aappeared to govern
g
the fraccture process. Therefore it is
i not only ecconomic but aalso physicallyy important foor the MD
simulation to start
s
with the case
c
of interfaccial debonding from nano-incclusions. As for the MD simuulation for the composite
m
material, most reported simulations focused
d on the planarr debonding or the nanocrystaalline composittes.
MO
ODELS, RESU
ULTS AND DIISCUSSION
t periodical simulation box
x is employed to represent uuniformly-distriibuted silicon inclusions
As illustratted in Fig. 1, the
iinside the alum
minum matrix. The axis of thee cylindrical in
nclusion is in thhe z direction. The volume fr
fraction of the ccylindrical
iinclusions is fixed
f
as 20%. The atomisticc interaction iss considered bby the modifieed embedded aatom method (MEAM).
A
Applied uniax
xial loading is strain-controllled in the x direction.
d
Energgy minimization and suitablle relaxation ssteps were
aapplied to attaiin a perfect inittial bonding att the silicon-alu
uminum interfaace.

Fig.
F 1 Periodicaal simulation box with Si incllusion (gray) inn Al matrix
As shown in Fig. 2(a), th
he ultimate streength of the co
omposite materrial relates to tthe initiation oof decohesion rrather than
tthe dislocation
n emission. In
n Fig. 2(a), the initiation off dislocation eemission only occurs some point after thee ultimate
strength and has
h limited imp
pact on the deccohesion proceess. However, tthese conclusiions are subjecct to the geomeetry of the
iinclusion. Fro
om the simulaation regarding
g spherical inclusion not ddisplayed here,, both the intterfacial debonnding and
ddislocation em
mission happen
n before the ulltimate strengtth. The slight trace of the ddislocation linee in Fig. 2(b) marks the
bbeginning of dislocation em
mission. The su
ubsequent dev
velopment of tthe dislocationn structure insside the matrixx is fairly
As shown in Fig. 2(b), thee localized
similar to the simulation reesults of typiccal FCC metalls (add a refeerence here). A
ddecohesion ten
nds to initiatee on the portiion of the inteerfacial circum
mference facinng the loadingg direction. It has been
eexperimentally
y evidenced th
hat void initiaation happens earlier by thee larger incluusions. The obbjective of Figg. 3 is to
iinvestigate thee size effect and associated in
nterfacial debonding. The lenngth of the sim
mulation cell is increased from
m 52.1 nm
tto 208.2 nm, which
w
gives th
he size range of inclusion from
fr
26.3 nm to 105.1 nm iin diameter. Inn Fig. 3(a), onnly a clear
ddecrease of th
he yield stress can be seen from the smalllest size comp
mpared to the llarger sizes. H
However, a stroong strain
aa)
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hhardening featture not only offsets
o
the deccrease of the yield
y
stress butt also even eleevates the ultim
mate strength. From the
llargest three size
s
cases in Fig.
F 3(a), the gradual
g
enhanccing of the strrain hardeningg can be recoggnized. In Fig.. 3(b), the
iincreasing sim
mulation size reesults in a sligh
htly earlier deccohesion of thhe interface. Thhe largest simuulation size alsso leads to
cconsiderably lo
ower growth pace of the initiated void.
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MICROSTRUCTURE EVOLUTION IN CU THIN FILMS, INVESTIGATED BY AB-INITIO
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Summary The microstructure of Cu thin films may evolve significantly from the as-deposited state by self-annealing, also at room temperature.
These microstructure alterations are of importance as they have a profound impact on both electrical and mechanical film properties. In the
present study, the microstructure developments during self-annealing are studied by means of combining ab-initio and mesoscale level set
modeling. This allows investigation of relative and combined effects of anisotropic grain boundary energy, mobility and stored energy
distribution on the evolution of both grain structure and texture. Variation of grain boundary energy is evaluated by density functional theory
calculations and is used as input for the mesoscale level set model. Based on the numerical simulations, observations are made related to, for
example, the stability of the (111) texture which is dominant in the as-deposited state, to the prerequisites for abnormal grain growth and to the
influence of stored energy heterogeneities.
MODELING OF SELF-ANNEALING IN CU THIN FILMS
Background
Electrical wiring in integrated circuits is commonly achieved by deposition of thin Cu films. These electroplated films
are, however, metastable directly following the deposition and significant changes may occur in the material due to selfannealing. This process can continue for hours or days after deposition, also at room temperature. The process causes
substantial changes to the microstructure. For example in terms of crystallographic texture, grain size and grain size
distribution. Due to the extensive alterations of the microstructure, also bulk thermomechanical and electrical properties of
the film change. Self-annealing in thin Cu films has been investigated for several years but there is still, however, some
dispute on the origins of the process and on the actual mechanisms which are involved. The phenomena has been in focus
for numerous experimental investigations, but considerably less attention has been given to numerical modeling approaches
which permit further studying of the microstructure evolution during self-annealing in thin Cu films. Such numerical
modeling is in focus of the present study.
Modeling framework
In the present work, microstructure evolution in thin Cu films during room temperature self-annealing is investigated by
means of a mesoscale level set model. This allows very accurate representation of the grain boundary network in the
polycrystalline microstructure. The model is formulated in such way that the relative, or collective, influence of anisotropic
grain boundary energy, mobility and heterogeneously distributed stored energy can be investigated. Related research has
also been presented previously in [1-3]. The consideration of anisotropic grain boundary properties is achieved by allowing
misorientation-dependent grain boundary quantities to be evaluated locally in the microstructure with high precision. Abinitio density functional theory (DFT) calculations are also performed to provide input to the mesoscale model in terms of
the variation of grain boundary energy for different grain boundary configurations. The stability of the predominant (111)
fiber texture in the as-deposited state is studied as well as the stability of some special low-Σ grain boundaries. Further, the
numerical model allows tracing of the grain size distribution and any triggering and evolution of abnormal grain growth
during self-annealing.

Figure 1: Abnormal growth, from left to right, of (001) grains (gray) at the expense of the (111) texture component
(white). The abnormal growth of (001) grains is triggered by a lower stored energy content in this texture component.
CONCLUSIONS
a)
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A mesoscale level set model of microstructure evolution in polycrystalline materials is established. Using results from
ab-initio DFT calculations, the level set model is shown to be a competent tool for tracing microstructure evolution during
room temperature self-annealing in Cu thin films.
It is found that abnormal grain growth depends mainly on stored energy variations, whereas anisotropic grain boundary
energy or mobility is insufficient to trigger abnormal growth in the model. However, texture dependent grain boundary
properties contribute to an increased content of low-Σ boundaries in the annealed microstructure. Texture evolution is also
caused by stored energy variations, since the coexisting (111) and (001) texture components in the as-deposited state evolve
into a (001)-dominated texture after sufficient annealing time, cf. Figure 1. Further, it is found that whereas stored energy
variations promote the stability of the (001) texture component, anisotropic grain boundary energy and mobility tend to
work the other way and stabilize the (111) component at the expense of (001) grains.
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MULTISCALE MODELING OF DS ALLOYS APPLIED TO
MATERIAL ELEMENT AND STRUCTURAL CALCULATIONS
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Summary The purpose of this paper is twofold. A ﬁrst section deals with the development and calibration of a multiscale model
able to describe the anisotropic viscoplastic behaviour of a directionally solidiﬁed material. The model is applied to a NickelBase superalloy used in turbine blades. The second part proposes a solution to estimate the scatter observed between several
components due to the fact that the grain size is not small with respect to the component size.

MULTISCALE MODELLING
Directionnally solidiﬁed materials have a very speciﬁc columnar microstructure, with all the grains sharing one
crystallographic direction. In the present case, the material is FCC, and the axes of the cylindrical grains (namely
the x3 direction in the laboratory frame) correspond to the crystallographic 001 direction, generating a strong
elastic and plastic anisotropy. The resulting material has an initial transverse isotropy, and can be represented by
means of macroscopic models with the relevant symmetries [1, 2]. It is nevertheless difﬁcult to follow the way the
material hardening will develop with this type of models, this is why we used crystal plasticity, in the framework
of a mean ﬁeld model, to represent the material.
In the present work, the so called β-model is used and adapted to account for elastic anisotropy and the
subsequent viscoplastic ﬂow [3, 4]. The single crystal model takes into account both isotropic and kinematic
hardening [5]. The transition rule describing the way local stress can be obtained from the macroscopic stress
introduces a state accommodation variable βg for each crystallographic orientation g, the role of which is to
∼
represent a non linear accomodation term in each crystallographic phase. The speciﬁcity of the model is then
to have the same response as the Kröner model at the onset of plastic ﬂow, then to follow the response of a
self consistent model, but with an explicit accomodation tensor, that increases the numerical efﬁciency. The rule
involves speciﬁc parameters that have to be calibrated from an external computation. This is made here by means
of Finite Element Crystal Plasticity on a material element [6]. This calculation is made with a synthetic aggregate
generated by Voronoï tesselation, loaded in tension and shear. The comparison between the model and FECP results
is made on the macrosopic response, but also on the averaged responses in each crystallographic phase (Fig.1).

F IGURE 1 – Contour of the local tensile stress in the elastic and plastic regime, and the corresponding tension
curves for each crystal orientation. The mean ﬁeld model is in agreement with the average of 20 realizations
obtained with the full ﬁeld model (less than 5%error).
∗ Corresponding
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STRUCTURAL CALCULATIONS
The DS materials are often used in components which size is not large with respect to grain size, so that the
assumption of scale separability, needed to safely apply the scale transition rules is not veriﬁed. In such conditions,
an unique macroscopic calculation is far from giving a reasonable information. The averaging process linked to
the use of the macroscopic model may hide important local overstress in case of non compatible local deformation
schemes. A calculation that introduces the mean ﬁeld model at each integration point does not meet the response of
the individual specimen. The only satisfactory solution seems to use the “brute force” to compute every component
as a very new structure. Obviously, this solution is not manageable in an industrial environment. A statistical
approach is then needed. This section introduces a numerical strategy to estimate the scatter in a given component
by means of a reduced number of calculations using the basic “one shot” response delivered by the β-model and
subsequent calculations on a limited number of time steps with a full ﬁeld approach. As an example, Figure 2
shows the full ﬁeld response (von Mises equivalent stress) on a cruciform specimen under an equi-biaxial loading.
Both upper and lower faces are shown. The ﬁeld presents an important heterogeneity, which is due to the grain
shape and distribution. The proposed method allows to estimate the mean value of each critical variable in each
geometrical point of the component, and the local scatter. A series of tests is planned on this type of specimen.

F IGURE 2 – Von Mises stress contour on the upper and lower faces of a cruciform specimen made of DS material,
under equi-biaxial loading. The grain shape and orientation has a predominant inﬂuence on the local result.
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ANISOTROPIC DAMAGE COUPLED WITH PLASTICITY MODEL DEVELOPMENT AND COMPARISON WITH EXPERIMENTS
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Summary In the present contribution, a new anisotropic and coupled damage-plasticity model is developed. It is based on a
second order damage tensor and applies two potentials, one for the plasticity and one for the damage part. The formulation
includes only very few material parameters and can be easily transferred to large deformations. Example computations and
comparison with experimental results show that the model yields physically reasonable results whereas it is numerically still
feasible.
Basic modeling steps in the context of small deformation
In contrast to isotropic damage based on a scalar damage variable D, the modeling of anisotropic damage requires to
work either with a second-order or a fourth-order damage tensor. Approaches of the first kind can be found e.g. in [1,2].
Models based on a fourth-order damage tensor are presented e.g. in [3,4]. In the present work, we start the derivation by
formulating the Helmholtz free energy function  as isotropic function of a second-order damage tensor D and the elastic
strain tensor e. As such we let depend  on the ten invariants of D and e (J1, ..., J10). Inserting the ansatz into the ClausiusDuhem inequality we finally come to defining two potentials, one for the plasticity and one for the damage part. Using
these, the evolution equations for the plastic strain tensor p, the damage tensor D and the two hardening variables (plastic
and damage part) are formulated in an associated form.
The damage potential includes two functions fd and qd (hardening part) which allow to adjust the damage evolution over
time as well as the stress-strain curve quite well. A good correlation with experiments can be achieved. Interestingly, the
model can be well adapted to metallic materials but also to non-metallic materials such as concrete or composites.
The concrete choice of the Helmholtz free energy function is leaned on the work of Lemaitre (see e.g. [5,6]) where we,
however, slightly modify the suggestion of the mentioned authors in such a way that  is a function of the invariants J1, ...,
J10. In this way, the material tensor obtains with respect to the orthotropic frame an orthotropic structure which can be well
exploited to determine the material parameters hidden in .
Further important is the fact that we can introduce one or several "drivers" for the damage. Suitable drivers are the strain
tensor, the plastic strain tensor, the continuum mechanical stress tensor or the effective stress tensor. Tension-compression
asymmetry is included by considering only the positive eigenvalues of these drivers (Macaulay bracket).
Numerical issues
At the Gauss point level of the finite element implementation, several challenging numerical problems have to be
tackled. First of all, we need to robustly manage the case differentiation into (1) elastic, (2) only damage, (3) only plastic, (4)
coupled plastic damage behaviour. For the integration of the sophisticated evolution equations suitable algorithms shall be
used, e.g. the backward Euler algorithm. This leads to a set of highly non-linear equations the solution of which can be e.g.
performed by means of Newton-Raphson's method. The associated tangent is here computed numerically. Further, the
algorithm has to recognize non-physical cases, e.g. DA (A = 1,2,3) (eigenvalues of D) <0 or >1.
Since anisotropic damage modeling is per se elaborate it is important to keep the numerical effort at the finite element
level as low as possible. In the present contribution a special reduced integration finite element technology is suggested
which works with only one Gauss point. An important issue is the hourglass stabilization which has to be developed in such
a way that the anisotropic material behaviour is taken into account.
Some example computations, striving for a comparison of algorithms (fully implicit and partially explicit) are shown
below.

a)
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Extension to large deformations
The extension of the modeling approach to large deformations is certainly not easy but follows the same methodology as
described above. A new point is the aspect that the damage tensor D is considered to live in the intermediate configuration.
It is then possible to define the Mandel stress tensor which turns out to be symmetric. Finally, evolution equations for Cp
(plastic right Cauchy-Green tensor) and Dr (damage tensor with respect to the reference configuration) are formulated.
There are no additional material parameters. Also the damage potential can be taken over. See also [7,8] for more
information.
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Summary The main objective of this work is to investigate the response of the ductile porous material subjected to cyclic loading. To this
end, by adopting the non-linear homogenization theory proposed in [2], we first formulate a new constitutive model for porous materials with
hardenable matrix. An isotropic hardening law as well as kinematic one are considered. The resulting elasto-plastic model at macroscopic
scale is then numerically implemented based on the algorithm described in [1]. Finally, the prediction of the proposed elasto-plastic model
is validated by comparing with the Finite Elements results.

HOMOGENIZATION OF THE POROUS MATERIAL WITH A HARDENABLE PLASTIC MATRIX
Constitutive model
Let us consider a porous material whose microstructure is assumed to be statistically uniform and represented by a ”Representative Volume Element (RVE)”, denoted Ω. The latter one is composed of the domain Ω(1) occupied by the matrix and
void spaces Ω(2) , which are considered to be in the form of ellipsoid randomly distributed in the matrix. The latter Ω(1) is
made of an elasto-plastic material with an isotropic and a linear kinematic hardening law, while voids are assumed to change
their volumes, shapes and orientations under finite plastic deformation. The local plastic criterion reads then:
r
3 0
1
φM (σ, X) =
(σ − X) : (σ 0 − X) − σ0 (εpeq ) ≤ 0 with σ 0 = σ − tr(σ)1
(1)
2
3
where σ is the Cauchy stress tensor. As classically, X denotes the back stress tensor in the matrix and is deviatoric by
definition. εpeq is the local equivalent plastic strain while σ0 is the cohesion of the matrix.

Furthermore, the internal variables describing the microstructures of the RVE is denoted s = εp , f, w1 , w2 , n(1) , n(2) , n(3) ,
in which f is the porosity, w1 , w2 the aspect ratios of the representative ellipsoid void, n(i) , i = 1, 2, 3 the orientations of the
principal axes.
By constructing a ”Linear Comparison Composite (LCC)” (see for instance [2]) for the considered porous materials, the
macroscopic yield criterion is derived as:
ep
e = (σ̄ − X̄) : M : (σ̄ − X̄) − σ02 (εpeq ),
Φ
1−f

e p = 3 K + 3 Q̂−1
with M
2
1−f

(2)

e p is the effective plastic compliance tensor of the incompressible matrix, expressed by means of the fourth order
where M
deviatoric tensor K and the microstructural tensor Q̂(w1 , w2 , n(i) ). X̄ is the instantaneous macroscopic back stress tensor.
It is important to indicate that, as opposed to the case of heterogeneous composites (see [3]) , the isotropic hardening in the
matrix will not induce any kinematic hardening in the macroscopic response of the porous materials; this is due to the fact that
the stress field is null in the pore.
Numerical implementation of the proposed macroscopic model
The macroscopic strain tensor is written as:
D̄ = D̄ e + D̄ p ,

D̄ e and D̄ p are respectively macroscopic elastic and plastic strain rate

(3)

In the present study, the elastic and plastic responses of the porous material are treated independently and then combined to
◦

◦

numerically compute the full elasto-plastic response. The elastic strain rate reads D̄ e = M̃e : σ̄ (see also [1]), where σ̄ is the
Cauchy stress co-rotating with the spin of the voids and M̃e (s) the effective elastic compliance tensor, while the plastic one
D̄ p is obtained from the normality law:
D̄ p = Λ̇
∗ Corresponding


2Λ̇
∂ Φ̄
= Λ̇N =
M̃p : σ̄ − X̄
∂ σ̄
1−f

(4)
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e˙ = 0. It depends on the
in which the plastic multiplier Λ̇ 7→ Λ̇(s, C) can be calculated from the consistency conditions Φ
˙ = 2 C D̄ p ).
internal variables s and the kinematic hardening parameter C (such as X̄
3
O

Combining the elastic and plastic constitutive relations, the Jaumann derivative of the stress tensor σ̄ is expressed in
function of the elasto-plastic Jacobian Lep for the finite plastic deformation problem:
O

σ̄ = Lep (s, C) : D

(5)

VALIDATION OF THE PROPOSED MODEL WITH FINITE ELEMENTS COMPUTATIONS
The macroscopic model (5) is firstly implemented and applied to a sample subjected to cyclic loading. Then, the predictions are compared to the Finite Elements solutions obtained by using Abqaus software on a REV containing 20 spherical
voids.
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Figure 1: (a): Geometry of REV; (b):Contour of the equivalent Von Mises stress and (c): Uniaxial stress Σ̄22 as a function of
uniaxial displacement U22
Fig.1 displays the geometry of the REV (Fig.1(a)), the contours of the Von Mises equivalent stress after uniaxial loading
and unloading (Fig.1(b)) and the uniaxial stress Σ̄22 as a function of uniaxial displacement U22 (Fig.1(c)). Except for the
slight difference in the elastic-plastic transition zones, probably due to the decoupling between elastic and plastic responses,
there is an excellent agreement between the prediction of the non-linear homogenization model and the FEM solutions. This
validates the proposed macroscopic model of the porous material having a plastic hardenable matrix.
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Summary The present paper proposes a new Genetic Algorithm NURBS-based approach for the homogenized limit analysis of masonry vaults
based on an upper bound formulation. A given masonry vault geometry can be represented by a NURBS (Non-Uniform Rational B-Spline)
parametric surface and a NURBS mesh of the given surface can be generated. Each element of the mesh is a NURBS surface itself and can be
idealized as a rigid body. An upper bound limit analysis formulation, which takes into account the main characteristics of masonry material is
deduced, with internal dissipation allowed exclusively along element edges. It is proved that, even by using a mesh constituted by very few
elements, a good estimate of the collapse load multiplier is obtained provided that the initial mesh is adjusted by means of a Genetic Algorithm
(GA), in order to enforce that element edges accurately approximate the actual failure mechanism.

INTRODUCTION AND MOTIVATION
It can be affirmed that the modern theory of limit analysis of masonry structures, which has been developed mainly by
[1], is the most reliable tool to assess the ultimate load bearing capacity of masonry vaults. According to [1], limit theorems
of plasticity, i.e. static (lower bound) theorem and kinematic (upper bound) theorem, can be applied to masonry structures
provided that the some basic assumptions are made on the masonry material [1].
In the present paper, a novel NURBS-based approach for the homogenized limit analysis of masonry vaults based on the
upper bound theorem is proposed. Vaults geometry can be described by a NURBS representation of their mid-surface,
which can be generated within any commercial free form modeler, together with information about the local thickness at
each point of the surface. By exploiting the properties of NURBS functions [2], a mesh of the given surface, which still
provides an exact representation of the vaulted surface, can be obtained. Each element of the mesh is a NURBS surface
itself and is idealized as a rigid body. Starting from the obtained rigid bodies assembly, an upper bound limit analysis
problem with very few optimization variables can be devised, which takes into account the main aspects of masonry
material through homogenization and in which dissipation is allowed along element edges only. Due to the very limited
number of rigid elements used, the quality of the collapse load so found depends on the shape and position of the interfaces,
where dissipation is allowed. Mesh adjustments are therefore needed, but the utilization of SLP (which would be really
cumbersome in presence of curved surfaces, as already pointed out) can be here easily circumvented, adopting a simple
meta-heuristic (like a standard Genetic Algorithm GA) approach of mesh adjustment. In the GA-NURBS approach
proposed, each individual forming the population is represented by a mesh. For small-to-medium populations (from 5
individuals up to 100), each iteration requires the solution of a Linear Programming problem for each individual. Thanks to
the extremely reduced number of NURBS elements used in the discretization (and hence the number of variables of the
Linear Programming problem), the computational effort required at each iteration is almost negligible.
The strength of the proposed GA-NURBS method lies in the fact that even by using a mesh made of very few elements
(which therefore require a negligible computational time to have an estimate of collapse loads), it is possible to obtain
accurate load multipliers and failure mechanisms, thus exhibiting an edge over existing methods for the collapse analysis of
masonry vaults in terms of computational efficiency. Several numerical simulations obtained by the proposed procedure
have been carried out and are hereafter briefly described.
NUMERICAL RESULTS
For the sake of brevity, the details of the upper-bound formulation used for the kinematic limit analysis and of the
Genetic Algorithm are not reported. Nevertheless, it has to be made clear that the kinematic limit analysis procedure
constitute the basis for the cost function used within the Generic Algorithm. In other words, to each individual of the
selected population (i.e. to each mesh formed by NURBS rigid elements describing the vaulted surface) correspond a cost,
which is given by the collapse load multiplier for the assigned mesh. Individuals are than ranked in terms of their cost and
only the best individuals (i.e. with the least cost) can deliver offspring to the next generation.
Three numerical examples of GA-NURBS based kinematic limit analyses of masonry vaults have been carried out in
order to evaluate the applicability of the proposed method.
A first analysis has been performed on the parabolic barrel vault belonging to Prestwood Bridge, a single-span masonry
arch bridge located in Preston, Staffordshire (UK). The bridge has a net span of 6550mm, a rise of 1428mm and a section
depth of 220mm and was tested up to collapse in [3] with a load applied across the bridge at quarter of the span. The initial
a) Corresponding author. Email: andrea.chiozzi@unife.it
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NURBS mesh of the vaulted surface is composed by three quadrangular elements only. The interface between the second
and the third element is fixed and is placed at quarter of net span, where a vertical point live load applied. The interface
between the first and the second element is mobile and its position is governed by the genetic algorithm. The genetic
algorithm allows to evaluate the optimal position of the unloaded interface between elements, in order to minimize the
collapse load multiplier and therefore obtain the actual collapse mechanism for the arch. Due to symmetry and the type of
applied load, the position of this interface is defined by only one parameter. Collapse load multiplier and collapse
mechanism are in agreement with both the results contained in [4] and by using the open source code ArchNURBS [5].
The second analysis concerns a hemispherical dome with an inner radius of 1150 mm and a thickness of 120 mm, which
was experimentally tested by [6]. In [6] a vertical load was applied to the upper crown and the load was increased until
failure occurred. The initial NURBS mesh of the vaulted surface is composed by sixteen quadrangular elements only. The
genetic algorithm allows to evaluate the optimal position of the middle parallel of the mesh, in order to minimize the
collapse load multiplier and therefore obtaining the actual collapse mechanism. Again, the unknown position of the mesh,
due to symmetry, is governed by one parameter. A graphical representation of the process is given in Fig. 1. Good
agreement with both experimental results and the results obtained with the method proposed in [7] is found, for both the
collapse mechanism and the collapse load.
In the third numerical simulation, the proposed GA-NURBS approach is applied to the skew circular arch
experimentally tested in [8]. The arch has a clear square span of 3000 mm, a rise of 750 mm and a skew of 45 degrees. A
concentrated live load is applied at the three quarter span mid-width of the arch barrel. The initial NURBS mesh of the
vaulted surface is composed by four quadrangular elements only. Due to the point load presence, the position of the active
interfaces is governed by three parameters: two parameters fix the extremes of the unloaded interface, whereas a third
parameter fixes the position of the loaded interface (since this interface is bound to pass though the load application point).
The genetic algorithm allows evaluating the optimal position of the two active interfaces. Good agreement with both
experimental results and the results obtained with the method proposed in [7] is found, for both the collapse mechanism and
the collapse load.

Fig. 1: Hemispherical dome: convergence of the genetic algorithm towards the optimal solution in terms of best fitness and mean value.
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Summary A novel algorithm named Conform to Interface Structured Adaptive Mesh Refinement (CISAMR) is introduced for the automated
finite element modeling of materials with complex microstructures. This algorithm transforms a structured grid, into a conforming mesh
composed of both quadrilateral and triangular elements. The background grid is first subjected to an appropriate level of Structured Adaptive
Mesh Refinement (SAMR) along the interface and in the vicinity of the domain boundaries. An r-adaptivity algorithm is then applied to
relocate selected nodes of the background mesh to the intersection points between materials interfaces and element edges. The elements
deformed by the r-adaptivity process are further subdivided to create triangular children elements with aspect ratios smaller than 3. The
sub-triangulation is also expanded to neighboring elements and those affected by the SAMR to eliminate potential hanging nodes.

METHODOLOGY
Simulating problems such as design optimization and uncertainty analysis, requires the construction of multiple finite
element (FE) models of the problem throughout the solution process. However, the complexities and labor costs associated
with transforming Computer-Aided Design (CAD) drawings or imaging data into conforming meshes present a significant
challenge. These problems have been addressed in the past via mesh-independent numerical techniques such as the Boundary
Element Method (BEM) [1] or Mesh Free Methods (MMs) [2]. However, these methods do not provide the flexibility of
the FEM for modeling a wide range of governing equations. Alternatively, advanced FEM-based techniques such as the eXtended/Generalized FEM (X/GFEM) [3] and the Hierarchical Interface-enriched FEM (HIFEM) [4, 5] have been developed,
which allow using simple structured meshes for modeling the problem via enhancing the approximate field in nonconforming element with appropriate enrichment functions. However, in addition to imposing a higher computational cost than the
standard FEM, successful implementation of such methods require additional treatments for accurate numerical integration,
applying Dirichlet boundary conditions, and avoiding the high condition number of the stiffness matrix, as well as further
considerations for the accurate recovery of the gradient field (e.g., stress field) along materials interfaces.

Figure 1: Evolution of the background mesh in the CISAMR: (a) SAMR of elements in the vicinity of the materials interface; (b) radaptivity of elements cut by the interface and construction of conforming sub-triangles with proper aspect ratios; (c) Hierarchical radaptivity of the element cut by two intersecting materials interfaces.

The CISAMR technique introduced in this work aims at transforming a structured background mesh into a conforming
mesh with appropriate element aspect ratios (less than three) for modeling problems with highly complex microstructures.
This process, which is schematically illustrated in Figure 1 for modeling a bimaterial domain discretized using a 6 × 6
background mesh, is composed of three main phases: (i) Structured Adaptive Mesh Refinement (SAMR) of the structured
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background grid, to achieve the desired level of refinement in the vicinity of materials interfaces to reduce the geometric
discretization error and improve the approximation of the field; (ii) Applying r-adaptivity to the nonconforming elements
cut by the materials interface, which relocates selected nodes of the nonconforming mesh to intersection points between the
interface and edges of background elements; (iii) Creating a conforming mesh by sub-triangulating the quadrilateral elements
affected by the r-adaptivity process, as well as those with hanging nodes due to applying the SAMR.
While the SAMR phase of the CISAMR is an optional step for most elements of the background mesh, it is essential to
implement this step in elements located along the domain boundaries or cut by multiple materials interfaces to assure that
final conforming elements have proper aspect ratios. However, regardless of such algorithmic considerations, refining the
elements in such regions is also necessary to assure the finite element solution can accurately capture the sharp gradients
of the field in the vicinity of materials interfaces. The r-adaptivity phase of the CISAMR is applied to certain nodes of the
nonconforming elements based on their distances to the materials interface. Only some of these nodes are then snapped to
the interface and the rest are remain intact, such that after the sub-triangulation process the resulting triangular sub-elements
(Figure 1b) have aspect ratios of smaller than three. As shown in Figure 1c, a hierarchical r-adaptivity algorithm is also
developed to handle intersecting or branching materials interfaces similar to those observed in polycrystalline materials. The
extra effort and computational cost associated with this r-adaptivity process, however, is compensated during the construction
of conforming triangular sub-elements. The CISAMR only requires diagonal sub-division of elements cut by the interface,
which can significantly facilitate its implementation compared to the algorithm needed for creating integration elements in
mesh-independent methods such as the X/GFEM.

Figure 2: Preliminary results of the CISAMR for simulating the thermal response of a bimaterial domain using different levels of the
SAMR in the vicinity of the materials interface.
Figure 2 illustrates preliminary results on the application of the CISAMR for simulating the steady-state thermal response
of a rectangular domain with an embedded inclusion represented using a Non-Uniform Rational B-Spline (NURBS) function.
The thermal conductivity ratio of the inclusion to that of the matrix in this example is 1000:1. The domain is subjected to
Dirichlet boundary conditions of Tt = 100 ◦ C and Tb = 0 ◦ C along the top and bottom edges, respectively, while the side
edges are insulated. As shown in this figure, the CISAMR can easily create a conforming mesh with desired level of refinement
along the materials interface by transforming the original 6 × 4 background mesh. The presentation will further expand these
results by demonstrating the CISAMR ability for modeling heterogeneous materials with highly intricate microstructures,
including simulations of the nonlinear damage evolution in particulate and fiber-reinforced composites.
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Summary A multiscale finite element modelling is presented for polycrystalline ferroelectric materials with MPB (morphotropic phase boundary).
The purpose of this study is to reveal nonlinear behaviors caused by domain switching and structural phase transition. The homogenization theory
was employed for scale-bridging between macrostructure and microstructure. Crystal morphologies, which were characterized as an
inhomogeneous structure composed of many grains and domains with individual orientations, were modeled at a microscopic scale. Then
nonlinear response of the macrostructure was evaluated through monitoring microstructural crystal morphology change. The proposed simulation
was applied to a polycrystalline PZT (lead zirconate titanate) at MPB.

INTRODUCTION
Ferroelectric solids, especially polycrystalline PZT is used widely for actuators and sensors of electromechanical devices
and it has multiple crystal systems [1]. Although PZT outputs large piezoelectricity, it shows a complicated hysteresis behavior
caused by domain switching and structural phase transition at MPB. It is important for development and improvement of
biocompatible lead-free piezoelectric materials to understand the mechanism of huge piezoelectricity in PZT. Many numerical
and computational models have been developed to analyze macroscopic hysteresis behaviors and physical properties of
ferroelectric materials. Their models are reviewed perfectly by some literatures [2]. Although macroscopic hysteresis
behaviors depend on microstructural crystal morphology, there is no application of scale-bridging techniques to
polycrystalline ferroelectric solids at MPB in perfect consideration with domain switching and structural phase transition. In
this study, a multiscale simulations based on asymptotic homogenization theory is proposed to understand ferroelectric
hysteresis behaviors.
NUMERICAL METHOD AND RESULTS
Figure 1 shows the proposed multiscale nonlinear simulation of polycrystalline ferroelectric solids. The asymptotic
homogenization theory is employed for scale-bridging between macrostructure and microstructure [3]. We utilize an
incremental form of fundamental constitutive law in consideration with physical property change caused by domain switching
and structural phase transition [4, 5]. Crystal morphologies, which are characterized as an inhomogeneous structure composed
of many grains and domains with individual orientations, are modeled at a micro scale. Then the homogenized material
properties of macrostructure can be estimated with perfect correlation to microstructural changes such as domain switching
and structural phase transition.
The proposed multiscale finite element method was applied to a polycrystalline PZT, and the relation between the
macroscopic properties and microscopic domain switching and structural phase transition were investigated. Especially the
difference among tetragonal single phase, rhombohedral single phase and their dual phases were discussed. Their comparison
revealed the advantageous effect of MPB on macroscopic piezoelectric response.
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Summary Molecular dynamics has become a powerful tool in simulating material system viewed as a collection of discrete atoms/particles,
while continuum mechanics has been successfully used to study continuum medium. The fundamental difference between these two
disciplines leads to the challenges in constructing a multiscale method aiming at bridging the gap between atomistic description to continuum
description either sequentially or concurrently. In this work, we have proposed a novel multiscale method from atoms, modeled by molecular
dynamics (MD), to genuine continuum, modeled by classical continuum mechanics (CM). The philosophy is that a solution region can be
decomposed into critical region and non-critical far-field, where MD is used in critical region to capture the key phenomena such as cracks,
dislocations, etc., and a newly formulated coarse-grained MD and finite element method are used in non-critical far-field. The size of the
simulated material system can be significantly increased, which overcomes the well-known size limitation of MD.

INTRODUCTION
Nowadays, due to the development of massively parallel computers, numerical simulation has emerged as a powerful
tool to investigate material and structural behaviors. Basically, there exist two fundamental physical models, discrete and
continuous, that provide foundations for all material modeling. At nano-scale, the material body is viewed as a collection of
discrete particles moving under the influence of their mutual interactive forces. Unfortunately, due to large number of particles
involved as well as complex nature of atomistic interactions, the application of MD over a realistic range of length and time
scales is not feasible. Even worse, the occurring time of concerned physical event is too far away in the future comparing
with the small time step needed in MD simulations. On the other hand, at macro-scale, materials are modeled by continuum
physics, which is simply invalid for material systems at nanoscale because, to say the least, stress-strain relation cannot replace
interatomic potential and the treatment of temperature is totally different than that in MD. From a practical viewpoint, simulation of strongly coupled multiscale systems becomes necessary. Therefore, a new unified theory and associated computational
methods for such strongly coupled system have to be developed.

Figure 1: (a) Schematic diagram of coarse-grained MD model in the ABC region and continuum mechanics in continuum
region; (b) Schematic diagram of MD model in the atomic region and coarse-grained MD model in the ABC region [6,7].
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METHOD
Several concurrent multiscale techniques have been developed, such as handshaking domain method [1], bridging-scale
method [2], heterogeneous multiscale method [3], quasicontinuum method [4], and multiscale field theory [5]. Those multiscale techniques provide simulations for atomistic/microscale coupling system. However, it remains a challenge to extend the
simulations to macroscale scale. In this work, we construct a multiscale modeling theory from atoms, modeled by molecular
dynamics (MD), to genuine continuum, modeled by classical continuum mechanics (CM).
The basic strategy for multiscale modeling may be described as follows. Suppose we have a solution region, in which there
are several critical sub-regions where cracks, dislocations or other critical physical phenomena occur. We choose concurrent
multiscale modeling: use atomistic model for the critical regions and large-scale model for the non-critical far field. We
have successfully incorporated MD and coarse-grained MD for co-existing atomic region and atom-based-continuum (ABC)
region (cf. Fig. 1b) in a single theoretical framework. We now proceed to add genuine continuum (GC) region, modeled by
continuum theory, into the picture (cf. Fig. 1a).
Atoms in the atomic region, modeled by MD, simply follow the Newtons law of motion. Temperature in the atomic region
is calculated based on the velocity field; but it is not controlled through any thermostat. For the ABC region, we set up a mesh,
consisting of nodes and elements (cf. Fig. 1b), similar to the one used in classical finite element method. It is noticed that, in
the ABC, each node represents a unit cell, which consists of n atoms, not necessarily the same kind. Atoms in the ABC act as
followers and messengers: they follow the nodes according to shape functions and serve as messengers to pass the interatomic
forces to the corresponding nodes. In the GC region, each node only has three degrees of freedom for displacements (or
two if 2D plane problem is treated) and one degree of freedom for temperature, because in continuum mechanics there are
three equations for equilibrium and one for energy. The material properties include stress-strain relations, thermal expansion
coefficient, heat conductivity, and heat capacity. We will find those properties from pure MD simulations, i.e., sequential
multiscale modeling. At the interface, a group of nodes in ABC corresponds to a node in GC as shown in Figure 1a. Here, we
make two assumptions: (1) A node in GC is anchored at the mass center of the corresponding group in ABC and (2) The sum
of heat fluxes into the node in GC and the group in ABC is zero. We also set the target temperature of the group in ABC to be
the temperature of the node in GC. Thus we can formulate the interface conditions between ABC region and GC region. This
enables one to perform concurrent multiscale modeling.

RESULTS AND CONCLUSIONS
We have successfully developed a MD computer code, which is capable of simulating material systems, such as rocksalts,
perovskites, and even complex polycrystalline structures, in thermal, mechanical and electromagnetic applications. An atomistic simulation methodology, based on the energy release rate, is introduced as a tool to unveil the fracture mechanism of
graphene at nanoscale. This methodology can be easily extended to any other atomistic material system. Phonon dispersion
relation subject to strains at various levels are investigated. We also investigated the heat conduction phenomena at nanoscale
by reformulating the Nose-Hoover thermostat for MD and CGMD simulation. Moreover, we have developed both force-based
and stiffness-based coarse-grained MD models to show that mechanical wave can propagate through the interface between the
Atomic region and ABC region smoothly. More results will be shown and discussed in details during the presentation.
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Summary: In this work, we use a multiscale modelling approach to understand the role of lattice strain evolution during biaxial
loading of cruciform shaped samples of 316L steel. Finite element simulations performed on cruciform samples provide correct
macroscopic boundary conditions to drive the meso-scale elasto-viscoplastic fast Fourier transform model. Lattice strains are
predicted along one of the principal directions of the cruciform sample and compared with in-situ neutron diffraction experiments.
Results show that at the macroscopic scale uniaxial load on cruciform sample results in biaxial stress state in the gauge area. This
contributes to kinks observed in lattice strain evolution from diffraction peaks. During equibiaxial loading the spread in lattice
strain evolution is much lower than in uniaxial loading. This implies that elastic anisotropy of 316L steel does not play a significant
role in lattice strain evolution in the in-plane direction during equibiaxial loading.
INTRODUCTION
Metals and alloys used for engineering purposes are typically subjected to multiaxial stress states during processing or
under service conditions. Their mechanical behaviour can be significantly different depending on the type of applied stress
state. These differences originate at the microstructural level and manifest themselves in the form of variations in inter (type
II) and intra-granular (type III) stresses. To that end, in a recent work [1] in-situ neutron diffraction experiments were carried
out during biaxial mechanical testing of cruciform shaped 316L stainless steel samples. In the present work, we propose to
use a multiscale modelling approach to simulate these experiments in order to obtain a deeper understanding of the mechanical
behaviour of the 316L steel during biaxial loading. The multiscale modelling approach combines macroscale finite element
simulations to model the cruciform shaped samples in order to provide realistic boundary conditions for the meso-scale elastoviscoplastic fast Fourier transform (EVP-FFT) model [2].
SIMULATION SETUP AND VALIDATION
At the macroscopic scale, finite element simulations of the cruciform sample geometry (see figure 1a) are performed using
ABAQUS/Standard software. The sample is assigned homogeneous isotropic elastic properties. The plastic behaviour is
modelled using a combined non-linear isotropic and kinematic hardening model with 5 backstresses. The finite element
simulations are validated by comparing surface strains (E11 and E22 ) predicted in the gauge region (4 x 4 x 2.5 mm3) with
those obtained experimentally using the in-situ digital image correlation. As can be seen in figure 1b an excellent match is
obtained. Then, the predicted engineering stress (S11 and S22 ) components (shown in figure 1c) are volume averaged in the
gauge region and supplied as macroscopic boundary conditions to drive the EVP-FFT model.

Figure 1: (a) Cruciform sample geometry, (b) comparison of DIC strains with those predicted from FE simulations and (c)
stress components averaged over the gauge region for tensile loading in dog bone samples (DB), and uniaxial (UNI) and
equibiaxial (EQUI) loading in cruciform samples.
For the EVP-FFT model, a representative volume element of 2500 randomly oriented grains is discretized into a grid of
64 x 64 x 64 equi-spaced voxels. Each voxel is assigned single crystal elastic and plastic properties of the face centred cubic
a) Corresponding author. Email: manas.upadhyay@psi.ch
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316L stainless steel. The material hardening behaviour is modelled using a Voce isotropic hardening law. Lattice strains
(g⋅ε⋅g; ε = local strain tensor and g is the normalized diffraction vector) are predicted along one of the principal cruciform
directions. For each grain family σ̅ VM , the von Mises (VM) equivalent of averaged stress tensor over all grains, is computed.
Results are compared for uniaxial loading in dog bone samples, and uniaxial and equibiaxial loading cruciform samples.
During in-situ neutron diffraction measurements, the sample is held at constant displacement due to which stress
relaxations occur in the gauge area. According to the usual practice, Voce parameters are fitted to these relaxed stress values
whereas for the macroscopic model plastic parameters are fitted to the real hardening curve. This results in a constant off-set
in the lattice strain results.
RESULTS
Figure 2 shows the lattice strain and stress evolution for the grain families 111, 200, 220 and 311. During tensile loading
in dog bone samples, the macroscopic stress state is uniaxial. In the elastic regime, the differences in slopes of the lattice
strains are due to the elastic anisotropy of the steel. The 200 grain family is the most compliant while the 111 is the stiffest.
During uniaxial loading in cruciform shaped samples, the stress state in the gauge region is biaxial with a non-linearly
evolving tension-compression components along in-plane directions. The macroscopic stress ratio S22 /S11 changes from 0.23 in the elastic regime to -0.42 during the elastic-plastic transition regime. This results in the kink observed in lattice strain
evolution in figure 2b. For uniaxial cruciform loading, a larger variation in lattice strain and σ̅ VM evolution is obtained.
Equibiaxial loading, in comparison with dog bone samples, results in much smaller variations. For this type of loading, one
may assume that any of the 4 grain families is representative of the average polycrystalline response. Going from a load ratio
of S22 /S11 = -0.42, -0.23, 0 to 1, the role of elastic anisotropy of 316L steel is found to play a decreasingly significant role.

Figure 2: Lattice strain evolution (a, b, c) and σ
̅ VM (d, e, f) in different grain families during uniaxial loading of dog bone
sample (a,d), uniaxial cruciform loading (b, e) and equibiaxial cruciform loading (c, f) as a function of the macroscopic VM
stress ΣVM .
CONCLUSIONS
The role of elastic anisotropy on the lattice strain evolution along the in-plane loading direction in 316L stainless steel decreases
going from a uniaxial tensile stress state to an equibiaxial tensile stress state.
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Summary A finite-element based plasticity model is developed for polycrytals deforming at high-strain-rates. The model is multi-scale, covering
from thermally activated dislocation motion on a specific crystallographic slip system, to single crystal plasticity, to polycrystalline plasticity, and
ultimately heterogeneous deformation of the macro-scale sample. Within the model, the rate dependence in macro-scale response arises solely
from the characteristic stress to activate dislocation motion. This is accomplished by introduction of a novel methodology, used at the intermediate
length scales, to remove any extraneous rate dependencies occurring as a result of the visco-plastic rate sensitive flow rule, commonly associated
with crystal plasticity formulations. Simulation results are presented for the deformation of high-purity zirconium in a Taylor impact cylinder test.
The variation in sample shape changes, texture evolution, and deformation twin fraction after the test are experimentally measured. These same
quantities are calculated using the model and good agreement is achieved in all aspects.

INTRODUCTION
The deformation response of zirconium (Zr), like other hexagonal metals, depends sensitively on which slip and twinning
modes are activated throughout the history of deformation. Each mode acts on a particular slip or twinning plane and in a
specific direction. Over the temperature and strain rate regimes of interest (77 K to 800 K and 10-4 /s to 105 /s), slip and
twinning on these systems are carried by the motion of dislocations, and this motion is thermally activated [1]. Thus, the
stresses needed to these mechanisms depend on strain rate and temperature and evolve with strain level as dislocations interact
and become stored in the crystal. As the structural characteristics of the dislocations are different, each mode has its own
separate evolution law with strain and function with strain rate and temperature.
A Taylor impact cylinder test was devised in efforts to develop constitutive laws for polycrystalline metals over a wide
range of strain rates in one single test [2]. This deceptively simple test involves propelling a cylindrical specimen at a rigid
target and measuring the changes in sample shape and microstructure after the test. The resulting strain rate and stress fields
are non-varying along the cylinder axis and can vary widely depending on the material and parameters of the test.
Heterogeneous deformation in both time and space can result in gradients in the plastic deformation response and underlying
microstructural evolution. For a metal, such as Ta, with a high symmetry body centred cubic (BCC) crystal structure, a finite
element model employing simple constitutive laws based on yield surfaces were sufficient to understand and model the shape
changes resulting from the test [3]. For a low symmetry metal like Zr, it was pointed out similar modeling approaches were
not sufficient and there is a need to account for the evolution of texture and the specific deformation mechanisms underlying
plastic deformation.
The objective of this work is to develop a multi-scale finite-element (FE) based model for the rate-sensitive constitutive
response of a hexagonal metal, Zr, which deforms by multiple slip and twinning modes. We introduce a formulation that
removes the rate sensitivity that enters via the power-law exponent n, while still retaining the visco-plastic flow rule. As such,
all the rate sensitivity can be embodied in the characteristic activation stresses for the individual slip and twinning systems.

APPROACH
We employ a vosco-plastic self-consistent (VPSC) model to relate the deformation of an aggregate to the deformation of
its constituent grains. The VPSC model operates at each FE integration point of a macro-scale model. The constitutive
response requires a hardening model for slip/twin resistances that dictates how they evolve with strain, temperature, and
strain-rate. In all calculations here, we employ within this FE-VPSC model, a dislocation density based hardening law which
is governed by thermally activated rate laws for dislocation storage. It is physical and thus desirable in modeling the macroscale deformation response to account for the strain-rate dependence solely by a functional form of strain-rate. However, in
most mulitscale modeling techniques, rate sensitivity can additionally enter in via the visco-plastic power-law flow rule and
its parameter n, which is used at the single-crystal scale. Typically used values for the exponent n lie in the range of 1 to 50
and with these values, the flow rule can have a significant, superfluous effect on the rate sensitivity of the macro-scale
response. In principle, the larger the exponent n the smaller the rate sensitivity is, and so only in the limit of n approaching
infinity can a power-law rate-insensitive response be achieved. Then, rate sensitivity in material response will only be a
consequence of the rate dependence of the slip resistance, which is desired. This paper will describe the methodology for
decreasing or eliminating the overall rate sensitivity effect of the power-law exponent allowing us to simulate high-rate
a)
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deformation during the Taylor impact test of Zr. The approach is integrated in Abaqus through a User MATerial (UMAT)
subroutine.
RESULTS
The FE-VPSC model is applied to calculate the deformation of high-purity Zr in the Taylor impact test. It is known that
the strain rate distribution generated during this test is highly heterogeneous, giving rise to a variation in the plastic
deformation response and microstructural evolution throughout the sample. To date, this test has been a challenge to model
comprehensively and across many scales from the macroscale response to the underlying microscopic deformation
mechanisms. This test represents a good check for the model developed here. We use the dynamic implicit FE code called
Abaqus standard dynamic. The simulation microstructure was initialized with this starting measured texture. Every integration
point was represented by a VPSC polycrystal with 150 orientations. Figure 1 shows the time evolution of the equivalent strain
rate that develops during the simulation and the shape change after the impact. The calculations indicate that the strain rate
develops heterogeneously along the sample length, with peak rates rising substantially to excess of 104/s. The peak position
travels from the foot, where impact first occurs, to the end of the sample. During its excursion, the peak decreases in intensity.
Distance
from foot:

2.12E‐6 s

0.0 mm

10.0 mm

20.0 mm

30.0 mm

40.0 mm

45.3 mm

Deformed
mesh

Measured
points

Initial cross‐
section

Equivalent plastic
strain rate
4.0E‐5 s

1.21E‐4 s

Figure 1. Equivalent plastic strain rate contours developed during the impact simulation of the Zr Taylor cylinder. Crosssections after the impact as a function of the distance from the foot predicted by FE-VPSC along with the experimentally
measured points superimposed over the FE mesh. The initial cross-sectional geometry is shown to illustrate the extend of
plastic deformation from the foot towards the tail. It can be seen that the cross-sections 40 mm and 45.3 (the actual tail crosssection) from the foot do not show any permanent shape change.

CONCLUSIONS
In this work, we have developed a finite element based multi-scale constitutive model for polycrystals that can deform by
multiple slip and twinning systems. The model is novel in that rate sensitivities in material response are a consequence solely of
dislocation motion on active crystallographic slip systems. We develop a methodology that removes the rate sensitivities that are
introduced while not increasing computational time and still retaining use of the visco-plastic power-law formulation. We also
develop a UMAT for strain-rate-imposed boundary conditions, overcoming the limitation of prior FE-VPSC approaches that were
stress-imposed and less numerically stable. Through these two chief advancements, the scale transitions from crystal plasticity to
polycrystalline plasticity and from polycrystalline plasticity to the finite-element UMAT are adequately treated. With the model,
the shape changes, texture evolution, and twin fractions are calculated for Zr in a Taylor impact cylinder test and all aspects achieve
very good agreement with measurements.
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Summary The purpose of this work is the development of a two-scale, FE-FFT- and phase-field-based computational model to link macroscopic deformation processes to microstructural modifications and peripheral and surface zone properties of polycrystalline materials. The
macroscopic BVP is solved using finite element (FE) methods and the solution of the microscopic BVP, which is embedded as an RVE in
each integration point, is found exploiting fast Fourier transform (FFT), augmented Lagrangean and fixed-point methods. Non-conserved
phase-fields are introduced to characterize the local material composition and model changes in the crystal structure. As a first example,
the proposed methodology is applied to the modeling of martensitic phase transformations subjected to macroscopic deformation processes.
For simplicity, attention is restricted to the linearly geometric, isothermal and isochemical case and quasi-static processes.

INTRODUCTION
Surface layer properties such as the state of eigenstress or the hardness of the material affect the durability and functionality
of processed materials to a large extent, but are difficult to predict, in general. On the one hand, this is due to the fact that
these properties are determined by microstructural features such as the grain size, distribution or morphology. On the other
hand, different processes are characterized by different and complex loading and boundary conditions. Thus, to capture both,
a two-scale approach might be considered. Recently, [1] proposed a two-scale and RVE-based computational approach of
elastic phase-field- and FFT-based modeling of microstructure evolution and FE-based modeling of structural behavior. In
this work, this model is extended to viscoplastic constitutive modeling, texture evolution and macroscopic contact problems.
MATERIAL MODEL FRAMEWORK
The proposed model is two-scale, FE-FFT- and homogenization-based in nature [1, 2]. In what follows, macroscopic
quantities are denoted by the index ”M”, whereas their microscopic counterparts are characterized by no index.
macro scale, FE
t
BM

xM

u
εM , ε̇M

σ, C

BRVE

BRVE

micro scale, FFT, phase-field
ε, σ, φ, ξ

Macroscopic relations and scale separation
Let us introduce the macroscopic strain εM = sym ∇uM and
stress σM , which is assumed to fullfill the quasi-static balance of
linear momentum div σM = 0 defined at each integration point
xM of the macroscopic structure BM with boundary ∂BM . The
constitutive relation is determined by the solution of the microscopic BVP, which is embedded as a RVE x ∈ B in each xM ∈
BM . The Rhandshake between both scales is accomplished
through
R
εM = V1 V ε(x; xM ) dV (x) and σM = V1 V σ(x; xM ) dV (x),
respectively. The macroscopic BVP is solved using an implicit reduced FE formulation yielding one integration point per element.
The algorithmic tangent operator C = ∂εM σM , which is required
for the linearization procedure, is computed by numerical differentiation.

Microscopic field relations
Consider a heterogeneous microstructure, which is composed of multiple grains g = 1, . . . , ngr with orientation Rg , (coexisiting) phases a = 1, . . . , nph with residual strains εra and slip systems s = 1, . . . , nsl associated with the crystal symmetry
of phase a. The local material composition and microstructure evolution is modeled by means of a non-conserved phase-field
φ and its gradient ∇φ. The specific form of the Helmholtz free energy density ψ := ψ(ε, φ, ∇φ, ξ) is adapted from [6], where
ξ = {γ, α} represents a set of internal variables associated to plastic slip γs and kinematic hardening αs = |γs |. The quasistatic balance of linear momentum div σ = 0 and Allen-Cahn equation φ̇ m−1
φ = ∂φ ψ − div (∂∇φ ψ) form the microscopic
BVP in x ∈ B with periodic boundaryP
conditions for u and φ on ∂B. The plastic strain rate ε̇p is assumed to take the standard
nsl
p
form from crystal plasticity ε̇p = γ̇0 s=1
ms (|τs |/τsc ) sgn(τs ) where γ̇0 , γ̇s , τsc , p and ms are the normalization factor,
shear rate, critical resolved shear stress, rate-sensitivity exponent and symmetric Schmid tensor. The system of microscopic
equations is solved in a fully staggered fashion based on FFT-, augmented Lagrangean- and fixed-point methods (e.g., [4]) for
viscoplastic polycrystals (e.g., [5]) and implicit time integration in Fourier space.
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COMPUTATIONAL EXAMPLE
The proposed methodology is applied to the modeling of martensitic phase transformations in polycrystals subjected to
a macroscopic indentation process. In each macroscopic integration point a random microstructure with 100 grains of random crystallographic orientations was generated by using DAMASK (www.damask.mpie.de). The model was implemented
into the open-source finite element program FEAP (www.ce.berkeley.edu/projects/feap/), the FE-results were visualized using
PARAVIEW (www.paraview.org) and the local fields at the RVE-level using OVITO (www.ovito.org). The material parameters were adapted from [3] and [6], respectively.
u, u̇
martensite I

martensite I

austenite

austenite

martensite II

σ eq [MPa]

martensite II

6.153E+3
εeq
p [-]

εeq
p [-]
40.0

0.0510

0.0510

20.0
1.834E-1
0.0003

0.0003

Figure 1: Indentation problem: Visualization of volume fraction of retained austenite and plastic strain distribution of
different integration points at a different depth with respect to the surface
The von-Mises equivalent stress distribution in the macroscopic structure is visualized in Fig. 1 as well as local fields (phase
composition and equivalent plastic strain) of the two elements, which are highlighted in black. With increasing load, shear
bands form and the volume fraction of martensite twin variants increases in grains with specific crystallographic orientations.
The evolution of martensitic variants is coupled to crystal plasticity based on [6], which captures the inheritance of plastic slip
during the phase transformation.
CONCLUSION
The proposed two-scale model represents an efficient alternative to the classical multiscale FE method. Quadratic convergence can be observed at the FE-level for each load step and a high fidelity representation of local fields is possible using
FFT- and Green function methods. Compared to FE- and Newton-based solvers, the microscopic FFT-solver requires much
more iterations. However, each of these iterations only takes seconds. The proposed methodology captures macroscopic
boundary and loading conditions as well as the evolution of the microstructure and texture and microstructural characteristics
such as the grain morphology and size. Therefore, the proposed model represents a promising approach to link macroscopic
processes to microstructural modifications and surface layer properties. Future development will focus on the identification
and quantification of material parameters and the extension to thermo-mechanically coupled processes.
Acknowledgements: Financial support of Subproject M03 of the Transregional Collaborative Research Center SFB/TRR
136 by the German Research Foundation (DFG) is gratefully acknowledged.
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Summary We present a modeling framework that couples continuum dislocation transport, nonlinear thermoelasticity, crystal plasticity, and
consistent internal stress and deformation fields to simulate the single-crystal level response of materials to extreme dynamic conditions.
Dislocation transport is modeled by enforcing dislocation conservation at a slip-system level through the solution of advection-diffusion
equations. The configuration of geometrically necessary dislocation density gives rise to a back-stress that inhibits or accentuates the flow of
dislocations. Associated with this internal stress field is an internal strain field. The paper will describe each theoretical component of the
framework, key aspects of the constitutive theory, and details of implementation into a 1-D research code and 3-D production hydrocode.
Results from single- and poly-crystal plate impact simulations will be discussed in order to highlight the role of dislocation transport and pile-up
in shock loading regimes.

OVERVIEW OF MODEL FRAMEWORK
Mesoscale modeling and simulation can provide a physical connection between important microstructural processes (e.g.
plasticity, damage nucleation, phase transformation, twinning) occurring under extreme dynamic environments and
macroscale models of engineered performance. In the case of polycrystalline materials, this connection can be established
via theoretical and numerical mesoscale models of polycrystal response, only if such models include accurate descriptions
of the underlying single-crystal physics. In addition, mesoscale simulation results can assist in the interpretation of
experimental observations in many cases. Together, mesoscale modeling and experiments with high-resolution diagnostics
can inform the development of improved macroscale damage and plasticity models. A predictive modeling capability for
phenomena occurring at material interfaces during shock loading of solids demands a proper, physics-based treatment of the
fundamentally nonlocal interactions involving dislocations and interfaces.
Our modeling approach is outlined in Figure 1 and explained in more detail in Ref. [1]. Crystal plasticity is modeled as a
coupled initial- and boundary-value problem (IBVP), consisting of three sub-problems: deformation momentum balance
(DMB), continuum dislocation transport (CDT), and dislocation-deformation compatibility (DDC). The DMB sub-problem
reflects classical continuum deformation field theory, with the displacement field as the primary unknown variable. This
sub-problem is governed by the principle of conservation of momentum under the applied loading. The CDT sub-problem is
governed by conservation laws for the densities of dislocation populations, which are treated as primary field variables. The
DDC sub-problem reconciles evolving dislocation fields from CDT with the deformation and stress fields of DMB.
Specifically, solving the DDC sub-problem is necessary to identify the internal stress field, and associated strain field,
attributed to the distribution of geometrically necessary dislocations in the lattice. The coupling between these sub-problems
reflects (i) that plastic deformation (DMB) is accommodated by dislocation motion (CDT), (ii) the redistribution of
dislocations (CDT) within a crystalline material is driven by stress (DMB, DDC), and (iii) a net polarity in the dislocation
density fields (CDT) gives rise to long-range internal, residual stresses (DDC).
DISLOCATION MOTION UNDER SHOCK LOADING
Simulations of a flyer plate impact experiment are presented in an effort to highlight the intended applicability of the model.
In one considered case (cf. Figure 2) a shock wave transits a target specimen driving dislocation motion. Figure 2a depicts
the situation in this toy problem. The target plate comprises a bi-crystal with grain boundary aligned perpendicular to the
direction of shock wave at the mid-thickness of the specimen. In this case, the grain boundary is assumed to be perfectly
impenetrable to dislocation motion. A flyer plate (not shown) impacts the bi-crystal specimen at t = 0. A compressive wave
travels through the thickness of the specimen until reaching the free surface on the right hand side. At the same time, the
flyer plate has separated from the target specimen such that two release waves travel towards each other ultimately
interacting to generate a state of large tensile stress nominally aligned with the interface between the two crystals. As the
shock wave moves through the material the compressive stress state behind the elastic precursor wave drives dislocation
motion. Dislocations of opposite polarity travel in opposite directions on a given slip plane giving rise to an evolving
geometrically necessary dislocation (GND) density field depicted in Figure 2b. In this case, the impenetrable (i.e. zero
dislocation flux) grain boundary inhibits crystallographic slip in the vicinity of the grain boundary. Other cases considered
include restricted, but non-zero dislocation transmission through the boundary in various 1D and 3D simulations of bicrystal and polycrystal test cases.

a)
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Figure 1. Overview of coupled multi-physics approach for modeling crystal plasticity.

(a) Bi-crystal toy problem
(b) axial stress and corresponding GND distribution
Figure 2. Illustration of test problem, i.e. shock transmission through a bi-crystal with grain boundary perfectly impenetrable to
dislocation motion. Diagram at left (a) highlights the 1D geometry and sequence of compression and release waves and resulting tensile
pulse. Plot at right (b) depicts evolving stress wave and the corresponding distributions of geometrically necessary dislocation density.

CONCLUSIONS
In order to highlight the utility and applicability of the framework developed (cf. Ref. [1]), results from simulations of a toy
model problem with interface is presented here. While the selected case is idealized for illustrative purposes, the model
parameters used here are generally consistent with the shock loading of single crystal copper along a [100] surface normal. We
believe the theoretical framework and modeling approach presented here will prove instrumental for simulating the effects of
interfaces within single- and poly-crystals subjected to shock and impact loading. We have demonstrated the approach for plane
wave impact loading of single crystals and bi-crystals. The extension to polycrystals is conceptually straightforward and the
approach enables direct introduction of interfacial constitutive relations or boundary conditions via the dislocation velocity and
source models that can depend upon interface characteristics, which, in general, may evolve throughout the solution. While
recent results highlighting these aspects are omitted here for brevity, they are included in the accompanying presentation.
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Summary Continuum dislocation dynamics (CDD) is a method to predict the behavior of material under load. In this study
CDD is used to find dislocation density in desired domain. By pairing CDD with Orowan constitutive law, the shear strain
rate under unidirectional load is investigated and the plastic strain rate is obtained. Then, the plastic strain rate is used to
calculate and plot the Stress – Strain relation.
INTRODUCTION
The goal of this study is to predict the plastic behavior of crystals based on a continuum dynamic (CDD) dislocation
method. The CCD is used to find the Stress – Strain curve and using these data in crystal plastic model. Most of previous
works in this area have been done for only a single crystal by using discrete dynamic dislocation method (DDD) [1]. The
DDD framework uses molecular dynamics to simulate the dislocation behavior so it can be using for small grain.
METHOD
The CDD method uses crystal plasticity to predict the behavior of grains. In this technique, stress could be found by
evaluating shear strain rate. The constitutive law for shear strain rate could be found by using Orowan relation [2].
!

γ

!

= ρ! bV!

!

(1)

Where ρM(α) is the mobile dislocation density of slip system α, b is the Burgers vector and Vg(α) is the glide velocity in
respective slip system. The glide velocity is expressed by a power law function based on τ(α) resolved shear stress and τ0(α)
slip resistance of the slip system α [3]. The slip resistance of slip system α, τ0(α), is a combination of reference resistance τ0
from internal friction and hardening resistance τdh(α). The reference resistance can be obtained from experimental data. The
hardening resistance is due to slip resistance between dislocations on different slip systems. It is function of interaction
matrix Ω(α)(m), Burgers vector b, shear modulus µ, dislocation densities and Baily – Hirsch factor α [4].
In CDD, the evolution of mobile dislocation density (both positive and negative) is composed of eight terms with different
physical meaning [3]. The first is term is dislocation flux term and it is responsible for the moving of dislocation in the
direction of glide velocity. The second mechanism is production, growth and multiplication of mobile dislocation in each
slip system. The third term shows the annihilation of two mobile dislocations with opposite Burgers vector. The fourth
mechanism is formation of locks. This mechanism happens when any type of mobile dislocation turns into immobile
dislocation due to interaction between dislocations. The fifth mechanism describes the mobilization of immobile dislocation
due to breakup of junctions or dipoles. The fifth term will activated at a critical stress condition. This means the immobile
dislocation starts to move if resolved shear stress is larger than critical stress. The sixth mechanism is about cross slip. Cross
slip means that dislocation starts to move on some slip system then jumps or glide into another slip system. This
phenomenon is stochastics and depends on temperature. The seventh term is annihilation between mobile and immobile
dislocation. The eighth term is dipole formation. By adding all of these mechanisms together, the evolution rate of
dislocation is
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The first equation indicates the positive mobile dislocation; second on shows the negative mobile dislocation and third
equation is immobile dislocation rate equation. By solving above system of equation one could find dynamic dislocation
and using these results help we to obtain the shear strain rate.
RESULTS AND DISCUSSION
In order to find the dislocation densities a first order forward time scheme is chosen and for space gradient a central
difference method is implemented. After discretizing the equation, a structured mesh grid is generated. In this study, we
assumed that the grains are cubic. The only thing is left to do is evaluating each terms at every nodes then obtaining shear
strain rate and plastic strain rate and finally updating stress at each time step. After calculating stress at each time step, the
Stress – Strain curve will be plotted. Periodic function was chosen for initial conditions for each equation. In this research,
the crystal type is fcc (so slip system is also known) and all of the properties are in table 1. The grid resolution is 1µm. In this
study a fixed boundary is chosen on all boundaries.
Figure 1a shows the initial condition of positive mobile dislocation that is used in this case. Figure 1b illustrates the
contour plot of positive mobile dislocation densities when the strain rate reaches to 0.5. This shows some band is forming.
This band shows that the dislocations are trying to make some group. Figure 1c exhibits the Stress – Strain curve for this
plot. The first segment of this plot is elastic relation between stress and strain. In this region the glide velocity of
dislocations is zero which means that dislocation are not moving in any direction; in this region dislocations are only
growing or annihilating. After yielding point, dislocation start to move and plastic strain rate is not zero any more. The
fluctuations in this curve are due to numerical error and they could be diminishing by picking smaller time step which is a
tradeoff between accuracy and speed of simulation.

(a)
(b)
(c)
Figure 1: (a) Periodic initial condition of positive mobile dislocation, (b) Positive mobile dislocation distribution after 50 %
strain, (c) Stress – Strain curve
CONCLUSIONS
The purpose of this study is to predict the plastic behavior of single crystal based on continuum dislocation dynamic
(CDD) and plotting Stress – Strain relation. At first CDD model and significant mechanism were introduced. In next step,
the evolution rate equations were numerically solved for different cases. By investigating the result for different cases it is
concluded that regardless of initial condition, the Stress – Strain curve remains unchanged. Time step plays great role on
accuracy.
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Summary The present study is devoted to the generalization of the Nonuniform Transformation Field Analysis (NTFA), a model-reduction
approach introduced by the authors. First, the local fields of internal variables are decomposed on a reduced basis of modes. Second, the
dissipation potential of the phases is replaced by its tangent second-order (TSO) expansion. The reduced evolution equations of the model
can be entirely expressed in terms of quantities which are pre-computed once for all.

REDUCED-ORDER MODELS
A common engineering practice in the analysis of composite (or polycrystalline) structures is to use effective or homogenized material properties instead of taking into account all details of the individual phase properties. Unfortunately when the
individual constituents are nonlinear, the exact description of the effective constitutive relations requires the determination of
the local fields (at the microscopic scale). For structural computations, the consequence of this theoretical result is that the two
levels of computation, the level of the structure and the level of the unit-cell, remain intimately coupled. The nested resolution
of these coupled problems (known as FE2 analysis) is so far limited by their formidable size.
It is therefore quite natural to resort to model-reduction techniques achieving a compromise between analytical approaches,
which are costless but often very limited by nonlinearity, and full-field simulations which resolve all complex details of the
exact solutions, but come at a very high cost.
Individual constituents
The composite materials considered in this study are comprised of individual constituents undergoing partly reversible and
partly irreversible transformations modelled by a finite number of internal variables α. It is further assumed that the stress
derives from a free-energy function w(ε, α) and that the evolution of the variables α is governed by the driving forces A
associated with α. It is often the case (but not always) that this last relation can be expressed with the help of a dissipation
potential ϕ and the constitutive relations take the compact form,
σ=

∂w
(ε, α),
∂ε

∂w
∂ϕ
(ε, α) +
(α̇) = 0.
∂α
∂ α̇

(1)

Composites and polycrystals
A representative volume element (r.v.e.) V of the composite is comprised of phases occupying domains V (r) . The spatial
averaging over V is denoted by h.i. Each individual phase is governed by the above differential equation with potentials w(r)
and ϕ(r) in V (r) . The r.v.e. V is subjected to a path of macroscopic strain ε(t) and periodicity conditions are assumed on ∂V .
The local problem to be solved to determine the local fields σ(x, t), ε(x, t) and α(x, t) consists of a generalized thermoelastic
problem, in which the field of internal variables α(x) is fixed, coupled with the differential equation (1) at every point x in
the volume element. The homogenized (or effective) response of the composite along this path {ε(t), t ∈ [0, T ]} is the history
of average stress {σ(t), t ∈ [0, T ]} where σ(t) = hσ(x, t)i.
Nonuniform Transformation Field Analysis (NTFA)
In order to avoid the full-field resolution of the local problem, Michel and Suquet ([1, 2, 5]) have introduced a decomposition of the fields of internal variables on a finite set of pre-determined shape functions (NTFA decomposition)
M
X
α(x, t) =
ξ (k) (t) µ(k) (x), where the fields µ(k) (x) are the modes and the ξ (k) are the reduced variables. It can then be
k=1

shown that the overall response of the composite is governed by two potentials
σ=

∂w
e
(ε, ξ),
∂ε

∂w
e
∂ϕ
e
(ε, ξ) +
(ξ̇) = 0,
∂ξ
∂ ξ̇

w(ε,
e ξ) = Inf hw(ε, α)i,
hεi=ε

ϕ(
e ξ̇) = hϕ(α̇)i,

(2)

where α is given by the NTFA decomposition. In many cases of interest, the effective free-energy w
e can be expressed in terms
of pre-computed quantities and the difficulty lies in the evaluation of the effective dissipation potential ϕ
e in terms of ξ̇ without
computing “on-line” the local fields α̇.
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VISCOELASTIC PHASES AND TANGENT SECOND-ORDER LINEARIZATION (TSO)
When the individual phases are linear viscoelastic and Maxwellian, the only internal variable is the viscous strain α = εv
and the dissipation potential for the individual phases is ϕ(α̇) = (1/2)α̇ : Lv : α̇. Largenton et al [4] have shown that ϕ
e
(k`)
can be obtained explicitly as ϕ(
e ξ̇) = (1/2)ξ̇.Lv .ξ̇, where the effective viscosity tensor Lv = hµ(k) : Lv : µ(`) i can be
pre-computed “off-line”.
When the constituents are nonlinear the hybrid formulation of [3] (although not rigorously equivalent to the exact formulation (2)) is used. An additional (and essential) step is achieved by replacing the force potential ψ dual of ϕ by its second-order
expansion in each individual phases ([5]). This linearization permits to reduce the problem to an homogenization problem for
a composite with linear viscoelastic phases.
SAMPLE EXAMPLES
Three-phase linear viscoelastic composites
Mixed oxide (a nuclear fuel) can be modelled as a three-phase composite composed of three linear viscoelastic phases.
The modes are generated by the snapshot Proper Orthogonal Decomposition along a few learning loading paths. The reduced
model is validated by comparison with full-field simulations along validation paths, different from the learning paths. The
agreement is seen to be excellent (figure 1b). The speed-up is in the order of 104 .
Creep of polycrystalline ice
Ice, as a single crystal, is an hexagonal material. A crystal plasticity model for ice has been proposed in [6]. The above
reduced model has been applied to the simulation of creep tests on polycrystals of ice and compared with full-field simulations
and experiments. The agreement is seen to be quite satisfactory (figure 1d). The speed-up is in the order of 102 .
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Figure 1: Sample examples. (a) and (b): Three-phase composite comprised of two inclusion phases (red, blue) dispersed in a matrix phase
(green). (a): configuration. (b) Reduced model vs full-field simulations along a validation path including rotation of the principal axes of
macroscopic stress. (c) and (d) Polycrystalline ice. (c): configuration used in the full-field simulations. (d) Creep test. Reduced model vs
full-field simulations and experiments.
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MULTISCALE MODELLING OF CARBON NANOTUBE–REINFORCED POLYMER
COMPOSITES
A. R. Alian, S. I. Kundalwal & S. A. Meguida)
MADL, Department of Mechanical and Industrial Engineering, University of Toronto, Toronto, Ontario, Canada
Abstract In this article, a multiscale modelling that combines molecular dynamics (MD) with micromechanics and homogenisation techniques

was developed to determine the effect of carbon nanotube’s (CNT) waviness and agglomeration on the bulk properties of CNT-reinforced
thermoset composites. MD simulations were first conducted to determine the effective elastic modulus at the nanoscopic level using a constantstrain energy minimization technique. To account for the marked discrepancy in the literature between existing modelling predictions and
experimental findings, CNTs of different curvatures and bundle sizes were appropriately considered in our simulations. To scale up the elastic
properties to the microscopic level, micromechanics approach of the Mori-Tanaka type was then used. The predictions of the current multiscale
model are in good agreement with existing experimental findings indicating that waviness and agglomeration of CNTs limit their reinforcement
effect and thus explain the reasons for the marked discrepancy between existing grossly idealised models and the experimental findings.

INTRODUCTION
Owing to their remarkable mechanical and physical properties, a few weight percentages of CNTs can significantly
improve the mechanical, electrical, and thermal properties of CNT-reinforced polymer composites [1-4]. The presence of
CNT agglomerates limits the reinforcement effect of the CNTs due to their slippage within the bundle [2]. This slippage limits
the stress transfer between the CNTs within the bundle as well as between the CNTs and the surrounding polymer matrix [2].
Due to their extremely high aspect ratio and very low bending stiffness, CNTs tend to curve when dispersed in polymer
matrices, resulting in a nanocomposite with properties that vary significantly in different directions [1]. Earlier models that
considered polymer nanocomposites reinforced with isolated well-dispersed straight CNTs predicted mechanical properties
that are much higher than the experimental measurements [2, 3]. To overcome these simplified models, we developed a
multiscale model, based on molecular dynamics simulations and micromechanical modeling techniques, to evaluate the effect
of CNT waviness and agglomeration on the elastic properties of CNT-polymer nanocomposites. First, MD simulations of a
wavy CNT embedded in an epoxy matrix was conducted to determine the effective elastic moduli at the nanoscale level. Then,
Mori-Tanaka micromechanical technique was used to scale up the nanoscale properties to the microscale level. The obtained
numerical results were validated with recently obtained experimental findings. Our results reveal the detrimental effects of
CNTs waviness and agglomeration on bulk properties.
MULTISCALE MODELING
All MD simulations were conducted with large-scale atomic/molecular massively parallel simulator (LAMMPS).
Interactions between the CNT and the polymer molecules were nonbonded interactions that originate from the van der Waals
(vdW) and electrostatic forces. Epoxy matrix based on DGEBA resin and TETA curing agent was used in the current study.
The properties of the neat epoxy were taken from our earlier study [2]. MD simulations were conducted for RVEs reinforced
with either well dispersed or agglomerated wavy CNTs of different waviness (curvatures). To study the effect of CNT
waviness, CNTs were considered to have a sinusoidal shape; as defined by:
𝜋𝑧

(1)

𝑦 = a cos ( ) 𝑤𝑖𝑡ℎ 𝑧 ∈ [0, λ]
2𝜆

where a and λ are the amplitude and the quarter wavelength of the wavy CNT, respectively. The parameter α=a/λ is used as a
shape parameter that defines the degree of curvature of the CNT. Seven curved single wall CNTs were generated and
equilibrated before using them as reinforcements in the RVE of the nanocomposites. Armchair (5, 5) CNTs of length 256 Å
were considered for all the simulations. The combined influence of CNT waviness and agglomeration was examined by
considering RVEs reinforced with individual and agglomerated bundles of wavy CNTs, as shown in Fig. 1. Curved CNTs
have reinforcement effects on both the chord and the transverse directions. Therefore, in order to determine the properties of
a nanocomposite reinforced with wavy CNTs, the RVEs were assumed to be orthotropic. Accordingly, nine independent
material constants are required to fully define the elastic stiffness matrix of the RVE. A series of MD simulations were carried
out to determine the elastic moduli of the RVEs using the constant-strain energy minimization method. Predefined
displacements were applied on the MD unit cell and the obtained viral stress tensor was then used to determine its effective
stiffness constants. The averaged stress tensor of the MD unit cell was defined in the form of a virial stress [2]; as follows:
σ=

1
V

∑N
i=1 (

mi
2

(2)

vi 2 + Fi ri )
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where V is the volume of the RVE; vi , mi , ri and Fi are the velocity, mass, position and force acting on the ith atom,
respectively. The obtained stiffness tensors of the RVEs from the MD simulations were then used as an input to the
micromechanical model to aid in the determination of the bulk properties.

Fig. 1. MD unit cells representing RVEs reinforced with (a) single CNT (α=0.54), (b) bundle of three CNTs (α=0.54), and (c) bundle of
seven CNTs (α=0.54).

RESULTS AND DISCUSSION
Figure 2(a) shows the predicted variation of Young’s modulus of nanocomposites reinforced with randomly oriented wavy
CNTs. The model predicts that the bulk elastic properties of the nanocomposite are reduced significantly with increasing the
CNT curvature. However, the effect of waviness stabilizes after α=0.75, due to a reduction in the longitudinal and the
simultaneous increase in the transverse elastic constants of the effective fiber upon reaching this curvature. Figure 2(b) shows
the variation of the effective Young’s modulus of the nanocomposite with the CNT loading for the three agglomeration cases,
the well-dispersed straight case, and the experimental results for a similar nanocomposite system obtained from the literature
[4]. The results indicate that the CNT agglomeration has a significant effect on the bulk elastic properties of the nanocomposite
and this effect increases with the increase in the number of CNTs in the bundle.

(a)
(b)
Fig. 2. Effect of CNT (a) waviness and (b) agglomeration on the bulk Young’s modulus of CNT-epoxy composites.

CONCLUSIONS
We developed a multiscale model to determine the effect of CNT waviness and agglomeration on the bulk elastic properties
of CNT-reinforced epoxy composites. The results show good agreement between the developed model and the reported
experimental results; thus validating the modeling procedures developed in this study and emphasizing the importance of the
inclusion of CNT waviness and agglomeration in future models.
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MODELLING MICROSTRUCTURE EVOLUTION IN SPD PROCESSES
IN THE FRAMEWORK OF CRYSTAL PLASTICITY THEORY
Karol Frydrych∗ and Katarzyna Kowalczyk-Gajewska
Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, Poland
Summary Grain refinement and texture evolution has been analysed using two modelling approaches, namely the three-scale crystal plasticity model and the crystal plasticity finite element method. The first approach combines the Taylor iso-strain model and the visco-plastic
self-consistent (VPSC) model. The second approach consists in embedding crystal plasticity constitutive equations at each integration point
of the finite element mesh.

STATE OF THE ART
Modelling of texture evolution and grain refinement is currently a subject of intensive research. The evolution of crystallographic texture can be captured using mean-field models such as Taylor or VPSC [1] models. However, such approaches
are unable to predict grain refinement. Therefore these classical formulations are enhanced by some addittional features. Although the developed proposals are usually physically motivated, they still do not reproduce this phenomenon sufficiently well
and/or are very computationally expensive. Some potential for modelling both phenomena lies in the use of the crystal plasticity finite element method (CPFEM). Modelling twinning, which seems very important in grain refinement of many metals
and alloys, is also at the stage of development. Two models presented below are developed in order to propose efficient and
reliable tools for modelling the microstructure evolution of metals and alloys in severe plastic deformation (SPD) processes.
MODELLING APPROACH
The Three Scale Crystal Plasticity model
In the mean-field Three Scale Crystal Plasticity (3SCP) model [2], there are three levels, namely the macroscale level,
the upper microscale level and the lower microscale level. The lowest level corresponds to a part of a grain (a cell block)
with initially slightly different orientation than the nominal parent grain orientation. The parent grain is an aggregate of such
cell blocks and the interactions between blocks are managed through the VPSC model. The macroscale level represents the
representative volume element RVE, which is the material point of the deformed sample. The current deformation gradient is
applied to the RVE and the material response is analysed assuming relevant crystal plasticity framework at the lowest level.

IDBs

GNBs

cell
block
cells

a

b

Figure 1: a) The basis for the idea of the 3SCP model - the schematic drawing of the dislocation induced cell substructure of
a grain observed in fcc materials for small to medium accumulated plastic strain. b) Its representation by a three-scale model,
cf. [2].

The Crystal Plasticity Finite Element Method
The CPFEM is now well established tool to model the material behaviour at various scales and in application to diverse
processes, cf. e.g. the monograph by Roters et al. [3]. In the presented research twinning has been incorporated in the existing
CPFEM procedures on the basis of the Probabilistic Twin Volume Consistent (PTVC) scheme [4]. The developed numerical
model is applied to analysis of the SPD processes. By modelling a given polycrystal grain by a number of finite elements it is
straightforward to account for in-grain strain inhomogeneities and the resulting grain refinement.
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RESULTS

Fraction of subgrains [% ]

Results of simulations using the two abovementioned modelling approaches will be compared with each other. Their
validity in view of the available experimental data will be discussed. Figure 2 shows some preliminary results obtained using
the two models.
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Figure 2: Preliminary results obtained with the use of both modelling approaches. a) Misorientation angle distribution and b)
(111) pole figure in the fcc metal subjected to simple shear in 3SCP simulation of ECAP process for polycrystalline aggregate
composed of 100x100 orientations with random initial texture. c) Deformed mesh with twinned domains and d) {111}
pole figure obtained from the CPFEM simulation of the Hadfield steel subjected to uniaxial tension with periodic boundary
conditions for a polycrystalline aggregate composed of 125 grains with random initial texture. The PTVC reorientation
procedure was applied in c and d. Pole figures graphics by JTEX - Software for Texture Analysis, J.J. Fundenberger, B,
Beausir. Universite de Lorraine - Metz 2015.
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PIEZOELECTRIC AND DIELECTRIC PROPERTIES
OF BARIUM TITANATE POLYCRYSTALS
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1

Summary This work deals with the electromechanical problems of poled barium titanate (BaTiO3) polycrystals with oxygen vacancies. A
phase field model is developed for ferroelectric polycrystals, coupled with the time-dependent Ginzburg-Landau theory and the oxygen
vacancies diffusion, to demonstrate the interaction between oxygen vacancies and domain evolutions. To generate grain structures, the
phase field model for grain growth is also used. The strain vs stress curve and strain vs electric field curve are calculated, and the effects
of grain size and oxygen vacancy density on the piezoelectric and dielectric properties of the BaTiO3 polycrystals are discussed.

INTRODUCTION
Piezoelectric materials have been recognized for their potential utility in energy harvesters 1). In particular, lead zirconate
titanate (PZT) materials are candidates for use as piezoelectric devices such as sensors, actuators and harvesters. However,
due to lead toxicity, the introduction of legislation in Europe to limit the usage of lead in electronic products has led to a
worldwide search for lead-free compounds. BaTiO3 is one of the basic and widely applied lead-free ferroelectric materials2).
Recently, Zheng et al.3) studied experimentally the grain size effect on the dielectric and piezoelectric properties of the
BaTiO3 ceramics. Huan et al.4) also prepared the BaTiO3 ceramics with different grain sizes by two-step sintering method,
and explored the effect of grain size on the piezoelectric properties. In the above two papers, it was shown that the dielectric
and piezoelectric properties increase with the reduction of the average grain size and reach the maximum at about 1 m. On
the other hand, it is well known that the electrical properties and microstructures of the BaTiO 3 ceramics depend on the
oxygen partial pressure5,6). Although grain size and oxygen activity have been found to play a significant role in
piezomechanical properties of ferroelectric ceramics, it is difficult to find the optimal conditions experimentally.
Phase field approach can serve as an efficient tool for the purpose of microstructural analysis of ferroelectric materials 7).
In this paper, we develop the phase field simulation framework for studying the effects of grain size and oxygen vacancy
density on the electromechanical behavior of BaTiO3 polycrystals. This information is essential for establishment of optimal
processing conditions, such as temperature, time of annealing and gas phase composition, of BaTiO 3 polycrystals.
PHASE FIELD MODEL
Let us now consider the global rectangular Cartesian coordinates xi (O-x1x2x3). The temporal evolution of the component
of polarization vector Pi and thus the domain structure is governed by the following time-dependent Ginzburg-Landau
(TDGL) equation:
Pi ( xi , t )
F
 M
(i  1, 2,3)
(1)
t
 Pi ( xi , t )
where F is the total free energy of the ferroelectric polycrystal, M is the kinetic coefficient related to the domain mobility,
and t is the time. The total free energy is given by

F   ( f bulk  f grad  f elas  f elec )dV

(2)

V

where fbulk is the local bulk free energy density, fgrad is the gradient energy density which is only non-zero around domain
walls and grain boundaries, felas is the elastic strain energy density, felec is the electrostatic energy density, and V is the
volume of the polycrystal.
The oxygen vacancy density Nd is governed by the following diffusion equation8):

 W

N d
     d N d  d  eZ  
t

N
 d



(3)

Nd
   ( d kBT Nd  d eZNd )
t

(4)

where βd = 5  105 m2/sJ is the defect’s mobility, Wd is the contribution to the free energy due to defects, e = 1.6021773  1019
C is the coulomb charge per electron, Z = 1 is the valency of donors (oxygen vacancies), and  is the electric potential. If
the mole fraction of vacancies is very small, Eq. (3) is simplified to

a)
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where kB = 1.3807  10-23 J/K is the Boltzmann constant.
To study the effect of the grain size on the dielectric and piezoelectric properties, a phase field model for grain growth
is used and a two-dimensional grain structure is generated. Here, we employ the grain growth model developed by Krill III
and Chen9).
DISCUSSION
We consider a plane strain rectangular BaTiO3 polycrystal of dimensions 3.3  3.3 µm. Fig. 1 shows the images of
BaTiO3 polycrystal with average grain radius d = 1.03 µm. Table 1 lists the piezoelectric coefficient d33 of BaTiO3
polycrystals for oxygen vacancy densities Nd = 0, 100, 500, 1000 ppm and average grain radii d = 0.89, 1.03 µm. As the
oxygen vacancy density increases, the piezoelectric coefficient increases reaching a peak and then decreases. Fig. 2 shows
the piezoelectric coefficient versus average grain radius for various oxygen vacancy densities. The piezoelectric coefficient
increases with increasing average grain radius and may have some peaks. The grain radius at which the peak occurs depends
on the oxygen vacancy density.

200

-12

d33 (×10 m/V)

Table 1. Piezoelectric coefficients 𝑑33 of barium titanate with oxygen vacancies.

100
Nd = 0 ppm
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Fig. 1 Image of BaTiO3 polycrystal (d = 1.03 µm)

0.5
1
grain size d (m)

Fig. 2 Piezoelectric coefficient 𝑑33 vs grain size 𝑑
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Summary The fatigue performance of the aero-space alloy Ti-6242 is strongly dependent on its microstructural design. In particular, microtextured regions (MTRs) are known to be critical features for dwell crack formation. In this work, a Crystal Plasticity FE model and an
experimentally validated dwell crack nucleation model of Ti-6242 are used to study the effect of MTRs on dwell fatigue performance of Ti6242. A wavelet-based multi-time-scale integration method is used in calculating the material response over fatigue cycles. It is shown that
the presence of MTRs results in increased accumulation of local plastic strain, higher stress concentration grain boundaries, and early dwell
crack nucleation. Microstructures without MTRs show significantly better fatigue performance. The level of microtexture is characterized
by statistical measures which are used as microstructural parameters for structural-scale homogenized models of fatigue damage. Micromechanical modeling of fatigue along with homogenization may help understand and predict the structural-scale response in relation to the
microstructural-level material design.

INTRODUCTION
Ti-6242 is a near-α Titanium alloy preferred in aerospace applications for its high strength to weight ratio, high fracture toughness and corrosion resistance at elevated temperatures. Despite
these attractive properties, this alloy suffers from earlier fatigue failure under dwell loading, compared to cyclic loading with no hold
time. Dwell fatigue crack initiation sites are characterized by faceted
cracks within the α grains, oriented within 10 degrees of the crystallographic basal plane[1]. α-Titanium exhibits high resistance for
plastic deformation and high elastic stiffness along the crystallographic [0001] direction. While faceted α grains are unfavorably
oriented for plastic slip, they are observed to be surrounded by grains
that are suitably oriented for plastic deformation by basal and/or prismatic slip[1]. This combination of neighboring soft and hard grains
is thought to trigger a time-dependent stress redistribution mechanism called load shedding, leading to early crack initiation under
dwell fatigue.
Experimentally calibrated and validated rate- and size-dependent Figure 1: Local strain and stress fields and dwell crack
crystal plasticity finite element (CPFE) models of Ti-6242 have been nucleation in microtextured Ti-6242. Left: Clusters of
developed[2] to show the effect of time-dependent stress relaxation grains with similar orientations forming MTRs. Dashed
on the soft grains leading to stress concentration on the hard grain. line, arrow: crack plane and the location of initiation
The stress concentration on the hard grain has a large normal tensile
component on the basal plane, which progressively increases with the number of dwell cycles. An experimentally validated
microstructure-dependent crack nucleation model has been developed by Anahid et al.[3, 4] to predict the microstructural
location and cycles to crack nucleation for Ti alloys under dwell loading. The criterion is based on the pile-up of dislocations
at the soft grain boundary and the development of stresses in the adjacent hard grain, opening a microcrack in the hard grain:
q
√
√
2
R > Rc where R = c hTn i + βTt2 and Rc = Kc / π
Here, R is the dwell crack nucleation variable, Rc is the critical value for nucleation, c is the wedge crack opening length
calculated from the Nye’s dislocation tensor, and hTn i and Tt are the normal tensile and shear components of the traction
vector on the potential crack surface at the hard grain.
Using the size- and rate-dependent crystal plasticity model of Ti-6242 developed in Refs.[2] and dwell crack nucleation
model developed previously[3, 4], this work is based on a recent paper[5] and studies the effect of the presence and size
of micro-textured regions on the dwell fatigue life of Ti-6242. Micro-textured regions (MTR) has been identified as critical
microstructural features that control early fatigue failure and facilitate early short crack propagation[6]. These are regions
of similarly oriented α grains that nucleate from the same prior-β grain, whose presence and size depend on the thermomechanical processes adopted during manufacturing. Adjacent MTRs with easy and hard orientations for plastic slip are
critical regions in dwell fatigue, initiating faceted cracks on the grains within the hard MTR.
∗ Corresponding

author. Email: sghosh20@jhu.edu

2895

SIMULATION RESULTS AND DISCUSSION
To study the effect of microtexture on dwell fatigue response, two 3D polycrystalline models of bimodal Ti-6242 were created with and without MTRs, by
the following procedure: A set of grain orientations based on X-Ray Diffraction
macrotexture measurements from a forged bimodal Ti-6242 specimen[2] are assigned to both models. Using an iterative algorithm the crystallographic orientations are swapped between randomly selected grain pairs in order to either (1)
obtain clusters of similarly oriented grains representing MTRs in microstructure
M SM T R (See Fig 1); and (2) obtain highly-misoriented grain pairs in M Smis ,
therefore resulting in a microstructure devoid of MTRs.
Dwell fatigue simulations are conducted at peak load level of 750 MPa and
load ratio R=0.1[5]. A wavelet-based multi-time scaling method WATMUS[3]
is used for efficient calculation of the local material response over the fatigue
cycles. Investigation of both microstructures M SM T R and M Smis reveals significant differences in their micro-scale responses. Fig 1 shows the distributions Figure 2: Effect of micro-texture on the evoof the local plastic strain and stress, the predicted location of crack nucleation lution of the crack nucleation parameter R.
and crack plane in the microtextured model M SM T R after 500 dwell fatigue cycles. The response of microtextured model is
characterized by: (i) significant plastic strain accumulation within the micro-textured regions that are favorably oriented for
plastic slip, (ii) confinement of plastic deformation to these microtextured regions, ending at the boundaries of hard microtextured regions, and (iii) stress concentration due to load shedding predominantly at boundaries of the hard microtextured
regions. These features result in a dwell crack nucleation at the boundary of a hard micro-textured region, neighboring a soft
region as shown in Fig 1 indicated with the arrow and the dashed line. The microstructure without MTRs exhibits milder and
less variable response of local plasticity and stress compared to the micro-textured model[5]. The lack of clustered soft grains,
and the grain-scale alternation of plastic anisotropy results in a composite strengthening effect, suppressing plastic strain accumulation in the grains. Consequently, load shedding is less pronounced in this microstructure. The evolution of the maximum
dwell crack nucleation variable R over the fatigue cycles is given in Fig. 2, for both microstructures. M SM T R shows a rapid
accumulation of the nucleation variable, while M Smis shows limited accumulation, i.e. better dwell fatigue resistance. The
critical region for crack nucleation in M SM T R is located at the boundary of a ’hard’ MTR with low Schmid factor that exhibits cycle-dependent stress concentration due to load shedding mechanism. This MTR is adjacent to a ’soft’ MTR with high
prismatic Schmid factor that exhibits high plastic strain accumulation. The crack initiates within the hard MTR, and crack
plane normal is within 20 degrees of the load axis, consistent with the experimental observations[1]. These results are verified
by repeating simulations with different macrotextures: models with MTRs consistently show poor dwell fatigue performance.
Hierarchical Multi-scaling of Crystal Plasticity Simulations for Structural-scale Constitutive and Damage Models
The CPFE model presented above is used to develop structural-scale elastic-plastic constitutive and damage models using
parametric homogenization. A rigorous sensitivity analysis is performed to identify the important statistical parameters of
the microstructure that control the macroscopic elastic-plastic behavior. CPFE simulations on polycrystals with different
grain morphologies and textures are performed under various loading conditions. The macroscopic constitutive equations are
then derived in terms of the microstructural statistical parameters. As macroscopic response is influenced by microstructural
variability, a probabilistic extension of the parametric homogenization is being developed to predict structural-scale response.
The presence and spatial extent of MTRs are characterized by statistical measures such as grain misorientation distribution
and spatial auto-correlation of orientations. These measures are used as microstructural parameters for structural-scale models
of fatigue damage. Micro-mechanical modeling of deformation and fatigue along with multi-scale homogenization may help
understand and predict the structural-scale response in relation to the material design at the microstructural-level.
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Summary This work reports on a 2-d edge dislocation model within the framework of a PDE-based continuum dislocation mechanics
theory (Field Dislocation Mechanics) [1] . We numerically explore such physical phenomena as Peierls stress, dislocation pile-ups, dislocation annihilation & dissociations, supersonic dislocations (even in 2-d); Within the same framework,‘self-healing’, an important tectonic
phenomena that cannot be predicted by the mostly used crack-based dynamic rupture models, is also modelled.

INTRODUCTION: SIMULATIONS OF SOME KEY PROBLEMS IN PLASTICITY
• Peierls’ stress effects in a translationally-invariant continuum theory as FDM is commonly believed to [2] vanish since
the system energy is translationally-invariant. However, the fact that classical models treat dislocations as rigid objects
fails to account for the possibility that Peierls stress could be affected by shape change of dislocations. Representing
dislocations with tensor fields (Nye tensor), FDM serves as an appropriate tool to probe such problems. As a matter of
fact, FDM can predict that there exists a finite magnitude applied load that cannot set the dislocation in motion (Fig. 2),
i.e., Peierls stress exists due to the dislocation core effects.
• Quasi-static behaviours of individual or a few dislocations are approached here as equilibrium configurations of the
dynamical model. The corresponding non-singular stress distribution obtained from modelling these problems is a true
equilibria of a dynamic theory corresponding to a local minima of the free energy of a body. The solutions of [3] have
no such thermodynamic status. A larger implication is that FDM can serve as a model for studying questions related
to equilibrium and dynamic evolution (at realistic time-scales) of core structures of single and interacting dislocations
under loads, utilizing input from finer length-scale models like Density Functional Theory and Molecular statics. As
examples, Fig. 3 shows dislocations pile up against the left boundary under shear load; Fig. 4 shows the initial,
intermediate and final states of the quasistatic process where a perfect dislocation dissociates into two partials, simply
due to energetical preference wiht no ad-hoc rules inserted to carry out the nonlinear process of dissociation.
• The velocity of dislocation versus applied load with the presence of material inertia is analyzed, with special emphasis
on investigating velocity of sub-inter-supersonic regime. The MD experiment of [4] has revealed the nonlinear relationship between the dislocation velocity and the applied load. FDM qualitatively reproduces those effects, as shown in Fig.
5. A supersonic dislocation forming (behind the dislocation) a nonsymmetric Mach cone of Cauchy stress wave is also
observed and analyzed.
• ‘self-healing’ traction profiles behind slip fronts in rupture dynamics is a conclusion deduced from observations of
many earthquake records [5] which says that the slip duration at any given point through which a rupture front has
propagated is relatively short compared to the duration of the whole earthquake. It is demonstrated that FDM can be
used as a modelling tool for rupture dynamics. Most importantly, FDM can predict the ‘self-healing’ behaviour, which
is out of the reach of mostly used slip-weakening, crack-based rupture models. Fig. 6 shows the agreement of transverse
displacement field across the rupture layer produced by FDM with that inferred from Parkfield earthquake (from Aki,
1968; copyright by the American Geophysical Union).
MODEL SETUP AND SOME KEY RESULTS
We reduce the small deformation FDM theory, a complete discription of which can be found in [6], to a 2-d composite
layer model. The geometry concerned in this paper is illustrated by Fig. 1. The body is made of two elastic parts and a
plastic layer where dislocation plasticity is active. To ensure non-negative dissipation we choose the dislocation velocity in
the direction of driving force (as is standard in thermomechanics). The reduced governing equations take the form of,
 2
∂ ui
∂Tij



 ρ ∂t2 = ∂xj in Ω
(1)

2−m 
2

∂φ
1
∂φ
∂η
∂
φ


=
τ−
+
in L

∂t
Bm lm−1 ∂x1
∂φ
∂x1 2
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Figure 1: Geometry of the 2-d edge dislocation model. Dislocation plasticity is
only active in layer L. All dislocations
are assumed to be of edge type and move
only in e1 direction.
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Figure 4: An example of modeling dislocation dissociation. The perfect dislocation energetically preferred to become
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Figure 2: A single edge dislocation under investigated remains still for smaller
shear traction loads, showing a Peierls
stress = 5 × 10−5 µ ∼ 1M P a.
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Figure 3: Shear stress: initially evenly
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Parkfield earthquake.

where m is a scalar parameter that shows up in the dislocation velocity function and can be chosen to probe different types of
p
behaviours. φ(x, t) := U12
is the plastic distortion; τ (x, t) is a stress averaged over the plastic layer thickness. Bm is the drag
coefficient and  is the scalar diffusion parameter. The system of equations are solved with a Finite Elemenet method coupled
with an upwinding Finite Difference scheme in a staggered formulation.
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Summary The main paradigm of isogeometric analysis is the use of a common set of basis functions for design and analysis. Thus, the
basis functions of a Computer-Aided-Design (CAD) application are used for the analysis with the Finite-Element-Method (FEM). In this
work the basis functions of Non-Uniform Rational B-splines (NURBS), which is the prevailing geometry definition in CAD industry, are
used. The defining characteristic of dual basis functions is that the integral of their product with their associated standard basis functions
yields the Kronecker delta property with respect to indices. In the case of NURBS the definition of dual basis functions is non-trivial and
several possibilities exist. This work shows and compares different approaches for the dual basis functions. They are applied within the
isogeometric mortar method, which is used to couple non-conforming NURBS meshes. An outlook on further applications is given.

INTRODUCTION
This works shows and compares different approaches for the computation of dual basis functions for Non-Uniform Rational B-splines (NURBS) with the intention to use them in the isogeometric mortar method. Isogeometric analysis simplifies
a tighter integration between design and analysis [1] by using the NURBS geometry description and the NURBS basis functions for the analysis. Furthermore, the employed NURBS basis functions exhibit higher continuity as standard Lagrange
basis functions and are able to exactly represent complex geometries.
NURBS AND ISOGEOMETRIC ANALYSIS
The i-th B-spline basis function of order p with i = 1, . . . , n is defined by the Cox–de Boor algorithm
(
1 if ξi ≤ ξ ≤ ξi+1
ξi+p+1 − ξ
ξ − ξi
p−1
p−1
p
0
N
(ξ) +
N
(ξ) with Ni (ξ) =
Ni (ξ) =
ξi+p − ξi i
ξi+p+1 − ξi+1 i+1
0 otherwise

(1)

and has local support on the interval [ξi , ξi+p+1 ), where ξ is the parametric coordinate and the knot values ξi are taken from

T
T
the knot vector Ξ = [ξi ]i=1,...,n+p+1 . The control points B i = [xi , yi , zi wi ] = X Ti wi with i = 1, . . . , n are used as
nodes for the finite element discretization, and the NURBS basis functions
N p (ξ)wi
(2)
NI (ξ) := Pneni p
N (ξ)wî
î=1 î
Pnen
are used as ansatz functions for the displacements u = I=1
NI uI and as virtual test functions. Here only the 1D case which
is used for curves is displayed. Higher-dimensional cases can be found e.g. in [1].
DUAL AND APPROXIMATE DUAL BASIS FUNCTIONS
The dual functional fi is defined by

Z
fi (Nj ) :=

Nj λi ds = δij ,

(3)

Ξ

where λi denotes the dual basis functions. By definition, the dual functional fi (Nj ) is equal to the Kronecker delta δij .
Approximate dual basis functions do not fulfill the Kronecker delta property exactly but approximately by
(
1
if i = j
fiapprox (Nj ) ≈
(4)
0
if i 6= j
and were introduced by Chui et al. [2]. An important property of dual or approximate dual basis functions λi is their ability
to exactly reproduce polynomials of degree r by
Z
n
X
r
r
r
x =
cj Nj with cj = xr λj ds .
(5)
j=1

I

This property is not fulfilled by all choices for the dual basis functions, especially this is not the case for the dual basis
functions of de Boor which are used in [3]. Another important property is the support of the dual basis functions. Here the
most unfavorable approach is to use the inverse Gram matrix as proposed in [4] as this yields global support for each basis
function. A more detailed comparison of potential dual basis functions can be found in [5].
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EXEMPLARY APPLICATION: ISOGEOMETRIC MORTAR METHOD
The mortar method was initially proposed by Bernardi et al. [6] in order to couple domains with non-conforming discretization. The mortar method as proposed by Bernardi et al. uses constrained approximation spaces to enforce the equality
of deformations along the interface and maintains the positive definiteness of the global system of equations. The use of the
mortar method to couple non-conforming NURBS patches in an isogeometric framework was proposed in [4]. The basic idea
of the mortar method is to decompose the domain into two complementary subdomains Ω1 and Ω2 , in which the standard
equations, here exemplary for linear elasticity
Div S + b = 0 in Ω = Ω1 + Ω2 ,

t = t on ΓN = Γ1N + Γ2N
1

and u = 0 on ΓD = Γ1D + Γ2D ,

(6)

2

are established. The equality of deformations u = u along the interface Γc is fulfilled by choosing a constrained solution
space S with the properties


Z


1
1
2
1
2
2
u = 0 on ΓD ,
S := u ∈ H Ω ∪ Ω
u − u · δλ ds = 0 ∀ δλ ∈ L (Γc )
(7)
Γc

z
y
x

(a) System sketch.
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for the discretization of the problem stated in Eq. (6). The numerical results of [5] show that the approximate dual basis
functions are the most promising candidate for the use in the isogeometric mortar method. Their properties, which combine
local support with high continuity and an sufficient polynomial reproduction, entail numerical results of which neither accuracy
nor computational costs noticeably deviate from computations with conforming meshes. This does not hold for all other
concepts for the computation of dual basis functions. The results of non-conforming computations of a curved shell structure
with kink are given in Fig. 1. The results clearly show the superior properties of the approximate dual basis functions. For
more details, and for results using the de Boor dual basis functions we refer to [5].
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Figure 1: Free form surface with kink: Comparison of deformation convergence behavior and computational costs between
Inverse Gram and Approximate Dual basis functions for computations of non-conforming meshes with 15j : 12j-refinement
along the interface.

CONCLUSION
This works presents different concepts for the computation of dual basis functions for splines. They are applied as test
functions within the isogeometric mortar method. Further applications which make use of the advantageous properties of
approximate dual basis functions seem to be possible.
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Summary A potential-based formulation for an initially rigid cohesive fracture model is proposed. The key feature is a term for the
energy stored in the cohesive interfaces that is nondifferentiable at the origin. A consequence of this formulation is that the activation
computation necessary in previous initially rigid formulations is now replaced by the computation of a minimizer of a nondifferentiable
objective function. This immediately makes the method more amenable to implicit time stepping, since the activation criterion no longer
interacts with the nonlinear solver for the next time step. The algorithm also sidesteps the complexities of time-discontinuity and tractionlocking previously observed in relation to initially rigid models. The optimization problem is reformulated as a nonlinear second-order cone
programming problem. This reformulation allows the nondifferentiability created by the square-root terms in the potential to be treated in a
well-understood conic programming framework and addressed with an interior point method.

COHESIVE FRACTURE AS AN ENERGY MINIMIZATION PROBLEM
Initially rigid cohesive interface models exhibit no discontinuity until a traction criterion is reached, arguably a desirable
property of a fracture model in a continuum setting. In numerical solutions, this constraint is imposed by adaptive insertion
of an interface finite element at the time of activation, weakly through a penalty initial stiffness, or through a discontinuous Galerkin formulation. The activation criterion is a separate entity from the traction-displacement relationship, hence
initially rigid cohesive interface models are also called extrinsic models. These models exhibit a discontinuity in the tractiondisplacement relationship, i.e., the interface traction is a discontinuous function of the displacement jump [[φ]]. Indeed, the
traction vector imparted by the interface at activation will almost certainly be unequal to that imparted by the bulk material
prior to activation [5, 7]. Termed a time discontinuity, this is a discontinuity of the governing equations in the displacements
at the time of activation of an interface. Differential equations which are discontinuous in the solution variable are known to
suffer from lack of a solution or nonuniqueness of solution [3]. Time discontinuity can create undesirable effects including
nonphysical vibrations, nonconvergence or slow convergence of the method as the time step size is decreased, and overactivation of interfaces in the resulting computations unless the activation criterion is formulated in a very special (and perhaps
nonintuitive) manner [5, 7]. Initially rigid models are not appropriate for implicit calculations, as would typically occur in a
quasistatic problem, because the activation criterion interacts with the nonlinear solver for the next time step.
We propose a novel formulation of initially rigid cohesive models that dispenses with both the activation criterion and
the explicit use of a traction-displacement relationship. Instead, the main ingredient of the proposed method is an energy
functional, in which one term is energy stored in the interfaces. Variational solutions in the current literature such as the
ones which, based on the variational setting of Eshelby, introduce a fracture criterion in terms of configurational forces [4]
are typically obtained from a weak form. In the case of an initially rigid cohesive model, a weak form is not equivalent to
minimizing an energy functional because the energy function corresponding to the interface is not Fréchet-differentiable in
the displacements. A global minimization principle is employed in [1], in which the crack is described as a field in order to
regularize the functional. This leads to a smeared crack with a sharp crack obtained in the limit as the mesh size goes to zero.
Based on the notion of eigendeformation, Schmidt et al. perform energy minimization to obtain the optimal crack set [8]. The
proposed functional corresponds to the Barenblatt approach of cohesive fracture. The crack geometry follows our analysis in
[6].
The crucial mathematical property of this functional is that it is nondifferentiable at the origin (zero interface opening),
which gives the interfaces the property that they do not activate until a certain level of traction is reached. This critical traction
is incorporated in the construction of the energy functional rather than appearing as an explicit activation criterion. In addition,
the proposed functional is non convex. Overall the proposed energy functional takes the form
Z
Z
E=
W dV0 +
(φ(δ; δmax ) + θ(δn )) dS0 ,
(1)
V0

S0

where V0 is the initial (undeformed) volume of the body and S0 is the union of potential cohesive surfaces; W denotes a
hyperelastic potential; The two functions φ and θpare functions of the displacement discontinuity as follows: δ is a norm of
the displacement discontinuity vector, e.g., δ = max(0, δn )2 + β −2 (δ22 + δ32 ), where δn is the normal opening displacement, the other two components δ2 , δ3 being tangent to the cohesive surface; δmax is an internal variable that characterizes
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Figure 1: The potential surface φ(δ) + θ(δn ) in first loading, i.e., δmax = δ, in the two dimensional case.
irreversibility and is defined as the largest relative displacement attained through the history of the interface. In the dynamic
case we solve the optimization problem
min
s.t.

8E(ū) + (vi+1 − vi )T M (vi+1 − vi )
∆t
i+1
− vi ) = ū − ui .
4 (v

(2)

OPTIMIZATION ALGORITHM
The optimization problem has been solved in previous work using a continuation method. In this approach, the nondifferentiable objective function is approximated with a differentiable function that can then be solved by classical methods of
nonlinear programming. The particular methods used in the previous work are the augmented Lagrangian method to handle
the nonlinear constraints coupled with a trust region solver to minimize the resulting unconstrained subproblem.
The new optimization algorithm directly captures the nondifferentiability in a general purpose method for nonlinear
second-order cone programming [2]. Second-order cone programming is a special case of semidefinite optimization in which,
in addition to linear constraints, some of the constraints have the form kxk ≤ y, where x and y are variables of the problem.
These constraints define convex sets, so the problem is overall a convex optimization problem and is usually solved by interior
point methods. However, nonlinear second-order cone programming allows the treatment of nonconvex problems through the
incorporation of additional nonlinear equality constraints. Extensions of interior point methods to the nonconvex case use
various elements of traditional nonlinear programming.
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A COMPUTATIONAL FRAMEWORK FOR NONLINEAR CONTACT
BETWEEN DEFORMABLE EXCITABLE BIOLOGICAL CELLS
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Summary Excitable deformable cells act as cooperative structures and show emergent behaviors from their interactions. The theoretical
modeling and numerical simulation of such an interaction is far from being fully unveiled though information transmission mismatches
have been shown to underline severe pathological conditions. In this study we provide a novel contact mechanics computational framework
simulating the cooperative interaction among cardiac myocytes.

INTRODUCTION
Cardiac tissue is a complex heterogeneous and anisotropic medium characterized by nonlinear, multiscale and stochastic
dynamics. Imperfect mechanotransduction in the cardiac tissue, converting mechanical deformation into a change in cell
growth or remodeling, is a cutting edge research topic [1] since it can lead to a variety of diseases. In order to describe the
dominant mechanisms occurring at different scales within a constitutive framework for the cardiac tissue, microstructural
properties have to be properly described, including mechano-regulated interactions occurring among the tissue constituents.
In particular, modeling and simulation of contact interactions between myocytes is a topic still unchallenged today and a
progress in this field would allow the study of emergent phenomena considered at the forefront of research in cardiovascular
biomechanics. In this perspective, in the present contribution, a novel constitutive and computational framework for the
simulation of contact between cardiac myocytes is proposed.
METHODS
Computational model of active myocytes
The kinematics of myocytes is framed within the classical description of continuum mechanics under finite elasticity
assumptions and specialized for two-dimensional domains. The boundaries ∂Ω of the myocytes are assumed to be smooth
with ∂Ω = ∂ΩD ∪ ∂ΩN ∪ ∂ΩC , where ∂ΩD , ∂ΩN are the portions with Dirichlet and Neumann boundary conditions, while
∂ΩC is the boundary interacting with the extra-cellular matrix or with neighboring cells (see Fig.1).
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Figure 1: Schematic representation of the nonlinear contact modeling of excitable deformable cells.
In order to encompass the nonlinear coupling between the electrophysiological dynamics and the hyperelastic material
response induced by the excitation-contraction mechanisms in cardiomyocytes [2], the multiplicative decomposition of the
deformation gradient into an elastic and inelastic part is assumed [3, 4]. Specifically, the inelastic active deformation gradient, Fa , is provided by the subcellular calcium/voltage dynamics, while the elastic deformation gradient is computed as is
customary.
As far as the electrophysiological model for myocytes is concerned, in the present work the minimal model [5] is adopted,
which has been demonstrated to capture the main features of the action potential spatio-temporal dynamics of the phenomenon
with a reduced mathematical complexity. The resulting strong form of the problem is then:


[
−∇ · P(u, γ) = 0
∂t V = div (D(u) ∇V ) + fV (V, g1 , g2 , s)
(1)
dt γ − fγ (u, γ, s) = 0
dt g1 = fg1 (V, g1 ), dt g2 = fg2 (V, g2 ), dt s = fs (V, s)
∗ Corresponding
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equipped with generalized boundary conditions describing the interaction of the myocyte with the extracellular matrix and
with other cells. In this framework, the field variables are the displacement vector u, the diffusive membrane voltage field V ,
the local electrophysiological gating fields g1 , g2 and s, and the local fiber activation field γ. In Eq. (1), P denotes the second
Piola-Kirchhoff stress tensor and the terms fi are nonlinear functions of the field variables used to mathematically describe
the corresponding reaction-diffusion partial differential equations.
For the solution of the above differential problem, a monolithic fully coupled isoparametric finite element formulation is
proposed, extending and generalizing similar approaches [6]. Due to the strong nonlinearity of the resulting set of algebraic
equations obtained by the semi-discretized finite element formulation in space, a fully implicit solution scheme is adopted.
Hence, the implicit backward Euler time stepping technique is used and the incremental-iterative Newton-Raphson method is
employed at each time step to achieve quadratic convergence of the numerical scheme.
Mathematical formulation of the interface model for myocytes interactions
Physiological quantities, mechanical tractions, and electric signals are exchanged at the boundaries between adjacent cells
in contact, but also between a single cell and its extracellular matrix. Hence, a novel generalized interface element to be
used along the whole myocyte boundary is proposed, thus to model both cell-cell and the cell-matrix interactions. As far
as the mechanical field is concerned, the interface interactions are assumed to be of different type depending on the relative
normal displacement, taking into account contact interactions with partial slip frictional effects in compression, and adhesive
interactions in the case of separation. As regards the other fields, jumps in the transjunctional voltage and in the kinetic
variables transmitted at the interface are allowed. The corresponding current and fluxes are assumed to obey nonlinear Fickian
constitutive relations whose expression is determined from experimental measurements reported in the literature and obtained
from cell-on-chip testing [1, 7]. The resulting formulation is implemented in a novel interface finite element for multi-field
computations, in line with previous applications to mechanics and thermo-elasticity [8, 9]. Also for the interface, a monolithic
fully coupled formulation is exploited and a fully implicit solution scheme is pursued, paying attention to the derivation of the
tangent operators for the Newton-Raphson method.
RESULTS AND CONCLUSIONS
The proposed novel constitutive model, validated against experimental evidences, reproduces static and dynamic observed
behaviors with particular attention to (i) length and slope of contact boundary, (ii) maximum tractions at the interface, (iii)
cell width-length ratio, and (iv) propagation rate of action potential between adjacent myocytes. Simplified geometries are
analyzed reproducing the microfluidic cell cultures adopted in the experiments in [1]. The proposed computational contact
framework opens a new micro-scale level of analysis within the context of nonlinear interaction among biological objects.
Forthcoming contributions will target different biomedical applications, e.g., crosstalk-based cardiovascular diseases, low
energy defibrillation devices, and microfluidic chip design and optimization.
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1
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Summary An efficient methodology is proposed for the analysis of contact between rough surfaces. First, a micro-contact model is defined
depending on surface topography and material properties. Second, the parameters issued from the model are integrated into a macro-scale
numerical model following a specific method. An example of this method is presented to show its robustness. Comparing to a numerical
model where surface topography is explicitly meshed, this strategy provides good results and saves considerably computation time.

INTRODUCTION
Contact mechanics is of big interest in many mechanical systems such as friction brakes where the real contact area
evolves constantly and influence drastically the system’s performance. Indeed, contact interface is an important parameter to
be considered because it plays a key role on many physical aspects such as stiffness, strength localisation, wear etc.
Consequently and given the scale where contact phenomena occur, it is nearly impossible to consider them in a macro-scale
model without thinking on a multi-scale technique that transforms all the rules governing the micro-scale behaviour of contact
interface into some sort of simplified laws that can be integrated into macro-scale models.
Accordingly, a multi-scale strategy is proposed to consider micro-contact phenomena’s. First, for each considered contact
phenomena, a micro-model is briefly described. Second, the multi-scale strategy of contact modelling is explained. Finally an
example is presented and compared to a numerical model, where a real contact interface is explicitly modelled.
MICRO-CONTACT MODELS
Considering a rigid plan making contact with an elastic body having a rough surface. Roughness can be seen as a random set of parabolic asperities (see fig.1). When contact occurs, surface asperities deform elastically and contact forces are
distributed among them, and thus, contact stresses and displacements in each point are given by a combination of all contact
forces. Contact zones are almost elliptic and pressure have a semi-elliptic shape. If the elastic body is considered is homogeneous, Hertz theory is used to describe pressure and displacements following an approach based on potential theory and
developed in ([1],[2]). If the body have an elastic properties varying with the depth; the latter approach is no longer valid. For
this case, a model have been developed using the Hankel transform [3] and transfer matrix techniques[5].
The latter models describe the elastic squeezing of asperities under normal forces. Now if the plan is sliding, shear stresses
lead to an expansion of contact zones. Additionally, due to wear effect, a part of the debris issued from the interface are compacted and form a relatively smooth and flat contact zones, namely called ”contact plateaus” (see fig.2), that have an arbitrary
geometry. These zones are discretized into many square patches. The contact is mainly concentrated on these zones and the
remaining asperities. The problem is solved using an optimization technique to minimize the system’s energy ([4]), as well as
the FFT technique to accelerate the solving scheme.

Figure 1: Schema of a surface containing asperities

Figure 2: Schema of a surface containing plateaus

MULTI-SCALE STRATEGY
The aim of this strategy is to integrate the microscopic behaviour of an interface in a macroscopic numerical model. Indeed
surface roughness will not be represented physically in the model but only included via a parameter namely called contact
stiffness Kn . Indeed, within finite element framework, contact problems are solved using regularization methods, such as the
penalty method. More precisely, this technique consists on pairing up contact pressure pn to the gap gn by a stiffness Kn :
pn = Kn .gn . If the contact is perfect, theoretically gn should be equal to zero, but practically, Kn is chosen to be very large to
ensure a very small gap. However, this is not the case of real surfaces. In a real interface gn evolves continuously considering
∗ Corresponding
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roughness effect. To fulfil the strategy’s objective, contact stiffness Kn will be chosen depending on surface roughness.
Practically, contact surface is divided into many zones, where each zone has its proper geometry and roughness. On the one
hand, micro-contact models give an information on how real displacement is related to contact pressure, and on the other
hand, one can calculate the elastic displacement corresponding to perfect contact situation. The gap is then deduced by a
simple subtraction of these displacements from real displacement, and automatically stiffness is calculated by derivation. This
operation is done for all surface zones so that each zone has its local stiffness.

Figure 4: Numerical models

Figure 3: Schema of the proposed strategy

EXAMPLE : CONSIDERATION OF ASPERITIES
Considering a homogeneous elastic cube and a rigid plan (see fig.4(a)). The plan is moved vertically against the cube with
a given vertical motion δ. Roughness is modelled by asperities. Two numerical models are proposed:
• Numerical reference model: A first model where asperities are explicitly meshed (see fig.4(b));
• Embedded numerical model: In the second model, the interface is flat. The surface is divided into 25 × 25 square zones.
For each zone, the contact interface is embedded with a local contact stiffness using a semi analytic model considering
elliptic asperities and the strategy described above (see fig.4(c)).
In fig.5, the evolution of contact mean pressure vs δ is presented for both numerical models and micro-model. The results
obtained from embedded models match with the reference model and the semi analytic micro-model. In fig.6, contact pressure
distribution is shown for different models. In fig.(a) and (b), it is clear that the number of contact zones, their shape and their
orientation are consistent with the numerical reference model. In the embedded models (fig.6(c)), contact stresses distribution
correspond to the contacting zones and depend on the size of each zone and its geometry. These zones are the ones where
asperities are in contact, hence each zone describes macroscopically the micro mechanical behaviour of the asperities standing
inside it. As regards the computational time, It has been reduced significantly. For the numerical reference model, the
computational time is 3h whereas it does not exceed 15min for the embedded models and 10min for the semi-analytic model.

Figure 5: Mean pressure vs displacement

Figure 6: Contact pressure distribution (M P a) for different models
CONCLUSIONS

In conclusion, various contact models of rough surfaces have been presented. Also a strategy to integrate these models
into macroscopic models have been proposed. Numerical analysis shows consistent results and the computational time have
been reduced remarkably.
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Realistic RVE-geometries generation for Non-Crimp Fabric composites
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Summary Non-Crimp Fabric composites (NCFs) are characterized by their high specific mechanical properties and enhanced delamination

resistance. To extend their use in car and airplane applications, predictive damage models are necessary. Damage phenomena initiation, however,
may be strongly influenced by stress concentrations, which requires a realistic geometrical modelling to capture accurately stress states at damage
initiation sites. Yet, current models remain geometrically simplified, and/or would require the actual manufacturing of the NCF specimen each
time another NCF configuration needs to be investigated. Using principles developed in [1] and extended with NCF features, a RVE generator
was developed that allows producing realistic geometrical models in a computational efficient and automated way. This abstract discusses the
RVE generation principles, illustrating that arbitrary shapes of NCFs can be obtained for different stitching parameters. Next, the geometrical
models are discretized and used to investigate the influence of different stitching parameters on stress concentrations.

INTRODUCTION
The geometrical complexity of the reinforcement in Non-Crimp Fabric composites (NCFs) is due to the stitching process.
Initially presented in unidirectional (UD) lamina, fibers are pushed aside by the penetration and tensioning of stitching yarns,
resulting in mesoscopic and microscopic changes in the fibers configuration. Mesoscopic configuration changes may be
classified in two categories, stitching holes and nesting, with different undulations directions. Stitching holes are typically
linked to in-plane undulations of fibers, while, nesting, defined as the penetration of fibers of a given lamina into stitching
holes of neighboring laminae, is accompanied by out-of-plane undulations. Microscopic changes in fibers configuration,
additionally, need to be accounted for changes in the local fiber volume fractions and the local fiber directions.
As compared to straight unidirectional laminae; undulated laminae and local changes in the fiber configuration need to be
included in geometrical models to obtain predictive damage models. These geometrical side-effects may initiate early damage,
as they may act as stress concentrators. Undulated laminae may act as favorite places for delamination with increased volume
fractions causing early crack initiation in the surrounding matrix. Additionally, straightening of undulated fibers upon loading
may increase further the stress concentrations in their surroundings. A lack of account for these geometrical side-effects may
cause inaccurate stress concentration prediction and, thus, inaccurate prediction of damage initiation.
Current geometrical models are usually based on simplifications or require the actual NCF specimen for each NCF
configuration to be investigated. Geometrical model generators as WiseTex and TexGen assume NCFs as straight lamina in
which “elliptical holes” are introduced via CAD geometries [2]. Alternatively, geometrical models can be based entirely on
analytical descriptions of the contours of fiber bundles [3], for which the size and shape can be obtained via computed
tomography, rendering the last approach a time consuming process. However, simplifications and/or time consuming
processes make current methodologies cumbersome to investigate systematically the influence of stitching parameters on the
stress concentrations. A new geometrical generation procedure that allows reproducing the complex geometrical features of
NCFs in a computationally efficient way, has therefore been developed. The geometrical and meshing generation procedures
will be described in the following.
RVE GENERATION PROCEDURE
The geometrical generation procedure consists of three successive operations (Fig.1):
(1) Initially, a set of straight in-plane lines represent the fiber configuration inside UD laminae (Fig. 1a), where its contour
represents the UD lamina itself. Given the in-plane lines having a chosen diameter and considering geometrical contact
conditions, the in-plane lines near stitching positions may be pushed away by the inflation of zero-thickness perpendicular
lines representing the stitching yarns, to its final stitching yarn diameter (Fig. 1b). After inflation, a geometrical tensioning
procedure straightens the lines in different stages (Fig. 1c). The number of lines discretisations and the amount of geometrical
tensioning stages determine the final configuration of the set of discretized lines.
(2) contouring operations, acting on the final configuration of discrete lines, are implemented to obtain a 3D discrete volume
entity for each lamina individually – stitching yarns are simplified as lines with circular cross section, as such, only contouring
of laminae is needed. In the contouring operation, first, tetrahedral elements are created between the points of the discretized
lines using a Delaunay 3D triangulation. Afterwards, tetrahedral elements inside stitching hole regions, as well as on possible
concave borders of the lamina, are removed. Finally, by extracting the outer triangles from the remaining tetrahedral elements,
a discretized contour of the lamina including possible holes is obtained (Fig. 1d).
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(3) a level set-based post-processor is implemented to suppress possible interpenetrations, which may be present due to the
discretization of lines into vertices. The implemented post-processor, as prescribed in [1], is based on distance calculations
between the discrete contouring triangles and a regular grid, on which the level set field is created. A contouring function in
MatLab allows extracting a set of triangles representing the contour of the final geometry (Fig. 1e).

Fig. 1. Successive steps of the RVE generation procedure, illustrated on a UD lamina [0] penetrated by a straight stitch in its

center: (a,b,c) set of discretized lines representing lamina and stitching yarn, respectively, at initial stage, after inflation and
after geometrical tensioning (d) contouring of the discretized set of lines; (e) final geometry produced by a post-process level
set-based procedure.
The meshing generation procedures can be performed in any general purpose meshing tool, such as GMSH [4], as the
contours are constituted of a set of triangles that can easily be exploited. The set of triangles are representing boundaries of
the fibrous rich regions. After surrounding these fibrous rich regions with a rectangular box, the boundaries of the matrix rich
regions are obtained by subtracting the fibrous rich areas from the box. Using the “Compound Surfaces” tool in GMSH, sets
of triangles are reparametrized in the meshing procedure, therefore avoiding ill-shaped elements . Successively, the regions
are meshed with tetrahedral elements.
The generated RVEs can be used in any general purpose FE code, in which the fiber volume fractions and directions can
be explicitly taken into account by exploiting the discretized lines configuration form the geometrical model. Considering
linear elastic material models, the influence of the stacking sequence and stitching parameters on the stress concentrations
will be illustrated.
RESULTS
Geometrical models of NCFs with different stitching parameters and stacking sequence can easily be obtained with the
parametrized RVE generator. As an illustration, the in-plane and out-of-plane undulations of fiber bundles, in a RVE
presenting a NCF with stacking sequence [90/+45/0], can be reproduced by the generator (Fig 2). Current geometrical models,
on the contrary, would consists of straight lamina with a constant shape of the stitching hole across the thickness, or would
be based on CAD geometries requiring the actual NCF specimen. The importance of these geometrical side-effects on the
stress concentrations will be emphasized.

Fig. 2. shape of fiber bundles in NCF obtained by the computational generation procedure.
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Summary Treatment of discontinuities like shockwaves and interfaces pose a challenge for numerical simulations. Here, we present a novel
treatment of shockwaves and material interfaces in the context of high-order Eulerian simulations of hyperelastic solids, liquids and gases
using a 10th order spectral-like compact finite difference scheme [1] and an adaptation of the standard LAD scheme [2]. The method
is suitable for solving high energy density problems in a single phase as well as problems involving interactions between different phases.
Particular emphasis is laid on the scaling of the model constants in the LAD scheme for different problems. We demonstrate the applicability
of the method using 1D stationary shock, shock tube and impact problems.

INTRODUCTION
High energy density materials undergoing large deformations occur in various engineering applications such as Inertial
Confinement Fusion (ICF), cavitation and metal welding, which can benefit from a detailed understanding of the underlying
physical processes, afforded by numerical simulations. An Eulerian method is well suited to such simulations since they
involve large deformations. The Eulerian equations tracking elastic and plastic flows in a hyperelastic material were developed
by [3]. The aim of the current work is to extend a high-order compact finite-difference scheme previously used for shockcapturing simulations of gases to liquids and solids.
FORMULATION
The basic framework comprises of equations governing transport of mass, momentum, energy and elastic components
of the inverse deformation gradient tensor [4], with plasticity incorporated as described in [5]. The hyperelastic separable
equation of state (EOS), with parameters γ, p∞ and µ [4] is used. Gases, liquids and solids are described by a single EOS,
since setting µ = 0 reduces the material to a stiffened gas (or liquid), and further setting p∞ = 0 leads to the ideal gas EOS.
The system of equations is solved using a 10th order compact finite-difference scheme with 4th order Runge-Kutta time
stepping. A key component enabling the use of high-order centered schemes is the addition of numerical dissipation to capture
shocks that might arise in the solution stably. The localized artificial diffusivity (LAD) scheme of [2], involving artificial shear
and bulk viscosities and artificial conductivity, with coefficients Cµ , Cβ and Cκ , respectively, is used here. Typical values
used previously for ideal gases are Cµ = 0.002, Cκ = 0.01, and Cβ ∼ 2.0.
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Figure 1: (a) Shock tube problem in water (γ = 4.4, p∞ = 0.6 GPa, µ = 0 Pa [6]) at 51 µs using Cβ = 7.0. Current
results: line, exact solution: symbols. (b) Elastic-plastic impact problem in steel (γ = 2.84, p∞ = 60 GPa, µ = 77 GPa [7])
half-spaces for three impact velocities at 0.2 ms. Current results: lines, ref. [7]: symbols. (c) Close-up view around the elastic
shock of negative axial stress showing large oscillations when Cβ = 2 (red lines) and oscillations damped out when Cβ ∼ 10
(black lines).
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Figure 2: Amplitude (red lines) and shock thickness (blue lines) as a function of artificial bulk viscosity coefficient Cβ in
stationary shocks in (a) air (γ = 1.4, p∞ = 0 Pa, µ = 0 Pa, pressure jump pR /pL = 4.5), (b) water (pR /pL = 70) and
(c) steel (pR /pL = 240). The text in the figures indicates coefficients predicted by a dynamic procedure and corresponding
amplitudes and shock thicknesses.
RESULTS
Figure 1(a) shows an application of the proposed methodology to the classical shock tube problem in water with pressures
on two sides of the interface at x = 0.5 equal to 1010 Pa and 105 Pa. The solution at t = 51 µs agrees well with the
analytical solution. The value Cβ = 7 had to be used in order to capture the shock smoothly in this case. Figures 1(b-c)
demonstrate problems involving impacts of two steel half-spaces [7]. Elastic-plastic shocks arise depending on the impact
velocities, and the velociy profiles obtained from our method agree with the reference results [7]. Cβ = 7 ∼ 11 had to be
used for these results. The proposed methodology successfully captures shocks and provides stable solutions in gases, liquids
and hyperelastic solids, provided the coefficient Cβ is adapted to the problem and material parameters.
Figure 1(c) demonstrates that the value used previously for ideal gases leads to oscillations when applied to solids. The
dependence of Cβ on material and problem parameters has not yet been explored systematically since the range of EOS
variation considered was small. Finding a scaling for Cβ is imperative for a unified treatment of shocks using LAD. To
explore this issue, 1D stationary normal shock simulations are carried out for various parameter values, and the variation of
the amplitude of wiggles in the pressure profile expressed as a percentage of the pressure jump and numerical shock thickness
normalized by the grid spacing (computed as in [2]), with Cβ is shown in Figure 2. It is again clear that a single value of Cβ
is unsuitable, and Cβ needs to be varied drastically in order to capture shocks smoothly across the three continuum media.
A dynamic method to auto-tune the coefficient is proposed, and the coefficient values estimated by the dynamic method,
along with the resulting amplitudes and thicknesses are mentioned in the text in Figure 2. The method is based on order of
magnitude estimates of the advection and diffusion terms in the momentum equation, and modifies the coefficient according
to shock strength, material properties, as well as the numerical discretization method. Details of the dynamic method will be
included in the final paper. We note that the method produces reasonable estimates that lead to wiggle amplitudes less than or
close to 1% without excessive smearing of the shock in gases, liquids as well as solids.
SUMMARY AND FURTHER WORK
A high-order compact finite-difference numerical framework with the LAD scheme, previously applied to ideal gases, is
successfully extended to shocks in liquids and solids. A dynamic method to auto-tune the artificial coefficients appearing in
the LAD scheme is proposed, and will be described in detail in the final paper. Further single-material demonstration problems
and extension to multi-material interfaces will also be included in the final paper.
This work was supported by Grant B612155 from Lawrence Livermore National Laboratory, U.S. Department of Energy.
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Summary High strain rate plastic deformation of metals results in the formation of localized zones of severe shear strain known as adiabatic
shear bands (ASBs), which are a precursor to shear failure. The formation of ASBs in AISI 4340 steel was examined experimentally and
through simulations. Testing parameters included heat treatment temperatures, testing temperature, and impact momentum using the Direct
Impact Hopkinson Pressure Bar (DIHPB). Using experimental stress strain response data, a two dimensional axi-symmetric simulation
model was developed in Matlab and explicit FEA software LSDYNA to simulate ASB formation in AISI 4340 steel. The model uses the
Voronoi tessellation to generate the prior austenite grain structure of the steel, and also generates geometry for the martensite sub-grain lath
blocks and a grain boundary geometry representative of the cross section of the specimens. The model was discretized using a meshless
Lagrangian formulation. Simulation results closely matched experimental findings.

EXPERIMENTAL INVESTIGATION
An experimental program was designed to determine (a) the effect heat treatment on the grain size of AISI 4340 steel,
and (b) the conditions that lead to the formation of ASBs. The following parametric variations were selected: Type of steel
(AISI 4340); Heat Treatments (800°C, 900°C, 1000°C / 30min, oil quenching, & tempering at 400°C /90min and 550°C
/90min); Impact Momenta (30kgm/s, 45kgm/s, 49kgm/s, 52kgm/s); and Testing Temperatures (20°C, 428°C). Specimens
were cut in lengths of 9.5mm from high strength low-alloy AISI 4340 normalized steel rods with a diameter 9.5 mm. The
specimens were tested under impact using the DIHPB. A total of 48 specimens were tested.
In studying martensitic steel AISI 4340, the accepted measure of grain size is the size of the crystallographically coherent
block or the prior austenite grain which is formed when the steel is
austenized at elevated temperatures. Impacted steel specimens were
etched with a picric acid solution mixed with small amounts of HCl and
heated to 80ºC, to reveal the prior austenite grains and martensite lath
blocks. Grain sizes were calculated using the ASTM grain size number,
G, and a modified Hyen Intercept Method. This method uses randomly
positioned concentric circles of known circumference that is overlaid on
the micrograph and the number of intersections of grain boundaries with
the circumference is calculated (Fig.1). The number of grain boundaries
that intercept the circles was meticulously counted and recorded and used
to determine the grain size according to ASTM E112-10 [1]. The key
findings from the experimental program are summarized as follows [2,3].
a) Prior austenite grain size increased by an average of 7μm per 100ºC
Fig. 1. Micrograph of AISI 4340 specimen
increase in austenization temperature. b) Prior austenite grain size did not
heat treated at 800°C, tempered at 400°C
change
with tempering temperature. c) Prior austenite grain sizes away
and impacted at 52 kgm/s showing area used
from
the
location of ASBs did not change with impact momentum. d)
to calculate ASTM grain size
Under deformation, grains reoriented themselves and elongated in the
direction of maximum shear. e) ASBs formed more readily at higher impact momenta. f) Deformed ASBs are characterized
by the reorientation and severe elongation of grains in the direction of maximum shear, while transformed ASBs are
characterized by the reorientation, elongation, and sudden refinement of grains inside the band. g) Prior austenite and
martensitic block grain sizes did not change with testing temperature.
THEORETICAL INVESTIGATION
Using measurements of AISI 4340 steel grain size at various heat treatments as well as dynamic stress-strain data, a
finite element model was developed in Matlab and explicit dynamic software LSDYNA, by Polyzois [2,4], to simulate the
microstructural deformation of grains under high strain rate impact, through the cross-section of a specimen. The model
approximates the complex heterogeneous grain microstructure of AISI 4340 steel by simulating grains in 2D using the
Voronoi Tessellation algorithm. It takes into account prior austenite grain size, martensite lath block grain size, and the
associated microstructural material property inhomogeneity between the grains and grain boundaries. The model takes
advantage of the Lagrangian formulated Smooth Particle Hydrodynamics meshless discretization to simulate highly localized
deformation as well as the high strain rate Johnson-Cook Plasticity material model for defining the properties of the steel at
various heat treatments. Simulation results show the heterogenetic material property dependence on nucleation and
a) Corresponding author. Email: umpolyzo@myumanitoba.ca
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propagation of ASBs in AISI 4340 steel, more accurately and realistically, compared to a homogeneous model, for a wide
range of heat treatment and testing conditions.
A simulation of the progression of strain propagation for steel heat treated at 800ºC/30 minutes and tempered at 400ºC/90
minutes, subject to an impact momentum of 52 kgm/s, is shown in Fig 2. The model is comprised of large prior austenite

Fig. 2. Progressive effective plastic strain response of a heterogeneous material Grain Model of AISI 4340 steel with
heat treatment (800°C/30 min & 400°C/ 90min) impacted at 52 kgm/s
grains, which are themselves comprised of long martensite lath blocks. The prior austenite grain boundaries are also modeled
to have a specific thickness based on the size of the grains. Grain size and material properties of the microstructural
constituents were calculated from extensive impact testing and micro indentation hardness tests of the AISI 4340 steel
specimens at various heat treatments. Fig. 2 shows ASB localization nucleating from the grain boundary and propagating
outwards in the direction of maximum shear. The figure also shows that when a grain boundary is not present near the
maximum shear direction, localization will occur through the grain, but to a lesser extent, and initiate from an impact face.
The results of various simulations showed that ASBs formed in two distinct ways. Firstly, thick localized zones of severe
shear strain surrounded by a reorientation and elongation of the surrounding matrix were found to nucleate from the impact
face and propagate through the grains. This is indicative of the formation of “deformed” ASBs found in softer steels heat
treated to have large prior austenite grains, and which exhibit a large plastic zone during deformation. Secondly, thinner more
prominent zones of severe localization were found to nucleate at the prior austenite grain boundaries and propagate outward
along the lines of maximum shear. This is indicative of severely localized “transformed” ASBs which were found in harder,
stronger steels heat treated to have smaller grain sizes. Based on the results, it can be said that localization is more severe in
steels that have a higher prior austenite grain boundary density, which act as nucleation points along the lines of maximum
shear. The prior austenite grain boundaries tend to be low energy zones between grains, to which hard solute particles
segregate. These hard particles can be said to be the initiators from which ASBs form.
In all simulations, grains were shown to rotate and elongate in the direction of shear. In severely localized zones of shear,
SPH elements were found to break down into smaller groups of nodes or individual nodes, indicative of micro-cracking or
grain refinement. In experimentation, grains, several times smaller (x10) than the parent prior austenite grain, were observed
within the formation of severely localized ASBs [2,3] indicating the possibility of grain refinement as a mechanism within
the formation of ASBs.
CONCLUSIONS
Experimental and simulation results showed that the formation and severity of localization under impact in AISI 4340
steel is highly dependent on prior austenite grain size (controlled by heat treatment) and the prior austenite grain boundary
density. Severe localization formed by nucleating at the prior austenite grain boundaries and propagating outwards along the
lines of maximum shear. A higher grain boundary density creates more nucleation sites for ASB formation. A reduction in
observed grain size within the formation of ASBs, both experimentally and through simulations, indicate that grain refinement
is a possible mechanism within the formation of ASBs in AISI 4340 steel.
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Summary Numerical simulation has been carried out to study the breakup of earth covered magazine due to internal detonation. As
experimental study of such problem is very expensive, time consuming and with many limitations in scaling, data collections and analyses,
numerical simulation using advanced modelling techniques provides a valuable alternative approach. In this study, the commercial dynamic
solver LS-DYNA [1] is adopted to carry out the simulations of the magazine breakup by using the cohesive element model. The
*MAT_COHESIVE_TH model in LS-DYNA is strengthened by implementing the strain-rate dependent characteristics of the concrete
cohesive law. The simulation results are comparable with the test results.

INTRODUCTION
Upon accidental internal explosion, an ammunition magazine will break up and debris formed will be ejected out at high
speed. The debris could impact on the neighbouring structures or people and may cause damages and causalities. The size of
the hazard zone due to ejected debris is a critical factor to meet the design requirements of minimum safe clear distance to
the nearby inhabited buildings or facilities. Due to the nature of the problem, full-scale or scaled experimental study on the
high speed debris trajectories is deemed to be very costly. A feasible alternative is to harness the power of the modern
computing technology to conduct numerical simulations, together with verification by a limited number of field tests. In
numerical simulation, a physics-based modelling procedure has to be established to simulate the dynamic response and the
breakup process of the earth covered magazine (ECM). These simulations were based on the general dynamic analysis
package LS-DYNA [1] which has been used extensively in solving dynamic problems (impact, crash, penetration, explosion,
etc.). However, when using it to simulate the strain-rate-dependent material behaviour and response during the breakup of
an ECM, further development is needed.
BREAKUP MODELLING
The present simulation involves quite a few simulation aspects: blast loading, fluid solid interaction, structural breakup,
etc. The breakup modelling is critical to determine the debris distribution and their flight distances. In the finite element
(FE) method, the fracture simulation is achieved mainly by an approach through element erosion. In LS-DYNA, nodalsplitting is an alternative approach to simulate the fracture. In which, the FE mesh is shattered into separate element-sized
pieces, and the nodes at the same location are bundled together by a nodal constraint. The bundled nodes will be released
after a pre-defined strain-based criterion is met. Prior to the event of nodal split, the elements perform integrally as in a
continuum structure and the nodal displacements are continuous. Upon occurrence of nodal split, free fractured/cracked
surface will be formed along the element mesh interface. While the nodal splitting is easy to be implemented, such approach
comes with many shortcomings. Obviously, fractured surfaces through the split node in all directions will be created at the
same instant when the strain criterion is met. Furthermore, the strain-based splitting criterion has less physical meaning. To
alleviate these shortcomings, cohesive law and cohesive elements are introduced to simulate the reinforced-concrete (RC)
structural breakup. In the latter approach, discrete elements are connected to each other through inter-element faces by
cohesive elements instead of the nodal constraint. These cohesive elements, sometimes referred as “interface element”, are
inserted along all element interfaces. Fractured surface will be formed along FE interface once the in-between cohesive
element fails. In this case, a pseudo-material model is needed for these cohesive elements to simulate their responses and
failures. This pseudo-material model is normally referred as the cohesive law (or the traction-separation law).
IMPLEMENTATION OF STRAIN-RATE-DEPENDENT COHESIVE LAW
In this study, a *MAT_COHESIVE_TH cohesive model in LS-DYNA is used for concrete material. As the thickness of
cohesive element is zero, the common definition of strain rate is not applicable. So the crack opening or separation velocity
is chosen to be defined as a rate-relevant parameter. As the cohesive law constitutes cohesive strength and fracture energy,
the rate effect can be divided into two parts. The first part is the rate-dependent cohesive strength for the loading stage. The
second part is the rate-dependent fracture energy for the softening stage. As such, the relationship of cohesive strength and
fracture with the opening velocity should be established. In this study, a simple model (see Fig.1) is built to study the
relationship between the cohesive strength and the opening velocity. It includes two solid bulk material elements and one
cohesive element with elements size of 0.01m. The bottom is fixed and the top four nodes are subjected to tension.
a)
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Responses to 6 different loading rates are investigated and the results are shown in Table 1. Fig.2 shows the fitted Dynamic
Increase Factor (DIF) for cohesive strength against the opening velocity. For the rate-dependent fracture energy, the results
of Harald [2] are adopted. Fig.3 shows the DIF of fracture energy against the opening velocity.
Table 1 Relationship between cohesive strength DIF and opening velocity
Case

Strain rate(1/s)

Strength peak(MPa)

DIF

Opening velocity (m/s)

1

0.1

4.15

1.0375

1.42e-4

2

1

4.47

1.1175

0.0014

3

10

7.23

1.8075

0.015

4

50

12.8

3.2000

0.08

5

100

15.4

3.8500

0.18 during loading; 0.4 upon yielding and unloading

6

500

30.0

7.5000

0.8 (average) during loading; 4.5 upon softening till fail

8
7

Model
Equation

Exponential
y = y0 + A*e
xp(R0*x)
Reduced Ch
0.14576
Adj. R-Squa
0.97553

6

DIF

5

F
F
F

y0
A
R0

Value Standard
8.019 0.68446
-6.761 0.66277
-3.130
0.8385

4

Strength DIF
Fit curve

3
2
1
1E-5

1E-4

1E-3

0.01

0.1

Opening Velocity(m/s)

Fig.1 Simple model

Fig.2 Strength DIF

Fig.3 Fracture energy DIF (Harald [2])

RESULTS IN AN ECM BREAKUP
In an ECM 2/5th scaled ECM explosion test, the structural internal dimensions of the RC cubic box are 2.0m×2.0m×
1.6m. Wall and roof thicknesses are 200mm and they are reinforced with Ø 10-mm bars at 100-mm spacing in two
directions and double layers. Fig.4 shows the FE model for half of the ECM. Under a high loading density of 20 kg/m3, the
cohesive elements almost all failed if rate-independent cohesive law is used. Upon implementing the current rate-dependent
cohesive law, the breakup results are found to very different as shown in Fig.5, which shows very big pieces of debris
formed from the side walls, rear wall and the roof, and such outcomes agreed very well with site test results.

th

Fig.4 FE model for 2/5 scaled ECM

(a) The half structure
(b) The remained cohesive elements
Fig.5 Breakup simulation results with rate-dependent cohesive law
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Summary Recent advances in fast numerical methods to compute the mechanical response of heterogeneous microstructures have allowed the

solution of hitherto intractable systems. In particular the use of an iterative Fourier Spectral Method as opposed to the traditional Finite Element
Method has gained significant interest in the periodic homogenisation of microstructures. In this paper, a method is presented to solve a periodic
boundary value problem involving electromechanical coupling in a polycrystalline ferroelectric microstructure. In addition to the mechanical
response of the structure, this method provides insight into the kinetics of domain wall motion in a complex microstructure. Time hysteresis
curves for the electric displacement and strain evolution resulting from a saw-tooth electric loading are presented, and are shown to qualitatively
match experimental results. An overview of the diverse applications of this method is also provided.

INTRODUCTION
Piezoelectrics are a class of materials which demonstrate strong electromechanical coupling behaviour. The application
of an external electric field results in a spontaneous strain in a given sample; conversely, the application of a strain results in
the generation of an electric field. Ferroelectrics are a subset of piezoelectrics which exhibit spontaneous electric polarisation,
demonstrate domain switching and consequently possess a remnant strain [1]. Ferroelectric materials such as PZT, Barium
Titanate and PMN-PT have been widely used in engineering applications. Examples of the use of ferroelectrics include
sensors, actuators, transducers and energy harvesting devices.
However, the primary use of ferroelectrics lies in the linear regime, where they behave with piezoelectric properties.
In order to advance the use of the non-linear regime, further study is required into the kinetics of domain wall motion and
thermos-electromechanical coupling in ferroelectrics [1]. This would also allow for tunable electrical and mechanical systems
which exploit the memory effect due to non-linearity of the strain hysteresis. In this context, the problem of simulating and
understanding microstructural evolution with dynamic thermo-electromechanical loading is complex and numerically
expensive using a traditional Finite Element framework. In this paper, a Fourier Spectral implementation is presented, which
allows for solution of hitherto intractable periodic boundary value problems involving electromechanical coupling in
ferroelectrics.
OVERVIEW OF THE SPECTRAL METHOD FRAMEWORK
Spectral methods which utilise the Fast Fourier Transform have been introduced in computational solid mechanics over
the past two decades by Moulinec, Suquet, Lebensohn and others [2, 3, 4]. Lebensohn et al. have developed an algorithmic
framework for solving coupled problems involving thermoelasticity and viscoplasticity [3]. The iterative spectral method
developed scales quasilinearly (as opposed to quadratic or cubic) in computational cost with the number of degrees of freedom
and avoids the assembly of large stiffness matrices. Hence this framework allows for solution of polycrystals with a large
number of grains. The limitation of this technique is that the initial problem has to be periodic for convergence of the Fourier
inversion. Subsequently, the solution is subject to periodic boundary conditions. The spectral framework developed takes
advantage of this fact, solving for a periodic Representative Volume Element (RVE). An example of a periodic polycrystalline
microstructure, together with a simulated heterogeneous non-linear elastic RVE under uniaxial strain are shown in Figure 1.

Figure 1: Periodic polycrystalline model and stress distribution of a simulated polycrystal during non-linear elastic test
Following this work, a numerical implementation for the solution of coupled electromechanical periodic boundary value
problems has been developed. The governing model and associated scaling parameters are obtained from Zhang and
Bhattacharya and recast within this spectral framework [5]. The spectral framework itself can be described as an explicit,
time-stepped Fast Fourier Transform-based scheme. The τ perturbation method is used to convert the governing mechanical
a) Corresponding author. Email: vvidyasa@caltech.edu
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and electrical equilibrium equations into the iterative equations. Polarisation distributions are updated using an evolution
equation or kinetic law and external electric load stepping is performed. The external electric field is applied to the sample
through a saw-tooth function and the coupled electric and mechanical response is obtained at each step of the loading.
SIMULATION RESULTS & COMPARISON TO EXPERIMENTS
A simplified two dimensional homogeneous microstructure is simulated to observe the generation of a polarisation wave
that propagates across the body resulting in domain switching. This is used to produce the curves of electric displacement and
strain with the electric loading, and shown in Figure 2.

Figure 2: Normalised simulation results for switching in a single crystal under saw-tooth electric loading
Experimental material characterization was performed on commercial samples of polycrystalline PZT-5A with 1mm
thickness. SEM analysis indicates average grain sizes of ~2μm. Typical electrical displacement hysteresis curves below were
obtained by applying a through-thickness electric field of -2kV to 2kV with a triangular wave profile. Simultaneous in-plane
strain measurements were taken using a 3D digital image correlation (DIC) system.

Figure 3: Normalised experimental results for electromechanical response under saw-tooth cyclic electric loading
Figure 3 shows a typical electrical displacement response of PZT-5A with applied electric field. Switching occurs at
coercive field of 1.5kV/mm. The corresponding εxx (in-plane) strain curve indicates abrupt transition from extension to
compression at the coercive field. Positive values indicate extension. These experimental measurements show qualitative
agreement with the normalised plots of electric displacement and strains obtained using our spectral framework.
CONCLUSIONS
This work has shown promise in providing new insight into the complex mechanics of domain wall motion and
electromechanical response of ferroelectrics. The advantage of the Spectral Method implementation over using Finite Elements is
the computational efficiency in simulating large and complex microstructures. Further work is to be done in understanding and
incorporating further effects such as thermal dependence and improving the kinetic relations for domain switching [1].
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Summary: This paper investigates a statistical approach for the validation of a new non-rigid registration method aimed at automating the
inspection of non-rigid parts in a free-state condition. This non-rigid registration method is based on generating, filtering sample points and finite
element analysis. Validation of the registration method uses Kolmogorov-Smirnov test to accept or reject estimated defects with respect to
nominal defects at a desired risk level.

INTRODUCTION
Computer aided inspection (CAI) methods speed up the geometric dimensioning process and increase the inspection
accuracy of manufactured parts by eliminating human intervention and its unavoidable errors. CAI methods for fixtureless
inspection of non-rigid parts aim at scanning these parts in a free-state condition (without conformation) and compare data
with the nominal CAD model in a common coordinate system and common state of deformation, which allows identifying
and estimating defects on these parts. Non-rigid (flexible) manufactured parts (e.g. parts with a very thin thickness) deform
to an extent in free-state which is beyond the dimensional and/or geometrical tolerances on designed parts. In this study the
generalized numerical inspection fixture (GNIF) [1] method is applied to generate, for a given part, a set of corresponding
sample points between the nominal CAD model and the scanned model in a free state. These points are evenly distributed
over both models and then used to deform the CAD model to conform to scanned data, through finite element non-rigid
registration (FENR). In [2, 3] an automatic sample point filtering method based on two metrics: von-Mises stress criteria and
curvature criteria is developed. The developed inspection method filters GNIF corresponding sample points that are suspected
to be close to defect areas, which makes that associated defects on manufactured non-rigid part can be identified and measured
accurately. Validation and verification (ASME V&V) approaches on computational simulated models allow assessing
accuracy and reliability of simulation methods [4]. Verification is the assessment of accuracy of the solution to a
computational model while validation is the assessment of accuracy of a computational simulation if compared with
experimental data. In this paper a validation approach in accordance with the ASME V&V10.1-2006 recommendations is
applied to corroborate the estimated results of fixtureless inspection obtained from our improved method based on filtering
GNIF sample points [2, 3].
VALIDATION OF NON-RIGID COMPUTER AIDED INSPECTION
The investigated validation method is presented herein on a case study based on measuring an aerospace aluminum skin
panel with the following approximate dimensions: 1.5°m length, 1°m width and 1°mm thickness. For this part, Fig. 1a shows
the nominal CAD model and Fig. 1b shows the scanned mesh, which is deformed (representing free-state deformation) and
features three defects (bumps). Fig. 1c illustrates nominal maximum amplitude and area for these 3 bumps whereas Fig. 1d
illustrates estimated maximum amplitude and area for these bumps.

a

b

Bump#1

Bump#2

c

Max. Amp.: 1 mm
Area: 85 mm2

Max. Amp.: 1.5 mm
Area: 98 mm2

Bump#3
Max. Amp.: 1 mm
Area: 60 mm2

d

Max. Amp.: 0.68 mm
Area: 33.95 mm2

Max. Amp.: 1.62 mm
Area: 114.95 mm2

Max. Amp.: 0.85 mm
Area: 41.77 mm2

Figure 1: A non-rigid aluminum panel a) front and top views of the CAD model b) front and top views of the scanned part
in a free-state c) nominal distance distribution d) estimated distance distribution.
The nominal inspection result of distance distribution, as shown in Fig. 1c, is a comparison between the CAD model and scan
model before flexible deformation. This model (before deformation) thus only features the 3 bumps and represents scan model
in the actual assembly state. The area of a defect is based on assessing the portion of the defect that exceeds the tolerance, as
a) Corresponding author. Email: Sattarpa@uqtr.com.
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specified on the drawing. In this paper, we considered a 0.4°mm tolerance, which is a usual representative profile tolerance
value for this type of thin-walled aerospace parts. Applying non-rigid fixtureless inspection based on filtering corresponding
sample points, the area and amplitude of defects on the scanned model are estimated. The estimated inspection result is
presented as a distance distribution, as shown in Fig. 1d. This distribution is based on calculating distances between the scan
model (including both defects and flexible deformation) and deformed CAD model using our improved non-rigid registration
method (based on filtering sample points). Then, a further investigation of these results consists in using V&V to assess
similarity between shapes of estimated and nominal defects (without free-state deformation). The boundary and shape of a
given defect is defined, either for nominal or estimated defects, with respect to sets of nodes for which the distance between
shape with and without defect exceeds a certain threshold. We studied three thresholds: 100% (0.4° mm), 30% (0.12° mm)
and 10% (0.04° mm) of the specified tolerance (defects are illustrated in red in Fig. 2).
Defect shape threshold

(10% tolerance) 0.04 mm

(30% tolerance) 0.12 mm

(100% tolerance) 0.4 mm

Nominal inspection
result

Estimated inspection
result

Figure 2: Shape of defects for different distance thresholds.
Distances between shape with and without defects measured on the nodes of each triangulation provides us with two sample
data referred to as nominal and estimated distance distributions. Similarity between these distributions is assed using, among
many other statistical tests, the Kolmogorov-Smirnov (K-S) test [5]. This test is applied to evaluate the difference between
the cumulative distribution functions (CDFs) of the two sample data mentioned above at a desired significance level. The
failure in the decision of K-S test is interpreted that the two shapes of defects are different enough. In contrast, the K-S test
decision is passed when the two sample data have sufficiently similar statistical distribution. We have implemented K-S tests
at a 5% significance level in MATLAB®. Meanwhile, we studied the robustness of our improved non-rigid inspection method
by adding synthetic noise into scan data. In Table 1, the K-S test decision for inspection results associated with noise-free
scan models as well as inspection results including noise is presented, for the three thresholds introduced above. The added
noise in the scan data is form Gaussian distribution with mean value of 0 mm and standard deviation of 0.03 mm.
Table 1: Results obtained with K-S tests at a 5% significance level (Error type I () = 0.05).
Defects:
BUMP1
BUMP2
BUMP3
Noise inclusion status:
Defect shape threshold

(10% tolerance) 0.04 mm
(30% tolerance) 0.12 mm
(100% tolerance) 0.4 mm

Noise-free

With noise

Noise-free

With noise

Noise-free

With noise

Pass
Fail
Fail

Pass
Fail
Fail

Pass
Pass
Pass

Fail
Pass
Pass

Pass
Pass
Pass

Pass
Pass
Pass

CONCLUSIONS
In this work, a nonparametric statistic hypothesis test, namely Kolmogorov-Smirnov test, is applied to validate the estimation
of defects that are detected using our improved fixtureless inspection method for flexible parts. A positive K-S test decision
is interpreted as meaning that an estimated defect shape is sufficiently similar to that of the nominal defect or not. An
interesting aspect of this V&V approach is that it can easily be generalized to many other geometric feature identification and
assessment processes.
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SEARCHING FOR LOCAL CONTACT CONSTRAINTS
IN ISOGEOMETRIC CONTACT ANALYSIS
1
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Summary In this paper, the performance of local searching procedure was tested in proposed isogeometric contact algorithm. Recent study
on the assessment of various unconstrained optimization methods for computing the closest point projection in local contact search was
followed up and extended to problems discretized by spline representation (Bezier, B-spline, NURBS, etc.). It was shown that the sphere
and the torus approximation methods significantly increase the robustness of the local contact search procedure in isogeometric contact
algorithm.

INTRODUCTION
The main difficulty in the contact analysis is a non-smoothness of contacting surfaces. It arises from inequality constraints
as well as from geometric discontinuities induced by spatial discretization. The contact analysis based on traditional finite
elements utilizes element facets to describe a contact surface. Unfortunately, the facet interfaces are only C 0 continuous
so that normal surface vectors may experience jump across element boundaries, which may lead to artificial oscillations of
contact forces.
A remedy to this geometric discontinuity may be provided by isogeometric formulation [1]. In this approach, the known
geometry is accurately described by the Non-Uniform Rational B-Splines (NURBS) basis functions, which serve at the same
time as the element basis functions. The isogeometric analysis provides some additional advantage, which is especially
attractive to contact analysis [2], namely, preserving geometric continuity, facilitating patch-wise contact search, supporting a
variationally consistent formulation, and having a uniform data structure for the contact surface and the underlying volumes.
LOCAL CONTACT SEARCHING
In isogeometric contact analysis well-established contact searching procedures originally developed for classical finite
element method are usually utilized [3]. This procedures were designed mainly for linear finite elements. Therefore, their
direct employment in isogeometric analysis requires sampling of free-form surface patches, which is rather computationally
expensive. Local searching represents the calculation of the closest point projection of a contactor/slave point onto a given
target/master segment. In other words, measuring penetration of slave point through the counterpart’s object master surface
is required. It is necessary first to define the outward normal and then to compute its intersection with a curved surface,
establishing minimum distance. The condition of minimum distance leads to the solution of the following equations
∂x(r, s)
· (x(r, s) − xs )
∂r
∂x(r, s)
· (x(r, s) − xs )
∂s

=

0

=

0

(1)

where the isoparametric coordinates r, s of the contact point x(r, s), defined as the point on the master surface closest to the
given slave node xs , have to be found. Although appearing trivial at first glance the numerical solution process is far from
being easy, especially when dealing with severely distorted surfaces. Recently, several unconstrained optimization methods
for the solution of non-linear algebraic systems (1) were thoroughly tested in Reference [4]: the Newton-Raphson method,
the least square projection, the sphere and torus approximation method, the steepest descent method, the Broyden method,
the BFGS method, and the simplex method. The effectiveness and robustness of these methods was tested by means of a
proposed benchmark problem discretized by a three-dimensional quadratic serendipity elements. It is obvious that the local
search procedure strongly influences the robustness, accuracy and computational cost of the contact analysis.
In this paper, we followed conclusions drawn in Reference [4] and extended this work to problems discretized by spline
representation (Bezier, B-spline, NURBS, etc.) In proposed isogeometric contact algorithm [5] the attention was focused
on the geometric approximation methods which turned out to be the most promising methods in local contact search. The
simplest geometric approximation is the least square projection method [4]. This method utilizes plane as the approximation
surface and therefore it is also denoted as the first order algorithm. In the second order algorithm proposed in Reference [6]
the surface is approximated by a sphere. The example of osculating sphere is shown in Figure 1. A more advantageous
approximation surface is given by a torus patch [7].
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The principle of these method is as follows: the slave point xs is projected onto the contact surface which is replaced by
the selected approximation surface described by the plane, sphere or torus in every iteration. Next, the projection of the slave
point xs is mapped onto this alternative surface. Finally, the resulting projected point is considered as a new approximation of
the solution and the process is repeated until the convergence is reached.
xs

n g
2
t
xk
q
g1 xk+1

xc

Figure 1: Sphere approximation method.

CONCLUSIONS
In this paper, the performance of local searching procedure was tested in proposed isogeometric contact algorithm. Several
unconstrained optimization methods were thoroughly tested: the Newton-Raphson method, the least square projection, the
sphere and torus approximation method, the steepest descent method, the Broyden method, the BFGS method, and the simplex
method. The effectiveness and robustness of these methods was tested by means of a benchmark problem involving impact of
two tubes discretized by the NURBS splines. It was shown that the sphere and the torus approximation methods significantly
increase the robustness of the local contact search procedure in isogeometric contact algorithm.
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A PARALLEL COMPUTATIONAL FRAMEWORK FOR SIMULATING FRACTURE IN
SHELLS
1
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Department of Aeronautics and Astronautics, Massachusetts Institute of Technology, Cambridge, Massachusetts,
USA

Summary We propose a new computational framework for simulating deformation and fracture in large shell structures that is well-suited to
parallel computation. In contrast to many existing methods, the framework is able to model fracture driven by transverse shear, in addition
to combined bending and in-plane stretching. The essential ingredients of this framework are a discontinuous Galerkin discretization of a
Reissner-Mindlin type shear-flexible theory and a interface element-based cohesive zone model of fracture.

APPROACH
Plate and shell elements remain in wide use in the practical design of large thin structures such as aircraft fuselages, ship
hulls, automobiles, submarines, and pressure vessels. In many applications, fracture is a critical design concern, and thus the
ability to numerically predict crack propagation in shells is a highly desirable goal. There has been considerable progress on
this front in the last 10-15 years; however, in this manuscript we wish to draw attention to two important aspects that have
received relatively attention. First, many existing computational shell fracture methods are not scalable, in the sense of parallel
computing, and consequently simulation of large structures remains out of reach. Second, while most existing approaches treat
in-plane tensile failure, modeling fracture due to transverse shearing is often omitted.
Scalability problems typically arise from the introduction of new degrees of freedom on the fly to describe crack propagation. A recently developed remedy has been proposed that is composed of two elements: (i) a discontinuous Galerkin (DG)
discretization of the body, and (ii) a cohesive zone model (CZM) of fracture implemented through interface elements. The
combined DG-CZM methodology, initially proposed in the context of three-dimensional solids, has the unique advantage that
scalability in parallel computation is achieved almost automatically; see [1, 2]. We adopt this methodology and formulate a
new discontinuous Galerkin method for shear-flexible shells.
In adopting a DG-CZM method, our framework is similar to the work of Becker et al. [3, 4] for Kirchhoff-Love (i.e.,
thin) shells. The distinction of our work is that it is based on a shear-flexible shell theory, which brings us to the second point
raised above. An obvious domain of shear-flexible theories is the modeling of relatively thick shells. Another, perhaps less
obvious, is in modeling of highly impulsive loads for both thick and thin shells. High-rate loadings, such as impacts and blasts,
increase the influence of transverse shearing on the response, even in shells that could be considered “thin” in a quasi-static
scenario. In highly impulsive events, the duration of the loading is short compared to the characteristic flexural response time
of the structure, essentially shortening the span (and increasing the effective “stubbiness”) of loaded material during the initial
response. Shear-off type failure near supports or stiffeners is favored in such cases. In thin shell theories, the transverse shear
stress resultants are indeterminate, and are related to a derivative of a generalized force. In practical terms, this means that the
shear resultants are not readily available in a computer implementation to use in a fracture criterion. Furthermore, as there is
no elastic energy storage of shear deformation in thin shell theories, even if a shear-off fracture were modeled, there would
be no energy release from the structure into the fracture process zone that provides the essential driving force in fracture
mechanics. On the contrary, the shear-flexible theory underlying the proposed framework allows the modeling of transverse
shear-off type failures, in addition to in-plane tearing type fractures.
By way of illustration, we show numerical results of beam blast experiments originally conducted in [5]. In these experiments, planar explosive charges were affixed to the top face of a clamped aluminum beam and detonated; the delivered
impulse was controlled by varying the thickness of the charge. In the left of Figure 1, the experimental results are shown in
order of increasing impulse, top to bottom. At small impulses, the beam experiences permanent deflection due to bending and
stretching without fracture. At intermediate levels of impulse, the beam shows necking and tensile failure at the supports after
large deflections have been sustained. Finally, at large impulses, the beam undergoes shear-off at the supports with little permanent deformation. Each of these regimes has been captured in our numerical results, shown at right for three representative
impulse values.
Locking is a well-known problem in numerical analysis of shear-flexible shells; here, the inherent flexibility afforded by
DG methods in the choice of approximation spaces is exploited to prevent locking naturally, without recourse to mixed methods or reduced integration. Hence, the DG discretization imultaneously furnishes remedies for locking, consistent enforcement
of compatibility, and parallel scalability in an elegant manner.
The scalability of the method can be exploited to simulate deformation and fracture in large engineering-scale structures.
As a demonstration, in Figure 2 we show snapshots from an idealized simulation of explosive decompression in a modern
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Figure 1: Left: Impulsively loaded aluminum beam experiments of Menkes and Opat (1973). These post mortem photographs
show the transition from tensile failure to shear-off with increasing impulse. Image source: Menkes and Opat [5]. Right:
Numerical results, top to bottom: Case 1, small impulse, final static position of the beam. Case 2, intermediate impulse,
snapshot soon after the beam has fractured. Case 3, large impulse, the beam shears off virtually instantaneously.
commercial airliner. The skin of the entire fuselage was modeled, employing approximately 650 000 elements distributed
over 208 processors. The ability of the proposed method to capture realistic effects such as skin buckling, fragmentation, and
petalling is evident.

(a) t = 0.977 ms

(b) t = 1.922 ms

(c) t = 6.806 ms

(d) t = 9.712 ms

Figure 2: Snapshots of simulation results for the explosive decompression of an airliner fuselage.
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1

Summary In this paper, a method was proposed based on the U* theory to decrease the weight while improve the load transfer performance of

the vehicle structure. Based on the proposed method, material removal and structural modifications were conducted to a vehicle component.
Compared to the original, the modified design makes the structure lighter and performs better in terms of load transfer. Meanwhile, the overall
rigidity of the modified structure is not declined due to the weight reduction.

INTRODUCTION
To satisfy the demand of high weight-efficiency for structures, it is essential to understand the structure from the viewpoint
of load transfer. Load transfer index (U*) was introduced as the indicator of the load transfer within the structure [1]. The
U* theory suggests that the parts with highest U* values transfer the main portion of the load. Load transfer analysis based
on the U* theory has been developed to be a new design paradigm for lightweight structures. It has been used in vehicle
design by automotive manufacturers like Honda. However, a study on the feasibility and the effectiveness of the U * theory
with respect to the weight reduction of the structure is still lack. In this paper, based on the U* theory, a method was
proposed to reduce the weight of the structure without impairing its overall rigidity. A parcel rack strut of a multiple
passenger vehicle was used as the sample structure to demonstrate the effectiveness of the method. In the method, the
distribution of the U*sum index is used to evaluate the load transfer efficiency of the structure, where the stability of the load
transfer in the structure is analyzed based on the variation of the U * index. The material removal and structural
modifications were conducted to the sample structure based on the U*sum and U* indexes. Compared to the original, the
modified structure is 10% lighter while the overall rigidity of the structure is not declined due to the weight reduction.
Meanwhile, the efficiency and the stability of the load transfer in the structure are improved.
METHODOLOGY
The U* index and load paths
The U* index indicates the internal stiffness between the loading point and an arbitrary point in the structure. The “internal
stiffness” represents the strength of the connection between any two points in the structure. The parts with higher U * values
carry more load in the structure. Fig. 1 shows a linear elastic, isotropic, and homogeneous structure with the loading point
(Point A), the supporting point (Point B), and an arbitrary point (Point C). The springs are used to represent the internal
stiffness between any two points in the structure and the U* index is defined as [1]:
𝑈
(1)
𝑈∗ = 1 − ′
𝑈
where U is the total strain energy stored in the structure when Point C is unconstrained and U’ is the total strain energy of
the structure with Point C constrained as shown in Fig. 1.

Fig. 1: The system for U* calculation

Fig. 2: Illustration of the uniformity of U* variation

Load transfer stability
The degree of the uniformity of the U* variation can be used to evaluate the load transfer stability of the structure. The
uniform U* variation leads to the stable load transfer for the structure, while the non-uniform U* variation causes the load
transfer of the structure unstable. As shown in Fig. 2, the solid line shows the U* variation along a load path of the sample
structure, while the dash line depicts the U* variation of a desirable structure.
Load transfer efficiency
Fig. 3 present the definition of the U*sum index [2]. The areas with lower U*sum values are considered as non-important for
load transfer, while the areas with higher U*sum values are over stiff. Then, the material of those two kinds of area can be
reduced to improve the load transfer efficiency of the structure. The load transfer efficiency represents the weight efficiency
of the structure with respect to the load transfer. In a structure with ideal load transfer efficiency like a linear spring, the
a)
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U*sum index is consistent throughout the structure. The degree of consistency of the U*sum index is set as the criterion to
evaluate the load transfer efficiency of the structure.

Fig. 3: Illustration of the U*sum index

Fig. 4: U*sum distributions and design modifications of the strut

RESULTS
A parcel rack strut was used as the sample structure to be modified as shown in Fig. 5. Based on the U * theory, three
structural issues were detected for the strut and then the corresponding modifications were conducted as shown in Fig. 4.
The modified strut is 10% lighter than the original as can be seen from Tab. 1. Meanwhile, the overall rigidity of the
structure is not declined due to the weight reduction. The overall deformation of the modified strut is 5% smaller than the
original. Though having lighter weight, the modified strut accomplishes better stability of the load transfer compared to the
original design. It can be seen from Fig. 6 that the U* variation of the modified strut (solid line) is much more uniform than
the original (dash line). It has to be pointed out that the marked area of the strut is the failure location in the force testing as
shown in Fig. 6. On the other hand, the modified strut performs better than the original from the viewpoint of the load
transfer efficiency. As can be seen from Fig. 4, the degree of the consistency of the U*sum index in the modified strut (on
right) is much higher than the original (on left) when comparing the U*sum distribution of both struts (same colour indicates
same U*sum value).

Model
Original Strut
Modified Strut

Tab. 1: Computational data of the strut
Young’s
Service
Maximum
Material
Modulus
Loading
Deformation
(GPa)
(N)
(mm)
2.49
Nylon
2.5
1921
2.37

Fig. 5: Model of the parcel rack strut

Maximum
Stress
(MPa)
20.6
15.2

Mass
(g)
1403
1265

Fig. 6: Force testing and the U* variation of the strut

CONCLUSIONS
Design modifications were conducted for a vehicle component based on the proposed method. Compared to the weight
of the original, the modified structure is 10% lighter (Tab. 1). Meanwhile, the overall rigidity of the modified structure is
not declined due to the weight reduction (Tab. 1). Furthermore, the load transfer performance of the modified structure is
improved not only in terms of stability (Fig. 6) but also from the viewpoint of efficiency (Fig. 4). The results of the design
modifications demonstrate that the proposed method is effective on designing advanced vehicle structures with lighter
weight and better load transfer performance.
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Summary 3D printing is a promising way for product manufacturing. However, some problems rising during 3D printing processes could

decrease the accuracy and quality of the printed parts. In order to solve those problems, the printing processes need to be evaluated in advance to
avoid likely defects. Although FEM is well adopted to do engineering simulations, finite element meshes for irregular objects always are
irregularly distributed that the element meshes cannot match the horizontally-growing shapes of the parts during the additive process. Hence,
FEM cannot be easily adopted for this type of simulation. On the contrary, the proposed method based on so-called meshless method doesn’t
need element meshes, so its analysis models can be designed to match the horizontally-growing shapes to simulate the parts’ behaviors during
printing processes. Furthermore, the proposed method adopts STL geometry, which is the main format used in 3D printing industry, as the only
analysis model.

INTRODUCTION
3D printing has become a promising and popular way to produce parts in various fields, for it can produce almost any
kinds of shapes, even extremely irregular. However, during implementing 3D printing to produce parts, some issues which
could decrease the accuracy and quality of the printed parts may rise, such as warpage of parts after cooling, collapse due to
inadequate support during printing, etc. In order to tackle those problems and reduce the manufacturing cost due to repetitive
tries, the printing processes need to be evaluated in advance and improved when defects could happen. Numerical simulation
is one of the efficient ways for evaluating engineering problems; especially, the Finite Element Method (FEM) has been
considered a powerful tool to do the simulation. Nevertheless, the FEM models, i.e. element meshes, for irregular objects
always are irregularly distributed that the element meshes cannot match the growing shapes of the parts in the middle of the
growing additive process. As a result, the FEM doesn’t seem to be a suitable tool for simulating 3D printing processes. In
contrast, the proposed method based on the so-called meshless method [1] doesn’t need element meshes, so its analysis models
can be designed to match the growing shapes for simulating the parts’ behaviors during printing processes.
Geometry data in STL (Stereo-Lithography) format has been adopted by the 3D printing industry as a De facto standard
format to transfer geometry data between different software systems, e.g. sending a CAD data in STL format to a 3D machine
to print it out. The geometry in STL format (simply called STL geometry) has higher capability and flexibility to represent
irregular geometry, especially those data obtained with scanning equipment such as CT-scanners and 3D scanners. Therefore,
the proposed method adopts STL geometry as the analysis model that no other analysis model-building work is needed. To
achieve that, this method includes several schemes to handle the STL geometry so that the STL geometry can be directly used
for the simulation. This STL-based way can largely reduce the time and effort for building the analysis models. To demonstrate
the effectiveness and efficiency of the proposed method, a structural analysis of a mandible bone with irregular-shaped
geometry has been conducted.
METHOD
3D printing simulation
A 3D printing machine prints parts in a layer-by-layer (additive) way that the printed parts are growing horizontally. In order
to simulate the horizontally-growing situation, the analysis models must meet the same condition, i.e. horizontally-growing.
Unfortunately, the finite element meshes for parts with irregular shapes always are irregularly distributed that they cannot match
the horizontally-growing condition. As a result, it is hard to generate a suitable analysis model for doing simulation. In contrast,
the proposed method [2][3] based on so-called meshless method doesn’t need any element meshes, so its analysis models can be
designed to match the horizontally-growing shapes, as shown in Fig. 1. Hence the proposed method can be used to simulate the
growing processes in 3D printing.
Geometry in STL format (STL geometry)
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STL geometry has been adopted by the 3D printing industry as a De facto standard format to transfer geometry data between
different software systems. In STL geometry, The triangularized surface geometry is employed to represent the boundary surfaces
of the objects, i.e. the surfaces of the three-dimensional objects are represented by certain number of tiny triangular facets. This
type of geometry data has higher capability and flexibility to represent irregular geometry, especially those objects obtained with
scanning tools such as CT-scanners and 3D scanners, e.g. medical parts. Currently, most computer-aided tools support this type of
format. Therefore, the proposed method adopts STL geometry as the analysis model; besides, no other manually model-building
work is needed for the proposed method that the analysis process directly proceeds with the STL geometry to do simulations. To
achieve that, several geometry-related schemes has been designed to treat the STL geometry that the STL geometry data becomes
the only analysis model data needed for the simulation.

CONCLUSIONS
Evaluating printing processes in advance is necessary to assure the product’s quality. Nevertheless, the FEA becomes difficult
to use due to the requirement of finite element meshes which cannot meet the horizontally-growing condition easily. On the
contrary, with the proposed method based on the meshless method, the analysis model with only nodes can be designed to meet
that condition easily. Moreover, the proposed method adopts the STL geometry, which is a De facto standard in 3D printing
industry for transferring product geometry, as the analysis model. As a result, the user can directly use the already-ready geometry
model to be the analysis model that no extra model-building work is needed; the analysis process can become much simpler and
straightforward.
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Fig. 1

Analysis model comparison between the FEA and the proposed method
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Summary We describe a cell-centered Finite Volume space discretization of the multidimensional compressible hyperelasticity equations
written under Lagrangian form. The main features of the numerical method relies on its capability, at the discrete level, to ensure not only
the Geometric Conservation Law but also the Clausius-Duhem imbalance (entropy inequality), while conserving the total energy. Numerous
representative test cases assess the accuracy and the robustness of this novel Finite Volume method.

CONTEXT AND MOTIVATIONS
The numerical modelling of fast transient dynamics phenomena characterized by large deformations and high strain rates
is a topics of great importance for industrial applications such as high velocity impacts. Nowadays, the development of
Finite Volume (FV) discretizations for Lagrangian solid dynamics seems to be a promising alternative to the traditional Finite
Element approaches. For instance, in [6, 7, 1] FV algorithms are provided for simulating the dynamic response of hyperelastic
materials for which the constitutive law satisfies the principle of material frame indifference and is consistent with the second
law of thermodynamics, refer to [4]. Furthermore, cell-centered Lagrangian FV discretizations of the so-called Wilkins
hypoelastic model [14] have been also recently proposed [8, 12]. In this framework, standard infinitesimal elastoplasticity
models are extended to the finite strain range by formulating constitutive law in terms of frame invariant stress rates. In spite
of its simplicity this approach arises two main difficulties [11, 3, 9]. First, the definition of objective stress rates is somewhat
arbitrary and not unique, further it leads to an evolution equation for the deviatoric stress which cannot be written under
conservative form for multi-dimensional flows. This flaw renders the mathematical analysis of discontinuous solutions such
as shock waves questionable. Second, hypoelastic based models are characterized by a dissipative behavior within the elastic
regime. In other words, reversible transformations of an elastic material are characterized by a non-zero rate of entropy. This
shows that the Wilkins hypoelastic model is thermodynamically inconsistent. Up to our knowledge, the traditional shock wave
hydrocode community has not paid attention to these problems. It is certainly due to the fact that the Wilkins model is good
enough for most engineering purposes for highly unsteady problems, if one turns material parameters to match experimental
results. However, the issues related to the non uniqueness of the objective stress rate and the thermodynamical inconsistency
are very troubling from both theoretical and numerical perspectives, particularly when one is dealing with flows containing
shear and shock waves. On the other hand, the established computational mechanics community is careful about these issues
but it typically does not deal with shock waves.
To cure the aforementioned flaws of the hypoelastic approach in the context of fast solid dynamics, we present a cellcentered FV methodology that solves the conservation laws of continuum mechanics (mass, momentum and total energy)
for isotropic materials characterized by an hyperelastic constitutive law. Since the proposed numerical scheme will keep the
same structure as the one developed for the Wilkins hypoelastic model [8], we shall be able to perform rigorous comparisons
between the hyperelastic and the hypoelastic modelling. Indeed, using the same FV framework, we shall assess precisely
hypoelastic model weaknesses against representative test cases in which shock and shear waves are present.
LAGRANGIAN HYPERELASTICITY IN TOTAL LAGRANGIAN FORM AND UPDATED LAGRANGIAN FORM
We consider the conservation laws of continuum mechanics written under total Lagrangian form, refer to [4]. The material
constitutive law is derived according to the principle of material frame-indifference (objectivity) and consistently with the
second law of thermodynamics. Assuming an elastic isotropic material, its constitutive response is defined by a free energy
function expressed in terms of the principal invariants of the left Cauchy-Green tensor and the absolute temperature [5]. The
first Piola Kirchhoff stress tensor and the Cauchy stress tensor are determined by means of the derivative of this free energy
function with respect to the left Cauchy-Green tensor. In addition, to facilitate the comparison with the hypoelastic Wilkins
model, we introduce a decomposition of the free energy function into an isochoric and a volumetric part, which implies the
decomposition of the Cauchy stress tensor into a spherical part (pressure) and a deviatoric part (shearing). The time evolution
of the deformation gradient, required to update the left Cauchy-Green tensor, is governed by the Geometric Conservation
Law (GCL). A special attention is given to the compatibility condition associated to the GCL and its link with the Piola
∗ Corresponding

author. Email: pierre-henri.maire@cea.fr

2927

condition [13]. These equivalent conditions are of major importance since they allow to transform the foregoing conservation
laws written under total Lagrangian form to their counterparts written under updated Lagrangian form. In this representation,
the Cauchy stress terms uniquely depends on the left Cauchy-Green tensor and the GCL amounts to write that the Olroyd
derivative of the left Cauchy-Green tensor is equal to zero. The characterization of discontinuous solutions (shock waves)
by means of the Rankine-Hugoniot jump conditions will be briefly reviewed in both total Lagrangian frame and updated
Lagrangian frame.
CELL-CENTERED LAGRANGIAN FINITE VOLUME DISCRETIZATION
The FV discretization of the foregoing conservation laws in both total Lagrangian and updated Lagrangian representations
are detailed in bidimensional geometry employing a cell-centered placement of the physical variables. The numerical flux
computation relies on a node-centered approximate Riemann solver which allows to compute not only the nodal velocities but
also the subcell traction forces. This FV algorithm is the natural but non-trivial extension to solid dynamics of the method
initially introduced in the context of gas dynamics in [10]. The numerical flux approximation ensures the compatibility with
the GCL at the discrete level. The subcell force expression in terms of the cell-centered stress tensor, the nodal velocity and the
cell-centered velocity has been derived to enforce a local entropy inequality at the semi-discrete level ensuring the conversion
of kinetic energy into internal energy through irreversible processes such as shock waves. We also note that this discretization
guaranties the conservation of total energy and momentum. The second-order time and space discretization is obtained by
means of an acoustic Generalized Riemann Problem (GRP) approach [2, 10]. The piecewise linear space time reconstruction
of the state variables is performed in each computational cell and in each time interval following the characteristic equations.
More precisely the time derivative of the physical variables are eliminated in terms of the spatial derivatives through the use of
a Lax-Wendroff method. The monotonicity of the discrete solution is enforced employing a frame-invariant limiting procedure
which applies to scalar as well as to vectors and tensors.
CONCLUSION AND PERSPECTIVES
After having defined and validated a nominally second-order FV discretization of the non linear elasticity equations for
isotropic hyperelastic materials, we plan to extend its capability to cope with the numerical simulation of elastic-plastic flows
of isotropic solids at large deformations.
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Summary The paper deals with the 3D finite element modelling of structures obtained by assemblages of thin shell parts. The whole structure
represents a complex geometry inspired by vegetable nature and plants such as a maple leaf in the present study. This type of structure can
become a bio-inspired architectural project at human scale. In the present study some challenging finite element analyses are discussed related
to the complete integrated modelling: 3D scanning, geometrical model, appropriate finite element model for linear and nonlinear static and
dynamic analysis of the stiffened 3D shell structures subjected to gravity and pressure loading. New finite element models are developed in the
research project.

INTRODUCTION
Nature has always been a source of inspiration for scientists and engineers in various domains, from ancient civilizations
to nowadays. The geometry of plants, trees, branches and leaves has been the subject of interest and applications from the
point of view of mathematicians and computer graphics specialists [1]. Wood and bones have been deeply studied from a
material science point of view but also for their mechanical properties pertinent for the use in construction (for wood) or for
biomechanics, or bioengineering applications (for bones) [2]. The structure of plants has been studied and has been an
inspiration for design in architectural and mechanical engineering. One famous example is the Gaudi architecture in
Barcelona as discussed in many documents such as [2]. In [3], chapter 8 and in [4], chapter 5, the authors (Andres, Ortega
and Paloto) discussed the funicular polygon and the homeostatic model based on a biological principle that can be generated
by the simultaneous action of thermal and mechanical loads on thermoplastic materials to design free form shapes. Natural
structures such as wood and bones have also been the source of structural design and shape optimisation algorithms to
reduce stress concentrations or to optimize the fibres orientations in composite man-made materials. Several books and
papers have been published on the subject of optimization mechanics in nature such as [4] including a very interesting
chapter on the structural efficiency of trees.
The present paper is part of a general project related to the mechanics of plants in order to understand the mechanical
behaviour under gravity and wind pressure loading in various situations of plant types and scale (trees, branches, leaves,
flowers), in various space and life time conditions (behaviour of a deciduous leaf from spring to fall for example). The
project is limited to the mechanical aspects, without coupling with the genetic bio-chemistry ones (which are essential for
the explanation of the growth and attribution of material properties of any natural object). This means that the geometry and
material properties relevant for the present mechanical analysis must be assumed for a given space and time situation. The
project is also “biomimesis” oriented since we will analyse, design and possibly optimize engineering man-made structures
inspired by nature.
More precisely the present paper deals with the mechanics of a 3D structure with the shape of a maple leaf at a given stage
of development (end of summer, say), Figure 1. The paper concentrates on the different models (geometry and physics)
based on the Finite Element Method [5].

Figure 1. A typical maple leaf on the ground in the fall season.
a)
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THE FINITE ELEMENT MODELS
We first collect a maple leaf of about 30 cm maximum length. The average thickness of the leaf is 0,18 mm. The mimetic
structure to be analysed will have the same dimensions multiplied by a factor of 5, and the material properties will be those of an
elastic isotropic steel with E=210 GPa, ν=0.3 and Yield stress σY = 400 MPa.
The first step is to identify the shape of the contour, the main cantilevered beam connecting the leaf to the branch and all the ribs
we can identify with a criteria of diameter more than 1,5 times the leaf thickness. That step can be performed by different means
including laser scanning. The ribs of circular cross section are represented as stiffeners and are assumed to be non-eccentric with
respect to the middle surface. There are around 20 secondary ribs per leaf with varying diameters. The main connecting beam
has a diameter of 1,5 mm and a length of 5 cm. The leaf will be clamped at its root (cantilevered main beam in Figure 2).

Shell elements

Secondary beam

Cantilevered main beam

Figure 2. A finite element model of a maple leaf
The different finite element models considered in the present study are:
- the classical thin shell triangular and quadrilateral DKT18 and DKQ24 elements with 6 dof/node developed by the
first author and colleagues [5],compatible with the classical 3D beam elements representing the ribs. This type of
analysis can be performed with commercial finite element packages,
- new shell elements with one rotation per mid side [6], with a new representation for the beam stiffeners,
- rotation free shell elements as discussed in different papers [7],[8].
The different analyses performed are:
- linear static analyses considering gravity and pressure loadings, for different mesh densities and for different shell
formulations (as defined above),
- dynamic analyses (frequencies and vibration modes) for a clamped leaf and a free leaf in space.
Results include displacements and stresses distributions, frequencies and natural modes (figure 2 as example).
CONCLUSIONS
The mechanics of a complex ribbed shell structure bio-inspired by a maple leaf has been studied in this paper using several
finite element models. The objective is to understand the behaviour of the leaf structure under gravity and wind loads and to
evaluate the stress distribution at any point. One difficult aspect of the study was the construction of relevant meshes for the
different finite element models. The present study includes the development of new rotation free finite element shell models in
the perspective of future works: dynamic and geometrical non-linear analysis.
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1

Summary The dynamic three-dimensional linear boundary-value problems of elasticity theory with coupled physical and mechanical fields are

considered based on the boundary elements methods. Obtained calculation results are compared with the corresponding results from other
authors and numerically-analytic solutions. High precision of the results is obtained and presented in this paper.

INTRODUCTION
Studies of the dynamic problems of elastic solids with coupled mechanical and non-mechanical fields (porosity,
electricity, temperature) are highly demanded. The integral approach is one of the universal approach of numericallyanalytical analysis of dynamic boundary-value problems of solid mechanics. A Boundary Elements Method [1] can be
outlined from a variety of discrete schemes of this approach. The approximated singular integral equations are used to get
the numerically-analytical solutions of boundary-value problems of the dynamics of anisotropic elastic solids. Dual
Reciprocity theorem [2, 3] is used to get these equations. The alternative approach is based on regular integral equations of
the first type [1, 4]. Both approaches promoting rejection of the traditional formulations of singular integral equations
method. One of the main reason is not effective scheme to calculate the kernels of these equations. Kernels may be
transformed using the Radon representation [5] to resolve this issue. In addition, usage of the effective numerical schemes
of computer modeling for dynamic [6] and static [7] parts of the kernels allow us to use the classical formulation of the
solution of dynamic problems. First solutions were found for scattering of elastic waves [8, 9]. The development of this
approach for boundary-value dynamic problem of three-dimensional solids with physicomechanical fields is presented in
this paper. Examples of this kind of boundary elements solutions may be found in [10, 11]. Traditionally, the numerical
solution of the time-domain boundary integral equations may be found with usage of integral transformation or stepped
algorithms. Convolution quadrature methods [12] allow to use stepped schemes for thermoelasticity and poroelasticity
boundary-value problems where Green’s matrices can’t be written in time domain. Boundary elements schemes are based
on Green-Betti-Somigliana formula. The development of boundary-elements method is done by usage of time-step method
for numerical Laplace transform inversion and Butcher tableau notation for Runge-Kutta method for computer modeling of
solids dynamics. The results of numerical experiments are presented.
MATHEMATICAL AND DISCRETE MODELS
Field interaction models correspond to poroelasticity, thermoelasticity and electro-magneto-elasticity. For porous
materials characterization Biot’s model is used. Green’s matrices and, based on it, boundary integral equations are written
for basic differential equations in private derivatives. Discrete analogue are obtained by applying the collacation method to
a regularized boundary integral equation. The collocation nodes coincide with the approximate nodes of the intital boundary
functions. Boundary element schemes follow time-step method of numerical Laplace transform inversion with classical and
modified Durbin’s method and Convolution Quadrature Method with modifications. To improve the accuracy and
effectiveness of warking schemes of the BEM decisions are based on time units of the schemes of Runge-Kutta methods.
THE RESULTS OF NUMERICAL STUDIES
The effectiveness of the developed boundary-element approach is demonstrated on a number of boundary-element
analyses of dynamic deformation of 3-D poroelastic bodies: modeling surface waves of a homogeneous and a compound
poroelastic body; investigating the effect of the properties of a poroelastic material on the propagation velocities of surface
waves. A two- and three-component media are considered with four and five basic functions, respectively, describing the
wave process. In accordance with Biot’s analogues of poroelasticity problems with four basic functions and a
thermoelasticity problem makes it possible to consider one of the theories. Using as an example the problem of the effect of
an axial force upon the end of a prismatic body in the form of Heaviside time function, a comparative study of the wave
propagation in completely or partially saturated porous media is done. In problems of a half-space, the effect of attenuating
cavities on the wave processes is shown. Boundary-element evaluations of poroelastic solutions of the problems considered
are obtained, using both drained and non-drained material models. The wave process in a poroelastic material is
characterized by the appearance of a third wave. In what follows, some illustrations of the results of numerical experiments
a)
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are given by way of studying this phenomenon. Figs.1 and 2 demonstrate the third wave in the responses of pore flow and
pressure. Fig. 1 presents the results of numerically analyzing the effect of the appearance of the slow longitudinal wave in a
9 m-long poroelastic cantilever prismatic body made of a completely saturated material with the following parameters: K =
4.8 109 Н / m2 , G = 7.2 109 H / m2 ,  = 2458kg / m3 ,  = 0.19 , K s = 3.6 1010 Н / m2 ,  f = 1000kg / m3 , K f =

3.3 109 Н / m2 ,  = 1.9 107 m4 / ( Н  s) , where K, G are the related elastic moduli,  ,  f are total density and filler
density,  is porosity coefficient, K s , K f are elastic bulk moduli of the skeleton and the filler,  is pore permeability
coefficient. The dynamic process is generated by axial end force F  1H / m2 . Numerical inversion of Laplace transform,
implementing a time-step method on the nodes of Lobatto scheme of Runge-Kutta family, is used in calculations. A stepped
scheme with a key, generated by quadrature formula strongly oscillating functions, is used. A numerical-analytical solution
is presented for the response of pore pressure and flow at a distance of 1,5 m from the loaded end. Fig.1 also depicts the
results of analyzing the convergence (dotted lines) of the stepped scheme on the nodes of Lobatto method when calculating
the related pore flow. Fig. 2 presents the results of analyzing the problem of the effect of an axial force of the value
F  1Н / м upon the end of a 3m-long poroelastic cantilever prismatic body made of partially saturated material with the
following parameters: K = 1.02 109 Н / m2 , G = 1.44 109 Н / m2 ,  = 0.23 ,  s = 2650kg / m3 ,  f = 997kg / m3 ,  a =

1.10 kg / m3 ,

K s = 3.55 1010 Н / m2 ,

K f = 2.25 109 Н / m2 ,

1.0 103 Н  s / m2 ,  a = 1.8 105 Н  s / m2 , where s , a ,  f

K a = 1.10 105 Н / m2 ,  = 2.5 1012 m2 ,  f =

densities of the components (skeleton, gas, liquid),

K s , Ka , K f are elastic bulk moduli of the components, a , f is viscosity of the components,  is pore permeability
coefficient. Saturation coefficient S w is set equal to 0.9. The response of displacements at the loaded end of the cantilever
is presented. Numerical inversion of Laplace transform with a time-step method is used, with the step of t  0.000015 . A
stepped scheme with a key, generated by quadrature formulas for strongly oscillating functions, is used.

Fig. 1
Fig. 2
Solutions of a series of electroelastic dynamic problems on the combined effect of a load in the form of Heaviside time
function and an electric potential on homogeneous electroelastic bodies are given in comparison with a FEM solution.
The work was done with financial support from RFFI Grants (Projects №15-08-02814-а; №15-08-02817-а; 15-4802333), the calculations on three-component medium were done with financial support from RNF (Project № 14-19-01096).
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Summary This paper examines the evolution of particle stress inside uncrushable granular materials in biaxial test using DEM and probabilistic

method. It is found that the magnitude of normalized maximum shear stress inside particles have a nearly unified probability distribution at
different loading stages, while the orientation shows increasing anisotropy with the rising of stress ratio. For samples with different initial void
ratios but the same grading, the magnitude of normalized maximum shear stress probability density function can be approximately expressed by
a two-parameter Weibull distribution function, in which the scale parameter and shape parameter are affected by sample grading, showing
better grading samples having lower probability of high maximum shear stress. Second order Fourier series can be used to approximate
probability density functions of the maximum shear stress orientation.

INTRODUCTION
Inter-particle contact forces in granular media systems play a key role in particle scale behaviours such as particle
movement and breakage. Several failure criterions have been proposed in DEM to model the behaviour of crushable
granular materials based on contact forces, including maximum contact force, multiple contact force induced maximum
tensile stress, and multiple contact force induced maximum shear stress, etc .[1-3] On the basis of these criterions, statistic
approaches also have been used to quantify the failure probability of particles inside granular materials in different
boundary conditions including single particle crushing and one dimensional compression test. In particular, after Marketos
and Bolton[4], who proposed a probabilistic model to predict particle breakage probability in one dimensional compression
tests based on the maximum contact force, our previous work by Zhou et al[5] presents a new probabilistic model which
takes multiple contact forces into consideration by using maximum tensile strength criterion.
As an extended work, this paper examines the evolution of maximum shear stress inside particles in granular materials
in a more complex boundary condition, the biaxial test using DEM and probabilistic method. The results would further our
understanding of granular material behaviours and study on particle breakage probability in biaxial test.
NUMERICAL MODEL
Biaxial tests are performed using PFC2D (Itasca, 2008) and all samples are with a size of 10mm in width and 20mm in
height. Samples of linear distribution grading with dmin=0.20mm (the minimum size) and dmax=2.00mm (the maximum size),
dmin=0.30mm and dmax=1.20mm, dmin=0.50mm and dmax=1.00mm, dmin=0.67mm and dmax=1.00mm, are tested respectively
with both initial void ratio 0.17 and 0.25. During the biaxial tests, isotropic compression are firstly applied on samples to
reach a pressure of 200kPa, and then the left and right boundaries maintain this pressure on samples, while top and bottom
boundaries moves towards each other at a constant rate of 0.5mm/s until the axial strain reaches to 0.2. All biaxial tests are
conducted using a group of typical parameters with particle density of 2600kg•m -3, inter-particle friction coefficient μ=0.5,
wall friction coefficient μwall=0.0, particle normal and shear stiffness of 5×10 8 N/m and wall normal stiffness of 5×107 N/m.
MAXIMUM SHEAR STRESS DISTRIBUTION AND ORIENTATION
Probability distribution of normalized maximum shear stress magnitude 𝜏̅ (defined as the shear stress index by Eqs. (1)
and (2)) and orientation 𝜃𝑠 (Determined according to Eq. (3)) inside each sample during shearing are examined, which is
shown in Fig.1(a) and (b) as discrete symbols and solid lines in Fig. 2, respectively. The symbols in Fig.1 (a) contain DEM
results from samples with different grading and initial void ratios of both 𝑒0 = 0.17and 𝑒0 = 0.25, at different loading
stages including stress ratio 𝑞⁄𝑝′ =0.0, 0.2, 0.4, 0.6, 0.8 and axial strain of 4%, 8% 12%. More detailed results showing
probability distribution evolution of shear stress index during biaxial test are given in Fig.1 (b) for samples with the best
grading tested. In this short paper, only orientation 𝜃𝑠 probability distribution for sample with dmin=0.67mm and
dmax=1.00mm sheared at stress ratio of 0.0, 0.4, 0.8 are given in Fig. 2. It should be noted that the probability here is defined
as the mass of particles with the specified normalized maximum shear stress magnitude or orientation divided by the total
mass of particles inside the sample.
𝜏
𝜏̅ = 〈𝜏〉 ,
(1)
1

2
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(3)

where 𝜏 and 〈𝜏〉 are the maximum shear stress and the average maximum shear stress within a sample; respectively; and
𝜎11 , 𝜎12 and 𝜎22 are 2D stress components within a particle.
a)
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As can be seen in Figs. 1(a) and (b), a nearly unified pattern can be found in the probability density function of the
normalized maximum shear stress in biaxial test at different loading stages. Samples with different initial void ratios and the
same grading are examined. A two-parameter Weibull distribution model can be used to approximately describe the pdfs of
𝜏̅ within a particle in a biaxial test, with better graded samples showing a lower probability of high stress index. (See the
fitted curves in Figs. 1(a) and (b)).

(a)
(b)
Fig.1 pdfs (a) and cdfs (b) of stress index magnitude in biaxial test

Fig.2 cdfs of maximum shear stress
orientation in biaxial test

For samples at different loading stages in a biaxial test, second order Fourier series expressed by Eq. (4) can be used to
approximate the probability distribution function of maximum shear stress orientation 𝑓(𝜃𝑠 ),
2
𝑓(𝜃𝑠 ) = + 𝑎𝑠 𝑐𝑜𝑠4(𝜃𝑠 − 𝜃0 ) .
(4)
𝜋
f(θs ) in Eq. (4) is composed of a linear part and a nonlinear part. The coefficient a s of the nonlinear part reflects the
degree of anisotropy of θs and implies a complete isotropy when a s = 0. θ0 is a parameter denoting the most possible
orientation. a s and θ0 can be determined by a nonlinear regression of the corresponding cdf. The fitted cdfs using Fourier
series are shown with dash lines in Fig. 2.
For the samples tested, an obvious trend of increasing anisotropy can be found with the increase of stress ratio, from the
start of shearing to the peak state.
CONCLUSIONS
This paper examines the evolution of the maximum shear stress in uncrushable granular materials in biaxial tests using
DEM and probabilistic method. We found that for both loose and dense samples with the same grading, the magnitude of
normalized maximum shear stress inside particles during biaxial test have a nearly unified probability density function and
can be approximately described by a two-parameter Weibull probability distribution function. For the same material tested,
the distribution function is affected by the change of grading during biaxial test, with better grading showing a lower
probability of maximum shear stress, while the void ratio have little effect on the distribution. However, the anisotropy of
the maximum shear stress increases with the rising of stress ratio. Second order Fourier series can be used to approximately
express the probability density function of maximum shear stress orientation.
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STUDY OF WAVE PROPAGATION IN POROVISCOELASTIC SOLID USING BOUNDARY
ELEMENT APPROACH
Aleksandr Ipatova, Leonid Igumnov & Aleksandr Belov
Research institute for Mechanics of National Research Lobachevsky State University of Nizhni Novgorod, Nizhny
Novgorod, Russia
Summary The present paper is dedicated to numerical solving of three dimensional boundary-value problems in poroviscoelastic
formulation. The poroviscoelastic formulation is treated as a combination of Biot’s theory of poroelasticity and elasticviscoelastic correspondence principle. Boundary element method (BEM) and boundary integral equation (BIE) method are
applied to obtain Laplace domain solution of three-dimensional boundary-value problem. Modified Durbin’s algorithm of
numerical inversion of Laplace transform is used to perform solutions in time domain.
INTRODUCTION
Wave propagation in dispersed media is a great interest of many disciplines. Mechanics of advanced materials, such as
poro-, visco- or poroviscoelastic materials, is relevant to such disciplines as geophysics, geo - and biomechanics,
seismology, physical chemistry, petroleu m engineering etc. The imp lementation of the solid viscoelastic effects in the
theory of poroelasticity was first introduced by Biot [ 1, 2]. The v iscoelastic deformations in solid skeleton of poroelastic
med ia may be accounted through the use of correspondence principle [3]. Although many significant achievements have
been made on wave mot ion in porous media [4], because the complexity of the inert ial viscosity and mechanical coupling in
porous med ia most transient response problems can only be solved via nu merical methods. There are two major approaches
to dynamic processes modeled by means of BEM: solving BIE system direct ly in time do main or in Laplace or Fourier
domain followed by the respective transform inversion. Classical formu lations for BIE method with their d iscretized
realization and traditional BEM are successful approaches for solving three-dimensional problem [5, 6].
SOLUTION METHOD
The set of differential equations of poroelasticity for d isplacements û i and pore pressure p̂ in Lap lace do main (s –
transform parameter) take the following form [4]:
β
 2s
1 

pˆ ,ii 
pˆ  (α  β)suˆ i,i =  aˆ
Guˆ i, jj +  K + G uˆ j,ij  (α  β)pˆ ,i  s 2 (ρ  βρ f )uˆ i =  Fˆi ,
3 
sρ f
R


k f  2 s 2



,R 

 2K f Ks2

K f ( K s  K )  K s ( K s  K f )
 2 s  s 2 k (  a   f )
where G, K – material constant from elasticity,  – porosity, k – permeability, α – Biot’s effective stress coefficient,
ρ, ρa , ρ f – bulk, apparent mass and fluid densities respectively, Fˆi , aˆ – bulk body forces per unit volume.
Following types of boundary conditions for  are considered:
ul ( x, s)  f l ( x, s), u 4 ( x, s)  p( x, s)  f 4 ( x, s), x   u , t l ( x, s)  g l ( x, s), t 4 ( x, s)  q( x, s)  g 4 ( x, s), x   , l  1,3 .
Direct approach of boundary integral equations method is given [4-6]:
Displacement vector at internal points is connected with boundary displacements and tractions as follows:
u l ( x, s)   U ljs ( x, y,s )t j ( y, s )d y S   Tljs ( x, y, s )u j ( y, s )d y S , l  1, 2, 3 , x   .
k

k

U lj and Tlj – components of fundamental and singular solution tensors.
Poroviscoelastic solution is obtained fro m poroelastic solution by means of the elastic-viscoelastic correspondence
principle, applied to skeleton’s elastic constants K and G in Laplace domain. Forms of Kˆ ( s) and Gˆ ( s) in case of model
G
K
with weakly singular kernel (Abel type) are following: Gˆ 
, Kˆ 
,
1  hs  1
1  hs  1
Integral representation and BIE with integral Laplace transform are used. Fundamental and singular solutions are
considered in term of singularity isolation. Realization of boundary element approach for solving problems of
poroviscoelasticity needs in a special calculating method [4]. Numerical scheme is based on the Green-Betti-Somig liana
formula. To perform numerical results double accuracy calculations are used. Regularized BIE are considered in order to
introduce BE discretization [6]. Shape functions are quadratic polynomials of interpolation. Unknown boundary fields are
a)
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integrated by interpolation node values. The problem is solved in Laplace domain. Durbin’s method [7] with variable
integrating step is used to obtain solution in time domain.
NUMERICAL RESULTS
Problem of a p ris matic poroviscoelastic column clamped at one end and subjected to a Heaviside type load at another
and is considered. Poroelastic material is Berea sandstone. Material constants are: K  8  10 9 N / m 2 , G  6  10 9 N / m 2 ,

  2458kg / m 3 ,   0.66, K s  3.6  1010 N / m 2 ,  f  1000 kg / m3 , K f  3.3  10 9 N / m 2 , k  1.9  10 10 m 4 /( N  s) .
Displacements, pore pressure and tractions are obtained at points B (Fig.1) for d ifferent values of viscoelastic parameters
(Fig.2 – Fig.4).
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CONCLUSIONS
An influence of v iscoelastic parameters on dynamic responses is demonstrated on the examp le o f a p roblem of the
prismat ic poroviscoelastic solid under Heaviside-type load (Fig.2 – Fig.4) by boundart element approach. The
poroviscoelastic med ia modelling is based on Biot’s theory of porous material in co mbination with the elastic -viscoelastic
corresponding principle. Viscous properties are described by model with weakly singular kernel.
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PHASE FIELD CRYSTAL MODELING OF ADDITIVE MANUFACTURING IN METALS
Hang Ke a) & Ioannis Mastorakos
Department of Mechanical and Aeronautical Engineering, Clarkson University, Potsdam, NY, United States
Summary Additive manufacturing, also known as the 3D printing, is rising popularity for the past few years due to its
widely application in various areas. However, not enough emphasize is drawn to the microstructures of the “build” material,
which is actually really significant to the property and performance of the product. In this paper, we showed that the phase
field crystal (PFC) model could be applied to identify and predict the microstructures during the solidification of the metals
in additive manufacturing. Using this model, we can control and optimize the process parameters for microstructures in
order to get the desired materials that we need.
PHASE FIELD CRYSTAL MODEL
Compared with the conventional phase field model, PFC model introduces phase fields which are periodic by including
a free energy scalar that is minimized by periodic solutions and is also rotationally invariant[1]. The basic equation for PFC
model was actually derived from Swift-Hohenberg equation to calculate problems in thermal convection. The free energy of
the model can be written as a function of the density field ϕ,
%

.

𝜙 𝛼 + 𝜆 𝑞,& + ∇& & 𝜙 + 𝜙 / 𝑑𝒓
(1)
𝐹# = 0
&
/
In the equation, α, λ, 𝑞, , and g are constants. The density field ϕ can be minimized by periodic functions for solid state and a
constant density value for liquid state. To simplify the calculation process, we revise our equation into a dimensionless form
as below:
𝐹=
Where ε = −

=
>?@A

,ψ=ϕ

.
>?@A

%
0

, 𝐱 = 𝑞, 𝒓 , and 𝐹 =

&
.

𝜓 −𝜀 + 1 + ∇&

>D ?@E

&

%

𝜓 + 𝜓 / 𝑑𝒙

(2)

/

𝐹 # . And the dynamics for this model is of the Cahn-Hilliard model:
FG
FH

= ∇&

FI

(3)

FG

The periodic density field can be obtained from the reciprocal lattice vectors G by the following equation:
ψ = ψ + 𝑮 𝜂𝑮 𝑒 M𝑮∙𝒙 + 𝑐. 𝑐.
(4)
where 𝜓 is the average density in solid state, 𝜂Q is the amplitude of the reciprocal lattice vector, and c.c. represents complex
conjugates. Here, we prepare to model a two-dimensional (2D) solution system, and the G can be written as the following:
𝐆 = 𝑘% 𝒒% + 𝑘& 𝒒&
(5)
Where both 𝑘% and 𝑘& are integers. For 2D hexagonal system, we finally get the dimensionless density field as:
?Z
%
&?Z
)
(6)
ψ = 𝜓 + 𝐴(𝑐𝑜𝑠𝑞𝑥𝑐𝑜𝑠 − 𝑐𝑜𝑠
where A is a constant and q =
𝜓=

`a
&

,q=

[
&

&^
_

[

/

%

c

[

, and A = (𝜓 +

&

[

. Substituting (6) into (2) and minimizing free energy with respect to A and q leads to
−15𝑟 − 36𝜓 & )
SIMULATIONS AND RESULTS

For the simulation, we used the PFC model suggested by Elder[2]. Our simulation experiments are achieved using a
square box of size Nx=Ny=4096. The time step (dt) and the grid size (dx=dy) are 0.5 and 𝜋/4, respectively. We set a range
of r from −0.20 to −0.32 to study the temperature effects on the grain growth. Also, the average density 𝜓 = −0.285.
To start the simulations, two small circular seeds were placed at the left side of the simulation box. Then the crystallites
will grow and impinge on other crystallites, and grain boundaries between seeds will formed. The results of the evolution of
the seed growth are shown in Fig. 1. From these graphs, we can see clearly the so-called columnar structure, which matches
the real growth in the additive manufacturing experiment.

(a)

(b)

(c)

(d)

Fig. 1. Time evolution of the seeds at r= −0.24 at four different time steps: (a) t=2500; (b) t=5000; (c) t=7500; and (d) t=10000.
a)
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One of the most important process parameters during the solidification is the temperature difference, which can be
denoted by the model parameter r. We run a range of r cases to show its effects. Fig. 2 shows the correlation between the
average grain growth and temperature difference. Fig. 3 shows the relationship between temperature difference and growth
velocity (the slope of the lines in Fig.2). It can be observed that the velocity of the grain growth increased with r (absolute
value). As we stated before, the bigger r (absolute value) means a much larger temperature difference, which will result in a
faster grain growth. Furthermore, the effect of ambient temperature and seed-seed distance has been investigated.
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Fig. 2. The grain length for different temperatures

Fig. 3. Growth velocity for different temperatures

Finally, we find that crystal defects exist in the grain structures (Fig. 4). As can be seen in the graph, the dislocations
showed periodic arrangement in the grain boundary. The residue stress of the crystal can be derived using eigenstresses
field theory similar to that described in Akarapu’s paper[3].

Fig. 4. Grain boundary mismatch between two seeds for r=−0.24

CONCLUSIONS
In conclusion, we have presented a PFC model for the crystal growth in the solidification process during additive
manufacturing, which is one of the most promising technologies in the near future. Using PFC simulations and solid-liquid
coexistence approach, the evolution of the growth microstructure shows the columnar grain structure, which is in reasonable
agreement with the real experiments. Since our model is based on atomistic length and diffusive time scales, it is much
faster compared with other approaches, such as molecular dynamics. Overall, this model could provide a fast and effective
tool for analyzing the microstructures during additive manufacturing technology.
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PERIDYNAMIC MODELING OF BEAM VIBRATION AND IMPACT DAMAGE
CONCERNING DIFFERENT DEFORMATION SCALE
1

Ning Liu1a), Guolai Yang 1
School of Mechanical Engineering, Nanjing University of Science and Technology, Nanjing, China

Summary A revised bond-based peridynamic approach is proposed to study the beam vibration and impact damage with different deformation

scale. In order to predict the beam vibration with small deformation correctly, a surface correction factor is introduced to eliminate the
peridynamic inherent “soft” material problem near the boundary. The large deformation induced crack propagation in the beam under impact
load is studied subsequently with the uniform peridynamic model. The numerical results indicate that the peridynamic solutions for beam
vibration analysis and dynamic fracture behaviour are almost identical to the results based on classical beam theory and experimental
investigations.

INTRODUCTION
The peridynamic (PD) theory was first proposed by Silling [1] as a nonlocal theory for modeling the deformation of
solid materials subjected to mechanical loading. It reformulates the basic equations of motion in such a form that the
internal forces are evaluated through an integral formulation that does not require the evaluation of a stress tensor field or its
spatial derivatives. Damage is incorporated naturally in the theory at the level of these two particle interactions. However,
bond-based peridynamic model, in their simplest form, shows a boundary effect leading to an effectively “softer” material
near the boundary if we keep the distribution of micro-modulus for the points on or close to the boundary to be the same as that
for points in the bulk. Besides, the ordinary bond-based peridynamics uses the constant micro-modulus function in the horizon,
i.e., the effect of the distance between particles on the stiffness of the bond is ignored so that the intensity forces between
particles keeps the same within the horizon. Nevertheless, it does not match the physical nature of non-local theory well. In the
present contribution, a revised bond-based peridyanmic model is proposed to solve the aforementioned problems. We provides
a complete solution for the deformation and impact damage of elastic peridynamic beams.
BOND-BASED PERIDYNAMIC THEORY
In peridynamic theory, the state of any material point is determined by its pairwise interaction with the points that are
located within a finite distance, called the horizon, which is symbolized by δ. The equation of motion of a material point at
position x in the reference configuration is written as:

ρ u=
( x, t )

∫

Hx

f ( u( x ′, t ) − u( x , t ), x ′ − x )dVx′ + b( x , t )

(1)

where f is the pairwise force exerted on particle x in the peridynamic bond that connects particle x to x’. In most of previous
studies the pairwise force is given linearly dependent on the bond stretch [1]. However, the forces acting among bodies
decrease with increasing distances in real life problems and examples of such forces can be atomic interactions, gravity and
Lorentz force [2]. In the present work, another form of the pairwise force is adopted as follows

, ξ ) c ( ξ ) ⋅ s ( η, ξ ) ⋅
f ( η=

η+ξ
η+ξ

2
− ξ /δ
⋅e ( )

(2)

The numerical procedure involves discretization of the domain of interest into subdomains. During the discretizing
process, if one simply assumes the micro-elastic modulus drops to zero outside of the physical domain, there will be an
unreasonable reduction in material stiffness near the free surfaces. In this study the stiffness inaccuracies is revised
numerically by a parameter termed surface correction factor G, as explained in literature [3]. Thus, the discrete form of the
equations of motion given in Eq. (1) can be written as

=
ρ uin

N

∑G f (u
j =1

ij

n
j

− uin , x j − xi )V j + bin

(3)

where 𝐺𝐺𝑖𝑖𝑖𝑖 is the correction factor for a peridynamic bond between material points 𝑥𝑥𝑖𝑖 and 𝑥𝑥𝑗𝑗 .
NUMERICAL EXAMPLES

Free vibration of a simple supported beam
We first carry out the elastic vibration analysis of a simply supported beam with small deformation. The geometric and
material properties considered for the beam are: length L=0.1 m, thickness h=0.005 m, width b=0.005 m, E=71GPa, ρ=2700
kg/m3, as shown in Fig. 1.
a) Corresponding author. Email: liunieng@gmail.com.
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The transverse displacement of the midpoint (point C in Fig.1) is shown in Fig. 2. In order to investigate the effect of
surface correction factor on PD solution, the result without surface correction factor is also shown in Fig. 2. It is obvious
that considering surface correction factor the peridynamic solution is almost identical to that of classic continuum
mechanics. However, the result without considering surface correction factor shows the “soft boundary effect” which leads
to a longer vibration period of the beam.
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Fig.1. Schematic of a simple supported beam
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Fig.2. Beam midpoint transverse displacement response.

Impact damage of a three-point bending beam with offset notch
A beam specimen of PMMA with size of 220 mm × 45 mm is cut with an initial notch of 6 mm depth at the bottom
boundary as shown in Fig. 3. The relative location of the notch (denoted by γ) is defined by the offset distance, a, from the
midspan to the notch divided by half-length of the beam, i.e. γ=2a/L. A drop hammer with weight of m= 5 kg is used to
introduce a vertical impulsive loading in the center of the top surface with an impact speed of v0= 2.3 m/s. The large
deformation goes through beam leading to the crack initiation and growth until ultimate failure of the sample.

Fig.3. Edge-cracked three-point bending beam with offset notch under impact loading (all dimensions in mm)

We carry out the PD calculations with the notch location of γ=10/110, 20/110, 30/110, 40/110 and 50/110, respectively.
Fig.4. (a) shows the PD predicted crack propagation paths with different initial notch locations. The experiment results are
presented simultaneously for comparison, as shown in Fig.4 (b). We can see that the PD predictions of the crack
propagation behaviors agree reasonably well with the experimental result.

(a) PD results
(b) Experimental results
Fig.4. Predicted and experimental crack paths with different notch locations

CONCLUSIONS
A revised bond-based peridynamic model is proposed by considering the effect of the distance between particles on the
the pairwise force and the peridynamic inherent surface effect. Numerical results show that the model could accurately
predict the vibration response of elastic beams and the dynamic crack propagation in structure.
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GRADIENT BASED POST-BUCKLING OPTIMIZATION
OF LAMINATES USING KOITER’S METHOD
1

Søren R. Henrichsen1 , Paul M. Weaver2 , Esben Lindgaard1 , and Erik Lund ∗1
Department of Mechanical and Manufacturing Engineering, Aalborg University, Denmark
2
Department of Aerospace Engineering, University of Bristol, United Kingdom

Summary Laminated composite structures are typically thin-walled structures that are prone to buckling, when compressed. To fully utilize
the capabilities of such structures, the post-buckling response should be considered and optimized in the design process. This work presents
a novel method for gradient based design optimization of the post-buckling performance of such structures. The post-buckling analysis is
based on Koiter’s asymptotic method. The design sensitivities of the Koiter factors are derived using the direct differentiation method and
new design optimization formulations based on the Koiter factors are presented. The proposed optimization formulations are demonstrated
on a square laminated composite plate and a curved panel where the post-buckling stability is optimized.

INTRODUCTION
Fiber reinforced laminated composite structures allow a high degree of tailoring of the structural response, and in several
cases such a structure has a design load close to the buckling load. In these cases the performance of the structure in the postbuckling regime is of interest, and it is the aim of this work to develop gradient based optimization methods for improving the
post-buckling performance. Detailed post-buckling analysis is computationally expensive, as it involves nonlinearities, and
often a path following solution algorithm like the arc length method is used to trace the equilibrium curve. One method to
reduce the complexity and extract the most important properties of the post-buckling response is to use asymptotic methods.
The methods substitute the full and complex response by a series of simpler problems [1]. Much research within asymptotic
post-buckling analysis is based on the work by Koiter [2], see also [3, 4] for an exhaustive description of the analytical approach
to Koiter analysis. Recently, [5] demonstrated Koiter analysis combined with the Differential Quadrature Method. Asymptotic
methods extract the essential properties of the considered problem. For bifurcation buckling, these properties relate to the type
of buckling i.e., symmetric/asymmetric and the stability of the post-buckling response. In asymptotic methods the response is
assumed to develop in a self-similar manner, and it cannot capture effects not included in the asymptotic expansion. Regardless
of these limitations, asymptotic methods have demonstrated their applicability for post-buckling analysis of structures.
In the standard Koiter analysis only the first two terms in the expansions are of interest as these describe the stability in
the vicinity of the critical point and the type of stability. If the response further in the post-buckling regime is of interest,
more terms are needed in the expansion. The primary interest in this work is in the initial response, thus Koiter’s method is
applied. Assuming that the load and deformation for the distinct critical bifurcation point c are known, the initial post-buckling
response is represented by a Taylor-like expansion, where the expanded load factor λ, displacements u, strains ǫ, and stresses
σ are extrapolated into the post-buckling regime as
λ =λc + aλc ξ + bλc ξ 2 + cλc ξ 3 + . . .
0

1

0

1

2

2

3

(1)

3

u = uλ + uξ + uξ + uξ + . . .
2

2

3

(2)

3

ǫ = ǫλ + ǫξ + ǫξ + ǫξ + . . .

(3)

σ =0 σλ + 1 σξ + 2 σξ 2 + 3 σξ 3 + . . .

(4)

Here a superscript 0 defines a pre-buckling quantity, whereas all higher quantities are related to the post-buckling state. λ is
the post-buckling load factor normalized with respect to the applied load, λc is the critical buckling load factor, a, b, and c
are the first three Koiter factors which are non-dimensional, 0 u is the pre-buckling displacement field, 1 u through 3 u are the
post-buckling displacement fields, and ξ is the perturbation variable. 0...3 ǫ and 0...3 σ are the expanded strains and stresses
with 0 being the pre-buckling quantities. The expansions for λ, u, ǫ, and σ are assumed to be valid asymptotically as ξ → 0.
FINITE ELEMENT BASED ANALYSIS AND OPTIMIZATION
Koiter analysis has been implemented within a finite element framework in previous work such as [6–10], where shell
and beam elements have been used. In this work the finite element implementation is based on 9-node equivalent single layer
isoparametric shell elements using first order shear deformation theory, see details in [11].
The objective is to maximize the post-buckling stability of laminated composite structures by gradient-based optimization
techniques. Thus, the design sensitivities of the Koiter factors, a and b, and the critical buckling load factor λc are needed. The
∗ Corresponding
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direct differentiation method has been used to derive semi-analytical design sensitivities. A number of different optimization
formulations have been implemented and investigated in order to handle both asymmetric post-buckling and symmetric postbuckling responses. The Koiter factors are used to optimize the initial post-buckling response of all structures considered,
and in order to have a benchmark on the performance of the considered structures, maximization of the critical buckling load
factor is also performed.
When the bifurcation is symmetric the Koiter a-factor is zero and the initial post-buckling response is governed by the
Koiter b-factor. To maximize the post-buckling stability maximization of the Koiter b-factor is applied in such cases. This
formulation only considers the post-buckling curvature factor i.e., the Koiter b-factor, in the objective as this factor defines the
post-buckling stability. An alternative approach is to maximize the bλc product, as the product is present in the expansion of
the load factor.
When an asymmetric post-buckling response is present the Koiter a-factor is non-zero. Consequently the initial postbuckling response is unstable. In order to minimize the asymmetry the a-factor should be as close to zero as possible. In such
cases the absolute value of the a-factor is minimized.
The gradient based optimization formulations are demonstrated on two different examples i.e., a simply supported square
plate and a curved panel, see details in [11]. The parameterization is based on elementwise fiber angles but other laminate parameterizations like the Discrete Material Optimization parameterization have been implemented within the presented
framework.
CONCLUSIONS
The proposed post-buckling optimizations successfully optimize the post-buckling stability even in the considered cases
where the pre-buckling response is nonlinear, resulting in structures with increased post-buckling stability. The post-buckling
optimization method operates directly on the physical phenomenon related to post-buckling stability. Consequently, the
proposed method enables the possibility of obtaining a better performance of the laminated composite structure in the postbuckling regime.
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A LAPLACE DOMAIN BEM FORMULATION FOR DYNAMIC PROBLEMS OF
ANISOTROPIC ELASTICITY
Leonid Igumnova), Ivan Markov, Igor Vorobtsov & Alexander Konstantinov
Research Institute for Mechanics, National Research Lobachevsky State University of Nizhni Novgorod, Nizhny
Novgorod, Russia
Summary This paper presents a Laplace domain direct boundary element formulation for three-dimensional problems of linear anisotropic

elasticity, based on the integral representations of the dynamic fundamental solutions. Special technique for approximation of both static and
dynamic parts of the displacement fundamental solution (and its spatial derivative) over the boundary elements is employed along with a
parallelization scheme in order to improve computational efficiency. Modified Durbin’s method is used to obtain time domain solutions. To
validate the proposed formulation numerical results are compared with results of dynamic experiment and finite element solutions.

INTRODUCTION
The Boundary Element Method (BEM) is known to be a very efficient numerical approach for solving dynamic
problems of linear isotropic elasticity. As is well known, boundary element formulations are strongly dependent on the
availability of the corresponding fundamental solutions. This becomes a major impediment to developing a conventional
direct BEM approach when general anisotropic materials are considered since the corresponding dynamic fundamental
solutions are not available in the closed form. One way to overcome this drawback is to employ the Dual Reciprocity
Method first formulated by Nardini and Brebbia [1]. However, internal collocation nodes are often required to achieve
desirable accuracy of the solution.
In this research, a three-dimensional direct boundary element formulation is presented which uses integral
representations of Laplace domain dynamic fundamental solutions derived by Wang and Achenbach [2]. Validity of the
present formulation is confirmed through the comparison of the obtained numerical solution with results of dynamic
experiment and finite element simulation.
BEM FORMULATION
The Somigliana identity for problems of linear anisotropic elasticity yields the displacements at any point inside the
domain Ω when both displacements and tractions on the boundary Γ = ∂Ω are known:

u i ( x, s ) = ∫ (g ij ( x, y, s )t j ( y, s ) − hij ( x, y, s )u j ( y, s ) )dΓ( y ), x ∈ Ω.

(1)

Γ

where superposed bar denotes a Laplace transformed variable and s is the Laplace parameter. x and y are the source and
field points, u i and t i are displacements and tractions, respectively. g jk and h jk are the displacement and traction
Laplace domain fundamental solutions.
Following standard boundary element procedure, we obtain the boundary integral equation:

cij u j ( x, s ) = ∫ g ij ( x, y, s )t j ( y, s )dΓ( y ) − p.v.∫ hij ( x, y, s )u j ( y, s )dΓ( y ), x ∈ Γ,
Γ

(2)

Γ

where cij is the free terms, p.v. denotes that the integral is to be interpreted in the Cauchy principal value sense.
As the first step of numerical implementation, we approximate boundary geometry by eight-node quadrilateral elements
with quadratic shape functions. Spatial discretization of Eq. (2) is based on the point collocation scheme with the mixed
boundary elements with linear and constant approximation of the displacements and tractions, respectively. Such splitting of
the collocation points allows to deal with the natural discontinuities of the tractions while continuously approximating the
displacements. Displacement fundamental solution is obtained by taking the Laplace transform of the time domain
representation derived by Wang and Achenbach:

g jk ( x, y, s ) = g jk (r, s ) = g Sjk (r ) + g Rjk (r, s ), r = y − x, r = r ,

g Rjk (r, s ) = −

1
8π 2 |n|∫=1

n ⋅r > 0

3

∑
m =1

(3)

km E jm Ekm − k m |n⋅r |
e
dS ( n),
rcm2

(4)
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Figure 2. Displacement u1 (t ) at the point (0, 0, 0) m.

Figure 1. Analysis model.

g Sjk (r ) =

1
8π 2 r

∫Γ

−1
jk

(5)

(d )dL(d ),

d =1

where superscripts R and S denote the dynamic and the static parts, respectively.
The traction fundamental solution can be written as:

h jm ( x, y, s ) = С ijkl g km ,l n i ( y ),

(6)

where ni (y ) denotes the unit outward normal vector at the field point.
Since fundamental solutions cannot be expressed in a closed form, their computation, which is required for each
integration point, greatly increase overall computation time. Therefore, for calculating the displacement fundamental
solution (and its derivative) we use linear Lagrangian interpolation for the static part and approximation over five-node
quadrilateral element for the dynamic part [3]. In addition, parallelization scheme using the OpenMP is implemented.
Modified Durbin’s scheme [4] for numerical inversion of the Laplace transform is employed to obtain time domain
solutions.
NUMERICAL RESULTS
Transient problem shown in Fig. 1 is solved by the proposed method. Prismatic solid is simply supported at the bottom
face on two rectangular areas located symmetric with respect to the x1 x 2 plane. These areas have width b = 1.5 mm and
the distance between them is c = 45 mm. A uniform surface pressure t1 = t1* f (t ), t1* = −9.724 ⋅ 10 7 Pa is applied on the
area with width a = 1.4 mm in the middle of the top face. Considered material is orthotropic. In Fig. 2 obtained BEM
solution for the displacement u1 (t ) at the point (0, 0, 0) m is compared with the results of dynamic experiment and
corresponding finite element analysis. As it can be observed, these results are in a good agreement.
CONCLUSIONS
In this work a Laplace domain three-dimensional boundary element formulation for transient dynamic analysis of general
anisotropic elastic solids was presented. The difficulties arising from the use of dynamic fundamental solutions in their integral
representations are dealt with by using approximation techniques and parallelization scheme. Reliability of the proposed
boundary element formulation is confirmed by the provided numerical results. The reported study was funded by RFBR,
according to the research project No. 16-38-60097 mol_а_dk and by the Russian Science Foundation under grant
No.14-19-01096 in a part concerning the dynamic experiment.
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EVALUATION OF MODIFIED FINITE ELEMENTS WITH SPATIALLY VARYING ELASTIC
PARAMETERS FOR FUNCTIONALLY GRADED MATERIALS
Mohamad Molavi Nojumia), Xiaodong Wang
Department of Mechanical Engineering, University of Alberta, Edmonton, Alberta, Canada
Summary This paper represents a new discussion on the contribution of graded elements in providing better estimation in comparison with

conventional homogeneous elements. This comparison relies on the stress/strain variation through graded and conventional elements. The
piecewise homogeneous modelling of functionally graded materials (FGMs) by normal elements is challenged with specific examples.
Static nodal equilibrium equations are derived based on the traditional finite element formulation for a 9-node graded quadrilateral
element in which elastic constants change spatially. The superiority of graded elements over conventional elements is proved by
producing more accurate results with less efforts. Moreover, it is indicated that errors may happen in the estimation of the local field
behaviour of FGMs which are modeled with normal elements. The validity of the solution with graded elements is demonstrated by
comparison with analytical works.

INTRODUCTION
In determining stress field in FGMs the idea of considering the elastic property as a function of the coordinate system in
the traditional finite element formulation was suggested by Lee and Erdogan [1]. Giannakopoulos et al. developed a
subroutine for describing the elastic and plastic properties of FGMs at the element level [2]. Then, Kim and Paulino
compared the performance of graded elements to conventional elements in some boundary value problems [3]. Although
previous works established a good background for understanding graded elements, however, there is still no detailed
discussion on potential issues when conventional homogeneous elements are applied for studying FGMs. The importance of
the current work is to explain the mechanism through which graded elements produce more accurate, efficient and reliable
solutions, and to introduce the root of the dissimilarity in results obtained with graded and normal elements through specific
examples. To probe this issue, a 9-node linear elastic isotropic graded element is considered which is more accurate for
investigating the stress/strain variation through the element in comparison with the previously discussed 4 and 8-node
graded elements [3]. Investigating when these two types of elements leads to different results or in agreement is a key point
to analyze their performance in modelling FGMs. In the following discussion, the variation of the stress/strain through
graded and homogeneous elements is scrutinized and differences in solutions are justified with respect to the dissimilar
behavior of the FGM and homogeneous structures.
FORMULATION OF THE PROBLEM
The focus of the work is to study the influence of the material variation on the static structural behaviour of linear elastic
isotropic FGMs by using the finite element method. Applying the varying elasticity matrix in traditional finite element
formulation is the main characteristic of graded elements. The elasticity matrix under the plane strain condition is given in
Eq.(1). 𝑁𝑘 represent shape functions for isoparametric 9-node quadrilateral elements. In comparison conventional elements
have a constant elastic property.
[𝐷] =

∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥, 𝑦)
1 − ∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥, 𝑦)
0
∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥, 𝑦)
1 − ∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥, 𝑦)
0
].
0
0
(1 − 2 ∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥, 𝑦))⁄2

∑𝑘 𝑁𝑘 𝐸𝑘 (𝑥,𝑦)
[
(1+∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥,𝑦)).(1−2 ∑𝑘 𝑁𝑘 𝜈𝑘 (𝑥,𝑦))

(1)

By applying the well-known principle of the virtual work or the theory of minimum total potential energy the equilibrium
equation can be reached, from which nodal displacements (𝑎𝑒 ) can be obtained,
𝐹 𝑒 = 𝐾 𝑒 𝑎𝑒 , (𝐾 𝑒 = ∫𝐴𝑒 𝐵𝑇 𝐷𝐵 𝑑𝐴).
(2)
The local stress/strain field obtained by this procedure will be evaluated for graded and normal elements. Based on the
validated data for structural response of FGMs, it will be checked whether homogeneous elements agree or disagree with
graded elements in presenting the true estimation.
NUMERICAL RESULTS AND DISCUSSION
Two sample examples are selected to investigate the effectiveness, accuracy and reliability of the introduced 9-node graded
element. First, the validity of the solution is demonstrated in Fig. 1 by comparing it with the analytical Saint-Venant
solution for a cantilever bi-directional FGM beam in which Young’s modulus varies exponentially ( 𝐸(𝑥, 𝑦) = 𝐸0 𝑒 𝛼𝑥+𝛽𝑦 ) [4].
Dimensions and loading conditions of the problem are the same with those applied in the referenced work. The axial stress
profile along the thickness of the FG beam is drawn in Fig. 2 for different non-homogeneity indexes. Fig. 3 shows FG and
normal element solutions for axial stresses with non-homogeneity constant being 𝛽ℎ = 1.25. It can be observed that FG
a) Corresponding author. Email:molavino@ualberta.ca.
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elements are more accurate also converge faster. In addition, it is clear that the stress follows a wrong trend at the
homogeneous elements represented by scatter points (each three scatter points represent one homogeneous element). The
axial stress 𝜎𝑥𝑥 in FGM experiences an increasing trend, whereas, it is decreasing for homogeneous normal elements as
shown in Fig. 2 and Fig. 3. This will cause the error so that even by averaging between common nodes in adjacent elements,
the stress still does not match the true solution except for very fine mesh.

Fig. 1. The comparison of the axial stress
along the thickness direction at 𝑥 = 0
between the FEM and analytical solution
for 𝛼ℎ = 0.01, 𝛽ℎ = 1.

Fig. 2. The stress contour along the beam
thickness at 𝑥 = 0 for different indexes of
material variation 𝛽ℎ (𝛼 = 0).

Fig. 3. The comparison of the axial stress
along the thickness direction at 𝑥 =
0 obtained with FEM between FG and
normal elements for 𝛽ℎ = 1.25.

The second example is the indentation of a rigid flat punch to a FG substrate as exhibited in Fig. 4. The width and height of
the FGM are 𝐿𝑥 and 𝐿𝑦 , the width of the flat rigid punch is 𝑎, and the indentation depth is 𝑑, with 𝐿𝑥 /𝑎 = 2, 𝐿𝑦 /𝑎 =
1, 𝑑/𝑎 = 10−4 . The elastic constants of the FGM substrate vary exponentially in the 𝑦 direction, and a reference value of
200 GPa is considered for the Young’s modulus at the bottom, while, the Poisson’s ratio 𝜈 has the constant value of 0.3.
The problem is solved under the plane strain condition. The distribution of normal strains along 𝑥 = 1 is depicted in Fig. 5
in which the distinction in the behaviour of homogeneous and FGM elements is clear. This issue is assessed by inspecting
the strain convergence shown in Fig. 6. It is found that strains achieved by FG elements converge with 100 elements, but for
conventional elements it will take place with higher number of elements. Furthermore, similar to the previous example it
can be justified that the piecewise homogeneous modelling of the problem with normal elements may not produce reliable
results.

Fig. 4. A FGM substrate indented
by a flat rigid punch.
Fig. 5. The strain contour along the defined
pass for different indexes of material gradient 𝛽𝐿𝑦 .

Fig. 6. The comparison of the normal strain along the defined
pass between the FG and normal elements for 𝛽𝐿𝑦 = 2.5.

CONCLUSION
A general finite element procedure was reviewed for modelling linear elastic isotropic FGMs with 9-node graded and
homogeneous elements. Solving two sample problems, it was revealed that 9-node graded elements are more accurate and
effective. Furthermore, the reliability of the piecewise homogeneous modelling of the problem with normal elements for
local stress/strain field was challenged as they may produce inaccurate estimation except for very fine mesh.
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Abstract Engineering structures are designed to transfer external loads to the supports. Therefore, it is necessary to study this process of load

transfer. The U* index method has been introduced to follow the load path in the structure. The U* index value at each point corresponds to its
significance in the load carrying process. The U* index theory has been used as a new design criteria in lightweight vehicle structures but there
have been few studies that apply this method to real vehicle components under working loading conditions. In this study, a major load carrier
component of a multiple passenger vehicle is studied from the load transferring perspective, using the U* index theory. A detailed design
evaluation is also performed, based on the U* index analysis and design modification are suggested based on the evaluation.

INTRODUCTION
Load transfer analysis has opened a new door to structural analysis in mechanical engineering. While the conventional
stress analysis provides failure criteria by searching for local mechanical features, the load transfer analysis provides a general
awareness regarding the performance of the structure. Combinations of these two paradigms can lead a global understanding of
the structure. Load path is defined as the course taken by a unit of applied load within a structure, beginning at the point of
application and ending at the equilibrating boundary constraint [1]. The U* index theory for load transfer was introduced in
1995 [2] as an approach for detecting load paths in the structure. The U* index value of each point in the structure represents its
significance in load transfer process and thus, the U* index distribution in the structure can be used to detect the main load paths
in the structure [3]. Moreover, the U* index has evolved so much in the last twenty years and some useful design criteria have
been derived from this theory. These features have been used in several studies in literature (e.g. [4] and [5]). However, to
expand the application of theory it still necessary to apply the U* index theory to real world problems. Therefore, objective of
this study is to evaluate a real load carrying member of a multiple passenger vehicle using the U* index theory.
METHODOLOGY
The U* index theory introduces an indicator for
load transfer in the structure. This index can be
calculated using the total strain energy of the system
under different loading conditions. Fig. 1a shows a
sample structure. If we illustrate the whole structure
with three linear springs (Fig. 1b) the strain energy
of the system can be calculated using Eq. 1. Then, as
shown in Fig. 1c, by fixing the arbitrary point C, and
applying the initial dA at point A (Loading point) the
strain energy of the system will change and can be
calculated with Eq. 2.
𝑈=

1
1
𝑃 𝑑 = (𝐾 𝑑 + 𝐾𝐴𝐶 𝑑𝐶 )𝑑𝐴
2 𝐴 𝐴 2 𝐴𝐴 𝐴

Figure 1) Sample structure for U* analysis: (a) Original structure, (b)
Spring model and (c) Modified constraints (d) U* distribution

(Eq. 1)

𝑈′ =

′

1 ′
1
𝑃 𝑑 = (𝐾 𝑑 )𝑑
2 𝐴 𝐴 2 𝐴𝐴 𝐴 𝐴

(Eq. 2)

where PA and PA represent the loading magnitude in original and modified systems, respectively; and dA is the
displacement at the loading point. Kij (i, j=A, B, C) is the internal stiffness between the any two points in the structure. Then
following the approach introduced in [2] the U* index can be calculated by the presented formula in Eq. 3
𝑈1∗ = 1 −

−1
𝑈
2𝑈
=
(1
−
)
(𝐾𝐴𝐶 𝑑𝑐 ). 𝑑𝐴
𝑈′

(Eq. 3)
′

*

where U is the strain energy of the original system U is the strain energy of the modified system and U 1 is the load
transfer index for the imposed loads. Figure 1d shows the U*1 distribution in the sample structure along with the detected
load path based on the U* theory. Following the similar approach and index of U*2 can be defined and calculated for the
reaction forces that are going to be transferred in the structure. Combination of these two indices provides a new measure
for load transfer in the structure. This index is called U*sum and the value of this index at any point in the structure is
proportional to the significance of that point in the load carrying process.
CASE STUDY- WINDOW PILLAR OF A MULTIPLE PASSENGER VEHICLE
To verify capabilities of the U* index theory in real life problems, the window pillar of a multiple passenger vehicle was
selected for this study. Figure 2a shows the modelled window pillar. The loading and boundary condition for modelling was
extracted from an analysis on a full vehicle model.
a)
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RESULTS AND DISCUSSION
The results of the conventional stress analysis and the load transfer analysis for the imposed load (U *1) and the reaction
forces (U*2) are shown in Fig 2. Following the two load paths of U*1 and U*2 explains the reason behind the visible stress
concentration in Fig 2b. Predicted load paths show that the major portion of the loading is passing through the edge of the
interface between the horizontal and vertical bars. Thus a detailed analysis of this section can show the weak points and the
potentials for improvement in the design. Figure 2e shows the U*sum distribution in the structure and Fig. 3depicts a details
analysis on the intersection of horizontal and vertical bars.

Figure 2) a: Computer model of the window pillar, b: von-Mises stress, c: U*1 distribution, d: U*2 distribution, e: U*sum distribution

As shown in Fig.2e side part of the vertical bar is not contributing in the load transfer, which leads to poor load transfer
as shown in Fig 3d. Figures 3b and 3c highlights the jump in the stiffness value of the structure at the area which is
experiencing stress concentration in Fig 3a. Therefore, design modifications like adding a stiffener in the marked location
can improve the performance of this structure. Such modification, based on the predicted load transfer, will reduce the stress
concentration and lowers the risk of failure.

Figure 3) Detailed analysis of the intersection (a) stress concentration, (b) candidates for stiffener (welding) , (c) stiffness jump – weak
point and (d) poor load transfer

CONCLUSION
In this study the load transfer of a vehicle component was studied using the U* index theory. It was shown that U* index
can provide a reasonable justification for the complicated stress distributions and more importantly design evaluation was
done on the structure using this theory. Using U* index theory potential locations for design improvement was found in the
structure, based on the assessed load transfer of the design. This application of U* index theory in a real world problem enhances
further development of this relatively new concept in structural analysis.
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Summary In this work, a number of computational methods for the numerical solution of boundary-value problems (BVPs) for inhomogeneous elastostatics are investigated and compared. This includes algorithmic formulations, discretization methods, and numerical solution
schemes. The inhomogeneity of interest is the classic case of an inclusion embedded in a matrix. Both discontinuous (i.e., classic) and
smooth stiffness distributions are treated, the latter via phase-field modeling of the matrix-inclusion composite as a two-phase system. For
simplicity, attention is restricted to the strong form of mechanical equilibrium. With the help of the analytic solutions in the one-dimensional
context, a number of principle issues related to numerical solution of the BVP are investigated. Besides being of interest in its own right, the
general lack of commutativity of differentiation and interpolation motivates as well the investigation and comparison of both displacementand the more classic strain-based algorithms. A number of examples will be discussed.

BASIC ALGORITHMIC RELATIONS
For brevity, only the mechanical part of the coupled BVP for the mechanical and phase fields (i.e., in the case of a smooth
stiffness) is summarized here. For simplicity, attention is restricted to the case of geometric and physical linearity. Let u,
E = sym ∇u, T , and C represent the displacement, strain, stress, and elastic stiffness fields, respectively, in the matrixinclusion (MI) system. As usual, in the discontinuous case, formulation of the BVP is based on additional compatibility
and equilibrium conditions at the matrix-inclusion interface. Perhaps the most well-known class of algorithms developed for
inhomogeneous elastostatics is that based on the equivalent homogeneous medium [e.g., 2, 3]. Let C H be the corresponding
homogeneous stiffness and GH the Green function of the elliptic operator − div ◦ C H ◦ ∇. On this basis, E = Ē − ΓH ∗ TP
is a (formal) strain-based solution of the mechanical BVP determined by mean strain Ē, the Lippmann-Schwinger operator
ΓH induced by ∇GH , and the ”polarization” stress TP := T − C H ∇u. This is exploited for fixed-point iteration in a number
of algorithms or ”schemes”. In particular, the ”basic” scheme [e.g., 1, 3] utilizes the algorithmic (i.e., algebraic) forms
d = û ⊗ ık, div
\
∇u
T = T̂ ık, Ĝ−1
quantities obtained
H a = C H [a ⊗ k]k and Γ̂H A = sym ĜH A(k ⊗ k) for the corresponding
√
via (continuous) Fourier transformation (FT) in terms of (continuous) wavenumber k with ı = −1. In order to (low-pass)
filter Gibbs-related oscillations occuring in the case of discontinuous C, resulting in improved convergence behavior and
robustness, [1, 4] developed alternatively ”accelerated” algorithms or schemes. Rather than on FT of the ”exact” quantities,
these are based on FT of finite-difference approximations ∇h u and divh T to ∇u and div T , respectively, in physical space
du = û ⊗ q , div
\
depending on the grid spacing h = (h1 , . . .). Any of these can be expressed in the general forms ∇
hT =
h
h
−1
∗
∗
∗
∗
T̂ qh , ĜH a := C H [a ⊗ qh ]qh , Γ̂H A = sym ĜH A(qh ⊗ qh ), with qh the complex conjugate of qh . In particular, for
ıkm hm
− 1) for m = 1, . . . , d in d dimensions. On the
forward-backward-difference (FBD)-based acceleration, qhm = h−1
m (e
other hand, in the case of central-difference (CD)-based acceleration, qhm = ı h−1
m sin km hm . These compare with qm = ıkm
holding in the case of the basic scheme just discussed. In the current work, the above ”conventional” strained-based algorithms
are compared with analogous displacement-based algorithms in the context of the (formal) solution u = Ēx + GH ∗ div TP
of the mechanical BVP.
EXAMPLE RESULTS IN ONE DIMENSION
In what follows, five different algorithms are compared for the case of discontinuous C. The first three are based on Fast
Fourier Transformation (FFT) and include the basic scheme (FFT-basic), accelerated CD (FFT-C) and accelerated FBD (FFTFB). The other two represent direct forward-backward- (FB) and central- (C) based finite-difference schemes in the physical
space. As shown in Figure 1 (left), the inclusion lies in the region 0.25 < x < 0.75 and is 100 times stiffer than the matrix.
Results for div TP from the three FFT-based algorithms are shown in Figure 1 (right). In particular, the Gibbs oscillations
resulting from the jump in C at the MI interface are visible in the results from the basic approach (green curve). In contrast, the
filtering in the accelerated schemes filter these out. Here, the FFT-FB scheme is the most effective. This is due at least in part
to the fact that forward-backward differencing couples even and odd computational nodes, whereas central differencing does
not. This can be seen most clearly in the displacement-based results in Figure 2 (right). The analogous strain-based results
in Figure 2 (left) are insensitive to this. Note that the Gibbs oscillations of div TP in Figure 1 (right) for the FFT-basic case
∗ Corresponding
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Figure 1: Left: stiffness distribution in the MI system. Right: div TP from the three FFT-based algorithms.
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Figure 2: Strain (left) and displacement (right) results near the MI interface at x = 0.25. The points shown are grid points.
(green curve) have been largely filtered out by the Green function in the corresponding displacement results (green curve) in
Figure 2 (right). This filtering effect of the Green function can also be seen in the reduction in the FFT-C results (blue curve)
of the oscillations in the FD-C results (black dashed curve) due to the odd-even node decoupling mentioned above. On the
other hand, perfect agreement is obtained between the FD-FB (red crosses) and FFT-FB (red curve) results because of node
coupling in this case.
CONCLUSIONS
Displacement-based solutions provide a much more detailed picture of differences among the respective algorithms examined than the strain-based approach. Gibbs oscillations due to the stiffness jump at the interface affect the polarization stress
and displacement results, but not the strain results. Central-difference-based accelerated algorithms filter out these oscillations,
but result in additional fluctuations due to decoupling of odd and even computational nodes. Forward-backward-differencebased accelerated algorithms restore such coupling, resulting in perfect agreement between displacement results.
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Abstract Cutting difficult-to-machine materials has always been a challenging task for the industry. It is known that that high cutting
temperature leads to inaccuracies in component dimensions, phase transformation, and tensile residual stresses, while large cutting forces cause
high tool wear and power consumption of turning machines. Accordingly, the present study aims at the design optimization of machining
parameters including cutting speed, feed rate, edge radius and rake angle using a combination of Genetic Algorithm (GA) and Sequential
Quadratic Programming (SQP) technique in order to accurately capture the global minimum value for the cutting temperature against the
cutting force constraint. The results demonstrate that low feed and edge radius along with a roughly small magnitude of cutting speed and an
intermediate value of rake angle lead to the smallest cutting temperature when the resultant cutting force is limited to a specific value.

INTRODUCTION
Difficult-to-machine materials are extensively employed in the aerospace industry such as in landing gear and engine
rotors of aircrafts. These materials show severe work hardening together with low thermal conductivity, leading to high
cutting forces and temperatures during machining. In most optimization studies on metal cutting processes, the objective
function was often based on surface roughness, material removal rate, and production cost/time/rate [1]. There are a few
research works on the optimization of cutting temperature as the objective function. Pretea et al. [2] presented an
optimization procedure using AdvantEdge software for orthogonal turning of Waspaloy. They sought the optimal machining
parameters including feed rate, cutting speed and rake angle to maximize the material removal rate as the objective function
subjected to the constraints of cutting temperature and forces using genetic and simulated annealing algorithms.
FINITE ELEMENT MODELING
In order to obtain accurate Finite Element (FE) results, not only should reliable material, frictional, and chip formation
models be used, but also the FE model and especially the element size (number) and arrangement and adaptive remeshing
parameters must be properly fine tuned. In this study, the simulation is conducted using Abaqus/Explicit software and 4node element CPE4RT is used to mesh the workpiece and tool. The Johnson-Cook material constitutive model, Zorev
frictional model, and also pure deformation method with adaptive remeshing and rezoning/remapping techniques for chip
formation, are employed. In addition, the optimal number (size) and arrangement of elements are obtained as those
displayed in Fig. 1, and ‘Frequency=5’ and ‘Remeshing sweeps per increment=8’ are found as optimized remeshing
magnitudes. The cutting and thrust forces in turn in the cutting and feed directions along with the resultant force direction
are illustrated in Fig. 1. The validity of the FE model is verified by comparing the cutting forces and temperature of the
present work with those presented by Ref. [3] in Table 1, in which good agreement between the results is observed. The
distribution of the cutting temperature in the workpiece and tool is also shown in Fig. 1.
OPTIMIZATION PROBLEM STRATEGY AND FORMULATION - RESULTS
It is known that there is no absolute guarantee for GA to obtain accurate global point because GA searches the design
space based on random number generation using natural selection [4]. From the other side, SQP is a powerful gradientbased mathematical method capable of catching the local optimum point around the initial point accurately. As a result, if
SQP is provided with an initial point given by GA, it is guaranteed that the local point obtained by SQP is the true global
point. This optimization strategy is utilized in this work. Response Surface Method (RSM) is employed to relate input
parameters including cutting conditions and tool geometry to output quantities namely cutting temperature and resultant
cutting force via approximate, efficient response functions. Then, using these predictive explicit functions as the objective
Table 1. Comparison of average cutting
o
temperature Tchip( C) , cutting force Fc (N ) ,
and thrust force Ft (N ) .

Fig. 1. Left: Cutting force directions and arrangement of elements, Right: Distribution of
cutting temperature in the workpiece and tool
a)

Present:
Simulation
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Experiment
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and constraint functions, the optimization is carried out in order to accurately capture the global optimum point for the
cutting temperature against the resultant force constraint. It needs mentioning that the virtual design of experiment is based
on L'16 Taguchi's orthogonal Array, the factors-levels and the matrix of experiments of which are given in Tables 2 and 3,
respectively. The predicted cutting temperatures and resultant cutting forces are also presented in Table 3. The temperature
and resultant force are formulated in terms of cutting velocity V , feed f , edge radius r , and rake angle  0 by the secondorder polynomial regression model as follows:
T  1818  0.7525V  5723 f  39789 r  54.7  0  1.7 Vf  1.2Vr  0.006264V 0  134580 fr  269 f 0
(1-1)
 921r  0  0.0001194V 2  28960 f 2  336764 r  0.8332  0
2

2

Fr   3403  1.1840V  6105 f  59609r  107 0  0.0617Vf  0.0172Vr  0.0021V 0  150860 fr
 437 f 0  274 r  0  0.0001468V 2  2435 f 2  505407r  1.691 0
2

(1-2)

2

The coefficients in Eqs. (1-1) and (1-2) are calculated using the Least Square technique. The coefficients of determination,
i.e. R 2 values, calculated for Eqs. (1-1) and (1-2) are in turn 0.9916, 0.9983, showing that these quadratic response models
are very good approximations of both temperature and force. Using these functions, the optimization problem is formulated
as: Find V , f , r , and  0 To minimize OF=T/Tmin Subject to CF=(Fr/Fr,min)≤0, where OF and CF are the normalized
objective and constraint functions, and Tmin=757 oC and Fr,min=253 N are the minimum values of the temperatures and
resultant forces presented in Table 3, respectively. The upper and lower bounds and optimal values of the design variables
are provided in Table 4. Also, the objective and constraint functions are equal to 0.8960 and -0.0036, respectively. This
represents that the optimization process furnishes a decline of about 10.4% in the cutting temperature, i.e. from 757 to 678
o
C. This also indicates that the cutting force diminishes slightly by 0.36%, which can be attributed to the opposing behavior
of temperature and force during cutting. In fact, cutting force constraint is nearly active from the lower side. It is also worth
noting that the sensitivity of the design variables to the upper and lower bounds is not similar. The cutting speed and rake
angle approach one of the intermediate values between their upper and lower bounds, whereas the feed and edge radius
converge to their lower bounds. None of the design variables approaches their upper bounds, denoting that the upper bounds
are inactive side constraints and have less influence on the optimum solution.

CONCLUSIONS
In the present research, a FE model and an optimization strategy were developed to simulate dry orthogonal turning of
AISI 4340 steel. Special attention was given to optimizing machining parameters including cutting speed, feed rate, edge
radius, and rake angle using a combination of GA and SQP technique. The results demonstrated that small feed and edge
radius together with a roughly small value of cutting speed and a middle magnitude of rake angle in the given bounds provided
the lowest cutting temperature in the presence of a confined cutting force.
Table 2. Factors and levels used for virtual design of experiment
Level
Factor
V [m / min]
f [mm]
 0 [deg]
r [ m]

Table 4. Upper and lower bounds and optimum values of the design
variables
Design variable
V [m / min]
f [mm]
r [ m]
 [deg]

Table 3. Design of experiment based on orthogonal array of L’16 and
cutting temperature and resultant cutting force
Level of machining factors
Simulation results

Table 3. Design of experiment based on orthogonal array of L’16 and
cutting temperature and resultant cutting force (continued)
Level of machining factors
Simulation results

1
2
3
4

200
240
275
300

Exp.
No.
1
2
3
4
5
6
7
8

Cutting
speed

1
1
1
1
2
2
2
2

0.1
0.14
0.16
0.2

Feed
1
2
3
4
1
2
3
4

Edge
radius
1
2
3
4
2
1
4
3

25
30
40
50

Rake
angle

1
2
3
4
3
4
1
2

0
3
6
10

Temp.

Tchip (oC)

758
806
853
807
757
788
850
828

Force
Fr (N )
318
375
414
466
253
336
452
545

Upper bound
Lower bound
Optimum value

Exp.
No.
9
10
11
12
13
14
15
16

Cutting
speed
3
3
3
3
4
4
4
4

300
200
216

Feed
1
2
3
4
1
2
3
4

0.2
0.1
0.1

Edge
radius
3
4
1
2
4
3
2
1

Rake
angle

4
3
2
1
2
1
4
3



50
25
25

Temp.

Tchip (oC)

794
956
877
920
835
912
852
870

0

10
0
5

Force
Fr (N )

275
375
426
544
325
435
400
505
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A WAVELET-BASED METHOD WITH ARBITRARY HIGH ORDER ACCURACY FOR
NONLINEAR PROBLEMS IN MECHANICS
Jizeng Wang1a), Lei Zhang1, Xiaojing Liu1 & Youhe Zhou1
1
College of Civil Engineering and Mechanics, Lanzhou University, Lanzhou, Gansu, China
Summary A high-order wavelet-based solution method is developed for general nonlinear boundary value problems in mechanics. This

method is established based on a Coiflet (a typical wavelet) approximation of n-tuple integrals of interval bounded functions combined
with an accurate and adjustable boundary extension technique. Accuracy order of the proposed method is proven to be any positive even
number N as long as the Coiflet with N vanishing moment is adopted. And most interestingly, this accuracy is independent of the highest
order of derivatives in the equation to be solved. Error analysis and numerical examples of a wide range of nonlinear mechanical
problems have demonstrate that the proposed wavelet method has a much better accuracy and efficiency than most major existing
methods.

METHOD
Nonlinear boundary value problems arise from almost every scientific and engineering field, especially structural
mechanics [1-4]. Commonly, the nonlinear boundary value problems can be written into a general form

dy
dny 
T  x , y , , , n   0 , x  [ a , b]
(1)
dx
dx 

with the corresponding boundary conditions, where T is a nonlinear operator, and y is an unknown function of x. Although
there exist many alternative methods for solving the nonlinear boundary value problems (1), yet these methods may only
suitable for specific types of these problems and their accuracy can be limited by concrete characteristics of the equations to
be solved, for example, their highest order of derivatives in these equations. In this study, we develop a solution method for
general boundary value problems with adjustable arbitrary high accuracy of order N corresponding to the number of shifted
vanishing moments of the adopted Coiflet scaling function. This N can be chosen as any positive even integers.
Approximation of n-tuple integral of a function
The multi-resolution analysis of wavelet theory state that the function space L2(R) can be divided to a sequence of nested
subspaces {0}
V0 V1
Vj Vj+1
L2(R). A set of orthogonal basis of subspace Vj can be formed by
2
 j ,k ( x)  2 j /2  (2 j x  k ) , k  Z . A function f ( x)  L2 ( R ) can be approximated by projecting this function from L (R) to Vj as

f ( x)  P j f ( x)   k c j ,k j ,k ( x)
where  ( x ) is the orthogonal scaling function, and

c j ,k  





f ( x) j ,k ( x)dx .

for the Coiflet-type wavelet with N the number of

vanishing moments. The corresponding scaling function has the unique property of shifted vanishing moments:

k
 (t  M1 )  (t )dt  0 , 1  k  N
where M 1 is the first-order moment of the scaling function, which can be a positive integer. Based on this unique property,
one has
c j , k  2 j / 2 f [(k  M1 ) / 2 j ] 2 j / 2 f M1  k ,
such that the approximation of the function can be written as

f ( x)  P j f ( x)   k  f M1  k  (2 j x  k ) .


x

n

We define the n-tuple integral of the function f(x) as f  ( x)  0 0
n



2

0

f (1 )d1d2

d n

. Then we have

f  n ( x)   k  f M1  k  j n, k ( x)


x

n

where  j,k ( x)  0 0
n



2

0

 (2 j 1  k )d1d2

d n

(2)

. We have proved that if f ( x)  L2 ( R)  CN ( R) , then the accuracy of this

approximation (2) can be estimated as
f n ( x)-f P j n ( x)

L2 [0,1]

~ 2 jN

and | f n  f P j n |~ 2 jN .

This result shows that the integral tuple n does not affect the approximation accuracy. And N can be adjusted to any high
value as long as the Coiflet with compact support [0, 3N-1] is chosen, which can be realized following a standard procedure.
Solution method for general boundary value problems
a)
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Defining the derivatives of the unknown function as new functions and considering x  [0,1] , then Eq. (1) can be
converted to
T  x, y0 , y1 , , yn   0

n 1 i
2
x
 y  x n

y

d

d

d

yi (0)
(
)

n
0 n 1 1 2
 0 0 0
i 0 i !

n 1
x  n 1
2
x i 1

yi (0) , x  [0,1] ,
(3)
 y1  0 0
0 yn (1 )d 1d  2 d  n 1  
i 1 (i  1)!



x
 yn 1  yn d   yn 1 (0)

0


where yi is denoted as d i y / dxi , and yi (0) can be determined by the boundary conditions. This procedure provides a
significant computational advantage that all boundary conditions have been included in the equations.
We approximate the newly defined functions y0, y1,…, yn-1 based on Eq. (2), then submit the approximations to the
transformed governing equations, eventually we use conventional collocation method to solve the resulting equations. For a
linear version of Eq. (3), we have theoretically proven that accuracy of such a solution method can be o(2-jN), and most
interestingly, this accuracy is independent of the highest order of derivatives in the equation.
EXAMPLES AND CONCLUSIONS
Typical numerical examples including the large deformation bending of plate structures have been considered to justify
the proposed method. All the results show that accuracy order of the proposed method could reach about 7.0 when the
Coiflet basis with compact support of [0, 17] was adopted, and this accuracy order is unchanged for nonlinear differential
equations with different highest orders of derivatives.
-6

10

|Absolute errors E0|

~n-7.0
-8

10

-10

10

Absolute errors of φ
Absolute errors of S

-12

10

1.2

10

1.4

1.6

10
10
Number of grid points n

1.8

10

Fig.1. Absolute errors E0 at x=1/2 as function of the number of grid points n under normalized load Q=50 (corresponding to
resolution level j, through relation n=2j+1) for the large deformation bending of circular plate, where φ and S are
dimensionless deflection and internal axial force.
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STRESS FIELDS INDUCED BY DISLOCATION LOOPS IN ISOTROPIC CUNB FILMSUBSTRATE SYSTEM
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Summary Based on linear superposition rules and fast discrete Fourier transformation, a semi-analytical solution is developed for calculating
the elastic fields induced by dislocation loops in an isotropic thin CuNb film-substrate system. The elastic field problem of thin film-substrate
system is decomposed into two sub-problems: bulk stress due to a dislocation loop in an infinite space, and correction stress induced by free
surface and interface of the film-substrate system. Thus, continuous displacement and traction stress across the interface plane of the perfectlybounded film-substrate system are generated. Elastic fields of dislocation loops within Cu film and Nb substrate of the Cu–Nb film-substrate
system are analyzed, and it is found that the elastic fields of dislocation loop are influenced remarkably by film thickness.
INTRODUCTION
Film-substrate structures and systems are widely used in micro-chips, smart electronics, micro-sensors and manipulators,
protective coatings, etc. Study of the dynamic behaviours of dislocations are of critical importance for understanding the
microstructure evolution, plastic deformation process of thin film-substrate systems. Solutions to the elasticity field induced
by dislocations within film-substrate system are important, because the elasticity solution provides a direct means of
determining the Peach-Koehler force acting on dislocations, which is of direct relevance in understanding the microstructure
evolution and mechanical behaviours of these film-substrate systems. Making use of mirror dislocation concept and
potential theory, Head [1, 2] analyzed the changes in the stress field of a straight screw/edge dislocation caused by
differences in the shear modulus on either side of bimetallic medium. Kelly et al. [3] studied the stress field induced by an
edge dislocation of arbitrary orientation in both the surface layer and substrate medium of the layer-substrate system. The
objective of this paper is to develop an efficient and accurate method to calculate the stress due to dislocation loops in an
isotropic thin film–substrate system, and it is found that film thickness has a remarkable impact on the elastic fields of
dislocation loops within film-substrate system.
STRESS FIELDS INDUCED BY DISLOCATION LOOP IN FILM–SUBSTRATE SYSTEM
In this section, a semi-analytical solution is proposed to solve the elastic fields due to dislocation loops within thin film or
substrate of perfect bonding film-substrate system. The elastic properties of the film and substrate medium are assumed to
be (λf , µf , vf ) and (λs , µs , vs ), respectively. Accordingly, −h ≤ z + ≤ h is valid for the upper thin film A, and z − ≤ 0 is
valid for the lower substrate B. Elastic field of perfect bonding film-substrate system can be decomposed into two subproblems: bulk stress due to a dislocation loop in an infinite space, and correction stress induced by the free surface and
interface of the film-substrate system. As shown in Fig. 1(a), perfect bonding film-substrate system is decomposed into thin
film A containing dislocation loops L1 and substrate B containing dislocation loop L2. Bulk traction elastic field {𝜎𝑖3 }∞
𝐴
and {𝜎𝑖3 }∞
𝐵 on the top free surface and interface plane can be calculated out. As shown in Fig. 1(b), correction traction
and {𝜎𝑖3 }correction
are linearly superimposed onto the bulk elastic fields. As shown in Fig. 1(c), after
stress {𝜎𝑖3 }correction
B
A
linear superposition of bulk stress and correction stress, displacement and traction stress continuity across the interface
plane are satisfied.
(b) σcorrection
(a) σbulk
(c) σ�inal
Film A

Substrate B
Figure. 1: Diagram of decomposition of film-substrate system containing dislocation loops L1 within the upper thin foil A
and dislocation loops L2 with the lower layer B into a two-step linear superposition problem: (a), bulk stress; (b), correction
traction stress; (c), continuous displacement and traction stress are generated at interface plane; and free traction boundary
conditions are satisfied on the top surface planes of the film-substrate system.
Similar to the solutions for the image stress of half space developed by Weinberger et. al [4], an arbitrary correction elastic
field written in the form of Fourier series with unknown coefficients (𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹) and (𝐾1− , 𝐾2− , 𝐾3− ) are employed.
a) Corresponding author. Email: ictam2016papers@legendconferences.com.
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Considering the displacement and traction stress continuity requirements for the perfect bonding film-substrate system,
following relation stands for each �𝑘𝑥 , 𝑘𝑦 � Fourier mode.
Free traction stress on the free surface plane of the perfect bonding film-substrate system should be satisfied:
(1)
{𝜎�𝑖3 }∞𝑧 +=+ℎ + {𝜎�𝑖3 }𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛
=0
𝑧 + =+ℎ
Interface traction stress and displacement continuity across the interface plane of the perfect bonding film-substrate system
should be satisfied:
(2)
{𝜎�𝑖3 }∞𝑧 +=−ℎ + {𝜎�𝑖3 }𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛
= {𝜎�𝑖3 }∞𝑧 −=0 + {𝜎�𝑖3 }𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛
�
𝑧 − =0
𝑧 + =−ℎ
and
(3)
{𝑢�𝑖 }∞𝑧 +=+ℎ + {𝑢�𝑖 }𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛
= {𝑢�𝑖 }∞𝑧 −=0 + {𝑢�𝑖 }𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛
𝑧 − =0
𝑧 + =+ℎ
Then, unknown coefficient (𝐴, 𝐵, 𝐶, 𝐸, 𝐹, 𝐺) and (𝐾1− , 𝐾2− , 𝐾3− ) of correction displacement can be solved from Eqs. (1)–
(3), and the correction elastic field of the film medium A and substrate medium B can be generated.
SIMULATION RESULTS
In this subsection, effects of film thickness on the displacement and interface traction stress fields are investigated for CuNb
film-substrate system, and the elastic modulus are treated with Voigt isotropy [5, 6]. The thin Cu film thickness is assumed
to be: t= 30, 40 and 50 nm, and the dislocation loop is situated in the middle of the upper thin Cu film. The simulation
results are shown in Fig. 2. It can be concluded from Fig. 2 that: with the decrease of film thickness, bulk elastic field at
interface plane are changed more remarkable by correction stress.

(a)

(b)

(c)

(d)

(e)

(f)

Figure. 2: Film thickness effect on elastic fields due to a dislocation loop in the upper Cu film of the Cu–Nb film-substrate
𝑓𝑖𝑛𝑎𝑙
𝑓𝑖𝑛𝑎𝑙
system. Traction stress field 𝜎𝑥𝑧
and 𝜎𝑧𝑧 : (a)–(b), 𝑡 = 30 nm; (c)–(d), 𝑡 = 40 nm; (e)–(f), 𝑡 = 50 nm.
CONCLUSION

A semi-analytical calculation approach based on 2D discrete FFT is developed for studying the elastic field due to
dislocation loop in perfect bonding thin film-substrate system. Effects of film thickness on the elastic field are analyzed,
demonstrating that film thickness have a significant impact on the elastic fields of dislocation loops in the thin film.
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GEGENBAUR SERIES EXPANSION WITH INTERVAL, FUZZY AND RANDOM VARIABLES
Shengwen Yin, Dejie Yua, Hui Yin, Baizhan Xia
State Key Laboratory of Advanced Design and Manufacturing for Vehicle Body,
Hunan University, Changsha, Hunan, China
Summary For uncertain problem with interval, random and fuzzy uncertainties, a unified orthogonal polynomial approximation method is
developed using Gegenbauer series expansion(GSE). A simple numerical example is presented to investigate the accuracy of GSE with
different value of polynomial parameter  . Based on the numerical analysis, the optimal  for GSE with fuzzy and random variable is
determined.
INTRODUCTION
As the response prediction of uncertain models is computational expensive in many engineering cases, there is a
growing demand for the development of more efficient and accurate methods for propagating uncertainties. Due to the good
performance in accuracy and efficiency, the orthogonal polynomial approximation method has received much attention
lately. A lot of well-established orthogonal polynomial approximation methods are available for random, fuzzy and interval
analysis[1,2,3]. However, these methods are developed based on different types of polynomials. As a result, the choice of a
suitable polynomial for various uncertain models has become an important issue in the application of orthogonal polynomial
on uncertainty analysis. The aim of this paper is to develop a unified orthogonal polynomial approximation method for
uncertain problem with random, fuzzy and interval parameters. In order to construct the unified framework, the Gegenbauer
series expansion(GSE)[3] which has been successfully used for random analysis is introduced and then adapted for interval
and fuzzy analysis.
FUNDAMENTAL THEORY OF GSE AND ITS APPLICATION FOR RANDOM PROBLEMS
Based on the Gegenbauer polynomials, a continuous function f ( ) defined on   [1, 1] can be approximated as
the nth-order GSE
n

f ( )  pn ( )   fi Gi ( )

(1)

i 0

Where f i is the ith ( i  0,1,..., n ) constant coefficient which can be estimated by Gauss-Gegenbauer integration, n
denote the retained order of GSE. Gn ( ) is the parametric Gegenbauer polynomials of n degree.  is the polynomial
parameter which satisfies   0 . Recently, the GSE has been developed for bounded random problems. The premise of
GSE with random variable is to use the random variables following λ-PDFs or their derivative PDFs to approximate original
random variables. By using a suitable transformation of random variable, the GSE can be adopted to approximate any
mono-peak or mono-valley PDFs according to the practical needs of engineering. More details about the application of GSE
for bounded random problems can be found in the literatures[3] and [4]. Obviously, the GSE is based on the parametric
polynomial, thus it may have the potential to solve the interval and fuzzy problems by using a suitable  . The GSE for the
approximation of uncertain problems with random, interval and fuzzy variable is presented hereafter. In particular, the
optimal value of  for the interval and fuzzy uncertainty analysis is fully discussed.
GSE WITH INTERVAL VARIABLES
In the orthogonal polynomial approximation method, the weight function is always used to minimize the residual error
of the polynomial expansion. As a result, the weight function may have a great influence on the accuracy of the polynomial
expansion. In order to investigate the effect of the weight function on the accuracy of GSE, the third-order GSE is used to
approximate a simple function y  f ( x)  1 (1  x2 ) , and different values of  are considered. The error yielded by GSE is
plotted in Fig.1. For a comparison, the weight function of GSE with different  is plotted in Fig.2. By a comparison of
Fig.1 and Fig.2, we can find that GSE will lead to large errors at the region where the weight value is approach to zero.
Furthermore, we can observe that when   0.5 , the error yielded by GSE is much larger at the bounds of interval.
However, the weight value of GSE is the same over the interval when   0.5 . It indicates that a relatively large weight
value of GSE should be assigned at the bounds of interval if we want to achieve the same accuracy over the whole interval.
As regarding the engineering cases, the minimum or maximum of the response is always attained at the bounds of interval.
In order to improve the accuracy of GSE at the boundary points, the  of GSE can be set as arbitrary small value that is a
little less than 0.5. In this paper, the  of GSE with interval random is set as   0.1 .
a)
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Fig.1 The error yielded by GSE
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Fig.2 The weight function of GSE

GSE WITH FUZZY VARIABLES
Generally, the fuzzy uncertainty propagation can be converted into a set of nested interval evaluations by the   cut
technique[2]. The   cut denotes the interval cut from the range of variation of fuzzy variables. When 1   2 , there is

1  cut   2  cut . Fig. 3 shows a typical membership function of fuzzy variable. Based on the   cut technique, the

GSE for fuzzy uncertainty analysis contains two main steps: (1) constructing the GSE for the response at the 0  cut of
interval parameter; (2)
calculating the minimal/maximal of response at each   cut through the 0  cut GSE, which
can avoid multiple approximations at all   cuts . As the minimal/maximal of the response at each   cut is calculated
through the 0  cut GSE, it is more important to ensure the accuracy of 0  cut GSE over the whole interval. Fig.1 and 2
indicate that when  = 0.5 , the GSE can converge more rapidly at the bounds of interval. In this case, the error yielded by
using GSE for interval analysis at 0  cut may be smaller than that at any other   cuts . In order to ensure the accuracy of
the 0  cut GSE for the interval analysis at any other   cuts , the GSE with   0.5 is employed for fuzzy analysis.
However, when  ? 0.5 , a very high retained order of GSE is required to achieve a desirable accuracy for interval
analysis at 0  cut . Therefore, the  of GSE with fuzzy variable is set as   1 .
CONCLUSIONS
GSE can provide a unified approximation for the response of uncertain problems with random, fuzzy and interval
uncertainties. The polynomial parameter  of GSE depends on the nature of the uncertainty: for the random problems,
 is determined according to the original PDFs; for the interval problems,  is set as an arbitrary small value that is a little
smaller than 0.5; for the fuzzy variable  is set as 1. Through the unified GSE which is a simple function, the random,
fuzzy and interval analysis can be efficiently implemented by many numerical solver.
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OPTIMIZATION OF DYNAMIC CHARACTERISTICS OF SMART-SYSTEMS
BASED ON PIEZOELEMENTS
Valerii Matveenko, Natalya Sevodina, Nataliia Yurlova, Dmitriy Oshmarin,
Maksim Yurlov, Aleksey Ivanov
Institute of Continuous Media Mechanics of the Ural Branch
of Russian Academy of Sciences, Perm, Russia
Summary We consider the electroelastic systems consisting of an elastic deformable elements, some of which has piezoelectric
properties. Electric series circuits are connected to the piezoelectric elements. The purpose of research is to establish effective
methods of mathematical modeling, makes possible to find the parameters of the external electric circuit elements providing at
predetermined resonant frequencies the maximum damping properties of electroelastic body. A problem of natural vibrations is
offered to select effective schemes of solving the given problem. Some options of equivalent circuits of the elastic system
with piezoelectric elements are suggested as the most effective approaches to calculate the required parameters of an electric
circuit for maximum damping. The justification of the most reliable equivalent circuits is carried out on the basis of the
problem of natural vibrations. Numerical results are given.
INTRODUCTION
With the variety of options for control dynamic characteristics of smart-structures with piezoelements, it is practically
impossible to find optimal decisions without mathematical modeling. As a rule, when simulating damping properties of
smart systems are estimated according to the value of the amplitude at the resonance mode or speed transients. In the first
case, the problem about forced steady-state oscillations is solved, in the second one - the dynamic problem with initial
conditions. The applications of these tasks to find optimal parameters of piezo elements and external electrical circuits are
coupled with a number of problems. In particular, a multiple solution to the problem at different frequencies of external
actions is required to get an amplitude at the resonant modes based on the solution of the problem about the forced steadystate oscillations. When using the problem about the forced steady-state oscillations or the problem with initial conditions
the found optimal solutions are associated with the simulated option of load of the studied system.
In this paper, it is suggested to use the problem of natural vibrations and equivalent circuits in order to optimize the
dynamic characteristics of smart-systems based on piezoelements and external electrical circuits.
OPTIMIZATION OF PARAMETERS OF AN EXTERNAL ELECTRIC CIRCUIT BASED ON THE PROBLEM
OF NATURAL OSCILLATIONS
We consider a piecewise homogeneous body with a volume V= V1 + V2 , where the volume V1 consists of uniform
elastic parts, and the volume V2 - of piezoelectric elements. Power and voltage generators and RLC-circuits of any
structure, consisting of resistance, capacitance and inductance, can be connected to the piezoelectric elements through the
electroded part of surface. The problem of natural vibrations is related to finding with homogeneous boundary conditions,
solutions in the form


ui ( x, t ) = ui ( x ) eiωt
ϕ ( x, t ) = ϕ ( x ) eiωt
,
where =
ω ωR + iωI - a complex natural vibration frequency, at the same time ωR determines the resonance frequency,


ωI characterizes rate of vibrations damping, ui ( x ) , ϕ ( x ) - determines the vibration modes of displacements components
and electric potential. A variational equation for the problem of natural vibrations is formulated. Numerical implementation
of the task is performed by the finite element method. The solution to this problem gives the values of the complex natural
frequencies. Based on these results, one can build an optimization algorithm associated with finding the values of the
parameters of the external circuit (R, L, C), which provide maximum damping (maximum value ωI ) of the respective
vibration modes, except for those in which the potential on the electroded surfaces of the piezoelements is zero.
VERIFICATION OF PARAMETERS OF EXTERNAL ELECTRIC CIRCUITS BASED
ON EQUIVALENT CIRCUITS
In these electromechanical processes a piezoelement demonstrates capacitive properties and forms a series RLCresonant circuit (fig. 1a) with the external circuit, which leads to appearance of additional natural frequency. Maximum
a) Corresponding author. Email: mvp@icmm.ru
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damping of the corresponding vibration mode is achieved when this vibrations frequency coincides with one of the natural
frequency of an electroelastic body.

C0

a

b
Fig.1. Equivalent circuit

A number of studies suggest, as an electrical analog of a piezoelement, using its elementary model, consisting of a capacitor
with a constant capacity C0 . Then, on the basis of the relations describing the behavior of the current and voltage in the
series oscillatory electric circuit, it is possible to obtain expressions for the real and imaginary parts of the natural oscillation
frequency

1

1

R2

ωRe =
−
2π LC0 4 L2

1 R

ωIe =
−
2π 2 L

The numerical results allow to conclude that the piezoelectric behaves as a capacitor with a constant capacitance C0 only
at frequencies well far from resonance frequencies of the original system (a plate with a piezoelement), that is why, the
obtained parameters R and L do not provide maximum damping.
For a more adequate description of piezoelectric equivalent models are used composed of electrical elements with fixed
parameters. One of these models shown in figure 1b. Equivalent resistor Ri in the series resonant circuit Ri Li Ci
corresponds to energy losses in the structure due to the viscoelastic properties of the material. If a piezoelectric is made of
piezoceramics, which is a elastic material, then the resistance Ri can be neglected. In this model, the capacitance of the
piezoelement is not constant. Here, the piezoelement behaves like a conventional capacitor with a capacitance of C0i only
at frequencies far from resonance. The parameters of the equivalent circuit Ci , Li - the dynamic capacitance and
inductance - appear only in the vibrations at a frequency close to the resonance frequency of a piezoelectric itself. The
algorithm for calculating the parameters of the circuit is based on the equations describing oscillatory processes in the given
equivalent circuit. The results of numerical experiments display the efficiency of the electrical equivalent model consisting
of elements with lumped parameters.
CONCLUSION
A statement of the problem of natural oscillations of piecewise-homogeneous elastic bodies, a part of which has
piezoelectric properties and is connected through the electrode surface with external serial circuits, consisting of resistance,
inductance and capacitance. The possibility of using the problem of natural vibrations of electroelastic bodies with external
electric circuits to select the its parameters, which providing at a predetermined resonant frequency the highest rate of
damping vibrations is demonstrated in the numerical example.
Two options of the equivalent electrical circuits of a piecewise-homogeneous elastic body, containing piezoelements are
considered: based on the capacitor with a constant capacitance and a circuit composed of electric elements with fixed
parameters.
It is shown that a replacement of a piecewise homogeneous body, containing a piezoelement, with a constant value
capacitance capacitor, gives only a minor error at frequencies far from resonance. The second scheme considered shows
high accuracy of the entire frequency range.
The reliability and efficiency of the use of the equivalent circuits to calculate the required parameters of the elements of the
external electrical circuits is proved by comparing the obtained results with the calculations based on the problem of natural
oscillations of deformable elastic bodies with piezoelements and external circuits.
This work was supported by RFBR (grants №14-01-96003- r_ural-a, № 15-01-03976-a).
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FIFTH ORDER ANALYSIS IN SIMPLY SUPPORTED BEAM SUBJECTED TO
PARAMETRIC EXCITATION
Naoto Araumi1 and Hiroshi Yabuno ∗1
1

Graduate School of Systems and Information Engineering, University of Tsukuba, Tsukuba, Ibaraki, Japan

Summary The nonlinear response in a simply supported beam subjected to parametric excitation is investigated. Taking into account
the fifth order nonlinearity of curvature of beams and using Hamilton’s principle, the governing equation of the beam in the lateral
direction is derived. Different from usual third order analysis, the accuracy of fifth order for the hysteresis phenomenon in frequency
response curve is performed in this presentation. Employing the method of multiple scales, amplitude equation is obtained and the
bifurcations in the frequency response curve is clarified.

INTRODUCTION
There have been many studies on parametric resonance because it has very large response amplitude compared to the
excitation amplitude and resonates only in a narrow band. Due to these features, parametric resonance can be applied as an
energy harvester [1] which derives energy from vibration and as a mechanical filter [2]. Towards the efficient application,
more accurate analysis of the motion of the parametric resonance is required.
In this presentation, we theoretically analyze the nonlinear response in a simply supported beam subjected to parametric excitation. The governing equation of the system in the accuracy of fifth order of the lateral deflection is derived
by using Hamilton’s principle and is analyzed by the method of multiple scales. Yabuno and Nayfeh investigated the
nonlinear normal modes of a vertical cantilever beam excited by a principal parametric resonance theoretically [3]. They
derived the third order approximation of the lateral deflection. Utilizing this method to express the nonlinear normal
mode of this third order approximation, we obtain the amplitude equation. Different from the frequency response curve
in the third order approximation, the frequency response curve has hysteresis due to the fifth order geometric nonlinear
elasticity. The stability and the bifurcation points of these steady state amplitudes are analyzed theoretically.
ANALYTICAL MODEL AND GOVERNING EQUATION
We consider the analytical model of a beam with a tip mass and a movable end subjected to parametric excitation in
the axial direction, as shown in Figure 1 where v describes the displacements of the elastic component in the y directions.
We introduce a static Cartesian coordinate system x − y and a coordinate s along the axis of the beam. Here, M is the tip
mass at the movable end, and ξ(= b cos Ωt) is the axial periodic excitation.

y

y’
Beam
ξ

O

s

v

O’

M
x

Figure 1: Analytical model of simply supported beam under axially periodic excitation.
Under the inextensibility condition [4], we can obtain the non dimensional governing equation and the associated
boundary conditions in the accuracy of fifth order of the lateral deflection v as follows:
v̈ + µv̇ + (v 0000 + v 003 + 4v 0 v 00 v 000 + v 02 v 0000 + 6v 02 v 003 + 8v 03 v 00 v 000 + v 04 v 0000 )
 



1 03
3 02 00
0
00
+ − v + v
+ (1 + M − s) v + v v
ξ¨
2
2

Z 1

3
3
1
− M v 00 + v 02 v 00
v̇ 02 + v 0 v̈ 0 + v 02 v̇ 02 + v 03 v̈ 0 ds
2
2
2

Z s  0

1
3
1
+ v 0 + v 03
v̇ 02 + v 0 v̈ 0 + v 02 v̇ 02 + v 03 v̈ 0 ds
2
2
2
0



Z sZ s
3
3
1
+ v 00 + v 02 v 00
v̇ 02 + v 0 v̈ 0 + v 02 v̇ 02 + v 03 v̈ 0 dsds = 0,
2
2
2
1
0
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v|s=0 = v 00 |s=0 = v|s=1 = v 00 |s=1 = 0,

(2)

where (˙), ( 0 ) are the derivatives with respect to t and s, respectively. In Eq. (1), µv̇ is the effect of linear viscous
damping, v 0000 is the linear stiffness of the beam, the terms of v 003 + 4v 0 v 00 v 000 + v 02 v 0000 + 6v 02 v 003 + 8v 03 v 00 v 000 + v 04 v 0000 are
the nonlinear stiffness of the beam, and the terms proportional to ξ¨ are the effect of excitation in the axial direction and
R1

induce the parametric resonance. The terms of M v 00 + 23 v 02 v 00 0 v̇ 02 + v 0 v̈ 0 + 23 v 02 v̇ 02 + 12 v 03 v̈ 0 ds are the nonlinear
inertia force due to the tip mass, and others of the terms are the nonlinear inertia force of the beam.
FREQUENCY RESPONSE CURVE DERIVED BY FIFTH ORDER ANALYSIS
By applying the method of multiple scales, we can obtain the approximate solution as follows:






1 3
Ω
Ω
Ω
t − γ sin πs + a cos
t − γ h11 (s) + ab cos
t + γ h12 (s)
v = a cos
2
4
2
2




1
3Ω
3Ω
+ab cos
t − γ h31 (s) + a3 cos
t − 3γ h32 (s) + O(a5 ),
2
4
2

(3)

where 0 <   1 and h11 (s), h12 (s), h31 (s), h32 (s) are the mode functions derived from boundary conditions and
conditions that these functions are orthogonal to the first mode function. We can also obtain the frequency response curve,
as shown in Figure 2 where σ is the detuning parameter of the excitation frequency (Ω = 2ω + σ, ω is the first natural
frequency of the beam) and ast is the steady state amplitude, ”3rd” and ”5th” lines stand for the steady amplitudes derived
by third and fifth order analysis respectively, and the solid and dashed lines indicate the curves for stable and unstable
steady state amplitudes respectively. As ast becomes large, ”5th” lines separate from ”3rd” lines and their slopes change
from negative to positive through the inflection points.

Figure 2: Theoretical frequency response curve.

Figure 3: Phase plane at σ = 0.

In Figure 3, we show a phase plane at σ = 0 where ast is the steady state amplitude and γst is the steady state phase of
the beam. Points P1 and P3 are stable foci, and point P2 are saddle points. The arrows indicates the direction of the motion
of the points. All initial conditions in the unshaded area lead to the points P1 which are lower steady state amplitudes,
while all initial conditions only in the shaded area lead to the points P3 which are higher steady state amplitudes.
CONCLUSIONS
In this presentation, we derived the governing equation of a simply supported beam subjected to parametric excitation
considering fifth order nonlinearity of the lateral deflection. By using the nonlinear normal modes of third order analysis
and obtaining the solvability condition of fifth order solution, we described the frequency response curve with the effect of
the fifth order geometric nonlinearity of the beam. For a particular excitation frequency at which there are two nontrivial
and steady state amplitudes, we showed the trajectories in the phase plane and the initial conditions determine which
steady state amplitude is realized. In the near future, we will do experiments by various initial conditions and confirm the
theory.
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MONITORING THE VISCOELASTIC BEHAVIOR OF COMPLEX FLUIDS USING
MULTI-FREQUENCY RESONANCE TRACKING
Tobias Brack ∗1 and Jurg Dual1
1
Institute for Mechanical Systems, Department of Mechanical and Process Engineering, ETH Zurich, Zurich,
Switzerland
Summary This paper presents a resonance sensor that is able to monitor shear storage and shear loss modulus of a complex fluid. Using
a frequency tracking control loop, the dynamic properties of a vibrating circular tube that is in contact with the fluid are evaluated. An
analytical sensor model allows to relate the dynamic properties of the coupled system tube-fluid with the mechanical properties of the
fluid itself. By simultaneously controlling multiple resonance modes of the oscillator, a discrete spectrum of the complex moduli can be
monitored. As an example, a viscoelastic xanthan gum solution is characterized at five discrete frequencies between 2 kHz and 20 kHz.
The measurements are combined with a conventional mechanical rheometer representing the lower frequency range from 10 to 300 Hz. The
results are compared to measurements obtained by diffusing-wave spectroscopy (DWS).

INTRODUCTION
In modern applications, a lot of sensors exist that use the dynamic parameters (e.g. resonance frequency) of a vibrating
system to determine the magnitude of external influences. This may be the mass of an additional load [1] or the mechanical
properties of a fluid [2]. Usually, control loops are used to maintain the vibration at resonance which allows to continuously
monitor the measurement parameters. However, this method is typically limited to one single frequency. But especially in
rheology, the evaluation of several frequencies is necessary. Until now, this has been overcome by using multiple resonators
[3] or by consecutively tracking different resonance frequencies [4].
The sensor presented in this paper uses multiple parallel control loops that are each responsible for the tracking of one
resonance frequency of a continuous mechanical oscillator. This allows to simultaneously evaluate a discrete frequency
spectrum of external influences by using one single oscillator.
SENSOR DESIGN AND OPERATION MODE
The experimental setup of the sensor presented in this paper is deelectropicted in Fig. 1. The vibrating structure, colored in red, is a fixed-free magnetic
brass tube system with a free length of 227 mm. Approximately half of excitation
the free vibrating length is in contact with the fluid. An electromagnetic optical
readout
transducer excites the system at the free end to torsional oscillations.
Since the phase shift between an excitation signal and the corresponding
response is a unique indicator for both resonance frequency and damping,
the response of the system is measured optically and a phase-locked loop
is used as control method to achieve the frequency tracking. This allows
to continuously measure the resonance frequency as well as the damping
of the oscillator with or without fluid influence [5]. As described in [6],
a parallel arrangement of multiple PLL subsystems can be used for the
simultaneous tracking of multiple frequencies. Thereby, each PLL is re(a)
(b)
sponsible for the phase control and generation of one single frequency,
Figure 1: Experimental setup of the sensor. - a)
while the sum of all PLL outputs is led to the oscillator as excitation.
In the vicinity of a resonance frequency the torsional oscillator can be Section view: Moving parts are colored red, fixed
described by a linear, single degree of freedom oscillator. If the sensor is parts are green. (b) Photo of the sensor.
immersed into a fluid, an external shear force influences the sensor. Due
to this force, both resonance frequency and the damping will alter. The shear force can be described by a non-linear, complex function Ff that is dependent on the fluid properties, i.e. the density and complex viscosity η = η 0 − iη 00 , the sensor
dimensions, the vibration frequency ω and a mode-dependent factor that includes uncertain parameters like the fluid level or
the influence of the fixation [2]. It is assumed that all parameters except the two viscosity parameters are known a-priori or
by means of calibration. Hence, the measurement of two parameters, namely the resonance frequency and modal damping,
is sufficient to evaluate the complex viscosity and thus shear storage and shear loss modulus G0 and G00 of the fluid at the
resonance frequency.
∗ Corresponding

author. Email: brack@imes.mavt.ethz.ch
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It can be shown that the additional damping is proportional to the real part and the shift of the resonance frequency is proportional to the imaginary part of the fluid influence Ff [2]. However, the formulation for the frequency and damping shift
cannot be analytically solved for η 0 and η 00 due to the complexity of the function Ff . Therefore, the shift of both resonance
frequency and damping is numerically calculated for a given set of complex viscosities using an analytic model of the sensor.
The resulting data points are then used to relate the measured values of frequency shift and damping shift with the complex
viscosity.
RESULTS
As a sample fluid a solution of 0.5% kg/m3 xanthan gum in deionized water is used. Here, the five first torsional modes of
the sensor are used, covering a frequency range from 2 kHz to 20 kHz. The measurement results are compared with diffusingwave spectroscopy (DWS) measurements provided by LS Instruments AG. Measurements with a conventional mechanical
rheometer are performed as well. The result depicted in Fig. 2 shows a very good agreement between the different methods.
The error for mode 5 is due to the digital control loop that operates near at its maximum frequency of 24 kHz.
4
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Figure 2: Complex viscosity η ∗ = η 02 + η 002 and complex shear moduli G0 and G00 of 0.5 w% xanthan solution measured
by conventional rheometry, DWS and the torsional oscillator.

CONCLUSIONS
In this paper a resonance sensor has been presented that is able to measure the viscoelastic properties of a complex fluid
by using multiple resonance frequencies of a vibrating structure. In contrast to other existing methods this approach allows to
monitor viscoelastic parameters in the laboratory as well as in industrial applications. Here, five frequencies between 2 kHz
and 20 kHz have been used. Since a full calibration is not possible, the calculation of the complex viscosity is performed based
on an analytic model of the sensor. Measurement results of xanthan solution show a very good agreement to other methods,
hence proving the correctness of the measurement method.
Since only one oscillating structure as well as one sensor/actuator pair is necessary, the presented method is very flexible. By
varying the design and the controller hardware, the range and the number of the used frequencies can easily be adapted.
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ROBUST STABILITY OF MILLING PROCESSES
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Summary Prediction of machine tool chatter requires the characterization of the dynamics of the machine-tool-workpiece system by means
of frequency response functions (FRFs). Uncertainties of the measured FRFs implies uncertainties of the calculated stability diagrams,
therefore robust stability analysis against perturbations of the FRF is of high importance. In this work, a method is presented to calculate
robust stability boundaries based on uncertain FRFs using a combination of the multi frequency solution and the concept of stability radius
defined by µ-values.

INTRODUCTION
In the 1960s, the work of Tobias and Tlusty highlighted the importance of the so-called surface regenerative effect in
machine tool vibration. Past vibrations of the cutting affects the actual cutting force acting on the tool tip, therefore the
process can be described by delay-differential equations (DDE). Stability properties of the machining processes are depicted
by the so-called stability lobe diagrams, which plot critical depths of cut versus spindle speed. These diagrams provide a
guide to the machinist to select the optimal technological parameters in order to achieve maximum material removal rate
without chatter. Although there are several efficient numerical techniques to the stability analysis of the underlying DDEs,
the predicted stability lobe diagrams often do not match experimental cutting tests. One reason for this is the uncertainties of
the measured FRF.
DYNAMICAL MODEL OF MILLING OPERATIONS
The governing equation of milling operations involves time-periodic coefficients, which implies the existence of a periodic
solution. The stability properties of the perturbed variational system around the periodic motion can be determined according
to the extended Floquet theory. The simplest model is used here, where the dynamical properties of the tool are reduced to
a single-degree-of-freedom system (SDoF), and a straight-fluted milling tool is considered with constant pitch angle, i.e.,
the principal period is identical to the tooth-passing period. This model is described by a linear periodic delay-differential
equation in the form
ẍ(t) + 2ζωn ẋ(t) + ωn2 x(t) = G(t) (x(t − τ ) − x(t)) ,

(1)

where τ = 60N/Ω is the regenerative delay (tooth passing period), N is the number of teeth and Ω is the revolution of the
spindle given in rpm. The τ -periodic function G(t) is called directional factor, which can be calculated as
G(t) = Q

N
X
j=1


gj (t) sin ϕj (t)


Kt
cos ϕj (t) + sin ϕj (t) ,
Kr

(2)

where Q = ap qfzq−1
pKr /m is the specific cutting-force coefficient, m, k and c are the modal mass, stiffness and damping,
respectively, ωn = k/m is the undamped natural angular frequency, ζ = c/(2mωn ) is the damping ratio, ap is the axial
depth of cut, fz is the feed per tooth, Kr is the radial- and Kt is the tangential cutting coefficient, ϕj (t) is the angular position
of tooth j and gj (t) ∈ {0, 1} is a screen function indicating whether the tool is in the cut (gj (t) = 1) or not (gj (t) = 1) [1].
Extended multi frequency solution
The mathematical background of the multi frequency method and its extension is detailed in [2, 3]. The solution implies
a Fourier-series expansion of the periodic functions and gives a Hill’s infinite matrix in the form
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Figure 1: Milling operations: a) Dynamical model b) Robust stability diagram of a downmilling operation with radial immersion ratio 85% (relative error is r(ω) = 0.2|H(ω)|) c) Robust stability diagram of a full-immersion milling operation (relative
error is r(ω) = 0.2|H̄(ω)|).
which corresponds to the perturbed motion around the periodic solution, where Gn is the nth -order Fourier component of
the periodic function G(t). Hill’s infinite matrix can be factorized as Φ = HEW, where H = diag(H(mΩ + ωc )),
E = diag(e−i(mΩ+ωc )τ − 1), and [W]mn = G(m−n) . After truncation to the first ±l harmonics, the indices are reduced
to m ∈ {−l, . . . , l} and n ∈ {−l, . . . , l}. The existence of a periodic solution around the stationary motion requires that
det(I − Φ) = 0.
ROBUST STABILITY
Due to imperfect excitation, the changes in the environment and the complexity of the machine-tool structure, the measured
FRFs are usually loaded by noise. In practice, the measurements are repeated several times and the average of the individual
measurements is used for the construction of stability diagrams. This technique does not take into account the uncertainty
of the measurements. Here we assume that the FRF is decomposed into two parts, an averaged frequency response function
H̄(ω) and a perturbation δH(ω), i.e. H(ω) = H̄(ω) + δH(ω). The maximum size of the perturbation is described by the
uncertainty radius r(ω) such that |δH(ω)| ≤ r(ω). This definition of the perturbation gives complex disks on the Nyquist
diagram. Condition for a periodic solution for the perturbed system can be given as
det(I − (H̄ + δH)EW) = 0

⇐⇒

det(I − EW(I − H̄EW)−1 δH) = 0.

(4)

Robust stability analysis is performed using the concept of stability radius, which defines the distance from the stability
limit in terms of perturbations. Following [4], the formula for the stability radius can be given using the so-called µ-values in
the form


−1

rδ =

sup µ(M)

,

(5)

ωc ≥0

where M = EW(I − H̄EW)−1 . The µ-values are then approximated as µ(M) ≤ ρ(M̃R), where ρ is the spectral radius,
R = diag(r(mΩ + ωc )) and [M̃]mn = |[M]mn | (for further details, see [4]).
Results are presented in Fig. 1 b) and c) for a straight-fluted milling tool with N = 2, where 20% uncertainty was assumed
in the FRF in the form |δH(ω)| ≤ r(ω) = 0.2|H̄(ω)|. Robust stability boundaries show that, for certain parameter regions,
the uncertainties of the FRF can strongly affect the stability of the process. Machining parameters should be selected from
the robust stable region in order to avoid the possibility of producing chatter.
Acknowledgment
This work was supported by the Hungarian National Science Foundation under grant OTKA-K105433. The research leading to these results has received funding from the European Research Council under the European Unions Seventh Framework
Programme (FP/2007-2013) / ERC Advanced Grant Agreement n. 340889.
References
[1] Insperger T., Stepan G.: Semi-discretization for time-delay systems. Applied Mathematical Sciences 178, Springer, New York, 2011.
[2] Altintas Y, Budak E.: Analytical prediction of stability lobes in milling. CIRP Annals - Manufacturing Technology 44, 357362, 1995.
[3] Bachrathy D., Stepan G.: Improved prediction of stability lobes with extended multi frequency solution. CIRP Annals - Manufacturing Technology 62,
411-414, 2013.
[4] Karow M., Hinrichsen D., Pritchard A.J.: Interconnected systems with uncertain couplings: explicit formulae for µ-values, spectral value sets and
stability radii. SIAM J. Control Opt. 45(3), 856-884. 2006.

2970

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

CALIBRATION OF TUNED MASS OR INERTER BASED VIBRATION ABSORBERS
Steen Krenk∗ and Jan Høgsberg
Department of Mechanical Engineering, Technical University of Denmark, Kongens Lyngby, Denmark
Summary It is becoming increasingly common to use vibration absorbers on civil and mechanical engineering structures, due to increased
flexibility of these structures. The flexibility of the structure generates a non-trivial interaction between the structure and the absorber,
that may severely influence the optimal calibration of the device. A common calibration procedure for mass and inerter based devices
is developed, based on a simplified system in which the effect of the structure flexibility is represented by two contributions: a quasistatic flexibility and a quasi-dynamic inertial term. This system is used to develop an equivalent resonant absorber device, and an explicit
calibration procedure is developed, in which the equivalent system is calibrated first, and the equivalent parameters then recalculated for the
real device parameters. Examples illustrate the near optimal balance of the frequency response attained by this calibration.

INTRODUCTION
The concept of the tuned mass damper, in which the structural vibration generates a resonance in the device consisting
of a suspended mass, was developed in the forties [1] and has found increased use with the development of more slender
and flexible structures. The tuned mass absorber is mounted at a single point and reacts to the absolute motion. Much more
recently a similar device, but based on the relative motion of two points of fixture, has been developed in the form of absorbers
with an inertial element in the form of an inerter [2, 3]. As it turns out a common format and calibration procedure can be
developed for mass and inerter based vibration absorbers. These vibration absorbers target a specific vibration mode, and due
to the local mounting of the device the motion and the forces associated with the structure-device interaction will be influenced
by contributions from other modes. A common calibration procedure is described, in which the effect of the non-resonant
modes is accounted for by two coefficients, associated with flexibility and inertia, respectively.
EQUIVALENT DEVICE-STRUCTURE SYSTEM
When mounting a device on a structure, the interaction can be described by a displacement component u = wT u in which
u denotes the displacement components of the structure, and w is an integer array with one or two entries that identify the
degree(s) of freedom connected to the device. A key point of the present procedure is an approximate representation of the
response u to a device force f in the form
u ≃

h

ωr2

1
1
1 ω2 i
ωr2
+ ′ − ′′ r2 f.
2
− ω kr
kr
kr ω

(1)

This is a modification of the standard modal response formula in which ωr and kr are the frequency and modal stiffness of
the resonant mode r, while the additional two terms are an approximate representation of the response from the non-resonant
modes. The coefficients kr′ and kr′′ represent a flexible and an inertial coupling between the resonant modal displacement and
the device. These coefficients can be determined from the structure stiffness and mass matrices by standard matrix operations,
without the need for a full modal analysis, as demonstrated in [4]. Seen in relation to the device these two terms correspond to
a spring with stiffness kr′ and an inerter type term with equivalent mass m′r = kr′′ /ωr2 as illustrated for the tuned mass absorber
in Fig. 1a.
(a)
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m′r

uj
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uj
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m′d
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Figure 1: (a) Tuned mass absorber with structural corrections kr′ and m′r . (b) Equivalent device with parameters kd′ , m′d , c′d .
The tuned mass absorber with stiffness kd , mass md and damping parameter cd can be calibrated in an optimal sense if
acting on a single mass structure by use of the poles of the quartic characteristic equation [5]. It furthermore turns out, that the
dynamic amplification of the amplitude of the structure is closely equal to the reciprocal of the optimal damping ratio of the
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absorber. Thus, for the basic structure-absorber system a simple explicit calibration procedure is available based on selection
of the target amplification around resonance [5].
In the present case with flexibility and inertia effects from the non-resonant modes an explicit calibration procedure can
be obtained by establishing an equivalent tuned mass absorber in which the background flexibility and inertia effects are
represented via equivalent stiffness, mass and damping parameters kd′ , m′d and c′d , as illustrated in Fig. 1b. The design
procedure starts with the selection of the dynamic amplification factor, and setting this equal to the reciprocal of the equivalent
device damping ratio ζd′ . When selecting this to be the optimal damping, this determines the equivalent device mass and
stiffness m′d and kd′ . The relations defining the equivalent resonant absorber parameters are now inverted to yield the stiffness
kd , mass md and damping cd of the actual device.
EXAMPLE
The efficiency of tuned mass/inerter absorbers and the efficiency of the calibration procedure are illustrated by the simple
example of an 10 storey building represented as a shear frame with identical stiffness of all storeys. For the lowest vibration
modes a good location of a tuned mass damper is at the top floor, while the inerter based device connects the ground floor and
ceiling. Both devices are calibrated for an amplification factor around resonance of 10, corresponding to an equivalent device
damping ratio of ζd′ = 0.1. Figure 2 shows the dynamic amplification for loading with the mode 2 vertical distribution, and
thus the effect of the non-resonant modes is solely due to the non-resonant displacements resulting from the local interaction
with the device. Three calibration procedures are compared: simple calibration without effects from non-resonant modes,
effect of non-resonant modes via a low-frequency flexibility correction, and the present procedure with a combined flexibilityinertia correction. As seen from the figure the present procedure leads to a regular frequency response curve closely matching
the maximum amplification factor of 10 used in the design, while the other two calibration procedures handle one of the
devices satisfactorily, while the other is quite unbalanced.
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Figure 2: Second mode amplification of shear frame structure. Absorber with (a) mass, (b) inerter. Simple (dashed), quasistatic (dashed-dotted), quasi-dynamic (solid).

CONCLUSIONS
An explicit procedure has been developed for the calibration of resonant vibration absorbers with an inertia element
from either a suspended mass or an inerter. The procedure incorporates the structure-device interaction effects into a simple
equivalent resonant mass/inerter based system, which is then calibrated by established methods, followed by subsequent
evaluation of the parameters of the actual device. The structure is represented by the appropriate modal mass and natural
frequency, plus two new parameters characterizing the additional flexibility and inertia effects of the interaction between
structure and device. Examples demonstrate high accuracy of the calibration procedure, which attains a balanced frequency
response curve with specified level of amplification with high accuracy.
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TWO POSSIBLE EXCITATIONS FOR THE BRISTLE ROBOT
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Summary The paper presents the vibratory robot with two different excitations. One excitation acts in the vertical and the other in
the horizontal plane. The dynamic model of the robot locomotion is given and the behaviour of the robot is analysed. The
deformation of the bristle and the change of the friction between the bristle and the supporting plane are defined as a function of
the robot vibrations and the slip velocity of the bristle tip. The difference in the behaviour of the robot for both excitations is shown
and indicates which excitation is more efficient. The locomotion velocity as a function of the frequency is given for both
excitations.
INTRODUCTION
The robots which imitate the motion of small or very small animals have different principles of working than larger robots
that usually have wheels or they walk. The latter are very complicated; there may be problems with their stability and control,
but they are very useful in many industrial applications. Small animals move by crawling, jumping, changing their shape,
using their wings, etc; worms and caterpillars periodically swell their bodies, snakes periodically change the distance between
scales and their angle on the bottom of their body. The periodic motion of some organs (the swelling of their bodies, the
motion of their tails, the upward/downward movement of their wings) generatevariable forces which are responsible for the
animal locomotion. The average of periodic force is called vibratory force and it is responsible for the motion. The average
velocity stabilizes when the vibratory force is zero.
DESCRIPTION OF THE ROBOT
The vibratory robot is shown in Fig.1. It consists of the base 1, two motors DC 2, 3 with the static imbalance, the bristles
4, 5 in two rows, and the remote control of the robot´s motion. The rotor´s imbalances can rotate in the vertical or horizontal
plane. The centrifugal forces generate vibrations of the robot and variable normal and friction forces at contact with the base.
The components of the centrifugal forces in the direction x and the friction force at the bristle´s tips are responsible for the
robot locomotion. When the motor spins with the same velocity the robot moves straight. The direction of the robot´s motion
z
is controlled by the motor´s spin velocities.
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Fig. 1 - Vibratory robot
side and top view, b, c) components of the slipping velocity and the forces at the tip,
d) forces acting on the robot in the horizontal plane
1-base of the robot, 2, 3 – motors, 4, 5 - bristles, 6- battery
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The friction forces at the tips B1 and B2 depend on the vertical vibration
of the robot and its locomotion velocity. The contact of the bristle with the base
and the forces acting on it are shown in Fig. 2.
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Without friction the normal reaction is a function of vertical displacement of the robot and the rigidity of the bristles as
𝑁 = 𝑘𝑦/𝑡𝑎𝑛2 𝛾. The friction force increases or decreases the normal force depending on the direction of the slipping
velocity.
𝑁𝐵 = 𝑘𝑦𝐵 /(𝑠𝑖𝑛𝛾(𝑠𝑖𝑛𝛿 + 𝜇 ∙ 𝑐𝑜𝑠𝛿 ∙ 𝑠𝑖𝑔𝑛(𝑣𝐵 ))),
where vB is the slip velocity of the bristle´s tip.
BEHAVIOR OF THE ROBOT
The motion of the robot in the reference frame OXYZ is defined by the following equations
translation
𝑀𝒒̈ 1 = 𝑸𝒒1 + 𝑭𝒒1
and rotation in Cxyz frame
𝑰𝒒̈ 1 = 𝑸𝒒2 + 𝑭𝒒2 .
where
q1=[x, y, z] T, - defines the position of the mass center C in the XYZ reference frame,
q2=[α, β, γ] T – defines the robot´s angular position in the Cxyz reference frame,
Qq1, Qq2 – forces from the motors and their moments about the axis x, y, z,
Fq1, Fq2 –friction forces and their moments around the axis Cxyz.
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For vertical excitation the normal reaction is higher than for horizontal
excitation which results in higher friction force in the direction x.
Therefore the velocity of locomotion of the robot with vertical excitation
is higher as is shown in Fig.4. Changing the angular velocity of the motors
one can control the trajectory of the robot.
Fig.4. Locomotion velocity as a function of the motor speed
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Fig. 3. Some properties of the robot
a, b) displacement of the robot for horizontal (HE) and vertical (VE) excitation, c, d) vertical vibration for HE and VE,
e, f) normal, friction force and slip velocity of the tip B1 for HE, g, h) normal, friction force and slip velocity of the tip
B1 for VE, i, j) components of vibratory force for HE, k) components of vibratory force for VE
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CONCLUSIONS
The inertial excitation and asymmetrical friction generates vibratory force which pushes the robot. The excitation in the
vertical plane generates greater friction forces and therefore higher velocity of locomotion. For greater imbalance the robot
can move by jumping/hopping. The inertial excitation needs less energy than other exciters of vibration. The bristle robot can
be made very small.
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METASTRUCTURES FOR VIBRATION SUPPRESSION
Jared D. Hobeck and Daniel J. Inman
Department of Aerospace Engineering, University of Michigan, Ann Arbor, MI, USA
Summary Traditional damping methods such as viscoelastic treatments as well as the more recent metamaterial inspired
approaches are not scalable, fail at low frequency, are temperature sensitive and are relatively narrowband. This talk
examines the expansion of the metamaterial concept of repeated cells to address the aforementioned issues. This talk
examines a metamaterial inspired approach to creating new structural systems with superior vibration damping properties by
embedding inserts into a structure to create a system with low frequency, broadband-damping and vibration suppression
properties across multiple scales. In addition to optimizing chiral based meta material configurations, two novel insert
configurations combined with a magnetic field to produce nonlinear inserts that greatly improve the design space of
metamaterial inspired structures are illustrated. These new configurations are scalable from micrometers to meters. Simple
analytical models are presented, 3-D printed examples are manufactured and the models validated against experiments.
METASTRUCTURE BACKGROUND
Here we use the term “metastructure” rather then metamaterial to underscore that we are interested in low frequency
vibration and are looking at man made structures, not man made materials. This effort builds off of previous research in
two, seemingly disparate areas of mechanics. The first is the field of metamaterials, the area of research based on inserting
periodic anomalies into structures to create materials and structures with new features (e.g. Fok, et. al., 2008, Craster and
Guenneau, 2013). The second significant background involves mechanics developed by the author in creating low
frequency, high bandwidth oscillators while researching piezoelectric based, vibration energy harvesters (e.g. Erturk and
Inman, 2011; Karami and Inman, 2011a, b, c). While the two areas seem unrelated the mechanics of energy harvesting
devices are extremely relevant because energy harvesting devices can also serve as actuators, sensors and vibration
absorbers.
In fact, much of the early work in piezoelectric based energy harvesting was performed by the community
working on piezoelectric shunt damping (Lesieutre, 1998). There are numerous research results in metamaterials and
correspondingly large bodies of literature. Here we focus just on the most relevant previous work.
The most relevant previous work in metamaterials is that of Baravelli and Ruzzene (2013a, 2013b) who addressed the
problem of low frequency vibration suppression using inserts that act as vibration absorbers. Their method consisted of
chiral lattice inserts used as internal resonators. This work shows that the proposed effort has a good possibility of success
by illustrating clearly that a finite sized beam with proper inserts can reduce global vibration levels.
In addition they
showed that using graded chiral inserts improved vibration reduction and band gap performance.
SAMPLE RESULTS
A lumped mass model of the metastructure bar is assembled. A base line bar is established with a uniform distribution
of mass and no absorbers. Next a bar with the absorbers is printed (see Fig. 1) and modelled with inserts that constitute
internal vibration absorbers making up a metastructure. Note that the metastructure is designed to have the same mass as the
base line bar. The response of the two systems is compared for a number of cases with varying physical parameters and
geometries. Fig. 2 shows both the (steady state) frequency response of each structure and the (transient) time response to
an impulsive load for both the base line structure and the metastructure. It is clear from both response plots that the
metastructure has superior vibration suppression qualities along a range of frequencies.

Figure 1 Example of a 3-D printed metastructure (bar) for longitudinal vibration suppression.

The situation can be made broadband by introducing magnetic components into the metastructure and these results are also
presented. The results can also be optimized as presented in Fig. 3 to further enhance vibration suppression qualities.
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Figure 2 Comparison of the frequency and time response of solid bar (No VAs) with a metastructure bar of equal mass (with Vas).

Figure 3 Optimal design of chiral-based metastruture [10]

CONCLUSIONS
An introduction to vibration suppression using metastructure concepts illustrating broadband vibration suppression and
scalability has been presented. The examples presented here show that this design of a metastructure can produce a favorable
dynamic response. Keeping the mass constant between a plain bar and a metastructure is an important design constraint
because typical add on absorbers may increase the mass of the system by as much as 25%, which is unacceptable in
aerospace applications.
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Mechanical Vibration Isolation with Stochastic Resonance
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Summary Stochastic resonance is observed by a mechanical experimental apparatus, it is found that addition of noise can lead to an improved
SNR-the ratio of signal to noise for the response. This paper challenges the vibration isolation to embrace the definition of stochastic resonance
in terms of signal processing “noise benefits”, and to design of the nonlinear isolator aimed at verifying that unpredictable fluctuations can play
a functional role in the force transmission. The nonlinear vibration isolation system could be implemented by connecting a vertical springs in
parallel with two additional horizontal springs, which are configured so that the potential energy of the system has a double-well. SNR of
transmitted force is used to analysis this isolation system. It can be seen that the stochastic resonance peak can shift to the higher noise intensity
as excitation frequency is increased, and as excitation amplitude is increased the SNR can be increased at any noise intensity.
INTRODUCTION
In certain nonlinear systems, increasing the noise level causes an increase, rather than a decrease, in the quality of
signal transmission[1]. A vibration isolation model consisting of three springs [2-3] is used to demonstrate the usage of
stochastic resonance in vibration isolation.
EXPERIMENTAL OBSERVATION OF STOCHASTIC RESONANCE
Fig. 1 shows the schematic and photograph of the experiment rig. It consists of a cantilever beam and two magnets,
which attract the tip of the beam. The cantilever beam is made of steel (GCr15SiMn) with total length 0.2 m, Crosssectional area 0.008×0.001m2, thickness 0.001m, Young‟s modulus 206GN/m2, mass density 2700kg/m3. The magnets
each have intensity 0.2T were positioned close to the beam tip to ensure that the system was bi-stable, symmetric and the
static displacement of the beam due to the magnetic attraction was 0.0089 m. The amplitude of the sinusoidal signal
supplying the shaker was maintained at a constant level 0.5 V and the frequency 1 Hz. The ratio of input signal to noise
SNRlinear is the controlled parameter. In this experiment 1/SNRlinear was varied from 20% to 40%, and the time series of the
response was recorded for each setting. Fig. 1(c) shows the SNR of response varying with input SNR. It is clearly that as
increasing noise intensity, the SNR is increased at some noise. At 1/SNRlinear=0.3, The system jumps randomly between two
wells when only subject to random excitation, then put a weak periodic that cannot drive the system from one well to
another well into the system, noise induced hopping between the potential wells can become synchronized with the weak
periodic forcing, and the red line shows periodic and its period equals 1 seconds.

(a)
(b)
(c)
Fig. 1 Stochastic resonance experiment rig; (a) Schematic experiment device, (b) actual experiment rig. (c)Ratio of output signal to noise changing with
1/SNRlinear , harmonic excitation voltage is fixed at 0.5V.

VIBRATION ISOLATION WITH STOCHASTIC RESONANCE
Fig.2(a) shows a simple lumped parameter model of a nonlinear vibration isolation system. It consists of a vertical
stiffness kv and linear damping coefficient c , and two additional horizontal springs each with stiffness kh which can act
as negative stiffness in the vertical direction. The mass m, is excited by both harmonic random force. The three springs are
configured so that the potential energy of the system has a double-well. The equation of motion for the system can be
rewritten in non-dimensional form as
xˆ   2  xˆ    xˆ   xˆ 3  Fˆe cos( )  ˆe ( )
(1)

a)
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where, xˆ  x / xs , xs  (lo2  l 2 )0.5 ,   c / 2mn , n  kv / m ,   1  2(1/ lˆ  1)kˆ ,   (1  lˆ2 )kˆ / lˆ3 ,    / n ,

  n t , Fˆe  Fe / kv xs , ˆe ( )  0 , ˆe ( )ˆe (   )  Dˆ  ( ) ,   Dˆ  D / kv xs , ()  d() / d .
Stochastic differential equation in the form of Euler-Maruyama, results in

xˆ n 1  xˆ n  hvˆ n  An

(2)
 n 1
n
n
n
n
ˆ n 1
ˆ n

vˆ  vˆ  h( f ( xˆ ))  f ( xˆ )) / 2  2h vˆ  h1  2 A
n
n
where, An  h2 ( fˆ ( xˆ n )  2 vˆn ) / 2  h3/ 2 (1n / 2  2n / 2 3) , xˆ is the numerical approximation of xˆ(nh) , vˆ that of vˆ(nh)
and ( 1n , 2 n ) are independent Gaussian variables. The procedure to obtain the SNR is as follows: (1) The power spectrum
that contains the harmonic component and the noise, is determined by way of the PSD of the displacement time response.
The total power is the area under the curve; (2) The background noise power spectrum in the single frequency that has been
removed can be determined by the linear interpolation; (3)Subtracting background noise power from total power to get the
harmonic component power; (4) he SNR of the output signal of the system can be determined by the ratio of the harmonic
power to the noise power. The SNR of the transmitted force is shown in Fig. 2(b, c). For a low level of random noise, the
system jumps between the two potential wells, the displacement response exhibits stochastic switching between positive and
negative displacements, so the total response is increased but the line spectrum at the excitation frequency of the periodic
force is almost the same. This corresponds to the stochastic anti-resonance in the SNR plot. For moderate levels of random
noise, the system jumps between the two wells periodically and the displacement response exhibits some regularity. It can
be seen that the response at the excitation frequency increases sharply. Effects of varying the amplitude and frequency of the
excitation are also shown in Fig. 2(b, c). Fig. 2(b) shows the SNR when the excitation amplitude is fixed at 0.04, and when
the non-dimensional excitation frequency is changed. It can be seen that the stochastic resonance peak shifts to the right as
frequency is increased, and the stochastic anti-resonance peak magnitude is increased. Fig. 2(c) illustrates the effect when
the non-dimensional excitation frequency is fixed at 0.01 and the non-dimensional excitation amplitude is varied. It can be
seen that in this case as the amplitude is increased the SNR is increased. Generally, it can be observed that for the
parameters chosen, the stochastic anti-resonance occurs at almost the same noise intensity when either the excitation
frequency or excitation amplitude are changed.
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(d)
Fig.2 (a) Nonlinear isolator behaving as a double-well system (b, c) SNR of the nonlinear isolation system: (b) the amplitude is fixed to 0.04 with
changing frequency: red „o‟: 0.01, blue „×‟: 0.015, green „+‟: 0.02; (c) the frequency is fixed to 0.01 with changing amplitude: red „+‟: 0.04, black
„×‟:0.008, blue „o‟: 0.004. (d) Response to harmonic excitation with moderate random noise level.

CONCLUSIONS
Stochastic resonance in the nonlinear mechanical vibration system has been observed experimentally. Then this paper
concerns the usage of the stochastic resonance in nonlinear vibration isolation system to improve the component of the
transmitted force. The model of vibration isolation system comprising three springs when subject to random excitation with
additional periodic driving was constructed. It was found that the stochastic resonance peak shifts to the right as the
excitation frequency is increased, and as the excitation amplitude is increased the SNR is increased at any noise intensity.
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EFFICIENT ALGORITHM FOR A NONLINEAR TRANSIENT VIBRATION PROBLEM
Mikhail Mesha)
Sandia National Laboratories, Albuquerque, New Mexico, USA
Summary The Galerkin method is a powerful computational tool that is successfully applied to many engineering problems. In the recently

published monograph [1] consistent treatment of the nonlinear periodic vibration problems based on the application of the Newton-Kantorovich
approach to linearize nonlinear operators and the Galerkin method to solve the resulting linear problem is proposed.
In this paper, we seek to combine the above technique with the method to solve linear transient problem [1] to develop a method for the
solution of a nonlinear transient vibration problem. First, we derive equations of the linearized problem using the Newton-Kantorovich method.
A system of linear equations resulting from the projection conditions of the Galerkin method is derived and solved numerically. The solution is
used to perform the next step of the Newton-Kantorovich method.

NEWTON-KANTOROVICH METHOD FOR A NONLINEAR VIBRATION PROBLEM
For simplicity, the method will be presented as it applies to the damped vibration of a single degree of freedom system with
nonlinear stiffness subjected to an external force. An extension to more complex systems is straightforward. We seek to find a
solution to the initial value problem:
𝑢̈ + 𝑔𝑢̇ + 𝑐(𝑢) − 𝑝 = 0,
(1)
where 𝑢 = 𝑢(𝑡) – mass displacement, 𝑡 – time, 𝑝 = 𝑝(𝑡) − applied force , 𝑔𝑢̇ , 𝑐(𝑢), 𝑝 − are ratios of the damping
force, nonlinear force in the spring, and external force, respectively, to the mass. For convenience, Eq.(1) is replaced by a system
of the two equations with appropriate initial conditions:
𝑢(0)
𝑢̇ − 𝑣 = 0,
𝑈
(
)=( )
(2)
𝑣̇ + 𝑔𝑣 + 𝑐(𝑢) − 𝑝 = 0
v(0)
𝑉
which can be written in compact form as,
𝑤̇ = 𝐿(𝑤),
𝐿(𝑤) = 𝐴(𝑤) + 𝑓
(3)
𝑣
𝑢
0
𝑤 = ( ) , 𝑓 = ( ) , 𝐴(𝑤) = (− 𝑐(𝑢) − 𝑔𝑣 )
(4)
𝑣
𝑝
We also introduce 𝐹(𝑤) = 𝑤̇ − 𝐿(𝑤) so that the Eq. (3) takes the form:
𝐹(𝑤) = 0
(5)
The Newton-Kantorovich method [2] is employed to reduce the solution of the nonlinear Eq. (5) to a sequence of linear
problems. Ensuing the Newton-Kantorovich method, the following iterative process is constructed,
𝐹(𝑤 n ) + 𝐹 ′ (𝑤 n )(𝑤𝑛+1 − 𝑤 n ) = 0,
(6)
′ (𝑤 )
where 𝐹
n denotes Frechet derivative of the operator 𝐹(𝑧) and
𝑑𝑐(𝑢)
𝑢̇
0
1 𝑢𝑛+1
𝐹 ′ (𝑤 n )𝑤𝑛+1 = 𝑤̇ 𝑛+1 − 𝐿′ (𝑤𝑛 )𝑤𝑛+1 = ( 𝑛+1 ) − ( ′
(7)
)(
), 𝑐 ′ =
− 𝑐 (𝑢𝑛 ) − 𝑔 𝑣𝑛+1
𝑣̇ 𝑛+1
𝑑𝑢
The iterative process defined by the equations will, under certain conditions [2], converge to the solution of Eq. (5). After
substituting (3), (4), and (7), Eq. (6) takes form:
𝑢̇
− 𝑣𝑛+1
0
( 𝑛+1
)=( )
(8)
𝑝
𝑣̇ 𝑛+1 + 𝑐(𝑢𝑛 ) + 𝑐 ′ (𝑢𝑛 )(𝑢𝑛+1 − 𝑢𝑛 ) + 𝑔𝑣𝑛+1
The linearized equations above can be solved numerically using ordinary differential equation solution methods. We use the
Galerkin method to solve the system in Eq. (8). A main motivation is the ability to obtain a functional form of the solution.
GALERKIN METHOD FOR THE LINEARIZED EQUATION
The solution of the linearized equation (8) needs to be determined at each step of the iterative procedure. Application of the
Galerkin method for that purpose was extensively studied by Krasnoselskii et al [3]. In the case of periodic oscillations, it is
convenient to construct the solution as a Fourier series and use Galerkin projection conditions to find unknown coefficients in
the expansion. Unfortunately, that idea can’t be applied directly to the case of transient vibration.
A modification of the method for the case of linear transient vibration was proposed in [1], where new unknown functions
were introduced in a way that allowed recasting the problem in a form suitable for the application of the Galerkin method. We
use that approach to solve the initial value problem for the linearized system in (6). First, new functions 𝜑(𝑡), 𝜓(𝑡) are
introduced:
𝜑(𝑡) = 𝑢(𝑡)𝑒 −𝑞𝑡 ; 𝑢(𝑡) = 𝜑(𝑡)𝑒 𝑞𝑡 𝑎𝑛𝑑 𝜓(𝑡) = 𝑣(𝑡)𝑒 −𝑞𝑡 ; 𝑣(𝑡) = 𝜓(𝑡)𝑒 𝑞𝑡 , 𝑞 > 0
Initial conditions for the newly introduced functions are still the same:
a)

(9)
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𝜑(0) = 𝑈; 𝜓(0) = 𝑉
(10)
The transient problem can be solved for a finite but sufficiently large interval [0; 𝑇]. On that finite, interval functions 𝜑(𝑡),
𝜓(𝑡) and external force can be represented by a Fourier series
1 𝑇
𝑚 𝑖𝑚𝜔𝑡
(11)
𝜑(𝑡) = ∑𝑀
, 𝜑 𝑚 = ∫0 𝑒 −𝑖𝑚𝜔𝑡 𝜑(𝑡) 𝑑𝑡
𝑚=−𝑀 𝜑 𝑒
𝑇
𝑇

1

𝑚 𝑖𝑚𝜔𝑡
𝜓(𝑡) = ∑𝑀
, 𝜓 𝑚 = ∫0 𝑒 −𝑖𝑚𝜔𝑡 𝜓(𝑡)𝑑𝑡 , 𝜔 = 2𝜋/𝑇
(12)
𝑚=−𝑀 𝜓 𝑒
𝑇
The Galerkin method is used to determine coefficients in the expansions (11) and (12). A special choice of the test function
proposed in [1] for the linear problem is employed here as well and projection conditions for Eq.(8) are written as:
1 𝑇 −(𝑞+𝑖𝑚𝜔)𝑡 𝑑(𝜑𝑛+1 (𝑡)𝑒 𝑞𝑡 )
[
− (𝜓𝑛+1 (𝑡)𝑒 𝑞𝑡 )] 𝑑𝑡 = 0
∫ 𝑒
𝑇 0
𝑑𝑡
1 𝑇 −(𝑞+𝑖𝑚𝜔)𝑡 𝑑(𝜓𝑛+1 (𝑡)𝑒 𝑞𝑡 )
[
+ 𝑐(𝜑𝑛 (𝑡)𝑒 𝑞𝑡 ) + 𝑐 ′ (𝜑𝑛 (𝑡)𝑒 𝑞𝑡 )((𝜑𝑛+1 (𝑡) −
∫ 𝑒
𝑇 0
𝑑𝑡
1 𝑇
+ ∫0 𝑒 −(𝑞+𝑖𝑚𝜔)𝑡 [𝑔𝜓𝑛+1 (𝑡)𝑒 𝑞𝑡 − 𝑝(𝑡)]𝑑𝑡 = 0
𝑇
1 𝑇
𝑝𝑚 = ∫0 𝑒 −(𝑞+𝑖𝑚𝜔)𝑡 𝑝(𝑡)𝑑𝑡
𝑇

(13)
𝜑𝑛 (𝑡))𝑒 𝑞𝑡 )] 𝑑𝑡 +
(14)

(15)
The integrals in Eq. (13) and (14) that contain derivatives with respect to time are evaluated by integration by parts, for example:
1 𝑇 −(𝑞+𝑖𝑚𝜔)𝑡 𝑑(𝜑𝑛+1 (𝑡)𝑒 𝑞𝑡 )
[
] 𝑑𝑡
∫ 𝑒
𝑇 0
𝑑𝑡

1

(𝑞+𝑖𝑚𝜔)

𝑇

= [𝜑𝑛+1 (𝑇) − 𝜑𝑛+1 (0)] +
(16)
∫0 𝑒 −𝑖𝑚𝜔𝑡 𝜑𝑛+1 (𝑡)𝑑𝑡 = 0
𝑇
𝑇
As stated in [1], because of (9), 𝜑𝑛+1 (𝑇) can be made as small as desired in almost any problem by proper choice of
𝑞 and 𝑇. Using the expansion (11) and initial condition (10), the integral in (16) can be reduced to
1 𝑇 −(𝑞+𝑖𝑚𝜔)𝑡 𝑑(𝜑𝑛+1 (𝑡)𝑒 𝑞𝑡 )
[
] 𝑑𝑡
∫ 𝑒
𝑑𝑡
𝑇 0

𝑈

𝑚
= − + (𝑞 + 𝑖𝑚𝜔)𝜑𝑛+1

(17)
𝑇
The second term in Eq.(14) is computed as
1 𝑇 −(𝑞+𝑖𝑚𝜔)𝑡
1 𝑇
𝑚
[−(𝜓𝑛+1 (𝑡)𝑒 𝑞𝑡 )]𝑑𝑡 = − ∫0 𝑒 −𝑖𝑚𝜔𝑡 𝜓𝑛+1 (𝑡))𝑑𝑡 = −𝜓𝑛+1
(18)
∫ 𝑒
𝑇 0
𝑇
𝑚 𝑘−𝑚
𝑘−𝑚
After evaluating the integrals in (16) in a similar manner and using 𝑐 , 𝑑
and 𝑟
to denote their values, we arrive at the
𝑚
𝑚
following system of the 2𝑀 equations for the unknown coefficients 𝜓𝑛+1
, 𝜑𝑛+1
𝑈
𝑚
𝑚
(𝑞 + 𝑖𝑚𝜔)𝜑𝑛+1
𝑚 = 1, … , 𝑀
(19)
− 𝜓𝑛+1
− = 0,
𝑉

𝑔

𝑇

𝑚
𝑘
𝑘−𝑚
𝑘 𝑘−𝑚
− + (𝑞 + 𝑖𝑚𝜔 + ) 𝜓𝑛+1
+ 𝑐 𝑚 + ∑𝑀
− ∑𝑀
= 𝑝𝑚 , 𝑚 = 1, … , 𝑀
(20)
𝑘=−𝑀 𝜑𝑛+1 𝑑
𝑘=−𝑀 𝜑𝑛 𝑟
𝑇
𝑇
This system has some special properties that allow for efficient implementation and simplified numerical calculations. After the
solution of the system is found, a new step in the iterative process (6) is performed. The procedure is continued until desired
covergence is achieved.

CONCLUSIONS
We have developed a method for a solution of the nonlinear transient vibration based on the combination of the NewtonKantorovich iterations and the Galerkin projection procedure. Unlike conventional numerical methods, this method allows to
develop functional form of the solution. Implementation of the method is straightforward and efficient.
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MODAL BASIS APPROACHES IN SHAPE AND TOPOLOGY OPTIMIZATION OF
FREQUENCY RESPONSE PROBLEMS
Grégoire Allaire1 , Georgios Michailidis ∗1 , and Nicole Spillane1
1

CMAP, Ecole Polytechnique, 91128 Palaiseau Cedex, France

Summary The optimal design of mechanical parts subject to periodic excitations within a large frequency interval is quite challenging.
Mechanical intuition in such problems is very limited and although Shape and Topology (S&T) optimization techniques could provide an
answer in the conceptual design phase, the necessary computational time using traditional techniques is prohibited, mainly due to the costly
adjoint analysis. In this work, we present two non-adjoint approaches for treating frequency response problems in S&T optimization. In
the first method, we propose to use an approximation of the objective function and its shape derivative via a modal decomposition of the
direct and adjoint states. In the second, we use the modal decomposition both to formulate the problem and to approximate the shape
derivative of eigenvectors, in order to evitate the solution of an adjoint equation for every eigenvector. We present numerical examples for
the minimization of the dynamic compliance.

PROBLEM DESCRIPTION
Consider a structure that vibrates under the application of a periodic harmonic load f (t). The time-harmonic part of the
displacement field u(x, t), solves the equation: M ü(x, t) + C u̇(x, t) + Ku = f (t), where M, C and K are the mass, damping
and stiffness matrices and the symbol ( ˙ ) denotes derivation with respect to the time. Using complex instead of real numbers,
e eiωt , where Fe = fRe + ifIm , U
e = uRe + iuIm and ω denotes the excitation frequency,
i.e. considering fe = Feeiωt and u
e=U
the previous equation reads


e = Fe.
K + iωC − ω 2 M U
(1)
We search to find a shape Ω, belonging to an admissible domain Uad that minimizes the dynamic compliance (Cdyn ) in a
range of frequencies [ω1 , ω2 ], i.e. the optimization problem reads
Z ω2 Z
min J(uRe , uIm ) =
(fIm uRe (ω) − fRe uIm (ω))ds dω,
(2)
Ω∈Uad

ω1

ΓN

where ΓN is the part of the boundary on which the external loads are applied.
NON-ADJOINT METHODS FOR FREQUENCY RESPONSE PROBLEMS
The discretization of (2) and the solution of equation (1) for every excitation frequency requires an unrealistic computational time for industrial examples with large number of DOFs. The most common remedy to this problem consists of using
e . However, using a classical adjoint analysis for the calculation of derivatives with respect to
a modal decomposition of U
design variables also requires a significant computational time, since a large number of eigenvalues is required for an accue and a linear system needs to be solved for each eigenvalue. Therefore, there is a great interest on
rate approximation of U
developping non-adjoint methods to render S&T optimization applicable on industrial frequency response problems.
Such an approach has appeared in [2], using Padé approximants. In this work, we propose two methods to accelerate
significantly the optimization process for frequency response problems, using a classical modal decomposition method. In this
way, we avoid numerical issues related to the calculation of Padé approximants while using numerical tools that are standard
in industry. We use the level-set method for S&T optimization [1], thus in every iteration of the optimization algorithm we
compute a notion of shape derivative to advect the shape.
Modal decomposition of the direct and adjoint states
A first approach consists of taking the exact shape derivative of (2), then using a modal decomposition for the direct and
adjoint states. More specifically, the shape derivative of (2) reads
Z
Z ω2
J 0 (Ω)(θ) = (θ · n)
(−ω 2 ρuRe qRe − ωcuIm qRe + Ae(uRe )e(qRe )
(3)
Γ
ω1
−ω 2 ρuIm qIm + ωcuRe qIm + Ae(uIm )e(qIm ))dω ds,
e = qRe + iqIm is the complex amplitude of the adjoint state, solving equation
where A denotes the elasticity tensor and Q


e = iFe.
K − iωC − ω 2 M Q
(4)
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Instead of solving equations (1) and (4) for every frequency in the discretized set of [ω1 , ω2 ], we can use a modal approximation
∞
∞
e= Pe
e= Pe
as U
aj rj and Q
aj rj , where (ω 2 , rj ) are solutions of the eigenvalue problem
j=1

j=1

Q

j



e and Q
e in the modal base.
K − ωj2 M rj = 0 and e
aj , e
ajQ are the coordinates of U
Modal decomposition of eigenvectors shape derivative
A second approach consists of expressing directly (2) as a function of (ωj , rj ), i.e. writing
J(Ω) = J (uRe (ωj , rj ), uIm (ωj , rj )), then compute its shape derivative which reads




∞ 
X
∂uRe
∂uRe
∂J
∂uIm
∂uIm
∂J
Ωj (θ) +
Uj (θ) +
Ωj (θ) +
Uj (θ) ,
J 0 (Ω)(θ) =
∂uRe ∂ωj
∂rj
∂uIm
∂ωj
∂rj
j=1

(5)

where Ωj (θ), Uj (θ) stand for the eulerian derivatives of ωj and rj respectively. Assuming that eigenvalue ωj is of multiplicity
one, in order to avoid complications realted to the crossing of eigenvalues, Ωj (θ) is classical in literature. In order to avoid
an adjoint analysis for each Uj (θ), we first consider the corresponding lagrangian derivative of rj as Vj = Uj + ∇rj θ and
∞
P
akVj rk .
approximate it, using the same eigenbasis, as Vj =
k=1

NUMERICAL RESULTS
Consider a classical 2d cantilever, clamped at its left boundary and with a unitary vertical force applied at the middle of its
right side (see Figure 1). Minimizing the volume of the structure under a constraint on the static compliance, we result in the
optimized shape of Figure 1 (right). For this shape, the dynamic compliance for an excitation force of the type f (t) = cos(ωt)
for ω ∈ [0.1, 0.2] Hz takes the value Cdyn = 27.56. Adding a further constraint on Cdyn in the previous problem, the
optimized shapes for the different approaches appear in Figure 2.

Figure 1: Left: boundary conditions; right: optimized shape for the static compliance.

Figure 2: Optimized shapes for: Cdyn ≤ 15 (left column); Cdyn ≤ 10 (middle column); Cdyn ≤ 5 (right column), using
the: adjoint method (upper row); modal decomposition of the direct and adjoint states (middle row); modal decomposition of
eigenvectors shape derivative (lower row).
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NOVEL TYPE OF TUNED MASS DAMPER WITH INERTER
1

Piotr Brzeski1, Tomasz Kapitaniak1, and Przemyslaw Perlikowski1a

Division of Dynamics, Lodz University of Technology, Stefanowskiego 1/15 Lodz, Poland

Summary In this paper we propose the novel type of tuned mass damper. Characteristic feature of the device is that it contains a special type of

inerter equipped with a continuously variable transmission and gear-ratio control system which enables stepless and accurate changes of
inertance. We use the frequency response curves to present how considered devices influence the dynamics of one degree of freedom system.
Numerical results show excellent level of vibration reduction in an extremely wide range of forcing frequencies.

Introduction
Effective damping of unwanted oscillations of mechanical and structural systems have always been a big challenge for
engineers. One of the first attempts to absorb energy of vibrations and in consequence reduce the amplitude of motion is a
tuned mass damper (TMD) [1,2]. In this paper, we propose new design of TMD based on a special type of an inerter. Inerter
by Smith [3] - is a two terminal element which has the property that the force generated at its ends is proportional to the
relative acceleration of its terminals. It’s constant of proportionality is called inertance and is measured in kilograms. The
theoretical studies are confirmed with experiment showing that suspension layouts with inerter are more effective than
classical designs with dampers and springs only [4].
Design of the tuned mass damper
We propose the TMD construction layout that is schematically presented in Fig. 1(a). It consists of inertial component (1)
that is coupled via elastic link (2) and inerter (3) to support (4) that allows fixing the device to the damped structure. Inertial
element can move in vertical direction. In the device presented in Fig. 1(a) solid bodies are used as the inertial element (1)
and support (4) along with helical spring (2) that is an elastic link between them. Characteristic feature of the device is the
presence of the inerter (3) which contains in its construction a continuously variable transmission (CVT) and gear-ratio
control system which enables stepless and accurate changes of the inertance value. Thanks to the presence of inerter with
the CVT and gear-ratio control system one can easily change the natural vibrations frequency of the device. The formula
that describes how the natural frequency of the TMD depends on inertance value is the following: 𝜔 𝑇𝑀𝐷 = √𝑘/(𝑚 + 𝐼),
where: k is the stiffness of linear spring ((2) in Fig.1(a)), m is the mass of the inertial element ((1) in Fig.1(a)) and I is the
controllable parameter that describes current value of inertance.
Model of the system
The analyzed system is shown in Fig. 1(b). It consists of two oscillators that can move in vertical direction. The first
oscillator is connected to the support and forced by harmonic excitation. The second oscillator is connected to the first one
and represents the TMD of the design described in previous Section. In order to better imitate real device characteristics we
assume that the TMD contains a viscous damper that models damping that is always present in the system due to internal
damping, friction and motion resistance introduced by the presence of CVT.

Figure 1. (a) Scheme of the proposed TMD design and (b) model of the system and notation of system's parameters.
Introducing dimensionless time 𝜏 = 𝑡𝜔 (𝜔 = √𝑘1 /𝑀) and the reference length 𝑙0 = 1.0[𝑚] one can write equations in
dimensionless form:
𝑥̈ ′ + 𝑥 ′ + 𝑐𝐷 𝑥̇ ′ + 𝐼𝐷 (𝑥̈ ′ − 𝑦̈ ′ ) + 𝑘𝐷 (𝑥 ′ − 𝑦′) + 𝑐𝑇𝐷 (𝑥̇ ′ − 𝑦̇ ′) = 𝐹𝐷 cos(𝜔′𝜏),
𝑚𝐷 𝑦̈ ′ − 𝐼𝐷 (𝑥̈ ′ − 𝑦̈ ′ ) − 𝑘𝐷 (𝑥 ′ − 𝑦 ′ ) − 𝑐𝑇𝐷 (𝑥̇ ′ − 𝑦̇ ′) = 0,
where 𝑥′ = 𝑥/𝑙0 , 𝑥̇ ′ = 𝑥̇ /(𝑙0 𝜔), 𝑥̈ ′ = 𝑥̈ /(𝑙0 𝜔2 ), 𝑦′ = 𝑦/𝑙0 , 𝑦̇ ′ = 𝑦̇ /(𝑙0 𝜔), 𝑦̈ ′ = 𝑦̈ /(𝑙0 𝜔2 ), 𝑐𝐷 = 𝑐/(𝑀𝜔) , 𝐼𝐷 = 𝐼/𝑀 ,
𝑘𝐷 = 𝑘𝑙02 /(𝑀𝜔2 ), 𝑐𝑇𝐷 = 𝑐𝑇 /(𝑀𝜔), 𝑚𝐷 = 𝑚/𝑀, 𝐹𝐷 = 𝐹/(𝑀𝑙0 𝜔2 ), 𝜔′ = 𝜔0 /𝜔 and 𝜔′𝑇𝑀𝐷 = 𝜔 𝑇𝑀𝐷 /𝜔. In numerical
calculations we use the following values of base oscillator parameters: 𝑀 = 10 [kg], 𝑘1 = 9810 [Nm] and 𝑐 = 61.62 [kg/
s] which is equal to 5% of critical damping. Amplitude of forcing is equal to 𝐹 = 98.1 [N].
Numerical results
In order to show damping properties of the proposed TMD design we analyze the response of the base oscillator.
Additionally, to emphasize the versatility of introduced TMD layout we consider four representative devices characterized
by given sets of parameters. In Fig. 2(c) we present parameters and ranges of accessible dimensionless natural frequencies
a)
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𝜔 𝑇𝑀𝐷 of four analyzed TMD embodiments. First set of parameters (No. I) contains the following values: m = 1.0 [kg], k =
2943.0[Nm], 𝑐𝑇 = 0.8859 [Nsm] and inertance I in the range from I=0.5[kg] to I=11[kg]. After transformation to
dimensionless values we get: 𝑚𝐷 =0.1, 𝑘𝐷 =0.3, 𝑐𝑇𝐷 =0.002828 and 𝐼𝐷 𝜖〈0.05, 1.1〉. In the second case (No.II) we consider
the TMD with increased stiffness of the spring and changed accessible range of inertance (see Fig. 2(c)). In the third (No.
III) and fourth (No. IV) case the mass of TMD is increased twice and both stiffness and ranges of accessible inertance are
changed. Parameters of all investigated TMDs are chosen so that in each case the range of accessible dimensionless natural
frequencies of the device is 𝜔 𝑇𝑀𝐷 ϵ〈0.5, √2 〉. We assume that damping properties should be preserved in a wide range of
excitation frequencies. The best measurable indicator of amplitude decrease is comparison of frequency response curves
(FRC) of base oscillator without and with TMD. For that reason for each considered set of TMD parameters we pick 200
equally spaced values of 𝐼𝐷 from the accessible range of inertance and for each of them calculate the FRC using
continuation method (AUTO-07p package [5]). Next, we superimpose received curves and find minimum amplitudes of the
base structure for ωϵ(0.5,√2). As a result we obtain the curve that can be used to evaluate damping effectiveness of the
proposed TMD and present them in Fig. 2(a,b). Dashed lines in Fig. 2(a,b) demonstrate the response of the base oscillator
without TMD. In Fig. 2(a) we show changes of the base structure response when No. I set of parameters of TMD is used. In
Fig. 2(a) gray lines correspond to FRCs of base oscillator with the TMD for equally spaced values of inertance 𝐼𝐷 from the
accessible range 𝐼𝐷 𝜖〈0.05,1.1〉 (we plot every tenth from 200 FRCs to do not blur the figure). Analyzing the shape of the
FRCs one can say that parameter 𝐼𝐷 significantly influences the response of the structure and determines the position of the
minimum along FRC. Therefore, to fully present benefits from the changeable inertance we plot the black solid line that is
created as a connection of points where we observe minimum values of the base oscillator amplitude. Procedure described
above was performed also for Nos. II, III and IV of TMD parameters’ sets. Results of the computations are presented in Fig.
2(b). Comparing the shapes of FRCs obtained for four considered TMDs realizations one can say that changes of mass and
spring stiffness of TMD strongly affects its damping properties. The difference in the systems response is especially visible
for ωϵ(0.5,1.1). For TMDs with smaller oscillator’s mass 𝑚𝐷 = 0.1 (Nos. I and II) we do not observe any peak along
FRCs while for increased mass 𝑚𝐷 = 0.2 (Nos. III and IV) one spike emerges around ω=0.6. Using smaller mass we can
decrease the base oscillator amplitude for all excitation frequencies. Reduction of the amplitude is the more noticeable the
larger ω. Simultaneously, TMDs with higher mass are more effective in mitigation of base structure motion for all ω except
for the small range near the peak on the FRC. In that range ωϵ(0.582, 0.623) for No. III and ωϵ(0.640,0.680) for No. IV
usage of TMD increases the base structure amplitude instead of mitigating its motion. Hence, for further improvement of
damping efficiency by increasing the mass of the TMD one has to be reconciled with the fact that for some ω the
amplification of base structure motion may occur instead of its reduction. TMDs with smaller spring stiffness (Nos. I and
III) provides better damping efficiency in the whole considered range of excitation frequency.

Figure 3: FRCs of the base structure with linear stiffness and attached TMD. Subplot (a) presents in details results obtained
for the No. I set of TMD parameters, on subplot (b) comparison between all four TMD embodiments (Nos. I-IV) is
presented. The black dashed line corresponds to the FRC of system without TMD, gray lines show the FRC for system with
TMD for different 𝐼𝐷 values. Table (c) values of parameters in simulations.
Conclusions
In this paper we present and analyze properties of new TMD design that is characterized by the presence of inerter with
controlled CVT that enables stepless changes of inertance. To prove the versatility of the device we check damping
performance of four TMD embodiments characterized by different sets of parameters. For all considered sets of TMD’s
parameters one can observe a significant decrease of amplitude of motion in wide range of excitation frequencies. Results
presented in this paper prove that introduced construction of TMD provides remarkable damping properties in a notably
wide range of vibration frequencies. For detailed studies see [6].
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CONTROL OF CONTACT EVENTS IN ACTIVE ROTOR DYNAMIC SYSTEMS
Patrick Keogh
Department of Mechanical Engineering, University of Bath, Bath BA2 7AY
Abstract
Spinning rotors are ubiquitous components that are essential for power generation, propulsion, gas compression, vacuum
generation, machining, and other energy driven processes. Higher rotational speeds enable smaller, hence more power dense
machines, to be developed. Active rotor dynamic systems include those where rotors are levitated by controllable active magnetic
bearings. In principle, the rotor is levitated in a contact-free condition, which is efficient for high speed operation. However,
abnormal overload events or transient faults may give rise to a loss of functionality and cause a rotor to come into contact with
emergency touchdown bearings. This may result in excessive vibration at a level that may cause structural damage to the system.
It is important to understand the mechanisms that drive these persistent nonlinear dynamics in order that control of contact-free
rotor levitation may be restored. This paper will explore the options that are available.
INTRODUCTION
The principles of operation of rotor/active magnetic bearing (AMB) systems are well-known [1]. A typical layout is
shown in Figure 1. In the vertical axis through the AMB coils, electrical currents (𝑖𝑈 , 𝑖𝐿 ) may be adjusted for levitation
control of the rotor and to maintain clearance between the rotor and the AMB. However, excessive external influences or
faults conditions may cause the
rotor to make contact with a
touchdown bearing (TDB), which
is in place to prevent excessive
rotor dynamic excursions. When
the rotor is in contact with the
TDB, radial (normal) and
tangential (friction) forces are
introduced into the rotor dynamic
behaviour. These forces may be
large and may become persistent
and undesirable [2, 3]. If control
functionality is still available from
an AMB or an active TDB, it may
be possible to restore the rotor to a
desirable contact-free state. An
understanding of the contact
Figure 1. Spinning rotor within an AMB showing possible contact with a TDB
dynamics is required.
CONTROL OF PERSISTENT ROTOR CONTACT MODES
Figure 2 shows an example of bistable
responses driven by rotor unbalance. In case
A, the rotor whirls in a circular contact-free
condition within the clearance space of the
AMB. In case B, a bouncing mode solution is
also possible. In the left hand side diagram it
is seen that the response of orbit B is lagging
slightly behind the rotating unbalance vector,
while the orbit A is almost in anti-phase with
the unbalance vector. This effect is caused by
the ‘hard’ boundary of the TDB. The phases of
the orbits are seen more clearly in the rotating
frame view of the right hand side diagram in
which orbit A is represented by a single point
and orbit B becomes a small loop on the TDB
boundary.

y

v

Unbalance

t
Contact-free
orbit A

Contactfree orbit A

x

Unbalance

u

Contact
orbit B

Contact
orbit B

Figure 2. Bistable contact-free (A) and bouncing contact (B) motions in
inertial (x, y) and synchronously rotating (u, v) frames of reference.
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Persistent contact is problematic since the contact force
levels are typically large and in excess of the magnitude of
the unbalance force vector. These may cause structural
damage to the TDB and the rotor. Furthermore, frictional
forces at a contact zone will be high, which will induce
significant thermal inputs to the TDB and the rotor, resulting
in thermal distortion and thermal bending, respectively.
There are a multitude of contact responses that may
coexist with a contact-free orbit A. Figure 3 shows other
bouncing modes (B1-B4) together with full forward whirl rub
orbits, C1 and C2. In each case, the equations of motion were
solved analytically with different initial conditions and the
solutions were obtained with a fully functional AMB and the
same unbalance vector.
Another response, not shown, is that of backward whirl.
Under a fully developed backward whirl, the frequency of
rotor vibration is scaled by R/c, the rotor radius to clearance
ratio. This amplifies the contact force to a level that is usually
destructive.

v

B2
B3
A

Unbalance

B4
C2

u
B1
C1

Figure 3. Further contact orbits viewed in a synchronously
rotating (u, v) frame of reference.

Control using AMB feedback
The operation of an AMB utilises displacement feedback of the rotor orbit. In principle, if the effective unbalance vector
could be cancelled, say through AMB control action, all contact orbits, together with the contact-free orbit would degenerate
to the origin at the centre of the AMB. In order to achieve this ideal case, the control system would be required to assess the
dynamic content of the displacement signals in order to:
(a)
(b)
(c)
(d)

Deduce whether contact has occurred, for example, due to a change in the rotor unbalance condition.
Ascertain which contact orbit has been excited.
Evaluate the source unbalance (magnitude and phase).
Apply a synchronous force through the AMB to cancel out the source unbalance.

It is also necessary to account for the fact that a rotor must be
considered as a multimode vibrational system and that multi-point
contact with more than one TDB is possible.
Control through an active TDB
It is also possible to activate a TDB, moving it in response to
rotor contact. For such control:
(a) The TDB motion must be a fraction of the radial clearance.
(b) The actuation must be able to overcome high dynamic contact
forces under positional control.
(c) It is possible for TDB control to be applied under open-loop
action, or under closed loop control.
(d) The TDB may be moved in response to rotor motion, in
anticipation of approaching contact to reduce contact force
levels or to avoid unnecessary contact.
(e) Once contact-free conditions have been achieved in a stable
manner, further TDB control is not required.

Figure 4. Active TDB motion (red) to induce a
rotor out of a persistent rub contact mode (blue).
Viewed in an inertial (x, y) frame of reference.
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TIME-OPTIMAL CONTROL FOR PENDULUM-LIKE SYSTEMS IN CASE OF LARGE
CONTROL BOUNDS
Sergey Reshmin1a)
Laboratory of Mechanics of Systems, Institute for Problems in Mechanics RAS, Moscow, Russia

1

SummaryA time-optimal control problem for a pendulum-like system is considered. The system describes the dynamics of an inertial object
under the action of a bounded control force and an external force which is periodic in coordinate. The terminal set consists of points on the
abscissa axis of the phase plane, and the distance between two neighboring points is equal to the period of the external force. We suggest a
numeric procedure that allows one to find an exact estimate for the amplitude of the control for which the time-optimal feedback control has the
simplest structure: the number of switchings is not greater than one for any initial conditions. We consider the coordinate of the first terminal
point as a parameter and find such estimate for different terminal positions in case of pendulum and earth satellite control problems.
DESCRIPTION OF THE SYSTEM
We consider a nonlinear controlled dynamical system
.
1
We will call the scalar control
an admissible control if it satisfies the two conditions:
is a piecewise continuous
function of time; for all
0, ∞ , we have
|
|
,
const.
2
The function
is periodic in coordinate with a period of 2 and continuously differentiable for all
∞, ∞ .
Without loss of generality, we assume |
| 1.
The initial states of system (1) at the time
0 are arbitrary, and the terminal conditions at some time
(
0) are
given as
2 ,
0,
3
0,2
is a fixed value and
is an arbitrary integer. The time
when the system hits the terminal set (3) is
where
not fixed and depends on the control
.
TIME-OPTIMAL CONTROL PROBLEM
Problem. For a given positive parameter , it is required to construct a feedback control
,
satisfying constraint
(2) and bringing system (1) from an arbitrary initial state into terminal state (3) in a minimum time .
Problem can be solved numerically using the Pontryagin maximum principle. This principle implies that the optimal control
takes the values
. There are no singular controls, see [1]. To obtain the feedback optimal control
, , it
suffices to find ''switching curves'' and ''dispersal curves'' in the plane
, which bound the domains where
and
. The control pattern is periodic with respect to .
Optimal control for pendulum-like systems was considered in [2-5] for large admissible control bounds . The following
theorem was proved in [4].
Theorem. There exists a number
and any initial conditions.

1 such that the time-optimal control in Problem has no more than one switching for

An explicit expression for
was obtained in [4] as a function of half-period . Constant
can be considered as an upper
(bifurcation value). If
then the number of switching is not greater than
estimate for the exact threshold value
then optimal trajectories with two switchings appears in the phase plane.
one. If
We present a numeric procedure for finding bifurcation value , which in general case depends not only on the half-period
in (3) and function
in (1). The mentioned procedure was described briefly in [5]. It
but also on the coordinate
uses necessary optimality condition jointly with the equation of the indifferent curve. Below, we demonstrate numerical
results obtained for a nonlinear pendulum and artificial earth satellite moving on a circular orbit (see [3]).
NUMERICAL RESULTS
Normalized motion equation of nonlinear pendulum or artificial earth satellite [3] can be written in the following form
φ sin
,
| |
,
const.
a)
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The terminal set is given by
2

,

0,2

,

in case of the pendulum control or by
4 ,
0,4 ,
and compare it with the absolute
in case of the earth satellite control. We obtained numerically bifurcation values
value of gravitational moments at the same terminal angles, see figures 1 and 2. In addition, we found coordinates of the
. Note that bifurcation
bifurcation point in the phase plane (where additional switching curves appear) as a functions of
0.80.
0
1.04 and
values for the equilibrium states of the pendulum were calculated earlier by the author, i.e.
By the way, a small mistake is found in paper [3], where estimate 0
1 is incorrect in the problem of optimal transfer of
0
1.09 1.
an artificial earth satellite to a gravitationally stable equilibrium position. It turns out that

Figure 1: pendulum control problem.

Figure 2: earth satellite control problem.

CONCLUSIONS
For the pendulum-like systems, we propose fast and reliable numerical procedure that finds a threshold value (bifurcation
value) of control bounds as a function of terminal position (angle). We assume that for every terminal state, an admissible control
amplitude is sufficiently large and exceeds the corresponding bifurcation value. In this case, the time-optimal feedback control
has the simplest structure without two or more switchings for all initial and terminal conditions.
The terminal position is not necessary equilibrium state of the considered systems. Thus, we can compare the obtained
bifurcation values with the absolute values of external force acting in the corresponding terminal position. Numerical results
confirm an essential relationship between these two dependences in case of a nonlinear pendulum and earth satellite control. In
other words, they have a similar behaviour. It turns out that in both cases the obtained bifurcation values greater than modulus of
gravitational moments acting in the corresponding terminal angles.
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Summary In this paper, a new semi-analytical technique for estimating the energy loss in a miniature resonator mounted on a substrate
is presented. Recent high quality factor resonators typically have resonant frequencies up to several hundred kilohertz, and therefore, the
substrate is best treated as a plate. The only traveling waves in a plate are Lamb waves, which leads to a simplified characterization of
the energy carried away from a vibrating source on the plate surface. In the presented approach, absorbing boundary elements of standard
finite element (FE) models are replaced with the analytical expressions for Lamb waves. The method of stitching together the FE model
and analytical expressions is extended to include modal analysis in order to determine quality factors of the resonator modes. The semianalytical approach is demonstrated for a cantilever bonded to a plate, and eigenmode parameters are determined. Good agreement with
conventional FE simulations is shown.

MOTIVATION
For the resonator designer, it is crucial to have an efficient method for determining the quality factors of the resonator at
an early stage. Resonator energy loss due to interaction with its substrate (so called anchor loss) has been widely studied, but
most treatments have assumed a semi-infinite medium due to the small dimensions of the resonator compared to the substrate
thickness. Recent high quality factor resonators, though, typically have resonant frequencies from a few kilohertz up to several
hundred kilohertz, and in these cases, due to the wavelengths involved, the substrate is more accurately treated as a plate, not
as a semi-infinite medium. Typically, a model of the resonator that includes a small segment of the plate is created with a
finite element (FE) software in conjunction with absorbing boundary elements [1]. In this paper, an approach is presented in
which the absorbing boundary elements are replaced with the analytical expressions for Lamb waves.
MODAL ANALYSIS APPROACH
Using a FE software, the resonator as well as a small segment of the plate is modeled, as shown in Fig. 1. At the plate
boundaries of the FE model, continuity between FE and analytical solution has to be satisfied [2]. A lossless material is
assumed as well as harmonic motion of the form e−iωt , where ω = 2πf is the angular frequency. Introducing the subscripts I
and B denoting a DOF in the interior and on the interface boundary (cf. Fig. 1), the FE equations are written in the form



   
K II K IB
M IB
ūI
0
2 M II
−ω
=
,
(1)
K BI K BB
M BI M BB
ūB
fB
|
{z
}
{z
}
|
K

M

where (¯·) denotes variables in frequency domain. Since Lamb waves form a complete set, displacements and forces on each
of the boundaries (interfaces) can be replaced by the truncated set (n → ∞) of Lamb waves
ūB =

n
X

ūi ai = Ū a


with Ū = û1 eik1 x

û2 eik2 x

ûn eikn x

...



and

(2)

i=1


f¯B = − sign(nx )F̄ a with F̄ = fˆ1 eik1 x

fˆ2 eik2 x


fˆn eikn x .

...

(3)

The variables denoted by (ˆ·) are in wavenumber-frequency domain and the corresponding expressions can be found in the
literature (e.g. [3]). Forces are determined from corresponding stresses using shape functions, and Eq. (1) is rewritten as

interface

analytical

interface

FE model
y

x

analytical

Figure 1: Semi-analytical approach: resonator and small segment of substrate plate are modeled with finite elements
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ūI
0
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−ω
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=
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−1
ūB
0
K BB − F̄ Ū
{z
}

(4)

K̃(ω)

Since the expressions in Ū and F̄ are dependent on ω, this is not a classical generalized eigenvalue problem, and instead,
complex eigenvalues are found by searching for roots of the determinant of A(ω) ≡ K̃(ω) − ω 2 M .
RESULTS AND DISCUSSION
The proposed method is demonstrated for a cantilever (length L ≈ 1.9062 mm, thickness H/2 = 0.445 mm) that is bonded
to a substrate plate (thickness 2H = 1.78 mm) of the same material (aluminum, Young’s modulus E = 69 GPa, shear modulus
G = 26 GPa, density ρ = 2700 kg/m3 ). For complex frequencies ω = ω0 + iδ, all roots ki of the corresponding dispersion
equations are generally complex. Employing the wave and finite element (WFE) method (e.g. [4]), the complex wavenumbers
ki are determined for f0 ∈ [60, 100] kHz and δ ∈ [−20, 0) 1/mm. Since the analytical solution is determined in the far-field
of the “source,” only five of the roots are considered when evaluation the corresponding expressions in Eqs. (2) and (3). Then,

Displacement [pm]
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(a) Minimum singular value of A(ω) for cantilever problem

0
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t1
−5
0

50
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(b) Displacement u1 (t) of the corner node on top of cantilever

Figure 2: Semi-analytical and transient FE results for cantilever demonstrator
the minimum singular value of the matrix A for each complex frequency ω is determined, as shown in Fig. 2(a). The only
singularity on the considered grid of complex frequencies corresponds to the first damped eigenfrequency of the cantilever.
Note that for the sake of clarity, the minimum singular value is not shown for lower frequencies. The smallest singular value
occurs at f1 = 81 kHz and δ1 = −11 1/mm. Note that the non-zero damping value indicates that this mode shape, which
corresponds to the bending motion of the cantilever, experiences damping due to the energy transport of the propagating Lamb
waves in the substrate plate. The frequency f1 of this damped mode is also lower than the eigenfrequency of 100 kHz for the
cantilever when fixed to a rigid, non-elastic substrate plate.
In order to compare the results from the semi-analytical approach, transient FE simulation are carried out. A full model of
the investigated cantilever on a substrate plate is created in the FE software Abaqus. The horizontal displacement of the corner
node at the top left of the cantilever due to an initial velocity is shown in Fig. 2(b) along with the envelope curves. The first
np
eigenfrequency of the damped cantilever is identified from the time history as f1 = t2 −t
= 82.5 kHz with np = 5. From the
1
(t2 )
corresponding values of the displacements u1 (t1 ) and u1 (t2 ), damping is determined as δ1 = nf1p ln uu11 (t
= −13.48 1/mm.
1)
Minor differences between the transient FE results and those obtained from the semi-analytical approach can be attributed
to the coarseness of the search grid when searching for the root of A(ω), as well as to errors from the truncation of the Lamb
wave set.
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PARAMETRIC AND INTERNAL RESONANCE OF AXIALLY ACCELERATING
VISCOELASTIC BEAMS
You-Qi Tang1 a), Deng-Bo Zhang1, Er-Bao Luo1
School of Mechanical Engineering, Shanghai Institute of Technology, Shanghai, China

1

Summary Transverse vibration of axially moving beams is currently attracting considerable attention. Historically, the vibration of
axially accelerating beams has been an important subject of research in the geometrical non-linearity. The beam tensions were assumed to
be uniform along the longitudinal direction in all available works [1-2]. If we assume this, the beam moves in a nonzero acceleration.
Therefore, the assumption cannot be exactly held. To address the lack of research in above mentioned aspect, the tension variation in the
longitudinal direction is first brought in axially moving materials by Chen and Tang [3]. The coefficients in the governing equations
depend not only on the temporal variable but also on the spatial variable.

A uniform horizontal axially accelerating viscoelastic beam, with density ȡ, Young’s modulus E, viscoelastic coefficient
Į, cross-sectional area A, and initial axial tension P0 (tension in the beam without the axial acceleration and the transverse
vibration), travels at the axial transport time-dependent speed ī(t) between two eyelets separated by distance L, where t is
the time. The physical model is shown in Fig. 1.
k

Fig. 1. The physical model of an axially accelerating viscoelastic beam

The governing equation and the simply supported conditions are
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Dimensionless transverse displacement v and other parameters are defined by
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The method of multiple scales will be employed. One assumes the axial speed is supposed to be a small simple
harmonic variation about the constant mean axial speed and an expansion of displacement in the form
(3)
J t J 0  HJ 1 sin Zt , v x, t; H v0 x, T0 , T1  H v1 x, T0 , T1  O H 2 .
Substitution of Eqs. (3) into (1) and then equalization of coefficients of H0 and H1 in the resulting equations lead to
v0 ,T0T0 2J 0v0 , xT0  NJ 02  1 v0 , xx  kf2v0 , xxxx  ks v0

v1 ,T0T0 2J 0v1 , xT0  NJ 02  1 v1 , xx  kf2v1 , xxxx  ks v1

(4)

0

cd v0 ,T0 J 0v0 , x  D v0 , xxxxT0 J 0v0 , xxxxx

1
1
2 v0 ,T0T1 J 0v0 , xT1  1  x ZJ 1 cos(Zt )v0 , xx 2J 1 sin(Zt ) v0 , xT0 NJ 0v0 , xx  k N2 v0 , xx ³ v0 ,2x d x
0
2

(5)

We describe the nearness of Z2 to 3Z1 and Z to Z1 using the detuning parameters ı1 and ı2. For this, we write the frequency
relations for the first primary resonance and the 3:1 internal resonance as
Z2 3Z1  HV 1 , Z 2Z1  HV 2 .
(6)
The solution to Eq. (4) can be assumed in the form
(7)
v0 x, T0 , T1 M1 x A1 T1 ei Z T  M2 x A2 T1 ei Z T  cc
1 0

2 0

Substitution of Eqs. (6) and (7) into (5), the solvability condition demands the orthogonal relationships
i V V T
A1  0.5cd  D] 1 A1  J 1] 2 A2 e 1 2 1  J 1] 3 A1 ei V 2T1  k N2 ] 4 A2 A12 ei V1T1  k N2 ] 5 A12 A1  k N2 ] 6 A2 A1 A2
i V V T
A 2  0.5cd  D[1 A2  J 1[ 2 A1 e 2 1 1  k N2 [3 A13 e  i V1T1  k N2 [ 4 A22 A2  k N2 [5 A2 A1 A1

0,

(8)

0.

The nonlinear steady-state oscillating response is obtained from the normalized reduced equations by the Cartesian
transformation. The stability of the steady state equations can be investigated by the Lyapunov linearized theory. One has to
consider the amplitude and phase modulation equations and construct the associated Jacobian matrix evaluated at the fixed
points. The eigenvalues of the associated Jacobian matrix should have negative real parts to maintain stability.
a)
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A2

A1

Ȗ1

Ȗ1

We choose the basic parameters kf=0.2, ks=0.72, ț=0.5, Į=0.0001, and cd=0.001. When Ȗ0=0.86, Ȧ1=2.9171 and
Ȧ2=9.4122, and ı1=0.6609. Fig. 2 shows the effects of the viscoelastic coefficients and viscous damping coefficients on the
stability boundaries. The region above the boundary denotes instability. Higher values of the viscoelastic coefficient and
the viscous damping coefficient have the effect of raising and narrowing the instability zones. It is revealed that the effect of
the viscoelastic coefficient raises and narrows the instability zone more compared to that of the viscous damping coefficient
on the trivial state stability boundary. For Į=0 and cd=0.1, the stability boundaries are more complicated.
Figure 3-5 illustrates the change of the amplitudes with the detuning parameters. The oscillating response amplitude of
the first mode is much larger than that of the second mode, while the detuning parameter instability intervals of the straight
equilibrium are the same. The amplitude of the first mode is no limitation to a fixed high magnitude and increases
monotonically along the nontrivial branch. But the amplitude of the indirectly excited second mode is limited to a fixed
higher magnitude. The unstable amplitude of the second mode increases initially then decreases and then increases with a
slow, measured tread and the stable amplitude has more complicated dynamic behavior. In addition, although the magnitude
is low, there exists the energy transfer between the first two modes.

A2

A1

and cd=0.001)

A2

Fig. 3. The steady-state oscillating responses (kf=0.2, Ȗ0=0.86, Ȗ1=0.1, Į=0,

coefficients on the stability boundaries

A1

Fig. 2. The effects of the viscoelastic coefficients and viscous damping

Fig. 4. The steady-state oscillating responses (kf=0.2, Ȗ0=0.86, Ȗ1=0.1,

Fig. 5. The steady-state oscillating responses (kf=0.2, Ȗ0=0.86, Ȗ1=0.1,

Į=0.0001, and cd=0.001)

Į=0.0001, and cd=0.1)

Fig. 6 presents the comparison of the first four complex frequencies for N=21. The lines denote the complex frequencies
calculated by analytical method. The black dots denote that calculated by the differential quadrature scheme. The numerical
results show that they are almost identical. Fig. 7 shows the comparison between the analytical results with
nonhomogeneous boundary conditions (RNHBC), with homogeneous boundary conditions (RHBC), and the numerical
results (NR) of the stability boundaries for Ȗ1=0.1 and Į=0.00005 in the first principal parametric and internal resonances.
Fig. 8 shows the comparison of the stable steady-state oscillating responses of the beam center for Ȗ1=0.1. In these figures,
the comparison demonstrates that the analytical results and the numerical integrations have a reasonable agreement.
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ATTITUDE CONTROL VIA STRUCTURAL VIBRATION
N. S. Tyrell ∗1 and A. E. Hosoi1
1

Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts, USA

Summary We present a novel technique for the reorientation of structures “floating” in torque-free environments, applicable to both space
robotics and small satellite attitude control. Conventional orientation control methods require either the usage of continuously rotating
structures (e.g. momentum wheels) or the jettisoning of system mass (e.g. hydrazine thrusters). However, the system proposed herein
requires neither rotating structures nor mass ejection; instead, orientation is controlled by the imposition of a cyclic shape change—the
canonical example from nature is a cat righting itself while falling, thereby always landing on its feet. Further, we extend the concept to
consider the class of structures where the requisite cyclic shape change is attainable via the normal modes of structural vibration. This has
implications both for the design of space structures where the attitude control hardware is integrated directly into the preexisting structure,
as well as for development of orientation control techniques for soft robots.

INTRODUCTION
A cat, dropped upside down, flips and lands on its feet. This falling cat problem has, over the years, attracted the attention
of many physicists, mathematicians, and dynamicists [6], some with names as revered as Stokes and Maxwell [8]. The cat
deforms its structure cleverly—twisting its front half around relative to its back half—such that its orientation changes over
the course of the maneuver but its shape does not. Indeed, the cat does not utilize any external forces, but instead is able to
shift its orientation while conserving angular momentum.
We examine the dynamics of a simple multibody system, inspired by the falling cat, that is also
able to adjust its orientation by undergoing a shape change. Our work builds upon prior investigations of
attitude control via shape change. We demonstrate that it is possible to use the normal modes of structural
vibration to induce the shape changes required to alter orientation. It is well-known that vibrational
analogues to rotational gyroscopes exist (see [5]), but our work presents a system that uses a vibrating
structure to cause rotation, instead of sense it. This feature arises because SO(3) is non-Abelian.
There are natural extensions from our work to the design and attitude control of space structures.
Vibrating, as opposed to rotating, attitude control actuators could be introduced into proposed “satellites
Figure 1: The Cat.
on a chip”. Satellites could be designed that possess little dedicated attitude control hardware, and instead
tune vibrations of preexisting structure to alter attitude.
Prior work
There is a small body of work that deals with orientation control of floating deformable systems by cleverly manipulating
their shape. See [7] for a theoretical treatment, [3][4] for applications to satellites, and [2][1] for MEMS applications. None
of the prior work considers the possibility of structural vibrations causing the attitude-adjusting shape change.
PROBLEM FORMULATION
The model system (the Cat, depicted in Figure 1) is comprised of two rigid bodies (A and B) floating
in free space, joined at their center of mass by a ball joint. Angles α and β define the system shape.
When α = β = 0, the distance between the centers of mass of each body is d. We orient the system in
the global frame using the Euler angles of body A: φ, θ, and ψ. We define the shape state r = [ α β ]| ,
the orientation state g = [ φ θ ψ ]| , and the configuration q = [ r g ]| of the system.
To simplify the kinematics and dynamics, A and B are assumed identical and rotationally symmetric
about any body-fixed axis, such that they can be characterized by a single moment of inertia J. To further
simplify, we take d = 0 and assume that both α and β are always small.

Figure 2: Shape variables.

Kinematics
The total kinetic energy T is not a function of the orientation g. The potential energy U of the system
is also not a function of g. Therefore, Lagrange’s equations, written only for the orientation state variables, are:
d
dt
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, ∂T , and ∂T
are
We see that the generalized momenta corresponding to each orientation state variable are conserved: ∂T
∂ φ̇ ∂ θ̇
∂ ψ̇
constant in time. Each of these conserved quantities can be used to write a corresponding nonholonomic constraint equation
for the system. If we prescribe r(t), we now have enough equations to solve for g(t).
Dynamics
Adding nonzero torsional stiffness (spring constant k) at the ball joint, the potential energy of the system is a function of
the shape state: U = 21 k(α2 + β 2 ). We derive equations of motion for the dynamical system and find that the vibrations of the
system are linearly uncoupled
and thus simple harmonic. Due to the inertial symmetry of the system, the natural frequency of
q
all vibrations is ω =

2k
J .

This results in shape state trajectories of the following form:

 

α(t)
aα sin ωt
r(t) =
=
(2)
β(t)
aβ sin(ωt + ∆)
Where the vibration amplitudes ai and the phase difference ∆ are arbitrary and determined by the initial conditions.
RESULTS

By combining Equations 1 and 2, we can solve for φ̇(t), which can be integrated in time to yield φ(t), the time trajectory
of the Cat’s orientation angle with respect to the z-axis. We find that φ increases monotonically with time. Therefore, the
orientation of the Cat in the global frame changes nonperiodically due to structural vibrations that induce a periodic shape
change. The rate of orientation change is optimal when aα = aβ , a and when ∆ = π2 . For these parameter values, we
recover a simple analytical expression for the rotational rate about the z-axis:
1
1 2
a ω sin2 ωt → hφ̇i = a2 ω
(3)
4
8
Where angle brackets denote the time average of a quantity. Note that the effective rotational speed is quadratic in a.
To evaluate the performance of the Cat, we introduce two nondimensional metrics: the momentum efficiency, ηm , which
is the ratio of the change in orientation (∆φ) per cycle to the amplitude of vibrations, and the energy efficiency, ηe , which is
the ratio of the useful “energy” stored in the rotation of the Cat about the z-axis to the total amount of energy stored in the
torsional spring:
φ̇(t) =

hφ̇i 2π
π
Jhφ̇i2
1 2
ω
= a
and
ηe =
=
a
(4)
a
4
ka2
32
These metrics are useful since they can be used to compare the performance of this simple vibrational attitude control
actuator to that of standard attitude control actuators, such as momentum wheels.
ηm =

CONCLUSION
In this paper, we have presented a simple, underactuated multibody system, the Cat, that can change its orientation simply
by changing shape periodically, in the absence of any external forces or torques. Further, these periodic shape changes can be
sustained with structural vibrations. The concept presented will be developed into a novel design for a small satellite attitude
control actuator, which requires no continuously-rotating parts, and could be extended into a control paradigm for the attitude
control of soft space robots. A proof-of-concept experiment is currently being constructed in order to demonstrate vibrational
attitude control.
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THE OPTIMAL PARAMETERS OF TIME-DELAYED CONTROL QUASI-ZERO-STIFFNESS
VIBRATION ISOLATION SYSTEM
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Summary The optimal value of time delay active control used in a quasi-zero-stiffness isolation system, with very low linear
coefficient and high nonlinear coefficient, is studied in this paper based on distinct optimization goals. This paper establishes the
relationship between the parameters and vibration properties of a quasi-zero-stiffness isolation system which provides the
guidance for the design of structure and the optimization of parameters for various isolators in engineering practices.
INTRODUCTION
To achieve the high-dynamic-low-static (HDLS) property in applications such as high-precision machinery, vehicle
suspension systems and protecting instruments etc., an isolator so-called Quasi-Zero-Stiffness Vibration Isolator (QZS-VI)
is proposed and studied, which can realize high static stiffness and ultra-low stiffness characteristics by geometrical
nonlinearity of structural design [1-3]. Although QZS structure is beneficial for the improvement of isolation effectiveness,
strong nonlinearity could induce multi-steady states and bifurcation phenomenon. Therefore, to avoid the multi-steady states
and bifurcation phenomenon, active control devices and methods are introduced to improve vibration isolation effectiveness.
Since adjusting the value of time delay without increasing control strength could improve vibration control performance for
its high energy cost and construction/installation expense [4-5], time-delayed feedback control attracts lots of attention. As
the QZS-VI is a vibration system with strong nonlinearity, in order to provide guidance for the design of structural and
control, the optimal value of parameters is theoretically explored based on the consideration of distinct nonlinear vibration
properties.
QUASI-ZERO-STIFFNESS VIBRATION ISOLATOR WITH TIME-DELAYED CONTROL

Figure 1: Model of a nonlinear isolation system with time-delayed feedback control.
As shown in Figure 1, the mass of the vibration system is M which is connected with the base via nonlinear spring and
linear damper. The control signal 𝑢(𝑥, 𝑥̇ , 𝑥 , 𝑥̇ ) is a linear function of the absolute motion and velocity of the mass, thus
the dynamic equation of the platform can be obtained as
3
(1)
Mx  kl  x  z   k n  x  z   c  x  z   u  x, x , x , x 
where linear and nonlinear stiffness coefficients are as 𝑘 = 𝑘 + 2𝑘 𝑙 ⁄(𝑙 −  ) , 𝑘 = 𝑘 𝑙 ⁄(𝑙 −  ) and
𝑢(𝑥, 𝑥̇ , 𝑥 , 𝑥̇  ) = 𝑝 (𝑥 − 𝑥) + 𝑝 (𝑥̇  − 𝑥̇ ). Thus the nonlinear stiffness property and natural frequency could be adjusted by
changing the value of pre-deformation  s.
THE OPTIMAL VALUE OF TIME DELAY
The time delay, which induces the largest amplitude death region, could be considered as the optimal value for
vibration isolation. The displacement transmissibility T d and stability boundary could be written as
d
W  Td ,    z 05 d 3Td6  z03 d 2Td4  z0 d1Td2  0  0
(2)
z0
W Td ,  
Td

 a0

 z , 0 
 0




W Td ,  
Td

 6 z05 d3Td5  4 z03 d 2Td3  2 z0 d1Td

(3)

Td ,0 

From the analysis above, the multi-steady states band (1,  2) could be decided by solving the Eq. (2) and
𝑊(𝑇 , )⁄𝑇 |( , ) = 0 as Eq. (3) simultaneously. As shown in Figure 2, the effective isolation frequency band is
a)
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(1,) and the multi-steady state frequency band is (1, 2). For increasing the dimensionless nonlinear coefficient of the
system , the multi-steady states band and effective isolation frequency range are both decreased. Thus the effect of time
delay on the improvement of isolation effectiveness should be considered. Fig. 3 shows the multi-steady states band on the
parametrical plane (, k) for different control strengths and isolation effectiveness for different control parameters.

Figure 2: multi-steady states band (1, 2) and displacement transmissibility curves Td for different nonlinearity for k=0. (a)
Dimensionless nonlinear coefficient =200; (b) =500; (c) =1000.

Figure 3: (a) is the optimal values of control parameters; (b), (d) and (f) are multi-steady states band ( 1, 2), (c), (e) and (g)
are displacement transmissibility T d for g 1=g2=0.2, g 1=g2=0.5 and g1=g2=1.0 respectively.
In order to improve the isolation effectiveness of an isolator with strong nonlinearity, the optimal time delay is defined as
the value with smallest multi-steady states band and displacement transmissibility as shown in Figure 3 (a). The value of
optimal time delay is the intersection of the two curves  1 and 2 or the value corresponding to the smallest 1 if there is
no intersection as shown in Figure 3 (b), (d) and (f). Since the multi-steady states band (1, 2) and the value of  1 are both
reduced by increasing time delay k from zero to the optimal value, the control achieves the increase of effective isolation
frequency range and elimination of multi-steady states phenomenon. However, because larger time delay results in larger
equivalent damping property, in the effective isolation frequency band, the displacement transmissibility T d for k=1.5 is
larger than the optimal time delay as shown in Figure 3 (c), (e) and (g). Therefore, with the consideration of three
optimization goals as multi-steady states band, effective isolation frequency band and displacement transmissibility, the optimal
control parameters are given.
CONCLUSIONS
The effect of time-delayed active control and nonlinearity on vibration isolation system is studied and optimal control
parameters are obtained. The multi-steady states band, effective isolation frequency band and displacement transmissibility in
high frequency band are chosen as the optimization goals. This paper provides the guidance for the design and application of
time-delayed control for isolation system with strong nonlinearity.
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NONLINEAR VIBRATION CONTROL OF A ROTATING COMPOSITE BEAM
WITH AN EMBEDDED ACTIVE ELEMENT
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Summary A model of the rotating hub-beam system is studied in the paper. The beam is considered as a thin–walled composite
structure with a box cross-section. The reinforcing fibres in the laminate are oriented according to the circumferentially asymmetric
stiffness (CAS) configuration scheme. This arrangement implies flapwise bending-shear-twisting modes coupling Then, an embedded
active element is applied to the beam in order to reduce complex vibration of the full hub-beam system. The nonlinear saturation control
method, based on nonlinear coupling of the plant and the controller is tested for various angular velocities of the system.

INTRODUCTION, MODEL AND PROBLEM FORMULATION
Rotating structures occur in many engineering applications, helicopter or wind turbine blades are typical examples
[1]. The recent development of new advanced composite materials enables to design light rotating structures, meeting
the required strength and dynamic properties. The systematic approach to modelling the composite thin–walled beams
is presented e.g. in [2], and in [1, 3] including nonlinear models as well. The light and flexible composite structure
combined with embedded active elements enable constituting a smart system, reacting adequately for varied environmental
conditions. Such systems have to be equipped in control algorithms which often use nonlinear phenomena, in order to
increase the performance of the controller.
In this paper we study a rotating beam–hub system presented in Fig.1. The equations of motion of the model and
associated boundary conditions are derived on the basis of the theory of thin–walled structures. The set of differential
equations of motion consists of seven coupled partial differential equations which correspond to: (a) three equations for
transverse and axial displacements of the beam cross–section, (b) two equations for shear deformations in two planes,
(c) one equation for the beam twist and (d) one driving equation of the hub rotation. A full step–by–step derivation and
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Figure 1: Model of a rotating composite thin–walled beam-hub structure with CAS configuration.
discussion of these equations is presented in recently published papers [4, 5]. As it was shown in [5] the coupling between
bending and twisting deformations can be achieved for the circumferentially asymmetric stiffness (CAS) scheme (see
zoom of the beam in Fig.1). The maximum magnitude of this coupling occurs for the fiber orientation angle α ≈ 75◦
(or αx ≈ 15◦ if measured from x axis). We accept this configuration in this paper in order to control bending–twisting
oscillations, including shear deformation (Timoshenko model). We also assume that the beam preset angle θ = 90◦ so
the problem is reduced to the plane of rotation (lead–lag–twist oscillation).
Because flexural and torsional vibrations are coupled, therefore we can control both modes just by one active element,
for example macro-fibre composite (MFC) embedded into the hosting beam (Fig.1). In order to control beam oscillations
we propose to apply the so called nonlinear saturation control (NSC) method. This method is based on nonlinear coupling
of the plant and controller. The NSC was extensively tested in numerous research but mainly for non-rotating cantilever
beams. The detailed theory and applications of NSC can be found for example in [6, 7]. The review of various control
strategies realised in practice by MFC actuators is presented in paper [8].
The main goal of the current paper is to analyse the NSC strategy as applied to the rotating hub-beam system in order
to reduce vibrations excited by external torque imposed to the shaft and leading to varied angular velocity. The dynamics
of the system reduced to the first bending–twisting mode with the added nonlinear saturation controller is governed by a
set of dimensionless ODEs:


q̈1 + ζ1 q̇1 + α12 ψ̈ + α11 + α13 ψ̇ 2 q1 + α14 ψ̇ q̇1 = g1 qc2 ,

∗ Corresponding

2
q̈c + ζc q̇c + ω0c
qc

=

g2 qc q1 ,

(1 + Jh + αh2 ) ψ̈ + ζh ψ̇ + αh1 q̈1 + αh3 ψ̇ q̇1

=

μ

(1)
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where: q1 is a coordinate corresponding to the first flexural–torsional mode, qc is the coordinate of the controller, ψ
angle of rotation of the hub (Fig.1a), α1i , i = 1, . . . , 4, αhj , j = 1, . . . , 3 dimensionless coefficients, ζ1 , ζc , ζh damping
coefficients, Jh mass moment of inertia of the hub and μ is the torque imposed to the hub. The natural frequency of the
controller is tuned to the beam natural frequency satisfying the condition ω0c = 1/2ω01 , where ω01 is the first natural
frequency of the complete hub–beam system assembly. Note that the natural frequency depends on the angular velocity
and mass moment of inertia of the hub [5].
CASE STUDIES
In the present study we assume that the hub-beam system is excited by external torque expressed as a sum of a
constant and a periodic components: μ = μ0 + ρ cos ωt. The dimensionless coefficients computed for a laboratory thin–
walled specimen take values: α11 = 3.2651, α12 = −2.9063, α13 = 0.3527, α14 = 0.4602, αh1 = −0.3202, αh2 =
−0.14637, αh3 = −0.1464, ζ1 = 0.01807, ζh = 0.1, ζc = 0.001, g1 = 0.01, g2 = 1.0, ρ = 0.01.
(a)

max

max

q1

qc

(b)

w

w

Figure 2: Amplitude-frequency curves of the beam (a), and the controller (b) for μ0 = 0.005 (black) and μ0 = 0.05 (red)
In Fig.2 the resonance curves of the beam oscillations (a) and controller response (b) are presented. The curves are
computed for two various constant components of the torque, μ0 = 0.005 (in dark colour) which corresponds to small
angular velocity and μ0 = 0.05 (in red colour) which corresponds to ten times larger angular speed. The zone of the
controller activation is presented in Fig.2(b). For both frequency zones a rapid decrease of beam oscillations is observed
in Fig.2(a). However, for high rotation the zone of the vibration reduction is much narrower.
CONCLUSIONS AND REMARKS
The saturation controller is proposed in order to reduce complex bending–torsion vibrations of the rotating thin–
walled beam. It has been shown that the essential factor of the proposed method is a proper tuning of the controller to the
natural frequency of the structure which depends on mass moment of inertia of the hub and on its angular velocity. If the
controller is tuned only to a separated non-rotating cantilever beam, the method is ineffective. The computations show
that if the angular speed increases then the zone of controller activation is decreasing (Fig.2). We may conclude that the
controller performance can be improved by optimisation of the gains g1 and g2 . Therefore, these parameters should be
adapted to dynamic characteristics of the rotating hub–beam system.
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DAMPING OF WAVES IN A LAYERED STRUCTURE COMPOSED OF TWO ELASTIC
PLATES COUPLED BY A VISCOUS LIQUID
1

Mario Weder∗1 and Jürg Dual1
Institute of Mechanical Systems, ETH Zurich, 8092 Zurich, Switzerland

Summary We present a model describing the frequency and damping of waves traveling in a layered structure that is composed of two elastic
plates and a viscous liquid layer in between. The wave-shaped perturbations are assumed to be small so that the linearized Navier–Stokes
equations adequately describe the incompressible fluid motion. The equations are discretized along the transverse direction which yields an
algebraic eigenvalue problem that we solve numerically. We discuss the results for the three modes in the low wavenumber regime.

INTRODUCTION
Wave propagation and vibration in plates that are in contact with a fluid has been a research topic over a long period [1].
Nevertheless, the research community mainly focused on the influence of the fluid on the real frequency ωr [2, 3], whereas
it is still an open question how to implement viscous damping represented by the imaginary frequency ωi . In this paper we
propose a model that couples the linearized, incompressible Navier–Stokes equations of the fluid with the elastic equations of
the solid. The resulting eigenvalue problem gives then access to both the frequency and the damping of waves in the structure.
MODEL
We consider a two dimensional system that infinitely extends in the longitudinal direction x and is layered in the transverse
direction y. The system consists of two identical elastic solid plates of thickness h that are separated by gap width g filled with
a viscous, incompressible fluid, cf. figure 2. We are interested in the temporal evolution of small, wave-shaped perturbations
q(x, y, t) =: <{q̂(y) ei(ξx−ωt) }, where q(x, y, t) denotes an arbitrary perturbation quantity, q̂(y) its complex amplitude,
ξ ∈ R the longitudinal wavenumber and ω ∈ C the complex angular frequency. Here, ωr := <{ω} is the real frequency
and ωi := ={ω} the temporal amplification rate. For the plates we assume a linear elastic material with Young’s modulus E,
Poisson’s ratio ν and mass density %. With the perturbation ansatz, the momentum equations for a 2D elastic solid [4] are
ω 2 ûx + c22 (Dy2 − ξ 2 )ûx + (c21 − c22 )(−ξ 2 ûx + iξDy ûy ) = 0 ,
2

ω ûy +

c22 (Dy2

2

− ξ )ûy +

(c21

−

c22 )(iξDy ûx

(1a)

Dy2 ûy )

+
=0,
(1b)
p
E(1 − ν)/[%(1 + ν)(1 − 2ν)], distortional wave
with displacement
amplitudes (ûx , ûy ), dilatational wave speed c1 =
p
speed c2 = E/[2%(1 + ν)] and Dy := d/dy. We assume that the motion in the liquid layer governs the Orr–Sommerfeld
equation [5]. This equation is deduced from the incompressible Navier–Stokes equations by linearizing around a parallel base
flow and applying the perturbation ansatz. With zero base flow the Orr–Sommerfeld equation simplifies to


iωρ(Dy2 − ξ 2 ) + µ(Dy2 − ξ 2 )2 v̂y = 0 ,
(2)

!r [rad/s]

(a)

3

#104

2

(b)

0

!i [1/s]

where v̂y denotes the transverse velocity amplitude, ρ the mass density and µ the viscosity of the liquid. We define continuous
stresses and velocities at the liquid/solid interfaces and traction-free conditions at the free solid boundaries.
We choose a wavenumber ξ and discretize (1), (2) as well as the interface/boundary conditions with the Chebychev
collocation method [5]. The resulting equations can be assembled to an algebraic eigenvalue problem [A − ωB]q̂, where
the complex wavenumber ω acts as eigenvalue and the discretized perturbations are contained in the eigenvector q̂. We use
MATLAB together with the Multiprecision Computing Toolbox [6] to solve the eigenvalue problem in quadruple precision.
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Figure 1: (a) Angular frequency ωr and (b,c) temporal amplification rate ωi as a function of wavenumber ξ. (c) is a magnified
section of (b). Longitudinal mode (blue dashed line), sinuous mode (black solid line), varicose mode (red dash-dotted line),
Rayleigh–Lamb waves (gray lines, cf. [7]). Circles indicate the selected points for plotting mode shapes in figure 2.
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Figure 2: (a–c) Mode shapes of displacement perturbation (ûx , ûz ) of solid layers and velocity perturbation (v̂x , v̂y ) of liquid
layer (real part). (d–f) velocity perturbation v̂x of liquid layer (real part). (a,d) shows the longitudinal mode, (b,e) the sinuous
mode and (c,f) the varicose mode.
RESULTS
We use E = 210 GPa, ν = 0.3, % = 7850 kg/m3 , h = 2 mm as parameters for the solid layers (steel) and µ =
1.002 mPa s, ρ = 998.2 kg/m3 , g = 5 mm for the liquid layer (water). The frequency spectrum of the layered structure is
plotted in figure 1 in comparison with the Rayleigh–Lamb spectrum for a single plate [7]. We recognise three modes whose
mode shapes are given in figure 2: a longitudinal mode with a linear ωr (ξ) relation as well as a sinuous mode and a varicose
mode which both are of bending type with a nearly quadratic ωr (ξ) relation. The motion of the elastic plates in the longitudinal
mode is primarily in the x-direction while the liquid is at rest, expect for the small, viscous boundary layer near the liquid/solid
interface. Only a small fraction of liquid mass participates the longitudinal mode motion, and the real frequency ωr therefore
changes only insignificantly compared to the single plate (< 0.1% in the plotted range). On the other hand, this boundary
layer is responsible for the viscous damping represented by a negative amplification rate ωi . The sinuous mode is characterized
by a symmetrical deformation of the elastic plates with respect to the center axis and a fluid motion predominantly pointing
in the y-direction. The whole liquid mass must be accelerated in the sinuous mode and this leads to a decrease of the real
angular frequency ωr of 7.6% with respect to the antisymmetric Rayleigh–Lamb mode. The damping is weak due to the
small velocity gradients in the liquid layer. The antisymmetric deformation of the plates in the varicose mode causes a liquid
pumping motion along the x-direction from the narrowing to the widening of the gap. In the low wavenumber regime, the
distance between the narrowing and widening is large (∼ π/ξ) and due to this, the acceleration of the fluid in x-direction
is large too. This yields a strong reduction of the real angular frequency ωr because the liquid mass must be pumped along
the extensive x-direction. The viscous layer resulting from this pumping fluid motion also induces the strong damping of the
varicose mode.
CONCLUSIONS
The presented model describes the damping of waves in a layered structure caused by the viscous boundary layer near the
interface. The investigation shows a strong damping of the longitudinal mode. The added mass effect reduces the frequency
of the sinuous mode by 7.6%, whereas the damping is small compared to the other modes. The characteristic of the varicose
mode is the pumping motion of the liquid from the narrow to the wide gap sections which leads to a strong reduction of the
real frequency and to a large damping. This insights give a better understanding of damping mechanisms found in resonating
sensors and coupling effects acting between runner and casing of water turbines.
Acknowledgments
This research has been carried out in collaboration with Andritz Hydro and is funded by the Swiss Commission for Technology and Innovation.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]

Lamb H.: On the vibrations of an elastic plate in contact with water. Proceedings of the Royal Society of London, Series A, 98:205–216, 1920.
Amabili M., Frosali G. and Kwak M.K.: Free vibrations of annular plates coupled with fluids. Journal of Sound and Vibration, 191:825–846, 1996.
Jeong K.H., Free vibration of two identical circular plates coupled, Journal of Sound and Vibration, 260:653–670, 2003.
Graff K.F.: Wave Motion in Elastic Solids. Oxford University Press, 1975.
Schmid P.J. and Henningson D.S.: Stability and Transition in Shear Flows. Springer, 2001.
Advanpix LLC: Multiprecision Computing Toolbox for MATLAB 3.9.0.9970. Yokohama, Japan.
Mindlin R.D.: Waves and vibrations in isotropic elastic plates. In Structural Mechanics, Proceedings of the First Symposium on Naval Structural
Mechanics, 199–232, 1960.

3000

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

IDENTIFICATION OF FRACTIONAL ORDER OF VISCOELASTIC MATERIALS
BY FEEDBACK CONTROL
Saeha Yamane1 and Hiroshi Yabuno ∗1
1

Graduate School of Systems and Information Engineering, University of Tsukuba, Tsukuba, Ibaraki, Japan

Summary Our proposed method identiﬁes the feature of soft matters such as polymers, which is usually modeled as viscoelastic systems
with fractional derivatives. The presented method directly extracts the order of fractional derivatives that indicates the viscoelastic effect
by utilizing self-excited oscillation in the viscoelastic system produced due to velocity feedback. The fractional order is evaluated by
the change of response frequency depending on the displacement feedback gain. Also, for the practical application, we theoretically
show by the method of multiple time scales that nonlinear feedback can realize the self-excited oscillation with small steady state
amplitude.

INTRODUCTION
Viscoelastic materials such as polymers have a property of both viscosity and elasticity. A linear combination of
springs and dampers is widely used for modeling of those matters. For example, the Maxwell model and the Kelvin-Voigt
model are well-known. The parameters of viscous and elastic components of conventional models are identiﬁed from the
frequency response curve under the external excitation, even though the curve obtained from the identiﬁed parameters
does not globally ﬁt experimental results because of neglecting memory effects. Meanwhile, it is theoretically known
that mathematical models with fractional differential terms can provide the frequency response curve which is globally
agreement with that obtained from experimental data. However, the utilization of the frequency response curve under
external excitation is not suitable because it can not directly identify the fractional order. i.e., because also the effects
affect the shape of the response curve. In order to resolve this problem, we propose an identiﬁcation method in using
linear and nonlinear feedback control. The velocity feedback compensates viscosity and produces self-excited oscillation.
Then, we can obtain the identiﬁcation method without a widely used assumption that the modulus of the fractional terms
is very small. Namely, we can directly evaluate the fractional order by using the change of frequency response depending
on the gain of displacement feedback. The nonlinear feedback is also applied for the practical use so that we can set its
amplitude to a small constant.
EQUATION OF MOTION OF VISCOELASTIC SYSTEM WITH FEEDBACK CONTROL
We consider a spring mass damper model added a term of fractional differences that represents viscoelasticity[1] and
give some external forces by feedback control as follows:
 t
β
dx
dx
dx
d2 x
−α dx
+
dτ + kx = f
+ gx + hx2 ,
(1)
(t − τ )
m 2 +c
dt
Γ(1
−
α)
dt
dt
dt
dt
0
where m, c, β, k, f , g and h are inertial, viscous, viscoelastic, elastic, linear velocity feedback, linear displacement
feedback, and nonlinear feedback coefﬁcient, respectively, x is the displacement, t is the time and α is the order of
fractional differences (0 < α < 1).
ANALYSIS OF NONLINEAR FRACTIONAL DIFFERENTIAL EQUATION
From Eq. (1), we can obtain a dimensionless fractional differential equation as follows:
 t∗
∗
∗
dx∗
d2 x∗
β∗
dx∗
−α dx
∗ dx
−
c
+
(t∗ − τ ∗ )
dτ ∗ + x∗ −  ∗ + a∗ x∗ 2 ∗ = 0,
2
∗
∗
∗
dt
Γ(1 − α) 0
dt
dt
dt
dt

(2)

where ∗ is a dimensionless index and  is a small dimensionless parameter. By applying the perturbation method and
1
considering order of leading terms, we assume that an approximate solution of Eq. (2) can be described as x∗ =  2 x0 +
3
1
3
 2 x1 . Moreover by applying the method of time scales, two equations of the coefﬁcients of  2 and  2 are derived as
follows:
 t∗
1
β∗
−α
 2 : D 0 2 x0 − c∗ D 0 x0 +
(t∗ − τ ∗ ) D0 x0 dτ ∗ + x0 = 0
(3)
Γ(1 − α) 0
 t∗
3
β∗
−α
 2 : D 0 2 x1 − c∗ D 0 x1 +
(t∗ − τ ∗ ) D0 x0 dτ ∗ + x1 = −2D1 D0 x0 + c∗ D1 x0 + D0 x0 − a∗ x0 2 D0 x0
Γ(1 − α) 0
 t∗
β∗
−α
−
(t∗ − τ ∗ ) D1 x0 dτ ∗ , (4)
Γ(1 − α) 0
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where D0 and D1 are partial derivatives ∂t∂0 and ∂t∂1 with respect to time scales t0 = t∗ and t1 = t∗ , respectively. In
Eq. (3), we can control c∗ so that x0 has a solution of simple harmonic oscillation, in the case, frequency p is zero of an
α
ipt0
+ Ā(t1 )e−ipt0 into Eq. (4) and
equation p2 − 1 = β ∗ cos( πα
2 )p [2]. Substituting the harmonic solution x0 = A(t1 )e
considering a condition not to produce a secular term in Eq. (4), we obtain a complex amplitude equation as follows:
2pD1 A + ic∗ D1 A − i

β∗
Γ(1 − α)

t∗


0

where A is a complex amplitude. Hence, we can get x∗ 

(t∗ − τ ∗ )
√1
a∗

−α

2

D1 Adτ ∗ = pA − a∗ p|A| A,

(5)

cos(pt∗ + φ0 ).

ANALYTICAL RESULTS FOR VISCOELASTIC MODEL
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Figure 1: Varying of oscillation frequency depending on fractional parameters. (a) Frequency p vs fractional order α. (b)
Frequency p vs fractional modulus β ∗ .
Figure 1 shows analytical results for the nonlinear fractional equation of a viscoelastic model. The ordinate indicates
the dimensionless response frequency of self-excited steady state harmonic oscillation. In Fig. 1(a), the abscissa indicates
fractional order α, and in Fig. 1(b), the abscissa indicates dimensionless fractional coefﬁcient β ∗ . As can be seen from
Fig. 1(a), when the fractional modulus is very small i.e. β ∗ = 0.01 or 1, it is difﬁcult to distinguish the fractional order
α because the change of frequency is very small. However, the displacement feedback can change fractional modulus
β ∗ e.g. β ∗ = 100 so that the change of frequency is very large depending on the small change of fractional order α. In
addition, different from the conventional methods, our analysis can deal with the equations that have large coefﬁcient of
fractional differences.
√
Figure. 1(b) shows that the fractional term whose order α is close 0 affects frequency as β ∗ like that in just spring
mass system and one whose order α is close 1 does not affect frequency because of the feedback control that compensates
damping effect.
CONCLUSIONS
We have proposed an identiﬁcation method about the order of fractional differences. We have analyzed the nonlinear
fractional differential equation under the feedback control with the methods of perturbation and multiple time scales. We
have theoretically derived that the fractional harmonic oscillation has the frequency depending on the fractional order
α and coefﬁcient β ∗ . In addition, we can make the steady state vibration with a small constant amplitude by applying
nonlinear feedback control. By using these results, we have clariﬁed that our identiﬁcation method directly extracts the
order of fractional differences and showed the utility of the method for evaluating a property of viscoelastic matters. In
near future works, we practically detect the order of fractional difference of viscoelastic materials such as polyurethane
gum intrinsically contain by the above method. Furthermore, we will show whether various soft matters have each distinct
fractional order or not as like spring term. Eventually, we try to analytically lead viscoelastic basic theory on physics.
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SHAKE TABLE TEST OF AN ISOLATED BRIDGE WITH CABLE-SLIDING FRICTION
ASEISMIC BEARING
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Summary In seismic active region, bridges isolated by conventional sliding devices risk damages caused by large lateral displacement of
superstructure. With shake table test, this study investigated the seismic behavior of a 6-pylon extradosed bridge isolated by sliding controlled
bearings known as the cable-sliding friction aseismic bearing, or CSFAB. The test results indicated that this bearing system can restrain the
girder-pier relative displacement effectively, while acceleration of the girder could increase momentarily as the lateral displacement was being
restrained, which revealed that as the cable re-established the inertia force transfer path, bridge pier with CSFAB might face greater lateral force
than that with conventional bearing. How to design the restraining capacity and relative issues were discussed.

INTRODUCTION
One consensus in earthquake engineering is that to help bridge resist seismic hazard, simply strengthen the materials or
the structure itself is neither effective nor economical. Under current accepted aseismic design practice, the fundamental
period of a bridge is elongated to avoid the frequency range that contains the most seismic energy and reduce the seismic
forces. One promising alternative is to use isolation device with low shear stiffness and large capacity of lateral deformation
or sliding. But this goal is usually achieved at the cost of enlarged lateral displacement of superstructure. In situation of
strong or impulsive ground motion, this enlarged displacement could lead to girder detachment and collapse in worst case
scenario[1]. Therefore, a cable-sliding friction aseismic bearing system was proposed. Constitutive relation of the bearing is
presented. To confirm the effectiveness of this system, shake table test was conducted. Seismic responses of the bridge
model isolated with and without this system are compared Test results and further discussions are presented.
CABLE-SLIDING FRICTION ASEISMIC BEARING (CSFAB)
A typical cable-sliding friction aseismic bearing[2], or CSFAB, consists of a bearing with sliding capacity, e.g. spherical
bearing and pot bearing, and a set of cables to restrain the bearing at a designed lateral relative displacement, u1.
Constitutive relation of the bearing is shown in Fig. 1. The two main operation stages of this bearing are the friction stage,
where the girder-pier relative displacement stays within u1 and the bearing behaves identically to a conventional sliding
bearing, and the restraining stage, where the relative displacement surpasses u1 and the originally loose cables are tightened
and restrict further increasing of the relative displacement.

Fig. 1. Cable-sliding friction aseismic bearing
TEST SETUP
The background bridge project is a 6-pylon symmetrical extradosed bridge with a total span of 900m which is shown in
Fig. 2. Two sets of CSFAB systems are mounted on pier 15# and 20#. During the test, the seismic load was simultaneously
applied to the model in the longitudinal direction through the shake tables which should be anti-symmetrical by the centre of
the bridge. Thus providing an anti-symmetrical boundary condition at the axis of symmetry, which is a hinge that provides
vertical support only, the half-structure shall behave identically to the prototype.

Fig. 2. 6-pylon extradosed bridge
Based on this assumption, due to the limit of the experimental facilities, the test was conducted on a 1/20 scaled, halfstructure model bridge with three main piers and one side pier mounted on four independent shake tables. Test setup is
a) Corresponding author. Email: yuan@tongji.edu.cn
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shown in Fig. 3. One CSFAB system was mounted on model pier 15# with the u1 of 18mm. To have a control group model,
the system was later replaced by a conventional sliding bearing. The seismic load applied to both models is a record of the
1999 Chichi earthquake provided by PEER (Station TCU052) with the peak ground acceleration scaled to 0.2g.

Fig. 3. Test setup
TEST RESULTS
Fig. 4 shows the comparative time-history of girder-pier relative displacement and girder acceleration of both models
(with and without CSFAB). The data show that before 6s, where the girder-pier relative displacement was mild, both
models behaved similarly and the girder acceleration of the two stayed at close level. However, soon after 6s, CSFAB
system restricted the relative displacement obviously, while in the conventional model the relative displacement hit its peak
value around 24mm. Meanwhile, the girder acceleration increased momentarily as the cables restraining the relative
displacement. The data also show that the residual displacement of the CSFAB system was around 0.25mm, significantly
smaller than that of the conventional system which is 14.50mm. Therefore, according to the results, the CSFAB system can
control the girder-pier relative displacement effectively.

Fig. 4. Test results comparison between models with and without CSFAB system
DISSCUSION
The test results approved the effectiveness of the CSFAB system in restraining the relative displacement of the girder
and the pier. From this perspective, to avoid girder detachment and other similar seismic damage, replacing conventional
sliding bearing with CSFAB system could be a considerable choice. However, what can also be observed from the data is
that as the cables restraining the relative displacement, the acceleration of the girder shall have an instant increase. It is
presumable that this increase comes from the restraining force of the tightened cables and similar increase shall occur in the
acceleration of the pier as well, because unlike a conventional sliding bearing that can transfer friction force only, the
tightened cables re-establish the transfer path of the inertia force of the superstructure. So unlike a conventionally isolated
bridge whose piers are usually protected by the sliding bearings that transfer rather gentle friction force, bridge isolated by
CSFAB may face larger lateral force. From the perspective of seismic vulnerability analysis, with CSFAB system, a bridge
may face milder girder falling risk but greater pier damage risk. Thus, a crucial question is how the restraining capacity of
the cables should be designed. If the restraining capacity is infinite, the restraining force may be large enough to collapse
the pier. But if it is too small, the restraining effect may be small as well. Therefore, if pier protection is the priority, the
maximum restraining force shall not surpass the pier’s capacity. Otherwise, the pre-failure maximum restraining force of the
CSFAB could be designed to cause acceptable damage to the pier and prevent girder detachment at the most extent.
CONCLUSIONS
Through the study above, some conclusions can be summarized as follows:
1. The CSFAB system can restrain girder-pier relative displacement.
2. While restraining the girder, the CSFAB system can cause momentary increase in girder acceleration.
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UNCERTAINTY QUANTIFICATION FOR A CLASS OF VIBRATORY MEMS GYROSCOPES
Nujhat Abedin1, Samuel F. Asokanthan1
Mechanical & Materials Engineering, Western University, London, Ontario, Canada, N6A 5B9

1

Summary Uncertainty quantification for mass-spring type MEMS gyroscope due to frequency mismatch as well as quality
factor are investigated via Monte Carlo simulation methods. A suitable two-degree of freedom dynamic model has been
employed for this purpose. A systematic approach based on the dynamic response statistics have been developed for this
class of gyroscopes. It is envisaged that the predictions made from the output response statistics and uncertainty
quantification analyses of the present study can lead to significant performance improvements in the design of this class of
micro-machined mass-spring type vibrating angular rate sensors.
INTRODUCTION
The design methodologies for MEMS devices are based on deterministic approaches, where the input parameters, for
example geometrical and physical properties are assumed to be known precisely. However, in practice, due to the batchproduction processes used in MEMS fabrication as well as the micron-scale dimensions of the structural elements,
consideration of uncertainties in system parameters and an understanding of their effects are warranted. Hence, numerical
schemes suitable for uncertainty quantification are developed. To this end, a mathematical model is used to represent the
dynamic behaviour of a translation-based single-axis mass-spring gyroscope and in particular a model presented by Davis
[1] is adopted. For the purposes of characterizing the behavior due to uncertain system as well as environmental parameters
of mass-spring type gyroscopes, steady state portion of transient responses are considered. Monte Carlo simulation method
is used for estimating the ensemble mean as well as the standard deviation (measure of variance) of response samples.
Employing an optimal sample number predicted via simulations, uncertainty quantification for the response statistics are
evaluated via ensemble mean and standard deviations in frequency mismatch and the quality factor.
MODEL DESCRIPTION
Mass-spring gyroscope model used in the present paper is based on the equations developed by Davis [1] and later
presented by Tianfu Wang [2] and Ye Tian [3] who considered application of this class of gyroscopes for active vehicle roll
control applications. The gyroscope configuration consists of a lumped point mass (proof mass) of mass
at the centre
and four support springs with equivalent stiffness
and
, respectively, along and x and y axes. In order to achieve
maximum sensitivity, the proof mass is excited along the x-axis in steady-state (driving direction) with a periodic external
force of magnitude
and frequency which is set to be the same as the natural frequency
associated with non-rotating
system along the x-axis. The system is then subjected to an input angular rate about the z-axis (input axis) which is
orthogonal to the driving axis. Owing to the Coriolis Effect that result from velocity along the x-axis and frame rotation rate
along the z-axis, the lumped proof mass oscillates along the direction of y-axis which is referred to as the sensing axis.
Governing equations in terms of the generalized coordinates
and
that represent motion along x and y axes are:
,
where,
represent the natural frequencies of the non-rotating system in the x and y axes, respectively.

while

(1)
and

Equation (1) is employed for the purposes simulating the time response analysis for fixed system parameter values such
as the input angular rate, damping and frequency/stiffness mismatch. In addition, these equations are also modified in the
first order form that is suitable for numerical integration of the ODE’s to accommodate uncertainties via random variation
of parameters to aid uncertainty quantification. The simulation is performed via the fourth-order Runge-Kutta scheme
available within the MATLAB computing environment.
RESULTS AND DISCUSSION
Uncertainties in input angular speed are introduced in the mathematical model considering drift and noise terms and the
resulting dynamic response simulations are used to obtain optimal number of points along time axis and optimal number of
samples along path axis. For the purposes of uncertainty quantification, the noise term in the model is introduced as a
random variable with Normal (Gaussian) distribution. At a certain temporal point which lies after 3900 points along time
sample, 50 samples are taken along sample path axis for the application of Monte Carlo simulation based on the dynamic
1)
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response. This enables prediction of response statistics in the form of standard deviation of output response for different
cases which are presented in the work by Nujhat Abedin [4].
In order to introduce frequency mismatch
in equation (1), the natural frequencies of the stationary gyroscope,
namely
and
,are considered unequal and these frequencies are related via:
.
It is evident from Figure 1 that Standard deviations of output response increases in a nonlinear fashion with varying
frequency mismatch and the magnitude of the output response standard deviation shows a diverging trend when the quality
factor increases (i.e. damping ratio decreases). In order to quantify uncertainties in quality factor, for different fixed
frequency mismatch, standard deviations from 50 with an increment of 50 up to 500 while the mean is fixed at 1000,
quantification is performed and presented in Figure 2. It is evident that, for 0.01% and 0.02% frequency mismatch, output
response statistics show a significantly different trend when compared with higher mismatch values. It may be attributed to
the fact that for lower frequency mismatch the two natural frequencies are likely to be close to each other. As a result, the
response statistics may take large values as a result of internal resonance. For the lower values of frequency mismatch, when
the quality factor increases, the output standard deviations increase and seem to have converging trend. Further, in order to
illustrate the effect of large frequency mismatch on the performance of mass-spring gyroscope, 10% and 20% frequency
mismatch are used in the numerical simulation. The figure also shows that for large frequency mismatch, magnitudes of
output standard deviations do not have notable variation as internal resonance may not play a significant role .

Figure 1. Standard deviation of frequency mismatch vs.
standard deviation of output response, (
)

Figure 2. Standard deviation of quality factor mismatch vs.
standard deviation of output response for different
frequency mismatch (
)

CONCLUSION
A dynamic model and numerical simulation procedures suitable for uncertainty quantification predictions for a class of
MEMS gyroscopes are developed. Propagation of uncertainties in frequency mismatch as well as quality factor are
investigated by considering optimal temporal sample paths via Monte Carlo simulation methods and response statistics for
the mean as well as the standard deviation have been quantified. To the best of authors’ knowledge, this systematic
approach for predicting the dynamic response statistics have not been performed for this class of gyroscopes and it is hoped
that this approach paves the way for performing uncertainty quantification when these systems are subjected to various
other uncertainties that may be present in practice. It is envisaged that the predictions made from the output response
statistics and uncertainty quantification analyses of the present study can lead to significant performance improvements in
the design of this class of micro-machined mass-spring type vibrating angular rate sensors.
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VIBRATION ENERGY LOCALIZATION IN INHOMOGENOUS BEAM STRUCTURE
Mohamed Amin Ben Lassoued12a), Guilhem Michon1& Annie Ross2
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2
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SummaryIn this paper, we studied the effect of an exponential distribution of the Young’s modulus and the density in monolith and sandwich

beams. Such a distribution of property shows a localization of the vibration in the low stiffness and low density part of the structure. A finite
element model is compared to analytical approach based on WKB method for inhomogeneous wave guide for a better understanding of the
parameters governing energy localisation in these structures.

INTRODUCTION
To have a better dissipation of energy in vibrating structures, dissipation systems must be designed for a certain frequency band.
The band, however, does not always cover the entire frequency range to be attenuated. One solution is to have a dissipative
system for each band. In order to make this idea efficient, the main system must distribute different frequency bands at different
positions on the structure. The phenomenon of energy focussing was discovered by Von Bekesy[1]. It occurs for example in
the cochlea in the inner ear of mammals. The inhomogeneity of the mechanical characteristics of the basilar membrane acts
as a frequency filter which allows exciting different nerves for different sound frequency. This phenomenon called tonotopy
was reproduced by Foucaud [2] for a metallic beam with linear geometric variation immerged in a fluid duct. He used the
WKB method including evanescent wave for more accurate results. Another way to disperse energy in beams is to use an
acoustic black hole [3]. It is based on an exponential decrease of the thickness of the beam which leads to amplification of
high frequency modes at the thin extremity of the beam.The purpose of this paper is to show that the phenomenon also
appears when beam mechanical properties are exponentially varied, instead of geometrical properties such as width or
thickness. This will allow obtaining energy focussing without changing the beam bulk dimensions.
METHODOLOGY
The studied structures are clamped-free beams with constant cross sections. First, a monolithic metal beam is used as a
simple structure to validate the approach and to know the influence of each parameter on energy focussing. Next, a
sandwich composite beam was considered; in this case, vibration attenuation is more relevant because of the high beam
stiffness. The variable parameters in this paper are the density and/or the Young’s modulus of the monolithic beam or the
core of the sandwich beam (fig.1). We used an exponentially decreasing law (eq.1) where X0 is the material property at the
clamped edge,α is a parameter that controls the axial decrement, and L is the beam length. Finite element models were
created using Euler-Bernoulli beam formulation, and linear eigenvalue and eigenmode extraction was performed to obtain
the flexural mode shapes of the beams.

𝑋𝑖 = 𝑋0 𝑒 (𝛼

𝑥
𝐿

− )

(1)

RESULTS
Modal extraction from the finite element models shows that the displacement amplitude of high frequency modes is highest
at the free edge, where the variable property is minimal. Fig.2 presents the first, eighth and twentieth modal shapes of a
constant parameter (left) and a variable parameter beam (right). This figure shows that for the first mode we have the same
modal deformation for the structures with constant and variable properties. The difference in mode shape is observable from
the eighth mode and is accentuated for higher eigenvalues. Energy concentration is more pronounced above a certain
frequency, as it occurs in geometrically non uniform beams [2]. This behaviour is explained by a decrease of the wave
propagation velocity in an exponentially variable medium. The wave slows down and stops as the variable parameter
approaches zero [4].

a)

Corresponding author. Email:mohamed-amin.ben-lassoued@isae.fr

3007

Figure.1 Parameter repartition in beams (color gradient represents property gradient)

(a)

(b)

(c)

Figure.2 Mode shapes for a monolithic beam with constant properties (left) and exponentially variable properties (right) :
(a) mode 1, (b) mode 8, (c) mode 20.
CONCLUSION
At this point, the acoustic black hole phenomenon was reproduced with other means than changing the beam geometry.
Application of this approach on more complex models, and its combination with other means of mode concentration such as
coupled systems with structural irregularity, can provide better understanding of the energy focussing phenomenon.
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MASS ANOMALY AND RANDOM RATE FLUCTUATION EFFECTS ON VIBRATORY
GYROSCOPE DYNAMICS
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Summary Experiments have been conducted in order to investigate the linearity of system response and system behavior of a macro-scale
ring-type vibratory gyroscope. Particular emphasis is placed on examining the effects of environmental fluctuation in angular rate, mass
mismatch and the linearity of system response. It is shown that the system natural frequency decreases with input angular rate and mass
mismatch. It is also revealed that the system exhibits a more efficient dissipative behavior when subjected to stochastic angular rate
fluctuations with fixed intensity at higher input angular rates.
INTRODUCTION
The operation of ring-type vibratory gyroscopes relies on excitation of the second ring flexural mode and detection of
modal shift due to Coriolis’ effect [1, 2]. However, complications may arise during typical operating conditions and
inaccuracies due to fabrication processes. Device stability and detection limitation at low angular rate are caused by
environmental fluctuations and imperfections of mass distribution, respectively [3]. The experimental investigations for
studying vibratory characteristics are quite cumbersome, and to date only a few studies have been performed (see, e.g., [4]).
In order to investigate the system behaviour due to these effects, experiments have been conducted using a macro-scale
prototype [5] which exhibits similar dynamic characteristics of a vibratory ring-type MEMS gyroscope.
EQUATIONS OF MOTION
A homogenous, isotropic ring is chosen for the angular rate sensor. For the purposes of illustrating the dynamic
behaviour of a ring gyroscope, governing equations for the system developed in studies [1, 6] are adopted. The equations of
motion in terms of the generalized coordinates associated with the flexural coordinates
and
are given by
, (1)
where ( ) denotes the time derivative. The gyroscopic term,
, and the stiffness term,
, are functions of input
angular rate as well as the geometrical and materials properties of the ring and the supporting springs [1,7]. An external
excitation term
which is instrumental for the excitation of the second flexural mode is also included. The terms
and
represent the natural frequencies of the second flexural modes. The imperfection in the ring is considered via a
parameter δm together with small modal damping [1]. For the purposes of characterizing the fluctuation effects, the nominal
input angular velocity
is subjected to a white noise fluctuation of magnitude.
EXPERIMENTAL RESULTS AND DISCUSSION
The experimental setup consists of a circular cylindrical structure, sensors
and actuators, and a sensor driver which are placed on a test base which is
attached to the IDEAL AEROSMITH 1291BR Precision Single-Axis Rate table
as shown in Figure 1 [3, 5]. The cylinder is 92.5mm in diameter, has an average
thickness of 0.1mm, and an average axial length of 150mm. It is made of bluetempered steel (C1095) is attached on the centre of the test base, while two
electromagnets are arranged on an anti-nodal line to excite the free cylinder end.
Two Eddy-current displacement sensors are arranged on the other anti-nodal line
and one of the nodal lines. The rate table equipped with a built-in slip ring for
signals routing to and from sensors and exciters is employed to produce accurate
Figure 1: Experimental Setup of Rotating
constant angular speed. A National Instruments data acquisition device and
Cylindrical Structure
LabView software are used for the acquisition and data analysis. A KCF shaker
system paired with a KCF PA5100 Signal Generator/Power Amplifier has been employed for the purpose of simulating
environmental white noise fluctuation. The shaker is mounted on the rate table and connected to the rate table axis through a
welded steel beam. The ring is excited using a linear sinusoidal wave frequency sweep in order to determine the natural
frequencies of the ring associated with second flexural mode for stationary/rotating ring. A reduction in the natural
frequency is noted as the rotation rate is increased.
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The vibration amplitude at nodal and at anti-nodal points are compared for this purpose. When the excitation frequency
is chosen to be close to the natural frequency of the stationary ring, variation of vibration amplitudes with angular rate are
captured and shown in Figure 2. It can be seen that the device exhibits high non-linearity which may be attributed to the low
natural frequency of the system, 10.4 Hz, as well as high vibration amplitudes. It has been found that the linearity of the
device is highly dependent on the excitation frequency. This results in a high angular rate to natural frequency ratio as
opposed to typical MEMS sensors which are designed with high natural frequencies in the kHz range and detection angular
rates of 0~2 rad/s.
In order to investigate the effects due to mass mismatch, mass anomalies are placed on the ring at different locations and
with different percentages of the total mass of the ring. The sensor outputs are measured at a range of frequencies to
determine the natural frequency of the first configuration associated with the second flexural mode. Figure 3 displays the
effects of the quantity of localized mass at different locations on the ring. It can be seen that increasing the mass of the
anomaly results in a decrease in the natural frequency. Furthermore, the figure shows that the effect of mass concentration is
larger when the mass is located in the vicinity of anti nodal points.
Experiments conducted on both rotating and stationary ring with white noise fluctuation revealed that the effect of high
frequency fluctuation is less visible for the rotating ring compared to a stationary ring. This effect may be a result of the
changes in system stiffness due to rotation. Further, low frequency fluctuations are more visible with the absence of high
frequency noise. The angular rate input to the system is subjected to uniformly distributed white noise fluctuations
introduced via the shaker. The fluctuation magnitude is held constant while the angular rate is varied to monitor the ability
of the system in damping unwanted fluctuations. Twenty vibration cycles are documented for each angular rate both with
and without the presence of noise. Figure 4 shows the standard deviation with 95% confidence intervals for different input
angular rates at fixed fluctuation magnitudes and depicts a reduction in the amount of visible fluctuation on the output
vibratory sensor data. This reduction may be associated with the lower relative noise-to-nominal angular rate ratio.
Furthermore, an increase in angular rate results in variations in system natural frequency, as well as effective system
stiffness and damping mostly due to centrifugal forces.

Figure 2: Linearity of nodal and
anti-nodal measurements.

Figure 3: Variation of natural frequency
with mass mismatch.

Figure 4: Variation of output standard
deviation with angular rate.

CONCLUSIONS
An experimental macro-scale ring-type gyroscope has been developed in order to study the dynamic behaviour of ringtype vibratory gyroscopes. The device exhibits high non-linearity which may be attributed to the low natural frequency of
the system as well as high vibration amplitudes. Increasing mass mismatch reduces the natural frequency of the system for
nodal, anti-nodal and mid-point locations. When the system is under white noise angular rate fluctuation, the system
exhibits a more efficient dissipation of fluctuations when subjected to lower noise to fluctuation amplitude ratios.
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UNCERTAINTY ANALYSIS OF ROTATING MACHINES USING FUZZY LOGIC APPROACH
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Summary The present contribution is dedicated to the analysis of uncertainties affecting the dynamic behaviour of flexible rotors. For this aim,
according to the literature, a stochastic method has been extensively used to model uncertain parameters, namely the so-called Monte Carlo
simulation. However, in the present contribution, the inherent uncertainties of various parameters of the system (i.e., geometry, material, oil
viscosity, and radial clearance of oil film bearings) are modelled by using a fuzzy based analysis. This alternative methodology seems to be more
appropriate when the stochastic process that models the uncertainties is unknown. The dynamic analysis includes both time and frequency
domains, as given by the unbalance responses and orbits. A comparison between Monte Carlo simulation and fuzzy analysis is performed. Finally,
experimental tests are made to illustrate the validity of the methodology conveyed.

INTRODUCTION
Uncertainty analysis of dynamic systems has been studied by applying stochastic techniques based on three different
stochastic approaches, namely the probability theory, in which uncertainty is dealt with by stochastic modelling; interval
analysis, where uncertainty is modelled as represented by predefined intervals; and fuzzy set theory, in which uncertainty is
described as incomplete and inaccurate information. Reference [1] brings a review about the main issues in fuzziness and
probability. The contextualization of the stochastic approach within the structural dynamics scope through the Stochastic
Finite Element Method (SFEM) and the so-called Polynomial Chaos Expansion (PCE) technique is presented in [2]. In [3]
the fuzzy set theory to uncertainty structural analysis was introduced. Concerning rotor dynamics associated problems, [4]
used SFEM and PCE techniques to investigate the quantification of the effects of uncertainties in the variability of the rotating
system response. In [5] the SFEM approach was applied to a flexible rotor with uncertain parameters modelled as
homogeneous Gaussian random fields discretized by the Karhunen-Lòeve series expansion. Following the fuzzy theory, [6]
analysed the dynamics of ﬂexible rotors under uncertain parameters. In [7] the dynamic behaviour of a flexible rotor with
three rigid discs, supported by two fluid film bearings was evaluated.
In this context, the present work proposes the application of a straightforward approach to demonstrate the effectiveness
of fuzzy approach for uncertainty analysis of rotating machines. Thus, fuzzy uncertain parameters are mapped onto the model
with the aid of the so-called α-level optimization [3]. Additionally, the Differential Evolution algorithm is used to solve the
optimization problem in the fuzzy analysis [9]. For comparison purposes, the Monte Carlo simulation combined with Latin
Hypercube sampling is used to generate the envelope of responses of the stochastic rotor system. Experimental tests are made
to illustrate the validity of the methodology conveyed.
FUZZY LOGIC APPROACH
Fuzzy logic is the term used to the intuitive formulation proposed by [9] that generalize the membership notion of an
element in a mathematical set, creating a graded notion represented by a membership function. In the fuzzy set theory, the
uncertainties are described as fuzzy inputs and the mathematical model is represented as a fuzzy function that maps those
inputs by using the so-called α-level optimization. In this case, the fuzzy inputs are discretized by means of α-cuts creating a
crisp subspace that is the search space of an optimization problem. The optimization process is carried out in order to finding
the minimum and maximum values of the model output for each α-level (i.e., lower and upper limits of the correspondent αlevel).
APPLICATIONS
The proposed uncertainty analysis was first applied to a horizontal rotating machine, which is shown in Fig. 1a. The finite
element model is composed by a flexible steel shaft with 780 mm length and 12 mm diameter, two rigid discs of steel, and
two cylindrical hydrodynamic bearings, each one with 25 mm diameter, 10 mm length, and radial clearance of 50 μm [10]. In
this case, the uncertainty analysis is dedicated to evaluate the influence of uncertainties on the oil viscosity of both bearings
of the rotating system (i.e., oil temperature). Figures 1b and 1c show the responses obtained along the horizontal direction at
the disc #8, for the rotor operating under a linear run-down condition (3200 to 100 rev/min in 30 sec). The instantaneous
radius of the orbit obtained at the bearing #4 was considered as being the objective function for the minimization and
maximization problems associated to the fuzzy analysis. Considering the Monte Carlo simulation, it has been considered 200
samples. Note that both uncertainty analyses provided similar results.
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a) FE model of the rotor (····· bearing; ̶ ̶ ̶ ̶ ̶ ̶ disc).

b) Fuzzy analysis.

c) Stochastic analysis.

Figure 1 – Numerical analysis applied in a horizontal rotating machine
(•••• lower limit; •••• upper limit; ---- nominal).

The experimental tests were applied to a horizontal rotating machine modeled by using 35 Timoshenko beam elements,
which is shown in Fig. 2. The finite element model is composed by a flexible steel shaft with 840 mm length and 19.05 mm
diameter, three rigid discs of steel, and two cylindrical hydrodynamic bearings, each one with 19.05 mm diameter and 12.8
mm length. The uncertainty analysis is dedicated to evaluate the influence of uncertainties on the radial clearance of both
bearings. Note that the displacements determined by applying the uncertainty scenario in the FE model can predict
satisfactorily the dynamic behaviour of the rotor. Only the fuzzy approach was used in this application.
---- lower limit / α = 0
---- upper limit / α = 0
---- nominal
•••• experimental
S1 – near LHS bearing
a) Rotating machine.

b) Plane S1; 1200 rpm.

c) Plane S2; 1200 rpm.

S2 – near RHS bearing

Figure 2 – Experimental analysis applied in a horizontal rotating machine.
CONCLUSIONS
In this paper two uncertainty approaches were used to evaluate the dynamic responses of a flexible rotor supported by oil film
bearings, namely fuzzy and stochastic analyses. The applications show that both uncertainty approaches led to similar results.
However, the fuzzy analysis seems to be more adequate when the stochastic process that models the uncertain parameters of the
bearings is not well defined. Finally, the proposed strategy demonstrates the relevance of introducing uncertainties in the design
variables from the design perspective of rotating machinery.
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NONLINER VIBRATIONS OF FGM SHALLOW SHELLS SUBJECTED TO RNDOM
EXCITATION IN THERMAL ENVIRONMENT
Hassan Parandvar and Mehrdad Farida
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Summary In this paper, nonlinear vibrations of functionally graded (FGM) shallow shells under random excitation in thermal environment
are studied using multimodal finite element method (FEM). The material properties which are function of temperature, vary in the thickness
direction based on a simple power law distribution. The equations of motion are obtained first in the structural node degrees of freedom
(DOF) based on higher order shear deformation theory (HST) using an improved element. Then using modal reduction method the order of
equations of motion are reduced. Three buckled equilibrium positions (BEPs) are obtained for FGM shallow shells under uniform
temperature rise. The effects of various parameters including sound pressure level (SPL), initial condition, and radii of curvature on the
nonlinear behavior of the system are studied. It is shown that FGM shallow shells demonstrate a snap through behavior under random load
in thermal environment.

INTRODUCTION
Plates and shallow shells as common structural components can fatigue under strong acoustical loads in thermal
environment. Many researchers studied FGM plates and shallow shells subjected to various loadings such as static, harmonic,
and step loads [1-5]. However, few studies on the large amplitude vibrations of FGM shallow shells subjected to random
excitation in thermal environment appeared in the literature. Dogan [6] and Parandvar and Farid [7] studied nonlinear vibration
of FGM plates in thermal environment based on the classical and first order shear deformation theories, respectively. In the
present paper, the nonlinear vibrations of FGM shallow shells under random excitation in thermal environment are
investigated.
FORMULATIONS
In this study, the equations of motion of FGM shallow shells are obtained using FEM. In order to use HST, Mindline
plate element (MIN3) [8] is modified by adding warping DOF introduced by Shankara [9]. Therefore, there are seven DOF
] , where u, v,
at each node of the modified MIN3 element which can be presented by = [
and w are deflections in x, y, and z directions, respectively, while
and
are rotations and
and
are warping DOF.
The equations of motion of the system in structural node DOF can be obtained and written in the following form.
̈
0
1
1
2 0
0
(1)
−
+
+
+
=
+
0
̈
1
0
0
0
0
0
0
where subscripts b and m show the bending and membrane DOF, respectively. By neglecting the in-plane inertia terms ( ̈ =
0) , the in-plane DOF can be obtained in terms of bending DOF from the in-plate part of equation (1). By inserting them in
the bending part of equation (1), the equations of motion of FGM shallow shells can be written in the following compact form.
{ } + [ ]{ } + [ 1 ]{ } + [ 2 ]{ } = { } +
(2)
[ ] ̈ −
{ } , in which { } are
The order of equations (2) can be reduced using the modal reduction method({ } = ∑
eigenvectors of linear part of equation (2)). The equations of motion in the generalized coordinates (qi) can be presented as
(3)
{ ̈} +
{ }+ 1 { }+ 2 { } = { }+ ∆
RESULTS
A simply supported double curved FGM shallow shell with immovable edges and dimensions 0.2 m × 0.2 m × 0.002 m
is considered. The results are obtained for three different radii of curvature: R = 2 m, R=3 m, and R = 10 m. The FGM shallow
shell is made of SUS304 and Si3N4 with volume fraction exponent n=1. The order of equations of motion is reduced by first
five symmetric dominant bending modes (DBM). A modal damping is also included in the reduced equations of motion. The
modal damping ratio is selected to be 0.004 for all generalized coordinates. Fig (1) shows non-dimensional maximum
deﬂection (Wmax/h) versus uniform temperature rise (ΔT) for different radius. As can be seen, after a critical temperature
depending on the radius, there are three different BEPs: stable positive, stable negative, and unstable negative ones. In all
previous researches, only the stable positive BEP was reported for each pair of radii of curvature. Now, for uniform
temperature rise ΔT=30 0C, the aforementioned FGM shell is additionally subjected to a truncated Gaussian white noise
pressure in the frequency range [0, 1500] Hz. Figs (2-5) show the central deflection of the FGM shallow shell for different
SPLs, radius of curvature, and initial conditions. As can be seen, the FGM shallow shell shows a snap-through behavior under
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random excitation in thermal environment. It is worth mentioning that for larger radius, the snap through behavior becomes
sharper.
CONCLUSION
The dynamic response of FGM shallow shells in thermal
environment subjected to random excitation was studied and the
effects of initial conditions, radii of curvature, and SPL were
investigated. It was shown that when the FGM shallow shell is
initially at the equilibrium position in the negative stable BEP it
vibrates about it during a very short time interval, and then jumps
to the positive stable BEP. But if the shell is initially at its positive
BEP, it vibrates about this configuration for small SPLs, while
for big SPLs the snap-through behaviors occur.
Fig (1). BEPs versus temperature rise for
immovable FGM shallow shell unstable branch
Fig (2) The positive BEP
as initial condition, R=2
m, SPL= a) 160 dB, b) 170
dB, c) 180 dB

Fig (3) The negative BEP
as initial condition, R=2
m, SPL= a) 160 dB, b) 170
dB, c) 180 dB

Fig (4) The positive BEP
as initial condition, R=10
m, SPL= a) 160 dB, b) 170
dB, c) 180 dB

Fig (5) The positive BEP
as initial condition, R=10
m, SPL= a) 160 dB, b) 170
dB, c) 180 dB
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EQUIVALENT VISCOUS DAMPING OF A CYLINDER MOVING TRANSVERSELY
THROUGH SAND: EXPERIMENTAL RESULTS
1
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Summary This paper presents experimental results regarding the equivalent viscous damping induced by a cylinder moving transversely
through sand with varying degree of water content. The experimental set up consists of a flexible steel frame with an attached cylinder
which moves in free vibration inside a container with sand. Various conditions are examined which include cylinder embedded length,
water-to-sand ratio and initial displacements. It is shown that the proposed set-up significantly increases the effective damping of the frame.

INTRODUCTION
Damping has a significant effect on the dynamic response of structures, specially in free vibration and near resonance.
Most large structures have a damping which is less than 5 percent of critical and thus engineers typically look for ways
to increase damping with additional devises. A variety of devises have been proposed with varying costs, complexity and
effectiveness. This paper reports on experimental results aimed at identifying the equivalent viscous damping ratio of a SDOF
system that uses sand as supplemental means to add damping. The paper examines various cases including dry, saturated and
over saturated sand. Specifically we test the damping imparted by a cylinder moving in the transverse direction through sand.
The experimental setup can be seen in Fig.1.
460 mm
Direction of Motion
Accelerometer
Ø 6.3 mm

Le

460 mm

Steel frame
(25mm x 1.6mm)

SAND

RIGID BLOCK

Figure 1: Experimental set-up.

THEORETICAL BACKGROUND
The free vibration response of a linear, viscously damped single degree of freedom system is governed by
mẍ + cẋ + kx = 0

(1)

with solution given by [1]
−ξωt

x(t) = e



vo + ξωxo
sin ωd t + xo cos ωd t
ωd



c
ξ=
2mω

r
ω=

k
m

ωd = ω

p
1 − ξ2

(2)

where ξ < 1 is the damping ratio and ω is the natural circular frequency. If the response is measured and we wish to
identify the equivalent value of ξ from the tests, we can use the so-called log decrement test. The logarithmic decrement δ is
defined as
nδ = log
∗ Corresponding

Xi
Xi+n

(3)
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where Xi is the response at the ith peak and Xi+n is the response at the nth peak after i. It can be shown that the damping
ratio is given by
δ
(4)
ξ=√
2
4π + δ 2
To reduce the effect of measurement noise, the estimated damping ratio is averaged across multiple sequential peaks.
IDENTIFICATION RESULTS
This section presents the estimated sand-induced damping ratio results under a combination of conditions. So far we
have examined 3 water-to-sand ratios, 3 different initial displacements (xo ), 3 different embedded lengths (Le ) and 2 different
natural frequencies. Due to space constraints we only show a subset of results. In each case 10 tests (10 seconds long)
where conducted and a summary of the results is presented in the table below. The acceleration response of the system was
measured using PCB-333B30 accelerometers. The sampling rate was 4, 096 Hz. Prior to using the raw acceleration data
for identification a low-pass Butterworth filter and re-sampled at 100 Hz.The frequency and damping ratio of the steel frame
in free vibration (without any added damping) were identified at 5.4Hz and 0.003 respectively. Saturated sand exhibited a
moisture content between 10 and 15 percent. Over-saturated sand exhibited a moisture content around 25 percent.
Table 1: Estimated damping ratio and natural frequency for Le = 10mm.
xo = 10mm
xo = 20mm
xo = 30mm
ξ
fn (Hz)
ξ
fn (Hz)
ξ
Dry
0.078
5.38
0.0435
5.18
0.02
Saturated
0.058
5.38
0.032
5.18
0.03
Over-Saturated
0.038
5.19
0.029
5.10
0.021

fn (Hz)
5.10
5.15
5.05

y1

No sand
Sand, Le = 10 mm
Sand, Le = 20 mm

8
6

4

4
Acc.
(cm/s2)

2

0
0
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-4
-4
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Figure 2: Time history of free-vibration acceleration response with rod embedded at various lengths.

CONCLUSIONS
The effective damping induced by a rigid cylinder moving in free-vibration transversely through sand was investigated
experimentally. The main trends were as follows: (1) The effective damping in all conditions is significantly larger than the
intrinsic damping of the structure without the added damping, (2) The effective damping imparted by the cylinder moving
transversely in sand decreases with water content and with the amplitude of the motion. The effective natural frequency also
exhibits the same trends however with a smaller sensitivity. Future work on this topic will look at the effective damping under
various types of forced excitation such as harmonic and seismic-induced ground motion.
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VIBRATION OF ROTATING MULTISCALE NANOCOMPOSITE CANTILEVER BEAMS
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Summary We studied the linear free vibrations of thin-walled carbon nanotubes/fibre/polymer laminated multiscale composite beams. A set of

nonlinear intrinsic equations describing the response of rotating cantilever composite beams undergoing large deformations was discretized by
the Galerkin method and solved for natural frequencies and mode shapes. Halpin–Tsai equations and fibre micromechanics were used to predict
the bulk material properties of the multiscale nanocomposite. The carbon nanotubes (CNTs) were assumed to be uniformly distributed and
randomly oriented through the epoxy resin matrix. The weight percentages of single-walled and multi-walled carbon nanotubes (SWCNTs and
MWCNTs) were investigated through a detailed parametric study for their effects on the natural frequencies. It was found that natural
frequencies are significantly influenced by a small percentage of CNTs.

INTRODUCTION
It is known that addition of a small amount of carbon nanotubes (CNTs) can considerably improve the mechanical,
electrical and thermal properties of polymeric composites. CNTs-reinforced composites have attracted considerable
attention in recent years due to their unique properties [1]-[5]. The incorporation of such advanced high-performance
materials is likely to expand the use and capabilities of thin-walled beam structures.
In recent years researchers have investigated the dynamic behavior of the thin-walled beams made of isotropic or
advanced composite materials. An intrinsic formulation developed by Hodges and his co-workers [6]-[7] covers the
anisotropic beams with large deformations and small strains. Ghorashi and Nitzsche [8] studied the nonlinear dynamic
response of an accelerating composite rotor blade using perturbations. Patil and Althoff [9] and Althoff et al. [10] developed
a nonlinear model based on the Galerkin method to investigate the nonlinear response of rotating composite blades using
intrinsic equations. The nonlinear response of multiscale nanocomposites and CNT-reinforced non-rotating composite
beams and beam-type structures is also discussed in the literature. A significant contribution in this area was made by
Rafiee and his coworkers [1-3],[11-12]. Recently, He et al. [2] developed a study to investigate the large amplitude
vibration of fractionally damped viscoelastic CNTs/fibre/polymer multiscale composite (CNTFPC) beams.
Even though the nonlinear analysis of rotating composite beams made of advanced materials is of a great importance,
to date, no mathematical model has been available for the vibration analysis of CNTs-reinforced rotating composite thinwalled beams or blades.
THEORETICAL FORMULATION
The nonlinear, intrinsic, mixed equations for the dynamics of a general (nonuniform, twisted, curved, anisotropic)
beam undergoing small strains and large deformations are given below based on the generalized Timoshenko beam model
[9]









F  k  κ F  f  P  ΩP, M  k  κ M   e1  γ  F  m  H  ΩH  VP,









V  k  κ V   e1  γ  Ω  γ, Ω  k  κ Ω  κ

(1)

where the prime denotes the partial derivative with respect to the undeformed beam reference line defined by the curvilinear
coordinate x, the over dot denotes the partial derivative with respect to the time t ; and internal forces F = [F1 F2 F3]T,
internal moments M = [M1 M2 M3]T, generalized force strains γ = [γ11 2γ12 2γ13]T, generalized moment strains κ = [κ1 κ2 κ3]T,
generalized curvatures K = [K1 K2 K3]T, linear momentums P = [P1 P2 P3]T, angular momentums H = [H1 H2 H3]T, linear
velocities V = [V1 V2 V3]T, angular velocities Ω = [ Ω1 Ω2 Ω3]T, and external forces f = [f1 f2 f3]T; and external moments m =
[m1 m2 m3]T; γ11 is the extensional strain measure, and 2γ12 and 2γ13 are the transverse shear measures; and, finally, the tilde
over certain terms denotes an skew-symmetric matrix (pseudovector) of the components of the column matrix of the same
name.
The effective material properties of the three-phase CNTs/fibre/polymer multiscale laminated composite were
predicted according to Rafiee et al. [1-3]. The equations (1) are discretized by expanding V, Ω, F and M using the shifted
Legendre polynomials [9-10]. Using the Galerkin method [1-3], the linear natural frequencies of the nanocomposite beam
can be obtained by using the linearized eigenvalue problem in steady state.
NUMERICAL RESULTS AND DISCUSSIONS
In this section, we analyse the eigenvalues of rotating CNTs/fibre/polymer laminated multiscale composite beams.
The effect of SWCNTs weight percentages on the fundamental linear natural frequency of the cantilever rotating and nonrotating CNTFPC blades was investigated and the results are listed in Tables 1 - 2. Our findings suggest that a small amount
a) Corresponding author. Email: mrafiee@uottawa.ca, mrafiee20@gmail.com
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of single-walled carbon nanotubes (5%) can significantly increase the natural frequencies of the fibre reinforced laminated
composite beams. Another observation is that the rise in fundamental natural frequency of beams due to addition of CNTs is
more significant in nonrotating rather than the rotating cases.
Table 1. Effect of SWCNTs weight percentages wCN on the fundamental natural linear frequency of the cantilever
rotating and non-rotating CNTFPC blades.
Ω3 = 0 rad/s

wCN

Case

Ω3 = 10 rad/s

wCN

Strip

0%
24.2744

5%
28.7979
[18.63%]

10%
32.4403
[33.64%]

0%
26.4403

5%
30.6478
[15.91%]

10%
34.0946
[28.95%]

Box

154.9875

210.513
[35.83%]

232.879
[50.26%]

155.3577

210.788
[35.68%]

233.116
[50.05%]

Table 2. Effects of aspect ratio and type of the nanotubes on the fundamental natural linear frequency of the
cantilever rotating and non-rotating CNTFPC blades.
Ω3 = 0 rad/s

Ω3 = 10 rad/s

Case

CN

Strip

100
10000

SWCNTs
26.6496
28.7794

MWCNTs
24.5043
24.5128

Difference
[-8.05%]*
[-14.83%]

SWCNTs
28.6383
30.6304

MWCNTs
26.6530
26.6608

Difference
[-6.93%]
[-12.96%]

Box

100
10000

187.0501
210.3223

159.0431
159.1685

[-14.97%]
[-24.32%]

187.3596
210.5982

159.4047
159.5299

[-14.92%]
[-24.25%]

/ d CN

The effects of aspect ratio and type of the nanotubes are shown in Table 2. One can observe that the fundamental
natural frequency of the CNTFPC beams increases with an increase in CNT percentage and this increase is more significant
in SWCNTs than MWCNTs. In other words, single walled carbon nanotube reinforced composite beams exhibit better
resistance to flexural deflection and vibration in comparison with multi-walled carbon nanotube reinforced beams.
CONCLUSIONS
Free vibration analysis of rotating multiscale nanocomposite beams was investigated in this study. The governing
equations of motions were discretized by the Galerkin method, and the natural frequencies were determined. Numerical results
showed that the natural frequencies significantly increase with a small content of CNTs. It was also found that the SWCNTs
reinforcement produces more pronounced effect on the natural frequencies of the beam in comparison with MWCNTs. This may
be attributed to the defect-free structure of SWCNTs.
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1

SummaryHere, undamped dynamical response of a circular simply supported plate at the periphery due to an arbitrary moving point loading is

obtained in the closed form using Green’s function approach. The plate material is taken to be linear elastic, homogeneous and isotropic.
Specifically, in this paper the transverse response of the plate due to a single point load q moving circularly at the fixed radius with constant
angular velocity is calculated. Subsequently, the response due to three q/3 loads moving circularly at the same radius and same angular velocity
but with 1200 phase is compared with the previous calculation. The FFT of time response in both the cases contains the spectral lines at the natural
frequencies, however, in the later case other than the first mode all other modes are quenched significantly.

INTRODUCTION
Vibration of structures subjected to moving point loads is an important problem in engineering. Structures in the field of
transportation, e.g. bridges, guide ways, overhead cranes, cableways, rails, sleepers, roadways and runways are subjected to
moving point loads. Dynamic response of a thin rectangular plate resting on a Winkler elastic foundation, subjected to a
moving harmonic line and point loads has been obtained by Sun [1] using Green's function approach. Weiner [2] also used
Green's function approach and studied response of a circular plate subjected to moving loads of several types but not the one
due to moving point loads. Mote [3] studied the transverse response and stability of a centrally clamped and peripherally
free plate circular plate subjected to circularly moving point loads. Stanisic and Lafayette [4] also studied the similar system as
that by Mote [3] and deduced stability criterion for an arbitrarily moving point load. In this paper we have obtained dynamical
response of a circular plate simply supported at the periphery, due to an arbitrary point loading which to the best of our knowledge
has not been addressed in the open literature.
MATHEMATICAL FORMULLATION
The governing equation of transverse motion of a thin circular plate due to a time dependent pressure loading given in [5] is
nondimensionalized using the following transformations: r' = r/b, v = w/h, = t/T, whereT2 = b4/D. The resulting equation of
motion is as follows
∇4 𝑣 + 𝛼𝑣𝜏𝜏 = 𝑞 ′ (𝑟 ′ , 𝜙, 𝑡),
(1)
where, 𝛼 =

𝜌𝑏 4

𝑇 2𝐷

and 𝑞 ′ (𝑟 ′ , 𝜙, 𝑡) =

𝑏4

ℎ𝐷

𝑞(𝑟 ′ , 𝜙, 𝑡).

(2)

The parameter D is called as the bending stiffness and is given by Eh3/12(1-2). The appropriate nondimensional boundary
conditions for simply supported edge are
𝑣 ′
𝑣
𝑣(𝑟′, 𝜑, 𝑡) = 0, and 𝑣𝑟′𝑟′ + 𝜈 ( 𝑟′ + 𝜙𝜙
) = 0 at r' =1.
(3)
′2
𝑟

𝑟

Green function of Eq. (1) is derived and is given as follows
∞
𝐺(𝑟 ′ , 𝜙, 𝜏; 𝑟 ′ 0 , 𝜙0 , 𝜏0 ) = ∑∞
𝑚=0 ∑𝑛=1

𝑏4

𝐷ℎ

𝑅𝑚𝑛 (𝑟0 ) cos 𝑚𝜙0

sin 𝜔𝑚𝑛 (𝜏−𝜏0 )
𝜔𝑚𝑛

𝐻(𝜏 − 𝜏0 )𝑅𝑚𝑛 (𝑟 ′ ),

(4)

where m and n are the nodal diameter and nodal circle, respectively, and Rmn are the eigen functions corresponding to simply
supported boundary conditions.
Using Eq. (4) response of the plate for an arbitrary loading distribution 𝑞(𝑟 ′ , 𝜙, 𝑡) becomes
𝜏 2𝜋 1
𝑣(𝑟,′ 𝜙, 𝑡) = ∫0 ∫0 ∫0 𝐺(𝑟 ′ , 𝜙, 𝜏; 𝑟 ′ 0 , 𝜙0 , 𝜏0 )𝑞(𝑟 ′ 0 , 𝜙0 , 𝜏0 )𝑟 ′ 0 𝑑𝑟 ′ 0 𝑑𝜙0 𝑑 𝜙0 .

(5)

To determine the response due to a circularly moving point load at 𝑟 ′ 0 with an angular velocity  we substitute
𝑞(𝑟 ′ 0 , 𝜙0 , 𝜏0 ) = 𝑄(𝜏)𝛿(𝑟 ′ − 𝑟 ′ 0 )𝛿(𝜙 − Ω𝜏0 ) in Eq. (5). Thus the calculated response is
𝑣(𝑟,′ 𝜙, 𝑡) =

𝑏4

𝐷ℎ

∞
′
′
∑∞
𝑚=0 ∑𝑛=0 𝑟 0 𝑅𝑚𝑛 (𝑟 0 )𝑅𝑚𝑛 (𝑟′) cos 𝑚∅(𝐴𝑚𝑛 (𝜏) sin(𝜔𝑚𝑛 𝜏) − 𝐵𝑚𝑛 (𝜏) cos( 𝜔𝑚𝑛 𝜏)),

where, 𝐴𝑚𝑛 (𝜏) =

𝜏
cos 𝑚Ω𝜏
∫0 𝑄(𝜏0 ) 𝜔 0 cos 𝜔𝑚𝑛 𝜏0
𝑚𝑛

𝑑𝜏0 and 𝐵𝑚𝑛 (𝜏) =

(6)

𝜏
cos 𝑚Ω𝜏
∫0 𝑄(𝜏0 ) 𝜔 0 sin 𝜔𝑚𝑛 𝜏0 𝑑𝜏0 .
𝑚𝑛

Similarly, response for three point load moving at a phase difference of 2𝜋/3 will be
𝑣(𝑟,′ 𝜙, 𝑡) =
a)

𝑏4

𝐷ℎ

∞
′
′
′
∑∞
𝑚=0 ∑𝑛=0 𝑟 0 𝑅𝑚𝑛 (𝑟 0 )𝑅𝑚𝑛 (𝑟 ) cos 𝑚∅(𝐴𝑚𝑛3 (𝜏) sin(𝜔𝑚𝑛 𝜏) − 𝐵𝑚𝑛3 (𝜏) cos( 𝜔𝑚𝑛 𝜏)),

(7)
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𝜏

where 𝐴𝑚𝑛3 (𝜏) = ∫0 𝑄(𝜏0 )
𝜏

𝐵𝑚𝑛3 (𝜏) = ∫0 𝑄(𝜏0 )

2π
3

4π
3

cos 𝑚Ω𝜏0 +cos 𝑚(Ω+ )𝜏0 +cos 𝑚(Ω+ )𝜏0

3𝜔𝑚𝑛
2π
4π
cos 𝑚Ω𝜏0 +cos 𝑚(Ω+ )𝜏0 +cos 𝑚(Ω+ )𝜏0
3
3
3𝜔𝑚𝑛

cos 𝜔𝑚𝑛 𝜏0 𝑑𝜏0 , and

sin 𝜔𝑚𝑛 𝜏0 𝑑𝜏0 , respectively.

(b)

(a)

SS edge

Figure 1: (a) Single point load q moving on circular plate. (b) FFT of time response obtained at (r' = 0.75,  = 0), due to single
point load rotating at r'=0.43(nodal circle corresponding to m = 0, n = 2) with  = 1.59 Hz.
(b)

(a)

SS edge

Figure 2: (a) Three point loads moving on circular plate at a phase difference 2/3, (b) FFT of time response obtained at (r' =
0.75, = 0) , due to three point load rotating at r'=0.43 (nodal circle corresponding to m = 0, n = 2) with  = 1.59 Hz.

RESULTS AND DISCUSSION
Firstly, we find the first six eigen values for a plate made of the material with E = 180 GPa,  = 7860 Kg/m3 and  = 0.3.
These are as follows: (ω01 = 0.87 Hz, ω02 = 4.9 Hz, ω11 = 2.4 Hz, ω12 = 7.99 Hz, ω21 = 4.3 Hz, ω22 = 11.5 Hz). For a single
load q = 10 N rotating with 1.59 Hz on the nodal circle corresponding to m = 0 and n = 2, the FFT of time response is shown
in Fig. 1(b). In this we clearly note that the (0,2) mode is missing and the response has a significant contribution from (0,1)
mode. However, when we split the load into three equal parts and move them 120 0 apart on the same nodal circle with the
same velocity we note in Fig. 2(b) that the contribution from the fundamental mode remains the same but that from other
modes drops significantly.
CONCLUSIONS
Closed form solution for transverse vibration of a simply supported circular thin plate subjected to transverse
moving point loads is obtained. The formulation can be used for any arbitrary motions of a point load. In the
example presented, splitting a angularly separating circular moving point load helps in quenching higher modes and
may be a desirable option in a machinery.
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SIMULATION OF ACTIVE VIBRATIONS ATTENUATION IN STRUCTURES
BY COMBINING THE FE AND OPTIMAL CONTROL METHODOLOGIES
Simon Woods1, Walerian Szyszkowski1a)
Department of Mechanical Engineering, University of Saskatchewan, Saskatoon, SK, Canada

1

Summary A method of simulating optimal vibrations attenuation in elastic continuous mechanical systems by discrete actuators is
presented. Such systems are inherently under-actuated and involve second-order non-holonomic constraints. The approach applies
Pontryagin's Principle to the system modeled by the finite elements (FE) with a large number of DOFs, in which several significant
vibration modes are controlled by a small number of discrete actuators. For an assumed set of actuators the complete dynamic response of
the system is obtained (including the forces to be generated by particular actuators), as well as the rate and effort parameters to evaluate
efficiency of the whole attenuation process. The method is intended to help the engineers in analyzing, designing, and optimizing active
vibration control systems.
THE METHOD AND ILLUSTRATING EXAMPLES
An elastic mechanical system (Figure 1) represented by vector X(t) with a large number of DOFs is to be controlled by n a
independent actuators denoted by vector Fa (t ) . The system's behavior is governed by:

MX  CX  KX  BFa

(1)

where M, C, K are mass, damping, and stiffness matrices, and matrix B assigns the actuation forces to DOFs. The task of the
actuators is to bring the system from a disturbed vibrating state to the resting configuration in an optimal way by
minimizing the task [1]:
tf

J

1
2

 (aX

T

KX  bX T MX  c( BFa ) T K 1 BFa )dt  min

(2)

o

where a, b, and c are weights for the system's strain energy, kinetic energy, and actuators' power respectively (note that in
(1-2) both vectors X and Fa are unknown). The problem defined by (1) and (2) can be re-defined in terms of the modal
variables  and the modal controls U by applying the conversion X   and U   T BFa , where matrix  represents
M-normalized modal shapes.
It is assumed that nm significant modes (where n m  n a ) will be controlled. These modes are not independent since they
have to satisfy nr  nm  na generally non-holonomic constraints [2]. Vector v of n r time-dependent Lagrange
multipliers is introduced to handle such constraints.

t=tf (rest)

t=0 (disturbed)

Fai - actuators

FE meshing

Figure 1. Actively controlled vibrating system
By applying the Pontryagin Principle the optimality equations for the problem are derived as [3]:

Rˆ   (2Rˆ  Qˆ v  Rˆ 2 )  ( Rˆ  2  Qˆ d )  ( AT v  AT v  AT v)  0

AU  ( I     )  0

a)

(3)
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where matrices R̂, Qˆ v , Q̂d ,  ,  , and A are determined in terms of matrices M, C, K, B, and parameters a, b, c.
Matrix A (called the matrix of constraint), which depends only on the actuators' placement and the system's frequency
spectrum, plays a crucial role in the analysis. Performance of a particular control setup can be evaluated by using the terms
of this matrix to form two indicators representing the rate of attenuation and the actuators effort. These indicators appear to
be convenient quantitative measures when comparing effectiveness of different configurations of actuators.
The set of n m  n r equations (3) is to be solved for n m unknown modal variables  and n r Lagrange multipliers in
vector v. In the procedure we used ANSYS for any FE calculation (such as matrix  , frequency spectrum, etc), while Eq.
(3) were handled automatically by MAPLE. Open or closed loop control schemes can be simulated. For verification, the
forces Fa obtained from (3) are substituted back into equation (1) to run the system's transient response, this also checks
for any possible spillover effects.

The method will be illustrated by two examples. In the first example four modes of vibrations (Figure 2a) of a 2-D three
bays frame structure supporting a heavy plate on the top are to be attenuated in closed loop control either by one or two
actuators at various locations/configurations. As mentioned, the most suitable setup can be selected by comparing the rate
of attenuation and the actuators effort for the configurations considered. Interestingly, actuator F1 placed between nodes
7 and 25 appears to be quite effective both in terms of the attenuation rate and the actuation effort.
In the second example the mast structure shown in Figure 2b and consisting of 12 bays, each 140 mm high, composed of
steel bars is considered (more details on the mast, as well as on some experimental results are available in [1]). Its vertical
members form the points of an equilateral triangle when viewed in the z-direction. Active members, representing
piezoelectric linear actuators F1 and F2, are shown as thick black lines (the frequencies and shapes of the three lowest
vibration modes are also indicated).

N39
Mode 1
4.39Hz

F1

Mode 2
17.9Hz
Mode 2
(10.7 Hz)

Mode 1
(10.5 Hz)

y

a)

Mode 4
73.2Hz

z

z

z
Mode 3
35.0Hz

Mode 3
(73.2 Hz)

x

F2

F1
x

y

x

y

b)

Figure 2. FE models of the structures considered: a) 2-D frame, b) 3-D mast.
The deflections of the mast's top (node 39, labeled as N39) is monitored. First the solution of a fully actuated problem
considered in [1], with actuators F1 and F2 controlling two bending modes of vibrations, was closely recreated. For this case
both vibration modes attenuate with an identical active damping ratio of about 0.69 (i.e.  1   2 =0.69), and about 7kN
maximum force is required in both actuators. Next, in order to examine the control performance in the situation of one of
the actuators failing, only actuator F2 is employed to control the same first two modes of vibration. For such a case actuator
F2 of similar maximum force produces the active damping ratios of 1  0.69 for the first mode but only  2  0.011 for the
second mode. Clearly, depending on the application, this level of vibration control may still be considered adequate and
therefore adding an extra actuator to handle such an emergency situation may be not necessary.
Finally, if two actuators F1 and F2 are used to control two bending modes and the third torsional mode, then the actuation
forces of about 40kN are required to produce the active damping ratios of order of 0.1.
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NON-STATIONARY COUPLED ELECTROMAGNETIC ELASTIC OSCILLATIONS OF
SPHERICAL SHELLS
Vladimir Vestyak1, ________________
Dmitry Tarlakovskii2a)
1
Department of Mathematical Modeling Moscow Aviation Institute (National Research University), Moscow,
Russia
2
Institute of Mechanics Lomonosoy Moscow State University), Moscow, Russia
Summary The present work studies related non-stationary axially symmetrical problems of propagation of waves in spherical shells filled with
isotropic conductor. Initial boundary value problems include linearized equation systems, zero initial and boundary conditions. Required
functions are expanded in terms of Legendre and Gegenbauer polynomials, as well as in serials with respect to a small parameter
describing the link between electromagnetic and mechanic fields.

PROBLEM DESCRIPTION
It is assumed that spherical shells (thick-wall sphere, spherical cavity or ball) are filled with isotopic conductor. Nonstationary coupled axially symmetric process is described by non-dimensional linear equations of motion with its right side
in the form of Lorenz force linearized generalized Ohm’s law, as well as by conclusion from Maxwell’s equation in a
spherical coordinate system r, ,  r  0, 0     ,        [1]:

u  1   2 

I1

2  1 

  2 u  2 
 v sin    u      e0 Er  e E0r    j0 H  j H 0  ,
r
r  sin  





1
1   2  I1   2 v  r12  2 u  sinv2       e0 E  e E0    j0r H  jr H 0  ,
r




v
I1 

u 1  v
1    
1   


 
 2u  vctg  ,   2   r 2  
sin    ;

r r  
r

r

r
sin









 
jr  Er  H0v  e0u  , j  E  H 0u  e0 v  ;

 2    r e 0v    e0u   e2    ruH 0    vH 0  
H
 e 




;
2
r sin  r  r
 
r  r
 
1   rH 
1   H sin  
e2  E   E   
 e2  H 0u  e 0v  , e2  Er   Er  
 e2  H 0v  e 0u  ;
r r
r sin 

1 
1

e  e   2 r 2  e 0u   H 0v  
 e 0v   H 0u  sin   .
r r
r sin   
Here u and v are radial and tangential displacements; Er , E and jr , j are corresponding components of electric field
vectors and current density; H is non-zero coordinate of electric field vector;  e - surface charge density;  ,  ,  , e are
non-dimensional physical parameters; time derivatives are dotted, lower index “0” corresponds to the initial values. The
following values are taken as units of measurement: R and E are describing linear size and electric field; R c1 where
e2  H   H   H 

2

c1 is velocity of the waves of tension and compression;  R3 where  is density of material.
Initial conditions are zero, the required functions are limited, initial density of magnetic field is absent. The methods of
solutions in the above mentioned areas and various boundary conditions are identical. Such methods can be exemplified in a
ball of r1 radius with displacement and intensity of electrical field set at the boundary.
EXPANSION AND INTEGRAL REPRESENTATION OF SOLUTION
Let the required functions as well as the right sides of the boundary conditions be expanded in terms of Legendre
polynomials Pn  cos   n  0  and in products sin  Cn321  cos    n  1 where the second factor is a Gegenbauer
polynomial (coefficients are marked by lower index “n”). Then, the Laplace time transformation is applied (with upper
index “L” corresponding representation in time, s, corresponding parameter). The study of the resulted initial boundary
value problem shows that its analytical solution is pretty much difficult. Therefore, the problem is expanded in series with
respect to small parameter  which is describing relatedness of the problem (only a part of functions indicated):
a)
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m 0

m 0

m 0

m 0

un   unm m , vn  r ,    vnm  r ,   m , H n  r ,    H nm  r ,   m , Ern  r ,    Ernm  r ,  m .
The result is a recurrent (by m index) system of boundary value problems. Let their solution be written in integral form
(relations are shown partially; gu , gv and lH are known functions):
L
L
L
unm
 r , s    Guun
 r ,  , s  funL ,m 1  , s  d    Guvn
 r ,  , s  f vnL,m 1  , s  d  ,
r1

r1

0

0

L
L
L
vnm
 r , s    Gvun
 r ,  , s  funL ,m 1  , s  d    Gvvn
 r ,  , s  f vnL,m 1  , s  d  ,
r1

r1

0

0

(1)

funL , m 1  , s   e 0   ErnL , m 1  , s   E0    nL, m 1  , s  , f vnL, m 1  , s   e 0   ELn, m 1  , s    E0   H nL, m 1  , s  ;
r1
L
(2)
H nm
 r, s   e2 s 0 GHnL  r,  , s  lH unmL  , s  , vnmL  , s  d , rlH u, v    r e0v   e0u .
The kernels of these representations are Green functions, i.e. limited solutions of the corresponding boundary value
problems. They are represented explicitly which allows for precise finding originals through expansion in serials with
regard to exponents [2]. For instance, GuuL 0 in (1) is represented as ( h  x  , a Heaviside’s function, other functions are not
given here because of space limitation):
GuuL 0  r ,  , s    2  FuuL 0  r ,  , s  h   r   FuuL 0  , r , s  h  r    ,

where

FuuL 0  r ,  , s  

01  rs  E110  s, r1s 
2 2 r 2 s3 01  r1s 

e

 1 r1s

, 01  z   1  z  e z  1  z  e z , E110  x, y   1  x 1  y  e y  x  1  x 1  y  e x  y .

In the same way the dominant functions in (2) can be represented, as well as in integrations of other components of
electromagnetic field. However, calculation of their originals implies significant difficulties due to the small value of  e
parameter. To this reason they are substituted by quasi-static analogues where
 n  1 r12n 1  n 2n 1 n
L
GHn
r .
 r,  , s   GHnc  r,     2  FHnc  r ,   H   r   FHnc  , r  H  r    , FHnc  r ,    
 n  1 2n  1  n 1r 2n 1
1

This allows to write the original representations (2) in the form of single interval (without time convolutions):
c
H nm  r ,   e2  FHn
 r,   lH unm  r,  , vnm  r ,  d .
0
Recurrent system of equations (1), (2) is solved through numerical integration.
r1

(2)

CONCLUSIONS
The algorithm developed will allow for studying mutual influence of non-stationary mechanical and electromagnetic fields in
bodies limited by spherical surfaces. Such approach can also be applied to bodies of other geometry (for instance, semi-plane,
round cylinder).
This work was done with financial support of the Russian Foundation for Basic Research (project code 15-08-00788).
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DYNAMIC BEHAVIOR OF GRIPPER CYLINDER IN TBM WITH VARIABLE STIFFNESS
1)

Lin Li1, Haidong Yu1, 2a), Jianfeng Tao1, Chengliang Liu1
State Key Laboratory of Mechanical System and Vibration, Shanghai Jiao Tong University, No.800 Dongchuan
Road, Shanghai 200240.
2)
Shanghai Key Laboratory of Digital Autobody Engineering, Shanghai, 200240, China

Summary: The lumped parameters dynamic model of gripper cylinder in Tunnel Boring Machines is established in which the interaction with
the rock and the variable stiffness of structures are considered. The correlation between the dynamic behavior and the variable stiffness of the
cylinder due to interaction with the rock, the oil, the seals, the copper guide sleeve and the length of piston rod is numerical discussed. The
results show that the natural frequency of the gripper cylinder is mainly affected by the equivalent stiffness of the seals and the oil. The
fluctuation of the loads between the cylinder and piston rod is investigated, which provides the guide for the damage analysis of the gripper
cylinder in TBM.

DYNAMIC MODEL OF GRIPPER CYLINDER
The Tunnel Boring Machine (TBM) is widely used in hard rock tunnel construction. The gripper cylinder provides
enormous supported load force for the TBM during the excavation shown in Fig.1a and Fig.1b. The vibration performance
of the gripper cylinder is important because the damage usually is caused such as the pitting of piston, fracture of the seals
and fatigue of the cooper guide sleeve. It easily results in the blockage serious accidents. Consequently, it is important to
study the dynamic model and the vibration characteristic influenced by the uncertainties of gripper cylinder.
A lumped parameter dynamic model of gripper cylinder system is illustrated in Fig.1c. The cylinder barrel and the piston
rod are modelled as the beams with the mass mb and mr . The mass of seals and the copper guide sleeve are ms and mc . The
length of the barrel and the rod are Lb and Lr while their bending moments are I cgb  1 2 mb L2b and I cgr  1 2 mr L2r , respectively.
And a1 represents the distance between the centre of the barrel and the seals, a2 is the distance between the centre of the rod
and the copper guide sleeve. The interaction between the gripper and the rock would change the boundary condition of the
vibration model, which is defined as the equivalent stiffness of the rock kr . In addition, the equivalent stiffness of the seals,
the copper guide sleeve, the oil and the bending stiffness of the gripper are denoted as k s , kc , ko and k g , respectively. The
axial displacements of barrel and rod are denoted as x1 and x2 , the radial displacements of the barrel and rod are denoted by
y1 and y2 , and the rotation displacements are 1 and  2 .
Lb/2

y'

Grippers

o'

θ1

x'

kc
mc

kg θ
2

kr

(b)

a1
mb

ko

ks
a2

Lr

(c)
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Gripper Cylinder
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ko
y
o

x

Fig.1. A lumped parameter model of gripper cylinder in TBM

According to the Lagrange equations:
dy  L  L
 Qi


dt  qi  qi

i  1,2,

L  T V

,n

(1)

where T is the kinetic energy, V is the potential energy and qi is the generalized coordinate of the whole systems. The
dynamic equations of the gripper cylinder system can be written as:
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where q is a vector containing the system coordinates while M and K stand for mass matrix and stiffness matrix, respectively.
RESULTS AND DISCUSSIONS
A six degree dynamic model of gripper cylinder can be obtained when the copper guide sleeve and the seals have the same
velocity with the rod illustrated in Fig.1c. The rod of the gripper cylinder extends to a designed length to provide support
force when the TBM is working. The influence on the dynamic behaviour due to the gripper and the rock, the equivalent
stiffness of the seals, the oil, and the copper guide sleeve is numerical studied by using Matlab2015.
The correlations of the natural frequency and the equivalent stiffness are illustrated in Fig. 2. The natural frequency
decreases with the extension of the rod increasing. The natural frequency of the gripper cylinder is 34.8 Hz when the piston
rod is extended to the maximal length (Fig.2a). The natural frequency has the positive correlation with the equivalent
stiffness of the oil, the seals, the copper guide sleeve (CGS) and the rock (Fig. 2b, Fig. 2c, Fig. 2d and Fig. 2e). It can be
found that the relationships between the natural frequency and the variable equivalent stiffness are nonlinear because the
stiffness due to variable factors is coupled. The natural frequency increases 33.3% with the equivalence stiffness of the seals
changing from 0.01 GN/m to 0.15 GN/m and it has the same increment with the equivalence stiffness of the oil changing
from 0.3 GN/m to 1.2 GN/m. It increases 12.8% with the equivalence stiffness of the copper guide sleeve changing from 0.2
GN/m to 6 GN/m. The nature frequency changes 1.1% when the equivalent stiffness of the rock varies from 20 GN/m to
120 GN/m. It can be concluded that the equivalence stiffness of the seals and the oil have greater influence on the natural
frequency of the gripper cylinder.
The vibration is unavoidable for the copper guide sleeve. The loads between the cylinder barrel and the copper guide sleeve
were studied and the frequency was achieved by FFT shown in Fig.3. The load has an oscillation between -30kN and 30 kN
and it has a complex frequency spectrum.
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Fig.2. Nature frequency of the gripper cylinder changing with equivalent stiffness of the copper guide sleeve, the oil, the seals
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Fig.3. Loads between the cylinder barrel and the copper guide sleeve

CONCLUSIONS
The dynamic model of the gripper cylinder in TBM considering variable stiffness is established. The dynamic performance
of the gripper cylinder is numerically studied by considering the variable factors. The results show that the equivalent
stiffness of the seals and the oil play the most important role in the natural frequency of the gripper cylinder. The natural
frequency decreases with the extension of the piston rod. Based on the dynamic characteristics of the gripper cylinder, the
loads between the cylinder barrel and the copper guide sleeve are calculated, which may be used in the damage analysis of
the gripper cylinder. Meanwhile, it is useful in the fault diagnosis and the life prediction of the gripper cylinder in TBM.
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MULTI-PULSE CHAOTIC MOTIONS OF EQUIVALENT CIRCULAR CYLINDRICAL SHELL
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1

Summary The multi-pulse heteroclinic orbits and chaotic dynamics of an equivalent circular cylindrical shell for the circular mesh
antenna are investigated in the case of 1:2 internal resonance in this paper for the first time. Applying the method of averaging, the fourdimensional averaged equation in the Cartesian form is obtained. The theory of normal form is used to reduce the averaged equation to a
simpler form. Based on the simplified system, the energy phase method is employed to investigate the heteroclinic bifurcations and the
Shilnikov type multi-pulse chaotic dynamics. The results obtained here show the existence of the Shilnikov type multi-pulse chaotic
motions of the circular mesh antenna. Numerical simulations are used to find multi-pulse chaotic motions. The results obtained by the
theoretical analysis and numerical simulation are qualitatively agree.
EQUATIONS OF MOTION
With the rapid development of space science and technology, the requirement of new type satellite antenna is increasing constantly.
The design and dynamic analysis of antenna structures are directly related to the quality of the satellite work. The circular mesh antenna is
a new type of satellite antenna, which is designed to be the foldable and deployable structure to overcome the volume and weight
limitations of the launch vehicle. The shell structures have wildly been used in the aeronautic and astronautic engineering. Many
investigators studied the nonlinear vibrations and chaos motions of circular cylindrical shells. In the past two decades, researches on the
global bifurcations and chaotic dynamics of high-dimensional nonlinear systems have been at the forefront of nonlinear dynamics.

The equivalent shell is subjected to the thermal excitation in changing thermal environment. A cylindrical coordinate
system (O, x , θ , z ) is introduced, in which Ox , Oθ and Oz are in the axial, circumferential and radial directions,
respectively, as shown in Figure 1.

Figure 1 The model of equivalent circular cylindrical shell is presented.
Based on reference [1], the dimensionless governing differential equation of the nonlinear breathing vibrations for the
equivalent circular cylindrical shell is obtained as follows
 1 + µ1w
 1 + ω12 w1 + γ11f T cos(Ωt )w1 + γ12 w 2 + γ13w13 + γ14 w12 w 2 + γ15 w1w 2 2 + γ16 w 23 = γ17 + γ18f T cos(Ωt ) ,
(1a)
w
 2 + µ 2 w
 2 + ω22 w 2 + γ 21f T cos(Ωt )w 2 + γ 22 w1 + γ 23w 23 + γ 24 w 2 2 w1 + γ 25 w 2 w12 + γ 26 w13 = γ 27 + γ 28f T cos(Ωt ) ,
w

(1b)

The method of averaging is used to analyze the nonlinear breathing vibrations of the equivalent circular cylindrical
shell. We obtain the four-dimensional averaged equation in the Cartesian form as follows

(

)
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)
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ENERGY PHASE METHOD
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The key point of using the energy-phase method to demonstrate the existence of the Shilnikov type multi-pulse
heteroclinic orbits is the calculation of the energy difference function. Based on the general expression derived by Haller
and Wiggins [2-4] for the classical systems, the energy difference function for the dissipative system is given as follows
 d u1

d u2
g (u1, u 2 , I r , γ ) +
g (u1, u 2 , I r , γ ) du1du 2 − n g Idγ ,
∆n Η̂ D ( γ ) = Η̂ D (h , γ + n∆γ ) − Η̂ D (h , γ ) − n 
du
du
2
 1

A
∂A

∫

∫

(3)

l

where

Ĥ D (h , γ + n∆γ ) − Ĥ D (h , γ ) = − n µ2 I r ∆γ + f 2 [cos( γ + n∆γ ) − cos γ ] ,

(4)
∆γ is the phase difference, A denotes the area enclosed by a pair of heteroclinic orbits in plane (u1 , u 2 ) and ∂A l is the
boundary of the area A .
We use the energy phase method to investigate the heteroclinic bifurcations and multi-pulse chaotic dynamics of the
equivalent circular cylindrical shell for the circular mesh antenna in the case of 1:2 internal resonance.When there are the
dissipative perturbations in the system, the center type singular point changes a hyperbolic sink or a saddle-focus. In the
following studies, we mainly find out the homoclinic multi-pulse orbits to the saddle-focus. In fact, when the dissipative
perturbations exist, Shilnikov type multi-pulse orbits are negatively and positively asymptotic to the saddle-focus itself in
full four-dimensional phase space. Studies show that the existence of N-pulse Shilnikov orbits results in the chaotic
dynamics in the sense of the Smale horseshoes.
We choose the averaged equation (2) to conduct numerical simulations. A numerical approach through the computer
software Matlab is utilized to explore the existence of the Shilnikov type multi-pulse chaotic motions in the equivalent
circular cylindrical shell. Figure 2 indicates the existence of the multi-pulse chaotic motion of the equivalent circular
cylindrical shell

Figure 2 the phase portraits in the three dimensional space ( x1 , x 2 , x 3 ) .
CONCLUSIONS
The analysis of the multi-pulse heteroclinic orbits for the equivalent circular cylindrical shell demonstrates that the
unperturbed integrable Hamiltonian system contains a normally hyperbolic invariant two-dimensional manifold near the
resonance. The resonance leads to a circle of fixed points on the two-dimensional manifold. Two different points on the
circle of fixed points are connected by a heteroclinic orbit. The dissipative perturbation can severely change the dynamic
behaviors near the circle of fixed points. The analysis also shows that the existence of heteroclinic orbits depend only on an
energy-phase criterion. In order to verify the theoretical prediction, Numerical simulations are used to examine the chaotic
motions of the equivalent circular cylindrical shell. It is found from the numerical results that there exist different shapes of
the chaotic motions in the nonlinear breathing vibrations of the equivalent circular cylindrical shell under different
excitations, parameters and initial conditions. Therefore, the parameters and initial conditions impact on the shapes of the
multi-pulse chaotic motions.
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DAMAGE LOCALIZATION FOR OPERATIONAL MODAL ANALYSIS VIA RANDOM
DECREMENT TECHNIQUE
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2
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Summary An approach to localize damage from response of wide band excitation with the help of undamaged model is
presented. The wide band response is transferred to a free decay response via random decrement technique. The free decay
response is regarded as two parts, a forced response related with damage and a free decay response of undamaged system. If the
second part can be eliminated, the residual should belong to a span related with damage. However, the second part cannot be
extracted directly because the initial condition is not measurable for all system coordinates with limited sensors. Therefore, we
employ the null space of free decay response span based on undamaged model to eliminate it. The fact that subspace angle
between the treated free decay response and columns in transfer matrix selected by correct damaged pattern should be zero is
used in final localization.
INTRODUCTION
The identification module is often the weak link in damage characterization schemes. This paper presents a damage
localization scheme that operates without identification and holds whenever it is possible to extract free-vibration signals
from the damaged state. Random decrement technique, which can extract free response from random response[1], helps to
extend our application for ambient response. The principle of damage localization based on subspace analysis between
damaged and undamaged system[2]. The difference with previous papers is that we only take a vector from damaged state
rather than the vector of difference between damaged state and undamaged state.
There is no direct relationship between free decay damaged response vector and the subspace related with damage.
However, we regard the free decay damaged response as a summation of a free decay response of undamaged system and a
forced response cause by damage. To eliminate the free decay response of undamaged system part, null space of free decay
response is constructed with the help of undamaged model. The relationship is built up by multiplying the null space to the
free decay damaged response vector.
This paper is organized as: 1) the theory of damage localization from free decay response; 2) description of random
decrement technique; 3) numerical example.
DAMAGE LOCALIZATION FROM FREE DECAY RESPONSE
Consider a system with damage treated as a change in the stiffness matrix K . The equation that governs the response
to

an

arbitrary

initial

condition

is

Mxd  t   Cxd  t    K  K  xd  t   0 ,which

can

be

written

as

Mxd  t  + Cxd  t  + Kxd  t  = Kxd  t  . Let xd (t ) be divided in two parts xd  t  = xd  t   xd  t  , where they are
Mxd  t  + Cxd  t  + Kxd  t  = Kx d  t 
xd  0   0

xd  0   0

and

Mxd  t  + Cxd  t  + Kxd  t  = 0
xd  0   x d  0 

(1)

xd  0   x d  0 

Since the initial conditions in the first equation are zero, a Laplace transform leads to xd ( s)  G( s)Kxd ( s) , where
1
x 
G( s )   Ms 2  Cs  K  , and xd  s   Cu ( sI  A u ) 1  0  , where Au is the transition matrix, Cu is the observation
x 0 
matrix and I is the identity matrix . The principle for damage localization is xd ( s) belongs to the subspace of G( s)K .

If we can eliminate xd  t  from xd  t  , it become possible to localize damage.

With the help of undamaged model, it is not difficult to get the left null space of Cu ( sI  Au )1 , which is assumed as Q .
Multiply

Q on both sides of xd  s  = xd  s   xd  s  to get

Qxd  s  = Qxd  s  . Consequently, we have

Qxd  s  = QCuG( s)Kxd ( s) , which means the subspace angle between Qx d  s  and QCuG( s)K should be zero with
the correct damage pattern. Considering the number of sensors is always less than number of DOFs in practice, it is
impossible to make Cu ( sI  Au )1 column full rank with signal s-values. Therefore, we take multiple s-values to construct
the null space Q as well as to calculate QCuG( s)K .
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RANDOM DECREMENT TECHNIQUE (RDT)
Because free vibration is often difficult to realize one often must extract the signals from forced vibration response. One
way that does not require system identification be carried out is using the Random Decrement Technique, which is a method
to obtain free vibration from random response. The principle of this method is to average segments in random response. The





segments start at special instants under a condition like C  ti y p (ti )  a , y p (ti )  0 .
It was shown in [3] that this condition often leads to residual spectra with a peak at the first modal frequency. To avoid
it, a minimum gap between two adjacent instants of the fundamental period is suggested.
In addition, one limitation of RDT is that it provides a short length faithful free decay response. This leads to error in
Fourier transform. To deal with this drawback, the rule that the duration of RD signal taken into Fourier transform depends
on s-values is studied.
NUMERICAL EXAMINATIONS
This approach is illustrated by the 5 DOFs lumped system in Fig.1. Damage is simulated as some percent loss of
stiffness in spring #4. In addition, there are sensors at coordinates [1 2 4 5] measuring accelerations and 20 dB measured
noise in random response.
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Fig. 1 System of numerical example
Fig. 2 Comparison of different damage extents
To show the efficiency for different damage extents, we illustrates the numerical results in Fig. 2. As one intuitively
expects, the contrast realized between the undamaged and the damaged location increases as the extent of damage increases.
In addition, we also verified this approach under different SNRs and model error. As it is discussed in [4], the noise in
RDT mainly depends on averaged times rather than SNRs. As a result, the comparison of subspace angles shows little
difference with various SNRs but great improvement with increasing of averaged time. And a 5% model error is tolerable
for this example. Further calculation shows the tolerance would decrease with bigger system.
CONCLUSIONS
The paper presents a technique for damage localization that operates with ambeint response from the damaged state and
a model of the healthy state. The scheme operates without the need to perform identification and does not impose any
significant constraints on the input, namely: it requires that the input be reasonably broad band and of long duration so that
sufficiently accurate free vibration signals can be extracted from the measurements using the random decrement technique.
A feature of the approach is we do not need the response from undamaged state. The localization comes from tranfer
matrix and free decay response of damaged system (both left multiply the the null space of free response for undamaged
system. It seems like the model should be highly accurate. In the numerical example, a maximum model error of 5% is
obtained. As limited length RD signal is faithful, the Fourier tranform will be inaccuracy with a uniform langth for every svalues. We suggest the length of RD signal should depond on specific s-value, which can be obtained form analytical
Fourier transform.
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MICRO-DYNAMIC CHARACTERIZATION OF MODAL PARAMETERS FOR A
HONEYCOMB PLATE STRUCTURE
Chaofan Wang, Chunyan Zhoua)
School of Aerospace Engineering, Beijing Institute of Technology, Beijing, China
Summary Results of this paper are presented from an experimental investigation of a honeycomb plate structure under micro-dynamics. The
dynamic response of the honeycomb plate structure was characterized in terms of modal parameters at different micro-vibration level. Two
main sweep test methods were established on the ground to measure the FRF curves of a combined plate structure jointed by bolts, over a range
of vibration acceleration from 10-1 g to 10-6 g, by which the natural frequencies and damping ratios were obtained. The results showed that the
variances of the first three natural frequencies were less than 1% on different acceleration levels, and the variances of damping ratios for the
first three modes are less than 25%.
INTRODUCTION
Micro-vibration of the spacecraft means the vibration with amplitude below 0.1g caused by normal functioning of onboard equipment such as reaction wheels [1]. For high-precision spacecraft such as the space telescopes and navigation
satellites, the micro-vibration environment will affect seriously the accuracy and stability of the cameras or antenna, which
reduces the important indicators including resolution. It is therefore necessary to obtain the dynamic characteristics of
spacecraft under micro-vibration [2]-[3]. In this article, two honeycomb plates jointed by bolts and inserts are designed and
manufactures as a typical substructure of a spacecraft [4]-[5]. An experimental system is set up to isolate environment
vibration, to provide subtle excitations and to measure the weak responses. The FRF curves are obtained over a range of
vibration acceleration from 10-1 g to 10-6 g. Natural frequencies and damping ratios for the first three modes are analyzed for
different vibration level.
TEST INSTRUMENTATION
The measured specimen is a combined structure made up of a two aluminium honeycomb sandwich plates with gross
dimension of 300×400×20mm. The two plates are connected by three bolts through inserts imbedded to the honeycomb
plates. Two excitation mathods are used in the tests. The first one is a Model 2007E electrodynamic shaker, providing force
which is measured by the PCB piezotronics force sensor model 208C01 as shown in Fig.1(a). The other is a TA0505D024W
piezoelectric chip produced by THORLABS as an actuator as shown in Fig.1(b), which is controled by piezotronics
controller (MDT693B). It offers a maximum displacement of 2.8m±15% with drive voltage range is from 0 to 75 V. To
measure the small vibration response, a Polytec portable digital vibrometer PDV 100, is used for non-contact measurement
of surface vibration velocities. When piezoelectric chip is chosed as exciter, the force is derived from acceleration of the
chip measured by another Polytec vibrometer PDV 100. A LMS Scadas II system is used to control the tests, acquire data
and analysis the results.These sensors and actuators are chosen because they are the best to meet the requirements defined
by the objectives of the experiment, because they can excite vibration and provide measurements from which vibration
acceleration could be diminished to 10-6g with relatively good signal to noise ratio.

(a)

(b)

Fig.1 Experimental setup: (a) excitation with shaker and (b)excitation with piezoelectric chip
TEST PROCEDURE AND EXPERIMENTAL RESULTS
Three sweep frequency bands are set to cover the first three natural frequencies, which are 180Hz to 200Hz, 340Hz to
360Hz, and 420Hz to 440Hz, respectively. For each frequency band, sweep tests were performed on the different constant
a)
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force (0.2N, 0.1N, 0.05N, 0.01N, 0.05N, 0.001N), provided by the Model 2007E electrodynamic shaker, which excited the
specimen to vibrate with acceleration level from 10-1g to 10-4g. Sweep tests by the piezoeletric chip can further lower the
acceleration level to 10-6g. To guarantee repeatability of the test results, five tests were conducted for each condition.
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Fig.2 The FRF curves of the first and the second frequency bands under different excitation forces
As shown in Fig. 3, modal damping ratios and natural frequencies for the first three modes of the combined structure were
obtained at various acceleration levels through FRF curves measuered.
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Fig.3 (a) Modal damping ratio and (b) natural frequencies vs acceleration level
The results showed that the first three frequencies matian almost constants and variances were less than 1%. Lower
damping ratios were observed for lower vibration level whereas the variances of damping ratios for the first three modes are
less than 25%.
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ROBUST, SMOOTH AND FAST ASMC - APPLICATIONS TO ROBOT MANIPULATORS
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Summary In this contribution, we discuss different designs based on the concept of sliding mode control (SMC) to deal with uncertain
robotic dynamics in general. We demonstrate the effectiveness of a recently proposed adaptive sliding mode control (ASMC) design with
a novel switching gain dynamics, called integral/exponential adaptation law and referred to as IEG-ASMC hereafter. An adjusting term to
improve the robustness of this gain adaptation during the reaching phase will be discussed. The proposed design does not require a priori
knowledge of the upper bounds of perturbations. These perturbations are not necessarily assumed to be bounded. Tested with different
constant-gain-based SMC and ASMC schemes, the simulation results on a five-link robot manipulator dynamics show chatter elimination
on control actions, faster responses and better tracking error performances of the new IEG-ASMC design.

INTRODUCTION
Rigid manipulators are basically characterized by high nonlinearities, modeling errors, uncertainties and external disturbances making their dynamics partially or largely unknown [1, 2, 3]. Then, robust variable structure control methods are
investigated accordingly to deal with their lumped uncertainties of supposedly known and unknown bounds [1, 3]. In particular, with the ASMC design, the gain is dynamically compensating for the lumped uncertainties (see [1, 2, 4] and references
cited therein). However, the slow response to the uncertainties and the relatively large chattering phenomenon during the
adaptation process remain inherent weaknesses of the integral adaptation [5, 6]. The objective of this contribution (that will be
presented in form of a poster) is to apply the new adjustable IEG-ASMC approach modified from [5] for robotic systems. We
validate the improvements of this gain law compared to conventional SMC and ASMC laws in terms of fast response, smaller
trajectory variation and reduced chattering level. Samples of the simulation results are shown below.
PROBLEM STATEMENT
In general given q ∈ Rn a vector of joint angles and u ∈ Rn the input torque, the dynamics of an n−link rigid robotic
manipulator is written as M (q)q̈ + N (q, q̇) = u + d(t) [3]. The inertia matrix M (q) and the vector of Coriolis, centrifugal
forces and gravitational forces N (q, q̇) counts for nominal terms and unknown modeling uncertainties (i.e., parameter variations, unknown loads etc.) [3]. Let qd ∈ Rn be any desired trajectory and e = q − qd the corresponding trajectory error.
Defining a measurable σ(e, ė, t) ∈ Rn , called “sliding variable” [4, 5]. Given the time derivative of σ along the system error
T
dynamics as: σ̇(x, t) = Ψ(x, t) + Γ(x, t) · u, with x ≡ e ė the error state vector, ψ ∈ Rn and Γ ∈ Rn×n are nonlinear
time-varying smooth functions containing parametric uncertainties and external disturbances [4]. From such robot dynamics,
the norm of the perturbation Ψ(x, t) can be considered upper-bounded with some polynomial function in the norm of state
vector x of unknown constants, and the norm of the uncertain term Γ(x, t) is positive definite in the wider sense meaning [7].
CONTROL DESIGN AND APPLICATION
The control applied to these uncertain dynamics consists of two parts. An equivalent control ueq , to deal with known
dynamics by maintaining the movement of the system on the targeted sliding surface. The details of this nominal compensation
term are omitted here due to lack of space. The second term us , derived from a discontinuous switching control, drives
the system trajectory to reach such a sliding surface and then to reduce the effect of lumped uncertainties [1, 2, 3]. By
implementing the nominal control ueq , the tracking error problem is transformed into σ-dynamics in us , that is, the control
objective turns to find a feedback switching law us such that the output σ converges to zero. We define the unit switching
σ
control as us = −K · kσk
for σ 6= 0 (note us = 0 elsewhere) [4, 5]. To deal with the lumped uncertainties upper-bounded
with some polynomial functions in the norm of state vector x of unknown constants, the switching gain K is derived from

1 + γkσk 
˙
[5] as K̆ =
α · kσk and K = K̆ + β ekσk − 1 for α > 0, β ≥ 0 and 0 < γ ≤ 1. In fact, for any kσ(0)k 6= 0
1 + kσk
the sliding variable σ converges to the hypersurface σ = 0 in finite time [5]. Each of the three parameters α, β and γ has
a specific role within the algorithm. The term in β (i.e., exponential term) speeds up the gain adaptation to overpower the
lumped uncertainty, while the term αkσk guarantees the finite time convergence of the error dynamics. Finally, the adjustable
fraction term in β tends to slow down the increase rate of the integral term K̆ when the lumped uncertainties are compensated
and the sliding dynamics σ tends to reach its target manifold.
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Alternatively, among the numerous variable structure control methods, we distinguish the two main classes of conventional
SMC with constant gains and varying ones. Under the first category, we recall the conventional constant-gain-based SMC
(CG-SMC), where the switching gain K is selected a priori based on the upper-bound value of the lumped uncertainties [3].
On the one hand, the terminal sliding mode (TSM) based SMC (TSM-SMC) as well as its continuous nonsingular form,
referred to as NSTSM-SMC have been also applied to robot control systems [1]. These techniques are basically characterized
by their terminal sliding surfaces where the error dynamics converges in finite time within these surfaces. Suffering from
the problem of singularity when the tracking error e approaches zero, a boundary layer TSM design can be implemented
to overcome this issue. Alternatively, the NSTSM-SMC avoids this constraint by an equivalent modified version of the
sliding surface dynamics [1]. Either conventional TSM-SMC and NSTSM-SMC assume bounded lumped uncertainties and
require knowledge of their upper-bounds (of constant or affine functions in the states). The number of design parameters
characterizing these two schemes remains high and the procedure to select properly these parameters is critical. On the other
hand, IEG-ASMC belongs to the techniques with switching gains dynamically varying. The IG-ASMC represents the basis of
a such design where the lumped assumptions are only assumed to be bounded with unknwon limit values [4]. The high order
integral-type adaptation law designed in [2] for nonlinear systems with uncertainties bounded by some high order polynomial
functions with unknown parameters is referred to as MIG-ASMC. The latter extends the IG-based design by using multiple
state-dependent integral adaptation laws to compensate for the perturbations bounded with affine functions in such states. The
number of adaptation dynamics and design parameters is drastically high in MIG-based design [2]. Both IG-ASMC [4] and
MIG-ASMC [2] emphasize relatively slow responses and/or high level of chattering. An -tunning procedure tends to reduce
such effects in real sliding mode design. Given a 5-link robot structure designed using SimMechanics in Matlab, we compare
the performance of the IEG-ASMC scheme with the older controls discussed above, CG-SMC, TSM-SMC, NSTSM-SMC,
IG-ASMC and MIG-ASMC [1, 2, 3, 4], respectively applied with different sine and quintic curves. A sample is shown below.
The errors are computed in % of the maximum displacement.
CONCLUSIONS
The design of ASMC with integral/exponential gain law is successfully tested on complex robotic manipulator dynamics.
The results clearly demonstrate the effectiveness of the proposed scheme in terms of chatter reduction and fast response.
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